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INTRODUCTION

The fuzzy sets introduced in 1965 by Zadeh L. A.
[12], Soft set introduced in 2001 by Molodtsov D. [8].
Fuzzy soft set introduced and studied in [1], [4], [7],
[9] (simply & - set). a-fuzzy soft sets defined in [5]
(simply ogy - set). Soft topological space defined in
[10]. Fuzzy soft topological space introduced and
studied in [2],[6],[11].

In this research, we define fuzzy soft irreducible sets.
a-fuzzy soft irreducible sets in fuzzy soft topological
spaces and study the properties including: fuzzy soft
continuity, fuzzy soft homeomorphism and fuzzy soft
topological properties on a-fuzzy soft irreducible sets.

Definition 1.1. [7] For a universal set Q; g set of
parameters and soft set(f, ). If each soft element
x in (f, ) is associated with r€[0,1], then the
resulting set is called a fuzzy soft set (¢§- set).

Definitions 1.2. [7]

For a soft set (F,E), F: E—>P(€) where

F(e;) € P(Q), Ve; € E the set of parameters,

and for a family of [ - sets generated by the same
soft set (F,.E), { (., #) »: A € A, where A is an
infinite index set},

(Dthe & -union is defined by

(h,2)=T,. (, #2) 5. = {x: x(e;,F(e;))}, where «i
= {maxxi, : ki, are the memberships of each soft

-
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element in the soft set and i€& , & is an infinite
index set},

(2) the & -intersection is defined by:

(h@) =0 (, 2)0=1{x: x= (e, F(e))} ,
where ki={ minxi,: kijare the memberships of
each soft element in the soft set and i€& , & is an
infinite index set},

(3) A is & - subset of B, A
inAdisinB.

(4) @ is the null & - set where each soft element
associatedto 7=0, { is the universal - set where
each soft element associatedto r=1.

& B if each & - element

Example 1.3.

For Q ={a, b}, o ={e}. Let
G:(e’{ao.z, b0.3}) ’ [ = (e,{a0.4, bO.S}) 1
d=(e,{a’ b°}) and {0 = (e,{a*, b'})

be §F- sets,

GO Z:(e’{ao.z’ b0-3})0(e,{ a0.4’ bO.S})
= (e’{ a0.4, bO.S}) =L

A L =(e{a%?, b°3})A(e,{ a%* b5})
e{a®2,b%3}) =G
i SO

=L, [T0=0
-3

RN DI
D D N

G
Q=0 ,600=0.

Definition 1.4.[11] For a non- empty universal set
Q, ¢ set of parameters, & the collection of §~ sets
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generated from the & - set O (the non-null universal
g-set), if & satisfies the following axioms:

(a) @, Qarein .

(b) The intersection of any two & - set belongs to .
(c) The union of members of - setsisin .

Then, is called (& - topology).

Atriple (Q, g) is called & - topological space over
Q (simply & -Space),

the sets of & are & open sets denoted by §o - sets
and their complements are called &c- sets.

Example 1.5.

For Q={a, b}, o ={e}.

Let N = (e,{a%8, b%"}),

D= (e1{ 0> , p0-4 }) ’ K = (e ,{ 306 ,b0'2 })
d=(e,{a%b%}),0=(e,{a’,b'})
LetF1={D, Q,N,D}, F={d,Q, N}

&3 ={d, 0}.

Then, &1, &2 Fzare & - topologies over Q.

since D A K =(e,{a% ,b%2 }) ¢ &u.

Definition 1.6. [11]

Let A be a - setin & - topological space

(Q, ). The ¥ - interior of A

(or & - int (4)) is defined by
F-in(A)=0{G:GisFo-setandG EA }.
Definition 1.7. [11]

Let M be a% - setin & - topological space
(Q,,¢).The & - closure of M

(or - cl(M)) is defined by
F-cl(M)=A{C:CisFc-setand M & C}.
Remarks 1.8.

1- & - int (4)) is the largest & - set containedin A .
2- & - cl (4)) is the smallest § - set containing A .

Examples 1.9.
1- For Q={s,d}, o ={e}.Let

C=(ef{s:d°}) ,D=(e {s°,d'})

B=(e, {s°d°}), 0=(e {s1,d'}),

& ={d,Q, C, D}

The sets @, {1, € and D are §0 - sets and ¢ - sets,
&1- in(C)=C,?yl-in(ﬁ)=D ,&-CI(C)=C~,%1-
cl(P)=D.

2- For Q={s,d}, o ={e}. Let

EZ(G,{SO'Z, d0.3}) E = (e { s04 (1 1,
F=(e{s°%,d1}), ®= (e, {s° d°}),

O=(e, {s*, d})

For & ={®,Q,E ,F,B}
Frin(F) = (e{s*

) T (]

66

505, d1})=F

s%4,d'HU(e{s"°, d' H)=(ef
(e {s*, d'})=F.

