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Abstract In this paper we study the robustness of the exponential dichotomy
in nonautonomous linear ordinary differential equations under integrally small
perturbations in infinite dimensional Banach spaces. Some applications are ob-
tained to the case of rapidly oscillating perturbations, with arbitrarily small
periods, showing that even in this case the stability is robust. These results
extend to infinite dimensions some results given in Coppel [2]. Based in Ro-
drigues [6] and in Kloeden & Rodrigues [5,7] we use the class of functions that
we call Generalized Almost Periodic Functions that extend the usual class
of almost periodic functions and are suitable to model these oscillating per-
turbations. We also present an infinite dimensional example of the previous
results.
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1 Introduction.

The main objective of this paper is to study the robustness of the exponen-
tial dichotomy in nonautonomous linear ordinary differential equations under
integrally small perturbations in infinite dimensional Banach spaces. Also,
we provide some applications to the case of rapidly oscillating perturbations,
with arbitrarily small periods, showing that even in this case the dichotomy
is robust. In particular, our results extend some results given in Coppel 2]
to infinite dimensions. Based in Rodrigues [6] and in Kloeden & Rodrigues
[5] [7], we use the class of functions that we call Generalized Almost Periodic
Functions that extend the usual class of almost periodic functions and are
suitable to model these oscillating perturbations. We also present an infinite
dimensional example to illustrate the previous abstract results.

Let X be a Banach space and A(t), B(t) be bounded operators defined in
X, such that |A(t)||, ||B(t)|| are bounded for every t € R. We consider the
following systems:

i=A(t)x (1)

& = A(t)z + B(t)z. 2)

In Section 3 we show that if system (1) possesses an exponential dichotomy in
R and B(t) is integrably small, then system (2) has an exponential dichotomy
in R. Then if we suppose that B(t) belongs to the class of generalized almost
periodic functions and we consider the systems

= A(t)x (3)

& = A(t)x + B(wt)z, (4)

if system (3) has an exponential dichotomy in R and w is sufficiently large,
then system (4) has also an exponential dichotomy in R. We observe that if
B(t) is periodic then B(wt) will have small period if w is large.

In [7], page 17, there is a two dimensional example such that (1) has a non-
trivial exponential dichotomy (and therefore it is not asymptotically stable),
B(t) is periodic with very large period and very small mean value and (2) is
asymptotically stable.

In Section 4 we present an infinite dimensional example where A(t) = A
is constant, (3) admits an exponential dichotomy, B(t) belongs to the class of
generalized almost periodic functions and (4) has an exponential dichotomy
with sufficiently large w.

In Section 5 we consider a case where the linear part is constant, un-
bounded, generates a Co-semigroup and the perturbation B(t) is small in some
sense, and in Theorem 3 we present the necessary results for this case. In Ex-
ample 1 we present an application of our abstract results to the heat equation.
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2 Integral Inequalities

In the next lemma we prove a new integral inequality that will be very useful
to show our main results.

Lemma 1 Let s be a fixzed number in R. Let u(t) > 0 be a real continuous
and bounded function for t > s, such that

¢ ¢
u(t) < Ke (=) +N/ e *=Ty(r)dr +£/ e~ =Ty (7)dr
S S

oo
+M/ " =T y(7)dr, (5)
t

where K, Ny, L, M, u, o, v are positive numbers, with p < o. Let B = % + % + % < 1.
Then

K~ -9

u(t) < 1_66 [

, t>s.

Also, if u(t) > 0 is continuous and bounded for t < s, and

u(t) < Ke*(t=9) +N/ ety (7)dr +£/ ey (r)dr
¢ ¢

¢
+M/ E_V(t_T)u(T)dT7 (6)

where K, N', L, M, pn, «, ~ are positive numbers, with u < «, then

K (=59

u(t) <

hS , t<s.
1-8

Proof We will first prove that u(t) — 0 as t — oo. Suppose, by contradiction,
that this is not true. Let 6 = limsup,_, ., u(¢). Then § > 0.

Let 0 < v < 6 < 1. Then there exists t; > s such that u(t) < % for t > t;.
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Therefore for t > tq,

t1 t
u(t) < Ke™ (=9 +N/ e M=y () dr +N/ e Py (1) dr
s (31

t1 t
+E/ e =Ty (r )dT+E/ e~y (7)dr

t1
+M/ Y= (7)dr

7a(t s)+N/ t'r) dT+— t‘r)d
t1
t

—l—E/ e_o‘(t_T)u(T)dT—i— % e =) qr
s ty
+M—5/ 67(t7T)u(T)dT
0 J;
t1
Kot g 7 [ ety 4 N0

I
t L Mo
—a(t—T) ~v Ve
+£/S e u(r)dr + 0 + ~0

t1
= Ke ®(t=9) +N/ e_”(t_T)u(T)dT + E/ e_“(t_T)u(T)dT

N£M5

Ho ot 5l

ty
= Ke @=L (N + E)/ e Ty () dr + ﬂg

Then 6 = limsup,_, . u(t) < % < 9, which is a contradiction. Therefore
u(t) = 0 as t — oo.

Now for t > s let v(t) = sup,~, u(7). We can see that v(t) is a decreasing
function for ¢t > s.

