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NONLOCAL AND NONLINEAR EVOLUTION
EQUATIONS IN PERFORATED DOMAINS

MARCONE C. PEREIRA AND SILVIA SASTRE-GOMEZ

ABSTRACT. In this work we analyze the behavior of the solutions to nonlocal evolution
equations of the form w¢(z,t) = [ J(z — y)u(y,t) dy — he(z)u(z, t) + f(z, u(z,t)) with z in a
perturbed domain Q° C Q which is thought as a fixed set €2 from where we remove a subset
A® called the holes. We choose an appropriated families of functions h. € L* in order to
deal with both Neumann and Dirichlet conditions in the holes setting a Dirichlet condition
outside 2. Moreover, we take J as a non-singular kernel and f as a nonlocal nonlinearity.
Under the assumption that the characteristic functions of Q° have a weak limit, we study
the limit of the solutions providing a nonlocal homogenized equation.

1. INTRODUCTION AND MAIN RESULTS

Let Q° C RY be a family of open bounded sets satisfying Q° C Q for some fixed open
bounded domain Q@ C RY and a positive parameter ¢. Denoting y. € L®(R™) by the
characteristic function of QF, we assume that there exists a function X € L>(RY), strictly
positive inside  such that y. — X weakly* in L>°(€2). More precisely, we suppose

(1.1) / Xe(2) o(x) de — / X(x)p(z)dx, ase—0,
Q Q

for all o € L1(2), and there exists a positive constant ¢ > 0 such that

(1.2) X(@)>ec>0 forallze.

Notice that we also have X(z) < 1 in Q with X(z) = 0 in RV \ Q since the family of
characteristic functions y. satisfy the same conditions for all € > 0.

Here, we see the family of open sets Q¢ as a family of perforated domains where the set
AT =0\ O°

can be thought as the holes inside ). Our main goal is to analyze the asymptotic behavior
of the solutions of a semilinear nonlocal evolution problem with nonlocal reaction and non-
singular kernel in perforated domains as ¢ — 0.

We consider problems of the form
wlat) = [ Iyl t)dy — bela) ulet) + £z o, 0),
RN\AE

u(z,0) = ug(z),

(1.3)
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for z € Q° and t in bounded intervals taking nonlinearities f : Q° x L'(€°) + R which are
nonlocal reaction terms defined by

f(z,u) = (g omae)(z,u)

under the following conditions:

(Hg) We assume g : R — R is a smooth function, globally Lipschitz, and
mq: : QF x LY(QF) —» R

is given by
1
e = d
mae (2, ) |Bs(z) N Q| JBy(a)n0s uly) dy

where Bj(x) is the ball of radius 6 > 0 centered at x € Q°.

Here, and along the whole paper, the function J is a smooth non-singular kernel satisfying
J € C(RY,R) is non-negative with J(0) > 0, J(—z) = J(z) for every z € RY and
(Hy)

J(x)dr = 1.
RN

We consider both Dirichlet and Neumann nonlocal problems. For the Dirichlet case we
impose h.(z) = 1 with u vanishing in R \ Q° while in the Neumann case we consider

he(z) = /R RIS

only assuming that u vanishes in RY \ Q. Note that for the former we have considered
nonlocal Neumann boundary conditions in the holes A° and a Dirichlet boundary condition
in the exterior of the set €.

It is not difficult to see that there are positive constants £y and C such that

(1.4) |Bs(x) N Q| = / Ye(y)dy > Co
Bs(z)NQe

forall z € Q and 0 < € < gg. In particular, we have fB(;(x) X(y)dy > C for all x € Q. Indeed,
inequality (1.4) follows from (1.1 and (T.2)) since Q@ € RY is a bounded open set.

See also that the map mqe transforms (x,u) into maqes(z,u), the average of function u in
a set given by the intersection between the ball Bs(x) with the perforated domain ° setting
the nonlocal nonlinear effect in our model.

According to [I8], equation can be seen as a continuous model for a single species
in a finite N-dimensional habitat where the density of the population at position x and
time ¢ is given by a function w(z,t). Hostile surroundings are modeled by the Dirichlet
conditions whereas the Neumann condition is the standard approach to modeling species in
geographically isolated regions. The nonlocal effect under reaction terms is discussed for
instance in [I3]. It is used to model situations where the total biomass plays a role and the
model incorporates group defense or visual communications. See also [9, [14] 20].

In fact, there exists a big interest in the study of nonlocal diffusion equations to model
different problems from different areas. We still mention [1l 2] 10, 12} 2], 22] and references
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therein where population dynamical processes and chemical reaction-diffusion models are
treated. In [I5], an economic model to fluctuation of stock market is presented.

