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A B S T R A C T   

The main objective of this investigation is to deliberate the novel analysis of buoyancy-driven nanofluid flow 
across a vertical stretching surface embedded in a porous medium with the consideration of an inclined magnetic 
field and heating effects caused by viscosity, thermal radiations, and heat source factor. A material made of glass 
ball is applied as the porous medium. Water is regarded as a base fluid, while carbon nanotubes are termed as the 
nanoparticles. The governing equations are formulated by employing fundamental laws. With the application of 
appropriate non-similar transformations, the emerging flow system is translated into dimensionless differential 
form. The obtained coupled, non-similar system of nonlinear partial differential equations (PDEs) is tackled by 
employing local non-similarity technique up to second level of iterations in conjunction with the Lobatto III 
technique in MATLAB. According to the findings, increasing the Hartmann number diminishes fluid velocity 
while augmentation in radiation parameter and nanoparticle volume fraction raises the temperature profile. 
Moreover, nanofluids contain MWCNTs as such nanoparticles exhibit larger estimations of Nusselt number than 
SWCNTs-water nanofluid. Authors introduced appropriate transformations for considered problem and argued 
the local non-similarity approach for simulating the dimensionless structure. To the best of authors’ observations, 
no such study is yet published in literature.   

1. Introduction 

In today period of nanotechnology, nanofluids, engineering of con
verting nanoparticles into colloidal dispersions liquid medium which 
belonging to a new classification of heat transferring in fluids which is 
highly intensive work in the last few years. For the formation of nano
fluids, metal oxides or carbon-based materials like graphene, CNTs, 
graphite, diamond, and a variety of nitrides and carbides, are potential 
nanomaterials Fig. 1. The attractive aspects that have make the most 
interesting in nanofluid is thermal property and conductive nature 
which indicates the ability of a “nanofluid” for the conduction of heat. 
The applications of “nanofluid” with lower viscosity and higher con
ductivity are very promising between nanomaterial and fluid-based 
nanomaterial. Research on nanofluid can be enriched and extended 
through exploring new aspects of this smart fluid. Some of studies that 
presented the applications associated with the nanofluids may be found 
in Ref. [1–9]. Bhatti et al. [10] examined the thermal features of Wil
liamson unsteady nanofluid flow that is confined by two parallel circular 

plates across a porous media. Shahid et al. [11] assessed the MHD bio
convective Carreau nanofluid flow over a paraboloid porous surface 
with the considerations of chemical reaction and activation energy. 
Alazwari et al. [12] examined the heat transfer and entropy generation 
of the first-grade viscoelastic mono nanofluids past a stretching sheet. 
Abu-Hamdeh et al. [13] investigated computationally a boundary-layer 
flow of engine-oil-based nanofluids past a porous stretching plate as an 
element of parabolic trough solar collector under an influence of thermal 
radiation, and Cattaneo-Christov heat flux. It has been found that a raise 
of the Reynolds number, Brinkmann number and Eckert number char
acterizes the entropy production enhancement. Aouinet et al. [14] 
scrutinized numerically the turbulent boundary layer flow of three 
different nanofluids past a flat plate. Authors revealed that a growth of 
the nanoparticle’s concentration has a minor influence of the shear 
stress at the wall. Jamshed et al. [15] analyzed the unsteady flow, heat 
transfer and entropy generation of a Casson nanosuspension over an 
extending surface. It has been ascertained that positive variation in 
volume fraction and Casson parameters reduces the velocity profiles. 
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Maleki et al. [16] calculated fluid flow and heat transfer regarding 
pseudo-plastic nanofluid across a moving permeable flat surface with 
the impacts of heat absorption/generation and viscous dissipation. Au
thors showed that the energy transport degradation can be found for 
growing of injection parameter, nanoadditives concentration and heat 
generation parameters, while the heat transfer enhancement is for high 
values of heat absorption parameter, velocity ratio and suction param
eter. Other interesting outcomes on nanofluids flow and heat transfer 
can be found in [17–20]. 

