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ABSTRACT 

 

 

Marquez, Eleazar, Design and Implementation of an Actively Adjustable Spring Mechanism via 

Redundant Actuation. Master of Science (MS), December, 2010, 213 pp., 38 tables, 72 figures, 

references, 33 titles, 2 appendices. 

This study presents the theoretical results and experimental validation of an adjustable 

stiffness mechanism. The use of redundant actuation is emphasized in the design of a one degree-

of-freedom Watt II mechanism capable of independently controlling the effective stiffness 

without a change in equilibrium position. This approach is in contrast to previous spring 

mechanism designs unable to actively control the spring rate independent of deflection, and has 

potential applications in various types of suspension and assembly systems. Results indicate that 

driving the redundantly actuated, unidirectional, spring mechanism requires attaching two direct 

brush-type direct current motors on each of the two grounded revolute joints, and that the 

concept of adjustable springs has proven to be valid regardless of the friction effects. The torques 

are controlled with corresponding power amplifiers which incorporate current control loops, and 

the effective stiffness of the system is dependent on the redundant actuator torques of the motors. 
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CHAPTER I 

 

 

INTRODUCTION 

 

 

 The objective of this study is to model and simulate an actively adjustable, unidirectional, 

spring mechanism based on the concept of redundant actuation (Figure 1.1). Theoretical 

computations of the nonposition, dependent planar mechanism will be validated by developing, 

implementing, and testing a physical model. In previous research, a one degree-of-freedom 

Stephenson III linkage [33] has been theoretically modeled and simulated to achieve a desired 

effective stiffness via redundant actuation yet lacks the development and testing of a physical 

model to validate its performance. This accounts for research to be taken into the next phase.  

In this study a one degree-of-freedom, unidirectional, Watt II linkage will be 

implemented instead of the Stephenson III linkage. The idea is to reduce the kinematic and 

kinetic equations by reducing the number of links on the mechanism and yet generate equivalent 

results. The linkage or kinematic chain is composed of a planar, four revolute-four bar 

mechanism (D111), which contains two grounded revolute joints, and by a slider-crank 

mechanism (D011), which contains a prismatic joint that allows the mechanism to modulate 

along the horizontal axis. This output linear displacement slider is used as a reference source to 

determine the effective stiffness of the system generated by the internal loads.  

In order to obtain a desired effective stiffness from the actively adjustable spring 

mechanism two steps must be accomplished. First, the geometric design and motion analysis of 

the Watt II linkage must be determined through the incorporation of the kinematic and kinetic
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equations (Basic Kinematic Relationship‟s). Secondly, the two input forces (torques) must be 

integrated into the system to meet the concept of redundant actuation. These two forces are 

applied on the spring mechanism in the form of torque and are generated in an opposite direction 

of each other. On the other hand, physically driving the redundantly actuated mechanism 

requires attaching two direct brush-type direct current (DC) motors on each of the two grounded 

revolute joints. The torques on the motors are controlled with corresponding amplifiers which 

incorporate current control loops. 

 

 
 

Figure 1.1: Watt II Mechanism (Spring) 

 

 

 

Additionally, to achieve a desired effective stiffness of the system, an output linear 

displacement slider (prismatic joint) is used as a reference source, which is totally dependent on 

the redundant actuator torques of the DC motors. To measure such step experimentally, an 

external force is applied on the prismatic joint to obtain the stiffness of the mechanism according 

to the calculated equilibrium torques. As a result, a linear potentiometer and a force sensor will 

be implemented to determine the displacement of the slider element as a function of the external 

force acting on it and its stiffness as set by the input torques from the motors. 

A distinguishing feature of implementing redundant actuation is that the Watt II linkage 

is capable of independently controlling the effective stiffness without a change in equilibrium 
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position and adjust continuously independent of position. How is this accomplished? In order to 

control the effective stiffness of the system without a change in (equilibrium) position, two 

equilibrium input torques are required. For example, consider the Watt II mechanism in Figure 

1.1. If the equilibrium input torques are incremented, the configuration is going to remain intact, 

but the stiffness of the system is going to increase. This approach is in contrast to previous spring 

mechanism designs unable to actively control the spring rate independent of deflection. This is 

important because in many applications, the spring mechanism does not have to be replaced in 

order to increase or decrease the spring rate, only the input torques are modified to obtain the 

desired effective stiffness. However, one of the disadvantages of implementing redundant 

actuation is primarily the cost since more actuators are needed to drive the system and 

consequently, more energy is being consumed by the system. Nonetheless, redundant actuation 

has potential applications in various types of suspension and assembly systems. The 

incorporation of redundant actuation is the essence that permits the system to behave as a spring 

mechanism.  

It is in the robotics community that redundant actuated systems have begun to receive 

major attention. This is due to the fact that redundantly actuated systems have more force inputs 

than they have kinematic degrees of freedom. For instance, the requirement of “tight” 

coordination of dual/multiple mechanical manipulators in numerous robotic applications has led 

to this interest. Such applications involve the transportation of heavy objects in such manner that 

load distribution among arms is targeted, to complex geometrical shape assemblies where 

multiple arms is favorable. Additionally, recent robotic mechanisms containing closed-loops in 

their structure incorporate redundant actuation as part of the design and functionality. 



 

4 
 

Applications of such fall under five technological categories according to the type of task 

performed by redundancy, and can be observed in Table 1.1.  

 The task addressed in category one is load sharing/balancing (LS/B) among the actuators 

[2, 3, 10, 15, 22]. This application is found in robotic systems that contain multiple chains or 

multiple linkages. For example, consider a manipulator or robotic arm. In this case, redundant 

actuation targets to distribute the required operational load to each of the system actuators 

optimally by maintaining load requirements within an operational range. Several of these include 

Dual Arms (DA), Walking Machines (WM), and manipulators with Direct Drive (DD) 

substructures. 

In addition, redundant actuation has potential application Disturbance force rejection 

(DFR) [31, 30]. The goal in this case is for one actuation set to supply the required input load for 

the nominal task to be executed, while the redundant input set opposes the disturbance loads. For 

example, consider a manipulator grabbing a bowling ball. As said, one set of actuators is going 

to supply the necessary load to carry out the task, but once the bowling ball is grabbed, the 

manipulator will tend to drop due to the mass. Therefore, the redundant inputs counteract such 

disturbance loads. Multiple load paths to ground, Braced Arms (BA), and In-Parallel Structured 

Machining Arms (MA) embrace this category.  

In category three redundant actuation is linked to internal load control [11, 18, 19, 20, 

23, 27]. High internal loading is a harmful factor in spatial mechanisms, resulting in excessive 

joint fastening and bending of the linkages. Therefore, in robotic systems the internal loads 

imparted to the grasped object need to be accurately controlled for two reasons. Foremost, if 

such loads are well controlled the desired motion of the object is achievable and secondly, 
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damage to the object or system are evitable. Applications include Dual Arms (DA), Walking 

Machines (WM), Robotic Hands (H), and Zero-Backlash Geared Drives (GD). 

 

Table 1.1:  Technological Needs 
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Furthermore, redundant actuation is considered in feedforward impedance control (FIC) 

in the fourth category [4, 12, 13]. The purpose of impedance control is to work with instabilities 

encountered in contact tasks such as multi-limbed locomotion and machining and assembly 

operations. Applications involucrate Serial Arms (SA), Flexible Structures (FS), Magneto and 

Electro-Static Levitation Systems (LS), Bio-Mechanical Prostheses (BM) and Spring 

Mechanisms (SM). Lastly, Fault-tolerance (FT) [25] is addressed in category five, where the 

incorporation of additional actuators is the aim in providing continuous satisfactory performance 

in case individual actuators fail. 

Moreover, redundant actuation has potential application in the design and control of 

active automotive suspension systems. A research was performed by Freeman [5] on a frontal 

plane half-car, double A-arm, independent suspension model which was referenced to a set of 

global motion parameters, attached to the chassis, resulting in a two degrees-of-freedom coplanar 

mechanism. Results indicate that the two motion directions and three stiffness components 

require five actuators to effectively control the stiffness on the suspension system. This is 

important since a smoother ride on a vehicle can be generated without having to replace the 

entire suspension system. The integration of redundant actuation was validated through 

numerous simulations in Working Model 2D. 

Although the advantage of implementing redundant actuation into several applications 

has been discussed, no experimental validation exists. The concept is promising in many aspects, 

but the question remains on how a system will behave physically. Therefore, the purpose of this 

study is to design, construct, and actively control a one degree-of-freedom Watt II linkage and 

verify the concept of redundant actuation. Theoretical computations of the nonposition 

dependent planar mechanism will be validated by developing and testing a physical model.  
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Additionally, it is important to mention that this study is of great importance for future 

robotic mechanisms that will be designed based on the concept of redundant actuation. The idea 

is that with the verification of the one degree-of-freedom mechanism, more complicated 

mechanisms can be generated or designed. For example, several of these mechanisms include 

two and three degree-of-freedom planar mechanisms, three degree-of-freedom spherical spring 

mechanisms, and eventually six degree-of-freedom spatial mechanisms. 

With this said and understood, Chapter II will initiate by defining the concept of 

adjustable spring mechanisms and its applications. In a similar manner redundant actuation will 

be defined to comprehend its integration and the effects on the kinematics of the planar 

mechanism. Design and complete derivations of the unidirectional spring mechanism will 

embrace Chapter III with a breakdown of the two dyads composing the Watt II linkage. In 

particular, the design of the linkage will be divided into two phases. In phase one, the geometric 

design will be generated in terms of determining the equilibrium state of the mechanism, and in 

phase two the motion of the system will be analyzed. The implementation of redundancy to 

achieve the desired stiffness by means of Euler-Lagrange equations will be illustrated in Chapter 

IV. In Chapter V, a detailed process is devoted to the development of the physical device 

including set up, material and instrument selection. Additionally, a preliminary test will be 

conducted to observe how the system behaves in a static situation and to anticipate the behavior 

of the real system. Consequently, experimental results obtained will be assessed in Chapter VI 

and compared with the theoretical (Working Model simulation) data previously computed. In 

Chapter VII, lastly, conclusions will be formulated based on the comparison between the results. 
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CHAPTER II 

 

 

VARIABLE STIFFNESS MECHANISM 

 

 

Before attempting to arrive at a solution, it is important to define and understand the 

concept of adjustable springs and the idea of redundant actuation. For example, the concept of an 

actively adjustable, unidirectional, spring mechanism is unique for three reasons [33]. First, the 

device is capable of independently controlling the effective stiffness without a change in 

equilibrium position and adjust continuously independent of position/deflection. This means that 

the mechanism may be utilized for numerous applications where distinctive loads may be 

accounted for while the system remains at equilibrium. Second, the output stiffness is 

programmed and controlled prior to the operation without the measurement of external forces, 

reducing the control command computation required [12]. The advantage is that this feature 

allows the spring mechanism to react quicker than feedback based systems. For instance, a 

suspension system may be adjusted and controlled prior to operation to have a smoother ride. 

Lastly, the third distinction involves the incorporation of redundant actuation which permits the 

modulation of the spring mechanism.  

Since the present study involves designing and analyzing a spring mechanism, five 

application categories will be introduced in a detailed manner in section 2.1, preceded by 

defining redundant actuation and its integration into the system. In section 2.3, lastly, the 

establishment of the equilibrium equation based on the principle of virtual work will be 

discussed to initiate the design process of the Watt II mechanism and consequently determine  
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the desired effective stiffness of the system. At this point, it is of great importance to understand 

the meaning of desired effective stiffness since the term will appear frequently on the next 

couple of chapters. The desired effective stiffness of the mechanism is the stiffness at the 

equilibrium position. 

 

2.1 Application Categories of Spring Mechanisms 

 

 

The study of springs, traditionally, has been divided into five categories according to the 

performance of the spring mechanism in different situations. For example, the five categories 

include static force balancing, inertial load balancing, energy storage, vibration resonance control 

(VRC) and isolation, and positioning error correction.  

2.1.1 Category 1 

Spring mechanisms are embraced for static force balancing in the first category. For 

example, spring mechanisms situated on devices such as trunk doors, automobile hoods, 

overhead doors, and reclining chairs have extensively been utilized to counteract the weight [9, 

28]. In this case, if the spring mechanism is to be removed from such applications, the load 

would not be resisted at all. Similarly, under this class of spring devices lies the recognized 

suspension system. The springs on a suspension system allow the vehicle to ride in a smooth, 

clean manner. Nonetheless, a complex focus is the determination of equilibrium configuration 

resulted by the intricate loading situations. Moreover, load balancing has become quite difficult 

to understand in the human body [24]. Such implications in the musculoskeletal system are birth 

due to the muscles containing non-linear stiffness characteristics, and yet remain a challenge 

subject [8]. The compensation for gravity loads is indeed a further application resulting from 

static force balancing group.  
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2.1.2 Category 2 

 Inertial load balancing incorporates the second category of spring mechanisms [3, 17]. 

These springs are incorporated in high speed mechanisms to reduce speed fluctuations by inertial 

forces. One example in this category is a suspension system on any type of vehicle. When a 

vehicle is traveling on a bumpy road, it will tend to fluctuate vertically for quite some time. 

However, the suspension system on the vehicle is able to balance those inertial loads and 

consequently the vehicle will run smoothly again. 

2.1.3 Category 3 

Category three brings forth a diverse area of spring mechanisms implying energy storage. 

The integration of such devices is visible in mass-spring devices such as suspension systems and 

non-linear circuit breaker designs [14]. However, this area is in continuous research due to its 

complexity. 

2.1.4 Category 4 

The fourth category catalyzes spring mechanisms applied in vibration resonance control 

(VRC) and isolation. Previous researchers attempted to adjust frequency to approach a 

considerable solution; however, the use of passive springs diminished the range of testing. For 

instance, Lakshminaroyana and Dizioglu [16] synthesized spring restrained mechanisms 

maintaining a fixed natural frequency over varied amplitudes. Srinath and Karmaker [26] studied 

nonsinusoidally excited vibratory conveying systems while Welch [29] incorporated passive 

springs to accomplish special natural frequency relationships in shaking conveyor systems.  

