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ABSTRACT

Gao, Guangyue, Duffing-van der Pol Type Oscillator. Master of Science (MS), July, 2010, 42 pp.,

references, 21 titles.

The nonlinear Duffing-van der Pol oscillator system is studied by means of the Lie symmetry re-
duction method and the Preller-Singer method. With the particular case of coefficients, this system
has physical relevance as a simple model in certain flow-induced structural vibration problems.
Under certain parametric conditions, we are concerned with the first integrals of the Duffing-van
der Pol oscillator system. After making a series of variable transformations, we apply the Preller-
Singer method and the Lie symmetry reduction method to obtain the first integrals of the simplified

equations without complicated calculations.
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CHAPTER I

INTRODUCTION

Following the book of P.E. Hydon [11], I will give the brief introduction of Lie symmetry.

1.1 Symmetries of Planar Objects

In order to understand symmetries of differential equations, firstly we can consider the symme-
tries of planar objects. Roughly speaking, a symmetry of a geometrical object is a transformation
whose action leaves the object apparently unchanged. For instance, consider the result of rotat-
ing an equilateral triangle anticlockwise about its centre. After a rotation of 27/3, the triangle
looks the same as it did before the rotation, so this transformation is a symmetry. Rotations of
47 /3 and 27 are also symmetries of the equilateral triangle. In fact, rotating by 27 is equivalent
to doing nothing, because each point is mapped to itself. The transformation mapping each point
to itself is a symmetry of any geometrical object: it is called the trivial symmetry. In summary, a

transformation is a symmetry if it satisfies the following:

(S1) The transformation preserves the structure,
(S2) The transformation is a diffeomorphism,

(S3) The transformation maps the object to itself.

Henceforth, we restrict attention to transformation satisfying (S1) and (S2). Such transformations

are symmetries if they also satisfy (S3), which is called the symmetry condition.



1.2 Symmetry Condition

For simplicity, we shall consider only ODEs of the form

=47 (1)

It is assumed that @ is (locally) a smooth function of all of its arguments. We begin by stating the
symmetry condition and examining some of its consequences. A symmetry of equation (1) is a

diffeomorphism that maps the set of solutions of the ODE to itself. Any diffeomorphism,
I (xy) = (£,9),

maps smooth planar curves to smooth planar curves. This action of I' on the plane induces an

action on the derivatives y¥), which is the mapping

where

d*5
y(k):d_;i’ k=1, --n.

This mapping is called the nth prolongation of I'. The functions $%) are calculated recursively

(using the chain rule) as follows:

X dok—1) DxAkq X
) = Y _ Dy 50

2
dx D&’ @

Il
<

Here D, is the total derivative with respect to x:

Dy =0 +Ydy+y"oy+---.



The symmetry condition for the ODE (1) is
)7(”) =w(%,3,9, - -,)?("*1)), when equation (1) holds, 3)

where the functions )7(") are given by (2).

For almost all OEDs, the symmetry condition (3) is nonlinear. Lie symmetries are obtained by
linearizing (3) about € = 0. No such linearization is possible for discrete symmetries, which makes
them hard to find. However, It is usually easy to find out whether or not a given diffeomorphism is
a symmetry of a particular ODE. The trivial symmetry corresponding to € = 0 leaves every point
unchanged. Therefore, for € sufficiently close to zero, the prolonged Lie symmetries are of the

form

£=x+e€E+0(e?),
y=y+en+0(e?), &)

}']\(k) — y(k) + en(k) -+ @(82)’ k 2 1.

We substitute (4) into the symmetry condition (3); the O(¢€) terms yield the linearized symmetry

condition:
N =Ew, + noy+ n(])wy/ +-+ n("_])a)y(nfl) when equation (1) holds. (5)

The functions n (%) are calculated recursively from (2), as follows. For kK = 1, we obtain

(1) _ DY _ Y +eDan+0()
D& 1+eDE+0(e?)

= yl +€(Dxn _y/Dxé) + (O)(Sz)'




Therefore, from (4), we have
n") =D —yD&. (©6)
Similarly, we get

YV +enn* Y 1 0(e?)
 1+eDE+0(2)

and hence we have

n(k)(xayayla"'7y(k)):Dxn(k_l)_y(k)Dxé' (7)

The function &, i and n () can all be written in terms of the characteristic, Q = n —y'&, as follows:

& = _Qy/7
n= Q_y/Qy’

n® =pkg —yko, k> 1.

In order to find the symmetry group G admitted by a differential equation with infinitesimal
operator

X =§£0d+n0,.

We introduce the prolonged infinitesimal generator
X(”) = éax + nay + r’(l)ay, 4.+ n(”)&y(n)'

We can use the prolonged infinitesimal generator to write the linearized symmetry condition (5) in

a compact form:

x ™ (y(") —o(x,y,y, ~,y("*1))) =0 when equation (1) holds.



1.3 The Determining Equations for Lie Point Symmetries

Every symmetry that we have met so far is a diffeomorphism of the form

(£,9) = (£(x,), 9(x,)).

This type of diffeomorphism is called a point transformation; any point transformation that is also
a symmetry is called a point symmetry. For now, we restrict attention to point symmetries.
To find the Lie point symmetries of an ODE (1), we must first calculate n(k),k =1,---,n. The

functions & and 1 depend upon x and y only. and therefore (6) and (7) give the following results.

nW = ner(my—E)Y &y ®)
N® = Nt 20y — &y + (M — 280y — £

+{ny —2&—3&y' 1" ©)
1% = Mot BNy = Exwd)y’ +3(Myy — &gy )y + (Myyy — 3y )y

_gyyyyl4 + 3{77xy — &+ (nyy - 3§xy)y/ - zéyyylz}y//

_3§yy”2 + {le -3&— 45}’)’/})’”-

The number of terms in 1) (%) increases exponentially with k, so computer algebra is recommended
for the study of high-order ODEs.