To-cl(F) = (e{s®*,d'} A

of- IRREDUCIBLE SPACE

In this section we will define and study o -
irreducible spaces, with examples.

Definition 2.1.

The & - set M in § - topological space

(Q,, ) is called (a&o-set) if:

M & § - int [§ - cl (- int (M))].

And is called (agc-set) if:

F -l [&-int(F-cl(M)] S M.

Remarks 2.2.

1- aF - int (4)) is the largest § - set contained in
A.

2- o - cl (A)) is the smallest - set containing A.
3- for af-set M = {x : x; = (ei , {i"/ P}, M°={
xij 1 xi = (ei, {h; TP},

v kij € [0,1].

4- The complement of aFo-set (aFc-set) is aFc-
set (aFo- set).

Remark 2.3.

Every &o- set (§c-set) is aFo-set (aFc-set) but the
converse is not true in general.

The contra positive is true also, i.e. if the set is not
aFo-set (aFc-set), then it is not Fo-set (Fc-set).

Examples 2.4.

For Q={a, b}, o ={eyand M, N, C, D are & -
sets defined as follows:

7= (e {a%, b0 ), N = (e a %%, b4

C = (e’{ 208 07 }) ’ D= (e ’{ 05 po-4 })

B=(e, {a%b°}),0=(e {al,b' })

Since C € §. Then, Cis o - set so it is aFo-set,
of - int(C) = €

[aF - cl (aF-int(C))] is the smallest aFc - set
containing € which is equal to C .

Then, o - int [aF - ¢l (aF - int(C))] which is the
largest aFo - set contains € which isequal to €. So
C is aFo-set, similarly for @, (0, M and N are aFo-
set,

D is (¥c-set) since it’s the complement is F0 —
set M, and D is(agc-set) since its complement is
oo - set M, D isnot o - setsince D ¢ Fand D is
not a.Fo-set since by definition,

of -int (D)) = N

of - cl (aF - int (D)) = o - ¢l (N) =D
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af - int [aF - cl (-int (D))]= o - int [D]

=N

and D & a - int [oF - cl (o - int (D))]=N.
Definition 2.5.

The & - topological space (Q2 ,, o) is called ag -
irreducible if the intersection of any two non-null
a o - setsis a non-null set otherwise it will be said
to be ay - reducible.

Examples 2.6.

1- For Q={a, b}, ¢ ={e}and M, N, C are

& - sets defined as follows:

M=(e{a®* b0 }), N =(efa 2 b01})
C=(e,{a%2b%}),d=(e,{a’b’}),
Q=(e,{al, b’ }),

let § = {®D, O, M, N, C} be ¥ - topology over Q.
Since @ (0, M, N, C are Fo-sets, then O, M, N, C
are ago-set. Since the intersection of any two non-
null oo - sets is a non-null set.

Then, (Q,, ) is ag - irreducible space.

2- For Q={p, m}, o ={e}. Let

3- U =(e!{ pl' m° }) ) V = (e r{ pO ) ml})
D=(e,{p°m°}), 0=, {p’, m"})

With & - topology & = {®, O, U, '}

Since ® Q, U, V are Fo-sets then they are aFo-sets.
Since o A 14 =(e, {p%,
m°PA(e,{p®, m*})=(e,{p° m°})=d then the F-
topological space be o - reducible .

Definition 2.7.

In & - topological space (€, ¢), the aF - set A is
o - dense if A intersect with any non-null oo -
setsin .

Example 2.8.

1- For Q ={m, n}, ¢ ={c} set of parameters and
Z, D, K are § - sets are defined as follows:

7= (c.{m°2, n°7}) D= (¢ {m?°3, n%09})
K=(c{a*b'}),d=(c,{a’%b°}),
O=(c,{a,b'})

Then, @, Q, Z, D and K are aFo-sets,

Zisog - densesetsinceZND # @,

ZAK+ ®dandZNQ # @.

Similarly, {1 , is a% - dense set.

2- For Q={m,n}, o ={e},

Let R=(e,{m%,n%}),S=(e,{m%n'})
d=(e{m%n’}) ,0=(e {m?:n'})

With & - topology & = {®, O, R, §}, the elements
of & are ao-sets.

SinceRAS = ®,So R, S are not ¥ - dense set.
Definition 2.9.

The §-topological space (Q2,, ¢) is ad - connected
if there are no proper, non-null a.o - separated sets
C,DinQisuchthat CUD=1Q, if (Q.,F, ) isnot
o — connected, then it is said to be o -
disconnected space .

Examples 2.10.

1- ForQ={m,n, L}, o ={e},
letR=(e,{m!,n°, L}),

T=(e{m%n!,L°}),

®=(e,{m°%n°,L°})

and O=(e ,{m',n*,L'}).