Carbon nanotubes (CNTs) are preferable to typical nanomaterials in 
almost any activity requiring electrical conductivity, high strength, 
durability, lightweight, and thermal conductivity. CNTs have been 
extensively researched in recent years due to their exceptional thermal 
features. In general, CNTs-nanofluids research has evolved in many 
different areas, attracting a significant deal of attention from re
searchers. For example, CNTs-nanofluids can, increase boiling heat 
transfer and reduce the Leidenfrost effect in a quenching process, 
improve bubble absorption in a thermally driven absorption system and 
improve the heat-transfer utility of a heat pipe in a solar collector. CNTs 
exhibit ultra-high thermal conductivity (2000–6000), which is signifi
cantly higher than that of metallic or oxide nanomaterials used in 
nanofluids. Furthermore, CNTs with a high aspect ratio offer 
outstanding heat transmission properties. CNTs have good heat trans
mission performance along the length direction. Jalili et al. [21] 
experimentally studied the performance regarding heat transfer for 
refrigeration cycle with CNTs nanoparticles in the working fluid and 
show that the different concentrations of nanoparticles have different 
impacts on the refrigerator performance. Gul et al. [22] examined the 
rate of heat and mass transport of nanofluid in conical space of cone and 
disc while accounting for MHD and CNT’s. Berrehal and Makinde [23] 
used the homotopy perturbation approach to examine the heat transfer 
properties of a CNTs-water nanofluid flow between two nonparallel 
surfaces. Xia et al. [24] assessed the nonlinear mixed convective 
micropolar nanofluid (CNTs+C2H2F4) flow in the presence of numerous 
slip conditions, joule heating and activation energy across a slandering 
surface. Hussain et al. [25] reported the electromagnetic radiative 
water-based CNTs nanofluid flow with entropy generation over a 

convectively heated surface. Hossain et al. [26] investigated the un
steady, mixed convective, MHD kerosene-based CNT nanofluid in a 
squared cavity with the impacts of radiative heat flux. 

Fluid flow and heat transmission in porous media have piqued a 
considerable attention of researchers in recent decades. This is primarily 
due to the several applications of fluid flow through porous medium, 
including transpiration cooling, radioactive nuclear waste storage, 
separation processes in chemical sectors, filtration, groundwater pollu
tion, aquifers transport processes, fibre insulation, and geothermal 
extraction. Recently, the technique of employing both porous media and 
nanofluid has attracted a lot of interest, leading to a lot of research in 
this field. Mahdi et al. [27] reviewed the impacts of several parameters 
on thermophysical properties of nanofluids across different porous 
media geometries and deduce that convection heat transfer is increased 
with porous media. Kasaeian et al. [28] examined the simultaneous use 
of porous media and nanofluids for heat transfer augmentation in 
thermal systems with varying flow regimes, and boundary conditions. 
Albojamal and Vafai [29] used the discrete particle model (DPM) to 
explore the particle entrapment and heat transfer properties of nano
particles for nanofluid transport over porous media. Mandal et al. [30] 
inspected the impacts of surface undulation on MHD mixed nano- 
bioconvective heat transfer in a porous enclosure. Shahzad et al. [31] 
examined the magnetohydrodynamics (MHD) nanofluid flow past a 
permeable stretched surface with the assumptions of heat generation, 
porous media, viscous dissipation, and Ohmic heating. Anusha et al. 
[32] investigated MHD couple stress laminar water-based hybrid 
nanofluid flow across a shrinking / stretching surface with the concepts 
of inclined magnetic field and porous media. 

Magnetic field is employed in many areas of modern technology, 
most notably electromechanics, industrial equipment, and engineering 
applications. The study of the magnetic characteristics and behavior of 
electrically conducting fluids is known as magnetohydrodynamics 
(MHD). Magnetohydrodynamics has several important applications, 
including biomechanics, blood flow measurements, plasma studies, 
MHD generators, petroleum technologies, etc. The intensity of the 
magnetic field influences the behavior of nanofluid flow. It is understood 
that nanofluids with MHD effects have the capacity to modify flow and 

Fig. 1. Illustration of metal-based, carbon-based, and nanocomposites nanoparticles.  
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improve heat transfer from electrically conductive fluids. Refs. [33–38] 
summarize a few noteworthy recent findings that support the notion of 
MHD and porous medium of nanofluid. Padmaja and Kumar [39] 
examined the nanofluid flow over a vertical surface embedded in a 
porous medium with the considerations of Ohmic heating and buoyancy 
effects. Authors present a comprehensive study regarding heat and mass 
transfer of MHD nanofluid, along with first-order chemical reaction and 
radiative heat flux. Haq et al. [40] performed an analytical simulation 
for thermos-migration nanofluid flow subject to the magnetic field, 
porous media and thermal radiation across a moving wedge. 

