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du;(t)
dt

dw (t)
dt

N
= V(uifl — 2111‘ + ui+l) - fi(ui) + Zcfui o
=1

e, (1.1)

where u = (uj)iez € €%, Z denotes the integer set, v is a positive constant, f; is a continuous func-
tion satisfying a dissipative and a growth condition, ¢; e R, for j=1,...,N, and w; are mutually
independent Brownian motions, where o denotes the Stratonovich sense in the stochastic term.

Stochastic lattice differential equations arise naturally in a wide variety of applications where the
spatial structure has a discrete character and uncertainties or random influences, called noises, are
taken into account. These systems are used to model such systems as cellular neural networks with
applications to image processing, pattern recognition, and brain science [23-26]. They are also used
to model the propagation of pulses in myelinated axons where the membrane is excitable only at
spatially discrete sites. In this case, u; represents the potential at the i-th active site; see for example,
[8,9,46,43,37,38]. Lattice differential equations can also be found in chemical reaction theory [30,36,
39]. Eq. (1.1) is a one-dimensional lattice system with diffusive nearest neighbor interaction, a dissi-
pative nonlinear reaction term and a multiplicative white noise at each node. This may be the result
of an environmental effect on the whole domain of the system. Also, it can appear after a spacial
discretization of a parabolic stochastic differential equation.

The system with an additive noise was studied in [4,6,17,33,40,51] (see [50] for first-order retarded
lattice systems as well). Also, a second-order lattice dynamical system with additive noise was studied
in [49]. The case of a multiplicative noise has been considered in [15] and [33]. A sine-Gordon lattice
equation with multiplicative noise has been studied in [32].

Recently, there are many works on deterministic lattice dynamical systems. For traveling waves, we
refer the readers to [19,41,20,55,1,5] and the references therein. The chaotic properties of solutions
for such systems have been investigated by [19] and [22,47,21,29]. In the absence of the white noise,
the existence and properties of the global attractor for lattice differential equations of the type (1.1)
were established in [2,7,10,42,48,52-54].

The study of global random attractors was initiated by Ruelle [44]. The fundamental theory of
global random attractors for stochastic partial differential equations was developed by Crauel, De-
bussche, and Flandoli [27], Crauel and Flandoli [28], Flandoli and Schmalfu8 [31], Imkeller and
Schmalfuf [35], and others. Due to the unbounded fluctuations in the systems caused by the white
noise, the concept of pullback global random attractor was introduced to capture the essential dy-
namics with possibly extremely wide fluctuations. This is significantly different from the deterministic
case.

In the present paper, we extend the results given in [15] by proving the existence of a random
global attractor for the stochastic lattice dynamical system (1.1) without assuming any Lipschitz con-
dition of the nonlinear term f; ensuring uniqueness of the Cauchy problem. Therefore, in order to
obtain the random attractor we use the general theory of attractors for multi-valued random dynam-
ical systems developed in [11]. Comparing with the case of uniqueness the main new difficulty which
appears is the proof of the measurability of the pullback attractor.

This paper is organized as follows. In Section 2, we introduce basic concepts concerning multi-
valued random dynamical systems and global random attractors. In Section 3, we show that the
stochastic lattice differential equation (1.1) generates a multi-valued strict cocycle. The existence of
the global random attractor is given in Section 4.

2. Multi-valued random dynamical systems
We recall now some standard definitions for set-valued non-autonomous and random dynamical
systems and some results ensuring the existence of a pullback and a random global attractor for these

systems.
A pair (£2,0) where 6 = (6;)tcr is a flow on £2, that is,

0:Rx 22— 2,
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eozid_(z, 9t+‘[ =6t 00 =:6:6; for t, T eR,

is called a non-autonomous perturbation.
Let P := (£2, F,P) be a probability space and a measurable non-autonomous flow 6:

0:(Rx 2,BR)®F)— (2, F). (21)

In addition, P is supposed to be ergodic with respect to #, which means that every 6;-invariant set
has measure zero or one for t € R. Hence P is invariant with respect to 6;. The quadruple (§2, 7, P, 6)
is called a metric dynamical system.

If we replace in the definition of a metric dynamical system the probability space P by its
completion P¢ := (£2, F,P), the measurability property (2.1) is not true in general (see Arnold [3,
Appendix A]). However, for fixed any t € R we have that

0 (2, F)— (2, F)

is measurable.

Let X = (X,dx) be a Polish space and let D:w — D(w) € 2X be a multi-valued mapping. The set
of multi-functions D: @ — D(w) € 2X with closed and non-empty images is denoted by C(X). On
the other hand, P¢(X) will be the set of all non-empty closed subsets of the space X. Thus, it is
equivalent to write that D is in C(X), or D:£2 +— P(X).

Let D:w+ D(w) be a multi-valued mapping in X over P. Such a mapping is called a random set
if

o inf dx(x,y)
yeD(w)
is a random variable for every x € X. It is well known that a mapping is a random set if and only if
for every open set O in X the inverse image {w: D(w) N O # @} is measurable, i.e., it belongs to F
[34, Proposition 2.1.4].
Clearly, this is also valid if we replace P by P¢ and F by F. It is obvious that, if D is a random

set with respect to P, then it is also random with respect to P°¢.
We now introduce non-autonomous and random dynamical systems.

Definition 2.1. A multi-valued map G: Rt x £2 x X — P(X) is called a multi-valued non-autonomous
dynamical system (MNDS) if:

(i) GO, w, -) =idy,
(ii) Gt + T, w,x) C G(t,0; w, G(T, w, X)) (cocycle property) for all t,7 e R*, xe X, w € £2.

It is called a strict MNDS if, moreover,
(iii) Gt +7,w,X) =G(t,0;w,G(t,w,x)) forall t, 7T e RT, xe X, w e 2.

An MNDS is called a multi-valued random dynamical system (MRDS) if the multi-valued mapping
(t, 0, %)~ G(t, w,X)

is BR") ® F ® B(X)-measurable, ie. {(t,w,X): G, w,x) N O £ 0} e BRT) ® F ® B(X) for every
open set O of the topological space X.
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We note that for any non-empty set V C X, G(t, w, V) is defined by

Gt,w, V)= U G(t, w, Xo).

xoeV
We now formulate a general condition ensuring that an MNDS defines an MRDS.

Lemma 2.2. (See [11, Lemma 2.5].) Let 2 be a Polish space and let F be the Borel o -algebra. Suppose that
(t, w, x) = U(t, w, x) is upper semi-continuous. Then this mapping is measurable in the sense of Definition 2.1.

A multi-valued mapping D is said to be negatively (positively) invariant for the MNDS G if
D(6:w) C G(t,w, D(w)) (G(t,w, D(w)) C D(b;w)) for w € 2, t e RT. It is called strictly invariant if
it is both negatively and positively invariant.