With & - topology & = {®, O, R, T}, the elements
of & are ao-set.

Since RN T = ® so R, T are non-null aFo-
separated sets. Then, the space (Q.&, ) Is aF -
disconnected space.

2- For Q={m,n}, o ={c}and M, N, C are & -
sets defined as follows:

M = (C, {m01 n0:06 }) ,

N = (c, { m 007, n008})
C=(,{a%°b!},d=(c {a’ b°})and

Q=(c {at,b'}).

Then, @, O, M, N and C are ago-sets,

since there are no proper, non-null ao - separated
sets .Then, the & - topological space

(Q,, %) I1s a - connected.

In the next theorem we provide the equivalents of
o - irreducible space.

Theorem 2.11.

For (Q.&,¢) space, the next statements are
equivalent:

1. The space (Q2,, ) is o - irreducible.

2. Any ao - setin (Q ,, ) and non-null is o -
dense.

3. Any ao - setin (Q ,, @) is ad - connected.
Proof.

(1) & (2) Since the o - set 4 in a & - topological
space (Q,, ) isa - dense if 4 intersects with any
non-null a®o - sets so the condition (1) is
equivalentto (2).

(1) = (3) Let A be aFo - setin & and suppose A is
o - disconnected so there exist two non - null ago

~ o~ o~ o~ o~ o~

, Which is contradiction with (1).
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3)= (1) If (Q.F, ¢) is aF - reducible space , then
the intersection of any two non-null oo - setsis a
null set, i.e. If M, N are two non-null oo — sets,
then MAN =@, so M ON is ag-disconnected
set which contradicts (3).

Definition2.12.

Let (Q,, ) be a & - topological space and let A= (.
If the family Fa={M*: M* =40 M,Me §}
exists and it is §-topology on A. Then, §a called the
relative §-topology on A induced by the - topology
& over Q. Note that (A, Fa, ) iscalled a ¢F- subspace
of

Q3. 0) .

Example 2.13.

For Q = {m, n}, p={c} and M, N are &-sets
defined as follows:

M = (c, {m", n°¢}), N=(c,{m °,n°*})

® = (c, {fa° b° }), O=(c,{al,b' })

Let = {®, O, M, N} be a § - topology over Q.

Az Q,A=(c,{m°!, n%})
Ma=(c,{m?*,n®®}) A (c, {m®?,
=(c, {m°!, n®6 Y =4

Na= (c,{m % n%4}) A (c, {m°?,
=Cc{m?%n®}H=N.

Then, i}A:{(IV)A , ﬁ/_\, MA, NA}
= {(FIV) A, A , NA}

is relative & - topology on A .

n%e )
n0.6})

Proposition 2.14.

Let (Q,¢) be a & - topological space and A&
(QF, 0). If G aF-densein(Q,F, p) then G isaF
-densein 4.

Proof.

Let G be o - dense in (€, ). To prove G is o -
dense in 4,

ie,toproveG N M#d,VMEA.

LetM A, Misago-seting, M #® then, M* =
ANM=M

since given that G is o - dense in (Q,F, ).

Thus, G N M +® ; Vv M + @, for each M in g,
M*=M.

Implying, G " M #® ;v M + @, for each M in
Xa. S0 G isaF-denseind.

Theorem 2.15.

If (Q,, ) isad - irreducible space, then any non-
null oo - set is also oy - irreducible.

Proof.

Let (Q, ¢) be a - irreducible space, ¥ be non-null
aFo-setand G be a non-null ao -setin (Y, Fy, ).

68

Since ¥ is a%o - in (Q ,,0) so G is aFo - in
(3, ¢) by theorem 2.8. and theorem 2.10., then
G isa® - densein Y and Y is o - irreducible set.

Definition 2.16.

For ad - topological spaces (Q ,, ) and

(0,0, ) , we say a map

J (QF, 0) — (U ,0,0) is aF - continuous if the
inverse image of any a.io - setin g is

oo - setin.

The next theorem shows that a® - continuous
image of ag-irreducible set in is ag - irreducible
set.

Theorem 2.17.

For J: (&, ) — (U ,0, ) be af - map froma
- topological space (Q, &, ¢) into & - topological
space (0,0, ). Then, the ag - continuous image of
o - irreducibleset in

(Q,, ) I1s aF - irreducible set in (U,0, ).

Proof.

Let A be o - irreduciblesetin (Q.,&, ), G , H are
two non -null oo - sets in (U ,0 , ) such that
GAJAY+*d , HAJAY#D , J7Y(G) ,

J7Y(H) are two non-null ago - sets in (Q,F, p) ,

since 4 is aF - irreducible set .
Then, 7Y (GYNA+ D, ] (H)
J-'GHNA) A H(H)ANA)
J'GHNJTHNNA=D
JTUGAH)AA+dso
(GnH)nKA)¢®
(GAJA)NA(H A J(A)) =
where (G N J(A)), (H ﬁ](A)) are non -null
a0 - sets
so J(A)is aF - irreducibleset in (U,0, o).