The paper is organized as follows: in Section [2, we introduce the main results of the paper
discussing the classic situation known as periodic perforated domains. In Section [3] we study
existence and uniqueness of the solutions to obtaining uniform estimates on parameters
¢ and § > 0. The proofs of our main results Theorem and Theorem are given in
Section [4]

In Section |5 we discuss the asymptotic behavior of the limit equations, when parameter
& goes to zero obtaining a nonlocal problem with local nonlinearity. In this way, we give
a scenario taking first € — 0, and next § — 0. In a forthcoming paper, we will study the
reversed limit. As noticed in [25, 27], a double limit commuting it is not expected.

Finally, we emphasize that the results obtained here are also in agreement with the previous
works [26, 27, 28] where nonlocal linear equations have been considered. Therefore, this work
is a natural continuation for nonlocal and nonlinear equations in perforated domains.

2. MAIN RESULTS

We have the following result for the Dirichlet problem:
Theorem 2.1. Let {uf}.~¢ be the family of solutions given by problem under conditions
uf(z,t) =0 for allz € RV \ QF and t > 0
u(x,0) = ug(z) in L*(Q)
and

he(z) =1 in RY.

(2.5)

Then, there exists u* : R x RY = R with u*(z,t) = 0 in RV\ Q and v* € C*([a,b], L2(RY))
for any closed interval [a,b] C R, such that, as e — 0,

uf — u* weakly® in L ([a,b]; L*(Q)).
Furthermore, we have that limit function u* satisfies the following nonlocal equation in )

wlet) = X [ Iw=9) (ot) —ule.)dy
+X(x) fa(z,u(z,t)) + (X(x) — 1) u(z,t)
with
u(z,t)=0 inzcRV\Qandt >0
u(z,0) = X(x) uo(x)

where

(2.8) fa(x,u) = (g omy)(z,u)
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and
1

(2.9) my(x,u) = W /Bé(m) u(y) dy.

Concerning to Neumann conditions on the holes A we have:
Theorem 2.2. Let {uf}.s0 be the family of solutions given by with
i (z,t) =0  forallz e RN\ Q and t >0
uf (x,0) = up(x) in L*(Q)
(2.10) and

he(x):/RN\AE Jx—y)dy forxzecRY,

Then, there exists u* : R x RN = R with u*(z,t) = 0 in RN\ Q and u* € C*([a, b], L*(RY))
for any closed interval [a,b] C R, such that, as e — 0,

@ — u* weakly® in L>®([a,b]; L*(Q))
where * denotes the extension by zero of functions defined on subsets of RY.

Furthermore, we have the limit function u* satisfies the following nonlocal equation in €2

wlet) = X@) [ I =) (uyot) = u(e.0) dy

+X(x) fX(.%', u(x, t)) - A(x> u(xv t)

(2.11)

with
uw(z,t) =0 forz e R\ Qandt>0
u(0,2) = X(z) uo(x)

where the coefficient A € L™(RN) is given by
Ma) = [ =) (1= xalo) + X)) dy = X
and fx = gomy with my defined by (2.9).

We point out the dependence of both limit equations on the term X. They establish the
effect of the holes in the original equation . Indeed, a kind of friction or drag coefficient
is obtained, as well as, a new reaction nonlinearity, both caused by the perforations. Also, if
we rewrite the more involved term A appearing in Theorem as

A = [ e [ I p (R - ¥@)d, zeo

we see that the kernel J explicitly affects the limit equation for the Neumann problem. As
we can see, such dependence on the kernel J does not occur in the Dirichlet problem where
the coefficient only depends on the perturbations via X.
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Concerning to the extreme case X' (z) = 1 in {2, we can argue as in [28 Corollary 3.1] to see
that, if X(x) =1 in €, then the limit equation for both conditions is the nonlocal Dirichlet
problem in 2, namely

wlte) = [ I = y)ult) = ulta)dy + flo.utat)
u(0, ) = uo(),

re, teR,

with u(t,z) =0 in z € RV \ Q and f: Q x L (RV) — R defined by
f(x,u) = (g 0 mp;) (@, u)
where mp, is the average of u on the ball Bjs(z)
1
(2.12) mp, (T, u) = —=——— u(y) dy.
’ |Bs(2)| J By (a)

Hence, we can say that small holes do not make any effect on the limit process.

Finally, we notice the degenerated case X'(x) = 0 in RY is not considered here, since we
work under condition (|1.2). It is a subject of a forthcoming paper.

See that the solutions of the limit problems given by Theorems [2.1] and 2.2] depend on the
parameter § > 0 which sets the average function my defined at . Here, we also analyse
the asymptotic behavior of these equations as § — 0 under the additional conditions J, X
and ug of class C! and g of class C2. It is necessary to guarantee strong convergence in L%(Q)
since we do not have regularizing effect for these nonlocal equations.