2.1.5 Category 5 

The concept of adjustable spring mechanism, which is the focus of this study, is largely 

addressed under the fifth category. Springs in such class have been utilized to correct for 
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positioning error of the end-point of a robot by allowing for controlled, force induced, 

displacement (FIDC) of the end-point, as desired for automated insertion tasks. To achieve such 

task, passive spring mechanisms known as Remote Center Compliance (RCC) devices [4, 15, 32] 

were developed. Nonetheless, due to passive nature of these mechanisms current technology is 

assigned restrictly to specific designs that target minimal modulation. As a result of passive 

spring mechanisms, the creation of the Instrumented Remote Center Compliance (IRCC) devices 

have originated, however they contain a slow response.  

 

2.2 Redundant Actuation in Spring Mechanisms 

 

 

Until this point, the concept of redundant actuation has not been well defined and may 

cause confusion in the upcoming sections and chapters if not discussed. Redundant actuated 

linkages have more force inputs (actuators) than kinematic (motion) degrees of freedoms. For 

instance, the system under investigation in this study is a one degree-of-freedom mechanism, 

which denotes that the linear displacement slider is only allowed to modulate in one direction. 

This means that in order to achieve redundancy, two or more force inputs must be incorporated 

into the spring mechanism. If a two degree-of-freedom mechanism would have been used, then 

three or more force (torque) inputs would be needed to satisfy the concept of redundant 

actuation. On the other hand, if a six degree-of-freedom mechanism would have been 

implemented, then seven or more force input would be needed to satisfy redundancy. In this 

case, the two force inputs are implemented at the two grounded revolute joints of the Watt II 

linkage (Figure 2.2), and are represented by the output torque generated by the motors. 

Traditionally, in a four revolute-four bar mechanism only one force input (crank) is incorporated 
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to determine and analyze the behavior of the system. However, in order to create a system that 

behaves as a spring, this traditional approach is ineffective. 

With the use of redundancy, the objective to actively control the internal load state of the 

mechanism can be achieved. Therefore, an effective stiffness is created similar to that of a 

wound metal spring as a consequence of internal loading and its association with the non-linear 

linkage geometry. In addition, it is significant to mention that in order to generate an effective 

stiffness mechanism, the two force (torque) inputs must be in opposite direction of each other.  

The ability for the spring mechanism to be modulated prior to operation cannot take forth 

without redundant force inputs, disregarding the consideration of elemental springs as inputs. 

This, as mentioned before, portrays that the one degree-of-freedom Watt II linkage developed in 

the present research must contain at least two force inputs. In conclusion, by properly 

coordinating the redundant actuator efforts (force) the desired effective stiffness is created and 

actively adjusted.  

 

2.3 Equilibrium Equation for Watt II Linkage 

 

 

In this section, a mathematical equation is established based on the principle of virtual 

work to obtain a system that is in an equilibrium state. Another approach to such calculation is to 

implement Newton‟s second law of motion and determine the reaction forces acting on each link; 

however, a slight computational error in this procedure may result in an incorrect solution. 

Therefore, utilizing the principle of virtual work eliminates the possibility of containing an error 

in the equations, yet it produces an equivalent outcome.  

The actively adjustable Watt II linkage under investigation is represented in Figure 2.1, 

and it is composed of two dyad-based planar mechanisms. The first dyad (D111) consists of a 
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four revolute-four bar mechanism, which contains two grounded revolute joints, and the second 

one (D011) consists of a slider-crank mechanism, which contains a prismatic joint. The output 

linear displacement slider (prismatic joint) is used as a reference source to determine the 

effective stiffness of the system, and is totally dependent on the torques of the motors. Driving 

the redundantly actuated mechanism requires attaching two motors on each of the two grounded 

revolute joints (point O and point C), which then generates an effective stiffness due to the 

internal loading of the system. Therefore, such linkage is able to independently modulate the 

stiffness without a change in equilibrium position. What does this mean? It means that if the 

equilibrium input forces (torques) are increased, the configuration is going to remain intact, but 

the stiffness as a result will increment. 

 

 
Figure 2.1: Watt II Linkage 

 

 

Furthermore, the equilibrium state of the Watt II linkage can be obtained from the D111 

four revolute-four bar mechanism (Figure 2.2), as it contains the two force (torque) inputs 
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necessary for redundancy. As mentioned, the two input forces (torques) must be incorporated in 

opposite direction of each other to generate a redundantly actuated system. However, these 

forces must be applied in the adequate direction or else the system will not create the internal 

loading necessary to produce an effective stiffness mechanism. Therefore, the force generated at 

2  must be applied in a counterclockwise direction, and the force generated at 4  must be 

applied in a clockwise direction. If such forces are applied in the opposite direction, the system 

will generate a substantial amount of force on Link 3 that causes the mechanism to buckle.  

 

 
Figure 2.2: Dyad-111 

 

 

Since the four revolute-four-bar mechanism has a one degree-of-freedom of motion, its 

kinematic state is completely defined by a single parameter 2 , meaning that a single motor can 

control the equilibrium state. Nonetheless, if a non-zero input torque is applied, the mechanism 

will move according to its dynamics and will not be able to be in static equilibrium. Therefore, 

such setback calls for the implementation of redundant actuation in which the system contains 
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more force inputs than kinematic freedoms. The addition of a second motor at 4  permits the 

linkage to sustain internal loads while remaining in static equilibrium.  

2.3.1 Equilibrium of Watt II Linkage 

Static equilibrium is determined by setting the effective load 


2T at the selected 

“minimum” joint set 2  equal to zero and assuming gravity acts normal to the plane of the four 

revolute-four bar mechanism. In the previous sections, the term „effective‟ has appeared 

frequently referring to the stiffness of the mechanism and it will continue to emerge from this 

point forward in terms of load and inertial. For example, what is meant by the term „effective 

load‟ is the load „felt‟ at the input due to all of the applied loads. Therefore, the equilibrium 

equation requires that 

  044222 


TgTT              (2.1) 

where 42g  relates the angular velocity of Link 4 to that of Link 2, and 2T  and 4T  are the efforts 

(torque) of the actuated joints. Since the target is to control the effective stiffness without a 

change in equilibrium position, the effective load due to all loads must be zero, which means that 

the system is not changing with respect to time. Therefore, equation (2.1) must be equal to zero 

to incorporate a steady-state condition on the spring mechanism. According to such equation, an 

arbitrarily effort at either joint can be selected and place in equilibrium by providing a balancing 

effort (torque) on the opposite joint. Therefore, the internal load state of the linkage can be 

actively adjusted independent of its motion by controlling the redundant efforts.  

The equilibrium equation (2.1) is obtained by equating the virtual work done by the 

effective load/generalized force 


2T  at 2  to that done by the externally applied loads. The 

general equation yields 
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  


P

PPYPPXPP YFXFTT  22               (2.2) 

where the moment component PT  and force components PXF  and PYF  are a set of P loads acting 

on motion parameters P , PX , and PY . The effective load is then acquired by cancelling like 

terms and substituting for the displacements in terms of their g-functions.   

In this study, it is important to point out that the velocity and acceleration components are 

expressed in terms of g and h function, respectively. These functions are known as the Kinematic 

Influence Coefficient’s (KIC‟s) and represent the rate of change of the system with respect to 

time [1, 6, 7, 21]. For instance, consider the symbol u represent any/all dependent parameters and 

i  
represent the independent reference/input parameter. The velocity of u is obtained by 

applying the Chain Rule and taking the first derivative with respect to time 

i

i dt

d
u

d

d
u

dt

d













               (2.3) 

where the derivative of u with respect to i is referred as the first order KIC, g-function, and is 

defined by 

u
d

d
g

i

ui


                (2.4) 

and the velocity is represented as 

iuigu                  (2.5) 

Hence, the function 42g  in the equilibrium equation (2.1) represents the change in position 

(velocity) of Link 4 relative to the change in position of Link 2.  

2.3.2 Concept of Effective Stiffness 
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Considering the four revolute-four bar mechanism in Figure 2.2, a set of equilibrium 

loads are necessary to determine the equilibrium position of the system. Once these loads are 

applied and the system is at an equilibrium state, the mechanism forms an internal load within. 

As a result of this internal load created, a desired effective stiffness can be generated as a 

function of an external disturbance (force or displacement) applied. However, if a disturbance is 

applied to the system the effective load will not be in equilibrium ( 02 


T ), and the linkage 

configuration will change according to its dynamics as referred to 2  

     42444222 gTTgTT 


             (2.6) 

This phenomenon relates to a force induced by an imposed displacement in a coil metal spring. 

Nonetheless, the desired effective stiffness is accomplished by the enforcement of redundant 

actuation. 

2.3.3 Analytical Solution for Effective Stiffness 

Thus far, only the concept of effective stiffness has been covered in terms of achieving it 

by means of the internal loads. On the other hand, in terms of an analytical solution, the effective 

stiffness is determined by the change in the effective load at 2  as a consequence of the change 

in 42g  

  2

2

42
42 


 












d

dg
TT              (2.7) 

The change in effective load is taken from the differential change in force due to a differential 

change in displacement of the unidirectional spring (seen in Figure 2.3) 

  xKF                 (2.8) 

x is the deflection and is represented by 
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freelengthactual xxx                (2.9) 

and K is the spring rate of the system. The initial position of the spring mechanism is referred as 

freelengthx  and the final position is referred as actualx . The spring rate of the mechanism in this 

equation, as referenced to 2 , stands out from Equation (2.7) and yields 

424

2

42
42 hT

d

dg
TK 








 


         (2.10) 

where 42h  is the constitutive relationship between effort and stiffness, and is a function of 

position.  

 
Figure 2.3: Unidirectional Spring 

 

 

Mentioned earlier was the characterization of the velocity of the spring mechanism in 

terms of its KIC (g-function). The h-function resembled in Equation (2.10) also represents a 

KIC, and characterizes the acceleration of the Watt II linkage. For instance, the acceleration 

component is obtained by taking the second derivative of u with respect to i  
from equation 

(2.3) 

2

2

2

2

2

2

2


































 i

i

i

i dt

d
u

d

d

dt

d
u

d

d
u

dt

d






            (2.11) 

where the acceleration component is represented as 
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2

iuiiui hgu              (2.12) 

Consequently, the h-function known as the second order KIC is defined as 

u
d

d
h

i

ui


2

            (2.13) 

where 42h  represents the acceleration of Link 4 with respect to the acceleration of Link 2. 

Obtaining this result, by means of applying the Chain Rule, indicates that the effective stiffness 

of the Watt II linkage is a non-linear function of displacement. Therefore, KIC are fundamental 

in the design process of the actively adjustable, unidirectional, spring mechanism and will be 

expressed in terms of position.   

In summary, the implementation of redundant actuation into the Watt II linkage allows 

the system to behave as a spring mechanism by creating an effective stiffness. This is due to the 

internal loads generated when the equilibrium torques are applied on the motors placed at the 

two grounded revolute joints. As a result, the mechanism is capable of independently controlling 

the effective stiffness without a change in equilibrium position and adjust continuously 

independent of deflection. This approach is in contrast to previous spring mechanisms unable to 

effectively control the spring rate independent of deflection. In terms of analytically determining 

the effective stiffness of the system, the change in the effective load at 2 , as a consequence of 

the change in the 42g  function, is the primary factor for generating a non-linear spring 

mechanism. Therefore, the effective stiffness is achieved by specifying a desired spring rate and 

obtaining the necessary effort (torque) at 4 . Similarly, the efforts can be specified initially and 

then the effective stiffness can be determined based on the dynamic equations. With such 

information the torque required at 2  is computable from the equilibrium equation.
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CHAPTER III 

 

 

DESIGN OF WATT II LINKAGE  

 

 

In Chapter II, the concept of an actively adjustable, one degree-of-freedom, spring 

mechanism via redundant actuation was illustrated through the distinct categories developed as a 

consequence of diverse applications. Likewise, the effective stiffness of a four revolute-four bar 

mechanism was achieved as a result of the internal loading generated by the equilibrium motor 

torques. Nonetheless, until this point the equilibrium equation to determine the effective stiffness 

of the system has been obtained only in general terms, meaning that the lengths, angles, and 

position of the links have been omitted. Therefore, in this chapter the kinematic and kinetic 

equations will be implemented to determine the geometric design of the Watt II linkage and 

estimate its non-linear behavior. It is essential to point out that the design phase of the active 

spring mechanism is a two step process. First, the design of the four revolute-four bar (D111) is 

generated in terms of determining the equilibrium state of the system, then a new point is created 

to connect the D011 planar mechanism and form the linkage.  

The target in these facets is to describe the motion of the dependent parameters in terms 

of position, velocity, and acceleration. Therefore, in order to obtain a mathematical expression 

for such case, a relationship between the dependent parameter and the torque inputs must be 

generated in terms of the KIC. Important to mention is the fact that the velocity and acceleration 

of a link can be computed in terms of its center of mass or relative to the ends of the rigid body. 

In this study, the g and h functions of the dependent parameters such as the links, joints, and link  
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angles will be calculated relative to the center of mass and described in terms of time.  

Four sections embark the design of the Watt II linkage. In section 3.1, the geometric 

design of the four revolute-four bar mechanism is developed by implementing the kinematic and 

kinetic equations, and the motion of each link is described. Once the D111 has been developed, a 

new point will be created on the local reference frame of Link 4 to form a dyad plate design the 

rest of the kinematic chain, and the same process as the previous section is carried out. Based on 

the design parameters obtained from the mathematical expressions, a simulation in Working 

Model software will be generated to further analyze the behavior of the system when redundant 

actuation is applied. Lastly, a Pro-Engineer sketch is developed in section 3.4 that serves as a 

reference guide to fabricate the physical model of the spring mechanism.  

 

3.1 D111 Design 

 

 

3.1.1 Unsprung Position Analysis for the Four Revolute-Four Bar Mechanism 

Before attempting to kinematically describe the motion of the four revolute-four bar 

mechanism, the first step is to determine the position of the links relative to each other as 

illustrated in Figure 3.1. For this process, it is vital to specify a two-dimensional global 

coordinate system (XY) that references the horizontal and vertical directions of the system. 

Initially, the position analysis of the D111 consists of specifying several design parameters such 

as the length of the links, the position of the two grounded revolute joints, and the initial angle of 

the input crank angle 2 . These parameters, as illustrated in Table 3.1, are not determined 

mathematically, instead they are arbitrarily considered by having in mind a reasonable size to 

fabricate the physical spring mechanism. In Figure 3.1,      443322 ,,,,, vuvuvu  are a set of 
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reference frames established on each link to symbolically represent the distance of center of 

mass, however such calculations will be covered later on the chapter. 

