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Abstract 
This work provides a characterization of the learning of graph theory through the lens of the van 
Hiele model. For this purpose, we perform a theoretical analysis structured through the processes 
of reasoning that students activate when solving graph theory problems: recognition, use and 
formulation of definitions, classification, and proof. We thus obtain four levels of reasoning: an 
initial level of visual character in which students perceive graphs as a whole; a second level, 
analytical in nature in which students distinguish parts and properties of graphs; a pre-formal level 
in which students can interrelate properties; and a formal level in which graphs are handled as 
abstract mathematical objects. Our results, which are supported by a review of the literature on 
the teaching and learning of graph theory, might be very helpful to design efficient data collection 
instruments for empirical studies aiming to analyze students’ thinking in this field of mathematics. 
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INTRODUCTION 
The community of researchers in mathematics 

education has paid special attention to the teaching and 
learning of discrete mathematics, as shown by the recent 
creation of a specialized group on this subject at the 13th 
International Congress on Mathematical Education 
(Hart & Sandefur, 2018). Discrete mathematics deals 
with the study of structures based on discrete sets (finite 
or numerable sets), such as integers, graphs, or codes 
(Biggs, 2003), which are fundamental in developing 
disciplines such as computer science, operations 
research, or combinatorial optimization (e.g., see 
Beineke & Wilson, 1997). In particular, graphs play a 
significant role in the mathematical training of 
undergraduate students in engineering, economics, and 
of course, in mathematics (González, Muñoz-Escolano, 
& Oller-Marcén, 2019; Kolman, Zach, & Holoubek, 2013; 
Milková, 2009; Vidermanová & Melušová, 2011). This is 
due to their usefulness as tools for modeling real-life 
problems, which gives them high applicability in 
different areas such as transportation networks, 
telecommunications, social networks, scheduling tasks, 
or big data (Derrible & Kennedy, 2011; Hart, 2008). 

Students’ knowledge of graph theory has been 
proven as a powerful tool for understanding other 

disciplines: chemistry (Bruckler & Stilinović, 2008), 
physics (Toscano, Stella, & Milotti, 2015), or computer 
science (Kasyanov, 2001). However, few studies have 
researched students’ reasoning about graph theory, as 
noted by Hazzan and Hadar (2005), and Medová, 
Páleníková, Rybanský, and Naštická (2019), although 
numerous works in multiple fields of mathematics point 
out the importance of studying students’ reasoning to 
design effective tasks sequences or explain the success or 
failure of different teaching strategies (Brito, Almeida, & 
Osório, 2020; Chaphalkar & Wu, 2020; Hokor, 2020; Yao 
& Elia, 2021). These facts demonstrate the need to 
develop theoretical frameworks that support this type of 
research. In response to this need, we proposed the van 
Hiele model as a candidate to characterize the learning 
of graph theory (Gavilán-Izquierdo & González, 2016), 
which was also suggested by Ferrarello and Mammana 
(2018). 

The van Hiele model provides a description of the 
degree of complexity in students’ reasoning concerning 
a certain mathematical concept (Jaime & Gutiérrez, 
1990). In the geometric case, which has been the most 
studied in literature (Aires, Campos, & Poças, 2015; 
Armah & Kissi, 2019; Bleeker, Stols, & Van Putten, 2013; 
Burger & Shaughnessy, 1986; Gutiérrez, 1992; Jaime, 
1993; Mayberry, 1983; Pegg, Gutiérrez, & Huerta, 1998; 
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Usiskin, 1982; Van Hiele, 1986), there exist five levels of 
understanding: 

• Level 1 (recognition). Geometric figures are 
perceived in a purely visual way and as a whole, 
without differentiating their parts or properties. 
In addition, they are described in terms of 
physical attributes or comparisons with everyday 
objects, thus showing a lack of mathematical 
language at this level. 

• Level 2 (analysis). This level is determined by the 
recognition of the parts of the figures and their 
properties (although not the relationships 
between them), which allows a description of the 
figures in mathematical terms. 

• Level 3 (order). Relationships between the 
mathematical properties of the figures can be 
recognized at this level, which reveals a certain 
handling of propositional logic that, although it 
allows students to make logical classifications of 
families of figures, it is still insufficient to write 
formal proofs. 

• Level 4 (deduction). This level is characterized by 
the ability to write formal proofs of mathematical 
statements and the handling of equivalent 
definitions for the same concept. However, the 
reasoning at this level is restricted to Euclidean 
geometry. 

• Level 5 (rigor). This is the maximum degree of 
geometrical reasoning, which allows to establish 
and analyze results in different postulation 
systems, thus extending the theorems learnt in the 
preceding level to non-Euclidean geometries. 

(Note that this is only a general description of the van 
Hiele levels in geometry. Gutiérrez and Jaime (1998) 
provide for the four first levels a more accurate 
characterization based on the degree of skill that must be 
achieved at each level for each of the so-called processes 
of geometric reasoning: recognition, use and formulation 
of definitions, classification, and proof). 

Hence, applying the van Hiele model to graph theory 
is natural if we take into account the similarities between 
graphs and geometric figures (Alsina, 2011). Indeed, 
graphs are usually represented as points on the plane 
joined by lines, thus reminding us of the vertices and 
sides of geometric figures. Also, dealing with both 

mathematical objects requires handling the 
transformations that leave them invariant. In the 
geometric case, only rigid movements (translations, 
rotations, and symmetries) leave geometric figures 
invariant, which are particular cases of the 
transformations that leave graphs invariant, this is, the 
so-called topological transformations (Vergel, Molina, & 
Echeverry, 2005). In fact, children develop topological 
intuitions before geometric relations (Piaget & Inhelder, 
1956), which require paying attention to different aspects 
such as angles or lengths. Hence, it looks reasonable to 
extend the van Hiele model to graphs as they can be 
regarded as a generalization of geometric figures with 
more manageable features. Furthermore, this model has 
been developed in fields that are further from geometry 
than graph theory: local approximation (Llorens-Fuster 
& Pérez-Carreras, 1997), convergence of sequences 
(Navarro & Pérez-Carreras, 2006), functions (Nisawa, 
2018), etc. 

