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1. Introduction

For a bounded open set 2 ¢ RN and a positive number T, we are interested in the present paper in the homogenization
and corrector for the wave problem

3 (on(t, X)d¢uun) — divx(An(t, X)Vauty) = Fp  in (0, T) x 2,
U =0 on (0,T) x 382, (1.1)
Un(0,%) =up(x),  (Pndeun)(0,%) =0, (x) in L.

The homogenization of (1.1) has been carried out in [6] (see also [2] for the case of periodic coefficients) assuming p, =1
and the symmetric matrix functions A, uniformly elliptic, bounded and Lipschitz with respect to the time variable. The
construction of correctors for problem (1.1) can be found in [3] (see also [9]) for the case where the coefficients do not
depend on t. Our purpose here is to extend these results to more general coefficients and second members. We remark that
some smoothness in the time variable is needed in order to assure the existence and uniqueness of solution for problem
(1.1). In this way, we recall the following results: It is proved in [11] that (even with zero second member) problem (1.1)
has not a solution in general for p, =1 and A, constant in the two sides of a hyperplane not parallel to {t = 0}. In [8] it
is obtained a non-existence result for coefficients in C%%(£2 x [0, T]), for every « € (0, 1). Moreover, if the coefficients are
rapidly oscillating then even if there exists a solution, it can be not bounded. An example of such phenomenon is considered
in [7] where the matrices A, are supposed of the form A,(t, x) = A(nt, x) with A smooth and periodic in the time variable
(and p, = 1). Then, it is proved the existence of very smooth initial conditions such that the solutions of (1.1) with vanishing
second member are not bounded in the space of distributions. In [19] (see also [13]), it is considered the homogenization
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of problem (1.1) for coefficients of the form A(nt,nx), with A periodic, but the existence and boundness of the solutions is
assumed by hypothesis.

Taking into account the above remarks, let us assume in the present paper that p, and A, are bounded in
BV(0, T; L*°(£2)) and BV(0, T; L*°(£2; M3,)) respectively (so, in particular, they are not continuous in general with respect
to t), the initial conditions u? and ¥, are bounded in H}(£2) and L?(£2) respectively and the second member F, is of
the form F, = f; + g, with f, bounded in the space of measures ([0, T]; L?(£2)) and g, bounded in BV(0, T; H~1(£2))
(and satisfying the compact assumption in the spatial variable given by (3.9)). With these assumptions it is possible to
prove that there exists a unique solution u, of problem (1.1). Moreover u, and o;u, are bounded in L*°(0, T; H(l)(.Q))
and L*®(0, T; L?(£2)) respectively. Although the ideas to prove this existence and uniqueness result are classical (see e.g.
[10-12,14] for related results), we have not found it in the literature in all of its generality. Thus, we give in Section 2 a
sketch of the proof.

In Section 3 we carry out the homogenization of problem (1.1). Our main result (Theorem 3.4) establishes that, for a
subsequence, the solution u, of (1.1) converges weakly-* in L*°(0, T; Ha(.Q)) to the solution of a similar problem where p,
is replaced by its weak-* limit p in L°°((0, T) x £2) and A, by the matrix A such that A(t,.) is the H-limit of Ap(t,.) for
every t € (0, T) up to a countable set. This theorem generalizes the results obtained in [3] (where it is considered the case
Pn(t,x) and Ap(t,x) independent of t and g, = 0) and in [6] (where it is considered the case p, =1, A,(t,x) uniformly
Lipschitz in t and g, = 0).

Section 4 is devoted to give a corrector result for the solution of (1.1), i.e. an approximation of u, in the strong topol-
ogy of H'((0, T) x £2). Our aim is to generalize the following corrector result proved in [3]: Assume that o, and A, do
not depend on the time variable, the second member F, converges weakly in L2((0, T) x £2), the sequence 1},} converges
strongly in L?(£2) and the sequence u9 converges weakly in H}(£2) and it is such that —divx A,Vxul converges strongly in
H~1(£2). Then the corrector for Vyu, is given by the corrector corresponding to the elliptic operators — divy A, Vy, while
d:u, converges strongly in L2(0, T; L2(£2)). Here, we generalize this result for coefficients depending on t, but satisfying
smoothness in the time variable than in Section 3. Namely, we assume that 90, and 9;A; are continuous on [0, T] with
values in L*°(£2) and L*°(£2; M) respectively, with a modulus of continuity uniform in n. This smoothness hypothesis may
seem very restrictive, but it is optimal such as we will see in Section 5. There, we prove that even for p, =1, A, bounded
in C1([0, T]; L°(£2; MY,)) and converging strongly in C%([0, T1; L>°(£2; M3,)), Fn =0, u =0 and ¢! equals to a function in
C*°(£2) independent of n, we have that the solution u, of (1.1) does not converge in the strong topology of H!((0, T) x £2).
In particular this shows that the corrector for the elliptic operators — divy A;Vyx does not give a corrector for the space
derivatives of uy, and so that the corrector result proved in [3] for the case of coefficients independent of the time variable
cannot be generalized to the framework considered in [6], where the coefficients are supposed uniformly Lipschitz in the
time variable.

1.1. Notations and recalls

e For a Banach space X, and T > 0, we denote by 2t([0, T]; X) the space of bounded Borel measures from [0, T] into X.
In the particular case X =R we just denote ([0, T]; R) as M([0, T]).
e For a Banach space X, and T > 0, we define BV (0, T; X) as the space of functions ¢ : [0, T] — X such that

Vi) = sup . > letn — ¢t < +oo.
i=1

{to=0<t1<---<tm=

This implies in particular that ¢ is continuous up to a countable set. Changing the values of ¢ in this set, we can always
assume that ¢ is right-continuous of [0, T) and left-continuous on {T}. This gives a unique representative for a function
in BV(0, T; X). Along the paper we will usually consider this representative. It is also known (it follows for example
from the structure theorem for BV functions given in [4]) that for every ¢ € BV(0, T; X), there exists a nonnegative
measure @ € M([0, T1), with ||itllsno,11;x) = V1 (¢), such that

le® —¢® |, <m(le.t1), ve.iel0, Tl ¢ <t.

Moreover, if X is reflexive, the distributional derivative 9;¢ belongs to 9t([0, T]; X) and satisfies

£()=¢(0)+ 3¢ ((0,t]), Vte(0,T).

e We denote by My and M}, the spaces of squared matrices of order N and symmetric matrices of order N respectively.

e Sometimes, for functions depending of the time and space variables (t, x) we only specify the dependence in t in order
to write shorter expressions.

e We will denote by C a nonnegative generic constant which can change from line to line.
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2. Existence and uniqueness of weak solution

In this section we prove an abstract result for the existence and uniqueness of solution of a hyperbolic equation, which
in particular can be used for the hyperbolic problem whose homogenization is the goal of this paper.