So now we restrict our attention on second-order ODEs

¥ =0(x,y,y).

The linearized symmetry condition is obtained by substituting (8) and (9) into (5) and then replac-



ing y’ by @(x,y,y"). This gives

Nxx + (znxy - §XX)YI + (nyy - 2§xy)yl2 - éyyy/3 + {ny —2&,— 3‘5y)’/}w

= Eo+noy+ {1+ (1 — &)Y — &y oy (10)

Although equation (10) looks complicated, in some cases it can be solved without much trouble.
Both & and n are independent of y, and therefore (10) can be decomposed into a system of PDEs,

which are the determining equations for the Lie point symmetries.



CHAPTER II

DUFFING-VAN DER POL TYPE OSCILLATOR

2.1 Introduction

In this paper, we consider a general nonlinear oscillator system of the form

J+(8+By™)y— uy+ay™tt =0, (11)

where an over-dot represents differentiation with respect to the independent variable x, and all
coefficients 6, B, u and o are real. It is referred as to the Duffing—van der Pol-type oscillator.

since the choices o = 0 and m = 2 lead equation (11) to the van der Pol oscillator

F+ (8 + By )y —py =0, (12)

which was originally discovered by the Dutch electrical engineer van der Pol in electrical circuits

[19, 20]. The choices B = 0 and m = 2 lead equation (11) to the damped Duffing equation [6, 10]

j+ 8y — puy+ay’ = 0. (13)

When 8 =0 and m = 1, equation (11) becomes the damped Helmholtz oscillator [1, 17]

J4 8y —uy+ay’ =0. (14)

It is well known that there are a great number of theoretical works to deal with equations (12)—(14)

7



[10, 13], and applications of these three equations and the related equations can be seen in quite a
few scientific areas [9].
In the present paper, we wish to show that under certain parametric conditions some first inte-

grals of oscillator system (11) can be established.

2.2 Determining Equation System

Firstly, we consider the oscillator equation as following form:

¥=—(8+BY")y+uy— oy = F(x,y,)). (s)

To investigate the integrability of this equation, the Lie theory of differential equations will be
used [11]. However, it should be noted that the integrability of a differential equation can also be
analyzed by means of Divisor theorem method [8]. The Lie theory is used in this work because
this approach, except giving information about when the equation is integrable, allows the problem
to be reduced to canonical variables which makes the integration of the equation in a more general
and easier way [1].

It can be seen in [11] that in order to find the symmetry group G admitted by a differential

equation with infinitesimal operator

d d
X = n(xay)a_y +§(X,y)$,

it is needed to find an infinitesimal operator X; such that

X1+ (8 + By™)y — py+ay™ ) =0. (16)



The operator X is

J 9 N 0
X = é(%ﬁa%—ﬂ(x,y)&—y +A(X,y,y)a—y —|—B(x7y,y’y>a_y7

where A(x,y,y) and B(x,y,y,¥) are defined as follows [1]:

A(x,y,y) = nx‘i‘)"(ny_gx)_)"zgy,
B(x,y,y,y) = nxx+)}(2nxy_éxX)‘i‘)}z(nyy_z&xy)_

V& +5(1y — 28— 39,).

All &(x,y) and n(x,y) that verify equation (16) generate infinitesimal operators X as in equation
(16) which comprise the symmetries of the differential equation. Also, it is known that one sym-
metry can be used to reduce by one the order of a differential equation. Thus, Duffing-van der
Pol oscillator will be integrated only if & (x,y) and 1 (x,y) are such that they generate two linearly
independent infinitesimal operators [1].

Following the procedure to determine the symmetries of a differential equation mentioned in

the former section, equation (16) reads

Nax + (2Nxy — Ex )y + (Myy — 2&)@)()’;)2 — &y ()4)3 =

(28— Ny + 3§yy;c>F +EF+ nFy+[nx+(ny — €X)y;c - gy(y;)z]@;- (17)

Although equation (17) looks complicated, it is commonly easy to solve. Both & and 7 are inde-
pendent of y" and therefore equation (17) can be decomposed into a system of PDEs, which are the
determining equations for the Lie point symmetries. The procedure will be illustrated as follows:

As & and 7 are independent of y', the linearized symmetry condition splits into the following



system of determining equations:

1% New = (UM — 8M2) + & — umy)y —

((m+1)am +Bne) y" + (ny — 2&) ay™ ™+, (18)
D11 20y — o = =88+ 3y —mBny™ ' — BEy" —3agy" !, (19)
V1?2 gy =28 = —288, —2BEY", (20)
M : &y =0. 1)

From the condition in equation (21), it is obvious that

& =a(x)y+b(x). (22)

and this result in equation (20) implies that

2Ba(x)

m—+2 _ _
D@ A Lm0, 23)

n =d (x)y* - da(x)y’ - (

where a(x),b(x),c(x),d(x) are arbitrary functions. If both results are used in equation (18), this is a

polynomial of 2m + 2 degree in [y] which is zero if and only if the following equations are verified:

[y2m+2] . B2a/ . Otﬁa _ O,

2 2Bua 2B6d
m+2  (m+1)(m+2)
(m;féhay—mm+nd+a@%4yﬁ—ﬁw+ﬁ&f:a

"] aem+B42ab =0,

" :(m+1)ad+d'B =0, (24)

V] :d" —d'u— 8% —Sau =0,

10



'] :c"+ 8 —2b'u =0,

V) :d" —du+8d =o.

