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Abstract

We consider the following repulsive-productive chemotaxis model: find u > 0, the
cell density, and v > 0, the chemical concentration, satisfying

{a,u—Au—v.(uvU)zoinsz,r>o, 0

v—Av+v=uf inQ, t>0,

with p € (1,2), 2 € R¢ a bounded domain (d = 1, 2, 3), endowed with non-flux
boundary conditions. By using a regularization technique, we prove the existence of
global in time weak solutions of (1) which is regular and unique for d = 1, 2. More-
over, we propose two fully discrete Finite Element (FE) nonlinear schemes, the first
one defined in the variables (u, v) under structured meshes, and the second one by
using the auxiliary variable 0 = Vv and defined in general meshes. We prove some
unconditional properties for both schemes, such as mass-conservation, solvability,
energy-stability and approximated positivity. Finally, we compare the behavior of
these schemes with respect to the classical FE backward Euler scheme throughout
several numerical simulations and give some conclusions.
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1 Introduction

Chemotaxis is the biological process of the movement of living organisms in res-
ponse to a chemical stimulus, movement that can be addressed towards a higher
(chemo-attraction) or lower (chemorepulsion) concentration of a chemical substance.
At the same time, the presence of living organisms can produce or consume chemical
substance. A repulsive-productive chemotaxis model can be given by the following
parabolic PDE’s system:

oou—Au=V-wVv) inQ,t>0, @)
ov—Av+v=f(u) inQ,t>0,

where u = u(x,t) > 0 and v = v(x,t) > 0 denote, respectively, the cell density
and the concentration of a repulsive chemical signal at position x € @ € R? (d =
1, 2, 3, being 2 a bounded domain with boundary 9€2) and at time ¢ > 0. Moreover,
f(u) = 0 (if u > 0) is the production term. In this paper, we consider the particular
case of superlinear signal production, that is, f(u) = u”, with 1 < p < 2, and then
we focus on the initial-boundary value problem:

oou—Au=V-wVv) inQ, t >0,

oov—Av+v=uf in Q, t >0,

0 0

—”:8—”=00nasz,t>0, ®)

on n
u(x,0) =ug(x) >0, v(x,0) =vo(x) >0 in Q.

From the biological point of view, the nonlinear signal production considered in
model (3) is justified and explains the saturation effects of chemotactic signal
production at large (or short) densities of cells (see [32] and references therein).

The theoretical analysis of chemorepulsion models has included the study of some
qualitative properties of the solutions, such as existence, uniqueness, regularity and
behavior at infinite time, among others [9, 14, 17, 30, 31]. In the case of linear
(p = 1) or quadratic (p = 2) production term, problem (3) is well-posed (see [9,
17] respectively) in the following sense: there exist global in time weak solutions in
3D domains, which are regular (and unique) for 1D and 2D domains. In [14], the
uniqueness and global existence of solution for a chemorepulsion model with linear
production and superlinear diffusion in d D domains (for d > 3) have been proved.
In the context of Lotka-Volterra competition models, the effect of a chemorepulsive
signal has been considered by Tello and Wrzosek in [31], proving the existence of
global classical solution for the model in d D domains (for d > 1). A chemorepul-
sion model with nonlinear chemotactic sensitivity has been studied in [30], obtaining
the existence of bounded classical solution and the convergence at infinite time to a
constant steady state in d D domains (for d > 3).

With respect to the study of chemotaxis models with nonlinear signal produc-
tion (u?) the literature is scarce (we refer [23, 32]). In [32], Winkler studied radially
symmetric solutions of a parabolic-elliptic system, proving the existence of global
bounded classical solution under some conditions on the power p. Considering non-
linear chemotactic sensitivity, chemorepulsion and nonlinear production, in [23] Lai
and Xiao analyzed the existence, uniform boundedness and asymptotic behavior of
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global classical solutions also for a parabolic-elliptic model. However, as far as we
know, there are not works studying the parabolic-parabolic problem (3) with produc-
tion u? (for 1 < p < 2). Therefore, the first aim of this work is to study the existence
of global weak solutions of (3) (in the three-dimensional case) and global regularity
(in the two and one-dimensional cases).

On the other hand, the second aim is to design numerical methods for model (3)
conserving properties of the continuous problem such as: mass-conservation, energy-
stability and positivity. It is important to mention that approaching chemorepulsion
problems by using Finite Element (FE) approximations is not an easy task, because
negative (discrete) solutions can be computed (see [17, 19, 20]). In those cases, some
spurious oscillations may appear (see, for instance, [19] for a chemorepulsion model
with quadratic production).

Some numerical schemes have been studied for chemotaxis models. Existence
of discrete solutions, convergence, mass-conservation and error estimates, among
other qualitative properties, have been studied in the context of Finite Volume (FV)
schemes [13, 22, 34], Finite Element (FE) approximations [11, 25, 27, 28, 33] or
combined FV-FE schemes [7].

Energy-stable numerical approximations have also been studied in the chemo-
taxis context. A conditionally energy-stable FV scheme for a chemo-attraction model
with an additional cross-diffusion term was analyzed by Bessemoulin and Jiingel
[6]. Energy-stability of time-discrete numerical approximations and fully discrete FE
schemes for a chemorepulsion model with quadratic production have been analyzed
in [17] and [18, 19], respectively; while, in the case of linear production, we refer
[20]. However, as far as we know, for the chemorepulsion model with production
term u? given in (3) there are not works studying energy-stable numerical schemes.

Likewise, the positivity or approximated positivity properties have been studied
on numerical schemes for chemotaxis models. In [8], Chamoun and collaborators
proved a discrete maximum principle for a combined FV-FE scheme approaching a
chemotaxis-fluid model. The positivity of only time-discrete schemes and approx-
imated positivity of a fully discrete FE scheme associated with a chemorepulsion
model with quadratic signal production were proved in [17] and [19], respectively;
while, for the case of linear production, we refer to [20]. Positive numerical methods,
using FE techniques, associated with a generalized Keller-Segel model were studied
in [10]. In [34], a positive FV scheme for a parabolic-elliptic chemotaxis model was
analyzed. However, there are not works studying positive (or approximately positive)
FE schemes for model (3).

The idea here is to extend the analysis made in [20], although in this case, we
need to use two matrix operators (see (51) and (52) below) in order to obtain energy-
stability and approximated positivity. The first one is the operator defined in [2] (and
used in [20]); while, the second one, is obtained by constructing regularized functions
associated with the test function #”~!. For the second operator, it was necessary to
prove technical Lemmas (see Lemmas 4.4 and 4.10 below) which are requiered in
order to obtain the desired properties for the numerical schemes.
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Consequently, the main novelties in this paper are the following:

e The analysis of the existence of weak solutions of model (3) in the 3D case
(which are regular and unique in the 2D and 1D cases) satisfying, in particular,
an energy inequality (see (8) below).

® The introduction of a FE scheme (see scheme UVe in Section 4.1 below) for
model (3) which is energy-stable with respect to an energy in the primitive vari-
ables (u, v) and approximately positive, under a right-angled constraint on the
spatial triangulation (see hypothesis (H) in (46) below).

® The introduction of another FE scheme (see scheme USe in Section 4.2 below)
for model (3) which is unconditionally energy-stable with respect to a modified
energy and approximately positive, without imposing the restriction (H) on the
mesh.

The outline of this paper is as follows: In Section 2, we give the notation and some
preliminary results. In Section 3, we prove the existence of weak-strong solutions
of model (3) (in the sense of Definition 3.1 below) by using a regularization tech-
nique. In Section 4, we propose two fully discrete FE nonlinear approximations of
problem (3), where the first one is defined in the variables (u, v), and the second one
introduces 0 = Vv as an auxiliary variable. We prove some unconditional properties
such as mass-conservation, energy-stability, approximated positivity and solvability
of the schemes. In Section 5, we compare the behavior of the schemes with respect
to classical FE backward Euler scheme throughout several numerical simulations,
including experimental convergence rates; and in Section 6, the main conclusions are
summarized.

2 Notation and preliminary results

Along this paper, we will consider the usual Lebesgue spaces L9(€2), 1 < g < oo,
with norm || - || ¢. In particular, the L?(£2)-norm will be denoted by | - ||o. From now
on, (-, -) will denote the standard L2-inner product over 2. The usual Sobolev spaces
W"P(Q) ={u e LP(Q) : |0%|Lr < 400, V|a| < m}, for a multi-index o, m € N
and p > 1, with norm denoted by || - ||w=.» will be also considered. If m > 0 is not
integer, the space W7 () is a subspace of W17 (Q) (where [m] is the integer part
of m) of functions with finite norm (see [26]):

. P |D%u(x) — D%u(y)|? I/p
”””W"“P = (”unw[m],p + Z ]/52/;2 |)C _ y|d+p(m—[m]) dXdy> .

lee]=[m

In the case when p = 2, we denote H” () := W"2(2), with respective norm |- ||,
Moreover, the following spaces are set

9
W' P(Q) := {u e WP (Q) : 3—” =0 on asz} (form > 1+1/p),
n

HL(Q) :={c e H'(Q):0 -n=00n0Q},
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and the following equivalent norms in H L(©) and H }, (€2), respectively, will be used
(see [26] and [1, Corollary 3.5], respectively):

2
||u||%=||wn%+(/gu> . VYue HY(),

lollf = llollf + ot a3 + IV -all3, Vo e HL(RQ). 4)

Here rot o denotes the well-known rotational operator (also called curl) which is a
scalar operator for 2D domains and vectorial for 3D ones. In particular, (4) implies
that, for alle = Vv € H}, (2),

IVllF = IVl + [lAv]Z. )