Enthused by the above-mentioned literature, the current study is 
focused on non-similar analysis of MHD incompressible flow of nano
fluid across a permeable stretching sheet with the effects of viscous 
dissipation, thermal radiation, and heat source factor. The influence of 
porosity and gravity parameters are also considered. Water is considered 
as the base fluid, because of weak thermal conductivity, it could be 
altered by the addition of nanoparticles [41–43]. More specifically, 
water is commonly utilized in industry and water is a valuable compo
nent for the survival of nature since it is generally available, moderately 
inexpensive, and capable of dissolving to form a solution, suspension, or 
colloidal suspension. As a result, numerous scientists and researchers are 
clamoring for more information about water and its associated proper
ties. Owing to its excellent features like good conductivity, durability, 
and lightweight, SWCNTs and MWCNTs are referred to as nanoparticles 
in this study. As a porous medium, the substance consisting of glass balls 
is used. Darcy-Forchheimer-Brinkman model is imposed here to express 
the features of porous medium. To simulate the momentum and energy 
equations, single-phase (Tiwari-Das) model is adopted. The fundamental 
model of partial differential equations (PDEs) is reframed into the 
structure of dimensionless equations implementing the non-similar 
transformation, which are tackled through the local non-similarity 
approach with the consideration of bvp4c package in MATLAB. 
Tables and graphs are used to compute and discuss the generated find
ings. The concluding remarks and comparative analysis are also 

included. 

2. Mathematical formulation 

Consider steady, two-dimensional, incompressible, laminar, nano
fluid flow across a vertical stretching surface embedded in a porous 
medium, where the stretching surface is placed along the Y-direction. 
Fig. 2 demonstrates the flow model with coordinate system. As the 
porous medium, a material composed of glass balls is used because the 
porous glass-material has many advantages such as good thermal sta
bility, high strength, greater pores volume and large specific surface 
areas that are commonly elected for various applications such as light
weight concrete, biomaterials, insulations, and filter systems. To express 
the attributes of porous media, the Darcy-Forchheimer-Brinkman model 
is assumed. The single-phase model simulates the momentum and en
ergy equations. SWCNTs and MWCNTs are considered nanoparticles in a 
water-based nanofluid. The flow is subjected to a uniform inclined 
magnetic field having strength B0. While designing energy expression, 
the effects of heat sources and thermal radiation are also considered. 
Convective heat transfer is factored into the equation. The flow is 
induced by the sheet stretching in its own plane with the surface velocity 
Uw(x) = cx where c having dimension (time)− 1 is a positive constant. The 
stretching surface temperature Th is considered to be higher than the 
ambient temperature T∞. The base fluid (water) and the nanoparticles 
are also expected to be in thermal equilibrium. Table 1 lists the ther
mophysical values of nanoparticles, base fluid and porous materials. The 
governing system for current flow in the presence of thermal radiation, 
heat source factor, inclined magnetic field and subjected to the Boussi
nesq approximation can be stated as: 

∂u
∂x

+
∂v
∂y

= 0, (1)  

Fig. 2. Flow illustration for current model.  

Table 1 
Thermo-physical values of MWCNTs, SWCNTs and water.  

Materials β×10− 5 (1/ 
K) 

cp(J/ 
kgK) 

ρ (kg/ 
m3) 

k(W/ 
mK) 

σ(Ωm)− 1 Pr 

MWCNTs 44 796 1600 3000 1.9 × 104 – 
SWCNTs 27 425 2600 6600 106–107 – 
Pure 

Water 
21 4179 997.1 0.613 0.05 6.2 

Glass Balls – – – 1.05 – –  

Table 2 
Entrenched dimensionless parameters.  

Symbols Name / Expression Default values 

ε Porosity 0.9 
α Inclined angle of magnetic field 60o 

Fc Forchheimer coefficient =
1.75
̅̅̅̅̅̅̅̅̅̅̅̅̅
150ε3

√
0.167 

γ Darcy porosity parameter =
υ

cK 
0.7 

Da 
Darcy number =

̅̅̅̅
K

√

l 
0.02 

Ha 
Hartmann number =

σf B0
2

ρf c 
0.5 

Ri Richardson number =
gβ(Th − T∞)

c2l 
0.5 

Pr Prandtl number =
μcp

k 
6.2 

Nr 
Radiation parameter =

16σ*T3
∞

3k*kf 

0.5 

Q* Heat source / sink parameter =
Q0

c
(
ρcp
)

f 

0.1 

Ec 
Eckert number =

(cl)2

cp(Th − T∞)

0.05 

ϕ Nanoparticles concentration 0.02  
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1
ε2

[

u
∂u
∂x

+ v
∂u
∂y

]

=
υnf

ε
∂2u
∂y2 − υnf

u
K
−

Fc
̅̅̅̅
K

√ u2 −
σnf

ρnf
B2

0u.sin2α+ g
(ρβ)nf

ρnf
(T − T∞),

(2)  

u
∂T
∂x

+ v
∂T
∂y

=
keff

(
ρcp
)

nf

∂2T
∂y2 −

1
(
ρcp
)

nf

∂qy

∂y
+

Q0
(
ρcp
)

nf

(T − T∞)+
εμnf(
ρcp
)

nf

(
∂u
∂y

)2 

+
εμnf(
ρcp
)

nf

1
K

u2, (3)  