Let D be a family of multi-valued mappings with values in C(X). We say that a family K € D is
pullback D-attracting if for every D € D,

lim distx(G(t, 0_¢w, D(6_w)), K(w)) =0, forallwe 2.
t—+00

B €D is said to be pullback D-absorbing if for every D € D there exists T = T (w, D) > 0 such that
G(t,6_¢w, D(f_w)) C B(w), forallt>T. (2.2)

We shall give now the concept of global pullback D-attractor. We need to consider a particular
set system (see [16,45]). Let D be a set of multi-valued mappings in C(X) satisfying the inclusion
closed property: if we suppose that D € D and D’ is a multi-valued mapping in C(X) such that
D'(w) C D(w) for w € £2, then D’ € D.

Definition 2.3. A family A € D is said to be a global pullback D-attractor for the MNDS G if it
satisfies:

(1) A(w) is compact for any w € £2;
(2) A is pullback D-attracting;
(3) A is negatively invariant.

A is said to be a strict global pullback D-attractor if the invariance property in the third item is
strict.

An appropriate modification of this definition for MRDS is the following.

Definition 2.4. Suppose that G is an MRDS and suppose that the properties of Definition 2.3 are
satisfied. In addition, we suppose that A is a random set with respect to P¢. Then A is called a
random global pullback D-attractor.

Now we recall two general results on the existence and uniqueness of pullback and random at-
tractors associated to MNDS and MRDS respectively, which were proved in [11].

Theorem 2.5. Suppose that the MNDS G(t, w, -) is upper semi-continuous fort > 0 and w € $2. Let K € D be
a multi-valued mapping such that the MNDS is pullback D-asymptotically compact with respect to K, i.e. for
every sequence t, — 400, and each w € 2, every sequence y, € G(tn, 0—¢, @, K(6—t,w)) is pre-compact. In
addition, suppose that K is pullback D-absorbing. Then, the set A given by

A) == JG(t. 010, KO- (w)) (2.3)

s=>0t>s
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is a pullback D-attractor. Furthermore, A is the unique element in D with these properties. In addition, if G is
a strict MNDS, then A is strictly invariant.

Remark 2.6. When the property A € D is not satisfied (or it is not imposed in Definition 2.3), some
difficulties may appear, for example, in proving the strict invariance of the attractor. This is the case
when D is just the set of all bounded subsets of X (see [13,14]).

Theorem 2.7. Let G be an MRDS and let the assumptions in Theorem 2.5 hold. Assume that w — G(t, w, K(w))
is a random set for t > 0 with respect to P¢, and also that G(t, w, K(w)) is closed for all t > 0 and w € 2.
Then, the set A defined by (2.3) is a random set with respect to P, so that it is a random global pullback
‘D-attractor.

3. Stochastic lattice differential equations

We consider a stochastic lattice differential equation

du;(t)
dt

de(t)
dt

N
=v(Uj_1 — 2uj + ujy1) — filu) + chu,- o ieZ, (3.1)

j=1

where u = (u;)jcz € €2, Z denotes the integer set, v is a positive constant, f; is a continuous function
satisfying the assumptions below, c¢j € R, for j=1,...,N, and w; are mutually independent two-
sided Brownian motions on the same probability space (£2, F, P).

We note that Eq. (3.1) is interpreted as a system of integral equations

t

i (6) = us(0) + / (W (Ui1(5) — 2us(5) + i1 (5)) — fi(ui(s))) ds

0
t
+f Cju,'(S)Ode(t), ieZ, (3.2)
0

N
=1

J
where the stochastic integral is understood in the sense of Stratonovich.

Assumptions on the nonlinearity f;. Let f;:R — R satisfy the following assumptions:

(H1) Forall xeR,ieZ,
fitox =% = coi,

where cg € ¢!, 1 > 0.
(H2) Forall xeR,ieZ,

| fio] < C(Ix1)IxI +c1.,

where c; € £2, c1,i 20, and C(-) > 0 is a continuous increasing function.
(H3) The maps f;:R — R, i € Z, are continuous.
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For convenience, we now formulate system (3.1) as a stochastic differential equation in ¢2. Denote
by || - || the norm in the space ¢2, and by B, B*, Cj, j=1,...,N, and A the linear operators from 22
to ¢2 defined as follows. For u = (uj)icz, € £2,

(Bu)i = ujp1 —uj, (B*u), =ui—1 —u;, (Cju)i = cju;
and
(Au); = —uj_1 +2u; —uj4q1 foreachieZ.
Then we find that
A =BB*=B"*B,

and
(B*u,v)=(u,Bv) forallu,ve 02,

Therefore (Au,u) >0 for all u e 22 ~
Let f be the Nemytski operator associated with fj, that is, for u = (uj)icz € €2, let f(u) =
(fi(uj))iez. Then, thanks to (H1)-(H2), this operator is well defined, and we therefore have

- 2 2 2
[ Fa ]z =) | fiwn|” <D (Cuil)luil +c14)” <2M@)ull?, + el (33)
i€Z i€Z
where M(u) = maxiez C(|uj|). .
Similar to (3.3), one can easily see that f also satisfies

Fa,uw) > aul —llcolln,  Vu e, (34)

and that f:¢2 — ¢2 is continuous and weakly continuous (see [17] for a similar proof).
The system (3.1) with initial values ug = (ug,i)iez € £2 may be rewritten as an equation in ¢2 for
t>0and we £2,

t Nt
u(t):uo-i—/(—vAu(s) — F(u(s)))ds+ > /Cju(s)odwj(t). (3.5)
0 =109
To prove that this stochastic equation (3.5) generates a random dynamical system, we will transform
it into a random differential equation in ¢2. This can be done thanks to the special form of the
stochastic term.
Before performing this transformation, we need to recall some properties of the Ornstein-

Uhlenbeck processes. Let us start by describing a probability space (£2, F,P) which will be useful
for our analysis. Consider

2 ={weCR,R): ®(0) =0} = Co(R,R)

endowed with the compact open topology (see [3, Appendices A.2 and A.3]), where P is the corre-
sponding Wiener measure and F is the Borel o -algebra on 2. Let

Ow()=w(-+1t) — o), tek. (3.6)

Then (fj, F,P, (6¢)ter) is a metric dynamical system.
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Let us consider the one-dimensional stochastic differential equation
dz = —azdt +dw(t), (3.7)

for « > 0. This equation has a random fixed point in the sense of random dynamical systems gener-
ating a stationary solution known as the stationary Ornstein-Uhlenbeck process (see Caraballo et al.
[12] for more details). In fact, we have:

Lemma 3.1. (See Caraballo et al. [12].) There exists a {6; };er -invariant subset 2 € F of§ =Co(R, R) of full
measure such that

w(t —
lim l—()l =0 forweSs2,
t— 400
and, for such w, the random variable given by
0
(W) == —a / e*Tw(t)dt
—00
is well defined. Moreover, for w € §2, the mapping
0 0
(t, ) — " (6rw) = —«a [ MO (1) dT = —a / e*Tw(t 4+ 1)dt + w(t)
—00 —00

is a stationary solution of (3.7) with continuous trajectories. In addition, for w € 2

t

z* (6, 1
lim 2O lim —/Z*(Qra))dt -0,
t—+oo t] t—>=+oo t
0
1 t
N . ol
Jim = /|z (Orw)|dt =E|z*| < 0. (3.8)
0

Remark 3.2. We now consider 6 defined in (3.6) on £ instead of 2. This mapping possesses the same
properties as the original one if we choose for F the trace o -algebra with respect to §2 denoted also
by F.