If Z is a general Banach space, its topological dual space will be denoted by Z’.
Moreover, the letters C, K will denote different positive constants which may change
from line to line. The following result will be used along this paper:

Theorem 2.1 [12] Let 1 < g < 400 (¢ # 3) and suppose that [ €
o~ 2
L9(0,T; L1(2)), ug € WZ_E’Q(S'Z), where

2-2 4 .
~y_2 W= a?(Q) i < 3,
W2 qu(Q) = 27g’q( ) f q

Wa Q) if >3

Then, the problem
oou—Au=f inQ, t>0,

0
au =00ono2, t >0,
on
u(x,0) =up(x) in Q,
admits a unique solution u in the class
o~ 2
uel90,T; Wz’q(Q)) NC(0, T, W275’q(9)), o;u € L1(0, T; L1(2)).
Moreover, there exists a positive constant C = C(q, 2, T) such that

flue] + 10wl Lao,7;09(2) + Il Lo, 7; w29 ()

CO.T: W79 (@)
< C( . + lluol| ~ )
= ClIIfllzao,r;La) + |l OHWZ’%*‘I(Q)

When large time estimates will be treated, the following result will be used
(see [21]):

Lemma 2.2 Assume that §, 8,k > 0 and d" > 0 satisfy
(14 8k)d"™ <d"+ kB, Vn=>0.
Then, for any ng > 0,

d" < (14 8k)y~"m0gm 4 5718 Wn > ny.
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3 Analysis of the continuous model

In this section, the existence of weak-strong solutions of problem (3) will be proved
in the sense of the following definition.

Definition 3.1 (Weak-strong solutions of (3)) Let 1 < p < 2. Given (ug, vg) €
LP(Q) x H'(Q) withup > 0,v9 > 0a.e.in Q,
a pair (u, v) is called weak-strong solution of problem (3) in (0, +00), if u > 0,

v >0a.e.in (0, +00) x L,

5 5
u e L0, +o00: LP(Q)) N L7 (0, T Wl’pf-%(sz)) . VT >0,
v e L0, +oo; HY(Q) N L2(0, T: HX(R)), VT > 0,

_10p_ 1.0 5 3
du e L3 (0,T; Whms(Q) ), atveL3<0,T;L3(Q)>, VT > 0,

the following variational formulation for the u-equation holds

T T
/ (Oru, u) + / (Vu, Vi)
0 0

T 10p 10
+ f uVv,Vu) =0,Vu € LW%G(O, T; Wl’T—pﬁ(Q)), YT > 0,(6)
0
the v-equation holds pointwisely
v —Av+v=uP ae. (t,x) € (0,+00) x Q, @)

ad
the boundary condition 8_:1 = 0 and the initial conditions (3)4 are satisfied, and the

following energy inequality (in integral version) holds a.e. fy, #; with #; > 75 > O:

n 4
6wamvm»—£wmxwm»+/ (yww”%mm&wawﬁ)dssa

fo
(8)
where

E(w,v) =

1
p_ﬂmm+;ww& ©

Observe that any weak-strong solution of (3) is conservative in u, because the total
mass fQ u(-, t) remains constant in time. In fact, by taking # = 1 in (6):

i(/ u(-,t)):O, ie., /u(-,t):/uo =mg, Vt>0.  (10)
dt Q Q Q

In addition, integrating (7) in €2, one has
(L) L=
— v+ [ v= | u’. (11)
dt < Q Q Q

@ Springer



Adv Comput Math (2021) 47: 87 Page 7 of 38 87

3.1 Regularized problem

In order to prove the existence of weak-strong solution of problem (3) in the sense
of Definition 3.1, we introduce the following regularized problem associated with
model (3): Let ¢ € (0, 1), find (%, z%), with u® > 0 a.e. in (0, +00) x €2, such that,
forall T > 0,

W, 2t e X = {w L™ (0, T W%%(Q)) nL3 (0, T Wz’i%(Q)) dwelL3 (0, T L%(Q)>} :
(12)

and satisfying the system

ou® — Auf =V - wVu(zf)) inQ, >0,

02° = Az +2° = W®)? inQ, t>0,

ou® d0z¢f 13
T _" _0 onoQ, >0, (13)
on on

u®(x,0) = uy(x) >0, z°(x,0) = v5(x) — cAvG(x) inQ,

where v® = v(z°) is the unique solution of the elliptic-Newman problem

¥ —sAv® =7% in Q,

v’ 14
v =0 on oS, 14
on
e & i3 A
and (ug, zg) € W5'3(Q2)~ with
(uf, z5) — (o, vo) in LP(Q) x H'(Q)', ase — 0. (15)

Notice that from (12), system (13) is satisfied a.e. in (0, +00) x Q. From now
on in this section, we will denote v®(z°) solution of (14) only by v®. Observe that if
(u®, z%) is any solution of (13), then (10) and (11) are satisfied for (u, v) = (u?, v®).

Theorem 3.2 There exists at least one solution of problem (12) and (13).

Proof We will use the Leray-Schauder fixed point theorem. With this aim, we denote
X = L0, T: L*(Q) N L*(0, T3 H' (),

and we define the operator R : X x X — XxX < Xx X by R(U*®,7°) = (u®, z°),
such that (u®, z%) solves the following linear decoupled problem

u® — Au® =V - UL VY°) inQ, t >0,
02" — A8 = W)P —7%in Q, t > 0,
out 0z°¢ 16
" =8i:00n89,t>0, (16)

on n
u®(x,0) = ug(x) >0, z°(x,0) = vj(x) — eAvg(x) in L,
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where 1° = v(Z%) and, in general, we denote ay := max{a, 0}. Then, (4%, z%) is a
solution of (13) iff (u®, z°) is a fixed point of the operator R defined in (16). Let us
check every hypotheses of Leray-Schauder Theorem:

1. R is well defined. Observe that if ¢ € X, from the H? and H3-regularity of
problem (14) (see [15, Theorems 2.4.2.7 and 2.5.1.1] respectively), we have that

7 e L0, T; H*(Q)) N L*0, T; H3(Q)).

Thus, we deduce that Vo¢ e L°(0,T; H'(Q)) N L*(0,T; H*(Q)) —
L'9(0, T; L'°(2)). Then, using this fact and taking into account that (¢, Z¢)
X x X — L1930, T; L'93())?, we obtain that V - (&, V¥*) = Vi’ Vv* +
WS AT e L3(0,T;L3(Q) and (@)P + 7 € L3(0,T:L3(Q)) for any
p € (1,2) (using that @, A% € L5 (0, T; L5 ())). Thus, applying Theo-
rem 2.1 to (16), we deduce that there exists a unique solution (u®, z°) of (16),
u?, 7% € XxX (where X is defined in (12)).

2. All possible fixed points of AR (with A € (0, 1]) are bounded in X x X and
u® > 0. In fact, observe that if (u®, z%) is a fixed point of AR, then (u®, z%)
satisfies

duf — Auf = AV - (Vo) in Q, 1 > 0,

02" — Az° = A )P —Az%in Q, t >0,

ou® a0z 17
% _0onaQ, 10, 17
on on

u®(x,0) = uy(x) >0, z°(x, 0) = v5(x) — eAvg(x) in L,

Multiplying (17); by u® := min{u?®, 0} and integrating in 2, we have
d
5Znu‘ing +IVul |13 = 2, Vot Vul ) = 0,

which, taking into account that uf)(x) > 0 ae. in Q, implies that u® >
0 ae. in (0,400) x Q. Thus, uf, = u®. Now, we test (17); and (17);

by pli l(u‘;)”_1 and —Awv® respectively, and adding both equations, the

terms —

P 0 @EVvE, V()P and AM(V(uf)P, Vv¥) cancel, and taking into
account (14), we obtain
d 4
—E U, %) + — f IV (@®)P’))?
dt pJo
+e[[V(AV)IIF + | AVEIIG + AlIVVE 1§ + Al Av¥ I = 0, (18)

where

1 e
Eolu®, v%) 1= —— luf 1Y, + Enwsué + §||Av€||3.

2
Moreover, we observe that the function y*(¢) = ( / vi(x, 1) dx) satisfies the
Q

time differential inequality

%) (1) + y* (1) < w®(),
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with wé (1) = ||u8(t)||i[,’,. In fact, it follows by multiplying (11) (for (u, v) =

(u?,v%)) by f v®(x, 1) dx and using the Young inequality. Therefore, y*(r) =
Q

t
ye(0)e ' + /0 e~ (=9 wE(s) ds, which implies that

cende) < ([ vecerde) + et |2 vi>0. (19
( e x) = ( B %) 101 yoorrys V1 Z 0. (19)

Then, from (18) and (19) and using (5), we deduce the following estimates with
respect to A:

N S 2 2 1 u u
(u®)2 isbounded in L°°(0, +o00; L7(R))NL-(0,T; H () — L3(0,T; L3()),

(uf, v®) is bounded in L™®(0, +00; L?(Q2) x H*(Q)),
u® isbounded in LP(0, T; L3P(2)) and v® isboundedin L2(0, T; H3(Q)).

(20)

Then, from (20) we conclude that z° is bounded in X'. Moreover, testing (17);
by u®, we have

1d 2 2 2 1 2
S I+ I = =2 Vor, V) + 1 < S 1
+C(IVoe IS + 1) 13,

from which, taking into account (20) and using the Gronwall Lemma, we deduce
that #® is bounded in X.
3. R is compact. Let {(#%,Z%)},en be a bounded sequence in X x X. Then
ut, z5) = R, 7%) solves (16) (with (u%,7%) and (uf, z5) instead of (u*,Z%)
and (u®, z%) respectively). Therefore, analogously as in item 1, we obtain that

V- (i;, VV5) and (u%)? + 7, are bounded in L3 0, T; L3 (2)); and therefore,
from Theorem 2.1 we conclude that {R (4%, Z5)}nen is bounded in X x X’ which
is compactly embedded in X x &', and thus R is compact. Observe that the com-

pactness embedding comes from the continuous embedding (using embeddings
Wk”’(Q) — H%(), see [24, Theorem 9.6]):

X < L®0,T: H/2(Q) n L3, T; H7'%Q)) — L0, T; H/*(Q)).