 

 
Figure 3.1: Design Dyad 

 

 

 

In this case, there are three unknowns that must be solved once the design parameters 

have been specified on the four revolute-four bar mechanism. The length and angle of Link 1 

must be determined first before solving for angles 3 and 4  known as the coupler angle and 

output angle, respectively, of the four revolute-four bar mechanism. 

 

Table 3.1: D111 Design Parameters 

Units (m) Units (m) Units (m) Units (m) 

0OX  250.0CX  102.02 L  102.04 L  

0OY  0CY  153.03 L  452   
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Therefore, solving for length 1 involves considering point O and point C on the fixed frame 

(Figure 3.1). Determining the distance between revolute joint O and revolute joint C is simply 

calculating the magnitude of the two-dimensional vector as 

   22

1 OCOC XXYYL               (3.1) 

Once the length of Link 1 has been expressed, the relative angle of such link is simply 

determined by specifying the slope of the link using the trigonometric function 

 tan                (3.2) 

where i  is calculated according to the position of the revolute joints in terms of their X and Y 

coordinates. It is significant to point out that such step to determine angle 1 is not necessary since 

the angle, according to the previously specified design parameters, is equal to zero as a 

consequence of the similarity in position between the two grounded joints along the Y direction. 

Nonetheless, each result obtained in the design process must be validated and expressed 

mathematically; therefore, rearranging equation (3.2) yields the desired angle  















 

OC

OC

XX

YY1

1 tan               (3.3) 

The next phase of the unsprung position analysis is to determine the angles of Link 3 

(coupler angle) and Link 4 (output angle) by implementing the method of position loop 

equations. In order to solve angle three and angle four, an initial condition must be specified to 

establish a relationship between the output angle and the input angle. Thies condition states that 

pivot A and pivot B must remain at a fixed distance throughout the motion of the system. In 

another words, the length of Link 3 must be constant throughout the motion of the system 

    0
2

3  LABAB               (3.4) 
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Therefore, satisfying the initial condition involves implementing and expressing a series 

of constraint equations that define the position of the pivot B along its X and Y direction. In 

order to generate a position loop equation along the X direction of the linkage, the criteria 

requires a balance of links on each side of the pivot by equating BB XX     

       44113322 coscoscoscos  LLXLLX OO             (3.5) 

In a similar manner, the position loop equation along the vertical direction is obtained by 

equating BB YY    and implementing the adequate trigonometric functions as 

       44113322 sinsinsinsin  LLYLLY OO             (3.6) 

Therefore, by cancelling OX  and OY   from the respective expressions, the desired two equations 

and two unknowns are generated 

       44113322 coscoscoscos  LLLL              (3.7) 

and 

       44113322 sinsinsinsin  LLLL              (3.8) 

Once attaining these constraints, the idea is to solve for 3  , consequently, one approach 

to solve for such angle is to eliminate 4  from the equations. Hence, what is done is that the 

terms that contain 4  , from the loop equations, are isolated on the left hand side of the equation, 

and the other terms are written on the right hand side. As a result, equations (3.7) and (3.8) are 

rearranged to  

       11332244 coscoscoscos  LLLL              (3.9) 

and 

       11332244 sinsinsinsin  LLLL          (3.10) 
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To simplify these equations and further calculations, the symbol iS  will represent  isin , and 

the symbol iC  will represent  icos . This procedure is accomplished by expanding the 

expressions to form a single equation that will eliminate the output angle 3 , and allow for the 

solution of the coupler angle 4 . Therefore, such step involves combining and substituting the 

position loop equations into the initial condition. The end result yields a second-order 

polynomial or what is known as the Law of Cosines along the X and Y direction as 

         
131312123232

2

1

2

1

2

3

2

3

2

2

2

2

2

4

2

4 222 CCLLCCLLCCLLCLCLCLCL         (3.11) 

and 
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The single equation is then generated by adding both expressions as 
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       (3.13) 

where the outcome, as mentioned, is a second-order polynomial, which is expected since the 

equation for the effective stiffness in Chapter II is non-linear as well. In order to reduce this 

equation, two identities must be considered first: the Cosine Angle Sum and Difference Identity 

 iiiiii   cossinsincoscos         (3.14) 

and the Pythagorean Trigonometric Identity 

1sincos 22  ii              (3.15) 

Therefore, implementing the identities gives the necessary equation to solve for the unknown 

angle 3  
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With this equation at hand, the process of attaining a solution becomes tedious as a result of the 

number of terms involved. Therefore, to solve this second-order polynomial expression, the 

coefficients of sin  and cos  are gathered and a new constraint equation must be established 

to solve for the two roots. Solving for the two roots involves establishing the new constraint 

equation to represent sin  and cos   in terms of new variables and constants. Such constraint 

equation yields  

033  RQCPS                 (3.17) 

where the constant coefficients are represented by P, Q, and R as 

 112232 SLSLLP                 (3.18) 

 112232 CLCLLQ            (3.19) 

and 

1212

2

4

2

1

2

3

2

2 2  CLLLLLLR          (3.20) 

Once the constant coefficients (P, Q, and R) have been specified, the next step is to represent the 

trigonometric functions  3sin   and  3cos   in terms of variables. This is accomplished by 

implementing the historical “Tangent Half-Angle” approach (Table 3.2), which allows for the 

trigonometric functions to be expressed in a quadratic form. The benefit of having a quadratic 

expression is that two possible roots are calculated for the unknown 3 . What is done since both 

Tangent Half-Angle identities contain 








2
tan 3  , is to simplify them by expressing the respective 

trigonometric function in terms of a variable. Accordingly, the variable is denoted by 











2
tan 3X  and yields 
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23
1

2

X

X
S


          (3.21) 

and 

2

2

3
1

1

X

X
C




          (3.22) 

  

 

Table 3.2: Tangent Half-Angle Identity 

 

 22 sincos2cos   

            = 1cos2 2   

            = 2sin21  

 3cos  = 





















2
tan1

2
tan1

22

32





 

 cossin22sin   

 3sin  = 




















2
tan1

2
tan2

32

3





 

 

 

Substituting these trigonometric functions into equation (3.17) gives a polynomial equation of 

second degree as 

0
1

1

1

2
2

2

2
























R

X

X
Q

X

X
P          (3.23) 

Now is only a matter of multiplying each term by its common denominator 
21 X to simplify 

the equation 

       222 1112 XXRXQXP          (3.24) 

Distributing each coefficient (P,Q, and R) and combining like terms results in the expression 

      022  RQXPXQR          (3.25) 

Once the polynomial has been established, the roots aX and bX  are generated by the 

implementation of the Quadratic Equation in terms of 
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QR

RQPP
X a






222

         (3.26) 

and 

QR

RQPP
X b






222

          (3.27) 

With these roots, 3  is calculated using the previously specified variable  









2
tan 3X  from the 

Tangent Half-Angle approach 

 aa X1

3 tan2          (3.28) 

and 

 bb X1

3 tan2          (3.29) 

Key to mention is that from these calculated angles only the one that lies in quadrant one will be 

implemented as part of the spring mechanism design. The reason for this is that the unsprung 

position of Link 3, as illustrated in Figure 3.1, reclines between 0° and 90° relative to the 

horizontal axis. However, it must be clarified that only in this particular design the angles are 

located in such quadrants. In other designs, the angles can vary location according to the 

specifications of the links or the restrictions of the system. 

Once the coupler angle 3  of the four revolute-four bar has been determined, the 

unknown output angle 4  can be obtained in a one step process. What is done is that both values 

of 3  are substituted into the position loop equations of the X and Y direction, and are placed in 

a fraction form to calculate the necessary angle. Therefore, this requirement involves 

implementing the trigonometric function 

X

Y




tan            (3.30) 
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which divides equation (3.8) by (3.9)  

113322

113322

44

44

CLCLCL

SLSLSL

CL

SL




        (3.31) 

Rearranging the equation and substituting the respective angles, results in two expressions 















 

113322

1133221

4 tan
CLCLCL

SLSLSL

a

a

a          (3.32) 

and 















 

113322

1133221

4 tan
CLCLCL

SLSLSL

b

b

b          (3.33) 

It is significant to point out that from these values, the one that reclines in quadrant II will be 

implemented as part of the four revolute-four bar mechanism. This is due to the position of the 

system assumed initially, which demonstrates that the output angle must be positioned between 

90° and 180° relative to the horizontal axis. Again, only in this particular design does the output 

angle lie in that particular quadrant. 

The last step of the geometric analysis of the four revolute-four bar mechanism involves 

determining the position of the pivots A and B in terms of their global X and Y direction. It is 

important to clarify that in the design parameters specified earlier, the coordinates (X and Y 

components) of the two grounded revolute joints (O and C) were included as part of the 

constraints, and for such reason they do not have to be calculated. Therefore, with this 

understood, the position of pivot A is defined by adding the position of the grounded revolute 

joint C and the distance of Link 2 as 

 22 cos LXX OA         (3.34) 

and 

 22 sin LYY OA          (3.35) 
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In a similar manner, the components (coordinates) for pivot B along the global X and Y direction 

are defined by adding the position of pivot A and the length of Link 3 as 

 33 cos LXX AB         (3.36) 

and 

 33 sin LYY AB          (3.37) 

Before moving into the next section, one factor in the analysis is that each derived 

equation is expressed in general terms, meaning that the specified design parameters are not 

substituted to obtain a value once an equation is generated. The basis behind this process is to 

prevent long, tedious, revisions in case an analytical error is formulated during the design phase. 

Therefore, Table 3.2 illustrates the values obtained from substituting the respective parameters 

into each expression and solving for the unknowns of the mechanism. Additionally, these values 

will be implemented in the latter sections and chapters to generate a simulation of the Watt II 

linkage (Working Model 2D software) and fabricate the physical model. 

Determining the position of pivot A and pivot B concludes the unsprung position analysis 

of the four revolute-four bar mechanism illustrated in Figure 3.1. Therefore, the design of such 

mechanism was obtained by determining the geometric analysis of each link. The length of Link 

1 was calculated by considering point O and point C on the fixed frame. Once the length of Link 

1 was determined, a condition was specified to establish a relationship between the output angle 

4  and the input angle 2 . In order to satisfy this condition, the position loop equations about 

pivot B were implemented and consequently a second-order polynomial was obtained. Then, the 

Tangent Half-Angle approach was used to establish a new constraint equation and solve for the 

two roots. After the roots were calculated, the position loop equations were used to solve for the 

respective angles. 
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Table 3.3: Unsprung Position Analysis Parameters 

 

Parameters Units (m) 

1L  0.25 

P  0.022 
2m  

Q  -0.054 
2m  

R  0.05 
2m  

aX  0.086 

bX  -0.51 

a3  9.86° 

b3  -54.003° 

a4  105.428° 

b4  -149.571° 

AX  0.072 

AY  0.072 

BX  0.223 

BY  0.098 

 

 

 

3.1.2 Motion Analysis of Four Revolute-Four Bar Mechanism 

Once the unsprung position analysis of the four revolute-four bar mechanism has been 

determined, the next step is to kinematically describe the motion of the system by deriving the g 
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and h function of each link. This is accomplished by expressing a geometric relationship between 

the parameter in question (dependent) and the input of the mechanism (independent). Significant 

to mention is that the dependent parameters of the dyad are the links, revolute/pivot joints, and 

link angles, and will be calculated relative to the center of mass and described in terms of time. 

As mentioned earlier, the motion of the system can be described relative to the center of mass or 

about the ends of a rigid body. In this case, the motion will be described relative to the center of 

mass. 

The idea behind describing the behavior of the mechanism, in terms of the KIC‟s, is to 

determine four major parameters that will allow for the effective stiffness to be generated. These 

include: Effective Inertia, Effective Stiffness due to Gravity Loads, Inertial Power, and Stiffness 

Generation via Redundant Actuation. In order for such equations to be formulated, the 

implementation of Hamilton‟s Principle is considered in the general form of  

    
1

0

,,

t

t

dttxtxtLS          (3.38) 

where  tx  is the position of the particle at time t,  tx  is the velocity of the particle, and L is the 

difference between the kinetic energy and potential energy (Lagrangian). Nonetheless, before 

describing the motion of the four revolute-four bar mechanism in terms of its velocity and 

acceleration, it is important to understand how these four parameters are generated.  

For instance, the first parameter Effective Inertia is obtained by equating the model 

kinetic energy with the system kinetic energy [2]. The general equation gives 

       

















L

LL

y

L

x

LLisi IvvM
dt

d
I

222
2

2

1

2

1

2

1
      (3.39) 
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where the velocities are about the center of mass of link L and the inertia 1I is about the center of 

mass of link L as well. This equation states that the Effective Inertia of the mechanism is 

determined by adding the translational kinetic energy ( 2

2

1
mv ) with the rotational kinetic energy 

( 2

2

1
I  ). Therefore, what is done is that the translational and rotational velocities are written in 

terms of their respective g-function, and the like terms are cancelled to yield the Effective Inertia 

siI  of the system 

      
1

2

1

22

1 li

y

li

x

lisi gIggMI       (3.40) 

where lig  represents the velocity of the link with respect to the input. As a result, the g-

functions, are obtained due to the change in position of the center of mass of each link with 

respect to the input. 

Moreover, describing the motion of the system, in terms of the Effective Stiffness due to 

Gravity Loads, can be generated by equating the virtual work done by the effective 

load/generalized force at the input, to the virtual work done by the externally applied loads. This 

concept has been previously illustrated in equation (2.2) and can be expressed in terms of its g-

function by substituting the respective virtual displacements and cancelling like terms as 

    
P

Y

pi

Y

P

X

pi

X

Ppip

L

si gFgFgTT      (3.41) 

As a result, since the force of gravity acts in the vertical reference frame, the first two terms of 

the equation are cancelled and the expression yields  

   
1

1

y

lisi ggMT        (3.42) 
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where g is the gravitational constant acting on the system, M is the mass of link L, and lig  is the 

velocity of link L about the center of mass along its Y direction.  

Furthermore, kinematically describing the motion of the four revolute-four bar 

mechanism involves determining the Inertial Power of the system. This procedure is 

accomplished by setting the Inertial Power equal to the time rate of change of the kinetic energy 

of the system. In other words, the Inertial Power is the result of differentiating the Effective 

Inertia of the system (equation 3.39) with respect to the input 2 and obtaining the respective 

KIC‟s as   

      
1

11
2

1
lili

y

li

y

li

x

li

x

lisi

i

si hgIhghgMI
d

d
P


     (3.43) 

where 1I  is the inertia about the center of mass, and the h-function is the acceleration about the 

center of mass of link L.  