Let us consider « =1 and denote by z;f its associated Ornstein-Uhlenbeck process corresponding
to (3.7) with w; instead of w.

Then for any j=1,..., N we have a stationary Ornstein-Uhlenbeck process generated by a random
variable zjf(a)) on 2 j with properties formulated in Lemma 3.1 defined on the metric dynamical

system (£2, Fj, Pj, ). We set

(2, F,P,0), (3.9)
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where
N
.Q:§1X---><S_2N, _7::®.7:i, P:P1XIP2X---XPN,
i=1

and 6 is the flow of Wiener shifts.
Now, let us note that operator C; generates a strongly continuous semigroup (in fact, a uniformly
continuous group) of operators Sc;(t). More precisely, Sc;(t) is given by

Sc;(u=e“'u, forue 2.
Then we denote
N Lk
T(@) := S, (25 (@) 0 0 Scy (25 (@) = e21=1 % @1d 5
which is clearly a homeomorphism in H = ¢2. The inverse operator is well defined by
N L%
T (@) 1= Scy (—2 (@) 0 - 0 S¢, (— 2 (@) = e Zi=1 9% @)d, .

For simplicity, let us denote §(w) = Z?’ﬂ cjzjf (w). It easily follows that || T~'(6;w)| has sub-
exponential growth as t — +oo for any w € £2. Hence ||T~! | is tempered. According to Remark 3.2
we can change our metric dynamical system with respect to 2. However the new metric dynamical
system will be denoted by the same symbols (§2, F, P, 0).

We now argue in a heuristic informal way. Let us consider the change of variable

v(t) = T N Grw)ut) =e 2@y (), (3.10)

where u is a solution to (3.5). Then,

N
dv(t) = e 3D qyt) — Z cie?@y(t) o dz} (6r)
=

=e @O (—yAu) — f(u®) +8@rwu(®))de
= (—vAV(t) — e F (G y (1)) 4 8 (Grw)v (D)) dt.

So we can consider the following evolution equation with random coefficients but without white
noise

dv %
T —VAV + 8 (Brw)v — e"s(gf“’)f(es(etw)v), (3.11)

and initial condition v(0) =vg € H.
From (H1) and for every x € R we obtain

e—S(O[w) fi (eS(GIw)X)x > e—ZS(Gtw) (AEZB(()[w)XZ _ CO,i)

=)x2 —e B¢y ;. (3.12)

Now we establish the following result.
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Theorem 3.3. Let T > 0 and v € H be fixed. Then, for every w € 2, Eq. (3.11) admits at least a solution
V(- w,vo) €C([0, T], 7).

Proof. For any fixed T > 0 and w € £, and thanks to similar arguments as those in [17, p. 169] (no-
tice that the mapping (t, v) — F(t, V) = —VAV + 8 (6;w)v — e 3@ f(e8E®)y) s weakly continuous),
(3.11) possesses at least a local solution v(-; , vg) € C([0, Tmax), £2), where [0, Tmax) is the maximal
interval of existence for the solution of (3.11). We prove now that this local solution is a global one.
From (3.11), (3.12) and the fact that (Av, v) >0, for all v € ¢2, it follows that

d 2 _ ~
VO =2(=v(av,v) = (e f(ev), v) + 5@ |vI?)
<=2 vI2 +28Bc) V2 + licoll e 2@
<ol e 2@ 4 (=21 + 28(Bi)) IV 12, (3.13)

and, by Gronwall’s lemma,

t
2 _ t _ to_
||V(t) ” g e 2At42 fO 5(9560)(15”‘/0”2 + ”Collel / e 28(0,(0)6[,( 2A+28(Osw)) ds dr,

0
whence

t
2 _ t _ _ _ t

0
t
t t T
< e—2At+2f0 8(6sw) ds”vOHZ + ||C0”£1€—2M+f0 8(6sw)ds / e—25(0rw)+2)»r—2 Jo 8(6sw) ds dr.

0

t
If we denote B(w) = maxeeqo,r1(]|Coll1e~ 2 H/o3Esw)ds fot e~ 20Gr)+2r=2 [ 8(6:0)ds gy and o (w) =
ZfOT |8(8sw)|ds, we then have

[v@© | < Ivoll2e™® + B(), (314)
which implies that the solution v is defined in [0, T] (in fact in [0, +00); see [42]). O
Now, we say that u(-) = u(-, w, u%) is a solution of (3.5) (or (3.1)) if
u(t) =e®@y(t, w, e @u0),
where v(-, w, e 3@ y%) is a solution of (3.11) with initial value e=3@0,
Let S(v°, w) be the set of all solutions to (3.11) corresponding to the initial datum v e ¢2 and
¢ EWQe. define the multi-valued map G:R*t x £ x £2 — P(¢?) as follows

G(t,w,u’) = {@v(t): v e S(e*u’, w)}. (3.15)

Arguing in a standard way (see e.g. [13,14]), it can be proved that (3.15) is a strict cocycle. Namely,
the next result holds.
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Lemma 3.4. The map G defined by (3.15) satisfies G(0, w, -) =Id,2 and G(t+ 7, w, x) = G(t, brw, G(T, W, X)),
forallt,T e R, xe 2, we 2.

4. Existence of global random attractors

In this section, we prove the existence of a global random attractor for the random lattice dy-
namical system generated by Eq. (3.1). As universe D we will consider the family of multi-valued
mappings D in £2 with D(w) C B,2(0, p(w)), the closed ball with center zero and radius o (w), which
possesses sub-exponential growth, i.e.

log™ p (6w
lim log” pGr@) _ 0, wef.
t—+o0 t
D is called the family of sub-exponentially growing multi-functions in C(¢2). Notice that inclusion
closed property of D also holds. Our main result is the following.

Theorem 4.1. Assume conditions (H1)-(H3). Then G is an MNDS which has a unique pullback global strictly
invariant D-attractor A(w).

If, moreover, we assume that A > Zlle |cj|]E(|z’;|), then G is a multi-valued random lattice dynamical
system which possesses a unique global random D-attractor.

