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Abstract 

This work uses the strip yield model implemented in NASGRO software to estimate fatigue life under random loading. Simulated 
results were compared with experimental data previously obtained by the authors using different random loading processes in 
Al2024-T351. Test data under constant amplitude loading from different authors have been considered in order to characterize the
material behaviour and fit the model parameters. The two different strip yield model implemented in NASGRO software were 
considered. The ratio of simulated to experimental fatigue lives was between 0.71 and 1.52 considering all options and between 
0.87 and 1.12 with the best option.  
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1. Introduction 

In many cases of fatigue design of mechanical components, especially those whose design is based on damage 
tolerance, having reliable crack growth prediction tools is vital. During the past 30 years, many different models have 
been proposed to predict the behaviour of cracks under irregular or random loads. An important group are the models 
of plasticity induced crack closure or strip yield models (SYM). Several software programs, such as FASTRAN [1] 
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and NASGRO [2] have been developed to implement these models. One of the most common differences between 
SYM is the use of the constraint factors to take into account the three-dimensional stress states. In general, SYMs 
determine the crack opening stress (and the opening stress intensity factor, Kop) evolution during the crack growth and, 
at the same time, use a crack growth law according to the effective stress intensity factor, Keff=Kmax-Kop. It has been 
found that the constraint factors in the SYM and the fitting procedure of the crack growth law to experimental data 
has a great influence in the predicted results [3-6]. For the same material and stress states, different values and 
evolution of the constraint factors, as well as, different fitting procedure and crack growth laws can be found in the 
literature [3-9]. 

The objective of the present paper is to evaluate the performance of the strip yield models implemented in NASGRO 
to estimate fatigue crack growth under random loading by comparing the simulated results with experimental data 
previously obtained by the authors. The two different SYMs available in the software and two different input crack 
growth data, the NASGRO equation and the discrete form in terms of da/dN vs Keff, have been used.  

The outline of the paper is as follows. Firstly, the experimental data of fatigue crack growth under random and 
constant amplitude loadings are presented. Secondly, some brief comments on the strip yield models implemented in 
NASGRO software are included. Then, the fitting procedures for the input crack growth data are presented. 
Afterwards, the results and the most outstanding aspects are discussed and finally some conclusions are drawn.  

2. Experimental data of fatigue crack growth under random loading 

The experimental results obtained previously by the authors in crack growth tests under random loading conditions 
have been used [4, 10]. The tests were carried out on CT specimens of 2024-T351 aluminium alloy, with W=50 mm 
and B=12 mm. In all tests, cracks were allowed to grow from an initial length a0=15 mm to a final length af=25.3 mm. 
Crack length was monitored using the ACPD method.  

Tests were run by using load histories corresponding to four stationary Gaussian random processes that were 
characterized by different shapes of the power spectral density function [psdf, S( )] of the loads. Table 1 shows the 
values of the parameters defining the four psdfs (designated A, B, C and D), as well as, the irregularity parameter, 

which is a measure of the random process bandwidth. It represents the ratio of the mean of crossing the mean level 
with positive slope to the mean frequency of peaks. Figure 1a shows the shape of the spectral density functions used. 

                                         Table 1. Parameter values for the psdfs of load used. 

Type H1/H2 

A 6.67 5 15 80 130 0.64 

B 2 5 25 30 60 0.70 

C 2 10 20 25 75 0.77 

D - 7 27 - - 0.85 

Two different load levels, represented by the root mean square of the random processes (the area under S( ) curve), 
were chosen. The two load levels (designated L (low) and H (high)) and the four psdfs were used to define seven 
stationary Gaussian random processes with zero mean. Subsequently, a constant load (4850 N) was added to prevent 
compression loads. Twenty different random load histories consisting of 25,000 cycles were generated for each 
random process. Figure 1b and c shows peaks-valleys sequence for process AH and AL. 

Each load history generated was applied to a different specimen and repeated uninterruptedly until reaching the 
final crack length. The crack growth curves (a-N) were obtained throughout the process. Each load history will 
henceforward be designated by the code XY_Z, where X will be A, B, C or D, depending on the bandwidth of the 
random loading process,Y represents the load level (L low or H high) and Z represents the order number of the history 
within the group. Further details of tests and loading histories generation process can be found herein [10, 16]. 
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Fig. 1. (a) Shape of the spectral density functions used; (b) peaks-valleys sequence for process AH; (c) peaks-valleys sequence for process AL 

Table 2 shows the statistical parameter: mean ( ) and standard deviation ( ) of the number of cycles corresponding 
to the growth lives obtained in each test series. 