As usual, we consider two separable Hilbert spaces V and H, such that V C H, with continuous injection and V dense
in H. Identifying H with its dual H' we obtain

VCHcCV'.

The scalar product in H is denoted by (-,-) = (-,-)y and the duality between V' and V is denoted by (-,-) = (-,-)y’ v.
For T > 0 we consider two operators:

ReBV(0,T; L(H,H)), AeBV(0,T;L(V,V)) (2.1)
satisfying the symmetry assumption:

{ (R(t)h1, hy) = (R(Oha, h1), Vhi,hy € H, ae.te (0,T), 22)

(AMOVI, v2)=(A®)V2, v1), VYvi,vaeV, aete(0,T),

and the hyperbolic assumption: There exists o > 0 such that

(2.3)

(R(Oh,h) > a||hllf;, YheH, ae.te(0,T),
(AOv,v)=alvly, VYveV, aete(,T).

For
fem(lo,T1;H), geBvV(0,T;V'), ulev, o'eH, (2.4)
we will study the initial boundary value problem for the hyperbolic equation

{ (ROU'©®) +A®ut) = f(t) +gt) in(0,T),

u©) =u’, (Ru)(0%)=0v" (2.5)

Theorem 2.1. Under the above assumptions (2.1), (2.2), (2.3), (2.4), there exists a unique u € L*°(0, T, V) with u’ € L*°(0, T, H),
solution of (2.5) in the sense that

(RO ©),v) +[AOu®), v)= (f©),v) +(g®),v) inD'O,T), VveV,
— 1,0 l +) _ 91 (2.6)
u=u’ (Ru')(0") =0
Moreover, we have the following estimate
[w @[3+ lu® [y <5+ 1915 + 15 Bngo.rim + 181vorvy):  aete @), 27)

where the constant C depends continuously on «, ||Rllgvo,T;cH: Hyy and [ Allgvo, ;2 (v,v7)-

Remark 2.2. Since v’ is in L*°(0, T; H), the initial condition u(0) = u® has a sense at least in H. Moreover, from (2.6) (or
(2.5)) we have that Ru’ belongs to BV(0, T; V') and therefore the initial condition (Ru’)(07) = #! has a sense at least in V’.
If in Theorem 2.1 we assume f € L'(0, T; H) then Ru’ is in W'1(0, T; V') and therefore we can just write (Ru’)(0) = 9!
at the place of (Ru’)(0F) =»!.

Proof of Theorem 2.1. When R is the identity operator, Theorem 2.1 is proved in [1] (see also [10-12,14] for related results).
For the sake of completeness we give here a sketch of the proof of Theorem 2.1 which is valid for a general operator R.

Part I: Existence. Taking into account the existence of R, € W1(0, T; L(H, H)), An € W10, T; L(V, V")), fn € L1(0, T; H)
and g, e WH1(0, T; V’) such that

Rn—R inL'(0,T;L(H, H)), R w1 (0.1:2h.1y) = IRIBV©. 720 (H.H))

Ap— A in Ll (Os T; L(V, V/))» ||‘An||wl.1(0,r;£/(v’v/)) - ”'A”BV(O,T;L(V,V’))y
* .

fa—f 1n£)3?([0, T];H), ||fn||L1(0,T;H)—> ||f||93?([0.T];H),

gn—g inLl'0.T;V'),  lgllwiiorvy — 18llavo.rv).
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with Ry, A, satisfying (2.2) and (2.3) (with o independent of n), we can always assume in the following that R €
w1, T; L(H, H), Ae W10, T; L(V, V"), feL'(0,T;H) and ge W10, T; V').

Along the proof, we denote by C a generic nonnegative constant which depends continuously on o, [|R|lgv(o,T;c(H,H))
and || Allpv(o,T;(v,v7y), and can change from line to line.

Step 1. Galerkin approximations. Let {w;, i =1,2,...} be a basis of V and therefore of H. For a positive integer k we take
W) =span{w1, ..., wy}, and we consider the problem
(RO ), w) + (AOu®), w) = (F(©), w) +(g®), w) inD'(0,T), Yw € Wy,

2.8
up(0) =uy, R(O)u(0) =v. (2.8)

where uf, 9! € Wy converge to u% 9! in V and H respectively. Thanks to (2.2) and (2.3), the standard theory of ODE
provides a unique solution u, € W21(0, T; Wy).

Step 2. Energy estimate. We write uy = Zl;zl dyjwj, with dy; € Ww21(0,T), j=1,...,k. Then, taking in (2.8) w = w j, multi-
plying by d;q.(t) and adding in j we get

(ROUL®), up () + (AU ®), up () = (FO), up () + (g0, up (), t€(©,T), (2.9)
which implies
1 1
1 = (O, up(©) +(g®), up ) — E(R’(t)u;((t), u () + 5<A’(t)uk(t), u(t)), (210)
with
1
Ex(t) = E((32(t)u;<(t), up(®) + (AOu (), up (), te[0,Tl. (211)
Using (2.3) and the inequality
C
(f©O.u ®) <C| fF© |y VE(®) < CFs| f©) ], + s | f®] 4E®), Vvtel0,T], (212)
in (2.10), with F5 = || fllj1 1.1y + 3, 8 > 0, we get
¢ < CFs| fO, + (g0, w (©) + C(”f;% + u(t))Ek(t), (213)
with
1® = RO ¢+ AO vy (2.14)

Applying Gronwall’s inequality to (2.13) we deduce
t
e ™OE (1) < Ex(0) + / (CEs| f9) | 5 +(g(s), up(s))e ™S ds, Vte(0,T) (2.15)
0
with mgs defined as

N

ms(s) = c/(”f(F;)”” + ,u(r)) dr, ¥rel0,T]. (2.16)
§
0

If g =0, inequality (2.15) shows that uj and u; are bounded in L*°(0, T; V) and L*°(0, T; H) respectively. In the general
case (g #0), we use the following estimate for the last term in (2.15).

We denote Gs = |\g/||L1(07T;V/) + 8. Integrating by parts, taking into account that e ™® < 1, using |g(t)|y <
Cligllw1a(,;vr, for every t € [0, T], and reasoning similarly to (2.12) with (g'(s), ug(s)), we have

t
[(g(s), up(s))e ™ ds
0

1)l
Fs

t
=(g(0). uk®)e™™ — ((0), u(0)) - f <g’(s) - Cg(S)( + M(5>), uk(s)>e’m5(5) ds
0
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t
1 _
< iEk(t)e ms (5) - <g(0)’ uk(o)) + C”g”‘zlvl.l(o’]';v/) + CG5 / ”g/(s) || " dS
0
t

t
+Cllgllﬁvl.l(o,w,)/(—”f(s)”” +M(s)) ds+C[(”g ©lv | 1SSl ~|—,u(s)>Ek(s)ds.
0 0

Fs Gs Fs
Using in (2.15) the above estimate, applying Gronwall’s inequality and making § converging to zero we conclude

[k [ + e, < e O a4 [0 [ + 10 o 1oy + 1811070 (217)
for every t € [0, T], where C depends continuously on «.
Step 3. Passing to the limit. Thanks to (2.17), up to a subsequence, there exists u € L*°(0, T; V), with u’ € L°°(0, T; H) such
that

uk—*\u inL*>(,T;V), u;<—*\u’ in L0, T; H).
Thanks to the linearity of the problems satisfied by uy it is easy to show that u is a solution of (2.6), which satisfies (2.7).