Theorem 2.3. Let {u’}s-q be the family of solutions given by

i) = X(@) [ =)0 0)dy — hola) ') + X(z) el o 0)

(2.13) Wz, t)=0 forz e RN\ Q
u&

(0,z) = X(z) uo(x)
under conditions J, X and ug of class C', g of class C?,
W (z,t) =0  forallz e RN\ Q andt >0
u (x,0) = X(z)uo(z) in L*(Q)
with
(2.14) ho(z) =1 in RN for the Dirichlet problem

and

ho(x) = /]RN J(x—y)(1 —xaly) +X(y))dy for the Neumann problem.

Then, there exists 4 : R x RN s R with a(x,t) = 0 in RN \ Q and @ € C'([a, b], L>(RY))
for any closed interval [a,b] C R, such that,

u’ — @ weakly* in L% ([a,b]; L*(Q)) as § — 0.
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Furthermore, we have the limit function u satisfies the following nonlocal equation in )
1
ut(xvt) = X(ZL') / J<m - y)u(y7 t)dy - ho(lll')u($, t) + X(x) g (X—u(xa t))
RN (2)
with u(z,t) =0 in x € RV \ Q and u(z,0) = X (x) up(x).

As expected, a local reaction term is obtained at the limit. The effect of the perforations
can be seen, and a nontrivial term is captured. As in the previous results, under small
perforations, that is, assuming X' (z) = 1 in €, a nonlocal Dirichlet equations in {2 is obtained
for both Dirichlet and Neumann problems with a local reaction just set by function g. Under
this additional condition Theorem [2.3] implies the following limit equation

wltir) = [ I = p)lalt.s) ~ult.o)dy -+ glule.0),
u(0,z) = up(z),

€ teR,
with u(t,z) =0 in 2 € RV \ Q.

Purely periodic perforations. The study of solutions in periodic perforated domains has
attracted much interest. For local operators, from pioneering works to recent ones, we may
mention [3, 4 5l 6 [7, 16, 23], 29 B2] and references therein that are concerned with elliptic
and parabolic equations, nonlinear operators, as well as Stokes and Navier-Stokes equations
from fluid mechanics. For instance, in the classical paper [8], the authors analyze the Dirichlet
problem for the Laplacian in a bounded domain from where a big number of periodic small
balls are removed. They consider

QE =0 \ UiBTE (LL'Z)

where By:(z;) is a ball centered in x; € Q of the form z; € 2e7ZN with radius 0 < 7€ < e < 1.
Figure [1| bellow ilustrates a periodic perforated domain €2°.

FIGURE 1. A periodic perforated domain Q° = (0,1)% \ UB,=(z;).

In this periodic case, it is known, see for instance [27), Section 4], that

Xe ~X=[Q\B|/|Q ase—0
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where here, () denotes the unit cube and B is a ball inside the cube. See that X is a positive
constant. Thus, due to Theorems and [2.2) we have that the homogenized equations
associated to ([1.3]) under Dirichlet and Neumann conditions are respectively:

pur(z,t) = /RN J(x —y) (uy,t) —u(z,t) dy + (1 — p)u(x,t) + g (pmp,(z,u(-,1)))
and

plet) = [ I =) (uly.t) — (e 1) dy

—/ J(x —y)dy+ g (pmp,(x,u(-,1)))
RN\Q

for x € Q, t € R with u(x,t) =0 in RY \ Q where
p=x"1=1Ql/IQ\ B

is a strictly positive constant larger than one since |B| > 0 and mp, is the average (2.12)).

Notice that even in this classic and standard situation, the nonlinear term of is
perturbed in a non trivial way. Indeed, we have fx(-,u) = g(pmp;(-,u)). It is due to the
fact that the integral operators considered here do not regularize, and hence solutions u® with
initial conditions in L? are expected to be bounded in L? but nothing better.

We can still assume appropriated conditions on J, X and ug to use Theorem [2.3| and pass
to the limit in the previous equations as 6 — 0 obtaining a local reaction term, also depending
on p and given by

g(pu(-;1)).

3. EXISTENCE AND UNIFORM BOUNDEDNESS

In this section, we mainly prove existence and uniqueness of the solutions to problem (1.3
giving uniform bounds with respect to parameters € and 6 > 0. We also introduce a technical
result concerning to the convergence of integral expressions under sequence of functions.

Let us consider here B = RV \ A¢ and u(z) = 0 in z € RY \ Q for the Neumann problem
and B = RN and u(z) = 0 in # € RV \ Q¢ for the Dirichlet problem. Since we are assuming
J € C(RV,R), we have that the operator

(3.16) Ku(z) = /B Iz — y)uly)dy.
satisfies K : L?(Q2) — L?(Q). On the other hand, it follows from (1.4)) that
1
€ —
T = B e

is uniformly bounded in e. Indeed, a® € L*°(2) and satisfies

1
(3.17) 0<a(z) < o VzeQ and € € (0,¢p).
0
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We are first interested in the Nemitcky operator associated to f, given by

F:L*(Q°) —» L*(QF) with F(u)(z) = f(z,u) = g(mg-(z,u)).