If both results are used in equation (19), this is a polynomial of 2m + 1 degree in [y] which is

zero if and only if the following equations are verified:

[ 2m+1] . 2maﬁ2
" (m+1)(m+2)

)

[ymH] :—(m+1)d'B+madB —30a=———

b"]: —emB —Bb' =0,
[y"1: —mdB =0,
[y']:3d" — 384 —3ap =0,

V0] :2¢ —b" = -8V

(25)

Here we restrict & # 0, B # 0. These two determining equation systems imply that a(x) = 0 and

d(x) = 0. Then The determining system about b(x) and c¢(x) are obtained as follows:

cm+b' =0,
dB+ab =0,
2 —b"+68b =0,

"4+ 8 —2b'u =0.

From equations (26) and (27), b(x) and c¢(x) are obtained as follows:

—Co , Yy
b=—0eb b
p Be B~ + b,

oam
7 X
C = Coe ﬁ s

11

(26)
27)
(28)

(29)

(30)

€1y



where by and c( are arbitrary constants. Here there are only two options to verify all conditions:

The first one is when ¢y = 0. In this case by can be arbitrary constant, and this means that:

Hence, only one infinitesimal operator is obtained, namely y; = dx.
The second option in order to get two symmetries is assuming ¢ # 0. Substituting equations (31)

and (30) into equation (28), we obtain one condition:

=P _

— =2, (32)

then, substituting equations (31) and (30) into equation (29), we obtain another condition:
— = ———2U. (33)
p? B
After combining equations (32) and (33), parametric condition is obtained as follows:

5% _HB (34)

Because by and c are arbitrary constants, for our convenience, we may assume by = 0 and ¢g = 1.

Then we have:

1 am am
b= _aB ) c=eb )
which is equivalent to
1 om, am,
§=- BT p=c¥Y

After combining the first choice, thus two infinitesimal generators are found, namely

1 om am
X1 = 9x, xzz—aﬁeﬁxax—l-eﬁxyay.

12



Every infinitesimal generator is of the form:

X =ci1x1+c2x2,

where ) is a homothety operator and J» is a translation operator.

In conclusion, only when it is verified that 6 = % — %

, the oscillator is completely integrable.
Otherwise, the oscillator is only partially integrable and there is no way to write down the solution

in terms of known functions.

2.3 Reduction to Canonical Variables

We know that if an ordinary differential equation admits an infinitesimal generator, then there

exists a pair of variables:

t=f(x,y), u=g(x,y),

called canonical variables, with f and g(g # 0) being arbitrary particular solutions of the first-order

linear partial differential equations [7]

of of
‘S(%)’)g*’ﬂ(%)’)a—y—%, (35)
d d
é(x,y>8—i+n(x,y>a—§ —0, (36)

where J is a nonzero constant and can be chosen arbitrarily. Suppose that the general solution of

the characteristic equation
dx dy

E(x,y)  nxy)’

has the form U (x,y) = C, where C is arbitrary, then the general solutions of (35) and (36) can be

13



expressed by

dx
Fx.) =x/m+¢1w>, (37)
g(x,y) :CI)Z(U),U:U(X,)}), (38)

where @ (U) and @, (U) are the arbitrary functions, &* (x,U(x,y)) = &(x,y), and U in the integral
is regarded as a parameter later. Choosing ¥ = m in (35) and using (37) and (38), we obtain a

particular solution:

am

fry)=e B glxy) =yeb”. (39)
Since t = f(x,y) and u = g(x,y), formula (39) is equivalent to the parametric form:

x=——1Int, y=utm. (40)
m

By this nonlinear transformation, we have:

dy  dyoat
ox  Jtox’
om , me1 O 1
= ———ult m ——utm, 41
B B
d%y  dy, ot
ox2 ot dx’
2...2 2 2
om* et afm(m+2) w1, Q1
= WitTm + S (42)
p* p? ‘B

Substituting equations (41) and (42) into equation (15), we obtain

a’m? a’m(m+2) , Sam ,

2m+1 Vi /.m m+1 m—+1 m—+1
t ——u —omuu)+t u ou +u
( B2 ) ( B2 B )
a?  odu
+t(—5u——— —uu) =0. (43)
(ﬁ2 5 )

Here we restrict « = 1. Under the parametric condition (34), equation (43) changes into au-

14



tonomous equation:
m

/
E”zz = uu",
which is easily integrated :
2
u; = —B Ty §
m(m+1)
Now we do the reverse transformation:
u B Ju dx
dr  Odx ot
m+1 m+1
— _Ey/e B X_lyeTX
m m

Substituting equations (46) into (45), we obtain the first integral of equation (15):

1 mil
O e LA

15

(44)

(45)

(46)

(47)



CHAPTER III

SPECIAL CASES

Following the previous procedure, we can apply this method into some special cases of Duffing-

van der Pol type oscillator.

3.1 Duffing Type Oscillator

Assume o # 0 and 8 = 0, the equation (11) changes into the following form:

i+ 8y — uy+oy™ ! =0.

(48)

Here we restrict m # 0 and m # 1. By the previous result, the system about b(x) and ¢(x) is obtained

as follows:

cm+2b =0,
2 —b"+8b =0,

" +68c —20'u=0.