Since u(t) — 0 as t — oo, given t € [s,00) there exists t; > ¢ such that
v(t) = v(r) = u(ty) for t <7 < t; and v(7) < v(ty) if 7 > t1. Indeed, let us
prove this statement. Let ¢ such that u(f) < v(t). Let t; = max{r € [t, ﬂ} such
that v(7) = u(t1). Then for 7 € [t,t1] v(7) = v(t) = u(t1) and v(1) < v(t1) if
T > 1.
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Then
t1
’U(t) = u(tl) S Keia(tlis) +N/ e*#(t1*'r)v(7_>d7_
+£/ —Ot(t1 T) ( )dT+M e’y(tl—r)v(T)dT
t1
t1
< Kem(ti=s) +N/ eiﬂ(tliT)U(T)dT—f—N/ eﬁ“(tlf’r)v(T)dT
s t
t t
+- / — T (rydr + L / e~ =Dy(r)dr
t
+M/ y(t1— 'I’) dT
t1
< Ke_oz(t—s) +N/ e_u(tl_T)U(T)dT—i-N’U(t)/ e_“(tl_T)dT
s t
t t
5 t

+/\/lv(t)/ Y= dr
t

t
+£/ e =y (r)dr

t
= Ke =% 4 Bu(t) + [N + E]/ e~ t=y(7)dr.

S

Therefore (1 — B)v(t) < Ke=*t=%) 4 [N + L] f; e~ *t="y(7)dr and

L
emt=s) 4 /\1[+ﬂ / e~ t=y(7)dr,

\ x

oz(t s) —oz(t T) ( )dT

—
™

a'r s)

1-43
Thanks to Gronwall’s inequality,

K K
ea(tfs)v(t) < T3 eq/jﬁt (t_s), and sou(t) < w(t) < me_(a_quﬁ

The proof of the second integral inequality is similar.

3 )(75—5)7 t>s.
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3 Robustness of exponential dichotomy in R.

Based on [4] we define the concept of exponential dichotomies. Suppose the
evolution operators T'(t,s) € L(X), t > s, for & = A(t)z are defined in R (see
[7] for a detailed description of the concepts used in this paper).

Definition 1 Equation & = A(t)z is said to have an exponential dichotomy
in R, with exponent 8 > 0 and bound M if there exist projections P(t), t € R
such that

1. T(t,s)(I — P(s)) =1 — P)T(t,s), t >s, t,s € R,

2. the restriction T'(t, s)|r(r—p(s)); t = $, is an isomorphism of R(I — P(s))
onto R(I — P(t)), and we define T'(s,t) as the inverse from R(I — P(t)) to
R(I — P(s)).

|T(t,s)P(s)|| < Me PE=%) for t > s in R

IT(t, s)(I — P(s))]| < Me—5C"D for s >t in R (™)

Remark 1 In [4], P(t) projects X onto the unstable manifold, differing from
the usual convention. In this paper, we chose to follow the usual convention,
thus P(t) will project X onto the stable manifold.

Suppose now that ¢ € R — A(t) € L(X) is continuous and that equation
& = A(t)z has an exponential dichotomy in R. Then, there is no solution ()
defined and bounded in R. Let X; be the subspace of X of initial conditions
on t = 0 of the solutions that are bounded for ¢ > 0 and X5 be the subspace
of X of initial conditions on t = 0 of the solutions that are bounded for ¢ < 0.
Then, we have X = X7 ® X5 and P;, P, the projections from X onto X; and
X5 respectively. Then we can take P(t) = X (t)P1 X ~1(t), where X (t) is the
operator solution of the equation such that X (0) = I.

Theorem 1 Let A, B: R — L(X) be continuous functions such that there
exists M > 0 and [|[A(t)|| < M and ||B(t)|| < M for every t € R. Consider the

equations:
T =A(t)x (8)

y=Alt)y + B(t)y 9)
Let T(t,s) = X(t)X1(s) be the evolution operator of (8) and S(t,s) =
Y (t)Y ~1(s) the evolution operator of (9). We suppose that system (8) ad-
mits an exponential dichotomy in R, i.e., there exist projections P(s), s € R,
constants K > 1, a > 0, such that

|T(t,s)P(s)|| < Ke *t=%) ¢ > 5
(10)
IT(t,5)(I = P(s))]| < Ke*=9), ¢ < s

Assume that there exist 6, h > 0 such that || fttf B(t)dt|| < & provided that
|t2 — t1| < h, t1,ts € R.
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Then, there exist projections Q(s), s € R and constants K and & > 0, such
that we have S(t,s)Q(s) = Q(t)S(t, s) and

I1S(8,9)Q(s)]| < Ke=3(=2) 1 > 5

(11)
1S(t,$)(I = Q(s))]| < Ke®=2),t < s
~ KO+ —fsmar;)
where, K = 1(;;@@4)5 B = 6KaM§ <1, and @ = o — 6{(_]%6.

Proof We first prove that there exists a projection Q(s) such that S(¢, s)Q(s)
is bounded for t > s for t, s € R.
From the variation of constants formula it follows that

S(t,s) =T(t,s)+ / T(t,7)B(7)S(T,s)dr.

Since we look for Q(s) as a perturbation of P(s), we will show that the fol-
lowing implicit equation

S(t,s)Q(s) =T(t,s)P(s) +/ T(t,7)B(7)S(r,s)Q(s)dr.

has a solution S(t, s)Q(s) bounded for ¢ > s. Let Y (¢,s) = S(¢, s)Q(s).
Then we should prove that the equation

Y(t,s) = T(t, s)P(s) + / T(t,7)B(r)Y (r, s)dr

has a solution Y'(t,s) € L(X) bounded for t = s and ¢, s € R, and then
Q(s) = S(t,s)"1Y (¢, s):

Y(t,s) = T(t, s)P(s) + / T )P BY (r,5)dr
+ /: T(t,7)(I — P(r))B()Y (7, s)dr
— T(t,5)P(s) + / (P B (7. 8)dr
+ / T () - P()B)Y (-, s)dr
+ /O: T(t,7)(I — P(r))B()Y (7, 5)dr
=T(t,s)[P(s) +/:o T(s,7)(I = P(7))B(1)Y (7, s)d7]

+ / T(t,7)P(T)B(T)Y (7, s8)dT

+/ T(t,7)(I — P(r))B(n)Y (1, s)dr.