Definition 2.18.

For two a@ - topological spaces (L, g )and
(U, 0,0)amapJ: (Q.& ) > (0 ,0,0)is aFc -
map if the image of any a.&c - setin
(Q,p)isagc-setin (0,0, ).

Theorem 2.109.

Let J: (Q,&, 9) — (U ,0, ) be an aFc - bijective
map from a & - topological space (Q ,&, ¢) into a
& - topological space (U ,0, p), if (Q.,&, ) is o
- irreducible space , then

(0,0, ) is ag - irreducible space .

Proof.

Let B be aF - setin (U,0, ) to prove

(0,0, ) is ag - irreducible

since J is bijective. Then, there exist A in

NA+®,
* @
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(Q, ) such that J (A) =B

since (Q,&, ¢) is o - irreducible space,

then o - cl(4) = Q,

since J is bijective ac - map,

thenJ (aF-cl (4))=J(Q)=0,

J(aF-cl (A))=aF-cl (J(A))

aF-cl (J(A)=0=aF-cl(B)=0

Thus B a.g- dense set in (U,0, o)

By theorem 2.8. (U,0, ¢) is ag - irreducible space

Theorem 2.20.

Let J: (Q.&, ) — (U ,0,p) be an

a- continuous bijective map from a

& - topological space (22 ,, ) intoa

& - topological space (U,0, p), if (Q,&, ) is oF
- reducible space ,then (U ,0, p) is

o - reducible space.

Proof.

Let B be aF - setin (U,0, ) to prove that

(0,0, ) is ag - reducible .

Since J is bijective, then there exist 4 in
(Q,,¢)suchthatJ (A) =B

since (Q,&, ) is af - reducible space which
provides (Q ,&, ¢) is an o - disconnected space.
Again, J is bijective ag - continuous map and so
(0,0,¢) is an ag - disconnected space, and
therefore (U ,0, ) is ag - reducible space .

Definition 2.21.

The map f from o & - space (Q,3, ) to o - space
(0,0, ) satisfy :

(2) f is a - continuous.

(2) fis o - bijective.

(3) f 1is aF — continuous (or f is ag - open).

Is called o - homeomorphism.

The next corollary show that the a& - irreducible
space is a.& - topological property.

Corollary 2.22.

Let J be oa@-homeomorphism from o -
topological space (Q,&, ¢) onto ag - topological
space (U ,0,¢) If (Q.&, @) is aF - irreducible
space ,then (U ,0, ¢) is o - irreducible space .
Proof.

Directly from Definition 2.19. and Theorem 2.20.
The next corollary show that the a@-reducible
space is o - topological property.

Corollary 2.23.
Let J be a.g - homeomorphism from

o - topological space (€, ) onto

o - topological space (U,0, ) .Then, if

(Q, ) is aF - reducible space, then

(0,0, ) is ag - reducible space

Proof. Directly from definition 2.21 and theorem
2.20.

Examples 2.24.

For Q={m, n, L}, ¢ ={e} be the set of parameters.
Let

O=(e,{ m%%,n°, L°3}),

B=(e,{m%n!,L°}),

®=(e{m’%n°, L},

Q=({m%nt, L'},

with & - topology & = {®, Q, 0, B}.

The elements of are ao-sets.

Since 0 N B = ® so O, B are non-null ao-
separated sets, then the space (Q.&, @) is

ad - disconnected space and so (Q , , ) IS aF-
reducible space.

Let J (QF, 0)—(0,0,0) be ag-
homeomorphism ,

3 (xi) =3 (i, {K7}) = (ei, {h; U P,

v kij € [0,1],

where J (0) =J ((e,{m°%,n°%, L°3}))

- (e,{ m°'9, nt , [ 07 })’
J(B)=J3(e{m°%n",L"}))

=(e,{m%,n%, L*})and

J@®)=0,J(D)=0.

Since J is a.g -open map, then the images are oo
-setsin (0,0, p) .

Since J (0) N J (B)=®, so0 0, B are non-null .o
- separated sets, therefore (U,0,¢) is og-
disconnected space and so is an ag - reducible
space.

CONCLUSIONS

We define & -irreducible sets, ag- irreducible sets
in & - topological spaces, and provide equivalent
definitions with examples. We also define a-
continuous and prove that the og-continuous
image of ag-irreducible set is ad- irreducible set.
Define a®-close map, aF-homeomorphism and
prove that ag-irreducible (a&-reducible) space is
ag-topological property.
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