Our aim in this paper is to characterize the student’s 
understanding of graph theory using the van Hiele 
model as theoretical framework. In order to achieve this, 
we extend the specific characterization for the particular 
case of the recognition process (González & Gavilán-
Izquierdo, 2017) to the remaining processes involved in 
the learning of graph theory. For each of these processes, 
we provide a series of descriptors according to their 
development through the four levels of reasoning that 
we propose here. We have skipped the description of a 
fifth level since it is not characteristic of students but of 
professional mathematicians (Díaz-Levicoy, 2010; 
Hoffer, 1988), and so it exceeds the scope of this work. 

LITERATURE REVIEW 
Regarding the learning of graph theory, among the 

few studies that look into the reasoning of students, we 
highlight the work by Hazzan and Hadar (2005), who 
analyze the understanding of university students from 
the perspective of the reduction of the level of 
abstraction. Indeed, these authors observe students’ 
unconscious mechanisms of reducing abstraction 
derived from an excessive emphasis on visualization. 
Another remarkable work of this kind is thanks to 
Medová et al. (2019), who categorize and analyze the 
errors made by university students when dealing with 
classical graph algorithms. 

Contribution to the literature 
• This paper is one of the few studies that have researched the learning of graph theory, thus providing a 

characterization of different levels of understanding in this field of mathematics. 
• The study contributes to the literature on the van Hiele model by providing an extension to the learning 

of graph theory. 
• We have developed a methodology with the aid of the processes of reasoning (recognition, use and 

formulation of definitions, classification, and proof), which have only been applied in the particular case 
of geometry so far. 
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In contrast, there is a wealth of literature on the 
teaching of graph theory. In particular, many research 
papers on this topic are devoted to the design of task 
sequences on graphs for basic education (primary and 
secondary education), such as those of Cartier (2008), 
Gibson (2012), Hart and Martin (2018), Smithers (2005), 
and Wasserman (2017). This type of work usually 
reflects the need to use a non-formal language when 
defining graph concepts in basic education. For instance, 
these concepts are commonly introduced through 
popular games, such as dominoes (Oller-Marcén & 
Muñoz-Escolano, 2006), or real-life problems that can be 
easily modeled, such as map coloring or incompatibility 
situations (Schindler & Joklitschke, 2015). Moreover, 
these works pay special attention to the role of 
visualization because of its fundamental support in the 
beginning of the teaching of graph theory, as we can 
check in older and recent papers. Indeed, Niman (1975) 
points out that visual tasks ease learning, and Schindler 
and Joklitschke (2015) mention that students, when 
solving problems, are less capable of seeing the 
underlying mathematical structure in the absence of 
direct visualization. Likewise, Ferrarello and Mammana 
(2018), inspired by the van Hiele model, present a 
sequence of activities organized by levels, thus starting 
with visualization and description activities until 
reaching those that require more reasoning and logic. 
More generally, the usual pattern of these works is to 
start with concrete examples that students can visualize, 
to later increase the level of abstraction and formality in 
the concepts that are being studied. For example, it is 
common to find teaching sequences for the concept of 
Eulerian graph that begin with specific examples and 
then continue by enhancing the progressive deduction of 
the necessary and sufficient conditions that characterize 
this family (Menéndez, 1998; Oller-Marcén & Muñoz-
Escolano, 2006; Santoso, 2018; Vergel et al., 2005). 

Other works address the teaching of graph theory at 
university level (Chinn, 1993; Milková, 2009; Tabchi, 
2018; Tabchi, Sabra, & Ouvrier-Buffet, 2019), which 
generally involves tasks with greater complexity than in 
basic education. However, Milková (2009) highlights the 
importance of visualization in the teaching of graph 
theory also at tertiary level (even if students must 
achieve a formal understanding of this subject), pointing 
out its relevance to assimilate graph concepts and handle 
algorithms. These studies emphasize practical 
applications of graphs as tools to model real situations, 
for instance, in problems of finding optimal transport 
routes. On a more theoretical level, Tabchi et al. (2019) 
notice the need to connect graph concepts in engineering 
courses. Finally, the work by Chinn (1993) focuses on the 
discovery method and outlines many advantages in its 
use, supporting these findings with empirical research. 

Besides the studies mentioned above, there exists 
another type of work describing teaching resources, such 
as the use of puzzles (Milková, 2014) or computer tools 

that help students deal with graph activities, especially 
visualization and execution of algorithms (Costa, 
D’Ambrosio, & Martello, 2014; Do, Nguyen, & Mai, 2018; 
Geschke, Kortenkamp, Lutz-Westphal, & Materlik, 
2005). Also, there are papers devoted to reflection on the 
teaching of graph theory, thereby giving support to its 
inclusion in different educational programs (Hart, 
Kenney, DeBellis, & Rosenstein, 2008; Rosenstein, 2018). 

Fundamentals of Graph Theory 

We now provide the basic notions of graph theory 
(Biggs, 2003) that we need in order to present our 
learning model. 

A graph is a set of elements that are interrelated by a 
binary relation. More formally, a graph G is defined as a 
pair (V, E) where V is any given set (called vertex set), and 
E (edge set) is a set of unordered pairs of elements of V. 
Graphs can be represented in several ways, but the most 
common is known as pictorial representation, which 
consists of representing vertices as points and joining 
vertices with a (non-necessarily straight) segment 
whenever the corresponding pair of vertices is an edge. 
For instance, a pictorial representation of graph G1 = ({a, 
b, c, d}, {ab, bc, cd, ac, ad}) is depicted in Figure 1(a). There 
exist other representation systems whose use may be 
advantageous depending on the problem to be solved. 
Indeed, graphs can be represented by a symmetric 
matrix whose rows and columns correspond to the 
vertices of the graph, and entries equal to 1 for vertices 
connected by an edge and 0 otherwise (see Figure 1(b)). 
We can also represent graphs as an intersection of objects, 
thus drawing vertices as flat geometric objects and 
assuming that edges are given by pairs of objects that 
intersect (see Figure 1(c)). Finally, graphs can be 
represented as sequences of degrees, given by numerical 
sequences whose elements indicate, for each vertex, the 
number of edges incident to it (see Figure 1(d)). In this 
work, we mainly focus on pictorial representations since 
they are the most used in the literature about graphs. 