Having discussed the attainment of the Inertial Power of the system wraps up the 

argument on how the four major parameters are essential to generate the desired effective 

stiffness. Therefore, the target of the motion analysis is to determine the angular velocity and 

acceleration of each link with respect to the center of mass, and the translational velocity and 

acceleration of each link, along the X and Y direction, with respect to the center of mass as well.  

However, before initiating the analysis, it is vital to point out which parameters will 

remain constant throughout the motion of the mechanism and which parameters will vary. Table 

3.4 illustrates that the lengths of the links as well as the angle of Link 1 remain constant, while 

the angles of Link 2, Link 3, and Link 4 vary with time as the mechanism moves according to its 

dynamics. As a result, with these constants and variables specified the necessary geometric 
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relationships can be generated by means of knowing which parameters are dependent and which 

are independent.  

 

Table 3.4: Constant and Variable Parameters for D111 

 

Constant 1432 ,,, LLL  

Variable 432 ,,   

 

 

With this understood, the first step in finding the angular velocities of Link 3 and Link 4 

is obtained by implicitly differentiating the position loop equations (3.9) and (3.10) with respect 

to 2 . Why with respect to 2 ? The reason for differentiating with respect to the 2  is that such 

angle represents the input of the system, which means that the change in position of Link 3 and 

Link 4 depend on the change in position of Link 2. Therefore, this procedure generates two 

expressions that contain the unknown parameters 32g  and 42g  , one along the X direction of the 

links and the other along the Y direction of the links. The result yields 

 

323322224244 gSLgSLgSL        (3.44) 

and 

323322224244 gCLgCLgCL        (3.45) 

where the KIC‟s are defined as 

2

3

32




d

d
g          (3.46) 

and 
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2

4
42





d

d
g          (3.47) 

These KIC equations state that the change in angular rotation of the dependent parameters with 

respect to the change in angular rotation of the input, results in the angular velocity of the links. 

However, it is significant to clarify that the angular velocity of Link 2 22g   is neglected from the 

equations (3.44) and (3.45) due to a constant geometric relationship generated as a result of 

implicit differentiation. This means that the angular velocity of Link 2 with respect to 2 , is 

simply one, and consequently can be removed from the expressions. As a result, this procedure 

reduces the derived equations into  

3233224244 gSLSLgSL        (3.48) 

and 

3233224244 gCLCLgCL         (3.49) 

The following step once these equations have been established is to determine the angular 

velocity of the respective links by solving simultaneously. This is accomplished by first 

obtaining a general expression for 42g  from equation (3.48) and substituting it into equation 

(3.49) to obtain the angular velocity of Link 3 as 

 
 433

242
32

sin

sin










L

L
g         (3.50) 

In a similar manner, the angular velocity of Link 4 is determined by substituting this equation 

into the previously developed general expression for 42g  to obtain 

 
 434

232

42
sin

sin










L

L
g         (3.51) 

Critical to mention is that these g-functions were simplified using the trigonometric identity 
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   sinsincoscossin        (3.52) 

Once the angular velocity of each link has been established, the following calculation of 

the motion analysis involves determining the angular acceleration of each link relative to the 

center of mass. The computation initiates by differentiating the previously specified equations 

(3.48) and (3.49) with respect to the input of the mechanism and obtaining  

3233

2

3233224244

2

4244 hSLgCLCLhSLgCL       (3.53) 

and 

3233

2

3233224244

2

4244 hCLgSLSLhCLgSL       (3.54) 

where the KIC‟s are defined as 

2

32

32
d

dg
h          (3.55) 

and  

2

42

42
d

dg
h          (3.56) 

Before continuing the analysis, these second-order KIC‟s state that the change in angular 

velocity of Link 3 and Link 4 with respect to the change in angular rotation of the input, results 

in the angular acceleration of the links. Likewise, it is important to mention that the angular 

acceleration of Link 2 (equal to zero) has been neglected from the equations since its previously 

derived angular velocity resulted in a constant value. With this said, solving for the angular 

acceleration of Link 3 is accomplished by obtaining a general expression for 42h  from equation 

(3.53) and substituting it into equation (3.54) to get 

   
 343

24234

2

323

2

424

32
sin

coscos










L

LgLgL
h       (3.57) 
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In addition, solving simultaneously to determine the angular acceleration of Link 4 requires 

substituting this equation into the previous general expression for 42h  to obtain 

   
 344

232

2

32334

2

424

42
sin

coscos










L

LgLgL
h       (3.58) 

As before, these two h-functions were simplified implementing the following justified 

trigonometric identity  

   sinsincoscoscos        (3.59) 

Having solved for the angular velocity and angular acceleration of each link concludes 

the first phase of the motion analysis on the four revolute-four bar mechanism. The second and 

last phase in analyzing the behavior of the system involves determining the translational velocity 

and acceleration of each link, along their X and Y direction, and with respect to the center of 

mass. The first step in this process is to symbolically represent the distance of the center of mass 

on each link in terms of a new local reference frame (Figure 3.1) as 

2

2
2

L
u          (3.60) 

02 v          (3.61) 

and 

2

3

3

L
u          (3.62) 

03 v          (3.63) 

and 

2

4
4

L
u          (3.64) 

04 v          (3.65) 
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where iu is represented along the X direction and iv is represented along the Y direction and 

perpendicular to the link. By specifying these values, the motion analysis on Link 2 initiates by 

determining the location/position of the center of mass along the X and Y direction of the link as 

   22222 sincos  vuXX O         (3.66) 

and 

   22222 cossin  vuYY O 
       (3.67)

 

Before obtaining the translational velocity of these expressions, it is essential to understand 

which parameters remain constant and which parameters vary (differentiable) as the mechanism 

fluctuates. Table 3.4 indicates that the only parameter differentiable in this case is the input angle 

2  , while the rest of the parameters remain constant; therefore the expressions along both 

directions yield 

    222222 cossin  vug x         (3.68) 

and 

   222222 sincos  vug y          (3.69) 

In a similar manner, the translational acceleration of the link along its horizontal and vertical 

direction is generated by explicitly differentiating these two expressions with respect to the input 

(independent) parameter 2  and obtaining  

    222222 sincos  vuh x         (3.70) 

and 

    222222 cossin  vuh y         (3.71) 
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On the other hand, the next segment of the motion analysis is to determine the behavior 

of Link 3. This is accomplished by adding the inclined length of Link 2 with the location of the 

center of mass of Link 3 along both directions as 

     3333223 sincoscos  vuLX        (3.72) 

and 

     3333223 cossinsin  vuLY        (3.73) 

Once the position has been determined, the translational velocity of the link (relative to the 

center of mass) is calculated by differentiating these two expressions with respect to the input 

parameter 2  to obtain 

       3233332232 cossinsin gvuLg x         (3.74) 

and 

       3233332232 sincoscos gvuLg y         (3.75) 

where 32g  is the angular velocity of Link 3. This means that having the 32g  function as part of 

the expressions confirms that the translational velocity of the link is related to the angular 

velocity of the system. In a similar manner, the motion analysis continues by differentiating these 

two g-functions with respect to 2  to obtain the translational acceleration of the link (relative to 

the center of mass) as 

               2

3233333233332232 sincoscossincos gvuhvuLh x         (3.76) 

and 

               2

3233333233332232 cossinsincossin gvuhvuLh y        (3.77) 

where the 32g  and 32h  represent the angular velocity and angular acceleration of the link, 

respectively. 
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The last link to analyze from the four revolute-four bar mechanism is Link 4, but before 

this process is accomplished, it is important to understand how the motion analysis performed on 

the previous links was determined.  The process was characterized by finding an equivalent point 

(pivot B) on the mechanism that would separate the kinematic equations generated for Link 2 

and Link 3, from those kinematic equations developed for Link 1 and Link 4 (loop-equations). 

This is why the previously derived translational velocity and translational acceleration do not 

contain any parameters regarding Link 1 and Link 4.  

With this approach discussed, the behavior of Link 4 initiates by adding the length of 

Link 1 with the location/position of the center of mass of Link 4 along the X and Y direction as 

     4444114 sincoscos  vuLX        (3.78) 

and 

     4444114 cossinsin  vuLY        (3.79) 

Table 3.4 indicates that the only parameter that is differentiable with respect to the input in this 

case is 4  , while the rest remain constant. Therefore, the translational velocity of the link yields 

     42444442 cossin gvug x          (3.80) 

and 

     42444442 sincos gvug y          (3.81) 

where the 42g function is the angular velocity of the link. Taking the second derivative of these 

two expressions results in the translational acceleration of the link as 

          2

42444442444442 sincoscossin gvuhvuh x      (3.82) 

and 

          2

42444442444442 cossinsincos gvuhvuh y       (3.83) 
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where the 42g  and 42h  represent the angular velocity and angular acceleration of Link 4, 

respectively.  

 The last phase of the motion analysis involves determining the mass moment of inertia of 

the system in order to solve for the rotational kinetic energy (Effective Inertia). This process 

initiates by taking into account the general (scalar) moment of inertia equation 


2

iirm          (3.84) 

where m is the mass and r is the distance to the axis of rotation. With such general equation 

established, the target is to compute the mass moment of inertia of each link and the mass 

moment of inertia of the two grounded revolute joints. Therefore, considering the geometry of 

the links and the parameters involved, allows for the inertia of each link to be calculated as 

2

222
12

1
LmI          (3.85)  

2

333
12

1
LmI           (3.86) 

and 

2

444
12

1
LmI          (3.87) 

where  432 ,, mmm  and 432 ,, LLL  the masses and lengths of the links, respectively. On the other 

hand, solving for the mass moment of inertia of the grounded revolute joint O includes adding 

the inertia of the Link 2 by the center of mass location of the link. To achieve this, the following 

equation is implemented 

 22

12

1
ii vumI          (3.88) 
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where iu  and iv  represent the distance of the center of mass along the link and perpendicular to 

it. Therefore, implementing this equation and substituting the respective parameters yields the 

inertia of the grounded revolute joint as 

 2

2

2

222 vumIIO         (3.89) 

where such expression is obtained from the Parallel Axis Theorem (Statics). In a similar manner, 

the mass moment of inertia of the grounded revolute joint C is determined by adding the inertia 

of Link 4 with the center of mass location of the link as 

 2

4

2

444 vumIIC         (3.90) 

As in the unsprung position analysis, these previously derived equations are expressed in 

general terms to avoid long, tedious revisions in case an analytical error occurs during the design 

process. However, after substituting the specified design parameters into each generated 

equation, the respective values attained are illustrated in Table 3.5. 

In conclusion, the geometric design of the four revolute-four bar mechanism was 

generated by specifying several design parameters that led to the determination of the position of 

each link, joint, and angle. Once the geometric design of the system was completed, the behavior 

was analyzed through the implementation of the kinematic and kinetic equations, and relative to 

the center of mass of each link. The target, in such case, was to describe the motion of the 

dependent parameters in terms of position, velocity, and acceleration. The process initiated by 

differentiating the position loop equations (about pivot B) to determine the g and h functions of 

Link 3 and Link 4 with respect to the input. Similarly, the translational velocity and acceleration 

of each link, relative to the center of mass, was calculated by first determining the position of the 

center of mass, and then differentiating twice to obtain the respective g and h functions along the 

X and Y directions.  
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Table 3.5: Position and KIC Values 

Position g-function h-function 

mu 051.02   122 g  022 h  

mu 077.03   583.032 g  073.032 h  

mu 051.04   578.042 g  366.142 h  

mX 036.02   mg x 036.022   mh x 036.022   

mY 036.02   mg y 036.022   mh y 036.022   

mX 147.03   mg x 064.032   mh x 097.032   

mY 085.03   mg y 028.032   mh y 082.032   

mX 236.04   mg x 028.042   mh x 072.042   

mY 049.04   mg y 007846.042   mh y 002088.042   

 

 

 

3.2 D011 Design 

 

 

3.2.1 Unsprung Position Analysis for Slider-Crank Mechanism 

 

Before determining the unsprung position of the D011 planar mechanism, the first step 

involves specifying a new point (joint) on Link 4 that will couple both mechanisms and create 

the desired Watt II linkage. This point (E) is obtained by specifying a new local reference frame (

EE vu , ) on the link and arbitrarily choosing the coordinates to determine its position in space 

(Figure 3.2). To avoid confusion, it is significant to clarify that in this case the new coordinate 
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system is only used as a reference guide along the incline, and does not represent the location of 

the center of mass as in the previous section. Therefore, the arbitrarily coordinates yield 

mLuE 032.04          (3.91) 

and 

mvE 080.0          (3.92) 

where 4L  is the length of Link 4. 

 

 
Figure 3.2: D011 Mechanism 

 

 

 

Once the point (joint) has been referenced on Link 4, the unsprung position analysis of 

the mechanism initiates by specifying several design parameters such as the dyad type, angle of 

sliding, and the length of Link 2‟ (Table 3.6). As specified, the angle 1  is zero, which means 

that the spring mechanism only modulates along the horizontal axis. With these parameters, the 

objective is to solve for the length of Link 1‟ and for the angle of Link 2‟ (Figure 2.1), however 

to accomplish this procedure the position of point E must be determined first. Therefore, using 
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4  as the relative angle, allows for the position of point E to be calculated along the horizontal 

and vertical direction (global) as 

   44 sincos  EECE vuXX         (3.93) 

and 

   44 cossin  EECE vuYY         (3.94) 

where CX  and CY  represent the constraint on the grounded revolute joint C. 