To study the properties of F', we first see Mu(x) = mgqes(z,u). In the following lemma we
state that the Nemitcky operator M associated to mgqes is continuous, globally Lipschitz and
compact. For a proof, see [19].

Lemma 3.1. Let (2, u,d) be a metric measure space with u(§2) < oo, and set the operator
M) =acle) [ uly)dy.
Bs(z)NQE

Since the function a. € L*(S) satisfies (3.17), we have that M € L(L'(2), L>=(Q)) with
M : L2(2) — L?(Q) being a compact operator.

Remark 3.1. In particular, if the nonlinear function g : R — R is globally Lipschitz, then
the Nemitcky operator associated to g and set by G : L*(Q) — L%(Q) is also globally Lipschitz.
Hence, since M is a bounded operator by Lemma we get F = Go M : L*(Q2) — L*(Q)
globally Lipschitz. Then, there exists a constant C' > 0, independent of € > 0 such that

1F(u) = F(0)]l2() < Cllu = vllr2(0)-

In the following Proposition, we prove the existence and uniqueness of the solutions to ([1.3)
and we give a uniform bound of u® with respect to € > 0.

Proposition 3.1. The problem (1.3)), under the assumptions
u(z,t) =0 forallz RN\ Q andt >0 and

he(x) :/RN\AE Jx—y)dy forxzecRY,

for the Neumann problem, or
w(z,t) =0 forallz e RN\ QF andt >0 and
he(z) =1 in RY,
for the Dirichlet problem, has a unique global solution u® : Q x R — R with
u® € CY([a, b], L*(9))
for every ug € L2(Q) and any bounded interval [a,b] C R, with

t
(3.18) u (-, t) = e he@iyy 4 / e he@=) Ky + F(u®)](-,s)ds Vt €R.
0

Moreover, there exists constants o and D, with D > 0, independent of € and t, such that
(3.19) [0 (- )| L2 ey < € [[luoll L2y + Dt] -

Proof. The existence and uniqueness result is proved using a fixed point argument with the
variations of constants formula on the right of in C([-T,T],L*()) for some T > 0
independent of the initial data, and with a prolongation argument. Considering the formula
on the right of as an operator defined from L!([-T,T], L*(Q)) into C([-T, T}, L?(2)),
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we have the uniqueness in both spaces and applying Theorem in [24, p. 109] we obtain that
u is a strong solution of (1.3)) in C'([-T,T], L*(Q2)).

To prove the uniform bound, we consider B = R™ \ A® for the Neumann problem and
B = RY for the Dirichlet problem.
d 1 d1
p §||u€(-,t)|]%2(95) = dtQ/B(UE(fU’f))QW:/Bue(flfat)ui(%t)df
= [ w0 [ - 0 dy - o) (o) + floaf(e.0) ao
B B

1 e e € €
=5 [ ] I =00 - @oPdyde+ [ @@ n) s

B
Considering

3 ) T@= s — v dydo
A = inf

ueW e 2
/B (wf (@, 1)) da

where W = {u € L*(RV\ A%) : u(z) = 0¥z € RN \ Q} for the Neumann problem, and
W = {u € L*(RY) : u(x) = 0¥z € RN \ Q¢} for the Dirichlet problem. Thanks to Young’s
inequality and Remark since g is globally Lipschitz, we have that

d1l _
Sl DBy < (2= X) /B (u (1)) d + 02| (o () B )

< (17 = X + 17 20)[uf (-, 1) [ 2(0ey + 1€2]9(0)]

for any n > 0. Therefore integrating in [0, t], we conclude

2__ )¢ —2
[ (- )l 2@y < €27 T ug| 2 () + 12]]9(0) 2]
finishing the proof. O
Remark 3.2. The term \] is the first eigenvalue of

/B J(& — y)us (y)dy — he(x) u(z) — Xl (z) = 0.