o0
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Since

/WT@JﬂI—PunBunqngm

= (I — P(s)) /OO T(s,7)(I — P(7))B(T)Y (T, s)dr

and T'(t, s)(I — P(s)) [°T(s,7)(I — P(7))B(7)Y (7, s)dr is bounded for ¢ > s
this implies that this term must be equal zero.
Therefore we must solve the equation,

Y(t,s) =T(t,s)P(s) +/ T(t,7)P(T)B(T)Y (1, s)dr

+/ T(t,7)(I — P(7))B(1)Y (1, s)dr.

oo

We will first estimate Y'(¢,s) in an arbitrary interval of length h. To this
end, we consider the strip Hy, = {(s,t) € R? : s <t < s+ h}. For (t,s) € Hy,
consider the integral equation:

Y(t,s) =T(t,s)P(s) +/ T(t,7)P(T)B(T)Y (1, s)dr

— /too T(t,7)(I — P(7))B(1)Y (1, 8)dr (12)

We prove the existence of a solution Y (¢,s) of this equation using the
Banach Fixed Point Theorem.

Now we consider the space )V, = BC(Hp, X) of the bounded continuous
functions Y from Hj to X with the norm [Y| = sup, yyep,) [Y (¢, 5)|. This is
a Banach space. For Y € )}, we define the operator 7 as

Um@giT@gmg+/T@ﬂmemy@gm

- /too T(t,7)(I — P(r))B(1)Y (T, s)dr. (13)

We first prove that 7()},) C V. The continuity is trivial. Let us prove the
boundedness. Let Y € V. For (s,t) € Hp,
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[(TY)(t,s)| < |T(t,s)P(s)| + / T(t,7)P(T)B(1)Y (7, s)dr

+

/too T(t,7)(I — P(7))B(1)Y (,s)dr

t
< Kemo(t=3) +/ Ke =D MY | dr

+/ Ke T =YM|Y| dr
t

2KM|Y|
«

<K+
From (13) it follows that
(TY)(t,s) =T(t,s)P(s) + (TLY)(t, s),

where
(TY)(t,s) = / T(t, ) P()B(r)Y (7, 5)dr
~ /too T(t,7)(I — P()B(r)Y (r, s)dr. (14)

Since (T1Y)(t, s) is linear, to prove that (7Y)(t, s) is a contraction it is suffi-
cient to prove that (71Y)(t, s) is a contraction.

Let us analyse the first integral of (14). Let (s,t) € Hj, such that s <t <
5+ h. Consider the integral:

t

/ T(t,7)P(T)B(T)Y (7, s)dT.
We let Cy(7) = [ B(u)du. In order to use the smallness of the integral Cy (1) =
ft B(u)du, we will perform an integration by parts taking the derivative of
three terms:

TP (7, 9)]

= —T(t,7)P(r)A(T)C(1)Y (7, 8) + T(t, 7)P(T)B(1)Y (7, 8)
+T(t, 7)P(1)C(1)(A(T) + B(1))Y (1, 5).

Therefore
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Integrating,

t

T(t,7)P(T)B(T)Y (1, s)dr

—

t

| =

[T(t, 7)P(T)Ce(T)Y (1, 8)]dT

t

T(t,7)P(1)A(T)Ce (7)Y (1, 8)dT

S

+

N

T(t, 7)P(1)Ci(T)(A(T) + B(7))Y (7, s)dr

— T

= —T(t,s)P(s))C:(s)Y (s, 5) —|—/ T(t,7)P(1)A(T)Ce (7)Y (1, 8)dT

T, 7)P(1T)Ce(T)(A(T) + B(7))Y (7, s)dT.

T

Therefore,

/ T(t,7)P(T)B(1)Y (1, s)dr

< T(t,8)P(s))C(s)Y (s,8)] + |/ T(t, 7)P(1)A(T)Ci (7)Y (7, 5)dT|

+ / T(t, ) P(r)Co(r)(A(7) + B(r))Y (7, 5)dr

t
< Koe =9y (s, )| + 3KM5/ e =Y (1, 5)|dr.
We conclude that for (s,t) € Hp, that is for s <t < s+ h,

/ T(t,7)P(r)B(r)Y (v, 5)dr

t
< Koe U=V (s, )| + 3K M§ / eIy (. 5)|dr. (15
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Now if s < t let n € N such that s + nh <t < s+ (n+ 1)h.

tT t,7)P(T)B(T)Y (1, s)dr

\

” 8+(J+1)h
/ 7)B(T)Y (7, 8)dT
j=0 7 stih
t
+/ ()Y (7, 8)dr
+nh
n-l s+(y+1>h
=y / AT CL(T)Y (7, 8)dT
=0 s+jh
t
+/ (T)C(T)Y (1, 5)dT
s+nh

s+(j+1)h
—Z / T(t,7)P(7)Ce(T)(A(T) + B(7))Y (7, s)dr

=0 s+jh
— /+ . T(t, 7)P(1)Ci(T)(A(T) + B(7))Y (7, s)dr

n=l est(j+1)h
+jz_;/s+jh %[T(t’T)P(T)Ct(T)Y(T,s)]dr
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But

j sHGHDR g
jgo /s+jh E[T(t’T)P(T)Ct(T)Y(T, s)]dr

_|_/ %[T(t, T)P(T)Cy (7)Y (7, 8)|dT
s+nh

s+h d
_ / —[T(t,7)P()CT)Y (,8))dr

s+2h
+/s+h E[T(t T)P(1)Ce(T)Y (1, 8)]dT + - - +

s+(n—1)h d
v / Lip, ) Pr)CL(F)Y (7, 8)]dr
s+(n—2)h dr

! d
'*t/;<n1ylEF[TTf’T>P<T>C%<T>YKT,sndf

=[T(t,s+h)P(s+ h)Ci(s+ h)Y(s+ h,s) —T(t,s)P(s)C(s)Y (s, $)]
+[T(t,s 4+ 2h)P(s + 2h)Ci(s + 2h)Y (s + 2h, s)

—T(t,s+ h)P(s+h)Ci(s+R)Y (s+ h,s)]+ -+
+T(t,s+ (n—1)h)P(s+ (n —1)h)Cy(s + (n — 1)R)Y (s + (n — 1)h, s)
~T(t, s+ 2)h)P (n—2)h)Cy(s + (n — 2)h)Y (s + (n — 2)h, s)

( ) )

(n— (s +
—T(t,s+ (n—1h)P(s+ (n—1)h)Ci(s + (n —1)h)Y (s + (n— 1)h, s)
— T(t,5)P(5)C(5)Y (5,5).