Part II: Uniqueness. By linearity, it is enough to prove that the problem of finding u € L*(0, T; V) with u’ € L*°(0, T; H)
solution of

[ (RO ) + AU =0 in(,T),

u0) =0, (Ru)(0%)=0, (218)

has the unique solution u = 0. For this purpose, given h € LY(0, T, H), we take vy € L°°(0, T, V), with v,’1 € L*°(0, T, H)
solution of

(REOVH©) +A@VRE) =h(®) in(0,T),
vp(T)=0, (Rv;)(T~)=0.

This function exists by the first part of the proof, using the change of variables s = T —t. Taking vj as a test function (2.18)
we get (the integrations by parts can be easily justified)

T
/(u(t), h())dt =0, Vhel'(0,T,H),
0
and thusu=0. O

3. Homogenization

In this section we analyze the homogenization of a wave equation with BV coefficients in time. The main strategy in
order to compute the homogenized problem consists in an appropriated application of results of homogenization for elliptic
problems.

As we said in the introduction, let us consider the following wave equation with Dirichlet boundary condition:

8t(pn (¢, x)atun) - diVx(An(ta X)qu,—,) =fatgn in(0,T)x£,
u, =0 on (0,T) x 052, (3.1)
un(0) =up,  (Pndettn)(07) =0, in £2,

where p, € BV(0, T; L°(£2)) and A, € BV(0, T; L*°(£2; M},)) satisfy the following hypotheses
pn is bounded in BV(0, T; L*°(£2)), Ay is bounded in BV (0, T; L°(£2; MY)). (32)
There exists o > 0 such that
on(t,Xx) > o, ae (t,x)e(0,T)x £2, (3.3)
An(t,X)E-E>algl?, VEERN, ae. (t,x) € (0,T) x £2. (34)

Let us prove in the present section that the limit problem of (3.1) has the same structure with p, and A, respectively
replaced by the weak-x limit of p, in L°°((0, T) x £2) and the H-limit of A, respectively.
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We recall the definition of H-limit:

Definition 3.1. We consider a bounded sequence M, in L°°(§2; My) such that there exists o > 0 satisfying

Mn(0)E-& > alE]?, VEeRN, ae.xe . (3.5)
We say that M,, H-converges to M € L% (§2; My), which also satisfies (3.5), if for every F € H~1(£2), the solution z, of
—divy(MpVyzy) =F in 2,
zZn=0 onods2,

satisfies

Zn—z iNH{(R),  MpVizn— MVyz inL?(2;RY),
where z is the solution of

—divy(MVyz) =F in £,
z=0 onos2.

It is proved in [15] (and [18] for the case of symmetric matrices) the following compactness theorem for the H-
convergence: Every sequence of matrices M, which is bounded in L°°(£2; My) and satisfies (3.5) admits a subsequence
which H-converges to some M € L% (§2; My).

In the case of the sequence of matrices A, which we consider in (3.1), we have

Proposition 3.2. For every sequence A, which is bounded in BV (0, T; L°°(£2; M},)) and satisfies (3.4), there exist a subsequence of n,
still denoted by n, and a matrix function A € BV(0, T; L°°(§2; M},)) such that

H
An(t,.) —~A(t,.), Vte(0,T)\N, (3.6)
with N C (0, T) a countable subset.
Remark 3.3. The properties of the H-limit [15,18] imply that (3.4) is still satisfied with A, replaced by A.
Since p, is bounded in BV(0, T; L°°(£2)) and satisfies (3.3), there exist a subsequence of n still denoted by n and a
function p € BV(0, T; L°°(£2)) satisfying (3.3), with p, replaced by p such that
pn—p inL®((0,T) x 2). (3.7)

Taking into account Proposition 3.2 we can also assume that this sequence is chosen in such way that (3.6) is satisfied.
Therefore, to assume that A, and p, satisfy (3.6) and (3.7) respectively, is not a restriction because it always holds for a
subsequence.

The main result of the present section is the following homogenization result for problem (3.1).
Theorem 3.4. We consider A, and p, which satisfy (3.2), (3.4), (3.3), (3.6) and (3.7). Then, for every f,, € ([0, T1; L>(2)), gn €

BV(0, T; H1(£2)), u§ € H}(£2), 9] € L*(£2) such that there exist f € MM([0, T]; L?(£2)), g € BV(0, T; H~1(£2)), u® € H}(£2) and
91 e L2(£2) satisfying

fa > f in ([0, T1; L2(£2)), (3.8)
N N

gn is bounded in BV(0, T; H™'(£2)), /gn(t)dt—> /g(t)dt in H- (), vr,s € (0, T), (3.9)
r r

ul—u® inH)2), ol inl?Q), (3.10)

we have that the unique solution uy, of (3.1) satisfies
up —u inl=(0,T; Hy(2)),
dettn — deu in L°(0, T; L2(2)),

where u is the unique solution of

¥ (ot x)du) — divy (A, x)Vxu) = f+g in(0,T) x £2,
u=0 on (0,T) x 382, (3.11)
u@© =u’, (pdu)(0*)=0v' in Q.
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Proof of Proposition 3.2. We take u, € M([0, T]) such that ||inllonqo, 1)) = V1 (An) and

HAn(t) - An(f) ”LOC(O,T;M?J(Q)) < /uLn ([t, f]), Vt, f (S [0, T], Wltht < E

Since u, is bounded, up to a subsequence, there exists p € 9%([0, T]) such that u, converges to p weakly-* in the mea-
sures.

On the other hand, since A, € BV(0, T; L°°(£2; M},)), we can always assume A, continuous on the right in [0, T) and
on the left in T, and then that A, is well defined in every point t € [0, T]. We consider a countable dense set {ti}ren in
(0, T) such that w({tx}) =0, for every k € N. Using the H-convergence compactness theorem and reasoning by a diagonal
argument we can extract a subsequence of n, still denoted by n, such that there exists A : {ty}yeny — L*(£2; M},) satisfying

Ante. ) L At ), VkeN.