From [27], we know that the family A5 is lower bounded for both the Dirichlet and Neumann
problems. For the Neumann problem, it is obtained under the additional condition:

There exists finite family of sets By, By, ..., B, C RV \ A¢
such that By = RV \ Q,
g 1
N\ ge , C— i _
R™\ A C.L%BZ and o 43@113%/1%1{](@“ y)dy > 0.
i _

Now let us study the uniform boundness with respect to § of the solutions of the limit
problems introduced by Theorems and

Proposition 3.2. Let K € L(L*(Q), L*(Q)) as in , g : R — R globally Lipchitz and
consider the map Fx : L?(Q) — L?(Q) set by Fy(u)(z) = fx(z,u(x,t)) = g(mx(z,u)) where
the functions fx and my are given by (2.8) and (2.9)).
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Then Fx is globally Lipschitz, and the problem (2.13) has a unique global solution u®
QxR — R with

u’ € C([a,b], L*(Q))

for every ug € L*(Q2), and any bounded interval [a,b] C R, with
t
W (z,t) = e M@ X (2) ug(x) +/ e ho@=9) () fy(ax,ud(z, 5)) ds
0

t
s [ 1) [ e = )ity dyds

0 RN

(3.20)

Moreover, there exist constants « and D, with D > 0, independent of § and t, such that
6
(3.21) [0 (- )l 20 < € [lluoll L2y + Dt] -
Proof. Analogously to Proposition one can prove existence and uniqueness by fixed point

arguments with variations of constants formula on the right of (3.20]) in C([—T,T], L?(f2)) for
any 1" > 0 with a prolongation argument.

To prove the boundness, we consider the problem re-scaling ¢ with ¢ = X ~!(z) 7 and setting
wo (2, 7) = ul(z, X(2) 7).

We have that w® satisfies the equation

_ ho(x)
wh (@, 1) = /RN Iz — ) wd(y, 1)d )g(x) W (2, 0) + Loz, wd(x,t)) x€Q

w(z,t) =0 xeRV\Q

with fj‘?(()) € L>(Q). Let us prove the uniform bound for w?.

d1l

- [w . [ / e = ) .00y = S5 o)+ felo )| o

:—// xT—y (y,t)—w’ (x,t))? dy da

[0 () ( Fro (e, w (2, 8) + ﬁ(x)—’;g(z) wd(z,t) ) da
Q (x)

where h(-) = [, J(- — y)dy € L=(Q). Take

z—y)(w(y,t) —w(z,t)*dyde
. " 2hh / (w(z,0) da
Q
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where W = {w € L*(Q) : w(z) = 0Vx € RV \ Q}. Thanks to Young’s inequality and since g
is globally Lipschitz, we have that

d1
dtQHw )”%2(9)

< (P-\) / (w (. 1))+ 2

Q
< (2 = M+ 1720wl () B2y + 1219(0)]

Therefore integrating in [0, ¢], we conclude

2

L2(Q)

2 64, —2
[0’ (-, )| 2 (qey < 2T MO | X || 12y + [2]g(0)]¢]
finishing the proof. O
Remark 3.3. The term Ay introduced in (3.22) is known as the first eigenvalue of

/Q (= y)(uly) — ul=)) dy — Mu(z) = 0.
See [2] for more details.

Remark 3.4. Notice that the results of existence and uniqueness stated in Propositions
and[3.9 are also valid for the problem

wi(z,t) = /RN J(x—y)(w(y,t) —w(z,t)dy — ho(x)w(z,t) + fr(z,w(z,t)) =€

w(x,t)=0 zeRY\Q
for any hg € L*>(Q) and fx given as in Theorems and .

(3.23)

Corollary 3.1. Let us assume under hypotheses of Proposition[3.9 the addztzonal conditions:
J, X and uo of class C' and g of class C* in RN. Then the family of solutions u’(-,t) of the

problem ([2.13) given by (3.20) belongs to L*([a,b], H'(2)) and satisfies
(3.24) [0 ()| ) < Ce™ fluoll gy VE € [a,b],
for constants o and D, with D > 0, independent of § and t.

Proof. First we notice that under the additional conditions the function u®(-,t) defined by
(3-20) belongs to H'(€2). In fact, since J is a function of class C', we have that hy is also C1.
Consequently, we get e =0 X ug and fg e x [y J(-—y) u‘s(y, s)dyds in H(Q) for all
t since X and ug are also of class C'. It remains to show that

t
Bilo) = [ MO X) frlo(w5) s,z e
0
belongs to H() to conclude that u°(-,t) € H'(Q) for all t € R. Indeed, we have that ®; €
H'(Q) if and only if fx(-,u®(-,t)) € HY(Q), which is in H'(Q) if and only if, mx (-, u’(-,t)) €

H'(Q) since g is a Lipschitz function. Then, let us see that my(-,u’(-,t)) € H'(Q). But, we
notice that, this is a direct consequence from [31], Lebesgue-Radon-Nikodym Theorem]. Since

VT o
[ 5
muy (T, u _— y) dy,
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with «® € L2(RN) and X € L™®(RY) satisfying X(z) > ¢ > 0 for all z € Q, we have that
ma(-,u’(-,t)) is an absolute continuous function, and then, it belongs to H'(Q).