To prove this theorem we will use Theorems 2.5 and 2.7. In order to ensure that our strict co-
cycle G satisfies the assumptions in the theorem above, we will proceed in the following way. First,
we will prove that there exists a pullback D-absorbing set for G in D. Second, we will prove that
G is asymptotically compact. Next, we will check that G has closed values (hence, G is an MNDS)
and that it is upper semi-continuous, obtaining thus the existence of a D-pullback attractor. Finally,
under the additional assumption A > Z?’:l |cj|IE(|z;f|) we shall prove that G is an MRDS and that
the pullback D-attractor is measurable with respect to P¢, proving that it is a pullback random
D-attractor.

We remark that in order to obtain the existence of a pullback D-attractor we need only conditions
(H1)-(H3). Condition A > Z?’:] |cj|IE(|z}f|) is necessary only for the measurability of the pullback
D-attractor and the process G.

4.1. Existence of the pullback absorbing set for the MNDS
In the following sections we assume that conditions (H1)-(H3) hold.

We first need to prove that there exists a pullback D-absorbing set, i.e., a set K(w) such that, for
all BeD and a.e. w € £2, there exists Tg,, > 0 such that

G(t,0—tw, B(0_w)) C K(w), forallt>Tg,.

Let us start with v(t) = v(t, w, e @), a solution of (3.11) for some ug € B(6_w). Then, by arguing
as in (3.13) we obtain
||v(t) ”2 < e—zxr+2f(§a(05w)ds”VOHZ

t
n ”COHZIe—2kt+2f0[8(95a))ds/e—26(9rw)+2kr—2jgé(ﬁsw)dsdr' (41)

0

Let us now substitute @ by 6_;w and vo by e=*@t®yq in the expression of v(-). We then have that
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(e 01007 ug)
< o242 [ 3B w) ds |2y ”2

t
¢ .
+ ”CO”el e—2kt+2 fO 3(Os—tw)ds / e—25(0r_tw)+2kr—2j(;8((93_[a))ds dr

0

t
0 t
< e PH2O-)+2 [2 0G|y 12 ol /6726(9r,tw)—2)\(t7r)+2fr 8(0s—cw)ds g,

0

0
0 0
< e~ P02 [ G|y 12 4o / o~ 28Gr) 20542 [ 560 s

—t

0
0 0
< e‘“t‘z‘s(g—‘“’)“f—r5(95‘“)‘15||u0||2 +llcoll / o~ 28(Gr)+20r+2 [ 5 (60 ds gy (4.2)

—00

Notice that, thanks to the properties of the Ornstein-Uhlenbeck process z’;, it follows that

0
0
/ e—28(9rw)-',-2)»r+2fr 8(6sw) ds dr < 4+o00.
—00

Taking into account that for any ug € B(0_;w) it holds
u(t, 0_w, ug) = > v (t, 0_w, e C1®yg),

we have

Hu(t,e,tw, o) ”2 < e‘s(“’)e‘z““s(e—f“))*z/g5(93‘°)d3d(3(9,tw))2

0
1@ lcoll,1 / e725(05w)+)us+2f506(0,w) dr s,

—0o0

where d(B(f_tw)) denotes the supremum of the norm of the set B(6_;w).
Denoting

0
0
RZ(w) — 265(60) ”CO”Zl / e—25(950))+}\5+2fs 8(Orw)dr ds

—00

and noticing that

)

. —oa— 0 2
tETmes(w)e 22t a(e_rw>+2f7[5(05w)dsd(3(97tw)) -0
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it follows that
K(w) = By2(0, R(w)) (4.3)
is a pullback D-absorbing set. We thus have the next result:
Lemma 4.2. K (w) defined by (4.3) is a pullback D-absorbing set.
We will now prove that K € D. To this end, we only have to check that

lim e P*R(6_tw) =0, forallg=>0.

t——+00
Indeed, observe that
0
0
e‘ﬁtRz(G_tw) — ze—ﬁteé(ﬁ—m)) ||CO||£1 / e—25(95—rw)+)»s+2f5 8(Or—tw)dr ds
—00

—t
— 2eBted0-1®) llcoll, / o~ 28(Bsw)+A(s+0)t+2 fs“a(erw) dr ds

—00
—t
8 50 _ 8 0
— 2e~ ted @2 Y dry /e 25(0s)+hs+ G~ 542 [0 56wy dr g

—00
If B > 2 the result follows directly. Let 8 < 2. By the properties in (3.8) we have

0

/ 8(6rw)dr

S

B

B
—28(Bsw)| < =], 2 < —sl,
| (s)| 4|| 4||

if s < —t <—T(B,w). Hence,

—t
B _2 (0 _B
e—ﬂtRZ(Q_tw) gze—jtes(g—ta)) Zf_t(s(erw)drnconel / e()h 2)(t+5) ds
—00

_B 20 llcoll g
= 2e 2180~ =2 [ 8@w)dr IZONEL g qgp o 4o,

N[

4.2. Asymptotic compactness

In order to prove the asymptotic compactness for the MNDS G we first prove the following lemma.

Lemma 4.3. Let u%(w) € K(w), the absorbing set given by (4.3). Then for every € > 0, there exist
T(e,w) > 0 and N(€,w) > 0 such that any solution u(-) of Eq. (3.1) given by u(t) = e®@ v (t) with
V() € SWO(O_tw)e @) g_,w), satisfies

Z |ui(t, 60—, uO(O,ta)))yz <e, forallt>T(e,w).
[iI>=N(e,w)
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Proof. Choose a smooth function p such that 0 < p(s) <1 for s € R, and
p(s)=0 for0<s<1, p(s)=1 fors>2.
Then there exists a constant C such that |p’(s)| < C for s e RT.