 

Table 3.6: D011 Design Parameters 

mX A 0'   44    mL 127.02   

mYA 0'   01   1Type  

 

 

 

With the position of the new point calculated, the unsprung length of Link 1‟ and the 

unsprung angle of Link 2‟ are determined specifying an initial condition to establish a 

relationship between the angle 1  and the angle 2 . This condition states that the length of Link 

2‟ must remain constant throughout the motion of the system, which makes sense 

    0'2  LEDED        (3.95) 

Therefore, in order to satisfy the initial condition, the method of position loop equations 

is implemented about point D. This method involves expressing a series of constraint equations 

that define the position of the output displacement slider (equivalent point) along its X and Y 

direction. Therefore, the position of the equivalent point along the horizontal coordinate is 

obtained by equating DD XX   as  
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   2211' coscos    LXLX EA        (3.96) 

where 1  and 2  are the relative angles of Link 1‟ and Link 2‟ respectively. In a similar 

manner, the position loop equation along the vertical coordinate is obtained by equating BB YY    

and implementing the adequate trigonometric functions as 

   2211' sinsin    LYLY EA        (3.97) 

With these expressions defined, the next step is to isolate the terms that contain trigonometric 

functions on one side, and the rest on the other side as 

    '2211 coscos AE XXLL           (3.98) 

and 

    '2211 sinsin AE YYLL           (3.99) 

The idea of rearranging the equations is to simplify the terms on the right hand side by 

representing them symbolically using a single constant as 

'AE XXa        (3.100) 

and  

'AE YYb        (3.101) 

Therefore, introducing the respective constants into the position loop equations (3.98) and (3.99) 

yields 

    aLL  1'12'2 coscos        (3.102) 

and 

    bLL  1'12'2 sinsin        (3.103) 

It is significant to point out that by using this approach the long, tedious procedure of 

determining the unknown parameters '1L  and 2  is reduced to a two step process. For example, 
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step one involves expanding both of these expressions to form a single equation that will 

eliminate 2  and allow for the length of Link 1‟ to be solved. This is first accomplished by 

applying the Law of Cosines along both directions as  

aCLaCLCL 1'1

22

1

2

'1

2

2

2

'2 2      (3.104) 

and 

bSLbSLSL 1'1

22

1

2

'1

2

2

2

'2 2      (3.105) 

where  iiS sin  and  iiC cos . The single equation is then generated by adding the two 

non-linear expressions and obtaining 

     11'1

222

1

2

1

2

'1

2

2

2

2

2

'2 2 bSaCLbaCSLCSL     (3.106) 

which is expected since the effective stiffness equation is non-linear as well (Chapter II). Once 

this equation is formulated, it can be simplified using the Cosine Angle Sum and Difference 

Identity (3.14) and the Pythagorean Trigonometric Identity (3.15) to eliminate 2  as 

      2
1

222

'2

2

1111'1 baLbSaCTypebSaCL     (3.107) 

Step two, on the other hand, involves solving for the angle of Link 2‟. This calculation is simply 

generated by forming a relationship between the position loop equations (3.102) and (3.103) as 

aCL

bSL

CL

SL






1'1

1'1

2'2

2'2       (3.108) 

where 

aCL

bSL




 

1'1

1'11

2 tan       (3.109)  

 Furthermore, the final calculation of the analysis involves determining the position of the 

output displacement slider (point D) in terms of its X and Y coordinates. This requires that the 

length of Link 1‟ and the constraint on the slider are taken into consideration as 
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1'1' CLXX AD        (3.110) 

and 

1'1' SLYY AD        (3.111) 

where the angle of sliding is equal to zero. Once the position for the output element is 

determined, each of the previously derived expression is calculated through substituting the 

respective parameters (Table 3.7) 

 

Table 3.7: D011 Analytical Values 

 

Units (m) Units (m) Units (m) 

07.0Eu  308.0a  089.0b  

308.0EX  399.0DX  399.0'1 L  

089.0EY  0DY  339.1342   

 

 

 

3.2.2 Motion Analysis of the Slider-Crank Mechanism 

  Once the unsprung position analysis of the D011 mechanism has been established, the 

next phase is to kinematically describe the motion of the system by obtaining the KIC‟s of each 

link. This process is accomplished by expressing a geometric relationship between the parameter 

in question (dependent) and the input of the mechanism (independent). Therefore, the target is to 

determine the angular velocity and acceleration of each link with respect to the center of mass, 

and the translational velocity and acceleration of each link along the X and Y coordinates and 

with respect to the center of mass as well. 
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 Before analyzing the behavior of the system, it is vital to point out which parameters will 

remain constant throughout the motion of the mechanism and which parameters will vary. Table 

3.8 illustrates that the length of Link 2‟ and the angle of Link 1‟ remain constant, while the 

length of Link 1‟, the angle of Link 2‟ and point E vary with time as the mechanism fluctuates. 

As a result, with these constants and variables the necessary geometric relationships can be 

generated by means of knowing which parameters are dependent and which are independent. 

 

 

Table 3.8: Constant and Variable Parameters for D011 

 

Constant '21 , L  

Variable EE YXL ,,, 2'1   

 

 

 

With this understood, the first step in finding the angular velocities of Link 1‟ and Link 

2‟ is obtained by implicitly differentiating the position loop equations with respect to the input 

2  ((3.96) and (3.97)). This procedure generates two expressions that contain the unknown 

parameters 2'2g  and 2/'1Lg , one along the X direction and the other along the Y direction as 

    2'22'2212/' sincos
1

gLgg xEL       (3.112) 

and 

    2'22'2212/' cossin
1

gLgg yEL       (3.113) 

where the KIC‟s are defined as 

2

2
2'2





d

d
g        (3.114) 

and 
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2

'1
2/'1 d

dL
gL        (3.115) 

These KIC equations state that the change in angular rotation of the dependent parameters with 

respect to the change in angular rotation of the input, results in the angular velocity of the links. 

Important to observe from the differentiated loop equations is the integration of the angular 

velocity of point E, which must be solved first before calculating for the unknown parameters. 

This procedure involves differentiating its position (equations (3.93) and (3.94)) with respect to 

the input of the mechanism 2  to obtain  

     42442 cossin gvug EExE       (3.116) 

and 

     42442 sincos gvug EEyE        (3.117) 

where 42g  is the angular velocity of Link 2 previously calculated.  

Once the angular velocity of point E has been attained, the unknown parameters can be 

determined in a one step process instead of solving the differentiated equations simultaneously. 

This is accomplished by understanding that the angular velocity of Link 1‟ is defined by its 

change in length over time (3.113), which means that the exact same result can be produced by 

the displacement on the output slider (point D). Therefore, the velocity of the slider along its X 

and Y directions is obtained by differentiating its position ((3.110) and (3.111)) with respect to 

the input 2  as 

 12/2 cos
'1

 LxD gg       (3.118) 

and 

 12/2 sin
'1

 LyD gg       (3.119) 
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where 01  from the specified design parameters (Table 3.6). By simplifying these 

expressions, it is determined that the angular velocity of Link 1‟ is equivalent to the horizontal 

translational velocity of point D as 

2/2 '1LxD gg        (3.120) 

and 

02 yDg       (3.121) 

This indicates that the respective angular velocities of the D011 mechanism can be resolved by 

substituting equations (3.118) and (3.119) into the differentiated loop equations as 

  2'22'222 sin gLgg xExD        (3.122) 

and 

  2'22'222 cos gLgg yEyD        (3.123) 

where the 2/'1Lg  and 2'2g  yield 

  2'22'222/ sin
'1

gLgg xEL        (3.124) 

and 

 2'2

2

2'2
cosL

g
g

yE
       (3.125) 

After the angular velocity of Link 1‟ and Link 2‟ has been computed, the next procedure 

of the motion analysis involves determining the angular acceleration of each link. This 

computation initiates by differentiating the previous expressions ((3.124) and (3.125)) with 

respect to the input of the mechanism and obtaining two non-linear equations that give 

    2'22'2

2

2'22'222/ sincos
'1

hLgLhh xEL       (3.126) 

and 
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 

 2'2

2

2'22'22

2'2
cos

sin





L

gLh
h

yE




       (3.127) 

where the KIC‟s are defined as 

2

2/

2/

'1

'1 d

dg
h

L

L       (3.128) 

and 

2

2'2

2'2
d

dg
h        (3.129) 

Important to observe from these non-linear equations is the integration of the angular 

acceleration of the new point E along the global horizontal and vertical direction. This h-function 

amongst the angular velocity of Link 1‟ and Link 2‟must be calculated to prevent having more 

unknowns than equations. Therefore, the second-order KIC of point E is computed by 

differentiating its velocity (equations (3.116) and (3.117)) with respect to the input of the 

mechanism and obtaining  

          2

424442442 sincoscossin gvuhvuh EEEExE     (3.130) 

and 

          2

424442442 cossinsincos gvuhvuh EEEEyE    (3.131) 

where 42h  is the angular acceleration of Link 4 previously calculated.  

 Having solved for the angular velocity and angular acceleration of each link concludes 

the first phase of the motion analysis. The second phase in analyzing the behavior of the system 

involves determining the translational velocity and acceleration of Link 2‟, along its X and Y 

coordinates, with respect to the center of mass. As accomplished in the previous section, the first 
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step in this process is to symbolically represent the distance of the center of mass on Link 2‟ in 

terms of a new local reference frame (Figure 3.3) as  

2

'2
'2

L
u        (3.132) 

and 

0'2 v       (3.133) 

where iu  represents the horizontal distance along the incline and iv  represents the normal 

distance of the link. With such values specified, the motion analysis on Link 2‟ initiates by 

determining the location/position of the center of mass along the X and Y direction of the link as 

     2'22'21'1'2 sincoscos  vuLX      (3.134) 

and 

     2'22'21'1'2 cossinsin  vuLY      (3.135) 

 

 
Figure 3.3: Local Coordinate System D011 
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Once the position has been identified, the velocity of the link can be obtained by simply 

differentiating the expressions, however, it is necessary to first understand which parameters will 

remain constant and which will change as the mechanism fluctuates. Table 3.8 indicates that the 

parameters that change in this case are the length of Link 1‟, the angle of Link 2‟, and point E, 

while the rest of the parameters remain constant; therefore, the translational velocity of the link 

yields 

     2'22'22'22'2 cossin gvug x       (3.136) 

and 

     2'22'22'22'2 sincos gvug y       (3.137) 

In a similar manner, the translational acceleration Link 2‟ relative to the center of mass is 

generated by differentiating these two expressions with respect to the input 2  and obtaining 

          2

2'22'22'22'22'22'22'2 sincoscossin gvuhvuh x    (3.138) 

and 

          2

2'22'22'22'22'22'22'2 cossinsincos gvuhvuh y    (3.139) 

where 2'2g  and 2'2h  represent the angular velocity and acceleration of Link 1‟ and Link 2‟, 

respectively. 

The last phase in analyzing the behavior of the system involves determining the mass 

moment of inertia of the links in order to solve for the rotational kinetic energy (Effective 

Inertia). In this case, it is important to distinguish that Link 2‟ is the only link that contains a 

mass, and therefore is the only one to be computed. With this understood, the inertia is calculated 

by taking into account the geometry of the link and the distance to the axis of rotation as 

2

'2'2'2
12

1
LmI       (3.140) 
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where '2m  is the mass of the link and '2L  is the respective length. Since Link 2‟ is the only link 

to be analyzed from the system, this calculation finalizes the design phase of the D011 

mechanism in terms of its geometry and motion analysis. Once the expressions formulated from 

these analyses were written in general terms, each and one of them were calculated by 

substituting the respective parameters and obtaining the desired values (Table 3.9). 

 

Table 3.9: Analytical Results 

 

Mass (kg) Inertia (
2kgm ) Position (m) g-function (m) h-function (m) 

0255.02 m  
5

2 10211.2 I  399.02 xDX  086.02 xDg  24.02 xDh  

0348.03 m  5

3 10789.6 I  02 xDY  02 yDg  02 yDh  

0605.04 m  
5

4 10245.5 I  308.02 xEX  051.02 xEg  102.02 xEh  

0469.0'2 m  
510843.8 OI  089.02 xEY  034.02 yEg  110.02 yEh  

 410098.2 CI  355.02'2 X  017.02'2 xg  069.02'2 xh  

 5

'2 10304.6 I  045.02'2 Y  017.02'2 yg  055.02'2 yh  

   381.02'2 g  383.12'2 h  

 

 

 

In conclusion, it is necessary to emphasize that the geometric design of the mechanism in 

this section was generated by specifying several design parameters that led to the determination 

of the position of each link, joint, and angle. After the unsprung position was determined, the 

behavior of the system was analyzed by implementing the kinematic and kinetic equations, 

relative to the center of mass, that determined the KIC of each parameter in question. In order to 

accomplish such procedures, an initial condition had to be specified first to establish a 
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relationship between the angles 
1  and 

2 . Then, the position loop equations (about point D) 

were implemented to determine the KIC‟s of the system. 

Important to recall, before closing, is that the design of the one degree-of-freedom Watt II 

linkage was accomplished in two steps. Phase one, as seen in the previous section, involved 

determining the unsprung position of a four revolute-four bar mechanism and analyzing its 

behavior in terms of position, velocity, and acceleration (relative to the center of mass). In phase 

two, a geometric design and motion analysis was generated for the D011 mechanism to describe 

its behavior and complete the structure of the unidirectional linkage. 

 

3.3 Working Model Simulation 

 

 

Once the design of the Watt II linkage has been completed, the next step is to use the 

attained parameters and create a simulation in Working Model 2D that will assist in visually 

understanding the appearance and behavior of the one degree-of-freedom spring mechanism. In 

particular, this process allows the previously calculated analytical values to be compared with 

those generated by the model and verify if they match. Nonetheless, it is significant to mention 

that the target in this section is to only develop the unsprung model and leave the comparison of 

motion parameters for the next chapter, once the spring mechanism is redundantly actuated by 

implementing the required equilibrium motor torques. 

Before attempting to model the spring mechanism, the first step is to arbitrarily choose a 

coordinate system on the workspace that will reference the starting point (grounded revolute 

joint O) and allow for the system to be fully constrained as the links are assembled (Figure 3.4). 

This point of reference will start at the coordinates (0,0) to be on the same page with the global 
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coordinate system specified earlier (design of linkage ) and facilitate the process of generating a 

model.  

After determining the initial reference point on the workspace, the process begins by 

using the tools offered in Working Model to create and position each link according to the 

calculated constraints (Table 3.1 and Table 3.2). For example, the length of Link 2 is drawn to 

scale using a rectangular element and is placed at a 45° angle from its fixed end  referenced at 

(0,0). Before continuing, it is necessary to clarify that Working Model measures the angles in 

units of radians and not in units of degrees. This means that the 45° angle of Link 2 together with 

all the angles specified and determined in sections 3.1 and 3.2, must be converted to radians 

(3.139) in order for a fully constraint model to be generated.  