Next, let us see which is the expression of the partial derivative ugi taking into account

that u’ is given by (3.20). By (6.35) in the appendix, and performing the appropriate com-
putations, we get

Oh oX
2o, t) = =5 2 (@)t X (@) uo(x) + 5 (2)e " ug(a) + S 2 (x)e M X (a)

ot< ng( )t —s)X(z) + gi (95)) e e < *(@ (2, ) +/J(x —Pww S)dy) ds

/t
/0 oJ

e ho@ =) x (g (x — y)u’(y, s)dy ds

RN 833@

t (z) Dz )dy
+/ e*ho(x)(tfs)x(x)g’(m)((%u‘s(a:,s)) fB5 )8 . 2/ ué(y,s)dy ds
0 ) Bs(a)

(S X

)
@) X (2)g (mor (e, (a, ( 1 Ou <,s>dy) ds.
JBs)

+
dy B&( )8xl

S~

Now, considering L?(2) norm on the previous expression, since hg, X, % and % € Whe(Q),
X and wu satisfy (1.2)) and ([3.21)) respectively, with Q ¢ RY bounded, we obtain from Hélder
inequality and Hardy-Littlewood maximal inequality that

Oh

o, D)l (H e
|| Oho
e
0
)
0

oxX
o0x;

HXHLoo )t + + !XHLoom)) o | 1 0™

Lo (9 Lo (9)

8X x(t—s s
) e N((Lg + 1)e (Juol| L2 () + Ds)) ds

81‘2'

¥l +\

Loo(Q Loo(€2)

HXHLOO(Q (||U0HL2 +D8)d

0

‘&]

L? (Q)
ox
8.%‘1'

t

! a(t—s) as / 1/2 CQ,N )

¥ oy (Lol + Ds) + I O)10172) (S 100 ) s
L>(Q

t

Co N
[ R iy (Lol + D)+ 16 O ) (B ) ) s
since ||e"0@?|| Lo < €% for some constant @&, | [, J(z — y)u(y)dy| < |||l |u]lz» in RN, and

g’ (me (-, u’ (-, 8))ll 2 < Lgrllu® G, 8)l| 22 + 19 (0)]19 /2
< Lye®(|luoll 2 + Ds) + |¢'(0)]12]'/%.
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Then, for any T' > 0, we have
43, ()l 2@ < Ci(ho, X, J.9. T, D, D) ol 110
+Cy(ho, X, ug, g, D,Q, N, 2, ¢) /t [ud, (-, 8)| L2 (yds, Yt € [0,T].
Thanks to Gronwall’s inequality, we obtain ’

4, ()l 2y < Ci(ho, X, J,9,b, D, Q)|Jug|| g1 (e 0¥ u0-0-DAEN 2.0t

Thus, we can conclude the proof. ]

Finally, we would like to present a basic fact that will be need in the sequel. The proof
may be seen in [28].

Proposition 3.3. Let ¢° be a sequence in LP(RY) with 1 < p < oo which vanishes in RY \ Q.
Suppose that, as € — 0,

©° — ¢ weakly in LP(Q), as 1 < p < oo,
or ¢ — ¢ weakly* in L°(Q), as p = oo,
for some ¢ in LP(RN) also satisfying o(x) = 0 in RV \ Q. Then, if J holds hypothesis (Hy),
¥ (0) = [ Ie—n) @y @) = [ T et dn ese—o,

strongly in LP(O) for any compact set O C RN,

4. THE LIMIT EQUATIONS

In this section we prove Theorems and [2.2]

First we notice that the existence of the family of solutions u® of (1.3) under conditions
(2.14)) and (2.10)) are guaranteed by Proposition Also, there exists a positive constant C,
independent of £ > 0, such that, for any bounded interval [a, b] C R,

sup (1) 20y < C.
t€la,b]

Hence, if * denotes the extension by zero to the whole space RY, we also get that

(4.25) sup || (-, t)||r2q) < C,
t€la,b]

and then, @° sets a uniformly bounded family in L* ([a,b]; L?(2)).
Moreover, if . is the characteristic function of 2, then 4°(x) = x.(x) u®(z). Notice that

in the Dirichlet case we have 4° = u® by condition (2.14). We keep the notation just to
simplify the proof.

Also, since L! ([a, b); LQ(Q)) is separable, we can extract a subsequence, still denoted by
u®, such that

(4.26) @ — u* weakly® in L°([a, b]; L*(2)),
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for some u* € L™ ([a, b]; L*(£2)). Notice that u*(z,¢) =0 in RV \ Q.