(See Table 2). 
The radiative heat flux qy is defined as follows (using the Rosseland 

approximation) [44]: 

qy = −
4σ*

3k*
∂T4

∂y
(4) 

Here (k*(m− 1)) is Rosseland absorption coefficient and (σ* = 5.67 ×
10− 9(W/m2K4)) signifies the Stephan–Boltzmann constant. Considered 
that the temperature variations within the flow are such that T4 can be 
characterized as a linear function of temperature, implying that it ex
hibits Taylor series expansion. After simplification, we get: 

u
∂T
∂x

+v
∂T
∂y

=
keff

(
ρcp
)

nf

∂2T
∂y2 +

16σ*T3
∞

3k*
(
ρcp
)

nf

∂2T
∂y2 +

Q0
(
ρcp
)

nf

(T − T∞)+
εμnf(
ρcp
)

nf

(
∂u
∂y

)2 

+
εμnf(
ρcp
)

nf

1
K

u2. (5) 

Here, u and v characterize the velocity components, while T is the 
temperature, ε is the porosity, g is the gravitational acceleration, and keff 

= (1 − ε)kpm + εknf where kpm is the thermal conductivity of solid ma
terial of porous medium. Fc=

1.75̅̅̅̅̅̅̅̅̅
150ε3

√ is the Forchheimer coefficient. K=

ε3ds2

150(1− ε)2 represents the permeability while ds describes the average par
ticle size of the porous bed. Also, in the above-mentioned governing 
system various mathematical notations regarding nanofluid are used, 
where (ρβ)nf is the volumetric thermal expansion coefficient, σnf is the 
electrical conductivity of nanofluid, ρnf is the nanofluid density, (ρcp)nf 
signifies the specific heat of nanofluid, μnf indicates the viscosity of the 
nanofluid and knf specifies the thermal conductivity of nanofluid. These 
effective physical properties can be defined [45–49]: 

Volumetric thermal expansion coefficient: 

(ρβ)nf = (1 − ϕ)(ρβ)bf +ϕ(ρβ)np (6) 

Electrical conductivity: 

σnf =

⎧
⎪⎪⎨

⎪⎪⎩

1+
3
(

σnp
σbf

− 1
)

ϕ
(

σnp
σbf

+ 2
)
−
(

σnp
σbf

− 1
)

ϕ

⎫
⎪⎪⎬

⎪⎪⎭

σbf (7) 

Density: 

ρnf = (1 − ϕ)ρbf +ϕρnp (8) 

Volumetric specific heat: 
(
ρCp
)

nf = (1 − ϕ)
(
ρCp
)

bf +ϕ
(
ρCp
)

np (9) 

Viscosity: 

μnf =
μbf

(1 − ϕ)2.5 (10) 

Thermal conductivity: 

knf

kbf
=

1 − ϕ + 2ϕ
(

knp
/(

knp − kbf
)
)

ln
(
(
knp + kbf

)/
2kbf

)

1 − ϕ + 2ϕ
(

kbf
/(

knp − kbf
)
)

ln
(
(
knp + kbf

)/
2kbf

) (11) 

Associated boundary conditions: 

u = Uw(x) = cx, v = 0, T = Th at y = 0,

u = 0, v = 0, T = T∞ as y→∞ (12) 

Introducing the transformations as: 

η =

̅̅̅̅̅̅
Uw

υx

√

y, ξ =
x
l
, θ(ξ, η) = T − T∞

Th − T∞
, u = Uw

∂f
∂η, v = −

̅̅̅̅̅
cυ

√
(

f + ξ
∂f
∂ξ

)

.

(13) 

Eq. (1) is trivially satisfied while the rest of system takes the 
following form: 

∂3f
∂η3=

A2
εA1

[(
∂f
∂η

)2

− f
∂2f
∂η2+ξ

(
∂f
∂η

∂2f
∂ξ∂η−

∂2f
∂η2

∂f
∂ξ

)]

+ϵγ
∂f
∂η+

ε
A1

[

A2
Fc

Da
ξ
(

∂f
∂η

)2 

+A3Ha
∂f
∂ηsin2α− A4Riξ− 1θ

]

, (14)   

Associated dimensionless boundary conditions are: 

∂f
∂η (ξ, 0) = 1, f (ξ, 0)+ ξ

∂f
∂ξ

(ξ, 0) = 0, θ(ξ, 0) = 1,

∂f
∂η (ξ,∞) = 0, θ(ξ,∞) = 0 (16) 

Also, expressions A1, A2, A3, A4, A5, A6 and A7 are defined as: 

A1 =
μnf

μbf
,A2 =

ρnf

ρbf
,A3 =

σnf

σbf
,A4 =

(ρβ)nf

(ρβ)bf
,A5 =

keff

kbf
,A6 =

(
ρcp
)

nf(
ρcp
)

bf

,A7 =
knf

kbf
.