From equations (49) and (50), we can assume b(x) and c(x) are obtained as follows:

- 4) om
b= %e"hxﬂ%o,

om X
CcC = Coem+4 ,

(49)
(50)

61y

(52)

(53)

where by and c( are arbitrary constants. Here there are also two options to verify all conditions:

16



The first one is when ¢y = 0. This means that:

Hence, one infinitesimal operator is obtained, namely ) = dx.
The second option in order to get two symmetries is assuming co # 0. Substituting equations (53)

and (52) into equation (51), we obtain the parametric condition:

2m+4

For our convenience, we choose by = 0 and ¢y = 1. Then we have:

—(m+4) s 5
—( + ) mf4x = mern4x
5 e , c=e .

h—

Combining a(x) = 0,d(x) = 0, consequently we obtain:

- 4 m m
é — %gﬂiﬂx’ n — en?+4xy_

Therefore infinitesimal generators are found, namely

- 4 m m
xX= %eﬁﬂxaxﬁ- err?T‘*xy8y.
In conclusion, only when it is verified that g = — (fn'ﬂ‘)‘z 82, the oscillator is completely integrable.

Following the previous procedure, choosing y = % in (35) and using (37) and (38), we obtain

a particular solution:

fley)= i g(x,y) = yem%x- (55)

Since r = f(x,y) and u = g(x,y), formula (55) is equivalent to the parametric form:

17



m—+4 2

xX= S In¢, y=utm.
By this nonlinear transformation, we have:
dy  dyot
dx  Jtdx’
om , mi2 20 2
= —— ytm — tm 56
m+4u[ m+4u ’ (56)
d%y 9y, ot
dxr It ox’
8m?  , 2mi)) &m  2im 48%
= — = T wm tTm tmu. 57
maa2 " T s " aga 57)

Substituting equations (56) and (57) into equation (15), we obtain

452 257? 2
(m+a2" mra M

m(m+2) ., n 2m o, , mb* 2
— 28U+ —— 07U, — u
(m+4)2" 7" (m+4)2" " m+4

2
((%) !+ om'"“) 1 = 0. (58)

Under the parametric condition (54), equation (58) change into:

252
m 6 1
muﬁ = —au™",
which is easily integrated:
2(m+4)? o
N2 _ +2
(ut) - m282 m+2um +I (59)

18



Now we do the reverse transformation:

du _ Jdudx
ot Oxot’
_ (_m+4 /_Q)e%ﬁ’&. (60)
om m

Substituting equations (60) into (59), we obtain the first integral of equation (48):

(m—|—4)2 no 4 5 4(m+4) 206(m—|—4)2 a2 2mi2)
T A s M L

under the condition

:_My

(472

Base on this result, now we consider one famous special case of it.
Case: Duffing Equation
The choices B = 0 and m = 2 lead equation (11) to the damped Duffing equation [6, 10]
J+8y—uy+ oy =0. (62)
Substituting m = 2 into equation (61), we obtain the first integral of equation (62):
<%(y’>2 +y* + gyy’ + %y“) 3 =1, (63)

under the condition u = —%52.

19



3.2 Helmholtz Oscillator

In this section we assume B =0 and m = 1 in equation (11), we can obtain the Holmholtz
oscillator,

j+8y—py+ay* =0, (64)

which is a simple nonlinear oscillator with quadratic nonlinearity [1]. Under the condition 8 = 0

and m = 1, from the equations (22) and (23), it is obvious that

§ = a(x)y+b(x), (65)

and

N =d (x)y* = 8a(x)y* +c(x)y+d(x),m # —1,m # -2, (66)

where a(x),b(x),c(x),d(x) are arbitrary functions. If both results are used in equation (18) This is

a polynomial of 3 degree in [y] which is zero if and only if the following equations are verified:

V'] : —20d' + 0tad = 0,
V] : e +20b' =0,
y']:20d 4"+ 8¢ —2b'u =0,

Y] :d" —du+8d =0.

If both results are used in equation (19) This is a polynomial of 2 degree in [y| which is zero if and

only if the following equations are verified:



These two determining systems imply that a(x) = 0, Then we obtain a system about b(x) and c(x)

c+2b =0,
2 —b"+8b =0,
200d +c" 4+ 8 —20'u =0

d'+du+38d =0.

The equations (67) and (68) imply that

s
_ =X
c =cpes”,

b=—2 b

where by and c( are constant. When this result is used in equation (69), it is obtained that

1 /6,

and finally, this result in equation(70) means that

L (6 652 )=
2(>cc(25‘S “‘) (25‘S “)_0

If ¢ = 0, in this case b can be arbitrary constant, and this means that:

Hence, only one infinitesimal operator is obtained, namely y; = dx.

(67)
(68)
(69)

(70)

(71)

If we assume ¢y # 0 we can deduce two different first integrals for the Helmholtz oscillator

immediately:
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Case 1. when u = %rz, because bg and cq are arbitrary constants, for our convenience. assume

bgp =0 and ¢y = 1 we have:

Then, we obtain
¢ —5 3, 8y 652
=—e =e —— .
286 n Y

Therefore two infinitesimal generators are found, namely

-5 5, 5, 652
X1 = 9dx, %2—%65 ox—+es (y—m) dy.