We first consider the random equation (3.11) with v(t) = e‘5<9f“’>u(t) Let k be a fixed integer
which will be specified later, and set x = (x;)icz with x; = p( )v, Then taking the inner product of

Eq. (3.11) with x in ¢2, we get

g . .
@ zp(%)w = —2V(AV, X) + 28 (6r) Zp(%)W

i€Z i€Z

—2e*5(9f‘”)Zp(%)fi(e‘“gf“’)vi)vi- (44)

i€Z

We now estimate the terms in (4.4) as follows. First we have

(Av,x) = (Bv, Bx)
=Y (Vig1 — V) Xig1 — X))

i€Z

+1 i i
= é(vzﬂ — Vi )[(p(“ |> :0<|IL<|>>V1'+1 +,0<|;<—|)(Vi+l - Vi):|
1
—Z( (|l+ |>—p<|l|>>(V:+1 V)V1+1+Z,0<I )(Vi+1—Vi)2
i€z
1
/Z< (|l+ I) /0<|;<|>>(V1+1 Vi)Vit1.
ieZ

By the property of the cut-off function p, we obtain the estimate

5 1Y () ) VoV,
' Y X 1Y N i+1 — Vi)Vit1
i€Z

/
(i)
<Y P k& ||Vi+1 = VillVig1]

ieZ

C 2C
<2 (i +villvisa ) < - IvI2,
i

k

which yields that

—2C||v|?
(Bv, Bx) > % (4.5)

For the third term in (4.4), using condition (H1) we have
_ li] _ li]
60 3 p ( (v <27 BN p( L )eos—20 ) p( L )Vl (46)
i€Z i€Z i€Z

Then, from (4.4)-(4.6) it follows that
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dt2p<|l|>| vil® + (21 — 28 (6w) Zp( >| vil?

i€Z
< 4L“v(t w,e

)+ 22500 3 p (W )eo,

(4.7)
k
i€Z
By using Gronwall’s lemma, we have that for t > Tx = Tg(w)

Z"’(ll

p >‘v (tw,e s(w)uo(a)))]
i€Z

—2A(t=Ti)+2 [L §(0sw)ds
<e K fTK s Z

RO —
i€Z

t
avc

, \/872A(t71’)+2f.[t§(05w)d5“V(T’w’efﬁ(a))uo) szr
Tk

+/ o= 2H(t=T)+2 [£8(6sw) ds— 25(9,w)drzp<| |>601
Tk

(4.8)
k
ieZ

Replace w by 6_;w. We then estimate each term on the right-hand side of (4.8). From (4.1) with t
replaced by Tk and w by 6_;w, it follows that

_ _ t 1
e 2t TKHZITKB(&S*WMSZ <|k|>|v (Tk.6- rw,e_‘s(e—f“’)uo((?_rw))|2
i€Z

Tk
< o= 2M42 [§ 805 10) ds—28(6_w) HUO(Gftw) H2+ Icolly /6—28(05450)72)L(t75)+2f5 8O- dr g

0
Thus, using (3.8), there is a T1(€¢, w) > Tk (w) such that if t > T1(€, w), then

—20(E=Ti)+2 [} §(0s—cw)ds li] —8(6_tw) 2
e K — ) |vi(Tk,O0_tw, e Uug(O_rw
‘Epklz(K t 0(6-1w))|
i€Z
1 _
< 3€€ 3w

(4.9)
Next, we estimate (using again (4.1))

4vC

/ —2M(t—T)+2 [} §(6s—w) ds Hv(t 0w, e =30y )” dr
k T
Tg

4vC

||llo(9 @) ” (t — TK)e72)Lt+2f0t6(9;4(0)413728(94(1))

t

vC t T
+ 2 ol /(e—zm—r)ufrs(es,[w)dse—zxwzfo 5(05_1w) ds
Tk
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T
y / e 2 202 [1500-c) 85 g1 7
0

_ 4vC HUO(Q—tw) ” (t — TK)efz,\tJrzfg3(05,@):15725(0,@)
k

t T
4vC t "
+ ’ ”50”@1 // e—2k(t—r)+2 Jo 8(Os—tw) dS—ZB(Gr,tw)e—Z Jo 8(Bs—¢w)ds drdt
Tk O

_ 4vC Huo(thw) ” (t - TK)eszJrzfg5(95,tw)d5725(9,tw)
k

t T
4vC t
+ k ”CO”[I /./ efz)u(tfr)+2 fr §(Os—tw) d5728(9r,ta)) drdf.

Tk O

Then, using (3.8), there exist To(€,w) > Tx(w) and Ni(€,w) > 0 such that if t > T(e, w) and
k > N1 (e, w), then

t
/ e DR[OS |y (7,9, e 0O g) P dt < %ee*‘“w). (4.10)

Tk

4vC
k

Since cg € ¢!, by using (3.8), there exists N (e, ) > 0 such that for k > N (€, )

t

/e—zx(t—r)+2f,‘6(05w)ds—26(01w) dt Zp<m>C0i < lee—é(w). (4.11)
T ieZ k 3

Therefore, by letting
T (€, w) =max{Ti (€, w), T2(€, )},
N(e, w) =max{Ni (€, w), N2 (€, w) },

we have for t > T(e,w) and k > N(¢€, w),

Z vi(t, 0—to, e_‘s(e*‘w)uo(e_tw))|2 < Zp(%) [vi(t, 0—_¢o, e_‘s(eff“’)uo(e_ta)))|2 <ee 8@,
lil>2k ieZ

which, thanks to relation (3.10), implies that

Z |ui(t, 0o, uo(O,ta)))yz <e.
[iI=N(e,w)

This completes the proof of the lemma. O

We are now ready to show the asymptotic compactness of K.
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Theorem 4.4. For w € 2, G is asymptotically compact with respect to K (w): each sequence

p" € G(tn, O—t,w, K (0, w))
with t, — oo has a convergent subsequence in €2
Proof. Consider (tp)neny With limy_ oty = co and p" € G(ty, 0—t,@, K(6_t,®)). Then, there exists
X" € K(6—tw) such that p" € G(ty, 0—¢, , X;). We will show that {p"},en possesses a convergent sub-
sequence. Since K(w) is a bounded absorbing set, for large n, p" € K (w). Thus, there exist v € ¢2 and
a subsequence of {p"},en (still denoted by {p™}nen) such that

{P"},en = v weakly in £%. (412)

Next, we show that the above weak convergence is actually a strong convergence, i.e., for each € >0
there is N*(e, w) > 0 such that for n > N*(e, w)

Io" ~v] <.
Thanks to Lemma 4.3, there exist Nj (€, ) >0 and Kq(€, w) > 0 such that for n > N
1
> < gez. (413)
i =K1 (€,0)

On the other hand, since v € ¢, there exists K»(¢) such that

Z lvil® <

liIZK2(€)

€2 (4.14)

0| =

Letting K(e, w) = max{Kj (¢, w), K2(€)}, by the weak convergence (4.12), we have for each |i| <
K(e,w) asn— oo

P? — Vi,
which implies that there exists N3 (e, w) > 0 such that when n > Nj (¢, w),
n 2_1,
> |-l < g€ (415)
[[|<K(€)

Let N*(¢,w) = max{Nj (€, w), N3 (€, w)}. Then, from (4.13), (4.14) and (4.15) we obtain for n >
N*(€, w)

[p" = v|* =Y |p} —vif*

ieZ

>olpr-vil Y vl
liI<K(€) li|>K(€)

1 2
<562+2.Z (Ip7]" + 1vil?)
li[>K(€)

2
<€’

Hence, p" converges to v strongly. O
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4.3. Existence of the pullback attractor

Let us now prove other properties of the cocycle G.