This subsequence of n will be the subsequence which appears in the statement of Proposition 3.2.
By Lemma 3.5 below, for t; < t;, we have

< Cl}ggjfﬂn([ti, tj1) < Cu([ti, t1). (3.12)
Using this property, we define A € L>((0, T) x £2; M},) by
A(t,x) = lim A(s, x). (3.13)
SN\

se{ty}

Let us see that A satisfies the thesis of Proposition 3.2. First, we prove that the limit on the right-hand side of (3.13) exists.
This is a simple consequence of the fact that thanks to (3.12), for every t;, tj, with t < t; <t;, we have

[ At ) = At )| o vy < Crllt £51) < (e 15),

where the right-hand side tends to zero when t; tends to t.
On the other hand, (3.12) easily implies

for every t,f € (0, T), with t <1 and therefore A belongs to BV(0, T; L (£2; M)

In order to finish the proof of Proposition 3.2, it only remains to show that (3.6) is satisfied. For this purpose we take N
as the countable set of t € (0, T) such that wu({t}) > 0. For t € (0, T) \ N and f € H™1(£2), we define z,,z € Hs)(.Q) as the
solutions of

{—divX(An(t, X)Vizn) = f in2, {—divx(A(t,x)sz): f ing,
zp =0 onds2, z=0 onods2.

We must show that z, converges weakly to z in Hé(()). Since z, is bounded in H(l)(.Q), it is enough to check that z,

converges to z in L?(£2). For t; > t, we define z},, z' € H}(£2) as the solutions of

— divy(An(ti, ) Vxzh) = f in 2, i —dive(A(t;, OVz') = f inQ,
Zh=0 on 92, Z=0 on af2.

Taking zil — zy as a test function in the difference of the equations satisfied by z,'; and z,, we have

/An(t, X)V(zn — 28) - V(zn — 21) dx = f(An(t,-, X) — An(t, X)) Vxzh - Vx(zn — 2}) dx
2 2

i i
< (It 611) ”Zn HH(])(.Q) ”Zﬂ —Zn ”H(])(Q)’
which, using that ||ZL\|H5(Q) is bounded and the uniform ellipticity of A, implies
limsup||zn — 2} | 1 ) < Cia(It, £:1).
n— 00 0
Analogously, we have

|z - Z HH}J(Q) <Cu(le til).



J. Casado-Diaz et al. / J. Math. Anal. Appl. 379 (2011) 664-681 671

Therefore, using that z; converges to z in L2(£2), we get
limsup ||z, — 220 < llmsuszn Z! HLZ(Q) +11msup”z -7 ||L2(Q) +]7 - ZHLZ(Q)

< Cu(le. 6il).

Since pu({t}) =0 we have that w([t,t;]) tends to zero when t; converges to t and so z, converges to z in L2(£2). O

Lemma 3.5. We consider two sequences of matrix functions M, 1 M; 2 in L°°(£2; My), such that

IMi oty <A MiE-E>alel?, YeEeRY, aexef, i=1.2,

which H-converge to M and M? respectively. Then, for a constant C > 0, which only depends on 8/, we have

”M1 - ||L°°(Q;MN) < C'i,fgi;ngM% - M% HL°°(.Q:MN)' (3.14)

Proof. For the case where M, are symmetric this lemma can be found in [5]. We present here a more direct proof which
also does not need to assume M, symmetric.
Extracting a subsequence if necessary, we can always assume that the liminf in (3.14) is a limit.
We consider £ e RN and uy, i =1, 2, the solutions of
— divy (M}, Vyul) = — dive(M'€) in £2,
ul =&.x on ds2,
then (see e.g. [15]) Vyul, and M. V,ul converge respectively to & and Mi¢ in L?(£2; RN) weakly, for i =1, 2.
Now, for ¢ € CZ°(£2), ¢ >0 in £2, the div-curl lemma [16] shows

lim (MpViul — MEViu?) - Vi(uy — u)pdx =0, (3.15)
2
lim [ Mlvyul- qunwdx_/M £-E@dx. (3.16)
n—-oo
2

Thanks to (3.15), we have

lim sup/ M; Vi — uf) - Vi (uy — up) 9 dx

n—oo

< lim sup/(M% — M) Vup - Vi (up — u?)pdx + nli)ngo/(M}leu,l1 — M2Vud) - Vy(u) — u?)pdx

n—oo

zlimsup/(M M1)qu Vx(u —u )(pdx

n—oo

and hence, by (3.16), we get

llmsup/]Vx ul —u? | gadx< B |§|2 lim ”1\/11 Mrzluiwg;mg,)/“ﬂdx' (3.17)
2

By the semicontinuity of the norm for the weak convergence in L2(§2; RV), (3.16) and (3.17) we get

/| M2 $| pdx < lll’l‘lle/|M Vyu! — M2V, 2| odx
@%“l&‘f(/ (0~ )t P [ME (s} = 12) P
2

B ﬂ
2 1+ HE lim HM‘ 1\/12||Lm(Q g [ 9dx Vo € C2(2),
Q
and therefore (3.14). O
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We are now in position to prove Theorem 3.4.

Proof of Theorem 3.4. A simple application of Theorem 2.1 with V = H})(.Q). H = L2(£2) proves that there exists a unique
solution of (3.1), which is bounded in L*°(0, T; H(l](.Q)) and is such that d;uy is bounded in L*®(0, T; L2(£2)). Therefore, up
to a subsequence there exists u € L>°(0, T; H}(£2)), with d;u € L>(0, T; L?(£2)), such that

up —u inL®(0,T; HY(2)),
Bty — deu in L(0, T; 12(2)).

Let us prove that u is the unique solution of (3.11). For this purpose, we need to compute the limits of the products p,d:uy
and A, Viuy.
We take w, € M([0, T]) such that

lenllono, 11y < Vr(on) + Vr(An),
[on®) = on® ] o ) + [An©®) = An®) | 1o 05,y < (18 11),

for every t,f € [0, T] with t < {. Since w, is bounded in 9([0, T]), extracting a subsequence if necessary, we can assume
that there exists the weak-x limit u of w, in 9t([0, T]).

Since pnd;u, is bounded in L2(0, T;L2(£2)), we can assume that there exists the weak limit z of p,du, in
L%(0, T; L?>(£2)). In order to characterize z, we consider 7 € (0,T), he (0,T — 7). For ¢ € C(t,T+h), ¢ >0, we have, in
the sense of L2(£2)

T+h T+h ; T+h
/ Pn(®)deun(®)e(t) dt = f (/)n(t) “n / Pn(s) ds) deun (D) (t) dt
T T T
1 T+h T+h
_ (H / on(s) ds) / un(t)g' (t) dt. (3.18)
T T
Using that d;u, is bounded in L*°(0, T; L%(£2)), the first term on the right-hand side of the above equality can be estimated
by
T+h 1 T+h T+h
on(t) — — | pa(s)ds |deun(t)e(t)dt <Cun([r. T+h]) [ e@adt,
h
T T L2(2) T

while for the second one, using the weak-* convergence of p, in L°°((0, T) x £2), the strong convergence of u, to u in
1%(0, T;: L%(£2)), and an integration by parts, we get

+h

T+h T+h T T+h
(% / pn(s)ds) / un(t)w’(t)dt—\—(% / ,o(s)ds> / aru(t)p(t)dt inLZ(Q).