In conclusion, when it is verified that u = %rz, the oscillator is completely integrable.
Following the previous procedure, choosing y = % in (35) and using (37) and (38), we obtain a

particular solution:

2 662
flx,y) = e 3, g(x,y) = e3 (y - ﬁ) : (72)

Since t = f(x,y) and u = g(x,y), formula (72) is equivalent to the parametric form:

5lnt t2+ i
X=—— =u —.
S Y o

By this nonlinear transformation, we have:

5 _ o
dx 0t ox’
o 26
— —gu;t3—?ut2, (73)
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%y 9y o

ox2 ot ox’
52 52 482
= 25 ;/t4+? /l3+§’/tt2. (74)

Substituting equations (73) and (74) into equation (15), we obtain

2 2 4
(@u + au >t4+ (@u—uu) ?+ 366au =0, (75)

52
gu;; = _auza
which is easily integrated:
50¢
(u))* = ~357 w1 (76)
Now we do the reverse transformation:
u B Jdu dx
dt  Jdxat’
5 1262
= (3 7

Substituting equations (77) into (76), we obtain the first integral of equation (64):

2452 , 500 5 20 , 248 , 25, ,,\ s,
- v VAV =]
(25 Y= 8y ey Sy y+62(y))65 : (78)

under the condition
_ S5
=35

Case 2. If we choose u = —%62. Base on the same procedure, we can obtain the first integral
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of equation (48):

25 20 50 6
(gﬂﬂf+4f+"gwﬁ%§§f)eﬁx=h (79)
under the condition
6
=8
H=7%

In the paper [8] and [1], they obtained the similar solutions.

3.3 van der Pol Oscillator

Assume oc =0, f # 0, the equation (11) change into the following form

F+ (8 + By*)y— py =0. (80)

It is referred as to the van der Pol oscillator, we also obtain the determining system about b(x) and

c(x) as

'B=0,
cm+b =0,
2 —b"+8b =0,

"+ 8 —2bu=0.

Observing this system, we only have:

b = by, c=0.

This means only one infinitesimal operator is obtained, namely X = d;, and as a consequence the

differential equation is partially integrable.
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CHAPTER IV
PRELLE-SINGER METHOD FOR SOLVING SECOND-ORDER ODES

In this chapter, in order to present our results in a straightforward way, we start our attention by
briefly reviewing the Prelle-Singer procedure for solving second-order ODEs developed by Duarte
et al. [5] and Chandrasekar et al. [3].

Consider the second-order ODE of the rational form

d?y N P(x,y,Y)

W:(P(x’y’y):Q(x,y,y’)’ P7Q€(C[x7y>y]' (81)

where y' denotes differentiation with respect to x, P and Q are polynomials in x,y and y' with
coefficients in the complex field. Suppose that equation (15) admits a first integral I(x, y, y') = C,

with C constant on the solutions, so we have the total differential
dl = Idx + Ldy + Iydy' =0, (82)

where the subscript denotes partial differentiation with respect to the corresponding variable. On
the solution, since y'dx = dy and equation (81) is equivalent to gdx = dy’, adding a null term

S(x,y,y)y'dx—S(x,y,y)dy to both side yields

P
(@ +Sy’) dx—Sdy—dy = 0. (83)

From (82) and (83), one can see that on the solutions, the corresponding coefficients of (82) and

(83) should be proportional. There exists a proper integrating factor R(x, y, y') for expression (83),
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such that on the solutions

dl = R(¢ +Sy')dx — SRdy — Rdy’ = 0. (84)

Comparing the corresponding terms in (82) and (84), we have

Ix = R(¢ +Sy/)7
I, = —SR, (85)
Iy = —R,

and the compatibility conditions I,y = Iy, I,y = Iy, and I,y = I;,,. Using these three compatibility

conditions respectively, we obtain three equivalent equations as follows:

D[S] = —¢y+S¢y + 57,
D[R] = —R(S+¢y), (86)

Ry =RyS+SyR,

where D is an differential operator

D—i_|_ ’14_ i
© ox yay ¢8y/'

For the given expression of ¢, one can solve the first equation of (86) for S. Substituting S into
the second equation of (86) one can get an explicit form for R by solving it. Once a compatible

solution R and S satisfying the extra constraint (the third equation of (86)) is derived, integrating
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(85), from (82) one may obtain a first integral of motion as follows

I(x,y,¥) = / R(9+Sy)dx — / [Rs+a% / R(§+ Sy )dx|dy — / (R+

aiy,( / R(9 +Sy)dx — / RS + a% / R(9 +Sy)dx|dy}dy'.

4.1 Nonlinear Transformations

(87)

In this subsection, in order to avoid doing complicated computations, we will make a series of

nonlinear transformations to equation (11). For our convenience, we assume o = 1 in equation

(11) (this can be easily obtained by re-scaling parameters of equation (11). Namely, we consider

the oscillator equation:

V+ (64 By")y—uy+y"=0.

Firstly, we make the natural logarithm transformation:

11 T
x=——=In
6 )
that is
0T
— =8 =_41.
dx ¢

After substituting the following two derivatives into equation (88):

oy o
ox dt Idx ot’
azy 2 0y 2 282y
?—5 T%"‘ST@,
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then it becomes

92 J
52fza—é—ﬁ51yma—i—uy+yn —0. (90)

Further, we take the variable transformation as:

g=1%,  y=11DH(g), 1)

A direction calculation gives

Bu 1 K+1 K—1 BH

= —(k—1)g *H Kq %

5.~ 5k 1)g (9) +xq 3

azu 1 2 2 3(k=1) 32H

— = —(k“—1 2k H K 2K

522 = 4 )q (q)+x°q 3

After substituting the above equalities into equation (90), we obtain

SH _ P

qm7,§?+2>Hma_H B 1 q7(3+n)K+n71Hn 1 (K— 1)ﬁHm+1 m—xk(m+4
dq* Ok dqg 6%k?