Lemma 4.5. Let v be a sequence converging to v° in £2 and fix T > 0. Then, for any w € £2 and € > 0, there
exists K (€, w) such that for any solution v*(-) € S(vO", ) it follows

Y o <e veelo,Tl. (4.16)

[i| 22K (€,w)
Moreover, there exist v(-) € S(v°, ) and a subsequence v™ satisfying
v — v inC([0, T1,€). (417)

Proof. For any € > 0 there exist K1(¢), N1(¢) such that

[vdn — VQ|2 < S, vn > Ny,
1 1 4

i€Z

Zp(%)h?ﬁ < %, VK > K.
i€Z

Hence,

IEZZ;O(“')! ) (EZZ ("')]v"”—v0| +Zp<|l|> ><e, (418)

ieZ

if n > Ny and K > Ky. Obviously, modifying K appropriately, the result holds true for all n. Also, in
view of (4.1) there exists Ro(w, T) > 0 such that

[v*®)| < Ro(w,T), Vte[0,T], Vn. (4.19)

Using inequality (4.7) and the continuity of t — §(0:w), one can find K, (€, ) such that

%Z ('”)IV”I —26<9w>2p<")| e ik K.
i€Z

i€Z

Using Gronwall’s lemma and (4.18) we obtain

> ol <o )mor
i€Z

[i]>2K (€)
t
< Eezfga(osw)ds +E/e2f:5(65a))ds dr (4.20)
0
<€Ri(w,T),

if K > max{K1i, K3}, so that (4.16) holds.
Fix now t € [0, T]. In view of (4.19), passing to a subsequence, we can state that v"(t) — w weakly
in £2. Then, for any o > 0, there exist N2(o') and K3(o') such that
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o-wlp< Y Mo-wl'+ Y vio-wl’
liI<K3(0) lil>K3(0)
< Y pMo-wl+2 Y pMof+2 Y wiof
liI<K3(0) li|>K3(0) lil>K3(0)
<o,

if n > N,. Hence, v"(t) — w strongly in ¢2. It follows that the sequence v"(t) is pre-compact for
any t. Now, using (3.3) and that ||Av"(t)]l,2 < 4[[v*(t)l,2 over (3.11), we have that

d n
\ r H <av|V' ] 2 +360) [0
dt 52
+e0 O M ©) [V (©)] 2 + Nt 2)-
By (4.19),
” ivn(t) < Rz(a), T), vneN, Vte [0» T],
dt 02

proving that the sequence v" is equi-continuous. The Ascoli-Arzela theorem implies the existence of
a subsequence v converging in C([0, T], £2) to some function v(-). It is then easy to show that v is
a solution of (3.11). Also, it is clear that v(0) =v°. O

Lemma 4.5 implies several consequences.

Corollary 4.6. For any w € §2 and t > 0 the graph of the map u® — G(t, w, u®) is closed. Hence, G possesses
closed values.

Proof. For p" € G(t, w,ul) there is vy(-) € S(e%@ul, w) such that p" = e’@ v, (r). Assume that
p" — p and ug — u0 Applying Lemma 4.5 we obtain, passing to a subsequence, that v, — v in
C([0,t], £2), where v(-) € S(e~*@u0 w). Therefore, p = e’y (t) e G(t, w,u®). O

Corollary 4.7. G is a strict MNDS.

Proof. It follows from Lemma 3.4 and Corollary 4.6. O

Corollary 4.8. For any w € §2 and t > 0, the map G(t, w, -) has compact values.

Proof. Let p" € G(t,w,u®) be an arbitrary sequence. Take v,(-) € S(e~*@u° w) such that p" =
e8@®y, (t). By Lemma 4.5 there exists v(-) € S(e?@u, w) satisfying vy, — v in C([0,t], ¢?) for
some subsequence. Hence, p™ = 3@y, (t) — @y (t) e G(t, w,u®) in 2. O

Proposition 4.9. For any w € §2 and t > 0, the map u® — G(t, , u®) is upper semi-continuous.

Proof. Suppose the opposite. Then there exist u®, t > 0, a neighborhood © of G(t,w,u% and
sequences ul — u% p" € G(t,w,ud) such that &" ¢ O. Let p" = @y, (r), where v,() €
S(e %@yl w). By Lemma 4.5 we obtain that, up to a subsequence, v, — v in C([0, t], £?), where

V() € S(e3@y0 o). Thus, p" — 3@y (t) € G(t, w, u®) in €2, which is a contradiction. O

Finally, we have the following result, which proves the first part of Theorem 4.1.
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Theorem 4.10. The MNDS G possesses a unique pullback global strictly invariant D-attractor A(w), defined
by (2.3), where K (w) is the set given in (4.3).

Proof. This theorem follows from Theorem 2.5 using Corollary 4.7, Lemma 4.2, Theorem 4.4 and
Proposition 4.9. O

4.4. The random attractor

In order to ensure that A(w) is a random pullback D-attractor we need to check that it is a
random set, i.e., its measurability. For this aim we need to obtain some properties concerning the
map w +— G(t,w, K(w)), where K(w) € D is the pullback D-absorbing set given in Lemma 4.2. Also,
we have to prove that G is an MRDS.

Assume further that

N
r> Y leE(|Z5). (4.21)
j=1
For M € N, we consider the sets
t N
Qe ] PEE |8(6cw)| < eltl, /|6(05a))|ds< <2|cj|]E(|z}’f|) +8)|t|,  422)
j:

0
|wj(0)] <eltl, Vi, for|t] > M

where

N

0<2e<i—) IcjIE(|z}]).
j=1

These sets are well defined in view of Lemma 3.1 and condition (4.21).
Lemma 4.11. 2 =, 2um-

Proof. Let us show that for any w € £2 there exists M such that w € £y, which will imply that
2= UM M.

. . 1Z5 (Grw)|
Since limy_, 400 —

t

lw; ()]

— =0, there exists M(¢) such that

=0 and lim;_, 400

ERCTOIES e,

£
N
> j=1lcjl
lwj®)] <elt], Vj, if|t] > M,
and

N
|80c)| <Y lejl|z; @) | <eltl, if || > M.
j=1
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L1z Gsw)ld
By the property lim;_, 1+ M = E(|Z’J‘f|) arguing in a similar way we have

t N
/|5(95a))|ds<<Z|cj|]E(|zjf|)+e)|t|, for|t|]>M. O
0 j=1

We need the continuity of the map R x £y > (t, w) — §(6;w), which implies that £2y; € F.

Lemma 4.12. The set §2) is closed, hence, £2); € F and it is a Polish space. The map Rx £y > (t, w) —
§(0rw) is continuous.