The parameters of the physical quantities of interests like skin fric
tion, and Nusselt number, are specified as: 

Cf =
τw

ρf Uw
2, and Nu =

x.qw

kf (Th − T∞)
. (17) 

Here τw signifies the shear stress, and qw is the heat flux defined as: 

τw = μnf

(
∂u
∂y

)

y=0
, and qw = −

[

keff +
16σ*T3

∞

3k*

](
∂T
∂y

)

y=0
(18) 

After using the above-mentioned transformations with Eq. (18), Eq. 
(17) can be stated in the following dimensionless form as: 

Re
1
2Cf = A1ξ− 1

(
∂2f
∂η2

)

η=0
, and Re−

1
2Nu = − ξ[A5+Nr]

(
∂θ
∂η

)

η=0
. (19)  

(
A5 + Nr

A6Pr

)
∂2θ
∂η2 = ξ

(
∂f
∂η

∂θ
∂ξ

−
∂θ
∂η

∂f
∂ξ

)

− f
(

∂θ
∂η

)

−
ϵξ2EcA1

A6

(

γ
(

∂f
∂η

)2

+

(
∂2f
∂η2

)2)

−
Q*

A6
θ, (15)   
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3. Numerical procedure 

While studying boundary layer, similarity and non-similarity tech
niques are two distinct approaches to solving the fluid flow problems. 
The solution process via similarity approach is very simple. However, 
this similarity approach is not effective for various physical situations. 
Like, the natural or mixed convection flow across a vertical surface is in 
general non-similar. So, when a similarity approach fails, one has to 
tackle such problems employing a non-similarity technique. Many re
searchers [50–53] have used the non-similarity approach to solve 
complex fluid flow problems. Although there are numerous semi- 
analytical and numerical approaches for solving nonlinear coupled 
partial differential equations system. Here, we implement Sparrow and 
Yu’s [54] approach of local non-similarity to tackle the transform sys
tem. Because it is most suitable for the considered problem. In this 
approach, to acquire a local similarity solution, terms containing ξ-de
rivatives are ignored first; later, to obtain a local non-similarity (LNS) 
solution, the ξ-derivatives are considered as another dependent 

function. Hence, we employed the LNS approach up to the second- 
truncation level with numerical algorithm bvp4c to achieve efficient 
results of given problem. bvp4c is a MATLAB package that employs 
Labatto III code. In procedure of bvp4c, the residual error module ap
proximates numerical simulation error. All the tabular and graphical 
simulations of this investigation are compiled under the bvp4c tolerance 
criteria. 

4. Results and discussion 

The subsequent description is established on the numerical findings 
obtained by the scheme detailed described in the preceding section. 
Response of non-dimensional velocity and temperature profiles of 
nanofluids against the emerging physical parameters is deliberated with 
the help of graphical illustrations. For parametric variations of the 
porosity (ε), inclined angle of magnetic field (α), Darcy porosity 
parameter (γ), Darcy number (Da), Richardson number (Ri), Radiation 
parameter (Nr), Hartmann number (Ha), Heat source/sink parameter 

Fig. 3. Velocity profiles for deviating estimations of (I) Ha and (II) Ri.  

Fig. 4. Velocity profiles for deviating estimations of (I) γ and (II) ε.  
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(Q*), Eckert number (Ec), nanoparticles concentration (ϕ), and Prandtl 
number (Pr), the numerical findings for friction factor and surface heat 
transfer rate have been reported. The computations are carried out for 
water-based (SWCNTs and MWCNTs) nanofluids. Fig. 3 illustrates the 
response of nanofluid velocity distributions across the boundary layer 
against various values of Hartmann number (Ha) and Richardson 
number (Ri) for water-based nanoparticles of SWCNTs and MWCNTs. 
The influence of Ha on velocity profiles is shown in Fig. 3 (I). With rising 
Ha values, the velocity profiles (for both types of CNTs) drop. The Lor
entz force, which opposes motion and it is responsible for decreasing 
fluid velocity, arises physically as a result of the applied magnetic field. 
The fluctuation of the velocity profile versus the Richardson number (Ri) 
is seen in Fig. 3 (II). The Ri represents the relationship between the 
buoyancy and the flow gradient terms in general. We can observe from 
this graph that enhancement in Ri increases the magnitude of the fluid 
flow. We may state that natural convection is negligible when Ri < 0.1, 
while forced convection is negligible when Ri > 10, and neither is dis
regarded when 0.1 < Ri < 10. Natural convection is stronger than forced 

convection when the fluid has an extremely low forced velocity; other
wise, force convection is greater. 