360

2
deg


radians       (3.141) 

 

 

Figure 3.4: Working Model Reference Frame 

 

 

 

With this said, the process continues by placing a motor on the grounded (fixed) end to simulate 

one of the two input forces required to have a redundantly actuated system, however its mode 
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must be modified to „torque‟ from the default settings. If this change is not made, the software 

will assume that the motor is in „velocity‟ mode and the dynamics of the mechanism will be 

altered, making the results different from the ones computed. In a similar manner, the 

mechanical properties of Link 2 such as the mass and mass moment of inertia also need to be 

modified from the default settings to prevent an automatic material selection from the software.  

The next step is for the length of Link 3 to be created (rectangular element) and 

positioned about the free-end of Link 2 through a point element. Once the links are connected 

and the angle is specified in radians, the mechanical properties of the link are modified to 

prevent an automatic parameter selection from the software that would produce inconsistencies 

on the system as a result of the change in dynamics. 

With these two links fully constrained, the process of modeling the Watt II linkage 

continues by finding a way of coupling Link 4 and revolute joint E to avoid having additional 

links on the system. This problem is solved by incorporating a triangular plate on the free-end of 

Link 2 that references and unites each of the three revolute joints involved (B,C, and E). With 

such solution established, the solid plate is generated by using a polygon shape element in 

Working Model to specify the position of each revolute joint in terms of their X and Y 

coordinates (Figure 3.5). Once these parameters have been defined and the dyad plate has been 

assembled, a „torque‟ motor is implemented at the grounded (fixed) revolute joint C to simulate a 

second input force that is required to have a redundantly actuated system.  

The last segment to complete the assembly of the linkage involves creating Link 2‟ and 

the output linear displacement slider. Before continuing, it is important to recall that the output 

element slider is used as a reference source to determine the effective stiffness of the system and 

is totally dependent on the motor torques.  
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With this concept emphasized from the previous chapter, the length of Link 2‟ is drawn 

to scale using a rectangular element and placed at a 134.339° angle relative to the horizontal of 

point E. Once the assembly between these two points is completed, the mechanical properties 

such as the mass and mass moment of inertia are modified from the default settings to prevent an 

automatic selection from the software. 

 

 
 

Figure 3.5: Coupling Dyads 

 

 

 

In a similar manner, the output linear displacement element is generated and assembled 

using the same tools in Working Model as before. This time, however, once the default settings 

have been modified, a key slot joint is implemented along the horizontal axis of the output 

element to allow for the spring mechanism to modulate as a force is applied (Figure 3.6).  
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In conclusion, with the parameters attained from the design phase of the spring 

mechanism, a simulation was created in Working Model 2D to visualize the appearance and 

behavior of the system. However, the target in this section was to only develop the unsprung 

linkage model and leave the comparison of motion parameters for the next chapter. As a result, 

the process began by utilizing the tools offered in the software to create the linkage and generate 

a fully constrained system. After the links were created and assembled, the calculated 

mechanical properties of the links were specified on the default settings. This modification was 

done to prevent an automatic material selection from the software that would alter the dynamics 

of the system.  

 

 
Figure 3.6: Watt II Spring Mechanism 

 

 

 

3.4 Pro-Engineer Model 

 

 

One of the advantages of using Pro-Engineer software is that a three dimensional model 

of the spring mechanism can be generated. With this sketch, details such as the development of 

each component and the assembly of the linkage can be foreseen before the manufacturing 

process begins. However, the greatest challenge in the drawing is to find a way to mount the 

mechanism on the shafts of the two DC motors to obtain a precise, horizontal motion on the 
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output displacement slider. For these reasons, the target in this section is to create a computer-

aided design (CAD) drawing of the actively adjustable spring mechanism that will serve as a 

reference guide during the process of fabricating the physical model. Such drawing is completed 

in two steps; first, each individual component will be created according to the specified or 

calculated parameters, and secondly the components and the respective motors will be assembled 

to generate the one degree-of-freedom mechanism.  

Before initiating the design of each component, it is vital to point out several parameters 

that will allow for the spring mechanism to be created in three dimensions. These parameters are 

not determined mathematically, instead they are arbitrarily considered by having in mind a 

reasonable size of fabricating the physical spring mechanism. For instance, Table 3.10 

demonstrates that each link has a cross-sectional length of 0.0127 m and a cross-sectional width 

of 0.00635 m, while the dyad plate that connects the D111 and D011 mechanisms has a thickness 

of 0.003175 m. Additionally, the table indicates that the holes of the revolute joints are to be 

extruded using a diameter of 0.00635 m, this dimension is regarded to be consistent with the 

diameter of the motor shafts. 

 

 

Table 3.10: Dimensions for Physical Model 

 

Parameters Units (m) 

Cross-sectional Length 0127.0  

Cross-sectional Width 00635.0  

Hole Diameter 00635.0  

Plate Thickness 003175.0  
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With these parameters defined, the next step involves specifying the correct unit system 

(SI) in Pro-Engineer to be on the same page with the units specified in the design phase (Figure 

3.7). If this change is not made, the default units (English System) on the software will remain 

activated, and the overall size of the sketch generated will be smaller than the original design.  

  

 
 

Figure 3.7: Pro-Engineer Units Specification 

 

 

 

Once the parameters have been specified and the correct unit system has been incorporated, the 

process initiates by using the tools offered in the software to create each link. For example, Link 

2 is sketched using an extrusion tool that permits the cross-sectional dimensions (Table 3.10) and 

the depth (length) of the link to be designated. In this case, the depth that is to be specified must 

exceed the original depth (Section 3.1) in such manner that the extruded holes on the link have a 

substantial margin at the end. Therefore, such problem is solved by leaving the distance between 

the center of the holes intact (original length), while the length outside of the holes is extended 

(Figure 3.8). If this length is not modified, it is impossible to create a drawing that matches the 
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previously designed mechanism, and consequently the desired effective stiffness will not be 

generated. With this requirement understood, a total length of 0.01905 m is not only added to this 

link, but to every link on the linkage. After specifying the necessary depth on Link 2, the 

procedure continues by extruding a hole on the end where the DC motor is to be mounted, and 

another hole on the respective end where Link 3 is to be connected. Once the holes are extruded, 

it is necessary to add a new axis of rotation, perpendicular to the center of each hole, to specify 

that the link can pivot about those references. If this axis is not specified, the software does not 

have a source of reference to align the two joints that are to be coupled, and as a result the 

assembly process becomes tedious or impossible to achieve.  

 

 

Figure 3.8: Extended Length in Links 

 

 

 

 This procedure implemented on Link 2 is applied to the development of Link 3 and Link 

2‟ as well. Therefore, the next component of the linkage to be sketched using Pro-Engineer is the 

dyad plate that couples the D111 and D011 mechanisms. In this case, sketching the plate can be 

accomplished by either specifying the relative angles between the revolute joints (B, C, and E), 

or by specifying the position of each of the three joints in terms of their X and Y coordinates. 

The quickest approach is to specify the respective coordinates by implementing several reference 
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lines on the workspace and drawing the appropriate diameter on the points to extrude the holes 

(Figure 3.9). Once the revolute joints have been created, the dyad plate is completed by 

sketching a substantial amount of space on the outside of the pivots to keep the specified 

parameters intact and allow for the mechanism to function according to the calculated values.  

 

 

Figure 3.9: Dyad Plate 

 

 

 

Furthermore, the next component to be sketched is the output displacement element. In this case, 

the challenge is to develop a slider element that is able to adapt to the three-dimensional 

parameters of Link 2‟ without the need to remove material from the component. The solution to 

the problem lies in creating a rail system that contains a pair of sliding blocks and allows for the 

link to be mounted in between (Figure 3.10). Once this design is well defined, it can easily be 

sketched on the software with the tools available. However, it is essential to point out that the 

most important factor in this procedure is for the holes to be extruded right on the center of the 
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element to prevent misalignment with the revolute joint C, and as a result achieve a smooth 

horizontal motion. 

 

 

Figure 3.10: Linear Displacement Element 

 

 

 

Having sketched the displacement element concludes one of the two steps required to 

develop a CAD drawing for the actively adjustable spring mechanism. The second and last step 

involves generating the assembly of the linkage with the previously generated components. 

However, as mentioned earlier, the greatest challenge in generating a drawing is finding a way to 

mount the mechanism on the shafts of the motors and satisfy all of the parameters determined in 

the design phase. This process can be accomplished by sketching a pair of motors to visually 

understand how the assembly of the mechanism can be adapted to the rotating devices, and to see 

what other components may be needed to obtain a smooth modulation from the slider. Once the 

motors have been generated in Pro-Engineer, they are mounted on a base according to their 

specified distance ( 1L : Table 3.2) and each of the links are assembled using a pin connection 

(Figure 3.11). Before continuing, it is important to mention that this pin is sketched 0.00635 m in 

diameter to meet each hole requirement, and 0.0127 m in length to satisfy the distance across the 
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connected links. If these dimensions are not suited to employ a tight fit across the links, then the 

mechanism will be unstable and will not be able to modulate according to the predicted 

dynamics. 

 

 

Figure 3.11: Assembly of Spring Mechanism (Pro-Engineer) 

 

 

 

With this said and understood, one issue to notice from the figure is that the motor shafts 

are located a certain distance from the bottom of the base. This means that assembly of the 

output displacement element must be elevated to that distance in order to create a system that is 

aligned with the grounded revolute joints. To solve this problem, two walls are placed in 

between the slider element to support the rail system that is to be mounted horizontally. As a 

result, the three-dimensional assembly of the Watt II linkage can be completed with all of the 

details needed to fabricate a physical device. 

In conclusion, a computer-aided design drawing of the designed spring mechanism was 

created (Pro-Engineer) to serve as a reference guide during the process of fabricating a physical 

model. With this sketch, one of the advantages is that details such as the development of each 
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component and the assembly of the linkage can be foreseen before the manufacturing process 

begins. For example, some of these details included specifying the adequate dimensions on each 

component (X, Y, and Z direction) to have a functional mechanism, determining the size of the 

holes on the links to connect each component and the two grounded DC motors, finding an 

approach to assemble the revolute joints (pins, screws, etc.), and making sure that the dimensions 

on the assembly matched the dimensions of the previously designed mechanism in order to 

obtain a precise, one degree-of-freedom motion along the horizontal axis. With such details 

considered, the fabrication process of the linkage is simplified in two ways. First, with all the 

dimensions specified on the drawing, the process of purchasing a material with the exact 

dimensions is facilitated. Secondly, the fabrication process is simplified by knowing exactly 

what machinery and tools to use when manufacturing each component of the spring mechanism.
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CHAPTER IV 

 

 

MOTOR TORQUES AND DESIRED EFFECTIVE STIFFNESS 

 

 

In the previous chapter, kinematic and kinetic equations were implemented to determine 

the geometric design and behavior of the Watt II linkage. Part of the analysis required describing 

the motion of the mechanism in terms of position, velocity, and acceleration. However, in no 

case were the two nonlinear input forces, required to drive the redundantly actuated system, 

incorporated as part of the design process. Therefore, in this chapter the two equilibrium forces 

(torques) needed to satisfy the concept of redundant actuation and consequently create an 

effective stiffness on the linkage will be calculated using the principle of virtual work (power in 

= power out). The goal in this process is to substitute the previously calculated g and h functions 

and solve for the Effective Inertia, Inertial Power, and Effective Stiffness due to Gravity Loads to 

obtain the required forces and the desired effective stiffness of the system.   

Three sections constitute the process of attaining the nonlinear two input forces (torques) 

needed for the spring mechanism to be at its equilibrium state. In section 4.1, the principle of 

virtual work will be implemented to generate the necessary equations that will allow for the 

motor torques at 2  and 4  to be solved. As a result, the model kinetic energy will be equated 

with the system kinetic energy to solve for the Effective Inertia of the system and consequently 

attain the respective effort at 2 . Once the motor torque at the grounded revolute joint O has 

been determined, the motor torque at 4  is obtained by solving the system equilibrium equation 
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calculated in Chapter II (section 2.2), and the desired effective stiffness is determined as well. At 

this point, it is necessary to review what desired effective stiffness means. As mentioned earlier, 

the desired effective stiffness of the actively adjustable spring mechanism represents the stiffness 

at equilibrium position. In the final section, the two generated forces (torques) will be 

implemented in Working Model to verify that the analytical results match the parameters created 

by the simulation. 

4.1 Motor Torque at Theta Two 

 In the present section, three major equations are generated during the process of solving 

the two nonlinear input forces. For example, the purpose of generating equation one (Effective 

Inertia) is to account for the generalized mass of the system in terms of calculating the angular 

and translational velocity and of each link relative to the center of mass. On the other hand, 

equation two (Inertial Power) is developed in order to consider the forces acting on the spring 

mechanism in terms of calculating the angular velocity and acceleration of each link relative to 

the center of mass, and the translational velocity and acceleration of each link relative to the 

center of mass. Lastly, equation three is generated during the process of finding the two efforts 

(Effective Stiffness due to Gravity Loads) to determine the gravity loads acting on the system in 

terms of calculating the translational velocity of each link along the vertical direction. However, 

before these three equations can be attained, it is important to understand how the principle of 

virtual work is generated and how can it benefit the calculation process.  

As briefly mentioned, the principle of virtual work is generated by equating the „input 

power‟ of the system with the „output power‟ of the system. This power balance implies that as 

the (equilibrium) spring mechanism is subject to a displacement along the horizontal axis, the 

total virtual work of all external forces is equal to zero. Therefore, the advantage of using the 
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principle of virtual work is that the unknowns, in this case the forces acting on the system, can be 

solved using an energy approach (4.1) instead of the traditional approach (Newton‟s second law). 

Using the traditional approach, on the other hand, can certainly solve for the equilibrium torques 

of each motor, but the process will take longer and the possibility of making an error is greater.  

nergyPotentialErgyKineticEneL          (4.1) 

With the principle of virtual work understood, the first major equation (Effective Inertia) 

is obtained by equating the model kinetic energy with the system kinetic energy as 

SystemModel EKEK ....                (4.2) 

From this equation, one important detail to point out is that the kinetic energy is the only source 

of energy regarded from the Lagrangian equation (4.1). The potential energy, on the other hand, 

is totally neglected based on the fact that the output linear displacement element only modulates 

along the global horizontal direction and not along the vertical direction. For this reason the 

generalized mass of the Watt II linkage is obtained by adding the translational kinetic energy (X 

and Y direction) with the rotational (angular) kinetic energy. Such terms are equivalent to 

2

2

1
.. isiModel IEK            (4.3) 
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where 

siI  Effective mass 

i
  Input speed 

l Link 
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lI Mass moment of inertia of the link relative to the center of mass 

l
 Absolute angular speed of the link relative to the center of mass 

lM  Mass of link  

ll yx  , Absolute velocity components of link with respect to the center of mass 

Once these two equations are combined (see equation 3.40), the next step is to calculate the 

terms in the expression by means of calculating the angular and translational velocity of each 

link relative to the center of mass. However, it is significant to mention that this process has 

already been accomplished in Chapter III and there is no need to repeat it. The only step that is 

needed to solve the Effective Inertia of the system involves substituting all of the calculated 

parameters into equation (3.40). Therefore, after the substitution has been made, the final 

expression yields     
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where sI 2  is calculated in terms of position.  