Proof. Let t; — tg, wp — wo, Where w, € 2y and wg € £2. Then

0 0

N
‘B(Qt”a)n)—rS(Gtoa)o)‘: Zq( /esetna)nj(s)ds—/esetoa)oj(s)ds>
j=1 —00 —00
N 0
<Z|c1| €%|6r, wnj () — O, 0 (s)| ds
j=1 _
N 0
<Z|Cj|( /es|wnj(s+tn)_wOj(5+t0)’ds+‘wnj(tn)_wOj(tO)’>~
j=1 —00

In view of the definition of £2) for |t| > M we have |w;j(7)| < €|T|. Also, by wp — @y it is clear
that |woj(T)| < glt]| if |[T| > M. Therefore, |w,j(T) — woj(T)| < |wnj(T)] + |woj (D < e(T| +|TD, if
[t| > M. Thus, for any 8 > 0, there exists T(8) > to (and then T(B8) > t, also) such that

N -T
B
D Ieil | €f|wnj(s +tn) — a0 (s + to)| ds 22|c]| e2¢( |s|+|t|)ds<—
=1 —00 —00
where |tg| < |£| (and thus, again, we can assume |t,| < |f|). Thus, if we take ng(8, T(B)) such that
- B
D lejllenj(s +ta) — woj(s +to)| < 3,
j=1

N
> lejl|@nj(tn) — w0 (to)| <

j=1
for any s € [T, 0] and n > ng, we then obtain
|8 (B, n) — 8(Br,0)| < B, ifn>no.

We have proved that §(6,wn) — 8(6¢,wo), so that wp satisfies the properties in (4.22), and then
wo € 2. Thus, we have proved that 2 is closed (hence, £2); € F) and also that the map R x £2; >
(t, w) — 8(6rw) is continuous.
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Finally, as a subspace of £2, the space £2); is separable and metrizable. Since £2); is closed and £2
is complete, £2) is also complete, and then a Polish space. O

Let Fg,, be the trace o-algebra of F with respect to £2); and let B, (a,r), a € 2y, r >0, be a
ball in §2y. These balls can be generated by B (a,r) N 2y where B (a,r) is a ball in £2. The same is
true for all open sets in £2y. Hence Fy,, is just the Borel o -algebra of £2);. Moreover, since 2y € F
we have Fg, C F.

Let us define

Pg, (A) :=P(A), forAc Fo,.

that is, Pg,, is just the restriction of P to Fo,,. Also, let Fg,, be the completion of Fg,, with respect
to ]P)_QM.
The following facts can be proved as in [11].

(1) Pg, is a finite measure on (2, Fgy).
(2) If Ae Fq,, then Ac F.

Now we establish the continuity of the random radius R(w) given in Lemma 4.2 over £2y. We
recall that

0
0
Rz((l)) — 266(60) ||CO||[1 / e—25(950))+2)»5+2f3 8(Orw)dr ds.

—00
Lemma 4.13. The map w +— R(w) is continuous on §2y;.

Proof. Let w, — wyp in §2);. By Lemma 4.12 we have
e~ 20Wswn) _, o=200:@0) 35 — o0,

The convergence & (6, wn) — 8(6r,wn) and the continuity of t — §(frwy) imply that §(0w,) converges
to 8(6rwp) uniformly with respect to t in a finite interval, so that |§(6rwy)| is uniformly bounded
on any finite interval [a,b]. Thus, by §(6;w,) — 8(6rwp) and the existence of some L such that
|8 (0rwn)| < L, for all n and r € [s, 0], Lebesgue’s theorem implies that

0

0
/8(9rwn)dr—> /8(9rw0)dr.

N
Hence,

0 0
= 2(6son) 424542 [( SBran)dr _, o =20(6s00)+20542 [5G} dr  go any s <0,

as n — oo. On the other hand, by (4.22) we obtain the majorant

0 _ 9o VN . *
e—25(95wn)+27»3+2f3 8(Orwn) dr < eZ(A 26314 ICJIIE(\ZJ\))S7 fors < —M.

Then by Lebesgue’s theorem and condition (4.21) we have

-T -T
/ o~ 20 (Osn)+225+2 SO 8(60n) dr ds —> / o~ 20(0500)+225+2 12 5(6,w0)dr ds.

—0o0 —00
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On the other hand, by |5(6;w,)| < L1, for all n and r € [T, 0], we get

0
28 Oson) 424542 [ 66 dr Q2T +2TLr  forc e [T, 0.

Hence, again by Lebesgue’s theorem

0 0
-0 -0
/e—za(eswn)+2xs+2ljs S@ron)dr s _ /e—za(eswo)+2xs+2js 8(Brwo)dr g
-T

=T
Since by Lemma 4.12 we have e3@n) — ¢3(@0) the continuity of @ + R(w) follows. O
Concerning 2y we can obtain stronger properties for the cocycle G.
Lemma 4.14. The map R x 2y x £2 5 (t, w, u®) — G(t, w, u®) is upper semi-continuous.

Proof. If this is not true, then there exist u®, ty > 0, wp € 2y, a neighborhood O of G(tg, wg, u%)
and sequences t, — to, wy — o in 2y, ud — u® in €2, £" € G(ty, wp, ud) such that £" ¢ O. We shall
prove that, up to a subsequence, £" — & € G(tg, g, u®), which is a contradiction.

Let v?(-) € S(vO", ;) be such that " = e¥Cw@n)y(¢,), where v = ¢80 By Lemma 4.12
we have that §(0;, wn) — 8(Gr,wp) and v — v0 =e=3@n)y0,

Due to these properties and (4.1), arguing as in Lemma 4.13 it follows that (4.18) and (4.19) hold,
where T > tp, T > tg, and R is a common constant for any wy.

Lemma 4.12 and the continuity of t +— §(6;wp) imply that §(6.wp) — §(0.awp) in C([0, T]). Then,
using inequalities (4.7) and (4.19), we can find K(¢) and « > 0 such that

%Zp<|l|>|v Zp(||)|v”| +e, ifK>K(e).
i€Z i€Z

Using Gronwall’s lemma and (4.18) we obtain

t
i
Z |v?(t)|2 <Zp(%>|v?(t)|2 e/e“(t_r)dr
[i|>2K (¢) i€Z 0
e?T 1
< e(e‘” + ) (4.23)
o

As in the proof of Lemma 4.5 we obtain that the sequence v"(t) is pre-compact for any t. By (3.3),
(4.19) and the fact that §(0.cop) — 8(0.awp) in C([0, T]), we obtain

|—vAVI(©) + 8@V (©) — e @ F @y (1)) |2, < Co, VneN, Vee[0,Tl,

which proves that the sequence v" is equi-continuous. The Ascoli-Arzela theorem implies then the
existence of a subsequence v converging to some function v(-) in C([0, T], £2).

so that

< Cq, (4.24)
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From the continuity of the maps f:Zz — ¢2 and (t, ) — §(6yw) it is easy to show that v(-) is a
solution of (3.11). Also, it is clear that v(0) = v°.
It follows that £™ — & = eefowov(to) € G(to, wo, uY), which is a contradiction. O
Now, the following result is a consequence of Lemma 2.2.