)
wH e I N ()

where an over-dot represents differentiation with respect to the independent variable ¢, and

2—4“+1. 93)

e

4.2 Force-Free Duffing-van der Pol Oscillator

We know that the choices m = 2 and n = 3 lead equation (11) to the standard form of the

Duffing-van der Pol oscillator equation, whose autonomous version (force-free) is:

J+ (8 +By*)y—puy+y* =0. (94)
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Equation (23) arises in a model describing the propagation of voltage pulses along a neuronal axon
and has recently received much attention from many authors. A vast amount of literature exists on
this equation; for details and applications, see [12, 14] and references therein.

From equation (93), we can see that if take n = 3 and m = 2, then equation (93) can be reduced

to a simple form

0*H oH
. —AgPHAZ - L BgP'HP 95
27 q 9 +Bg ; 95)
where
1 B
= —2 = —
p ) 6K7

82Kz 26k2

Choosing ¢(q, H, H') = Aq’H 2%—2’ + BgP~'H? and following the procedure in Section 2, we obtain

three determining equations:

S,+HSy +0Sy; = —2A¢"HH + (ASq” —3Bg" " )H? + §2, (96)
R, +RyH + @Ry = —RS — RAGPH?, (97)
Ry =RyS+SyR. (98)

In general, it is not easy to solve system (86) and get exact solutions (S, R) in the explicit forms.

But in our case of (96)-(98) we may seek an ansatz for S and R of the form:

R=e(q,H)+ f(q,H)H, (99)

where a, b, ¢, d and e, f are functions of g, H to be determined. Substituting S into equation (96),
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we get the equation system:

[H]° : —3Bc*H?¢" ' + AacqPH? + a* = agc —acy + beBH?¢P~' — adBH3 ¢,
[H]' : —2Ac*qPH — 6BcdH?q" ' +2Aadq” H* + 2ab

= ayd +byc —ad, — bcy+ayc —acy,
[H]? : —4AcdqPH —3Bd*H?q"~' + AbdgqP H* + b*

=byd — bd;+ apd +byc —ady — bey,

[H]? : —2Ad*q"H = byd — bdy.
Substituting S and R into equation (97), we obtain another equation system:

1]” : eqc+BefHq"™" = —ae — Aceq"H,
H)': fyc+enc+2Afcq"H? + eqd + BfdHq"™!
1 q
— —be —Adeq’H? — af,
[H]? : frc+ fyd +eyd +2Afdg"H* = —bf,

[H]?: fud = 0.

Under the parametric condition

_3_HB
=55 (100)

we solve the above two nonlinear systems for a nontrivial solution with the aid of Maple, and the

corresponding forms of S and R reads:
1 —2x
s——L_ P g gogna (101)

which also satisfies equation (98).
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Substituting the solution set (101) into formula (87), we can obtain the first integral of equation

(94) immediately:

1 1 3 —K K . I—3K &
(§K5+§5—E) lzr«H—quz*#H+§q33H3 — [1ePs (102)

Using the inverse transformations (89) and (91), and changing to the original variables, we ob-

tain that under the parametric condition (100), the Duffing-van der Pol equation (94) has the first

[}HL (6—%)y+§yﬂ e% =1. (103)

It is remarkable that in ([3], pp.2467), ([4], pp.4528) and ([18], pp.1936), authors studied the

integral of the form

first integral of the oscillator equation (94) by the Lie symmetry method etc. and claimed that the

nontrivial first integral exists only for the parametric choice

L=——. (104)

However, in view of our condition (100) and formula (103), it shows that our parametric constraint
(100) is weaker than the corresponding ones described in the literature [3, 4, 18], and the first inte-

gral presented in [3, 4, 18] is just a particular case of (103).

4.3 Duffing-van der Pol-Type Oscillator

In this subsection, we extend the technique used in the preceding subsection to a more general

oscillator equation in the case of n = m+ 1, that is

J+(8+By")y—uy+y"tt =0, (105)

where an over-dot still denotes differentiation with respect to x. Note that the choice n = m + 1
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leads equation (93) to a simple form

JI’H B oH 1 (x—1)B _
Z - _F pgmZ " . . m+1 _p—1 1
2q> 51<qH 8q+< 8%k 26k )H T (106)
where
~ m—k(m+2)
P= 2K '

For the notational convenience, we denote that

B I (x—1)B
A= — B=— —
oK’ 02k? 26k%
then equation (106) becomes
H =Ag"H™H +BH" ' ¢P~ 1. (107)

Choosing ¢(q, H, H') = AqPH’"aa—I; + BgP~'"H™*! and following the procedure in Section 2,

we obtain three determining equations:

Sy+HSy + ¢Sy = —mAgPH™ 'H 4 (ASq” — (m+1)BgP ") H™ 4 §2, (108)
R,+RyH+ @Ry = —RS—RAq"H", (109)
Ry = RyS+SyR. (110)

Here we use the same ansatz for S and R as given in (29). Substituting S into equation (108), we
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get the equation system:

[H]®: —(m+1)B*H"gP ' + Aacg" H™ + a*

= ayc—acy +beBH™ 1 gP~ ! —adBH™ 1 gP 1,

[H]': —mAc*qPH™ ' —2(m+ 1)BcdH™gP ' + Aadq”H™ + AqP H™ bc + 2ab
= ayd +byc —ady —bey+apc —acy +bcAgPH™ — adAqPH™,

[H]? : —2mAcdg"H™ ' — (m+ 1)Bd*H™¢" "' + Abdq"H™ + b*

= qu — bdq +agd + byc —ady — bey,

[H]? : —mAd?qPH™ ! = byd — bdy.