Therefore if s < ¢t and n € N such that s +nh <t < s+ (n+ 1)h, we have

/ T(t,7)P(T)B(T)Y (7, 8)dT
n—l est(j+1)h

=—T(t,8)P(s)C(s)Y (s, s) + Z/ T(t,7)P(T)A(T)C(T)Y (7, s)dT

= s+jh

+/ T(t, 7)P(1)A(T)Ce(T)Y (T, 8)dT
+nh

n=1 st (j+1)h
23X [T T np@Ae) + B Y s
=0 s+jh

+/ T(t, 7)P(1)[A(T) + B(1)]C(1)Y (1, 8)dT.
+nh
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Estimating,

/ T(t, ) P()B(r)Y (7, 5)dr
<|T'(t,5)P(s)Ct(s)Y (s, 5)]

n—l st (j+1)h
+y / T (t,7)P(7)A(T)Ci(T)Y (7, 8)dT]|
=0 s+jh

+ / |T(t, 7)P(T)A(T)C (T)Y (7, 8)|dT
s+nh

n—1l rs+(j+1)h
3 / Tt 7)P(F)[A(r) + B(r)|Cy(r)Y (7, 5)dr]
j=0 s+jh

+ / |T(t, 7)P(T)A(T)C (1)Y (7, 8)|dT
s+nh

< 6Ke 9|y (s,5)|

n—1l is+(j+1)h
+KM52/ e =Y (1,5)|dr
=0 s+jh

t

—|—KM6/ e Y (1, 8)|dr
s+nh
nl o est(j+1)h

+2KM5Z/ e =Y (1, 5)|dr
=0 s+jh

n—1 t
+2KM5Z/ e =Y (1, 5)|dr
=0 s+nh

t
= 4KM6/ e~ =Y (1, 5)|dr.
Therefore, if s < t, let n € N such that s +nh <t < s+ (n+ 1)h, we have

/t T(t,7)P(T)B(T)Y (7, s)dr| < dKe *=9)|Y (s, )|

t
+3KM6/ e =Dy (1,5)|dr. (16)

Consider now [ T(t,7)(I — P(1))B(1)Y (7, s)dr.
As before, we pick s <t < s+ h, and we estimate the integral

/ T(t,7)(I — P(7))B(1)Y (1, s)dr.

Let us denote Cy(7) = [ B(u)du.
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Taking derivatives,

=-T(t,7)(I— P(1)A(T)Ct(T)Y (7, 5)

)B(T)Y (7, 5)

—

+T(t,7)(I — P(r

+T(t, 7)(I — P(7))Ce(7)(A(T) + B(1))Y (7, ).

Therefore

T(t,7)(I — P(r))B(1)Y (1, s)

Integrating,

T(t,7)(I — P(7))B(1)Y (T, s)dr

(t,7)(I — P(7))C(T)Y (7, 8)]dT

&
=S

—
I

T(t,7)(I — P(7))C(7)(A(T) + B(7))Y (7, s)dt
T(t,7)(I — P(7))C(7)(A(T) + B(7))Y (7, s)dr.

T, 7)(I — P(1)A(T)Ce (7)Y (1, 8)dT
T(t, 7)(I — P(1)A(T)Ce (7)Y (1, 8)dT

T(t,7)(I — P(7))B(1)Y (1, s)dr

I—P(s))C(s)Y (s,5)

+ _ _ s+ _

T(
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We have
/too T(t,7)(I — P(7))B(1)Y (T, s)dr

00 t+(N+1)h
- / T(t,m)I = P(r)B(r)Y (, s)dr
N—g/t+Nh

o tH(N+DR g
= / %[T(tﬂ')([ — P(1))Cy(1)Y (7, 8)]dT
N0 tENR

00 pt+(N+1)h
+ / [T(t,7)(I — P(1))A(T)Ce(T)Y (1, 8)
N—o/t+NR

—T(t,7)(I — P(1))Ce(T)(A(T) + B(7))Y (7, s)]dr

Since the first term is zero we have

/ T(t,7)(I — P(r))B(1)Y (7, s)dr
¢
00 i (N+1)h
< / Ke®t=T3M6|Y (1, 5)|dr
N0/ t+NR
:3KM6/ eIy (1, 5)|dT
t

3KMo
!

<

Yl (17)

Therefore

K 3KM  3KM

Y)(¢ <4 Y

(V)09 <8 | e + 2o+ 2y,

and we conclude that, if ¢ is sufficiently small, 77 is contraction and so 7T is

a contraction. The Banach Fixed Point Theorem ensures the existence of a
unique fixed point Y'(¢, ).