T T T T

Therefore, using the semicontinuity of the norm for the weak convergence, we deduce from (3.18)

T+h ; T+h T+h
/z(t)w(t)dt—(H / p(s)ds) / drut)p(t)dt

T T T

T+h

< Cu([r, T +h) / @(t)dt,
12(2) 7

which implies

z(t) = p(t)ou(t) forae.te(0,T). (3.19)

This characterizes the weak limit in L2(0, T; L2(£2)) of pnd;un.
In order to characterize the weak limit in L2(0, T; L2(§2; RN)) of A,Vxu,, we first remark that (3.19), 9;(049;up) bounded
in 9M([0, T]; H~1(£2)) and Lemma A.1 in Appendix A prove that

Pn(£)0:uy (t) converges to p(t)d:u(t) in H (), vte(0,T) \ N, (3.20)

with N the countable set of t € (0, T) such that w({t}) > 0.
We take 7 € (0, T) and h as above such that 7, t + h ¢ N. Integrating Eq. (3.1) in (7, 7 4+ h] and dividing by h, we have,
in the sense of H~1(£2)
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T+h
) _ 1 1
~div(a V@) =5 [ty [ s
(t,7+h] T
_ Pn(T 4+ M)deun(T 4+ h) — pn(T)3un(T)
h
1 T+h
—divx<E / (An(T) — An (D)) Vxuun (t) dt), (3.21)
T
with
T+h
|
un=E / un(t)dt.
T
We also define u and i, by
T+h ) . ) _ )
P f w(o) dr, {jdlvx(An(r)qun):—dlvx(A(r)qu) in £2, (322)
h u, =0 onos.

T

Since An(t) H-converges to A(t), we get that i, converges weakly to u in H})([Z). Taking into account that the weak-x
convergence of u, to u in L*°(0, T; Hg)(.Q)) also implies that u, converges weakly to u in Hé(.Q), we then deduce that
up — iy converges weakly to zero in H}J(.Q). Taking this sequence as a test function in the difference of (3.21) and the
equation defining i, and taking into account that the first, second and third terms in the right-hand side of (3.21) converge
strongly in H~1(£2) thanks to (3.20), (3.8), (3.9) we deduce

lim sup/ An(T)Vy(ily — Tiy) - Vy(lp — ) dx

n—-oo A
T+h
< limsup/(% / (An(T) = An()) Vxutn (t) dt) - V(i — Uiy) dx

T

< Climsup puq ([T, T + h]) limsup || Vi (i — iy) ”LZ(.Q)N’
n—oo

n—oo

which proves
limsup | Vx(iin — iin) | ;2 oyv < Ci4([T, T + h]). (3.23)

n—oo
Denoting by o the weak limit of A,Vyu, in L%(0, T; L2(£2; RN)), which exists at least for a subsequence, and taking into

account that A, (T)Viii, converges weakly in L2(§2; RN) to A(T)Vyii, we can use (3.23) and the lower semicontinuity of the
norm for the weak convergence in L2(§2; RN) to deduce from

1 T+h 1 T+h
h / An(t) Vxtin (£) dt — Ap(T) Vylln = h / (An(t) - An(f))vxun(t) dt + An(T) Vx(tin — Un)
that

T+h
H <Cu([r, T +h]).

% / o(t)ydt — A(T)Vxu

T

LZ(_Q)N
which, passing to the limit when h tends to zero implies
o(t) =A(t)Vyu(r) forae.t € (0,T). (3.24)

We have then proved that p,d;u, converges weakly to pdu in L2(0, T; L?(£2)) and A,Vxu, converges weakly to AV,u in
L%(0, T; L(£2)N). This permits to pass to the limit in Eq. (3.1) to deduce that u is the unique solution of (3.11). O
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4. Corrector result

The purpose of this section is to prove a corrector result for problem (3.1). We will need smoothness for the coefficients
in the time variable than in Section 3.

We consider two bounded sequences p, € C'([0, T]; L®(£2)), Ay € C1([0, T]; L% (£2; Mj3)) which satisfy (3.4), (3.3) and
are such that 9;p0,, d:Ap are uniformly equicontinuous with respect to t, i.e. they satisfy that for every ¢ > 0, there exists
8 > 0 such that

[0t ) = 3eon @ )| e ) + |0AR(E ) = AR )| 2000y <& YR EN, V6, €0, T], with |t —F] <.
(41)

We also assume (this always holds for a subsequence) that there exist p € L>(0, T; L°°(£2)), A € L*°(0, T; L*°(£2; M},)) such
that for every t € [0, T] we have

ot ) p(t,) InL®(R),  Anlt,) > A, )). (42)

Our main result is the following one:

Theorem 4.1. We consider p, € C1([0, T]; L®(£2)), Ay € C1([0, T]; L®(£2; M3,)) bounded, which satisfy (3.4), (3.3), (4.1) and (4.2).
We take f, € L1(0, T; L2(2)), g» € W11(0, T; H=1(£2)), such that

fo= f inL'(0,T;L2(82)),  lim sup | fat+h) = fa® 10 1-pi2c2) =0 (43)
h—-0n—oo ’ >
gn—g inwWh(0,T; H'(2)), (4.4)
andul € H\(2), 9} € L?(£2) satisfying

ud—~u® inH)2), ol—=o! inl*@). (4.5)

We define uy, and u as the respective solutions of (3.1) and (3.11) and iy, ii,, by

{ — div(An(t) Villn (1)) = — divx (A(t) Vxu(t)) in 2, VE € [0.T] (456)
tn(t)=0 onds, 7 ’
B (Pnd;iin) — dive(ApViiln) =0 in (0, T) x £2,
i,=0 on(0,T) x 952, (4.7)

in(0) =ud —1,(0) N2, pPa(0)diin(0) =0 —v! ing.

0_
Then, we have
Up — lly —in — 0 in L%°(0, R; H}(2)), (4.8)
dUn — U — ity — 0 in L®(0, R; L*(£2)), (4.9)
forevery R € (0, T).
Remark 4.2. Theorem 4.1 generalizes the corrector result proved in [3] where it is considered the case where the coefficients

of Eq. (3.1) are independent of t (and assumptions in the second members). In the case where the initial conditions are
“well prepared” in the sense that they satisfy that

divx(An(0) Viiln(0)) is compactin H'(22), o) — 9! inL*(%),

we have that i, and 9;ii, converge strongly to zero in L*°(0, T; Hé(Q)) and L*®(0, T; L2(£2)) respectively. Therefore, Theo-
rem 4.1 gives in this case

up —fly —> 0 inL®(0,R; HY(2)),  dup—du—0 inl>®(0,R;L%(2)), VRe(0,T),

i.e. the corrector i, for the elliptic case provides a strong approximation of Vyu,, and d;u, converges strongly to d;u. If the
initial conditions are not well prepared this is not true and we need to add the sequence ii, in order to have a corrector for
the derivatives of uy.