Then uf, z¢2 € L0, T; HY/2(Q)) N L%, T; H¥*(Q)) and d,u®, 8,2° €
L>/3(0, T; L33(RQ)), hence the compactness holds by applying the Aubin-Lions
Lemma (see [29]).

4. R is continuous from X x X into X x X. Let {(#%,Z5)}peny C X x X be a
sequence such that

W, 7o) —> @*,7°) in X x X, asn — +oo. (21)

Therefore, {(#%, Z2)}nen is bounded in X x &, and from item 3 we deduce that
{(uf, 25) = R(U’,Z5)}nen is bounded in X' x X. Then, there exist (¢°, z°) and
a subsequence of {R(u%, Z5)}nen still denoted by {R (%, Z5)}nen such that

R(,75) — (4°,2°) weaklyin X x X and strongly in X x X.  (22)
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Then, from (21) and (22), a standard procedure allows us to pass to the limit,
as n goes to +00, in (16) (with (@%,7%) and (uf, z) instead of (u°,Z¢) and
(u®, z°) respectively), and we deduce that R(u*,7%) = (u°, z°). Therefore, we
have proved that any convergent subsequence of {R(#%,7%)},eN converges to
R(u*,7*) strong in X x X, and from uniqueness of R (i, z*?), we conclude that
the whole sequence R(u%,Z%) — R(u®,Z°) in X x X. Thus, R is continuous.

Therefore, the hypotheses of the Leray-Schauder fixed point theorem are satisfied
and we conclude that the map R (%, Z°) has a fixed point (4, z%), thatis, R(u®, z°) =
(u®, z%), which is a solution of problem (12) and (13). O

3.2 Existence of weak-strong solutions of (3)

Theorem 3.3 There exists at least one (u, v) weak-strong solution of problem (3).

Proof Observe that a variational problem associated with (13) is:

T T T _ o | 10
(@, i) + [y (Vu, Vi) + [y @V, Vi) =0, Vi € L7750, T; W75 (Q))
0
e 3 T & vz T e > ! &\p 3 > 3 1
(325, 2) + [o (VZ5, VD + [y 5,2 = | (w®P,Z), Yz € L2(0,T; H (Q)).
0

(23)

Recall that v® = v(z®) is the unique solution of problem (14). From (18) we have
that (u®, v®) satisfies the following energy equality:

d 4
E V) + ;nwug)f’/z)n% + el AV} + IIVV°II; = 0. (24)
Then, from (24) and using (19) we deduce the following estimates (independent of ¢)

()%} is bounded in L (0, +-00; L2(Q)) N L2(0, T; H'(Q)) < L0, T; L5 (Q)),
{ve} is bounded in L (0, +o00; H'(€2)) N L%(0, T; HX(Q)),
{/eAv®} is bounded in L>®(0, +o00; L2(2)) N L2(0, T; H'(RQ)),

(25)

and therefore,

{uf} is bounded in L*°(0, +o00; LP(2)) N L?(0, T; L3P (Q)) — LSSl(O, T; LS%(Q)),
{z¢} is bounded in L*°(0, +o00; L2(2)) N L%(0, T; HY(Q)),

10p 10
(8,4} is bounded in [L776(0, T; W76 ()],
{9,z°} is bounded in [L%(O, T: H'(Q)T.
(26)
Moreover, taking into account that from (25); we have that V((us yp/ 2) 1s bounded
in L2(0, T; L2(Q)) and from (26); '~ % is bounded in L% ,T; L% 3P(Q)) we
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2 Sp_ S
conclude that Vu® = —ul_%V((us)”/z) is bounded in LPJf3 (0, T; Ll’ff3 (Q)).
p

Therefore, we deduce that
. . Sp 1.22
{u®} is bounded in L 7+3 <0, T; W »t3 (Q)) ) 27)

Notice that from (14) and (25)3, we can deduce that
”Zs — v€||LOOL2ﬁL2H] S €||AU8||LOOLZQL2HI —> 0 as & — 0 (28)

Then, from (25)—(28), we deduce that there exists (u, v), with

Sp Sp Sp_ 1.3z
e L0, +oo: LP(Q)) N LY (0, T, L% (Q)) nLeo (0,7 whos(@)),
v e L®(0, +oo; HI(Q)) N L2(0, T; HX()),
such that for some subsequence of {u®, z%, v®} still denoted by {u?, z°, v®}, the
following weak convergences hold when ¢ — 0,
. Sp Sp Sp 1,32
u® - u weakly in L3 (0, T;L3 (Q)) NLr3 (0, T, W r3(Q)],

v® — v weakly in L2(0, T; H*(Q)),
£ — v weaklyin L?(0, T; H (Q)), (29)

, 10p. 1, 10p '
Ou® — du weakly-* in |L7=6 (0, T; W 7=5(Q) )|,

/

375 — v weakly-» in [L%(o, T HI(Q))]

On the other hand, taking into account (26)3 and (27), the Aubin-Lions Lemma
implies that

5p
{u®} is relatively compact in L#3 O, T; LZ(Q)) 30)

(and also in L"(0, T; L"(K2)), for all r < %”). In particular, since u® > 0 then
u > 0ae.in (0, 400) x Q. Moreover, since the embedding L*°(0, T; LZ(Q)) N
L%(0,T; H(Q)) — L¥ (O, T, L¥(§2)) is continuous, from (25), we deduce that

Vv = Vu weakly in L (0, T; LS (). 31)

10

Thus, from (30) and (31) and using that u®*Vv® is bounded in LWTPG
10
(0, T; L3/Tfp6 (Q)), we deduce that

10p 10p
U*Vv® = uVv weakly in L3746 (0, T Lwie(sz)) (32)

Moreover, since u® — u strongly in L? (0, T; L?($2)), we have that

u®)? — uP strongly in L' (0, T; L' (Q)). (33)
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Thus, taking to the limit when ¢ — 01in (23), and using (29), (32) and (33), we obtain
that (u, v) satisfies

T T T _10p_ 1 op
/ (8,u,12)+/ (Vu,Vﬁ)—}—/ Vv, Vii)=0, Viie LT <0, T;W’7P6(§2)),
0 0 0
(34)
T T T T 5
/ <atv,z>+f (o, vz>+/ (v,z>=/ Wh.3), VieL}0,T: H' (@),
0 0 0 0

(35)
and therefore, integrating by parts in (35) and taking into account that u” €
L3(0,T: L3(Q)) and v € L2(0, T; H2(R)), we arrive at

v —Av+v=u’ inL30,T: L3(Q)). (36)

.. 0V . - . . . .
with — = 0 on 9€2. Notice that the limit function v is nonnegative. In fact, it follows

n
by testing (36) by v_ and using that vp > 0. Finally, we will prove that (u, v) satisfies
the energy inequality (8). Indeed, integrating (24) in time from #y to t1, with #; >
to > 0, and taking into account that

11 d
/ E&a(us, V%) = E(uf (1), v (11)) — E(u’ (to), v¥(t0)) V1o < t1,
0]
since & (uf (t), v (1)) € WL-1(0, T) for all T > 0, is continuous in time, we deduce
Ee (b (11), v*(11)) — E(u (t0), v° (10))
I3 4
+f (;IIV((ug(t))”/2)||%+ e||Av8(t)||%+||Vv£(t)||%)dt=o, Vio < 1. (37)
1

0
Now, we will prove that

Ecul (), V5 (@) — Ew (), v()), ae.t € [0, +00). (38)
Since u® is relatively compact in L? (0, T; L?(£2)), we have
u® — u strongly in L?(0, T; L?(R2)). (39)

Moreover, for any 7 > 0,

T
€ (1), v* (1)) — E®), vl 10,7 =/0 1€ (u (1), v* (1)) — E(u(t), v(1))|dt

dt

LI 1 €
< - Sl‘p— ll’) 7vel2_V12 7A82
_/0 7 (I O1E = 1@1E) + 5 (V0 O1F = IVvOIF) + 518013
<c P
S

-1
lu® —ullLeo,r;0) U iLe©,7;00) + lullLe©,7;07)"

1 &
+5 [Vv? _VU”LZ((),T;LZ)(”VUE lz20,7:02)+ HVUHLZ(O,T;Lz))"'E | Av® ”iZ(O,T;LZ)' (40)

Then, taking into account that u® — u strongly in L?(0, T; LP(R2)), Vv® — Vv
strongly in L2(0, T; L*(R)) for any T > 0, and Av® is bounded in L(0, T; L%(R)),
from (40) we conclude that & (u® (1), v® (1)) — E(u(t), v(t)) strongly in L' (0, T) for
all T > 0, which implies in particular (38). Finally, observe that from (39) we have
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that (u®)?/?> — uP/? strongly in L?(0, T'; L*>(S2)); and since V((u®)?/? is bounded
in L2(0, T; L*(2)) we deduce that

V((u)P?) - V(uP’?) weakly in L2(0, T; L>(Q)).