Fig. 4 (I) depicts a clear decline of the velocity distribution with a 
surge in the values of γ. Physically, this must be responsible for the 
increased fluid viscosity as a result of the increased γ. This eventually 
leads to a decline in momentum layer thickness. Fig. 4 (II) displays the 
impacts of the porosity parameter (ε) on the dimensionless velocity 
distribution. The velocity profile has been seen to decline when ε in
creases. The consequences of the magnetic field inclination angle (α) on 
the velocity profile is seen in Fig. 5 (I). It is clear that increasing α re
duces the velocity profile of the nanofluids. The reason for this phe
nomenon is a rise in the angle of inclination, which causes the magnetic 
field to intensify. It creates the opposing force field (Lorentz force) to the 
flow. This force diminishes the momentum boundary layer thickness. 
Fig. 5 (II) presents the impacts of Darcy parameter (Da) on velocity 
profile. An increment in Da leads to higher velocity field. For larger Da, 
the permeability increases which produces an enhancement in fluid 
velocity. 

Fig. 5. Velocity profiles for deviating estimations of (I) α and (II) Da.  

Fig. 6. Temperature profiles for deviating estimations of (I) α and (II) Da.  
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Fig. 6 (I) exhibits the consequence of the magnetic field inclination 
angle (α) on the temperature profile. It is clear that the increase in α 
surges the temperature profile of the nanofluids. The increase in angle of 
inclination causes the viscosity of nanofluid to strengthen due to Lorentz 
force, which is the cause for this outcome. Fig. 6 (II) shows the impacts 
of Darcy parameter on temperature profile. An increment in Da leads to 
decline in temperature field. Fig. 7 (I) depicts temperature fluctuation 
using the Eckert number (Ec). The temperature distribution of nanofluid 
clearly rises with an increasing Ec. Because a higher Ec indicates more 
dissipation, more internal energy is produced, and temperature rises 
consequently. Fig. 7 (II) portrays the impact of the porosity parameter 
(ε) on the temperature profile. The temperature profile for both studied 
water-based-SWCNTs and MWCNTs nanofluids grows significantly with 
increasing ε across the domain. 

Fig. 8 (I) exhibits the temperature field fluctuation when the Darcy 
porosity parameter (γ) is varied. Higher γ values result in a stronger 
temperature field and a thicker thermal layer. More resistance is noticed 
in the presence of a porous material and this one is a responsible for 

higher temperature profile. Fig. 8 (II) reveals that rising Ha magnifies 
the temperature distribution. A resistive type of force will be created in 
the nanofluid flow due to the presence of a magnetic field. This force has 
the capacity to slow down the nanofluid’s movement. As a result of the 
same force, the nanofluid obtains some heat energy. Fig. 9 (I) illustrates 
that the concentration of nanoparticles (ϕ) raises the fluid temperature. 
Physically, raising ϕ improves the thermal conductivity phenomenon, 
which raises the thermal profile. Fig. 9 (II) depicts the effect of 
increasing heat generation/absorption parameter (Q*) on the tempera
ture profile. The display demonstrates that as Q* increases, so does the 
temperature. 

Temperature variation against radiation parameter (Nr) is sketched 
in Fig. 10 (I). Increasing the estimations of Nr enhances the temperature 
profile and associated boundary layer. Thermal radiation clearly causes 
an increase in surface heat flow. As a result, the temperature profile of 
nanofluid within the boundary layer rises. Fig. 10 (II) depicts the 
physical relevance of the Richardson number (Ri) on the temperature 
field. The Ri is a nondimensional number that represents ratio of 

Fig. 7. Temperature profiles for deviating estimations of (I) Ec and (II) ε.  