From the above inequality also follows that for s <t

/too T(t,7)(I — P(r))B(1)Y (1, s)dr

< 3K M6 / =Dy (r, 5)ldr (18)
t

Therefore
Y(t,s) =T(t,s)P(s) +/ T(t,7)P(T)B(T)Y (1, s)dr

_ /too T(t,7)(I — P(r)B()Y (r, 5)dr, (19)

and Y (s, s) = P(s) + /00 T(s,7)(I — P(1))B(7)Y (7, s)dr.
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From (19) it follows that
Y(t,8)Y(s,s) =T(t,s)P(s)Y(s,s)

+ / T(t, 7)P(T)B(T)Y (1,8)Y (s, 8)dT

- /too T(t,7)(I — P(7))B(T)Y (1,8)Y (s, 5)dr.
But
P(s)Y (s5) = P(s) = P(s) [ T(s.1)(1 = PO)BIY (rs)dr
= P(s) — /OO T(s,7)P(t)(I — P(7))B(1)Y (7, s)dr
= P(s).
Then Y (t,$)Y (s, s) is also a solution of (19) and so Y (¢,$)Y (s,s) = Y (¢, s).
This implies that Y (s, s)Y (s, s) = Y (s, s) and so Q(s) = Y (s, s) is a projection.
In particular,
P(s)Q(s) = P(s).
Also from (19), it follows that Y (¢, s) P(s) is a solution, and then Y (¢, s) P(s) =

Y (¢, s), which implies that Y (s, s)P(s) =Y (s, s) and so Q(s)P(s) = Q(s).
From (19) it follows that

Y(t,5)Q(s) = T(t,s)P(s) + / t T(t,7)P(7)B(T)Y (r,$)Q(s)dr
- [T - PEBOY R
and from (16) and (17) it follows that, for s < ¢
Y (t,5)Q(s)] < K(1+6]Y(s,8)])e %) 43K M /St e =Y (1,5)Q(s)|dr
+3KM§ /1t h eIV (1, 5)Q(s)|dr. (20)

Thus we must estimate |Y (s, s)|. From (19), using the estimates (15) and 17)
we obtain for s <t <s-+h

[V (t,s)] < Ke %) 4 §Ke™ =)y (s, s)]

¢
+3K M6 / e =Y (1, 5)|dr

+3K M6 / DY (1, 5)|dr.
t

and

3KM6 3KM6 6K M
V1< K +0K|Y|+ =—|Y|+ V| =K + 0K|Y| +

Y.
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Then

In particular

Y (s, 8)] = 1Q(s)] <

and thus we have a bound for |Q(s)].

K

Y ()QE)] < KL+ s

)e—oz(t—s)

t oo
+wmw§/eﬂmﬂwyuﬁxxgmf+3KMﬁ/'eﬂkﬂnxngggmh
s t
If we let S(t,s)Q(s) = Y (t,s)Q(s), from Lemma 1, we obtain

1-p

6K

P G 1}25)(75—3), t>s (21)

1St 5)Q(s)| <

and 8 = —6Kofw‘5.

From the variation of constants formula it follows that
t
S(t,s) =T(t,s)+ / T(t,7)B(7)S(T,s)dr.

Since we are looking for a projection W (s) as a perturbation of I — P(s),
we will show that the following implicit equation

S(t,s)W(s) =T(t,s)(I — P(s)) + / T(t,7)B(1)S (7, s)W (s)dr.
has a solution S(t, s)W (s) bounded for t < s. Let Z(t,s) = S(t,s)W(s), then
Z(t,s) =T(t,s)(I — P(s)) + / T(t,7)B(1)Z(T,s)dr,

and if Z (¢, s) is bounded for ¢ < s,

Z(t,s) = T(t,s)(I — P(s))

+ [ T@,7(I—P(r)B(1)Z(r,s)dr

t

+ ) T(t,7)P(1T)B(1)Z (T, s)dT.

/
J
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But

S

/S T(t, 7)P(1T)B(1)Z(T,s)dr =T(t, S)P(s)/ T(s,7)P(1)B(1)Z(1,s)dr.

Since this term should be bounded for t < s, then it must be equal to 0.
Therefore,

Z(t,s) = T(t, $)(I — P(s)) + / T(t,7)(I — P()B(r)Z(r, s)dr

t
+/ T(t,7)P(T)B(1)Z(T,s)dr.
Now we proceed as in (12). Let H = {(t,s) € R? : t < s}. For (t,5) € H we
consider the integral equation:

Z(t,s) =T(t,s)(I — P(s)) +/ T(t,7)(I — P(r))B(1)Z(7,s)dr

t
+/ T(t,7)P(t)B(T)Z(r, s)dr. (22)
We now prove the existence of a solution Z(t,s) for this equation by using
the Banach Fixed Point Theorem. To this end, we consider the space Z =
BC(H,X) of the bounded continuous functions Z from H to X with the
norm |Z| = sup,<, |Z(t, s)|. This is a Banach space. For Z € Z we define the
operator 77 as B

(ThZ)(t,s) =T(t,s)(I — P(s)) —|—/ T(t,7)(I — P(7))B(1)Z(T,s)dT

Jr/ T(t, 7)P(T)B(1)Z(T,s)dr.

— 00
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One can prove that 71Z C Z) and that 77 is a contraction. Then the integral
equation (22) has a unique solution Z(t, s) in Z.
Since Z(t,s)Z(s,s) is also a solution of that equation, this implies that
Z(s,8)Z(s,s) = Z(s,s) and so Z(s,s) is a projection and
Z@@:I—Hg+/ (s, 7)P(r)B(r)Z (7, s)dr

— 00

Now
(I —Q(s))Z(s,s) = (I - Q(S))(I — P(s))
+/ (I —Q(s)T(s,7)P(1)B(1)Z(T,s)dr

— 00
S

=1-Q(s)+ /_ T(s,7)(I —Q(7))P(T)B(1)Z(t,s)dr

=T -Q(s))+ [ T(s,7)(P(1) — P(1)B(1)Z (7, s)dr
=1-0Q(s).
Therefore Z(s,s) = I — Q(s). From (22) it follows that

S(t,s)(I —Q(s)) =T(t,s)(I — P(s)) +/ T(t,7)(I — P(7))B(1)Z(r,s)dr

+/ T(t,7)P(1T)B(1)Z (T, s)dT. (23)