Then, by using weakly lower semicontinuity,

1 4
lim inf / (ZIV @ )P + el a0 O} + IV @)1 )dr
e—=0 J; p

0

" o4
> [ (CIva@P I+ 1900 )dr Vo= 0= 0,
o p
On the other hand, owing to (38),
timinf [£,6° (1), v (1)) — £ o), v* (o)) ] = Eulan), v(1)) — Ewtio, viio)

a.e. ty,tp : t; > to > 0. Thus, taking liminf as ¢ — 0 in inequality (37), we deduce
the energy inequality (8) for a.e. tg, 71 : 11 > 19 > 0. O

Remark 3.4 (Regularity in 1D and 2D domains) In this work, we have proved
existence of global in time weak solutions for model (1). In [5], the existence and
uniqueness of a local in time positive classical solution (u, v) is proved whenever
up € Co(ﬁ) and vy € W4(Q) for g > d (for d > 1 the space dimension), which is
global in time under the extensibility criteria

lul, Dlize@) + G Dllwrgg < € forallr € (0,T). 41

Moreover, it is also proved in [5] that condition (41) holds if there exist M > 0 and
y > 1 with y > d p/2 such that

lu(, Oy <M forallt € (0,T). (42)

Observe that, in 1D, 2D or 3D domains, condition (42) reads as [lu(-, )||L7 (@) <
M forallt € (0,T),fory > 1,y > p and y > 3p/2, respectively. Since the weak-
strong regularity of (u, v) given in Definition 3.1 only guarantees the boundedness
of lu(-,)llLr@ =< M, therefore this regularity result can only be applied for 1D
domains. On the other hand, in [9] it is proved that in 2D domains, assuming Av €
L2(0, T; L3(2)) and reasoning over the equation (1)1, then u € L*°(0, T; L1(R2))
for any g < oo. Consequently, since the weak-strong regularity guarantees that Av €
L%, T; L2(§2)) and the u-equation in our model and in [9] is the same, then one
also has the existence and uniqueness of global in time regular solutions for (1) in
2D domains.

4 Fully discrete numerical schemes
In this section, two fully discrete numerical schemes associated with model (3)

are proposed. Some unconditional properties such as mass-conservation, energy-
stability, approximated positivity and solvability of the schemes are proved.
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4.1 Scheme UVe

In this section, in order to construct an energy-stable fully discrete scheme for model
(3), we are going to make a regularization procedure, in which we will adapt the
ideas of [2] (see also [16]). With this aim, given ¢ € (0, 1) we consider a function
F, : R — [0, +00), approximation of f(s) = s, such that F, € C*(R) and

eP~2 if 5 <e,
F/(s) = {sP72 if e<s<e !, (43)

2P if 5> ¢ L,

Then, F; is obtained by integrating in (43) and imposing the conditions F.(s) =
sP1 sP

= and Fe(s) = ) foralle <s <& ! (see Fig. 1); and
F/(s) (p—Ds+Q—p)e>? if s <e,
a(s) = (p= Dy = it e<s<e !, (@4
et (p—Ds+Q@—peP=3 if s>e L.

80

60r

40t

20

Fig. 1 The function F, and its derivatives
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Then, taking into account the functions Fy, its derivatives and a,, a regularized
version of problem (3) reads: Find u, : 2 x [0,7T] - Rand v, : @ x [0,T] - R,
with u,, v, > 0, such that

oy — Aug — V- (ag(ug)Vuy,) =0 in 2, ¢t > 0,

0ve — Ave + v, = p(p — 1)Fe(ue) in 2, t > 0,

0 0 4
Yo _ %% _ 0 ondQ, 1 >0, 45)
on on

us(x,0) = ug(x) >0, ve(x,0) = vo(x) >0 in Q.

Remark 4.1 The idea is to define a fully discrete scheme associated with (45), taking
in general ¢ = ¢(k, h), such that e(k, h) — 0 as (k, h) — 0, where k is the time step
and 5 the mesh size.

Observe that (at least formally) multiplying (45); by pF.(u.), (45), by —Auv,,
integrating over 2 and adding, the chemotaxis and production terms cancel and we
obtain the following energy law

' (pFa(Ma) + —Iva| )dx +/ PF!(ue)|Vue|?dx + | Ve | = 0.
Q

In particular, the modified energy

1
Eu, v):/g2<ng(u)+§|Vv|2>dx

is decreasing in time. Thus, we are going to consider a fully discrete approximation
of the regularized problem (45) using a FE discretization in space and the backward
Euler discretization in time (considered for simplicity on a uniform partition of [0, T']
withtimestepk = T/N : (¢, = nk)":N ). Let 2 be a polygonal domain. We consider
a shape-regular and quasi-uniform family of triangulations of €2, denoted by {75 }r>0,
with simplices K, hg = diam(K) and h := maxge7;, hg, so that Q= UK€771K

Further, let AV}, = {a;};c7 denote the set of all the vertices of Ty, and in this case we
will assume the following hypothesis:

(H) The triangulation is structured in the sense that all simplices have a right angle.
(46)
We choose the following continuous FE spaces for u, and v,:

(Up, Vi) C HY(Q)?, generated by Py, P, with r > 1.

Remark 4.2 The right-angled constraint (H) and the approximation of Uj by Pi-
continuous FE are necessary to obtain the relations (49) and (50) below, which are
essential in order to obtain the energy-stability of the scheme UVe (see Theorem 4.7
below).
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We denote the Lagrange interpolation operator by " : ¢(Q) — Uy, and we
introduce the discrete semi-inner product on C(€2) (which is an inner product in Uj,)
and its induced discrete seminorm (norm in Up):

w1, un)" :=f9n"(u1uz), ly = /<, wy. 47)

Remark 4.3 In Uy, the norms | - |, and || - ||o are equivalent uniformly with respect to
h [4].

We consider also the L2-pr0jecti0n on (-, )", 0" : L%(Q) — U, and the classical
H'-projection R" : H'(Q) — V}, given by
(Q"u,i)" = (u,it), Vit € Uy, (48)
(R"u, 2) + (VR"u, Vi) = (u, 1) + (Vu, Vi), Vi € Up.
Moreover, owing to the right-angled constraint (H) and the choice of P;-continuous
FE for U, following the ideas of [2] (see also [16]), for each ¢ € (0, 1), we can
construct two operators AL : U, — L®(Q)?*? (i = 1,2) such that Alu" are
symmetric matrices and A}:uh is positive definite, for all ul e Uy and a.e. in 2, and
satisfy
(ALuyvnh(FL ")) = vu" inQ, (49)
AZMyvTh(Flwhy) = (p — DV (F.") in Q. (50)
We emphasize that thanks to the choice of {7} },-0 made up of simplices K (triangles
in 2D and tetrahedra in 3D), and the fact that the gradient Qf a [Py-function is constant
over each element of the triangular mesh, the operators A;uh (i =1, 2) are constant
by elements matrices such that (49) and (50) hold in each element K. This condition
is not satisfied when rectangular meshes are considered or Py approximation for k >
2. In the 1-dimensional case, Al are constructed as follows: For all ul € Uy, and
K € Tp, with vertices a{f and af , we set
ul @K)—u" (ak) 1

_ : h oK hioK
Alahg =] B -Fual) ~ Fue) it u®(ag) # u'(ay),
¢ 1 if u’(ak) =u"@k),

(51)
F/ (" (ak))

for some £ € K, and

Fe(u"@f)—F. (" @)

_ R ED) eoh K h(aK
2 hNy . (p I)Fg(uh(af))—Fg(uh(ag)) = I)Fg’(uh(éz)) if u'(ay) # u”(ay),
AWk = Fs/(uh(aé()) e oK oK
P = DEriah, if u"(@f) = u@f),

(52)

for some &1,& € K. Following [2] (see also [16]), these constructions can be
extended to dimensions 2 and 3, and from (51) the following estimate holds:
e PeTE <eTALM) e < e e, VE R, W e Uy (53)

The following result will be useful to prove the well-posedness of the scheme UVe
and we write its proof in the Appendix.
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Lemma 4.4 Let ||-|| denote the spectral norm on R4*?. Then for any given e € (0, 1)
the function Ag Uy — [L®()19%4 satisfies, for all u}l', ué € Uy and K € Tj, with
vertices {alK }7:0’

(A2 () = A2 () ) 11

< 3¢2P~ D max{1, (p — 1)82(1’*2)}1 nllaxd ”u}l‘(alK) - ug(al’())

+u} @) — haf)l |, (54)
where aé( is the right-angled vertex.

Let Aj, : V, — Vj, be the linear operator defined as follows
(A", 8) = (VO VD) + (0", D), Vi e V).
Then, the following estimate holds (see for instance, [18, Theorem 3.2]):
v lyis < ClARV" o, Yo" € Vi (55)
Thus, we consider the following first order in time, nonlinear and coupled scheme:

® Scheme UVe:
Initialization: Let (19, v°)
Time step n: Given (u"~!
solving

= (Q"uo. R"vo) € Uy x Vj.
,vg"l) € Uy x Vp, compute (ul,v?) € U, x Vp

e 7e

{ S, )" 4 (Vul', Vi) = —(A2u?)Vol, Vi), Vi € Uy, 56)
(80, D) + (Apv?, ) = p(p — DT (Fe(u?)), 0), Vo € Vy,

a — an—l
where, in general, we denote §;a" := k

Remark 4.5 (Positivity of v) By using the mass-lumping technique in all terms
of (56), excepting the self-diffusion term (Vv}, Vv), and approximating Vj, by P-
continuous FE, we can prove that if vg_l > 0 then v} > 0. In fact, it follows testing
(56), by v = Hh(vg_) € Vj,, where v_ := min{v}, 0} (see Remark 3.12 in [20]).