Fig. 8. Temperature profiles for deviating estimations of (I) γ and (II) Ha.  
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buoyancy expression to flow shear term. Increasing the Ri increases the 
buoyancy factor, resulting in a decrease in the temperature profile. 
Computed estimations of surface drag coefficients for SWCNTs-water 
and MWCNTs-water nanofluids are shown in Table 3. Magnification in 
Da and Ri causes a decline in the coefficient of surface drag but it raises 
for the positive variation in ϕ, ε, γ, Ha and α. Table 4 contains numerical 
results that evaluate the variance in Re− 1

2Nu against the different nu
merical values of emerging parameters. For Ri and Nr diminishing nu
merical data is obtained, whereas rising observations are anticipated for 
ϕ, ε, γ, Ec and Q* at stretching surface for both considered models. 
Furthermore, as compared to SWCNTs-water nanofluid, MWCNTs-water 
nanofluid exhibits a better rate of heat transfer. Table 5 compares the 
current study to the previously published literature by Andersson et al. 
[55] and Shaiq et al. [56]. For the purposes of comparison, the common 
parameters were set at γ = Fc = ξ = Da = ϕ = Ri = Pr  = Nr = Ec = Q* =
0, ε = 1 and α = 900. Table 5 shows that the − f′ ′(0) results are in close 
accord with the previous published literature [55,56]. It reveals that the 
numerical solutions offered (MATLAB built-in bvp4c package) are valid 

in comparison to the existing literature. Table 6 also shows a comparison 
examination of Re− 1

2Nu values for various Pr estimates with γ = Fc = ξ =
Da = ϕ = Ri = Ha = Nr = Ec = Q* = 0, ε = 1, and α = 900.The acquired 
findings are compared with the published results of Shaiq et al. [56], 
Wang [57], and Reddy and Sidawi [58]. The results reported in the 
current study agree well with those obtained in previous investigations, 
thus we are certain that our findings are reliable. 

5. Conclusions 

The current contribution examines the nanofluid (SWCNTs/ 
MWCNTs - water) flow over a stretching surface embedded in porous 
medium under the influence of inclined magnetic field, thermal radia
tion, viscous dissipation, and heat source factor. Dimensionless regula
tory expressions are tackled using a local non-similarity approach in 
conjunction with the computational tool bvp4c. Physical quantity fluc
tuations are addressed and visualized using graphical and tabular ap
proaches under various parametric circumstances. There is excellent 

Fig. 9. Temperature profiles for deviating estimations of (I) ϕ and (II) Q*.  

Fig. 10. Temperature profiles for deviating estimations of (I) Nr and (II) Ri.  
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consistency between the current results and previously published out
comes in the literature. Finally, the assessment’s innovative observa
tions are summed up as follows:  

• It is noted that increasing the nanoparticles concentration enhances 
the thermal profile of nanofluid.  

• The decline in the velocity field with respect of magnetic field is 
clearly noticed.  

• The boosting valuation of thermal radiation, heat source parameter, 
Eckert number and angle of inclination of magnetic field, nanofluid 
temperature profile is enhanced.  

• The temperature profile of the SWCNTs-water is higher than that of 
the MWCNTs-water.  

• Increment in Richardson and Darcy numbers leads to diminution of 
temperature profile.  

• Velocity profiles for both SWCNTs/MWCNT-water nanofluids fall as 
the angle of inclination of magnetic field increases.  

• It is seen that the Nusselt number decreases as Eckert number, 
nanoparticle volume fraction and heat generation factors are 
increased. 

• At stretching surface MWCNTs-water nanofluid shows higher esti
mations of Re− 1

2Nu than SWCNTs-water nanofluid.  
• A comparative investigation is carried out to validate the current 

analysis, which establishes the consistency of the current results.  
• As future work, it is proposed that the considered flow problem 

accomplished with different nanoparticles, fluid models and base 
liquids for optimum selection of nanofluid for heat transfer appli
cations. The researchers can also simulate the current problem by 
considering two-phase Buongiorno nanofluid model and compare 
the outcomes with the advantages and drawbacks of each model. 

Nomenclature 

x, y Coordinates (m) 
u, v Velocity components (ms− 1) 
T Temperature (K) 
Th Surface temperature (K) 
T∞ Ambient temperature (K) 
U∞ Free stream velocity (ms− 1) 
ρ Fluid density (kgm− 3) 
α Thermal diffusivity (m2/s) 
β Thermal expansion coefficient (K− 1) 
σ Electrical conductivity (kg− 1m− 3s3A2) 
cp Specific heat (m2s− 2 K− 1) 
Q0 Heat generation/absorption coefficient 
μ Viscosity (kgm− 1 s− 1) 
K Permeability (m2) 
ε Porosity 
k Thermal conductivity (Wm− 1/K) 
B0 Magnetic parameter(kgs− 2A− 1) 
ψ Stream function (m2s− 1) 
Fc Forchheimer coefficient 
ϕ Nanoparticles concentration 
α Inclined angle of magnetic field 
f dimensionless stream function 

Table 3 

Numerical outcomes of Re
1
2Cf for SWCNTs-water and MWCNTs-water against 

the variation in several emerging parameters.  