Table 2. Statistical parameter of the crack growth lives obtained in the test series considered. 

Series  (cycles)  (cycles) Series  (cycles)  (cycles) 

A-H 277,151 13,377 A-L 1,163,986 35,447 

B-H 197,114 7,686 - - - 

C-H 168,287 5,124 C-L 690,667 17,715 

D-H 146,981 5,363 D-L 589,569 24,525 

3. Experimental data of fatigue crack growth under constant amplitude loading 

Also, crack growth tests under constant amplitude loading at four different stress ratios (R=0.1, 0.3, 0.5 and 0.7) were 
carried out with the same material and specimen geometry. All specimen were precracked from an initial crack length 
of 10.6 mm (which is the notch length) to 12 mm. Then a constant amplitud sine load was applied from a0 to af and 
the a-N curves were recorded. All data of this test are presented in table 3.  Three tests were conducted for each R 
value. The fatigue crack growth rates were calculated in accordance with ASTM E647. Figure 2 shows the da/dN vs

K results. 

                                   Table 3. Constant amplitude loading data.  

R max (N) min (N) a0 (mm) af (mm) 

0.1 8.33 0.83 12 30 

0.3 9.33 2.8 12 29 

0.5 14.17 7.083 12 26.7 

0.7 2.083 14.58 12 22.5 

Fig. 2. Crack growth rates against stress intensity factors for constant amplitude tests 
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4. Strip Yield Model (SYM) 

This section describes some details of the SYM implemented in the NASGRO software [2]. SYM is a mechanical 
model based on the assumption that a growing fatigue crack will propagate through the crack tip plastic region, and 
that this plastic deformation left in the wake of the crack will contribute to stress interaction effects such as stress-
level dependence and crack growth rate acceleration and retardation. The concept of stress intensity factor at which 
the crack opens (Kopen) and effective stress intensity factor range (Keff = Kmax-Kopen) are used in the model. The SYM 
in NASGRO calculates a value for Kopen by using a crack-opening model based on the Dugdale strip-yield model [11] 
but modified to leave plastically deformed material in the crack wake. Dugdale's original strip-yield model was defined 
only for thin sheets, i.e., under plane stress conditions. To accommodate a more general state of stress in strip-yield 
models, the local yield stress is elevated by a tensile constraint factor .

NASGRO contains two distinct implementations of the SYM. In the first model (CCL), the tensile constraint factor 
 is constant along the elements of the plastic zone, but its value depends on the state of stress, ranging from plane 

strain to plane stress. This constraint loss is based on the observation that cracks which start initially with a flat face 
eventually grow in a slant face mode. Newman proposed that the transition occurs when the cyclic plastic zone size 
(calculated from Keff) reaches a percentage of the specimen thickness:  

BK
Teff 0    (1)

where  is the proportionality coefficient, 0 is the flow stress (average of yield and ultimate), B is the specimen 
thickness, and ( Keff)T is the effective stress intensity factor at transition. He found that a value of 0.5 for  was suitable 
for a range of materials within a  scatter band for thin sheet. The constraint value does not change abruptly but 
there is a transition region which extension has been estimated conservatively at 1.0 decades of rate. Compressive 
constraint factors both in the plastic zone and in the crack wake are assumed to be unity for all materials. 

In the second model (VCL), the tensile constraint factor  varies along the elements of the plastic zone according 
to a parabolic expression. The constraint decays spatially from its value at the crack tip ( tip) to a plane stress value of 
1.15 at the forward end of the plastic zone. Constraint loss is also built into this option, but in contrast to the model 
above, the plane strain or plane stress tensile value of tip is calculated from the ratio of plastic zone size to specimen 
thickness. This relates the constraint loss to Kmax, whereas the CCL model relates it to Keff. The compressive 
constraint factors in the plastic zone and in the crack wake are spatially constant, and their values are given by tip/ new

and 1/ new, respectively, where the material parameter new characterizes the ratio of tensile tip constraint to 
compressive constraint.