The pictorial representation of graph G1 given in 
Figure 1(a) is not unique, as we can see in Figures 2(a) 
and 2(b). Thus, any continuous deformation applied to a 
specific representation of graph G1 will give rise to 
another representation of G1 whenever the original 
connections between vertices are preserved. 
Furthermore, we can observe that graph G2 = ({x, y, z, t}, 
{xy, yz, zt, xz, xt}), depicted in Figure 2(c), provides the 
same combinatorial information as G1: it is a set of four 
elements in which two of them are related to each other 
and the remaining two vertices. Formally, we say that 
there exists an isomorphism between G1 and G2, that is, a 
bijection between their vertex sets that preserves edges, 
for instance: a↔ x, b ↔ y, c ↔ z, d ↔ t. 

Focusing now on the local aspects of graphs, we say 
that two vertices are adjacent if they are connected by an 
edge. Thus, the degree of a vertex is the number of 
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vertices adjacent to it. For instance, in graph G1, vertex a 
has degree 3 and vertex d has degree 2. Also, a graph G’ 
is said to be a subgraph of a graph G (or G’ is contained in 
G) if the vertices and edges of G’ are contained in the 
vertices and edges of G, respectively. (Three different 
subgraphs of graph G1 are shown in Figure 3). 

Note that the examples of graphs presented so far are 
connected, that is, any pair of vertices can be joined by a 
sequence of edges of the graph. An example of a non-
connected graph is G3 = ({a, b, c, d, e}, {ab, ac, bc, de}), 
where, for example, the vertices a and e cannot be joined 
by any sequence of edges of G3. 

These notions enable us to define classic families of 
graphs: complete graphs, which are those graphs with any 
pair of vertices joined by an edge; cycles, which are 
connected graphs having every vertex of degree 2; and 
paths, which are connected graphs with two vertices of 
degree 1 and the rest of the vertices with degree 2. (In 
Figures 4(a), 4(b) and 4(c) a complete graph with 4 
vertices, a cycle with 6 vertices and a path with 5 vertices 
are shown, respectively). 

Another classical family is named trees, which are 
connected graphs that do not contain any cycle (Figure 

5). The following properties are equivalent: (1) G is a tree, 
(2) any two vertices of G are connected by a unique path, 
(3) G is connected, and its number of edges plus one is 
equal to its number of vertices. 

One of the most common problems that teachers use 
to introduce graph theory to their students is the vertex 
coloring problem, probably because of its simple 
approach, which does not require any previous 
mathematical knowledge. Formally, a vertex coloring with 
k colors of a graph G is an assignment of an element of {1, 
2, …, k} (called set of colors) to each vertex of G, in such a 
way that two adjacent vertices have different colors. The 
minimum k so that this is possible is called the chromatic 
number of G. It is easy to check that the chromatic number 
of any path is 2, and the chromatic number of any 
complete graph is equal to its number of vertices. 

Another important problem in graph theory, which 
has been widely studied because of its multiple 
applications, is the study of the Eulerian character. We say 
that a graph is Eulerian if there exists a sequence of 
adjacent vertices that starts and finishes in the same 
vertex, and we can traverse the whole graph by 
following this sequence, going through every edge 

    
            (a)            (b)     (c)           (d) 
Figure 1. Some representations of graph G1 

    
    (a)    (b)               (c) 
Figure 2. Pictorial representations of graph G1 

 
          (a)   (b)             (c)  
Figure 3. Some subgraphs of graph G1 
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exactly once. A well-known characterization of this 
property is that a graph is Eulerian if and only if every 
vertex has an even degree. Hence, complete graphs with 
an odd number of vertices and all cycles are examples of 
Eulerian graphs. 

Finally, we say that a graph is planar if it has a 
pictorial representation without edge crossings. The 
complete graph with 4 vertices is planar because, 
although the representation in Figure 6(a) has an edge 
crossing, there exists a different one with no edge 
crossings, as Figure 6(b) shows. It is well-known that a 
planar graph cannot contain the complete graph with 5 
vertices as a subgraph, and this is a necessary condition 
that could be useful to decide whether a graph is planar 
or not. 

All the properties that we have presented can be 
divided into global and local properties, which will be 
necessary for our study. The chromatic number, 
planarity, Eulerianity, and connectivity are global 
properties, that is, they are associated with the whole 
graph; while the degree is a local property associated 
with each vertex. Observe that some global properties 
are defined in terms of local properties, for instance, 
connectivity, which requires that any pair of vertices of 
the graph be connected by a path. Similarly, Eulerianity 
is defined by means of a global structure (closed vertex 
sequence), and it is also characterized in local terms (an 
even degree of each vertex). 

METHODOLOGY 
We have developed a model for the learning of graph 

theory through a theoretical analysis, which is the 
starting point in the creation process of many 
educational models (Jaime & Gutiérrez, 1990). The need 
for this type of analysis lies in its utility when designing 
data collection instruments for empirical studies. 
Indeed, when theoretical analyses are carried out, 
precisely the number of data collections is minimized, 
which is relevant due to the difficulties encountered by 
educational researchers when trying to access samples of 
a significant number of students. 

Numerous frameworks explicitly include a 
theoretical analysis as an initial step in their research 
cycle, as is the case of the APOS theory (Arnon et al., 
2014), whose theoretical analysis culminates in the so-
called preliminary genetic decomposition. This is a 
hypothetical model of the mental structures and 
mechanisms that a student may need to build a specific 
mathematical concept: numerical sequence (Bajo, 
Gavilán-Izquierdo, & Sánchez-Matamoros, 2019), linear 
transformation (Roa-Fuentes & Oktaç, 2010), derivative 
(Borji, Alamolhodaei, & Radmehr, 2018), vector space 
(Parraguez & Oktaç, 2010), eigenvectors and eigenvalues 
(Salgado & Trigueros, 2015); among others. In these 
works, the authors carry out their theoretical analyses 
based on one or more data sources: researchers’ 
mathematical understanding of the concept, their 
experiences as teachers, prior research on students’ 

    
              (a)    (b)            (c) 
Figure 4. a. Example of complete graph; b. Example of cycle; c. Example of path. 