— 00

If we proceed as in the estimate of S(¢, s)Q(s) in 21, and use (1), we can prove
that

1-p

o 6KMS

6( 1-8 )(S_t)7 s St (24)

IS(t,s)(I — Q(s))| <
and § = SKEMS

Following the ideas of [7] pages 9 and 10 and from Coppel [2] page 8 we
obtain

Corollary 1 Let A, B : R — L(X) be continuous functions such that
[A®)|| < M and ||B(t)|] < M for everyt € R, where M is a positive constant.
Suppose that B(t) is a generalized almost periodic function (GAP) with mean
value zero. Consider the equations

&= A(t)z (25)
&= A(t)r + B(wt)x (26)

Let T'(t,s) be the evolution operator of (25) and S, (t,s) be the evolution op-
erator of (26). Suppose that there exist projections P(s), s € R such that
IT(t,s)P(s)| < Ke=*t=%) for t > s and |T(t,s)(I — P(s))] < Ke*(*=) for
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t<s,t s € R, where « > 0 and K > 1. Then there exist projections
Qu(s), seR, K> K, <« and wy > 0 such that for w > wy

1S, (t, 8)Qu(s)| < Ke P9 ¢ >,

1Sut, 8)(I — Qu(s))| < K79, ¢ < s,
where S, (t, s) indicates the evolution operator of (26).

Consider now A € GAP. Then we have A(t) = Ag + B(t), where 4y =
M(A) and M(B) = 0, where M denotes the mean value. We suppose that
|Ao| < M and |B(t)] < M for every t € R. Consider the equations:

& = Agz (27)
& = Apzr + B(wt)z. (28)

Let T(t) = e be the group generated by (27) and S, (t, s) be the evolution
operator of (28). The next corollary follows from Corollary 1.

Corollary 2 Assume that system (8) admits an exponential dichotomy in R,
i.e., there exist projections P, constants K > 1, a > 0, such that

IT(@)P] < Ket=9) ¢ > 5 (29)
IT()(I = P)| < Ket=9, ¢ < s (30)

Then there exist projections Qu,(s), s € R and constants K > K, 0<a<uw
and wy > 0 such that for every w > wy we have

Sw(t, 5)Qu(s) < IN(e_a(t_s),Vt > s,

Su(t,8)(I — Qu(s)) < Ke®=%) vt < s.

4 Example of Exponential Dichotomy.

If we proceed as in the infinite dimensional example in [7], we can construct
bounded operators Ay, As from f5 to o, such that |eA1t| <e72tfort>0and
leA2t] < et for t < 0.

. . . [a 0 .
If we proceed as in [7], defining L(,,) = (0 a a[)’ Ly = Ly2,1/4,

Lg = L(3/211/4), A1 = lOg(Ll) and A2 = lOg(LQ), where
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Now we consider the bounded linear operator

A= (/(1)1 /(1)2) (32)
and projections
e (1) ne ()
and we have
leM P <eZt t>0, |eMPy <eil t<0. (33)

. Bll(t) Blg(t) . . . .
Let B(t) = ( Box (1) Bas(t) be a generalized almost periodic function

GAP with mean value zero, |A| < M, sup,cg |B(t)| < M.
Consider the equations:

i = Az (34)

Y = Ay + B(wt)y (35)

From the above assumptions and the last previous result it follows the next
one.

Corollary 3 Let S,(t,s) be the evolution operator of (35). Then there exist
wo > 0, constants K > 1, a < a, projections Q(s), s € R such that for w > wo
|S(t,5)Q(s)| < Ke™ ™79, ¢ > s,
1S(t, s)(I — Q(s))] < Ke®=*) t <.

N ; JE——
0.2 0.4f -~ .
o N
// \\ / \\\
y \ V4 \
01 / \ 0.2f \
oof ([T e T oof | [ [ [ [T . 4
_oal | -0.2 \\\ 4
/ X 5/
N\ / J
A\ / 4
—02[ 4 -0.4 \\\ s
. = ~ - -
03 04 05 06 o7 -14 -12 -10 -08 -0.6 -04

Fig. 1 Left: The spectrum of L1 given by o(L1) = By/4(1/2). Right: The spectrum of A;
given by o(A1) = log(a(L1)).
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Fig. 2 Left: The spectrum of L2 given by o(L2) = By,4(3/2). Right: The spectrum of A
given by o(A2) = log(o(L2)).

5 A case where the infinitesimal generator is unbounded.

In this section we consider the equations
= Ax

y = Ay + B(t)y,

where we assume that D is dense in X and A : D — X is the infinitesimal
generator of a Cy semigroup 7'(t). We also assume that there exist a projection
P : X — X and constants K > 1, € R, such that the following exponential
dichotomy is satisfied:

IT(#)P] < Ke=et, £ >0

IT()(I - P)| < Ke®t, t+ <0 (36)

Let us now recall an important result from Henry [4, page 30].

Theorem 2 Suppose A is a closed operator in a Banach space X and assume
that the spectrum of A can be decomposed as

o(A) =0t Uoc'Ud? o'no? =0,

ot C{A € C: Re(\) > a > 0} is a bounded spectral set, o' Uo? C {\ € C:
Re(N) < —a}, o1 is a bounded spectral set of A, and oo = 0(A) — o1 is closed
and unbounded and so oo U {—00} is another spectral set.

Let I — P, Prand P»> be, respectively, the projections associated with these
three spectral sets: o, ol 0%, and X4 = (I — P)X and X; = Pj(X), j =
1,2. Then X_ = X1 ® Xa and X; are invariant under A, and if A; is the
restriction of A to X, for j = 1,2 and Ay is the restriction of A to Xy then
Ay X — Xy is bounded o(Ay) = ot and

Ay X1 — Xy is bounded, 0 (A1) = 01, D(A2) = D(A)N Xs and 0(Az) = os.