In addition, the crack growth rate calculations in NASGRO can use different crack growth law descriptions, 
equations or tables. In this analysis, two different law descriptions, the NASGRO equation and a discrete form, have 
been used. 

5. Fitting procedure of the NASGRO crack growth rate equation parameters 

The crack growth rate equation used by NASGRO is: 
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where C, n, p and q, are the parameters of the material to be adjusted, R is the load ratio, Keff=Kmax-Kop and Kth are 
the effective and threshold stress intensity factor ranges, respectively, and Kmax, Kop and Kc are the maximum, crack 
opening and critical stress intensity factors, in that order. The function f is f=Kop/Kmax.
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NASGRO includes the software module NASMAT to store and curve-fit the crack growth rate data. This module 
allows to fit the da/dN- K equation to a group of constant amplitude test data. To assess the function f in this fitting 
module, the crack opening function defined by Newman [12] was used. This function depends on the constraint factor, 

, which has been treated here as a constant for the purpose of fitting the crack growth data. 
The present authors [6] made different adjustments with NASMAT by changing the p and q exponents, the R of 

CA test used to fit, and the constraint factor  in order to study the influence of those parameters in the crack growth 
rate law obtained. The main conclusions of that analisys were the following: 

The adjustment of the growth rate equation to the diverse stress ratio test groups (R) results in marked 
variations in the fitted parameters and therefore in the growth prediction. 
The constraint factor used in the adjustment has the largest influence on the fitted parameters obtained and 
therefore in the growth prediction.  
The module NASMAT does not provide any tool to define the best fit.  
It is possible to obtain different sets of parameters (c, n, p and q) which produce similar crack growth rates. 

The fitting efficiency was determined by comparing the estimates with experimental data of crack growth with CH 
process and VCL option. The set of parameters for the NASGRO equation which provided the best fit to random 
loading test was selected (table 4). It was obtained by using a constraint factor  This  value is in concordance 
with the plane strain state that can be assumed for the material and specimen geometry herein. From the total of twenty 
loading histories, the ones with the longest and shortest lives have been chosen for the comparison. These loading 
histories are those that present the highest and lowest retardation effects. In this paper the simulated results with these 
parameters for the seven considered processes and both SYM options in NASGRO (CCL and VCL) are presented in 
the results section.  

                          Table 4. Crack Growth Eqn Constants (S.I. Units: mm, MPa, MPa mm1/2).  

C n p q DK0 Cth+ Cth- Rcl Alpha Smax/SIG0

0.174D-10 2.824 0.5 0.5 124.86 2.5 0.10 0.70 2.00 0.30 

6. Crack growth rate law discrete form 

One of the most problematic or questionable aspects of the previous section is that the available data of constant 
amplitud correspond to a narrow range of crack growth rates or K values. In order to improve this and therefore the 
characterization of the material behavior, other author´s data as well as NASGRO material database has been used to 
generate a da/dn vs Keff curve. 

Figure 3a shows the rate data vs K on the 2024-T351 tests conducted by Donald and James [13] as well as previous 
data obtained by authors, which agree very well with Donald´s data. The shape of these curves also show a nonlinear 

K-rate relationship, this implies that the NASGRO equation can not reproduce this trend. Figure 3a data can be 
converted into da/dn vs Keff curves using Newman´s crack-opening stress equation [12].  Figure 3b shows these data 
obtained by assuming a constraint factor =2 and Smax/ 0=0.1. The NASA Keff-rate curve [14] and the NASGRO 
material database curve for Al-2024-T351 are also shown in figure 3b. It is seen a good correlation for fatigue crack 
growth rate data over a wide range of rates except near the threshold regime. In that regime, the results on the compact 
specimens were determined by using a load-reduction procedure, it has been shown that the load-reduction procedure 
may induce higher thresholds due to higher crack-closure behavior [15]. The NASA curve is drawn to highlight the 
differences found in the literature and it has been used to analize the influence of the threshold in the results. 