4.1.1 Mass-conservation, energy-stability and solvability

Sinceu =1 € U, and v = 1 € Vp, we deduce that the scheme UVe is conservative
in uf, that is,
@) =@ =@ D = =@, D" =0’ 1) = (Q"uo, 1)
= (ug, 1) :=my, (57)

and we have the following behavior for fQ A

8 (/ v?) =pp— 1)/ " (Fe (uf)) —/ Vg (58)
Q Q Q
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Definition 4.6 A numerical scheme with solution (u}, v}) is called energy-stable
with respect to the energy

1
EMu,v) = p(Fe(w), D" + Enwné (59)

if this energy is time decreasing, that is £ (u”, v?) < EF@"~!, v"~") foralln > 1.

Theorem 4.7 (Unconditional stability) The scheme UVe is unconditionally energy
stable with respect to EEh (u,v). In fact, if (uy},v?) is a solution of UVe, then the
following discrete energy law holds

2—

2
+ [IVV g < 0. (60)

Pp

ke k _
SEM @, vty + I8l 13 + S8V I3+ pe> P IVU™ 13 + 1(An — DV I3

Proof Testing (56)1 by u = pl'[h(Fg(uZ)) and (56), by v = (A, — I)v}, adding and
taking into account that Al (u7) are symmetric as well as (49) and (50), the terms

—p(AZ@H Vo, VIT'(F}) = —p(Vol, A2 VI (Fl(u)))
= —p(p — D(Vv!, VI (F: (u})))
and
p(p — DA (Feul), (An — D) = p(p — (VI (F(u})), Vo))
cancel, and using that VIT" (F/(u")) = Al ")~ Vu" we obtain

pu, FL )" + p / (Vu)" Al ™ Vul dx
Q
1 nyp2 k nyp2 ny2
+ 8 (SIVUIE) + 518, Vol I + NAn — Dl

+ [IVur3 = 0. 61)

Moreover, observe that from the Taylor formula we have
1
Fo"™Y) = Fo(u) + FLu™) "' —u™) + 5Fg’(eu’; + 1 =0)u @ —u?,
and therefore,
k
S - Fl(u") = 8,<F5(u;‘)) + EFg’(eu’g + (1= OuHsum? (62

Then, using (62) and taking into account that I1" is linear and F/(s) > &P for all
s € R, we have

Gt FLy= ([ TR+ [ O+ - o Ga?)

2-p

ke
> 8 (R, D) + == — 18l 3. (63)

Thus, from (61), (53), and (63) and Remark 4.3, we arrive at (60). ]
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Corollary 4.8 (Uniform estimates) Assume that (ug, vo) € L*(Q2) x H'(Q). Let
(uy, v}) be a solution of scheme UVe. Then, it holds

g

1 - _
PEWD. D'+ S F+E Y (pe? IV I+ CAs— Dl I + 1V 1)

m=1
< Co, Vn>1, (64)
n+ngo
kY e < Cr(l+kn), V> 1, (65)
m=no+1

where the integer ny > 0 is arbitrary, with the constants Cy, C1 > 0 depending on
the data (2, ug, vo, p), but independent of k, h, n and e.

Proof First, taking into account that (uo, vo) = (Qhuo, R"vg), ug > 0 (and
therefore, u® > 0), as well as the definition of F., we have that

1 1
et = p [ WE@) + IR < € [ (007 4 )+ SIvill;
Q Q

IA

C (113 + 1V0°13 + €) = ¢ (lluolld + Iuol} +C€) < Co.  (66)

where the constant Cp > 0 depends on the data (2, ug, vo, p), but is independent of
k, h, n and ¢. Therefore, from the discrete energy law (60) and estimate (66), we have

n
el v kY (e IV IF + 1AL = DV B+ IV 1) <ER W, 09 = Co.
m=1
(67)
Moreover, from (58), the definition of F,, Remark 4.11 and (67), we have

n n—1
Q Q

where the constant C > 0 is independent of k, &, n and €. Then, applying Lemma 2.2
in (68) (for § = 1 and 8 = C), we arrive at
/ th()
Q

n 0
Q Q

which, together with (67), imply (64). Moreover, adding (60) from m = ng + 1 to
m = n + ng, and using (55) and (64), we deduce (65). O

(1+k)

<kp(p-1 fQ n"(Fe (") <kC,  (68)

<14k +C=1+k™" +C,

Theorem 4.9 (Unconditional existence) There exists at least one solution (ul}, v})
of scheme UVe.

Proof The proof follows by using the Leray-Schauder fixed point theorem. With this
aim, given (ug‘_], vg’_l) € U, x Vj,, we define the operator R : U, x V, — U X Vj,
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by R(it, V) = (u, v), such that (u, v) € Uy, x V, solves the following linear decoupled
problems

1 —\h P | 2T T —
u €Uy st E(u,u) + (Vu, Vi) = %(uE ,u)! — (A;(m)Vv, Vi), Yu € Uy,

1 1 ~ = -
vE Vi st 2, 0)+ (Ap, v) = z(vf_l, 9)+ p(p — DA (Fe (), D), ¥ € Vp.

The hypotheses of the Leray-Schauder fixed point theorem are satisfied as in Theo-
rem 3.13 of [20], but applying in this case Lemma 4.4 in order to prove the continuity
of the operator R. Thus, we conclude that the map R has a fixed point (u, v), that is
R(u, v) = (u, v), which is a solution of the scheme UVe. O

4.1.2 Approximated positivity of u

In this subsection we are going to prove the property of approximated positivity for

" solution of the scheme UV, in the sense that u;_ — 0 as ¢ — 0 in the L3(Q)-
norm, where u}_ := min{u?, 0} < 0. With this aim, we will prove first a preliminary
result.

o~ 2
Lemma 4.10 The function F, := F. + K(p)eP (with K(p) = % )

satisfies
S2

F.(s) > Vs <& and F.(s)>Cs? Vs >e, (69)

420

where the constant C > 0 is independent of ¢.

Proof One has that 1/7\8 € Cz(R) since FgA € CZ/(\R), and therefore, by using the

Taylor formula as well as the definition of F; and F, 5’, we have that, for some s € R

between 0 and s,

~ ~ —~ 1~ 2 —p\2 2

Fu(s) = Fo(0) + FL(0)s + = F/ (s0)s* = (—p) el 4
2 p—1 p—

Iie”_ls + %Fg”(so)sz.

(70)
Then, taking into account that F”(s) = F/'(s) = P2 forall s < &, from (70) we
have that: (a) if s € [0, €], Fs(s) > —8P 252 and (b) if s < O, by using the Young
inequality,

~ _ 2 _ 5
Fe(s) = (2_p) eb — é—l‘sP*ZH - (2_17) &P + lgpfzsz _ 181)72‘?2’
p

—1 p—1 2 4

from which we deduce (69);. Finally, (69), follows directly from the definition of I:";
fors > ¢. O

Remark 4.11 Notice that estimates in (69) imply that |s|? < K| }z(s) + K, for all
s € R, where the constants K, Ko > 0 are independent of €.

@ Springer



Adv Comput Math (2021) 47: 87 Page 21 0f 38 87

Theorem 4.12 (Approximated positivity of ) Let (u}, v}!) be any solution of
scheme UVe. Then, it holds
1 e? n.pP
p—1+(p——1)2+1) and ”u&‘”LI’SK’ Vnzl,
(71)

where the constant Cy is independent of k, h,n, e and p, the constant K (p) was
defined in Lemma 4.10, and the constant K > 0 is independent of k, h, n, and ¢.

max ||TT" (u?_) |13 < Coe®™? (
n>0

Proof Recall that }Z := Fg + K(p)eP. Then one can easily verify that (60) remains
true for Fg (u}}) instead of F(u}) in the term S,Ef (uy, v}). Therefore, arguing as (66)
and (67), one has

N 1 n B
PE @) DIVl I+ kY (e PIVul I + 1 An = DU I + IV 1)

m=1

1
< C<p — ||Mo||€p+K(p)8”+||Vvo||(2)+||(Ah—I)vollo> ,Vn=1. (72)

Moreover, from (69);, we have 4—1181’_2(14?_ x))? < I?g(u:’; (x)) for all u} € Uy; and
therefore, using that (mw)? < " (uz) for all u € C(Q), we have
1

1 _
Ler2 / (I ) < 2P~ / M () < / T EW).  (73)
4 Q 4 Q Q
Thus, from (72) and (73) we obtain that

1
max [T _)||3 < Coe*™P <— + K (p)le? + 1) .
n>0 p— 1

Since |[K (p)| < C/(p— 1), we can conclude (71);. Finally, taking into account that
|TT"u|? < T1"(Ju|P) for all u € C(RQ), as well as Remark 4.11 and (64), we have

gz, = / mhuf| < / " (lu|?) < / " (K\ Fe () + K2) < K,
Q Q Q

arriving at (71),. O]
Remark 4.13 From (71); one has that, in order to guarantee the approximated posi-
tivity property for the scheme UVe, it is necessary to choose € such that £2=7 /(p —
D+ (e/(p—1)%— 0ase — 0.

4.2 Scheme USe

In this section, we are going to construct another energy-stable fully discrete scheme

for (3) considering the auxiliary variable ¢ = Vv an the regularized function
G.(u) = 1/F/(u). We will also use the regularized functions F,, F, and F,
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defined in Section 4.1. Then, another regularized version of problem (3) reads: Find
:Qx[0,T] > Rando, : Q x [0, T] — R?, with u, > 0, such that

due — V- (Ge(ue)V(Fi(u))) = V- (ue0:) =0 inQ, ¢ >0,

90 +rot(rot o) — V(V-0,)+ 0, = puV(Fi(ug)) in2, ¢t >0,

ad 74
MS_O 0.-n=0, [roto, X N4 =0 o0ndR2, >0, 74

ug(x 0) =upg(x) >0, o.(x,0) = Vyg(x), in Q.