Furthemore, P = P, + Ps.
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Now we will analyse some smallness conditions on the perturbation B(t),
such that equation (39) also admits an exponential dichotomy. The case when
B(t) is uniformly small is studied in Kloeden-Rodrigues [5] without leaving
the continuous case. Similar results are obtained by Carvalho et al. [1], but
they first find the result for the discrete case.

Similar results to the next theorem are treated by Carvalho et al. [1] and
Dalekii-Krein [3] but they use the stronger assumption that f: |B(t)| is small,
with the norm inside the integral, and in the first one, they prove via a dis-
cretization method. Similar results are obtained by Henry [4, Theorem 7.6.11,
page 238|, where he also considers first the discrete case, and requires that
B(t) is uniformly small and integrally small.

Our next result is an extension of a classical result of Coppel [2] to the
infinite dimensional case, and A being an unbounded operator.

Theorem 3 Let h and § be positive real numbers.

Suppose that A : D(A) C X — X is the generator of a Cy-semigroup
T(t), t >0, B(t) € L(X) and |B(t)| < M for every t € R. Assume that for
every t € R we have that R(B(t)) C D(A), AB(t) is bounded and BA(t) can
be extended to a bounded operator. Also assume that B(t) is integrally small,

that is,
/ B(r)dr
t

Suppose we can decompose o(A) = ot U oy U o, as in Theorem 2, and
define the respective projections I — P, Py and P», with P = P; + P5.
Suppose the equation

< 6 whenever |t — u| < h.

T = Az (37)

admits an exponential dichotomy, or more specifically,

IT(t)(I — P)| < Ke™,
|T(t)P| < Ke ™,
|T(t)Py| < Ke

where K >0 and 1 > a > 0.

Assume that 0 is sufficiently small in such a way that 6 < gz257. We also
assume that |P,B(t)] < M0, for every t € R (See Example 1 below).

In analogy with the bounded case, if Ci(u) = j;u B(7)dr, we suppose that

fort<u<t+h

|P1C;(u)B| < MG, |(I — P)Cy(u)B| < M§,
|PLAC (u)] < M3, (I — P)AC;(u)| < M, (38)
|PLCy(u)A| < Mo, |(I — P)Cy(u)A| < MS§.

If the above assumptions are satisfied, then the perturbed equation

y=Ay+ B(t)y (39)
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also admits an exponential dichotomy, that is,

1S(t,5)Q(s)| < 2K e~ (@m4KM)(t=s) "4 > o

IS(t,)(I — Q(s))] < 2K o= 4KMIE=0) 4 < g

Proof We will partially follow the steps of Theorem 1. Let us consider
50:Q6) = Tt~ )P + [ Tt~ DPBOS(r Q)7
+ /t"o T(t—7)(I - P)B(1)S(7,$)Q(s)dr.
5:9Q() =Tt~ )P+ [ (¢~ 11PB)S(0,9)Q(e)n
+ /st T(t—7)PB(7)S(r,$)Q(s)dr

+ /t"o T(t—7)I— P)B(1)S(t,s)Q(s)dr.

W@QQ@NSW@*$H+ /T@*ﬂ%BﬁﬁﬁﬁW@MT

+

/ T(t—7)P1B(1)S(T,s)Q(s)dr

+

/too Tt —7)(I—P)B(1)S(1,5)Q(s)dr| .

To estimate the two last integrals we proceed as in the proof of Theorem 1
using the fact that B(t) is integrably small and in the first integral we use the
estimate |T'(t) P < Ke™Ht.

/T(t—T)PQB(T)S(T,S)Q(S)dT S/ Ke M= MS|S (7, 5)Q(s)|dr.

Therefore we obtain
1S(t,5)Q(s)| < Ke (=% 4 /t Ke M=70M6)S(7,8)Q(s)|dr
+ / t Ke =D MG|S (7, 5)Q(s)|dr
+ / h Ke®"=TIM6|S(7,5)Q(s)|dr.
t

Now we use Lemma 1 with

N = KMS6, £ =KMS, M=KMSd,
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1 2 1 2
B=KM(~+=)< KM§(=+ =)<
noo« a o«

Thenwehavethatﬁ<%if6<ﬁ,—B>—% andsol—6>%.

2K Mé )(tfs)

—(a——2KM5
|S(t75)Q(8)| < 2Ke 1-rMs(L+2)

But
2KM 2K M
< 0 < 4K M,
1-KM6(E+2) = 172
2K Mo
(o — ) > a—4KMS§,
1-KMs(L+2)
2K Mo
—(a— ) < —(a— 4K M),
1-KMs(L+2)
therefore,
1S(t,8)Q(s)] < 2K e~ (@—4KMI(=9) 4 < o if § < GE‘M.
Fort <s

S(t,s)(I —Q(s)) =T(t—s)(I - P)
+/t T(t—71)PB(7)S(7,8)(I — Q(s))dr

+ /tS T(t—71)PB(7)S(7,s)(I — Q(s))dr

+/ T(t—7)(I—P)B(1)S(7,s)(I — Q(s))dr.

oo
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IS(t,s)(I —Q(s))| < |T(t—s)(I — P)|
—l—/t |T(t —7)PB(1)S(7,s)(I — Q(s))|dr

n /t |T(t — 7)PLB(7)S(r, ) (I — Q(s)|)dr

N /; IT(t — 7)(I — P)B(r)S(r, s)(I — Q(s))|dr
< Ket=9) 4 /t KeMTIMSS(r,5)(T - Q(s))]dr

+/: Ke*""D M| S (7, 5)(I — Q(s))|dr

+/_too Ke =D MG|S(r, ) (I — Q(s))|dr

< Ke*=9) L KM§ / =TS (7, 8) (I — Q(s))|dr

t

+KMS§ / DS (7, 8)(I — Q(s))|dr

+KM§ / e =S (7, ) (I — Q(s))|dr.