Proof of Theorem 4.1. Along the proof, we denote by C a generic nonnegative constant which does not depend on the
parameters n or h (which will be introduced later) and by Op a function which tends to zero when h tends to zero and
satisfies Oy > h. The constant C and the function Op can change from line to line.
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We divide the proof in five steps:
Step 1. Let us first assume g, =0, divx(A(0)Vxu®) € L2(£2), ©'/p(0,x) € H}(£2) and

—divy(An(0)Vxul) = — divk(A(0)Vxu®) in2, VneN, (4.10)
ol=9!, VneN. (411)

n

For t € (0, T) and h € (0, T —t), we define p/!, A", f and u as the regularizations of pn, An, fn and u, given by

) t+h . t+h ) t+h
ﬁmzﬁfmmm, %mzﬁfmmm, ﬁmzﬁfn®$, (4.12)
t t t
3 (plocult) — div (Al vul) = 1 in (0, T — h) x 2,
u=0 in©0,T—h) xae, (413)
0
ut@) =ul ine2, (ploul)0) = p"((o))ﬁ in £2.
Let us show that in these conditions we have
h h
H deup HLOQ(O,T—h;LZ(Q)) + ”un ”LOC(O,T—h;Hg)(Q)) <G (4.14)
0]

; 2. h h h
IITESNUP(HBHUH 0. 1-niz ey + 9eun ||L°°(0.T—h;H(1)(Q))) =T (4.15)

Inequality (4.14) follows from (2.7) applied to problem (4.13).
In order to prove (4.15), the idea is to derive with respect to t in problem (4.13) to show that 8tu2 satisfies

fat+h) = ful)

3 (Pl (euly) — divie (Al V(deull)) = — 3 (3Pl ault) + divy (3 AMV,) in (0, T —h) x 2,

h
19'1
qut =0 on(0,T —h) x 382, atug(O):m in 2, (4.16)
3 (o 9eul) (0) = divy (AR (0) Vil (0)) + f(0) = divy(A(0)Vxt®) + fn(0) in £2.
Therefore, estimate (2.7) shows that for 7 € (0, T — h) one has
[ att”h ||L°°(O,I;L2(.Q)) +| ant“g HL°0(O,1:;L2(Q;]RN))
1
C(E an(t +h) — fa(®) HLl(o,r;LZQ) + ||8t(8tp,’;3tu2) HLl(o,r;LZ(rz))
+ Hdivx(atAnguﬂ) ”WU(O,t;H*I(Q)) + ”19]/10(0) HH})(Q)
+ ”diVX(A(O)VX”O) I 122:rN) | fn(0) HLZ(Q))' (417)

In order to estimate the second term in the right-hand side of (4.17), we use

[ at(afpn deu )”U(o 12(2) S C”attpn ||L°C((0 )x2) ”3f“h “Loc(o nizay T Hafpn ||L°°((O )x2) I Ope ”Ll(o,r;LZ(.Q))’
which using (4.14), p, bounded in C!([0, T]; L®(£2)),

dpp(t+h) — e ph(t)

P , ae.in[0,T —h] x £2,

ttpn ) =

and (4.1) gives

H at(atpn deu )HLl(o r12(2) S 1+ CH atr”h ||L1(0,t;L2(Q))’ VT [0, T —h],

with Oy independent of n. A similar proof also shows the following estimate for the third term on the right-hand side of
(417)

Hdi"x(afAZVX”g ”W1 10,7:H-1(2) S ||3fA VX” ”w1 1(0,7:L2(2;RN))
O
hh +CVadetnl 1 o i p2g2smmy VT E€10.T = hl,
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with Op independent of n. Therefore, inequality (4.17) reads as

Op
” arztuZ ||L°°(0,I;L2(.Q)) + ” anful; ||L°°(O,r;L2(.(Z:RN)) < T + C(||8t2tuz |L1(0,I;L2(.Q)) + “VXBIu’,?‘ “Ll(O,r;LZ(Q;RN)))’

for every t € [0, T — h], with O, independent of n, which by Gronwall’s inequality proves (4.15).

Step 2. In the assumptions of Step 1, let us prove

,Ei_rg“rgsogp(”at(”’r: - u")HLOQ(O,T—h;LZ(.Q)) + ”uﬁ —Un ||L°C(0,T—h;H(1)(.Q))) = Op. (4.18)

We use that the sequence z!' = u! — u, satisfies

3 (ondezl) — div(AnVazl) = 8 ((on — o) 3eult) — dive((An — AD)Viul) + £ — f in (0, T —h) x £2,
Z'=0 on(0,T —h)x 02,

ZM0)=0 in, pn(O)atzﬁ(O):<’;)”((00))—1>ﬁ,} in £2.

Therefore, estimate (2.7), on, An bounded in C1([0, T]; L°°(£2)) and C([0, T]; L*°(£2; Mj,)) respectively, and estimate (4.15)
give

182l o012y + 120 i 0.7 et 2y

< C<Hat((pn - p,ﬁ’)atu,’}) ||L1(0,T—h;L2(9))

Pn(0)
+(An - Aﬁ)qu’,} “w1~1<0,T—h,L2(9;RN)) * ” (ﬁ - 1>ﬁ'}

which implies (4.18) taking the limit first in n and later in h.

) = Oy,
12(82)

Step 3. In the assumptions of Step 1, let us prove that
up — iy —> 0 inL®(0,R; HY(2)),  dup— du inL®(0,R;L*(£2)), VR e (0, T). (4.19)

For h € (0, T), estimates (4.14) and (4.15) show that, up to a subsequence, there exists u" € W% (0, T — h; H(l)(.Q)), with
32ul € L(0, T; L2(£2)), such that

ul Sul inwh(0,T —h; HY(®2)),  03ul S o2u" inl=(0,T —h; L2(R2)). (4.20)
Thanks to the compact embedding of H(l)(.Q) into L2(£2), this implies in particular (see e.g. [17]) that

deul — du" in ([0, T — h]; L%(£2)). (4.21)
By (4.18) and its consequence

e (u”

we then get

—u) ”Lw(o,T—h;LZ(m) = On,

. . h
llm sup ||atun - 8l’u||L°C(O,T7h;L2(Q)) < llm sup || atun - al’un HLOO(O T*h'LZ(Q))
n—oo n—o0 ’ ’