Substituting S and R into equation (109), we obtain another equation system:

H]° eqc—chfH’"qu_1 = —ae —Aceq’H™,

H]' - foc+enc+2Afcqg’H" +eqcz’qLchz’Hm“quP_1

= —be —Adeq’H™ — af,
[H)?: fuc+ f,d+end+2Afdg"P H™ = —bf,

[H]? : fud = 0.

(111)

(112)

(113)

We solve the above two nonlinear systems (112) and (113) for a nontrivial solution with the aid of

Maple, and find that under the parametric conditions

me IZRBS

2

»  4u

=5+l

the three determining equations (108)—(110) have the solution of the form
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After substitution of the solution set (115) into formula (87), we derive the first integral of equation
(107) as follows

. m(l—x)
K0H — k8qH + g x H" =],

2
o(1—x)
where / is an arbitrary integration constant. By virtue of the inverse transformations (89) and (91),
and changing to the original variables, we obtain that under the parametric condition (114), the
Duffing-van der Pol-type equation (105) has the first integral of the form

o(xk+1) 2 a1

l5(1—1('),\72
7 y-l-a(l_K)y ez 1 (116)

v+

It is remarkable that the first integral of the Duffing-van der Pol oscillator equation (94) obtained
in Section 3.2 is just a particular case of formula (116). In the recently published Handbooks of
ODEs such as [2, 15, 21], there are quite a few first integrals (conservation laws) collected for
ordinary differential equations of the type y = c1x/1y™ (y )X + ¢;x2y"™ (y')%2, but our formulas of

first integrals of equation (105) or (106) described herein are not presented there.

4.4 Solutions in the Parametric Form

In this subsection, by virtue of the first integral (116), we may choose a proper value for /; and con-
sider three particular cases where exact solutions of the oscillator equation (105) can be expressed

in the parametric forms.

Case 1: assume that m # —1 and k¥ # —1, and

2K
m=— ,
K+1
B 1 (x—1)B
§_52K2+ 26K2 arn
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where

In this case, equation (106) takes the form:
H=Aq " 2H"H —AH" g3, (118)

From the first integral (116), taking I, = 0, we know that the solution of equation (118) can be

expressed in the parametric form [15]:

dt -1

dt !
1

where C| and C, are arbitrary constants, a and b are also arbitrary but satisfy

Lo sme e (120)

Applying the inverse transformation of (91) to formula (119), namely
1 Lige— 1)
t=g%, H=yr2(cD

we have

1 m dt x
T:a"C1 (/W‘i‘CZ) ’

—1
Lo m dt
y:’[ Z(K l)bCl +1[ (/W—'_CZ) . (121)

Further, applying the inverse transformation of (89) to formula (121), under the given parametric
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condition (117), we obtain the solution for equation (105) in the parametric form as follows:

—1
1] m K
—1In (aKC1K (fli;i—,t,,ﬂ—f—CZ) )
X = s

0
-1

L§(x— " dt
y= e e peptly (/W+Cz> ,

where a and b are arbitrary constants, and satisfy condition (120).

Case 2: assume that

m=-2, k=-2, Bé=-2. (122)
So equation (106) takes the form:
H=Aq*H 2H —AH 'q°2, (123)

_ B
where A = —25-

Using the first integral (116) again, we know that the solution of equation (123) can be ex-

pressed in the parametric form:

q= aC?F -2,
H=bCit 'EF 2, (124)
where a and b are also arbitrary but satisfy

B _ 2
%_azb, (125)

36



and

E=/t(t+1)—In(vV1+Vi+1)+Co, F=E\/#—t. (126)

Applying the inverse transformation of (91) to formula (124), namely

_1 _3
T=q 2, H=yt 2,
we have
T:a*%szF,
y=1bCH ' EF 2. (127)

Further, applying the inverse transformation of (89) to formula (127), under the given parametric

condition (122), we obtain the solution for equation (105) in the parametric form as follows:

_ In(aC{F?)
T
_3

y=e 25§bC?t_1EF_2,
where a and b are arbitrary constants, and satisfy condition (125).

Case 3: assume that

m=-3, k=-3, BS=—1. (128)

In this case, equation (106) takes the form:
H=AqH H—-AH 2, (129)

_ B
where A = —35-

37



We know that the solution of equation (129) can be expressed in the parametric form:

r+1
q:aCfF_l +T’

H=0bCF!, (130)

where F is the same as that in (126), C; and C, are arbitrary constants, a and b are also arbitrary
but satisfy
B

35" 2a72b. (131)

Applying the inverse transformation of (91) to formula (130), namely

we have

_1
T:a_%Cl_lF% (_t-:l) 6,

y=1*bCIF L. (132)

Further, applying the inverse transformation of (89) to formula (132), under the given parametric

condition (128), we obtain the solution for equation (105) in the parametric form as follows:

In <ac{’F1 #)
x= ,

30
y= e_z&f’bCle_l,

where a and b are arbitrary constants, and satisfy condition (131).
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4.5 Conclusion

Finding first integrals (conservation laws) and exact solutions for various nonlinear differential
equations has been an interesting subject in mathematical and physical communities. Since 1983,
Prelle and Singer presented a deductive method for solving first—order ODEs that presents a solu-
tion in terms of elementary functions if such a solution exists. This technique has attracted many
researchers from diverse groups and has been extended to autonomous systems of ODEs of higher
dimensions for finding the first integrals and exact solutions under certain assumptions. From il-
lustrative examples in these works, the obtained first integrals of autonomous systems are usually
of rational or quasi-rational forms and searching for solution sets (S, R) usually involves compli-
cated calculations. However, the generalization of this procedure to autonomous/nonautonomous
systems of higher dimensions to find elementary first integrals in an effective manner is still an

interesting and important subject.