Now we use Lemma 1 with
N=KMS§, L=KMs M= KDM§©,
1 2 1 2 3KM6
ﬂiKMé(;Jr )<KM5(E+_)§

« « «

<

DN | =

We obtain
1 (a——2EMS - )(t—s)

e 71—KNI§(%+%)
1— KM6(:+2)

1S(t,5)(I = Q(s))| < K , t<s.

Therefore,

o
6KM

1S(t,8)(1 = Q(s))] < 2K elo M=) 4 < 5 if § <

Remark 2 The method used, the unbounded operator A and its domain impose
restrictions on the class of perturbations B(t) that can be used. For example
if D(t) € L(X) is continuous and bounded for ¢ € R, is integrally small and
0 belongs to the resolvent set of A, we could define B(t) = A71D(t)A~! and
then the above assumptions including (38) could be satisfied.

Remark 3 Another case is when B(t) € L(X) is continuous and bounded for
t € R, is integrally small, commutes with A and B(t)A can be considered as
a bounded operator. In this case B(t) acts as a smooth operator. This will be
observed in some applications to the heat equation below.
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Ezample 1 Application to the Heat Equation
In this part we use some results of Henry [4], page 119.

Let X = L(0,7), Au= —%% Tet D(A) = H}(0,m)NH?(0, ). If ¢, () =

\/gsinnz and u = 22021 ¢On(Pn,u), then define |lul| = [ZZOZI |(dns u)|2]1/2.

Au = Zl(_n2)¢n(¢n, U), eAtu = Zle_n2t¢n(¢na U),

o(Ad)={-n* n=1,2,3,...}.
Consider the equations

ou  0*u
ot 0x? +
This equation defines a local dynamical system in X'/2 = H{}(0,7) and
o(A=X)={\—n?:n=1,2,3...}.
Let T'(t) be the semigroup generated by A—AI. If A > 1 we can decompose
the space H}(0,7) = E_ @& E, with projections Py and (I — Py), respectively
on Fy and F_ and we will have an exponential dichotomy:

M, O<z<m u=0at z=0,7 (40)

|T(#)Py|| < Ke°t, t >0,
|T(t)(I — Py)|| < Ke*, t <0.

The subspace E is generated by the eigenfunctions ¢, (x), such that A —
n? > 0.

For n € N, let b, (t) be real continuous functions in ¢ € R.

Consider now the equation

ou  0*u
ot Ox2
where B(t)u = >0, by (t)pn(fn, u).

In order to simplify the calculations and to verify the assumptions (38) of
Theorem 3, we will assume that M = 1 and |b, (t)| < —5mrr7z, VEER, n> 1.
We will also assume that for § > 0, sufficiently small and h > 0 sufficiently
large that | [, b, (7)d7| < —5rimy726 for |t —u| < h.

In this case we consider

+M+ B, 0<z<m, u=0at z=0, 7, (41)

of ={A-n*>0,n=1,2,...,N,},
O'A_:{)\fn2<0, TL:N)\+1,N,\+2,...,M)\},

oy ={A=n* n=M\+1,...,00}, My >N, +1

Consider the projections: (I — Py)u = 2221 n(¢n, u) associated to o

and Pyu = Y207 ) ¢n(¢n,u) associated to oy Uoy ™ = {n: A —n* <0}
Let Py = Pi()\) be the projection associated to o, and P, = P»(\) asso-
ciated to o, >, be given respectively by Piu = ZSQNA_H On(bn,u), Pou =
ZZO:MXJA ¢n(¢na u)
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P2€Atu = Z e_n2t¢n(¢na u),
n=My+1
(o] 5 oo 5 2 %
[Pretull = || > e hn(dn, ) ( ool f¢n<¢n,u>]>
n=My+1 n=My+1
-t 35 [, o, f )
n=My+1

N

Se*”“’“( > |¢n<¢n,u>|2> — (DD |y

n=My+1

Taking p = (My + 1)2, we obtain || Pyeu|| < e~ AOFD ||y = e=#t||ul|, for
t>0.
Next we prove that P, commutes with B(t).

PB(t)u = Z bn(¢n, B Z én %Zbk )6k (k1))
n=My+1 n=My+1
n—M)\—i-l
B(t)qu:Z £)pn(dn, Pu) :Z t)6n (dn, Z (1, 1))
n=1 n=1 k=My+1
= Z bn(t)¢n(¢nau)
n=Myx+1
oo 1/2 oo 1/2
|P2B(t)UI|§[ > Ibn(t)IQ] [ > |(¢n,U)I21
n=M)y+1 n=My+1
e o] (S 2 1/2 (o) 1 2 1/2
< [ :%:H (W) ] Jull <6 Lz_;) (W) ] [l
= Ofull

Therefore B(t) commutes with Py and with I — Py and also with P; and
Py, |P,B(t)| — 0, as My — oo, uniformly with respect to ¢t € R. With a similar

calculation we can prove (I — P\)B(t)v = Zgil by (t) P (P, ).
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Also if u € D(A) we have

oo

AP/\UZZ( )¢n(¢naPAU :Z On | &n, Z ¢k(¢kau)

n=1 n=1 k=Nx+1

= > (=1))dn(dn,w)

n=Nx+1

PyAu = Z bn(n, Au) = Z én %E(—k%(m,u))
n=Nx+1 n=Nx+1 k=1
= Z (_n2)¢n(¢nau)

n=Nx+1

Therefore APy, = P\A and so they commute and they are both bounded
operators.
In order to use Theorem 3 we consider C;(u ft T)dT and it is easy to

see that P\Cy(v) = Cy(u)Py and P\Cy(v) = Zn:NAH ft n (T)dT G, (G, ).
Hence, it can be seen that the conditions of Theorem 3 are satisfied.
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