This kind of formulation considering ¢ = Vv as auxiliary variable has been used in
the construction of numerical schemes for other chemotaxis models (see for instance
[18, 20, 33]). Once problem (74) is solved, we can recover v, from u, by solving

Ve — Avg + v, =ul inQ, t>0,
0V,
=0 onad2, t >0,

on
ve(x,0) = vp(x) >0 in Q.

Observe that (at least formally) multiplying (74); by st/ (ug), (74)2 by o, integrat-
ing over Q2 and adding both equations, the terms p(u. V (F/(us)), o) cancel, and we
obtain the following energy law

dt (PF (ue) + = |Ge|2>dx +/QPG8(US)|V(F8”(L‘S))|2dx + ”0'8“% =0.

1
In particular, the modified energy & (u, o) = / (ng (u)+ 7 lo |2)dx is decreasing
Q

in time. Then, we consider a fully discrete approximation of the regularized problem
(74) using a FE discretization in space and the backward Euler discretization in time
(considered for simplicity on a uniform partition of [0, 7'] with time step k = T /N :
(t, = nk)Zi(])V ). Concerning the space discretization, we consider the triangulation
as in the scheme UVe, but in this case without imposing the constraint (H) related
with the right-angled simplices. We choose the following continuous FE spaces for
Ug, 0, and vg:

(Up, Zpn, Vi) € HY(Q)xHL (Q)xH'(Q), generated by Py, P, P, withm, r > 1.
Then, we consider the following first order in time, nonlinear and coupled scheme:

®  Scheme USs:
Initialization: Let (1°, 0%) = (Q"uy, Qh(Vvo)) € Uy x Xy. Here, Q" is the
Lz—prOJectlon on Uy, defined in (48), and Qh is the classical L2- -projection on
Xh,
Time step n: Given (ug‘_l,ag_l) € U, x Xy, compute (ul,a?) € U, x Xy,
solving

(8ruy, il + (Ge(u;’)VHh(Fé(ug’)), Vu) = —((uh)+oy, Vu), Yu € Up,
6:0%,0)+ (Bpoll,0) = p((uZ)JrVHh(F;(uZ)), o), Yo € Xy,
(75)

where (u7)4 := max{u?, 0} > 0 and the operator By, is defined as

(Bpot,0) = (rotoy,rota) + (V-02,V-6)+ (0h,0), Yo € Xy
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We recall that TT1" : C(Q) — U, is the Lagrange interpolation operator, and the
discrete semi-inner product (-, ~)h was defined in (47).
Once the scheme USe is solved, given v"~! € V},, we can recover v = v (u?) €
V), solving:
(Brvg, 0) + (Vvg, VO) + (v, 0) = p(p — D(Fe(uy), V), YU € V. (76)
Given u" € Uy and v"~! € Vj,, Lax-Milgram theorem implies that there exists a
unique vy € Vj, solution of (76). Moreover, notice that the result concerning to the

positivity of v solution of scheme UVe established in Remark 4.5 remains true for
v in the scheme USe.

4.2.1 Mass-conservation, energy-stability, solvability and approximated positivity

Observe that the scheme USe is also conservative in u (satisfying (57)), and we have
the following behavior for [o, v}

8 (/ v?) =p(p—1)/ Fs(uﬁ’)—/ Vg -
Q Q Q

Definition 4.14 A numerical scheme with solution (4, %) is called energy-stable
with respect to the energy

1
&, @) = p(Fe@), " + Sl (77)
if this energy is time decreasing, that is £ (u?, ¢") < EF "', o7~ 1) foralln > 1.

Theorem 4.15 (Unconditional stability) The scheme USe is unconditionally energy
stable with respect to Eg' (u, o). In fact, if (u}, o) is a solution of USe, then the
Sfollowing discrete energy law holds

2—pp

k ,
§EM W, o) + 18115 + Enam'gné +p / Ge(u™)| VI (FL(u))|*dx
Q

+ o7 < 0. (78)

Proof Testing (75); by u = pl'[h(Fg/(ug)), (75)2 by 0 = o} and adding, the terms
p((ug’)+V1'Ih(F8/(u£)), o) cancel, and we arrive at

1
PG, L))" + p fQ G @) VIV (F/) Pdx + 8,102 13)

k
+ 5||8,a;'||% + o717 =0,

which, proceeding as in (62) and (63) and using Remark 4.3, implies (78). O]
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Corollary 4.16 (Global energy law) Assume that (ug, vo) € L*(Q2) x H'(RQ). Let
(uy, o) be a solution of scheme USe. Then, it holds

1 n B
P(F @) D' +3 102154+ Y" (e PIVI(FL @I + 02 1}) <Co. v = 1,
m=

(79)
with the constant Cy > 0 depending on the data (2, ug, vo, p), but independent of
k,h,nande.

Proof Proceeding as in (66) (using the fact that w°, 0% = (Qhuo, éh(Vvo))), we
can deduce that

1
p / " (Fe u)) + Euaon%, < Cy, (80)
Q

where the constant Cy > 0 depends on the data (<2, ug, vo, p), but is independent
of k, h, n and ¢. Therefore, from the discrete energy law (78) and estimate (80), we
have

n
ghut, o) +k Y (pe? P IV LG + o1} < €l 0 < Co,

m=1
which implies (79). O]

Remark 4.17 (Approximated positivity of u7) The approximated positivity result
for u!! established in Theorem 4.12 remains true for the scheme USe.

Theorem 4.18 (Unconditional solvability) There exists at least one solution

W}, o) of scheme USe.

Proof The proof follows as in Theorem 4.6 of [20], by using the Leray-Schauder
fixed point theorem. O

5 Numerical simulations
In this section, we will compare the results of several numerical simulations using the
schemes derived through the paper. The spaces for «, o and v have been generated by

Py-continuous FE, and all the simulations have been carried out using FreeFem++
software. We will also compare with the classical Backward Euler scheme for
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problem (3), which is given for the following first order in time, nonlinear and
coupled scheme:

e  Scheme UV:
Initialization: Let (4°, v°) € U, x V}, an approximation of (uq, vg) as h — 0.
Time step n: Given (u"~ ', v"~!) € U, x Vj,, compute (u", v") € U, x Vj, by
solving

Suu, it) + (Vu", Vii) = —(u"Vo", Vii), Vii € Uy,
(6", 0) + (Vu", Vo) + (v, v) = ()P, v), Yv e V.

Remark 5.1 The scheme UV has not been analyzed in the previous sections because
it is not clear how to prove neither its energy-stability nor its approximated positivity.
In fact, observe that the scheme UVe (which is the “closest” approximation to the
scheme UV considered in this paper) differs from the scheme UV in the use of the
regularized function F; and its derivatives (see Fig. 1) and in the approximation of
the cross-diffusion and production terms, («Vv, Vir) and (u?, v) respectively, which
are crucial for the proof of the energy-stability of the scheme UVe, and consequently
for the approximated positivity.

We have used a structured mesh for the simulations of the scheme UVe (then the
right-angled constraint (H) holds), and unstructured meshes for the schemes USe
and UV. The linear iterative methods used to approach the solutions of the nonlinear
schemes UVe, USe and UV are the following Picard methods:

(i) Picard method to approach a solution (u}, vy) of the scheme UVe:
Given (u v ) e Uy, x Vj,, compute (ul“ l“) € U x Vj, solving the
decoupled problems

L+t iyt + (vabt, vy = L=t )" — (A2l VoL, Vi), Vi e Uy,

FOL D)+ (ARl ) =2 2L D)+ p(p— DI Fo(ulth), 9), Vo € Vy,

. o gt —uillo Ivi"! — villo
and choosing the stopping criterion as max Al , o] <
ugllo Uello

tol.
(ii) Picard method to approach a solution (u}, o) of the scheme USe:
Given (u 08) e Uy x Xp, compute (uH'1 l;'l) € Uy x X, solving the
decoupled problems
Lttt it + (Vult!, Vi) — (Vul, Vi)
= 1@ )" — (G, (uE)VHh(F/(ug)) Vii) — ((ul)ol, Vi), Vi e Uy,

FOL,6) + (Byolt!, 6) = (67" &) + p(uft ) VI (FwlT), &),
Yo € Xp,

141 ! 1+1 l
H—ullo ottt - gno} o

lutlo —~ llotlo
Note that a residual term (V(utt! — ul), Vii) is considered. This term is

choosing the stopping criterion max { lue
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required in order to improve the convergence of this iterative method. Indeed,
since the self-diffusion term of the u-equation is rewritten in a nonlinear form,
we have checked that this fact makes the convergence of the corresponding
iterative method worse.
(iii) Picard method to approach a solution (u”, v") of the scheme UV:
Given (u',v') € U, x Vi, compute (u'*!, v!*1) € U, x Vj, solving the
decoupled problems

P @) + (Vu T V) + @V Vi) = ptT @), Vi e Uy,

LML )+ (VL Vo) + 0L 9) = FL 0) + (TP D), Vi e Vi,

41 _ 1 _
—Uu v — v
llo | ||O} -

lulllo = Ilv'llo

and choosing the stopping criterion max { |

tol.

Remark 5.2 In all cases, first we compute ultl solving the u-equation, and then,
inserting ! in the v-equation (resp. o-system), we compute v/*! (resp. a/*1).