 
               (a)    (b)             (c) 
Figure 5. Examples of trees 

  
                  (a)     (b)  
Figure 6. A representation of the complete graph with 4 vertices 
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thinking about the concept, historical perspectives on the 
development of the concept, and/or an analysis of text 
or instructional materials related to the concept (Arnon 
et al., 2014). In later phases of the research cycle, this 
theoretical model is experimentally tested and, 
depending on the results obtained, can be refined. 

In the case of the van Hiele theory, it is also frequent 
to first design a characterization of the van Hiele levels 
with the same role as the preliminary genetic 
decompositions in APOS theory. For instance, Llorens-
Fuster and Pérez-Carreras (1997) make an initial 
proposal of van Hiele level descriptors for the concept of 
local approximation mainly based on a review of 
literature. In the same spirit, our work provides an initial 
characterization of the van Hiele levels for graph theory 
that, in order to guarantee its accuracy, is based on the 
following sources: 

1. Prior research on students’ mathematical 
thinking. We set up a characterization of levels of 
reasoning in graph theory with the help of the 
literature review outlined above. Indeed, we have 
adapted the processes of geometric reasoning 
(Gutiérrez & Jaime, 1998) to graph theory 
following an analogical reasoning procedure 
(Pólya, 1954), which is possible because of the 
similarities (Cañadas et al., 2008) between both 
fields of mathematics as we have described above. 
Thus, the descriptors of each process have been 
deduced from specific studies on the teaching and 
learning of graph theory. 

2. Our mathematical understanding of the concept 
of graph as researchers in mathematics and 
didactics of mathematics. This study requires a 
multidisciplinary team able to deal with both 
didactical and mathematical concepts. Indeed, a 
deep knowledge of didactics of mathematics that 
only a researcher in this field can have is necessary 
to develop a learning model. Also, graphs have a 
series of peculiarities that cannot be directly 
deduced from geometry: the distinction between 
global and local properties, translations between 
representation systems, the concept of graph as a 
formal mathematical object, etc. All these aspects 
demand a deep understanding of graph theory 
that only experienced researchers in the field 
could handle. 

3. Our experience as graph theory teachers. Two of 
the authors of this study have experience in 
teaching graph theory to engineering students. 
This has allowed us to design the descriptors of 
the van Hiele levels in graph theory not only from 
our literature review but also considering 
students’ answers that we have observed 
throughout decades of teaching experience. 

RESULTS 
In this section, the four van Hiele levels for the 

learning of graph theory that we propose are provided. 
Each subsection is devoted to describing the evolution of 
each process of reasoning along the levels. We next 
specify, for each process of reasoning, its corresponding 
meaning in the context of the learning of graph theory. 

• Recognition involves the identification of 
particular graphs, subgraphs, families of graphs, 
and both local and global properties, as well as 
the relations between properties and 
representation systems. 

• Use of definitions comprises the handling of 
concepts to solve any task proposed in the 
context of graph theory, which includes the 
understanding of properties, steps of 
algorithms, combinatorial structures associated 
to graphs, etc. 

• Formulation of definitions is the ability to 
describe and/or characterize notions of graph 
theory such as properties, families, etc. 

• Classification is the process of organizing 
graphs into families according to properties, 
which may require some logical skills to 
understand the relationships that can appear 
between graph classes. 

• Proof of statements in graph theory consists of 
proving classical theorems, equivalence of 
definitions, validity of algorithms, among other 
types of results. 

Recognition 

Level 1 students can recognize graphs by the visual 
appearance of the representations they know and 
perceive them as individual entities. Vertices and edges 
are the only elements of graphs that they can recognize 
because of their clear different appearance in any 
representation system. These students can recognize 
different representations for the same graph, even in 
different representation systems (provided that they are 
familiar to them), but only when there is a visual 
resemblance between those representations (see Figures 
7(a), 7(b) and 7(c)). This implies a limitation of the 
variety of known representations that can generate 
difficulties when students try to identify a graph 
represented differently from what they are used to. For 
example, if we show Figure 7 to level 1 students who 
only know about pictorial representations of cycles 
without edge crossings, they most likely only recognize 
the 6-vertex cycle in Figures 7(a) and 7(b). 
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As students are familiar with more representations 
for the same graph, they better perceive that what they 
have in common is the “way” in which their vertices are 
connected (this ability is explicit at the second level when 
they understand that this is precisely what characterizes 
a graph). Thus, level 1 students can identify graph 
families that are easy to characterize from their visual 
aspect, such as cycles and paths, whose tracings remind 
them of the locus of a curve, either closed in the case of 
cycles or open in the case of paths. However, they cannot 
recognize many trees since this family is more difficult 
to be characterized in visual terms because of the 
complexity of its definition. It will be at level 2 when all 
these families are explicitly recognized by their defining 
properties: connectivity, degree of vertices (in the case of 
paths and cycles), and acyclic character (in the case of 
trees). 

Another important feature of students at level 1 is the 
partial recognition of global properties. The term 
“partial” refers to the fact that students, instead of 
assigning these properties to graphs, wrongly associate 
them with particular representations. For example, 
planarity is recognizable at this level, leading to 
“visually detecting” intersections among edges. When 
we ask students if a graph is planar, they first resort to a 
particular representation to make visual verifications, 
and then very diverse situations may arise. In the best 
scenario, the chosen representation will be sufficient to 
correctly determine that the graph is planar, but there are 
also other situations in which students may experience 
difficulties. Indeed, if the selected representation had 
edge crossings, they may not be looking for other 
representations since they usually confuse necessary 
conditions with sufficient conditions, thus deciding that 
the graph is not planar, which is not necessarily true. If 
they had found a representation with edge crossings and 
another without them, they could experience some 
confusion and be unable to decide. 