Proof of Theorems|[2.1] and [2.2. From now on, we assume, without loss of generality, that
[a,b] = [0,T] for some T" > 0. We pass to the limit in the variational formulation of the
expression (3.18)). That is, for any ¢ € L?(9), we pass to the limit in the following form

/ () 3z, 1) de = / (@) e () uo(a) da
Q Q

t
X x e_hf(z)(t_s) T ﬂe T.5 sdx
(1.27 + [ oot [ (o, () dsd

t
4 / (@) xe (@) / ¢ he(@)(=) / (@ — y) i (y, s) dydsda
Q 0 RN
— I

Since condition (2.10) is much more involved, we will just present the proof under this
assumption. The Dirichlet problem is simpler. First, we evaluate I{. Due to (2.10), we have
for any 2 € RV that

) = [ ey = [ 90 0 xal) )

where yq is the characteristic functions of the open bounded set 2. Then, from assumption
(1.1), it follows from Proposition that

he — hy  strongly in L*°(Q)
where hg € L®(RY) is given by

hola) = [T =1) (1= xa(o) + X)) dy.
Consequently, we obtain that
(4.28) =@t 5 eho@)t yniformly in (z,t) € [0,7T] x €,
and then, I = [, ¢(z) e~ =@ty () ug(z) dz satisfies

I — / o(z) e @ X (2) ug(z) da.
Q
Notice that for the Dirichlet condition (2.14), we have h.(x) = 1, and then, we get
5 — / o(x) et X(x) up(x) de.
Q

Next, let us pass to the limit in I§ as ¢ — 0 under (2.10]). Recall that

t
[§:/90(x) XE(:U)/ e_hf(x)(t_s)/ J(x —y)u(y,s) dydsdx.
Q 0 RN

In order to do that, let us consider

t
Silait) = [ e [ e )i 0. s)dyds
0 RN
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defined for any (z,t) € R x Q. Since the sequences @ and e~ "<(®)? satisfy ([4.26) and ([#.28)
respectively, we get from Proposition [3.3] that

t
Se(at) > So(wt) = [ M [ e g)u g, s)dyds
0 RN

for any (z,t) € R x Q. Furthermore, for all ¢ € [0, 7], we have from (4.25) that

t
|Se(,1)] < /0 17 (@ = )l 2@ le* (5, M) ds < T K (1] gy |12,

Thus, it follows from Convergence Dominated Theorem that

(4.29) S.(-,t) = Sp(-,t)  weakly in L?(Q)
for each t € [0,T]. In fact, we have that

(4.30) S:(,t) = So(-,t)  strongly in L?(Q)
since

18- (e D2 < TR 2 vy
and then, due to Convergence Dominated Theorem again, we have
(4.31) 1Sl z2() = IS0 (5 Dl 220

for all ¢t € [0,T]. The strong convergence (4.30]) follows from (4.29) and (4.31]) since we are
working in the Hilbert space L?((2).

Therefore, we can compute I§ for each ¢ € L?(2). From we have
5 o= [ e@)@s @
5 /Q o(z) X () Sola, 1) da
= / o(z) X(x) /t e_ho(x)(t_s)/ J(x —y)u*(y, s) dydzds.
Q RN

Finally, let us pass to the limit in

t
5= [ o) o) [ e MO0 o, 0,) dd,
Q 0
We first note that there exists D > 0 such that

(433) sup. [1F (o 5)) 2y < D.
s€[0,7T

In fact, since f = g o mqs with mgq-(x,0) = 0, we have

G oDy < 2 (1763 Co8) = FC OB + 1FC 0B

2 [ /Q L2\imge (2, 8 (x, 8)) Pdx + /Q g(O)Qdaz]

where L, is the Lipschitz constant of the function g.

IN
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On the other hand, we get from Hardy-Littewood maximal inequality a constant C>0

such that
/ a(y, s)dy
Bs(x)

Hence, due to (T.4) and (#.25)), there exists a constant C' > 0 such that

1

< C||as (-t a.e. Q.

Bs(x 1 ~
e N = S g, F A w] <€
for all € € (0,&0), s € [0,T] and z € Q proving (4.33).
Moreover, we have that
(4.34) ma: (-, @ (-, 8)) = mx(-,u*(-,s)) strongly in L*(Q) as € — 0

for all s € [0,7). In fact, for each x € RY and 0 < ¢ < &g, we get from (T.4) and (4.26) that

-1
o) = </B<s(x) ) dy> (Lé(ﬂﬁ) T dy>
-1
- </B§(l«) W) dy> (/Bm) u(ys 5) dy) =mx(x,u*(z,s))

where my is defined in (2.9). Hence, since mqe (-, @°) is uniformly bounded in Q x [0, 7], we
can argue as in (4.30) to obtain (4.34)) by Convergence Dominated Theorem.