5.1 Positivity of u”

In this subsection, the positivity of the variable u” in the three schemes is com-
pared. We recall that for the two schemes studied in this paper, namely schemes UVe
and USe, the positivity of the variable u” is not clear. However, it was proved that
Hh[(ug‘)_] — 0 as ¢ — 0 (see Theorem 4.12 and Remark 4.17). For this reason,
in Figs. 3, 4 and 5 we compare the positivity of the variable u} in the schemes, for
different values of p, | < p < 2, and taking ¢ = 107> and ¢ = 1078, We consider
Q = (0, 2)2, k=103 h = %, the tolerance parameter tol = 10~ and the initial
conditions (see Fig. 2)

uo=—10xy(2 — x)(2 — y)exp(=10(y — 1)?> — 10(x — 1)®) + 10.01,
vo=80xy(2 — x)(2 — y)exp(—=30(y — )* = 30(x — 1)?) 4+ 0.01.

100
8of 1
A -
60t 1
- V0
a0r 1
20t B 1
0 d "" el — L
0 05 1 15 2

Fig.2 Cross section at y = 1 of the initial cell density uo and chemical concentration vg
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x1073 %107
15 = 15 =
x10 5 x10
(1) —e=10 2
-2 1 10H |~ "e=1 0-8
-4 Z 0
-6 =
-8 5 -2
2 3 4 2 4
%1073 . x107
2 3 4 5 0 1 2 3 4 5
Time %107 Time x107
(a) Scheme UVe (b) Scheme USe
x107®
20

Time x1073

(¢) Scheme UV

Fig.3 Behavior of the minimum of ", taking p = 1.1

Note that ug, vg > 0 in 2, min(ug) = ug(1, 1) = 0.01 and max(vg) = vo(1, 1) =
80.01. We obtain that:

(i) All the schemes take negative values for the minimum of u” in different times
t, > 0, for the different values considered for p and ¢. However, in the case
of the schemes UVe and USeg, it is observed that these values are closer to O as
& — 0 (see Figs. 3, 4, and 5).

(i1)) Inthecases p = 1.1y p = 1.5, the scheme USe “preserves” better the pos-
itivity than the other schemes; while for p = 1.9, the scheme UVe evidence
“better” the positivity (see Figs. 3, 4, and 5).

5.2 Energy-stability

In this subsection, we compare numerically the stability of the schemes UVe, USe
and UV with respect to the “exact” energy

1 -1
o) = [ anrdr+ LR vl (81)
QP 2p
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It was proved that the schemes UVe and USe are unconditionally energy-stables with
respect to modified energies defined in terms of the variables of each scheme, and
some energy inequalities are satisfied (see Theorems 4.7 and 4.15). However, it is not
clear how to prove the energy-stability of these schemes with respect to the “exact”
energy &, (u, v) given in (81), which comes from the continuous problem (3) (see (8)
and (9)). Therefore, it is interesting to compare numerically the schemes with respect
to this energy &, (u, v), and to study the behavior of the following “residual” of the
discrete energy law

4(p — 1 1
RE] = 8,€(u", v">+(pp—2) /Q T (P e Al )

We consider Q = (0,2)%,k = 1075, h = 5, p = 1.4, tol = 107* and the initial
conditions (see Fig. 6)

ug = ldcos(2rx)cos 2mwy)+14.0001 and vg = —14cos(2mx)cos(2wy)+14.0001.

-3 -3
15 x10 ‘ ‘ ‘ ‘ x10 ‘ ‘ 10_5‘
15 3
2
1
0 PO
2 4
x10°
2 3 4 5
Time %1073 Time x107
(a) Scheme UVe (b) Scheme USe
-3
20 x10°"
15
510
=
=5
0
5 w w w ‘
0 1 2 3 4 5
Time %107

(c) Scheme UV

Fig.4 Behavior of the minimum of u", taking p = 1.5
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-3 -3
15 % 10° . 3 x10 ‘ 4 ‘
x10° 20 x10
[ - 0 I1=
— 108 21
o _4n8
210 e=10 -4
= 3 354 45
ol \ x1073
2 3 4 5 0 1 2 3 4 5
Time %107 Time %1073
(a) Scheme UVe (b) Scheme USe
20 x103
15
510
£
=
0
-5
0 1 2 3 4 5
Time %1073

(¢) Scheme UV

Fig.5 Behavior of the minimum of ", taking p = 1.9

Then, we obtain that:

(i) All the schemes UVe, USe and UV satisfy the energy decreasing in time
property for the exact energy &, (u, v) (see Fig. 7a), that is,

Eo", v") < E " v v,

Fig.6 Cross section at y = 0 of the initial cell density uo and chemical concentration vg
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2500 .
- E -
oUS - e=10"107 1000 A
2000 ¢ 1 g A
4 R
. -+ UV -e=107,10
> 1500 UVE 1 co O
=} S na w
= S, y o _4n4 -7
w® 1000 T o000 >US_-=10",10
" o104 -7
500 A ~UV_-e=107,10
-2000 UV
0
0 0.002 0.004 0.006 0.008 0.01 0.012 0 0.002 0.004 0.006 0.008 0.01 0.012
Time Time
(a) Behaviour of the exact energy &e(u,v). (b) Behaviour of the discrete residual RE(.

Fig. 7 Energy-stability with respect to the exact energy &, (u, v)

(ii) All the schemes show RE7 > 0 for some #, > 0; being those corresponding
to scheme UV that reach higher values, while the scheme US, evidence the
smallest values. Moreover, it is observed that the scheme UV¢ introduces lower
numerical source than the scheme UV, and lower numerical dissipation than
the scheme USe (see Fig. 7b).

5.3 Experimental convergence rates

In order to show the accuracy of the schemes proposed in this paper, we compare the
schemes UV, US; and UV against an exact solution and on several meshes. With
this aim, in this experiment we consider the exact solution

u=e" (cos(an)cos 2mry) + 2),

v=(1+ sin(t))(cos(an)cos(Zny) + 2).

Note that g—,”l = g—;’l = 0 on 0Q2. Moreover, we use a uniform partition with m 4 1

nodes in each direction. We consider Q = (0, 1)2 and & = 107°.

Numerical results of convergence rates in space are listed in Tables 1, 2, 3, 4, 5, 6,
7,8 and 9 for Ar = 5 x 107> with respect to the final time 7 = 0.1. We denote the
total errors by e/} := u(t,) —u} and e} := v(t,) —v}. For the three schemes UV, US,
and UV, and different values of p, we obtain optimal order of convergence in space,
that is, second-order for e”, ¢ in /°°(L?)-norm and first order in /2(H')-norm.

Table 1 Convergence rates for p = 1.1 in the scheme UV,

mxm legllor2y  Order  lleyllzcmn) Order  [leglljoz2y  Order  lleyllzepn) Order

36 x 36 4.8694e-03 - 1.1647 e-01 - 4.8717e-03 - 1.2842e-01 -

44 x 44 3.2658e-03 1.9907 9.5368e-02 0.9961 3.2717e-03 19841 1.0517e-01 0.9951
52 x 52 2.3386e-03 19989 8.0732e-02 0.9973 2.3483e-03 1.9850 8.9042e-02 0.9966
60 x 60 1.7551e-03 2.0058 6.9988e-02 0.9980 1.7678e-03 1.9842 7.7198e-02 0.9974
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Table 2 Convergence rates for p = 1.5 in the scheme UV,

mXxXm

lley ||loo(L2)

Order

lley ”12([11)

Order  [leflljoo (12

Order

lley ”12([11)

Order

36 x 36
44 x 44
52 x 52
60 x 60

4.9220 e-03
3.3010e-03
2.3638 e-03
1.7740 e-03

1.9907
1.9990
2.0059

1.1647 e-01
9.5368 e-02
8.0732 e-02
6.9988 e-02

- 4.9150 e-03
0.9961  3.3009 e-03
0.9973  2.3693 e-03
0.9980 1.7836 e-03

1.9839
1.9849
1.9842

1.2842 e-01
1.0517 e-01
8.9042 e-02
7.7198 e-02

0.9951
0.9966
0.9974

Table 3 Convergence rates for p = 1.9 in the scheme UV,

mXxXm

lley llz00 2y

Order

lley lizcay

Order ||€:}L||loo(L2)

Order

lley lizcay

Order

36 x 36
44 x 44
52 x 52
60 x 60

4.9552 e-03
3.3232¢e-03
2.3797 e-03
1.7859 e-03

1.9908
1.9991
2.0060

1.1647 e-01
9.5368 e-02
8.0732 e-02
6.9988 e-02

- 4.9785 e-03
0.9962 3.3437 e-03
0.9973  2.4001 e-03
0.9980 1.8069 e-03

1.9836
1.9846
1.9839

1.2842 e-01
1.0517 e-01
8.9042 e-02
7.7198 e-02

0.9951
0.9966
0.9974

Table 4 Convergence rates for p = 1.1 in the scheme US,

mXm

lley llz00 (22

Order

lley li2cay

Order ||e’lf||lo<>(Lz)

Order

lley l2cay

Order

36 x 36
44 x 44
52 x 52
60 x 60

4.1857 e-03
2.8272 e-03
2.0386 e-03
1.5410 e-03

1.9554
1.9578
1.9553

1.1821 e-01
9.6354 e-02
8.1350 e-02
7.0407 e-02

- 4.7592 e-03
1.0191 3.1958 e-03
1.0133  2.2937 e-03
1.0096 1.7267 e-03

1.9847
1.9854
1.9844

1.2842 e-01
1.0517 e-01
8.9043 e-02
7.7199 e-02

0.9951
0.9966
0.9974

Table5 Convergence rates for p = 1.5 in the scheme US,

mXxXm

llew llioo 2y

Order

lley ”12(111)

Order  leglljeo(r2)

Order

lley ”12(Hl)