A da/dn vs Keff curve baseline relation (table 5) was chosen to fit these data and used as a table-lookup input. This 
baseline curve is over the band of data between 1E-6 mm/cycle and 1E-3 mm/cycle and has the same values as the 
NASGRO database line below 1E-6 mm/cycle (in the threshold regime) and above 1E-3 mm/cycle. A detail of this 
curve together NASGRO database line is showed in the results section. 
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Fig. 3. (a) Crack growth rates against stress intensity factors, (b) crack growth rates against effective stress intensity factors.  

                                                      Table 5. da/dn vs Keff curve baseline relation 

Keff (MPa m1/2) da/dN (mm/cycle) Keff (MPa m1/2) da/dN (mm/cycle)

25.30 1.00E-08 215.00 6.00E-05 
33.20 1.00E-07 557.00 2.10E-03 
64.83 2.00E-06 764.00 1.10E-02 
110.00 8.00E-06 1170.00 1.00E-01 
140.00 1.70E-05 2687.00 1.00E+01 

7. Results and discussion 

The SYMs from NASGRO have been applied to predict fatigue crack growth under constant amplitude and random 
loading. The computation carried out includes both SYM options, CCL and VCL, as well as the two descriptions of 
the crack growth law, the NASGRO equation parameters and the discrete form in terms of da/dN vs Keff. For the 
discrete form two different curves have been used, the NASGRO database table for Al-2024-T351 and the baseline 
previously listed (table 5).  

For the CCL option, a tensile constraint factor  = 2 was chosen, since the material is aluminum and the specimen 
is 12 mm thick, corresponding to plane strain state. This  value is consistent with the corresponding value used in 
the fitting procedure of the NASGRO equation parameters and the procedure used to generate the da/dn vs Keff curve.  
The effective stress intensity factor at transition is ( Keff)T = 710 MPa mm1/2 from equation (1). The extent of the 
transition region has been estimated at one decade of rate, from an initial rate da/dN=0.9E-2 mm/cycle. However, the 
analysis performed showed that the upper ( Keff)T regime is not reached (except in some very high peak of high load 
processes and long cracks) and therefore the model essentially uses a constant constraint factor. 

For the VCL option, NASGRO manual recommend to fit new from comparisons of predictions with selected 
constant-amplitude and spike load sequences. As these test data are not available, comparisons with the loading 
histories that present the highest and lowest retardation effects have been used to fit the new parameter. Different 
values of new varying from 1 to 3 have been considered herein and insignificant differences have been found.  All 
results in this section have been obtained with new=2.

To analyze the influence of near threshold regime data on the simulation results, two different comparisons have 
been made. A comparison of the results obtained using the NASGRO equation parameters for different Kth values 
and a comparison of the results obtained using the NASA and NASGRO database curves, which differ mainly in the 
threshold. This analysis has shown that higher threshold values produce longer lives but maximum differences are 
below 10%. 
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According to commonly applied criteria for the evaluation of predicted results, the ratio of the estimated life 
(NNASGRO) to the experimental fatigue life (NEXP) have been obtained. The results for constant amplitude and random 
loading are summarized in figure 4, for random loading the value corresponds to the average results of the twenty 
loading histories of each process (840 simulations). 

Fig. 4. Ratio of the estimated number of cycles until final crack length to the experimental fatigue life, NNASGRO/NEXP.

Previous results show that for constant amplitude loading the best results correspond to the ones obtained by using 
the crack growth law proposed by the authors in table 5, which improve the results corresponding to the ones obtained 
by using the nasgro database law. The results obtained by using the nasgro equation, with the parameters listed in 
table 4, are not so good for low stress ratio because of the curved shape of the relationship da/dN vs K (see fig. 2). 
Figure 6a show the experimental and simulated a-N curves for two stress ratios.  

Figure 4 shows that both models predict very similar growth lives. For the processes herein, the CCL model uses 
a constant constraint factor  because the constraint-loss regime is never achieved. On the other hand, the calculated 
value of the tensile constraint factor in the VCL model is constant too because the specimen thickness is quite bigger 
than the plastic zone. These results could be substantially different for a smaller thickness specimen 

For random loading, the previous results show good predictions for all processes and options, the ratio NNASGRO/
NEXP is between 0.71 and 1.52; ratios are higher for low load level processes (L) than for high ones (H). The predictions 
tend to be conservative for high load level processes (except AH) and non-conservative for low load level processes. 
In general, the ratios closest to unity correspond with those obtained by using the nasgro equation with the parameters 
of table 4, this is a consequence of the fitting procedure used, described in section 5. It should be considered that the 
fitting of this law was obtained by a trial-error iterative procedure whose efficiency was determined by comparing 
simulated and test results under random processes.  