Corollary 4.15. The map (t, w, u%) — G(t, w, u%) is BR*Y) ® Fo, ® B(£?)-measurable.

We need now some properties of the map 2y > w — G(t, w, K(w)). For this aim we shall use the
following auxiliary lemma.

Lemma 4.16. Let vO" — vO weakly in 2, w, — wq in 2y and fix T > 0. Then there exist v(-) € S(v°, wg)
and a subsequence v € S(vO, wn, ) such that

v — v weakly in L*(0, T; €2),
V% (t) = v(t) weaklyin €2 forallt € [0, T].
Proof. In view of (4.1) and arguing as in Lemma 4.13 there exists Ry > 0 such that
[v'®)| ;2 <Ro. Vtel0,T], Vn.

Arguing now as in Lemma 4.14 we have

H—v ] <Co. (4.25)

Hence, there exist v, x € L2(0, T; £2) such that, up to a subsequence,

d , d
vl — v, —v" = —v

wn (. N, i 12 . p2
n g F(-,v"()) = x weakly in L*(0, T; £°), (4.26)

where Fon(t, v(t)) = —vAV(t) + 8(Brwn) V" (t) — e~0Cten) f(ed@om) yn(r)),
Let ¢(-) € C1([0, T]) be a function such that ¢(T) =0 and ¢(0) =1 and let & € £2. Then

d
7 V"E50) = (F (V") §)e O + (v (0, §)¢'©.

Integrating over (0, T) and using (4.26) we have

T T
0 = (v"(0),£) +/(F“’” (t. v“(t)),s)<p(t)dt+/(v”(t),g)q/(t)dt
0 0
T T
+/ x(),& <p(t)dt+[(v(t),g)<p’(t)dt=0. (4.27)
0 0

On the other hand, since v(t) is absolutely continuous, we have



690 T. Caraballo et al. / . Differential Equations 253 (2012) 667-693

d
Cwtp= ( “ s)¢<r)+(v(t) £)¢/(®
=(x®),8)p® + (v(t),£)¢'(t) foraa.te(0,T),

Ne¢j

T

T
0=(v(0),&) +/(X(t),S)(p(t)dt—i-/(v(t),é)go’(t)dt. (4.28)
0

0

Hence, (4.27), (4.28) imply that v(0) = v°.
Therefore, for any & € ¢2 we have

(vi(t). &) = +j< )dr—> vo L&) +/t( )d'c_(v(t) £),

where the last equality follows from v, 9 € L2(0, T; ¢2) and v(0) = v°. Hence,
vi(t) — v(t) weaklyin ¢® forallt € [0, T].

It follows from the weakly continuity of the map f :¢2 — ¢2 and the continuity of (t, w) — 8(6;®)
that

Fr (¢, v(t)) — F®(t, v(t)) weaklyin ¢ forallt € [0, T].
Also by (3.3) we obtain
|(Fr (¢, v™(0)). &)| < C1ll€ll,2, VneN, Vte[0,T],
and then Lebesgue’s theorem gives

(F (£, v™ (D)), &) — (F*°(t, v(D)), &) inL'(0,T) forall & € ¢2.

Thus,
Fwo(.’ v(-)) =
and
t t
v(t)=v°+/Z—Zdt:vo—i—/F‘”"(r,v(r))dr, forallt € [0, T],
0 0

which implies that v(-) e SO, wp). O

Lemma 4.17. The map 2y > w — G(t, w, K(w)) is -7_:9:\/1 -measurable for any t > 0. Also, G(t, w, K(w)) is
closed forallt > 0, w € ).
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Proof. It is well known [18, Chapter IlI] that D(w) is a random set with respect to P¢ if and only if
the graph of D(w), given by

Gr(D) := {(w,x) € 2um x £*: xe D(w)},

belongs to -7_:91\/1 ® B(¢?). Thus, in order to prove the first statement it is sufficient to show that the
graph of the map w +— G(t, w, K(w)) belongs to ]_-'QM ® B(¢?), and this is true if the graph is closed.

Let  — wg in 2y and " — £ in £2, where £" € G(t, wy, u”) and u® € K (wy,). We have to show
that & € G(t, wg, K(wp)). Take v, (-) € S(e~@y0 y.) such that £" = ed@@n)y, (¢).

By the definition of K(w) we have that v"0 = e=%@ny satisfies ||[vO||,2 < e~?@» R(w,). Then by
Lemmas 4.12, 413 we obtain, passing to a subsequence, that v*® — v0 weakly in ¢2, where [[v°|,2 <
e~ 3@ R(wp), and u%" — u0 = e¥@0)y0 ¢ K (wp) weakly in £2.

In view of Lemma 4.16 there exist v(-) € S(v°, wg) and a subsequence such that

vi(t) — v(t) weakly in ¢% forallt € [0, T].
Thus, £" = e3@@)y, (t) — 3E@)y(t) weakly in €2, so that & = e*@@)y(t) e G(t, wp, ug) C

G(t, wo, K(wp)).
As the graph is closed, it is obvious that G(t, w, K(w)) is closed for all t >0, w € 2. O

The following result, together with Theorem 4.10, proves completely Theorem 4.1.

Theorem 4.18. The MNDS G is an MRDS. Also, the pullback D-attractor A(w) given in Theorem 4.10 is a
random set with respect to F, and then it is the unique random global pullback D-attractor for G.

Proof. Let us prove that G is an MRDS. As G is an MNDS, it remains to show that the map (t, w, x) —
G(t, w,x) is BRT) ® F ® B(¢%)-measurable. Let © be an open set of £2. Then, by Corollary 4.15, we
have that the set

Am,o = {(t,®,%) e RT x 2y x €2: G(t, w,x) N O # B}
belongs to B(RY) ® Fq,, ® B(£?), so that Ay 0 € BRY) ® F ® B(¢£?). Hence

{t,w,x) eRT x 2 x £2: G(t, w,x) N O # B}

oo

U {t. 0.0 eRT x 2u x £2: G(t.0.x) N O # 0}
N=1

[
(G

An,o € B(RY) ® F @ B(¢?),

=
l

and then G is an MRDS. .
Furthermore, in view of Lemma 4.17, the map 2y > w — G(t, w, K(w)) is Fgo,-measurable for
any t > 0. Hence, for a fixed t > 0, the set
Cn.0 :={we 2u: G(t,w, K(w)) N O # 0}
belongs to Fg,,, and then

lwe2: G(t.w. K@) NO#0} =] CuoeF.
N=1
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In view of Theorem 2.7 the pullback D-attractor A(w) is a random set with respect to F, and
then it is the unique random global pullback D-attractor for G. O
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