Furthermore, Inertial Power is the second major equation that is generated during the 

process of solving for the two, nonlinear, equilibrium motor torques. As said before, the purpose 

of deriving the Inertial Power is to solve for the forces acting on the system using an energy 

approach instead of the traditional approach. However, before this expression can be generated, 

it is important to see how the energy approach relates to the Newton‟s second law of motion.  

The process is formulated by considering the energy produced by a single particle 

moving along a path as 

2

2

1
.. mvEK            (4.6) 
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where m represents the mass of the particle and v represents the velocity of the particle. With 

such equation considered, the course of finding the Inertial Power of the system is initiated by 

simply differentiating with respect to time as  

   vvmmv
dt
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EK

dt

d
2

2

1

2

1
. 2 








         (4.7) 

where the end result states that the change in kinetic energy of the particle is equivalent to the 

product between the velocity and the rate of change of momentum  

  mavEK
dt

d
..          (4.8)  

From this result, the relationship between the energy and Newton‟s second law of motion can be 

identified. For example, Newton‟s second law of motion (4.9) states that the summation of forces 

acting on the system is equivalent to the rate of change of momentum. This indicates that the 

amount of motion (momentum) on a body is the product between the mass and the velocity, 

which is exactly the same case presented in equation (4.8). However, the process does not end 

here, there is one more step that needs to be taken into consideration before the Inertial Power of 

the mechanism can be calculated.  

  maF           (4.9) 

This step involves writing the energy equation (4.8) in terms of Newton‟s second law. For 

instance, since the product between the mass and the acceleration can be found in both equations, 

it can be represented in terms of an effort  maF   as 

FvEK
dt

d
).(        (4.10) 

where the right-hand side of the expression can also be written as the product between the 

inertial load (or mass) 
l

iT  and the input speed (or velocity) i
    
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  i

I

iTEK
dt

d
..        (4.11) 

With this relationship formulated between the energy and Newton‟s second law of 

motion, the idea is to first solve for the Inertial Load of the system before obtaining the Inertial 

Power. Therefore, the calculation initiates by implementing the Chain Rule to differentiate 

equation (4.11) with respect to time as 
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and obtaining the expression 
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where l
  represents the angular acceleration of each link relative to the center of mass, and 

2

l
  

represents the angular velocity of each link relative to the center of mass. From this equation, 

additionally, the term isP  represents the Inertial Power of the system and is a result of 

differentiating the previously calculated Effective Inertia with respect to the input as 
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where the KIC‟s represent the angular velocity and acceleration of each link relative to the center 

of mass, and the translational velocity and acceleration of each link relative to the center of mass. 

These values have also been computed in the previous chapter and there is no need to repeat the 

procedure. Therefore, substituting the computed values into the equation yields the Inertial 

Power of the Watt II mechanism as 
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where iI  represents the mass moment of inertia of each link, 
22g  represents the angular velocity 

of Link 2 with respect to 
2 , which is equal to one (Chapter III), and im  represents the mass of 

each link. 

The last major equation developed before the input force at 2  can be calculated, is the 

Effective Stiffness due to Gravity Loads. This process, as evaluated in Chapter II, initiates by 

equating the virtual work done by the effective load/generalized force at the input, to the virtual 

work done by externally applied loads as 

  


P

PPYPPXPP YFXFTT  22        (4.16) 

where the moment component ( PT ) and force components ( PXF  and PYF ) are a set of P loads 

acting on motion parameters P , PX , and PY . From such general condition, it is important to 

observe the development of the equilibrium force ( 2T ) needed to create an effective stiffness on 

the system and consequently drive the actively adjustable spring mechanism. However, before 

this force (torque) can be obtained, the first step is to divide the expression by the virtual 

displacement 2  to cancel the displacements done by the externally applied loads and create an 

equation that is written in terms of KIC‟s. Once the KIC‟s are implemented, all of the externally 

applied loads are substituted in general terms as  
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where 


k

isT  Effective loads 


g

isT  Gravity loads with respect to the center of mass 
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
L

isT  Externally applied loads 


m

iT  Motor torque 

However, not all of these loads are needed to determine the effort at the grounded revolute joint. 

For example, the necessary loads only include the motor torque and the gravity loads, while the 

externally applied loads and the effective loads are totally neglected. Having explained this 

allows for the expression of the required motor torque to be attained as 

   g

sssm TPIT 2

2

22222          (4.18) 

where the first term in parenthesis represents the Inertial Load (
I

iT ) and  g

sT2
 represents the 

gravity loads acting on the system in a downward direction. Since the Inertial Load has already 

been determined in the previous paragraph, only the gravity loads of the linkage need to be 

computed to complete the process. For instance, the procedure involves implementing Newton‟s 

second law of motion to determine the translational velocity of each link along the vertical 

direction as  

   
l

lliylly gMggMFmaF      (4.19) 

where gravity is assumed to act in the negative-Y direction (Figure 4.1) 

gravityg              (4.20) 

and the load is represented by the change in position 

i
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            (4.21) 

However, it is significant to point out that such calculation has been accomplished in Chapter III 

and there is no need to repeat the process. Therefore, substituting the calculated g-functions into 

equation (4.19) yields the third major equation as 
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where the minus sign represents the gravity of the system acting in a downward direction (Figure 

4.1). 

 

 
Figure 4.1: Gravity in Spring Mechanism 

 

 

 

With this equation at hand, the motor torque at 2  is easily calculated by means of 

expanding equation (4.18) and obtaining 
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where sI 2  represents the Effective Inertia, sP2  represent the Inertial Power. At this point, 

however, it is necessary to emphasize the direction of the force. In Chapter II it was said that a 

certain condition needed to be met in order for the mechanism to create the necessary internal 

loading. The condition stated that the force generated at 2  must be applied in a 

counterclockwise direction, and the force generated at 4  must be applied in a clockwise 
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direction in order to produce an effective stiffness on the mechanism. If such forces (torques) are 

applied in the opposite direction, the concept of redundant actuation is useless and the system 

will not behave as a spring mechanism. Therefore, the value of this force (torque) must be a 

positive value in order to produce the adequate direction. 

 In conclusion, three major equations were generated prior to the attainment of the 

nonlinear input force (torque) at 2  (Effective Inertia, Inertial Power, and Effective Stiffness due 

to Gravity Loads). These equations were generated based on the principle of virtual work and 

were derived using an energy balance approach that related to Newton‟s second law of motion. 

After each expression was developed, the process of solving all of the terms (KIC‟s) did not have 

to be implemented since they had been calculated in the previous chapter. This allowed for the 

attainment of the effort at the input to be easily computed without the need to repeat any 

calculation (Table 4.1) and consequently the effort at the output angle. As in the previous 

chapters, the analytical expressions generated in this chapter were represented in general terms to 

avoid any mistakes when computing. 

 

Table 4.1: Motor Torque Two Parameters 

 

Parameters Values 

sI 2  kgm   2410493.5  

sP2  kgm   2410249.3  

sT2  mN  310213.6  

I

iT  mN  410244.2  

mT2  mN  310437.6  
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4.2 Motor Torque at Theta Four 

 

 

In Chapter II, it was said that since the Watt II mechanism has a one degree-of-freedom 

motion along the horizontal axis, its kinematic state is completely defined by a single parameter 

2 , meaning that a single motor can control the equilibrium state of the system. However, the 

problem in implementing a single motor is that if a non-zero input torque is applied, the 

mechanism will move according to its dynamics and the static equilibrium condition will be lost. 

The solution to this problem, as a result, was to implement a second force (redundant actuation) 

that would sustain the internal loading of the linkage and at the same time keep the system in 

static equilibrium.  

Up to this point, however, such force has not been calculated. Therefore, the target in this 

section is to compute the effort at 4  with the help of the previously calculated torque (at joint 

O). In this process, it is important to mention that there is no need to manipulate multiple 

equations to obtain a solution, only a single equation is required to solve for the unknown.  

For example, the process initiates by taking the equilibrium equation of the mechanism 

(Chapter II: equation (2.1)) and isolating the unknown on one side of the equation and the rest of 

the parameters on the other side. Once this expression has been rearranged, the end result states 

that the motor torque is equivalent to the ratio between the motor torque at 2  and the angular 

velocity of Link 4 as 

42

2
4

g

T
T


         (4.24) 

where 42g  is the velocity of Link 4 with respect to Link 2. From this equation, it is seen that a 

negative value is obtained for 4T , what this means is that the direction of the force is to be 
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applied in a clockwise manner. Such result certainly validates the condition that states that the 

force generated at 4  must be applied in a clockwise direction in order to produce an effective 

stiffness on the mechanism.  

Moreover, once the second force has been computed and the system has reached an 

equilibrium position, the next step is to formulate a relationship that will be useful during the 

testing of the physical model and will allow for any motor torque to be solved in a one step 

process. The idea is to avoid repeating the entire calculation process to find a set of equilibrium 

torques. With this relationship at hand, for example, an arbitrarily or desired torque can be 

specified and the other one can easily be computed. Therefore, what is done is that the calculated 

value of 4T  is written over the calculated value of 4T to obtain a dependent integer as  

729.1
2

4 
T

T
                   (4.25) 

where any of the two forces can be specified first.  

4.2.1 Desired Effective Stiffness at Equilibrium State (K*) 

 Having solved for the equilibrium input forces (torques) required to satisfy the concept of 

redundant actuation and consequently drive the actively adjustable spring mechanism, the next 

step is to determine the desired effective stiffness of the system at its equilibrium state (as 

mentioned in Chapter II). This calculation is obtained by the following process: 

  

d

K

d KT ,          (4.26) 

where 


dK is the desired effective stiffness of the system. 

   kddi

K

i TgT


        (4.27) 

Therefore, 
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Consequently, 
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and 

    di

k

idii
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Therefore, the desired effective stiffness at point D (Figure 4.1) is represented as 

 
  K

XDXD

XD

D ThKg
g

K
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2
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      (4.34) 

where 


2T  is equal to zero due to the equilibrium state of the system, 


2K represents the effective 

stiffness at the input (equation (2.9)), and consequently the final expression yields 
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 In conclusion, the input forces (torques) required to satisfy the concept of redundant 

actuation were calculated in this section. The process initiated by using the equilibrium equation 

of the mechanism to substitute the previously calculated effort and obtain the necessary torque at 

4 . After the system reached its static equilibrium state, a relationship between the two forces 

was generated to facilitate the process of attaining another set of equilibrium torques. In addition, 

the desired effective stiffness of the system due its equilibrium state was determined. This 

procedure, as a result, wraps up the entire theoretical calculations in the present study.  

 

4.3 Working Model Verification 

 

 

Before the physical model can be generated, it is important to verify that all of the 

computed, theoretical values are correct. This verification is accomplished by implementing the 

values of the two motor torques into the previously generated Working Model simulation. Within 

the simulation, there are two major observations that need to be considered. For example, the 

first observation is to validate that the Watt II linkage remains in static equilibrium as the motor 

torques are applied. If the system modulates with these parameters, then a computational error 

occurred on the analyses and should be fixed as soon as possible. However, if the system remains 

in its equilibrium state, then the second observation involves verifying that the KIC‟s generated 

in the simulation match those theoretically calculated.  

With these observations in mind, the verification process initiates by implementing the 

respective motor torques on each of the grounded revolute joints (Figure 4.2). After running the 

simulation, results indicate that the model remains in static equilibrium and the motion 

parameters (g-functions) of each link are equivalent to the predicted values (see Table 3.5)! The 

percent error on the g-functions is 0.7% and 1.2%, which means that the results are accurate. 
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This outcome demonstrates that the entire analysis is correct and that indeed, the system will 

behave as a spring mechanism as a result of the internal loading created.   

 

 

Figure 4.2: Working Model Verification 

 

 

Before continuing, however, it is great significance to mention that the computed, 

theoretical values also need to be validated using a „DC motor‟ on each of the grounded revolute 

joints. The reason for this is that the spring mechanism will be physically driven using two direct 

brush-type DC motors. Not only this, but with the incorporation of the DC motors several motor 

parameters (physical) can be implemented to closely simulate the behavior of the real system. In 

the previous simulation, for example, the two input forces (torques) needed for the system to be 

at an equilibrium state were generated with a „torque‟ motor, but in reality, a torque value cannot 

be directly specified on a brush-type DC motor. What is done, in reality, is that the required 

motor torque is applied in terms of a current or voltage. In this case, for instance, the software 

requires that the two input torques of the system are specified in terms of an input voltage.  

Not only is the input voltage required to have a good sense of how the Watt II linkage is 

going to behave, but there are several other parameters that need to be specified on each motor as 
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well. For example, these parameters include the resistance of the motor amature, the inductance, 

the speed constant, and the motor constant, which is also defined as the torque constant (Table 

4.2). It is important to clarify that such parameters are not calculated or arbitrarily considered; 

rather they are obtained from the specifications of the 5A direct brush-type DC motor. However, 

before specifying the parameters into Working Model, it is important to recall that the software 

only accounts for SI units. This means that, in this case, the speed constant and the motor 

constant are the only parameters that need to be converted from English units to SI units in order 

to be consistent with all of the design parameters. Therefore, the conversion process for such 

parameters is accomplished as follows: 
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Table 4.2: DC Motor Parameters specified in Working Model 

Parameters Motor 2 Motor 4 

Resistance 1.041  Ohm 1.040  Ohm 

Inductance 0.004  Henry 0.004  Henry 

Speed Constant 0.097  Kv 0.097  Kv 

Motor Constant 0.097  Km -0.097  Km 

Input Voltage 1.00    V 1.729   V 
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Once these parameters have been specified and the simulation in Working Model has 

been generated, results indicate that the model remains in static equilibrium and the motion 

parameters (g-functions) of each link are equivalent to the predicted values (Table 3.5). This 

result indicates that the computed values are correct and that the next phase of the project can be 

considered. 
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CHAPTER V 

 

 

MANUFACTURING AND ASSEMBLY OF THE SPRING MECHANISM 

 

 

Up to this point, the concept of redundant actuation has been incorporated to theoretically 

design an actively adjustable spring mechanism (Watt II linkage). Not only has the theoretical 

design of the linkage been completed, but most importantly, the calculated values have been 

validated via Working Model simulation. This accomplishment certainly allows for the next 

phase of the project to be considered. However, before continuing into the next phase, it is of 

great importance to briefly summarize how such process has been achieved. 