When students have reached level 2, they can 
recognize local properties and subgraphs, which allows 
them to realize that a graph is exclusively characterized 
by the connections between its vertices, independently 
of its representation. Therefore, they can recognize 
some families of graphs by local properties, such as the 
degrees of the vertices: cycles (every vertex has degree 
2), paths (every vertex has degree 2 except for two 
vertices which have degree 1), and complete graphs 
(every vertex has degree equal to the number of vertices 

of the graph minus 1). They can also identify members 
of these families as subgraphs of other graphs, thus 
being able to analyze other local properties: cycles 
containing each vertex, paths between each pair of 
vertices, vertices of each complete subgraph, etc. This 
helps them identify more complex families, such as trees, 
which are locally characterized by the lack of cycles as 
subgraphs. 

The analytical skills shown at this level allow 
students to identify families of graphs in any known 
representation system, thus translating from any 
system to another even when there are no visual 
similarities between the given representations. 
Nevertheless, they may encounter difficulties when 
understanding the limitations of each representation 
system, which requires a certain use of propositional 
logic that is achieved at the next level. For example, 
graphs represented as intersection of objects can always 
be transformed into a pictorial representation, but not 
vice versa, since this is only possible for the class of 
planar graphs. 

There is a true recognition of global properties at 
level 2 since students no longer associate them with 
concrete representations but with a graph itself. Thus, 
they do not decide on specific representations with edge 
crossings but find a planar representation or argue why 
it does not exist. In addition, the ability to recognize local 
properties allows the student to identify global 
properties. Indeed, connectivity is not only visually 
perceived as “being of a single piece”, as is usual at level 
1, but it is also understood as the property that each pair 
of vertices is connected by some path contained in the 
graph. However, some graph properties cannot be 
directly detected using their definitions when the 
number of vertices or edges is high. In these cases, it 
might be necessary to know relationships with other 
properties, which is difficult for the students at this level. 

At level 3, students can recognize relationships 
between properties, making more efficient the process 
of recognition as they can understand and use simple 
logic rules such as p q or ┐q┐p. This feature is 
essential on many occasions when they strive to solve 
problems about graphs, as we have just discussed. For 
instance, students can decide directly that a graph is not 
planar whenever they find a complete graph on five 
vertices as a subgraph. In the same way, they can 
determine if a graph is Eulerian by checking the parity 

    
                       (a)                 (b)             (c)           (d) 
Figure 7. The 6-vertex cycle 
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of the degrees of its vertices instead of searching for an 
appropriate sequence of edges. With these ideas in hand, 
students can identify properties in large graphs without 
applying their definitions. 

Level 3 students have improved their understanding 
of the relationships between different representation 
systems thanks to the logical skills acquired at this level, 
thus overcoming the limitations they experienced at 
level 2. This shows a progress in the comprehension of 
the concept of graph that allows them to recognize this 
object in problems that have not necessarily been posed 
in a course in graph theory. For example, many 
engineering problems of incompatibilities among 
chemical substances can be solved using graph tools. 
Indeed, when several chemical compounds must be 
transported but some of them cannot share the same 
container, an incompatibility graph can be constructed 
considering the set of compounds as vertices and the 
incompatibilities as edges. Thus, the minimum number 
of containers can be obtained by computing the 
chromatic number of that incompatibility graph. 
However, due to the informal deduction character of this 
level, graphs are not yet perceived with the degree of 
formality of the next level. 

Once students have reached level 4, they recognize 
graphs as formal mathematical objects, which implies a 
necessary extension of the three levels of recognition 
proposed by González and Gavilán-Izquierdo (2017). 
Thus, level 4 students can use graphs to prove results 
with the rigor that characterizes this level. For example, 
there exist multiple proofs of Kuratowski’s theorem, 
whose statement may have been handled previously in 
the study of planarity. These proofs require a sufficiently 
flexible understanding of the concept of graph to handle 
it from a combinatorial, geometric, and topological 
perspective. Furthermore, certain problems in graph 
theory demand a sufficiently abstract perception to 
distinguish different structures that are associated to 
graphs. Indeed, in the context of metric graph theory, 
where a metric is defined in the graph, several sets can 
be constructed by means of some optimization problems 
on distances. Thus, to properly assimilate the differences 
between these sets, they cannot be regarded in specific 
graphs or even in classes of graphs, so they rather need 
to be understood through an abstract graph with generic 
properties, which requires a deep understanding of the 
concept of graph. 

Use of Definitions 

At level 1, students can assimilate definitions that do 
not require any knowledge of graph theory. For 
example, to handle the concept of coloring, it is enough 
to understand the task of assigning a color to each vertex 
of the given representation of a graph so that no edge has 
its vertices of the same color. Thus, level 1 students can 
easily perform the so-called greedy algorithm for 

coloring, which consists of assigning colors to the 
vertices in order: each vertex receives the first color 
which has not been assigned to any of the vertices 
adjacent to it. It is necessary to clarify that, although 
these activities have a local character (i.e., vertex to 
vertex), students do not need to be aware of local 
properties (characteristic of level 2). Indeed, they only 
have to visualize and differentiate the most elementary 
parts of a graph, vertices and edges, which have very 
different appearances in any representation system. 
Likewise, at this level, the definition of a specific graph, 
given by certain relationships among elements, can be 
used to construct a representation of that graph in a 
particular representation system that the student has 
previously known. 

Level 2 students can use definitions with simple 
logical structure, that is, based on known properties of 
graphs, as long as these definitions only require basic 
logical skills such as the handling of conjunctions, 
disjunctions, and negations of logic statements. For 
example, they can use the definition of tree, since it is 
based on recognizable properties at this level: 
connectivity and absence of cycles. However, students 
may find difficult to use concepts such as chromatic 
number, which requires not only finding a suitable 
coloring but also proving that there is no other with 
fewer colors. Addressing this minimization problem 
may require some mastery of logic and relationships 
between properties, skills that are characteristic of the 
next level. 