In this chapter, we showed that under certain parametric conditions, some new first integrals of
the Duffing—van der Pol-type oscillator equation (11) could be established. To reach our goal, we
first made a series of nonlinear transformations to simplify equation (11) to a simple form, then by
means of the Preller—Singer method we derived the first integral of the resultant equation. Through
the inverse transformations we obtain the first integrals of the original oscillator equations. Finally,
using the established first integral, we obtain exact solutions of equation (11) in the parametric

forms.

39



REFERENCES

[1] J.A. Almendral and M.A.F Sanjuan, Integrability and symmetries for the Helmholtz oscillator
with fraction, J. Phys. A (Math. Gen) 36 (2003) 695-710.

[2] A. Canada, P.Drabek and A. Fonda, Handbook of Differential Equations: Ordinary Different-
ial Equations. Volumes 2-3,

[3] V.K. Chandrasekar, M. Senthilvelan and M. Lakshmanan, On the complete integrability and
linearization of certain second-order nonlinear ordinary differential equations, Proc.
R. Soc. Lond. Ser. A 461 (2005), 2451-2476.

[4] V.K. Chandrasekar, M. Senthilvelan and M. Lakshmanan, New aspects of integrability of
force-free Duffing-van der Pol oscillator and related nonlinear systems, J. Phys. A
(Math. Gen.) 37 (2004), 45274534,

[5] L.G.S. Duarte, S.E.S. Duarte, A.C.P. da Mota and J.E.F. Skea, Solving the second-order
ordinary differential equations by extending the Prelle-Singer method, J. Phys. A
(Math. Gen.) 34 (2001), 3015-3024.

[6] G. Duffing, Erzwungene Schwingungen bei Ver&nderlicher Eigenfrequenz, F. Vieweg u.
Sohn, Braunschweig, 1918.

[7] Z. Feng, and Q. Meng, Burgers-Korteweg-de Vries equation and its traveling solitary waves,
Science in China Series A: Math., 50 (2007), 412-422.

[8] Z. Feng, S. Zheng and D.Y. Gao, Traveling wave solutions to a reaction-diffusion equation,
Z. angew. Math. Phys. 60 (2009) 756-773.

[9] M. Gitterman, The Noisy Oscillator: the First Hundred Years, from Einstein until Now,
World Scientific Publishing Co. Pte. Ltd. Singapore, 2005.

[10] J. Guckenheimer and P. Holmes, Nonlinear Oscillations, Dynamical Systems, and
Bifurcations of Vector Fields, Springer-Verlag, New York, 1983.

[11] P.E. Hydon, Symmetry Methods for Differential Equations, Cambridge University Press,
New York, 2000.

[12] P. Holmes and D. Rand , Phase portraits and bifurcations of the non-linear oscillator:k +
(o + yx?)x + Bx + 8x3 = 0, Int. J. Non-Linear Mech. 15 (1980), 449-458.

40



[13] D.W. Jordan and P. Smith, Nonlinear Ordinary Differential Equations: An Introduction for
Scientists and Engineers, Oxford University Press, New York, 2007.

[14] M. Lakshmanan and S. Rajasekar, Nonlinear Dynamics: Integrability, Chaos and Patterns,
Springer Verlag, New York, 2003.

[15] A.D. Polyanin and V.F. Zaitsev, Handbook of Exact Solutions for Ordinary Differential
Equations, 2nd edition, London: CRC Press, 2003.

[16] M. Prelle and M. Singer, Elementary first integrals of differential equations, Trans. Am.
Math. Soc. 279 (1983), 215-229.

[17] S.N. Rasband, Marginal stability boundaries for some driven, damped, non-linear oscillators,
Int. J. Non-Linear Mech. 22 (1987), 477-495.

[18] M. Senthil Velan and M. Lakshmanan, Lie symmetries and infinite-dimensional Lie
algebras of certain nonlinear dissipative systems. J. Phys. A (Math. Gen.) 28 (1995),
1929-1942.

[19] B. van der Pol, A theory of the amplitude of free and forced triode vibrations, Radio Review,
1 (1920), 701-710, 754-762.

[20] B. van der Pol and J. van der Mark, Frequency demultiplication, Nature, 120 (1927), 363—
364.

[21] V.F. Zaitsev and A.D. Polyanin, Handbook of Ordinary Differential Equations (in Russian),
Fizmatlit, Moscow, 2001.

41



BIOGRAPHICAL SKETCH

Guangyue Gao, the son of Mengxin Gao and Peipei Song, was born in China in 1986. He

received his bachelor degree in Applied Mathematics from Tianjin University of Technology and

Education, Tianjin, China in July of 2008. In August of 2008, he joined the Mathematical Master’s

Program at the University of Texas-Pan American, Edinburg, Texas. His main research interests

were in Differential Equations and Dynamic Systems. His permanent mailing address is: JinZhong

Rd. Zhongyu Li 11-36-502, Hebei District, Tianjin, P.R.China, 300140.

42



	Duffing-van der Pol type oscillator
	Recommended Citation

	face
	thesis-gao.pdf