Now, using that ¢ is a Lipschitz continuous function, we can get from (4.33]) and (4.34)
that

fl,u®) — fx(-,u”) weakly™ in L([a, b];LZ(Q))

where fy is defined in (2.8)). Consequently, we can argue as in (4.30) again, to get that

t t
/ e—he(@)(t=5) f(x,a(z,s)) ds — / e ~ho(@)(t=s) fx(z,u*(x,s))ds, ase—0.
0 0

Consequently, we can pass to the limit in I5 getting

¢
I5— / () X(x)/ e~ ho(@)(t=s) fx(x,u*(x,s))dsdz, ase— 0.
Q 0

Thus, the limit of the integral equation (4.27)) is

/Q p(x)u™(,t) dv = /Q o(2)X () [e’w(@t uo(z) + / " o)t fr (@, u*(z, s))ds| de

0

t
+ [ o) Xa) [0 [y dydsd, Vo € 1),
Q 0 RN
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which implies

t
uwt(z,t) = e M@ x () ug(z) + / e~ho@E=9) x(2) fr(z, u*(z,s))ds
0

t
e ) [ e g ,s) duds
0 RY

for all t € [0,7] and a.e. x in Q. Thus, u* € C1([0,T]; L%(Q)) and satisfies

ug (2,t) = X(x) /RN J(z —y)u(y,t) dy — ho(z) u” (2, 1) + X (2) fx(2,u" (2, 1)),

uw*(z,t) =0 for x € RV \ Q
u*(0,x) = X(z) ug(x)
which can be rewritten as under assumption with A € L®(RY) given by
A(x) = ho(x) — X (x).

Finally, let us notice that «* is unique from Remark Indeed, if we re-scale the time ¢
with t = X~1(x) 7 and set
w(z, 1) =u(z, X(2)"'T)
we have that w satisfies equation for h(x) = X(x) *A(z) € L®(Q). Thus, u* is unique
which implies that the sequence u® converges weakly to u* as ¢ — 0. In this way, we conclude
the proofs of Theorems [2.1] and [2:2] O

5. A NONLOCAL EQUATION WITH LOCAL NONLINEARITY

Now, we obtain a nonlocal equation with local nonlinearity from the limit problem given
by Theorems [2.1] and We consider the limit problem depending on the parameter §, that
is, the equation associated to u° € C1([0, T]; L?(Q)) which satisfies

up(z,t) = X(x) /RN J(z = y)u(y,t) dy — ho(x) o’ (2, t) + X (2) fa(z,u’(z,1)),
W(x,t) =0 forz e RN\ Q
u (0, ) = X (x) ug(x).

The existence of the family of solutions u? of ([3.2) are guaranteed by Proposition Also,
there exists C' > 0, independent of § > 0, such that, for any bounded interval [a,b] C R,

sup |[u’ (-, t)||r2(q) < C.
tela,b]
Hence, if ~ denotes the extension by zero to the whole space RY, we also get that
sup @’ (-, t)[| 20y < C,
te(a,b]

and then, @/ sets a uniformly bounded family in L ([a, bl; LQ(Q)).
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Since L' ([a,b]; L(2)) is separable, we can extract a subsequence still set by @’ such that
@ — @ weakly* in L= ([a, b]; L*(Q)),
for some u € L*° ([a, bl; L2(Q)). Notice that u(z,t) =0 in RY \ Q.

Then, we can proceed as in Section [f] to prove Theorem Since the proof is very similar,
we will leave the details to the reader. Here we just pass to the limit in the nonlinear term

1 4 .
| p@x@e . de = [ o)x (IBé T <y,t>dy>d

ot [ B@L 1 y )
- et )9<f35(z>?f<y>dy|35<x>\ s ‘y’“dy>d'

But, it is a direct consequence of Lebesgue Differentiation Theorem and the uniform estimate
given by Corollary Indeed, from and the compact embedding from H' into L2,
we have u9(-,t) — u(-,t) strongly in L?(Q), as 6 — 0, for any t € R. Thus, from Lebesgue
Differentiation Theorem, we obtain

| e @real ) de + [ o) X@g (47 @) a(e.0) do

which leads us to the limit equation ([2.15]).

6. APPENDIX

In this section we just compute the derivatives of the map ® : RY — R given by

where B(z) = {y € RY : |z —y| < R} is a ball of radius R > 0 and u is a smooth function.
Notice that, due to [3I, Lebesgue-Radon-Nikodym Theorem|, ® is absolutely continuous
whenever u € L'(RY).

From Taylor’s formula, we have for any v € RV and ¢t € R that

O(x+tv) — P(z) = " ){u(y +tv) —u(y)}dy = t/B( | Vu(y) - vdy + O(t?).

Thus, by Green’s Identity, we get the following expression
(6.35) Vo(x) -v= / Vu(y) - vdy = / u(y)v- NdS
B(z) dB(z)

where N is the normal vector on the boundary of the ball 9B(z). Finally, we observe that
this formula (6.35)) is in agreement with [I7, Theorem 1.11].
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