Order

36 x 36
44 x 44
52 x 52
60 x 60

4.2616 e-03
2.8767 e-03
2.0735 e-03
1.5670 e-03

1.9584
1.9599
1.9570

1.1824 e-01
9.6365 e-02
8.1357 e-02
7.0411 e-02

- 4.7199 e-03
1.0194 3.1691 e-03
1.0134 2.2744 ¢-03
1.0097 1.7121 e-03

1.9850
1.9857
1.9848

1.2842 e-01
1.0517 e-01
8.9043 e-02
7.7199 e-02

0.9951
0.9966
0.9975

Table 6 Convergence rates for p = 1.9 in the scheme US,

mXxXm

Hez ||l°°(L2)

Order

lley ”12(1-11)

Order  [leflljoo (12

Order

lley ”12(1-11)

Order

36 x 36
44 x 44
52 x 52
60 x 60

4.2053 e-03
2.8380e-03
2.0453 e-03
1.5457 e-03

1.9597
1.9607
1.9574

1.1820 e-01
9.6345 e-02
8.1345 e-02
7.0403 e-02

- 4.6755 e-03
1.0189 3.1390 e-03
1.0131 2.2527 e-03
1.0095 1.6957 e-03

1.9854
1.9860
1.9849

1.2842 e-01
1.0517 e-01
8.9043 e-02
7.7199 e-02

0.9951
0.9966
0.9975
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Table 7 Convergence rates for p = 1.1 in the scheme UV

mxm legllor2y  Order  lleyllzcpn) Order  [eglljoz2y  Order  lleyllzepn) Order

36 x 36 5.1255e-03 - 1.1650 e-01 - 4.8769e-03 - 1.2842 e-01 -

44 x 44 3.4248e-03 2.0091 9.5385e-02 0.9967 3.2750e-03 1.9843 1.0517e-01 0.9951
52 x 52 2.4425e-03 2.0236 8.0742e-02 0.9976 2.3505e-03 1.9854 8.9042e-02 0.9966
60 x 60 1.8246e-03 2.0381 6.9994e-02 0.9982 1.7694e-03 1.9848 7.7198e-02 0.9974

Table 8 Convergence rates for p = 1.5 in the scheme UV

mxm  |legllo2y  Order  leyllzeymy Order  [eflljo 2y  Order  leyllzept) Order

36 x 36 5.0897e-03 - 1.1650 e-01 - 4.9202e-03 - 1.2842 e-01 -

44 x 44 3.4011e-03 2.0089 9.5384¢-02 0.9966 3.3041e-03 19843 1.0517e-01 0.9951
52 x 52 24257e-03 2.0232 8.0742e-02 0.9976 2.3714e-03 1.9855 8.9042e-02 0.9966
60 x 60 1.8122e-03 2.0375 6.9994e-02 0.9982 1.7850e-03 1.9850 7.7198e-02 0.9974

Table9 Convergence rates for p = 1.9 in the scheme UV

mXxm leglloz2y  Order  lleyllzcqn) Order  |leyljo(z2y  Order  lleglizeqny Order

36 x 36 5.0376e-03 - 1.1650 e-01 - 4.9868 e-03 - 1.2842e-01 -

44 x 44 3.3664e-03 2.0087 9.5383e-02 0.9966 3.3489e-03 1.9841 1.0517e-01 0.9951
52 x52 24011e-03 20227 8.0741e-02 0.9976 2.4036e-03 1.9853 8.9042e-02 0.9966
60 x 60 1.7941e-03 2.0367 6.9993e-02 0.9982 1.8093e-03 1.9849 7.7198e-02 0.9974

6 Conclusions

In this paper, the existence of global in time weak solutions for the chemorepulsion
with p-power production model (3) and satisfying the energy inequality (8) has been
proved in the 3D case, which are regular and unique in the 2D and 1D cases.

In addition, two new mass-conservative, unconditionally energy-stable and
approximated positive fully discrete FE schemes for model (3), namely UVe and USe
have been developed. From the theoretical point of view, the following statements
have been deduced:

(1) The solvability of both schemes.
(i) The scheme UVe is energy-stable with respect to the modified energy Sf (u, v)
(given in (59)), under the right-angled constraint (H); while the scheme USe
is unconditionally energy-stable with respect to the modified energy 56” (u,0)
(given in (77)), without this restriction (H) on the mesh.
(iii) Itis not clear how to prove the energy-stability of the scheme UV (see Remark
5.1).
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(iv) Inthe schemes UVe and USe there is a control for TT" (u”_) in L2-norm, which
tends to 0 as ¢ — 0. This allows to conclude the non negativity of the solution
u? in the limit as ¢ — 0.

On the other hand, from the numerical simulations, the following deductions can be
made:

(1) The three schemes have decreasing in time energy &, (u, v), independently of
€.

(i1) All the schemes show RE} > 0 for some #, > 0O; reaching highest values the
scheme UV, and the smallest values the scheme USe. Moreover, scheme UVe
introduces lower numerical source than the scheme UV, and lower numerical
dissipation than scheme USe.

(iii) Both schemes UVe and USe satisfying that min u} — Oase — 0.
Qx[0,T]
(iv) All the schemes have optimal order of convergence in space, independent of

the p-values.

Appendix. Proof of Lemma 4.4
The proof follows the ideas of [3, Lemma 2.1], with some modifications. For sim-

plicity in the notation, we will prove (54) in the 1-dimensional case, but this proof
can be extended to dimensions 2 and 3 as in [3, Lemma 2.1]. Observe that, from (52)

(A2t = A28k 1< (A2 — AZ@ D)) k| + (A 5) — AZWh) k|

(-1 ‘ Fl(pi)  Fi¢D
F/'(n12)  F/(&)
Fl(&1))  Fl(u21)
-1 — , 82
+He =D ‘Fé’(&) F/(u22) (82)

where u! , € Py(K) withuf ,(af) = u} @) and u} ,@f) = uf @), p1; (i =1,2)
lie between 1/1’ (aé() and uq’(alK), woi (i =1, 2) lie between u’z’ (a{f) and ug(alK), and
& (i = 1,2) lie between u’ (aX) and u} (af). Then, first we will show that

Feun) — FeGn | _

—1
=D T FrEy|

3627~ max{1, (p— De* PP} u (ag ) —u5 (ag ),

(83)
for ui‘(aé< ) # z,tlzl(aé< ), because the case u'f(a(l)( ) = ug (aé{ ) is trivially true. With this
aim, we consider y; (i = 1, 2) lying between u (aX) and u’ (aX) such that

F.(ut(af)) — F.ul(af))
ul @k —ul@k)

F/(ul(ak)) — F/(u" (ak))

Fl(n) =
g(yl) ulzl(a(l){)—u}ll(a(l)()

and F/'(y2) =

(84)
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and therefore, from the definitions of &;, y; and wy;, i = 1, 2, given after (82) and
(84), we deduce

@k @) —ul @) Fl(y) = @h @) —u" @) FL D+ @5 —ul @F)) FL (1),
(85)

(s (@ )—ulf @) F] (v2) = (u (a ) —ull @{)) F{' (E2)+ (!} (@F)—ulf @)Y F] (u12).

(86)

Then, for ué(ag), u}l‘(ag) and uil’(af(), there are only 3 options: (1) u}f(a{() lies

between u}z’(a(l)( ) and u?(a{f ); (ii) u}z’(a{)( ) lies between ull’ (a{( ) and uq’(a{f ); and (iii)
u (ak) lies between u’ (af) and u’t (ak).

Notice that from (43) and (44), we have that F, and (p — 1)% are globally Lip-

schitz functions with constants £”~2 and 1 respectively, and ﬁ < ¢P72, Then,

in case (i), taking into account that all intermediate values u1;, v;, & (i = 1, 2) lie
between ug (ag ) and u}f (ag ), we have

Fl(p11)  Fl(&) Fl(11) — Fl(u12)
-1 - -1
L F/(u2)  F/(&) = )‘ F/(i12)
Fl(n12)  Fl(&) F/(&1) — F/(&)
+(p—1 - -1 |
e TR A )‘ FI (&)
< (p—DeXP |1y — pol + lpiz — &1+ (p — De2P g — &
< 3max{l, (p — NP~ I u (a5 ) — 5 (ag ). (87)

In case (ii), all intermediate values wy;, v;, & (i = 1, 2) lie between uq’(a{( ) and
u"(aX), and from (85) and (86) by eliminating the term (u" @Ky —u" (@aX)), we have
1\4p 2\ 114
the equality

F.(&)  F.(pn)
wl@f) - u} @) [ e~ e | = Whah)
F/ (&)  F/(n12)

F!(y2) [Fé(ﬁl) _ Fé(yl)}
Fl/(ui2) LF/&)  Fln) ]’

Fl(g) _ Flin)
F/&) — Fl(n)

— ul(af))

from which, bounding the term as in (87), we obtain

Fiu) _ Fl()
F/(n2)  F/(&)
< 27723 max{1, (p — DY)l (ag) — w3 (ag) I} af) — ' ag))].

(p — Dlul @) — ul af))| ‘

and therefore, dividing by |u7(a{( ) — uﬁ‘(aé( ))| we arrive at

Fi(ui)  F{¢D)
Fl(ni2)  F(&)

< 32D max{1, (p — D2 P~ DY ul (aK) —ult (ak)).

(88)

(p—1)
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In case (iii), by arguing analogously to case (ii), from (85) and (86) we have

Fl(§&1)  Fl(n11)
(e} @) = u3(ag)) [F:(é) - F:(l:llz)} = (@)

F/(v2) [Fé(m) B FQ(MM)}
Fl'(&) LF/(y2) F!/(u2)]’

which implies (88). Therefore, we have proved (83). Analogously, we can prove that

Fj¢)  Fl(pan)
Fl(&)  F/(u2)

— ul(af))

< 362" max{1, (p— P2} ull (af ) —u5 @f ).

(89)

(p—1

Thus, from (82), (83) and (89) we conclude (54).
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