+ lim SUP”at”ﬁ — " HLOO(O,Tfh;LZ(.Q)) + ||3t”h - afu”LOC(O,T—h;LZ(.Q)) =On-
n—oo

By the arbitrariness of h, this implies the second assertion in (4.19).
In order to prove the first assertion in (4.19), we first remark that (4.15), (4.18), and the inequality

|un(t +h) — un(®) ||L°0(0,T—2h;H(1)(.Q)) < Jun(t+h) —uj e +h) ||L°0(0.T72h;H(1)(Q))

+ upe+h) —upo) ||L°<>(0,T—2h;H5(Q)) + [un® — un (@) | 1200, T—2h; H}(£2))

prove

}511}) llﬂS;pH Un(t+h) — up(®)| 10,72k HY(2) = 0. (4.22)
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On the other hand, multiplying Eq. (3.1) by u, and integrating in (0, t) x §2, with 7 € (0, T), we have

T T T

1
f/‘Aanun~V,(undxdt=/(u(0)l91 - Epn(r)at|un|2(r)> dx+[/pn|8tun|2dxdt+//fnundxdt,
00 2 00 00

where using the second assertion in (4.19), u, converging strongly to u in C°([0, T]; L?>(£2)) (see e.g. [17]), p, converg-
ing weakly-x to p in L°°((0, T) x §2) and pointwise in [0, T] with values in L°°(£2), and f, converging weakly to f in
L%(0, T; L?(£2)), we can pass to the limit in the right-hand side to deduce

T T T
1
lim //Anvxun-qundxdt:/<u(0)z91 —Ep(r)8t|u|2(‘c)> dx+//platmzdxdt—}-//fudxdt,
n—oo
0 2 2 0 2 0 2

for a.e. T € (0, T), but multiplying Eq. (3.11) by u, and integrating in (0, T) x £2, we have that the right-hand side of this
equality agrees with

T
//Avxu-vxudxdt,
0 2

and thus we have proved

T T
nlim //Anvxun~qundxdt=//AVXu-qudxdt, (4.23)
—00
0 2 0 2

for a.e. (and then every) 7 € (0, T).
On the other hand, homogenization theory [15,18] shows that
[A(t)qu(t) - Veu(t)dx < liminf/ An(O)Vxun(t) - Vyup(t)dx, ae.te(0,T). (4.24)
Q Q
Using (4.22) and A, bounded in C'([0, T]; L>(£2)) we deduce from (4.23) and (4.24) that

3 lim /An(t)qun () - Vxup(t)dx = / A(t)Vyxu(t) - Vxu(t)dx, forae.te(0,T),
n—oo
2 2
which (see [18]) implies that
Un(t) — fln(t) — 0 in HY(£2), ae.t € (0, T).

Using then (4.22) and the analogous inequality for i,
gf}) hr?lsogpu Un(t +h) — tn(t) ||L°0(0,T72h;H(1)(Q)) =0,

which can be easily shown using i, (t + h) — i1,(t) as a test function in the difference of the equations defining i, (t + h)
and i, (t) and taking into account (4.1), we get the first assertion in (4.19).
Step 4. Besides of the assumptions of Theorem 4.1, we suppose that ug, ﬂr} satisfy

—divy(An(0)Vyud) — —dive (A V,u®) inH'(2), o) -0 inl*). (4.25)

Let us prove that in these conditions (4.19) still holds true.
We consider ¢* € L2(2), vk € H}(22) and gk e W11(0, T; L2(2)), satisfying

¢ — —divy(AOVxu®) inH (), pOVK— 9! inl} (),
g¢—g inw'(0,T; H1(2)),
and we define uk as the solution of
3 (ondeuk) — dive(AnVxuk) = fo + g in(0,T) x £2,

uk=0 on(0,T) x 32, (4.26)
uk©@) =nf in2, pu(0)duk©0) =pOVv* ing,
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with n,’§ the solution of the elliptic problem
—dive(An(0)Vin¥) =¢* in 2,
n,’; =0 onds2.

Then, for every k fixed, the sequence u’,ﬁ is in the assumptions of Step 1 and so, (4.19) proves

ub — % —0 inL™(0,R; HY(2)),  duk — duk inL>(0,R; L2(2)), (4.27)

k_
for every R € (0, T) and k € N, where u¥ is defined as the solution of
8t(pn8tuk) — divX(AVXu") =f+g“ inO,T)x £,

uk=0 in(0,T) x £2, (4.28)
k) =n* inaR, p0)3uk©0) =pOVv¢ ons,

with 7* the solution of the elliptic problem

—divy(A(0)Vi*) =¢* in 2,
nk =0 onas?

and ¥ by

. ~k T k .
{—dlvx(An(t)qun(t))_ divy(AOV©) n@2, o (429)

k) =0 on a2,

Applying estimate (2.7) to the difference of solutions of (3.1) and (4.28) we also have

Jun = i o0,y T 120U = B0 0.1 )
<C(|en—2g* ||w1«1(o,T;H—1(9>> + || up — u5(0) ||Hé(9) + |93 = p@v¥ ||L2(.O))’
which using that
|1~ 5O g0, < €= Av(An @) =1
shows

klino]o ligS;P(|\Un — uy HLOO(O,T;H})(Q)) + |[Beun — dety HLoo(o,T;Hg(rz))) =0, (4.30)
which in particular shows
k]i)rgo(”u - ukHLOQ(O,T;H(])(.Q)) + H deu — du® ||L°°(O.T;H(1)(.Q))) =0. (4.31)

Then, taking R € (0, T), estimate (4.19) easily follows from

lun — ﬁ””LOO(O,R:Hé(Q)) + | 0¢utn — 8t'vl”LOC(O,R;LZ(_Q))

< Jun - uy ”LOO(o,R;Hg(.Q)) + [[deun — 3f”ﬁ HL°°(O,R;L2(.Q))

k-

‘L“(O,R;Ha((z)) + e — 8t”kHLoo<o,R;L2<:2))

+ Hﬁﬁ _ ﬁkHLoo(o,R;Hg(ﬂ)) + H Btuk _ atu”Loo(o,R;LZ(Q)),

passing to the limit first in n and then in k, using (4.30), (4.27), (4.31) and

i 8= 7 =0

which can be proved using a’,; —@i% as a test function in the difference of (4.29) and (4.6) and taking into account (4.31).

Step 5. Proof of (4.8), (4.9).
It is a simple consequence of Step 4, taking into account that the sequence u, — ii, is in the conditions of this step. O
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5. A counterexample

In Section 4, we have obtained a corrector result for problem (3.1) assuming that 9;p,, 0;A, are uniformly continuous
from [0, T] into L°°(§2) and L°°(§2; My) respectively, with a continuity modulus independent of n. We give in Proposi-
tion 5.1 a counterexample showing that Theorem 4.1 is optimal in the sense that it does not hold if we just assume A, and
on bounded in C1([0, T]; L%°(£2)) and C'([0, T]; L% (£2; My)) respectively. In particular the result is not true in the general
framework of Section 3 and neither in the framework of [6], where it is considered the case of Lipschitz functions in the
time variable.