For the description of the crack growth law in the discrete form, the authors’ baseline ( relationship da/dN vs Keff)
proposed in table 5 improves the results obtained by using the NASGRO database table, except for process AH. The 
best results were obtained for the high load level processes BH, CH and DH. In these processes, more than 90% of 
the load ranges produce stress intensity factor ranges from K=70 MPa mm for the initial crack length to K=420 
MPa mm for the final crack length. Considering this range of K values and transforming them to Keff, from figure 
3b, a range of crack growth rates from 3.0E-5 to 2.0E-4 mm/cycle can be estimated. This may indicate that the crack 
growth rates in that range are well characterized by the da/dn vs Keff relations used. Figure 5a represents the evolution 
of the calculated crack growth rate from test data for the load histories of series CH with the shortest and longest lives, 
CH-09 and CH-11 respectively. These loading histories are those that present the highest and lowest retardation 
effects. Figure 5b compares the evolution of the calculated crack growth rate from the a-N curves obtained 
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experimentaly and with nasgro (model option VCL and the crack growth law listed in table 5), it shows that the model 
follows very well the evolution of the growth rates, and detects the retardation effect of the overloads, although this 
effect is underestimated as the crack grows. Figures 6b and 6c show the a-N curves obtained by test and nasgro (VCL 
and CCL options). The no so good results for low load level processes AL, CL and DL could be because crack growth 
rates are in a lower range. For these processes the 90% of the load ranges produce stress intensity factor range from 

K=30 MPa mm for the initial crack length to K=250 MPa mm for the final crack length. Figure 3a shows that 
this range of K values is well in the zone of Kth, where the uncertainty of the crack growth rate is high. This indicates 
that the crack growth rates in this range are not so well characterized.  

Fig. 5. (a) Evolution of the crack growth rate in test for two different load histories of CH process; (b) ) Evolution of the crack growth rate in test 
and nasgro for load history CH-11; (c) Detail of da/dn vs Keff  curves.  

Fig. 6. Experimental and simulated a-N curves for different process. All curves were obtained by using the crack growth rate law listed in table 5. 

If the NASGRO equation with parameters of table 4 is converted into a da/dn vs Keff curve, it can be drawn on 
the same graph together to the NASGRO database table for Al-2024-T351 and the authors’ baseline (table 5). A detail 
of these curves in the region of interest is showed in Figure 5c, which shows that all curves are very similar in this 
region. This fact justifies the acceptable results obtained using any one of them. 



310   B. Moreno et al.  /  Procedia Engineering   101  ( 2015 )  302 – 311 

Figure 6 shows the experimental and simulated a-N curves for some of the load histories applied. All simulated 
curves there shown have been obtained by using the crack growth rate law listed in table 5. Figures 6a show the 
comparison between the experimental and simulated a-N curves for constant amplitude loadings  Figures 6d to 6f 
show the comparison between the experimental and simulated a-N curves for other three cases here analyzed. A good 
agreement between the computed and measured crack growth rates can be observed. 

8. Conclusions 

The main conclusions of the study to stand out are:  
All models and crack growth rate laws here considered allow to obtain a reasonably agreement (NNASGRO/NEXP

is between 0.71 and 1.52). The results herein obtained for both model options, CCL and VCL, are very similar. 
The best results (with NNASGRO/NEXP between 0.87 and 1.12) correspond with the NASGRO equation option, 
but this is a consequence of the fitting procedure used. 
The law proposed by the authors (table 5) improves the results obtained by using the NASGRO database table. 
The ratio NNASGRO/NEXP is between 0.82 and 1.42 for the proposed law while NNASGRO/NEXP is between 0.71 
and 1.52 for the NASGRO database table. The best predictions were obtained for processes BH, CH and DH 
with a ratio NNASGRO/NEXP between 0.82 and 1.03 by using the data of table 5, while, NNASGRO/NEXP is between 
1.02 and 1.42 for AH, Al, BL and CL processes. 
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