ϕ ε γ Da Ha α Ri 
− Re

1
2Cf 

SWCNTs- 
Water 

− Re
1
2Cf 

MWCNTs- 
Water 

0.00 0.9 0.7 0.02 0.5 600 0.5 1.51328 1.51328 
0.01       1.54492 1.53773 
0.02       1.57727 1.56279 
0.02 0.7 0.7 0.02 0.5 600 0.5 1.42452 1.41141  

0.8      1.50175 1.48795  
0.9      1.57727 1.56279 

0.02 0.9 0.5 0.02 0.5 600 0.5 1.56719 1.55262   
0.6     1.57224 1.55771   
0.7     1.57727 1.56279 

0.02 0.9 0.7 0.01 0.5 600 0.5 2.15806 2.13762    
0.02    1.57727 1.56279    
0.03    1.32912 1.31727 

0.02 0.9 0.7 0.02 0.5 600 0.5 1.57727 1.56279     
1.0   1.59910 1.58482     
1.5   1.62065 1.60655 

0.02 0.9 0.7 0.02 0.5 300 0.5 1.56795 1.55339      
450  1.57323 1.55872      
600  1.57727 1.56279 

0.02 0.9 0.7 0.02 0.5 600 0.5 1.57727 1.56279       
1.0 1.56153 1.54700       
1.5 1.54618 1.53160  

Table 4 

Numerical outcomes of Re
−
1
2Nu for SWCNTs-water and MWCNTs-water against 

the variation in several emerging parameters.  

ϕ ε γ Ri Nr Ec Q* 
Re

−
1
2Nu 

SWCNTs- 
Water 

Re
−
1
2Nu 

MWCNTs- 
Water 

0.00 0.9 0.7 0.5 0.5 0.01 0.1 1.45348 1.45348 
0.01       1.40909 1.43881 
0.02       1.36481 1.42292 
0.02 0.7 0.7 0.5 0.5 0.01 0.1 2.00973 2.06622  

0.8      1.69121 1.74895  
0.9      1.36481 1.42292 

0.02 0.9 0.7 0.5 0.5 0.01 0.1 1.36481 1.42292   
0.8     1.32341 1.38084   
0.9     1.28230 1.33911 

0.02 0.9 0.7 0.5 0.5 0.01 0.1 1.36481 1.42292    
1.0    1.51488 1.57088    
1.5    1.64086 1.69564 

0.02 0.9 0.7 0.5 0.4 0.01 0.1 1.35290 1.41134     
0.5   1.36481 1.42292     
0.6   1.37696 1.43458 

0.02 0.9 0.7 0.5 0.5 0.01 0.1 1.36481 1.42292      
0.02  − 0.05004 − 0.00121      
0.03  − 1.46234 − 1.42267 

0.02 0.9 0.7 0.5 0.5 0.01 0.00 2.62239 2.67541       
0.05 2.05450 2.10883       
0.10 1.36481 1.42292  

Table 5 
Comparison (as a limiting case) of outcomes for − f′ ′(0) against various values of 
Ha with Andersson et al. [55] and Shaiq et al. [56] when ε = 1, α = 900 and γ =
Fc = ξ = Da = ϕ = Ri = Pr  = Nr = Ec = Q* = 0.  

Ha Andersson et al. [55] Shaiq et al. [56] Present results 

0.5 1.225 1.2247 1.22511 
1.0 1.414 1.4142 1.41428 
1.5 1.581 1.5811 1.58115 
2.0 1.732 1.7321 1.73205  

Table 6 
Comparison (as a limiting case) of outcomes for − θ′(0) against various values of 
Pr with Shaiq et al. [56], Wang [57] and Reddy and Sidawi [58] when ε = 1, α =
900 and γ = Fc = ξ = Da = ϕ = Ri = Ha = Nr = Ec = Q* = 0.  

Pr Shaiq et al. [56] Wang [57] Reddy and Sidawi [58] Present results 

2.0 0.9144 0.9144 0.9144 0.91034 
7.0 1.8954 1.8954 1.8954 1.89457 
20 3.3539 3.3539 3.3539 3.35327 
70 6.4622 6.4622 6.4622 6.46168  
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θ Dimensionless temperature 
ξ Non-similarity variable 
η Pseudo-similarity variable 
Rel Reynolds number 
Cf Skin friction coefficient 
Nu Local Nusselt number 
γ Darcy porosity parameter 
Da Darcy number 
Ha Hartmann number 
Pr Prandtl number 
Ri Richardson number 
Nr Radiation parameter 
Q* Heat source/sink parameter 
Ec Eckert number 
nf Nanofluid 
bf Base fluid 
pm Porous medium 
np Nanoparticles 
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