Proposition 5.1. For b, € C*°([0, T] x [0, 7]), defined by

bp(t,x) = %sin(nt) cos(nx) cos(x), V(t,x)e[0,T] x [0, ], (5.1)

we take uy as the unique solution of

Btztun - afxun — 0x(bpoyuy) =0 in(0,T) x (0, 1),
un(t, 0) =up(t, m) =0, (5.2)
un(0,x) =0, 0ruy(0,x) =sin(x), ae. in(0,m).

Then,
up —~u inL>(0,T; HY(0, 7)), (5.3)
Bty — dpu in L®(0, T; 12(0, 7)), (5.4)
with u(t, x) = sin(t) sin(x), the unique solution of
d2u—d2u=0 in(0,T) x (0,7),
u(t,0)=u(,m)=0, (5.5)
u(0,x) =0, 0:u(0,x)=sin(x), ae.in(0,m),
but

”un - u”LZ(O,T;H&(.{Z)) -0, ”at(un - Ll) HLZ(O,T;LZ(.Q)) - 0. (56)

Remark 5.2. The sequence b, defined by (5.1) is bounded in Cc1([0, T1x [0, ]) and converges strongly to zero in oo, T1 x
[0, r]). This last assertion implies in particular that A,(t) =1 + b, (t) H-converges to A(t) =1 in (0, ) for every t € [0, T],
0x(An(0)0xun (0)) = 9x(A(0)dxu(0)) € C*([0, ir]), d:un(0) = 3;u(0) € C*°([0, r]). Therefore, if Theorem 4.1 were true for A,
just bounded in W1-%°((0, T) x £2) we would get that

”un - u”LOO(O’T;H(l)(Q)) g O’ “ a[(ul’l - U) ||L°°(0,T;L2(Q)) g Oa
in contradiction with (5.6).
Proof of Proposition 5.1. Statements (5.3) and (5.4) are a simple consequence of Theorem 3.4. On the other hand, using
u, — u as a test function in the difference of (5.2) and (5.5), we have

T &
2
(un(T) — u(T)) 3 (un(T) — u(T)) dx — //yat(un —u)| dxdt
0

0

O~y

T & T &
+//|8x(un—u)|2dxdt+/[bn8xunax(un—u)dxdt:O.
00 00

Since u, and d;u, are bounded in L*°(0, T; Ha(Q)) and L>(0, T; L2(£2)) respectively, we have that (see e.g. [17]) un(T)
converges strongly to u(T) in L2($2). Therefore the first term in the above equality tends to zero. Using also that b, tends
to zero in C9([0, T] x [0, 7r]) we conclude that

T 7 T 7
nlirr;o<//yat(un —u)|2dxdt—ffyax(un —u)|2dxdt> =0. (5.7)
00 00
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In order to prove (5.6) let us reason by contradiction. Thus, we assume that one of the assertions in (5.6) is not true and
then by (5.7), that none of these assertions are satisfied. Using the Fourier expansion of u, in the space variable given by

/g

o
Un(t,x) = Z(p,’i(t) sin(kx), with go ‘) = — / un(t, y)sin(ky)dy,
k=1 0
we then have that
T 0o T
/|(prll —sin(t)]zdt+21<2/](p,’ﬂ2dt—> 0, (5.8)
k=2

/| @1) —cos(t)| dt+Z/| o' [* dt — 0. (5.9)

k=27

But taking into account the equation satisfied by u, (5.2), we easily have, for n > 2,

¢
Rt = —% / / bn(s, ¥)dxun(s, y) cos(ny) sin(n(t —s)) dyds, Vte[0,x].

Using here the expression (5.1) of b, and that, by the contradiction assumption, dyu, converges strongly to dyu in
L%(0, T; L%(0, 7)), we get

t 7
nga,’11 + E //sm(ns) sin n(t )) cos (ny) cos (y) sin(s)dy ds
d 00
b
= —i—n f / bn(s, y)(0xtun(s, y) — dxu(s, ¥)) cos(ny) sin(n(t —s))dyds — 0 in L*°(0, T),
00
where a simple calculus shows
tow
% / / sin(ns) sin(n(t — s)) cos? (ny) cos?(y) sin(s) dy ds + % cos(nt)(1 — cos(t)) - 0 in L0, T).
00
Therefore

T T T
. 2 1 2 1 2
nll)rgonz/|<pg(t)| dt = Enll)r{)lo/cosz(nt)(l — cos(t)) " dt = 5/(1 — cos(t)) dt #0,
0 0 0

in contradiction with (5.8). O
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Appendix A
This appendix is devoted to prove the following Lemma A.1 which was used in the proof of Theorem 3.4.

Lemma A.1. We consider two Banach spaces X, Y, with X compactly embedded in Y. Let ¢, be a bounded sequence in L1(0, T; X) N
BV(0, T; Y), which converges weakly in L1 (0, T; Y) to a function ¢. The sequence ¢, is assumed to be continuous on the right in (0, T)
with values in Y. Taking pn, € ([0, T1) such that ||pnllonqo,t) = V1 (dn),

|on(®) — ¢ (®]|y < pa(t. 1), VT[0T, t <i,

we denote by u the weak-x limit of , in 9([0, T1), which exists up to a subsequence. Then, ¢y, (t) converges strongly to ¢ (t) in Y for
everyt € (0, T) \ N, with N the countable set of t € (0, T) such that p({t}) > 0.
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Remark A.2. Assuming in Lemma A.1 that the sequence ¢, is bounded in L', T; X) N W“(O, T;Y) at the place of
L'(0, T; X) NBV(0, T; Y), the result is a simple consequence of [17], where it is proved that in these conditions ¢, con-
verges strongly to ¢ in C°([0, T]; Y).

Proof of Lemma A.1. We define N as the countable set of t € (0, T) such that w({t}) # 0. For every t € (0, T) \ N and
he (0, T —t), we have

t+h t+h t+h

1 1 1
ln®) —0®], < ¢n(t>—5/¢n<s>ds + E/(qbn(s)—ms))ds + E/qﬁ(S)ds—qb(t) : (A1)
t Y t Y t

Y

Taking into account that

|#n® —dn® |, < pa(lt.81),  [o® —d@® | < p(lt.t]), Vt,tel0, Tl t <t

the weak-* convergence of u, to w in ([0, T]) and that the weak convergence of ¢, to ¢ in L1(0, T; X) joining to the
compact embedding of X in Y implies

t+h

%/(d’n(s)—(ﬁ(S))dS—)O iny,
t

we deduce from (A.1)
limsup¢n(6) = ¢(©], <2u(lt.t +h), Yhe (0. T -0,
n—-oo
and thus, taking the limit in this inequality for h tending to zero, we get
limsup|[¢n(t) — ¢ (©®)], <2u({t}) =0.
n—oo
This finishes the proof of Lemma A.l. O
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