At level 3, students allow any definition since they 
recognize properties of graphs and know how to relate 
them to each other. They can therefore handle notions 
that previously implied a certain conflict, such as the 
concept of chromatic number. However, they may 
experience difficulties accepting several definitions for 
the same concept, for example, with the different 
characterizations for trees and Eulerian graphs. This 
problem is overcome at level 4 when students accept 
that the same object can have equivalent definitions. 
Thus, they can understand that a family of graphs can be 
characterized in different ways. 

Formulation of Definitions 

Level 1 students provide definitions as visual 
descriptions of graphs, making comparisons with 
objects of a geometric nature or even from everyday life, 
and using non-mathematical language. These students, 
who are strongly conditioned by the particular 
representations they know for each graph, may define 
cycles as “closed chains” or paths as “open sequences”, 
“graphs with starting and final point”, etc. The 
acquisition of level 2 allows formulating definitions as 
lists of mathematical properties, although in many 
cases they might contain redundancies and/or 
deficiencies. A possible definition of the five-vertex path 
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elaborated by students of this level could be: “a graph 
with five vertices, two of degree 1 and three of degree 2, 
and four edges”. Thus, we observe that specifying the 
number of edges is redundant, and also that the 
definition should refer to the connectivity property. 

At level 3, students write definitions as lists of 
necessary and sufficient conditions, striving to avoid 
redundancies and deficiencies. However, difficulties can 
arise when the construction of a definition requires 
formal deductions of several steps. For example, 
students at this level may be unable to elaborate the 
definition of tree as “a connected graph whose number 
of edges is one less than its number of vertices” 
themselves. Indeed, obtaining this definition requires a 
series of logical deductions, which is a feature of level 4. 
At this level, students can deduce any of the equivalent 
definitions for the same concept: tree, Eulerian graph, 
planar graph, etc. Thus, when students know a 
definition of some concept, they are able to formulate 
themselves an equivalent definition. For instance, 
students that have the definition of path as “connected 
graph having all its vertices of degree 2 except for two of 
degree 1” can elaborate an alternative definition such as 
“the resulting graph from removing an edge from a 
cycle”. 

Classification 

Students’ progress through the classification process 
necessarily implies an improvement of their logical skills 
because of the variety of logical relationships that exist 
among graph families. For example, paths are included 
in the family of trees; the latter are disjoint with respect 
to cycles; trees have only two graphs in common with 
complete graphs (the paths on one and two vertices); etc. 

Level 1 students perform partitional classifications 
based on visual recognition. Therefore, given two 
families such that one is included within the other, 
students perceive them as non-intersecting, as in the case 
of paths and trees. Thus, a possible classification made 
by a student at this level is shown in Figure 8, where 
letters P and T are used to label paths and trees 

respectively. Observe that paths have not been doubly 
labelled. In addition, one of the trees has not even been 
labelled. This student may justify the latter by saying 
that this graph “does not look like a path or a tree”, 
reflecting the limitations of the purely visual recognition 
at this level. 

Once students reach level 2, they can perform 
partitional classifications based on the mathematical 
properties of the graphs. Indeed, at this level, they can 
recognize global and local properties and use them to 
distinguish families of graphs, although they still cannot 
provide hierarchical classifications. Therefore, students 
at this level could perform the same classification that 
appears in Figure 8 but justifying their choices using 
properties: connectivity, absence of cycles, and degrees 
of the vertices. Besides, they would have assigned label 
T to the graph that had not been labeled by the level 1 
student, since any tree is recognized at level 2. 

At level 3, students can perform both partitional and 
hierarchical classifications, depending on the definition 
of the graph family that they are using. This is because 
they can already deduce some properties from others 
and therefore establish relationships between graph 
classes: inclusion, exclusion, and intersection. Thus, 
these students could provide the same classification for 
the graphs in Figure 8 as the level 2 students but doubly 
labeling paths with P and T. Furthermore, they could 
justify their choices by saying that “paths are particular 
cases of trees”. At this level, students have completely 
developed the skill of classification in graph theory, and 
therefore this process cannot be used to discriminate 
between students at levels 3 and 4. 

Proof 

Students at levels 1 and 2 check the veracity of a 
statement about graphs in one or more specific 
examples, thus believing that this is enough to prove it. 
For instance, when trying to prove that trees can be 
colored with two colors, they check this property in one 
or more examples. A difference between both levels is 
that level 1 students verify properties in particular 

 
Figure 8. A possible classification made by a level 1 student 
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representations instead of exploring other 
representations that may be necessary to verify those 
properties as level 2 students do. In fact, a level 1 student 
may check a property in two different representations of 
the same graph, thinking that they correspond to 
different graphs. Furthermore, many level 1 students 
use visual arguments such as “this is true because you 
can see it” or “because the shape of the graph looks like 
a circuit”, instead of using examples. In addition to these 
limitations, they do not recognize local properties and 
many global properties, nor do they identify certain 
families that level 2 students do recognize and can use in 
their “proofs”. 

At level 3, students understand that particular 
examples are insufficient to prove a statement. Thus, 
they can produce informal proofs that require few 
logical steps and/or are obtained from the observation 
of examples. For instance, they can justify the statement 
“every tree can be colored with two colors” with some 
general ideas, but they cannot construct a formal proof, 
which requires mathematical induction and, therefore, 
greater knowledge of propositional logic. They can, at 
most, understand the steps of a formal proof once 
presented to them, but they cannot write it themselves. 
Only proofs with few steps could be elaborated by 
students at this level, such as the search for 
counterexamples, although they may need to be told in 
advance that they have to follow this method. 

Finally, level 4 students can elaborate formal proofs 
with several logical steps, which is possible thanks to the 
recognition skills acquired at this level, which gives 
them a deep understanding of the concept of graph as a 
formal mathematical object. Thus, students at this level 
can prove a variety of statements on graphs (classical 
theorems and the validity of algorithms among others) 
by performing techniques widely used in graph theory: 
induction, proof by contradiction, proof by 
contraposition, etc. 

DISCUSSION 
The levels of reasoning that we have proposed for 

graphs follow the same structure as other proposals 
under the optics of the van Hiele model for a variety of 
mathematical concepts: plane geometric figures (Jaime & 
Gutiérrez, 1990), plane isometries (Jaime, 1993), 3-
dimensional figures (Gutiérrez, 1992), local 
approximation (Llorens-Fuster & Pérez-Carreras, 1997), 
convergence of sequences (Navarro & Pérez-Carreras, 
2006) or functions (Nisawa, 2018) among others. Indeed, 
we have first provided a level that is highly conditioned 
by visualization, followed by a second level of analytical 
nature. Our third level, which provides students with 
logical skills, is the necessary previous step to attaining 
the formal level, characterized by the use of graphs as 
abstract mathematical objects and the handling of formal 
proofs. Specifically, many descriptors of the levels of 

reasoning for graphs are analogous to the descriptors for 
geometric figures, provided that they refer to aspects 
that can be translated from geometry to graph theory. 
This is expectable regarding the similarities between 
both mathematical fields: the way to represent both 
mathematical objects and the fact that geometric 
invariants can be seen as particular cases of graph 
representation invariants, as discussed at the beginning 
of this work. However, those particularities of graphs 
that cannot be extrapolated from geometric figures have 
produced new descriptors that appear in our model. We 
next discuss the features of each level of reasoning in 
graph theory that we have presented. (See Table 1 for a 
summary of the main descriptors of each process at each 
level). 

We have first provided a visual type level since it is 
well-known that visualization plays an important role in 
the learning of graph theory as a prior step for the 
acquisition of concepts (Milková, 2009; Schindler & 
Joklitschke, 2015). In fact, Vergel et al. (2005) design tasks 
for graphs including the ideas of Piaget (1972) on the 
way that children construct their first spatial notions, 
which are topological (i.e., they perceive objects globally 
without paying attention to shape, size, angles, etc.). 
Thus, we have assumed that students at the first level 
can manipulate graphs globally through topological 
transformations, prior to the analytical perspective of the 
second level. Also, different authors assuming this idea 
have introduced graphs through visual definitions to 
students with no prior knowledge of graph theory. For 
example, Oller-Marcén and Muñoz-Escolano (2006) 
present graphs as points in the plane joined by lines. 

Although the visual character of the recognition 
process at level 1 highly determines the remaining 
processes, the use of definitions at level 1 has a 
peculiarity for the geometric case that is worth 
mentioning. Indeed, students can deal with graph theory 
notions that, due to their simplicity, do not require any 
prior knowledge. In this sense, different studies show 
that primary and secondary school students can handle 
elementary properties of graphs (such as colorability, 
Eulerian character, or planarity) from their first contact 
with the subject (Cartier, 2008; Niman, 1975; Oller-
Marcén & Muñoz-Escolano, 2006; Santoso, 2018; 
Wasserman, 2017). Specifically, Menéndez (1998) 
provides his students with a visual definition of an 
Eulerian graph such as “graphs that can be drawn 
without lifting the pencil from the paper, without going 
through a line twice and ending at the starting point”. 
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In spite of the relevance of visualization in the 
learning of graph theory, we have highlighted in our 
results that level 1 students are strongly conditioned by 
the concrete representations they know for each graph. 
Using the terminology of Parzysz (1988), we can claim 
that students at level 1 only handle drawings, whereas 
level 2 students can also manage figures. Indeed, this 
author considers, in a geometrical context, the difference 
between a figure as an object characterized by 
mathematical properties, and a drawing as a particular 
plane representation of a figure (see also the papers of 
Laborde and Capponi (1994), and Marrades and 
Gutiérrez (2000)). Hence, these terms can be translated to 
graph theory by identifying graphs with figures and 
particular representations with drawings, thus following 
the spirit of our methodology in this work (i.e., the 
search for analogies between geometric figures and 
graphs). In the same line, Hershkowitz (1989) mentions 
the limitations of a purely visual judgment in the context 
of geometry, shown, for instance, by students highly 
conditioned by prototypical examples that try to 
assimilate a concept. Likewise, Hazzan and Hadar (2005) 
interpret visualization as a mechanism of reduction of 
the level of abstraction in graph theory that restricts 
students to a weak understanding of the concepts. In 
addition to these limitations, the absence of logical skills 
at this level, even for distinguishing necessary 
conditions to sufficient conditions, makes students to 
have difficulties when handling graph properties like 
planarity, which is expectable in the first van Hiele level 

for any mathematical object (Jaime & Gutiérrez, 1998; 
Llorens-Fuster & Pérez-Carreras, 1997; Navarro & Pérez-
Carreras, 2006; Nisawa, 2018). In order to progress in the 
learning of graph theory, students must overcome all 
these difficulties at the next level. 

The achievement of the second level qualifies 
students for a local type of recognition that transcends 
the global perception of the preceding level. This agrees 
with the ideas of different authors claiming that the 
teaching of graph theory should go from the global to the 
local aspects. For instance, Gibson (2012) designs a 
sequence of tasks that initially present graphs as integral 
wholes and sequentially focus on their parts, thus 
making students pay attention to local concepts such as 
subgraphs or minimal paths (see also the work of 
Ferrarello (2017)). Hart and Martin (2018) also 
emphasize students’ ability to detach from the irrelevant 
characteristics of graphs in order to give more 
importance to their combinatorial aspects. Hence, all 
these recognition skills of analytical nature must 
determine the development of the remaining processes, 
which are based on mathematical properties for the first 
time. Specifically, in the process of proof, level 2 students 
can use real examples of graphs instead of particular 
representations. This agrees with the perspective of 
Hazzan and Hadar (2005), whose main objective in the 
learning of graph theory is precisely the attainment of 
independence from the visual component. 

Table 1. Descriptors of each process of reasoning in graph theory at each level 
Van Hiele levels 

 

Processes 
Level 1 Level 2 Level 3 Level 4 

Recognition Visual appearance 
 

Limitation to known 
representations 
 

Partial recognition of 
global properties 

Local and global 
properties and 
subgraphs 
 

Independence of the 
representation 
 

Translation between 
representation systems 
 

Relationships between 
properties  
 

More efficiency 
 

Relationships between 
representation systems 

Formal mathematical 
objects 

Use of definitions Definitions that do not 
require any knowledge 
of graph theory 
 

Definitions with simple 
logical structure 

Any definition Accept equivalent 
definitions 

Formulation of 
definitions 

Visual descriptions 
 

Comparisons with 
everyday objects 
 

Non-mathematical 
Language 
 

List of mathematical 
properties 

Lists of necessary and 
sufficient conditions 

Formulate equivalent 
definitions 

Classification Partitional, based on 
visual recognition  
 

Partitional, based on 
mathematical properties 

Both partitional and hierarchical 

Proof Check in specific 
examples of particular 
representations of 
graphs 
 

Visual arguments 

Check in specific 
examples of graphs 

Informal proofs Formal proofs 
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Level 3 students must overcome the difficulties they 
found at the previous level concerning logical skills since 
they can now understand and use simple logic rules. 
Such difficulties are detected by Cartier (2008) among 
her students when distinguishing between necessary 
and sufficient conditions of Eulerianity. Likewise, Vergel 
et al. (2005) observe difficulties when students strive to 
find a precise criterion of semieulerianity, even if they 
show an analytical understanding of this property. This 
supports our idea that recognizing relationships 
between properties, the key of level 3, is more complex 
than recognizing isolated properties (level 2). In fact, the 
recognition skills of level 2 are integrated at level 3 with 
the help of logic and abstraction. 

Recognizing relations between properties allows 
level 3 students to improve their mastery in other 
abilities like handling graph concepts (use and 
formulation of definitions) more rigorously or providing 
logical classifications. This is due to the fact that they are 
able to understand and use not only simple logic rules 
but any logic relationship: existential and universal 
quantifiers, equivalences, minimums, maximums, etc. 
Their abstraction skills also allow them to realize that 
particular examples are insufficient to prove statements, 
thus giving general arguments instead of describing 
specific examples. Another feasible activity at this level 
consists of developing conjectures employing logical 
arguments without any teacher guidance. Ferrarello and 
Mammana (2018) propose this activity for students with 
certain competence in reasoning (specifically, for high 
school students), in line with our vision of level 3 as an 
intermediate step necessary to understand the formal 
aspects acquired at the next level. 

Level 4 reflects the degree of formality necessary to 
deal with certain problems posed in advanced courses in 
graph theory, such as university-level subjects (Milková, 
2009; Tabchi, 2018). In Spanish universities, graphs are 
mainly taught in degrees in mathematics and 
engineering (González et al., 2019). In the former case, 
mathematics students have to reach the highest degree 
of understanding of the graph concept as an abstract 
mathematical object. This fact leads them to write formal 
proofs, among other essential aspects that occur at level 
4. Concerning engineering degrees, especially in 
computer science, students frequently have to deal with 
algorithms (Do et al., 2018; Medová et al., 2019; Tabchi et 
al., 2019), so they should not be limited to merely 
applying them. Indeed, they should achieve a 
sufficiently deep understanding of graph theory to 
prove the validity of algorithms at a theoretical level for 
future practical implementation. Hence, acquiring all 
these features of level 4 implies a reorganization of the 
previous level’s skills since constructing a proof consists 
precisely of linking different relations among properties, 
which were first identified at level 3. 

CONCLUSION 
In this work, we have characterized levels of 

reasoning in graph theory by extending the van Hiele 
model to this field of mathematics. In order to do this, 
we have implemented a theoretical analysis based on 
three data sources: a review of the literature on the 
teaching and learning of graph theory and the van Hiele 
model, our mathematical understanding of the concept 
of graph as researchers in mathematics and didactics of 
mathematics, and our experience as graph theory 
teachers. We have thus obtained four different levels of 
reasoning of graph theory students whose descriptors 
have been organized utilizing the processes of 
reasoning: recognition, use and formulation of 
definitions, classification, and proof. These levels follow 
the same spirit as levels proposed for other 
particularizations of the van Hiele model: visualization, 
analysis, informal deduction, and formal deduction. 

Our study addresses a research problem that is 
relevant in mathematics education: to extend a 
theoretical framework (the van Hiele model) to learning 
a mathematical object (graph) that had never been 
studied from this approach. The characterization of 
students’ thinking that we have obtained is necessary to 
design data collection instruments for empirical studies. 
Furthermore, we have developed a methodology with 
the aid of the processes of reasoning that can be useful 
for future research that looks for indicators of van Hiele 
levels of reasoning for other mathematical concepts. 

Different lines for future research may be developed 
from our work. On the one hand, it could be interesting 
to address theoretical studies on issues that we have not 
considered in this paper. For instance, the structural 
properties of the van Hiele levels in graph theory should 
be checked, and a comparison with the van Hiele levels 
of geometric thinking, which have guided our results, 
might be accomplished. Also, the reasoning of 
professional mathematicians could be considered in 
order to provide a fifth level of thinking in graph theory, 
thus extending our model for students. Indeed, many 
graph theory problems only arise in a research context, 
for instance when graphs must be regarded as particular 
cases of other combinatorial structures: hypergraphs, 
multigraphs, Euclidean networks, etc. On the other 
hand, it is necessary to launch empirical studies to 
evaluate students’ levels of reasoning in graph theory, 
thus allowing us to refine the theoretical characterization 
that we have presented here. Indeed, our approach can 
serve as a guide for designing efficient assessment 
instruments for each process of reasoning in graph 
theory since we have detailed with examples the 
descriptors of each level. Once we have designed those 
instruments, we can search for samples of students 
having some knowledge on graphs (for instance those of 
mathematics or engineering degrees), and then assess 
their levels of reasoning. Thus, we can compare the 
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experimental results with the theoretical 
characterization of this work, and subsequently 
reconsider (if necessary) some of the descriptors 
provided here. Both lines can contribute to the creation 
of task sequences according to the features of each level 
so that teachers may use them to help their students’ 
progress in the learning of graph theory. 
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