The process began in Chapter II by determining the equilibrium equation of the spring 

mechanism. Such expression was accomplished by equating the virtual work done by the 

effective load, to that done by the externally applied loads. Based on this expression, 

consequently, kinematic and kinetic equations were implemented in Chapter III to determine the 

geometric design of the one degree-of-freedom mechanism and estimate its non-linear behavior. 

After describing the motion of the mechanism in terms of position, velocity, and acceleration, the 

two equilibrium forces (torques) needed to create an effective stiffness on the linkage were 

calculated in Chapter IV. These equations were generated based on the principle of virtual work 

and were derived using an energy balance approach that relates to Newton‟s second law of 

motion.  

 With this brief summary, the process of developing and testing a physical model can be 

taken into consideration. Therefore, the target of the present chapter is to carry out the  
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fabrication and assembly process of the actively adjustable spring mechanism according to the 

parameters generated on the Pro-Engineer drawing. 

As mentioned earlier, one of the advantages of using the computer-aided design drawing 

is that it allows for each component of the mechanism to be fabricated to scale. This, in 

particular, will eliminate any speculating scenarios that can be unnecessary and time consuming 

during the fabrication process. However, before such process can be carried out, several details 

must be regarded first in order for the manufacturing mechanism to have a sequential order.  

Specifically, there are four sections that embellish this chapter. In section 5.1, a material 

selection will be made based on the identification of different types of conditions that affect the 

fabrication and functionality of the linkage. Once the material has been selected, the process of 

manufacturing the spring mechanism will initiate (in section 5.2) by using the tools and 

machines needed to fabricate each component according to the design specifications 

(Department of Mechanical Engineering at The University of Texas-Pan American). A 

preliminary test will then be conducted (in section 5.3) using a mechanical link, a direct drive 

DC motor, and a power amplifier to observe how the system behaves in a static situation, and 

consequently anticipate how the real system will be driven. This procedure is important because 

since there is no experimental validation, the behavior of the system is not known. Based on the 

results, the idea is to determine what electronic components (power amplifier, power supply, 

etc.) will be required to drive the redundantly actuated system and carry out the necessary 

experiments. In the last section of the chapter, the Watt II linkage will be mounted and 

assembled using all of the equipment purchased (section 5.4). With the setup completed, a series 

of experiments will be planned out and conducted to validate the concept of adjustable springs 

(Chapter VI). 
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5.1 Material Selection 

 

 

The target of the present section is to decide on two materials (preferably a metal) that 

will be implemented during the fabrication phase of the spring mechanism. The first material 

will be selected on the basis of fabricating the components of the Watt II linkage, and the second 

material will be selected on the basis of fabricating the rail system (in which the linear 

displacement element modulates). However, before these selections can be made, it is important 

to identify several types of conditions and environments in which the spring mechanism will be 

exposed during the manufacturing process, or during the actual testing. If these circumstances 

are not taken into consideration, the chances of not meeting the design specifications increase 

and consequently, there is a possibility of developing a system that will not function properly. 

With these consequences in mind, the first condition is found in the machining process. 

For example, one characteristic that the selected materials must have is the feasibility to be 

machined under high temperatures and high cutting speeds. Under these circumstances, first of 

all, the materials must possess sufficient toughness (ductility) to avoid fracture during plastic 

deformation. If this characteristic is very minimal or is not found, the components will fracture 

as soon as a small force is applied to the (brittle) surface. This, in particular, must be avoided in 

order for the machines to perform smooth, clean cuts. On the other hand, the materials should not 

be too tough that the machines cannot penetrate and create the specified design parameters. If the 

strength of the materials is too high, the tools and machines can be damaged or ruined by trying 

to achieve something beyond their capability. Therefore, the most important factor to satisfy both 

of these cases is to consider the mechanical properties of the materials, such as coefficient of 

thermal expansion, modulus of elasticity, and yield strength. 
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Moreover, a second issue to keep in mind is that the spring mechanism will be in constant 

contact with the atmosphere and with a lubricant (fluid) that is to be applied on the revolute 

joints and the output sliding element to minimize friction. The problem, in both cases, is that 

corrosion can develop on the metal in a matter of days and can cause rapid degradation. For 

example, the type of corrosion that forms when the metal comes in contact with the atmosphere 

is atmospheric corrosion. This type of corrosion forms due to the chemical reaction between the 

metal and the salt (NaOH) present in the atmosphere. What happens, in particular, is that the 

material looses excess amount of electrons during the anodic reaction and as a result is not able 

to create a protective layer. On the other hand, the type of corrosion that forms when the metal 

comes in contact with the lubricant is erosion corrosion. This phenomena occurs when the 

passive layer of the metal is removed (due the shear stress of the fluid) and the surface is exposed 

to the oxygen atoms.  

The effect of having these types of corrosion is that they can jeopardize the functionality 

and aesthetics of the spring mechanism. This means that if the system is not functioning 

properly, the experimental data will not be able to match the theoretical values. 

However, it is significant to mention that corrosion not only forms as a result of the 

contact between the metal and the atmosphere, or between the metal and the fluid. Corrosion will 

also form in the areas where two metals come in contact with each other (galvanic corrosion). 

For example, in this case the (anodic) chemical reaction can occur as a result of machining the 

material with a different type of metal, or as a result of coupling the links with a bolt or pin. 

During the reaction, what happens is that the difference of (voltage) potential between the two 

metals causes most of the electrons to be transferred to one metal. In this particular metal, a 

cathodic protection will form due to the excess of electrons transferred from the other metal, and 
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as a result corrosion will not occur. The metal with the weaker charge, however, will only retain 

a small amount of electrons, and consequently corrosion will take effect. Therefore, a non-

corrosive material that produces a greater charge during the potential difference must be kept in 

mind as well. 

5.1.1 Material for Linkage 

After these major circumstances have been identified, the material that compensates the 

fabrication of the spring mechanism is Aluminum alloy 6061-T6. Specifically, there are two main 

reasons for selecting this material. The most important reason, particularly, is that the alloy 

contains the mechanical properties and physical properties needed to withstand all of the 

specified circumstances (Table 5.1). The grouping of these properties allows the material to 

produce several characteristics that facilitate the process of fabricating the spring mechanism. 

For example, such characteristics include the following:   

 Medium to high strength 

 Good toughness 

 Good surface finish 

 Excellent corrosion resistance to atmospheric condition 

 Good corrosion to sea water 

 Can be anodized 

 Good weldability and brazability 

 Good workability  

 Lightweight 

With these features, machining each component will be carried out in a feasible manner and the 

Watt II linkage will be able to function properly. 
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Table 5.1: Physical and Mechanical Properties 

Property Value 

Ultimate tensile strength 310260  MPa 

Density 7.2
3/ cmg  

Melting point C580  

Modulus of elasticity 8070 MPa 

Poisson‟s ratio 33.0  

Coefficient of thermal expansion C10020  

  

 

 

The second reason for selecting the aluminum alloy (Table 5.2) is that it is a common 

material in the marketplace and its cost is relatively low in comparison with other materials 

(Stainless Steel, Nickel, etc.). For example, there are materials that contain the required 

properties, but are not common in the marketplace, and there are materials that common in the 

marketplace, but are too expensive to purchase. This material, however, not only contains the 

necessary mechanical properties and physical properties, but it is common in the marketplace 

and the cost is remarkably affordable. Having explained the basis of selecting the Aluminum 

alloy 6061-T6, allows for the material to be purchased. In this case, however, there are two 

different types of sizes that need to be selected. For example, the first size of material contains 

the dimensions needed to fabricate all of the links of the mechanism (0.0127 x 0.00635 x 1.8288 

m), and the second type of size contains the dimensions needed to fabricate the dyad plate 

(0.3048 x 0.3048 x 0.003175 m). Once these sizes are determined, a pair of each is purchased. 
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The reason for acquiring an extra set of material is in case of making an error during the 

fabrication of each component. For instance, if only the needed material is purchased and an 

error is made, the ordering process has to be repeated and the project will be on hold for at least a 

week.  

 

Table 5.2: Aluminum Alloy 6061-T6 Composition 

 

Element Weight % 

Aluminum Balance 

Magnesium 2.18.0   

Silicon 8.04.0   

Iron Max. 7.0  

Copper 40.0015.   

Zinc Max. 25.0  

Titanium Max. 15.0  

Manganese Max. 15.0  

Chromium 35.004.0   

Other 05.0  

 

 

 

5.1.2 Material for Rail System (Track) 

The following step involves choosing a material for the fabrication of the rail system 

(track). However, before this decision can be made, it is of major importance to identify an 

additional type of condition in which the material will be exposed during the testing of the 

device.  
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For example, the most important issue to consider formulates from the contact that will 

be generated between the material and linear displacement element. Under this circumstance, the 

selected material must have the ability to operate under the presence of shear forces created on 

the surfaces. If such characteristic is not found, the shear forces will deteriorate the surface of 

each component and the spring mechanism will not be able to modulate in a precise fashion. As a 

result of the deterioration, the components will have to be fabricated a second time to restore the 

functionality of the system. The problem with repeating this process is that a good amount of 

time will be consumed and at the mean time, the project will remain inactive. Therefore, the 

selected material for the rail system must be wear-resistant to eliminate the possibility of having 

these types of miscues. 

With this type of condition identified, the material selection for the rail system can be 

made. For example, the material that best suits the fabrication of the rail system is a copper-zinc 

alloy (brass). This particular material is selected based on the mechanical and physical properties 

needed to operate under all the mentioned conditions and circumstances. The combination of 

these properties allows for the copper-zinc alloy to produce several characteristics that facilitate 

the fabrication process of the spring mechanism, and at the same time helps conserve the 

aesthetics. For example, such characteristics include: 

 High corrosion resistance 

 High tensile strength 

 Good machining qualities 

 Good ductility 

 Surface smoothness 

 Good hardness 
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 Good Workability 

 Lightweight 

Not only is the fabrication process facilitated and the aesthetics conserved with these features, 

but also the modulation of the system can be precisely generated along the global horizontal 

direction. Furthermore, the material was also selected for being common in the marketplace and 

for being relatively low in price. Certainly, this important factor allows the process of purchasing 

the alloy (brass) to be simplified.  

 In conclusion, a material selection was made based on the identification of different types 

of conditions that affected the fabrication and functionality of the linkage. Aluminum alloy 6061-

T6, for example, was selected on the basis of fabricating each component of the spring 

mechanism, and copper-zinc alloy (brass), on the other hand, was selected on the basis of 

fabricating the rail system. Both of these materials were selected based on their excellent 

mechanical properties and their relative low cost on the marketplace. 

 

5.2 Fabrication Process 

 

 

With the material selection made, the target of the present section is to fabricate the 

components of the Watt II linkage using the parameters specified on the Pro-Engineer drawing. 

Specifically, the spring mechanism will be generated in three phases. The idea behind separating 

the fabrication into phases is to manufacture the components that use the same machinery in one 

phase, and leave the components that require different machinery on the other phases. Separating 

the components into phases, first of all, avoids having the trouble of resetting the machines each 

time a new component is fabricated, and secondly, it reduces the time of the entire process.  
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For example, in the first phase the components that will be machined are Link 2, Link 3, 

and Link 2‟. In this case, the only parameter that is different is the length, but such problem can 

be solved by using the same machine to create all the links and by simply adjusting the material 

to obtain the respective components. Other than that, the process of fabricating the holes and the 

rounding on the edges remains identical, and can be generated using the same machines. 

Moreover, the second phase of the fabrication process involves machining the dyad-plate that 

combines the D111 and D011 mechanisms. In this case, the process is quite challenging since the 

plate has a triangular shape and most of the machines are set to fabricate rectangular shapes. 

However, by modifying the settings on the machines, the adequate shape and specifications can 

be generated. In the last phase of fabricating the spring mechanism, the component that will be 

machined is the linear displacement element. The most important factor, in this procedure, is for 

the hole to be precisely drilled on the center of the element in order to prevent misalignment 

once the rail system is mounted. However, by using the adequate features on the machines and 

taking every detail into consideration, the hole can be generated on the center of the element 

without a problem.  

With this said, it is significant to identify what kind of machines will be implemented 

during the fabrication process: Horizontal Band Saw, Vertical Band Saw, Belt Sander, Lathe, 

and Vertical Milling Machine. Nonetheless, in order to operate these machines successfully and 

without any setbacks, all of the safety measures and procedures must be followed strictly.  

5.2.1 Phase I 

Therefore, phase one initiates by using a measuring device to mark the required length of 

each link on the material (0.0127 x 0.00635 x 1.8288 m). Once the three lengths have been 

marked in a subsequent manner, the Horizontal Band Saw is utilized to cut each component. 
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Before attempting to continue with the fabrication process, however, it is important to explain 

and understand why this particular machine is being utilized. In particular, there are two main 

reasons. The first reason is that the Horizontal Band Saw generates smooth, clean cuts with a 

high level of precision. There are machines, on the other hand, that can perform the same task, 

but their level of precision is not very high. For example, one case is the Vertical Band Saw. This 

machine can easily cut the lengths of the three components in a matter of seconds, but the major 

problem is that uneven surfaces are generated since the material is being hand-guided through 

the blade. Therefore, the advantage of using the Horizontal Band Saw is that it allows for the 

material to be locked during the cutting process and the blade is able to penetrate smoothly 

through the surface. Moreover, the second reason for implementing such particular machine is 

that it minimizes the time of operation drastically. For example, the Vertical Milling Machine is 

one machine that can indeed generate the three links, but the process of operation requires 

implementing several steps that can be tedious and time consuming. Alternatively, the Horizontal 

Band Saw only involves a single step to obtain the desired cut, and the time of operation takes a 

couple of seconds.  

With this said, the process of fabricating the links (phase one) continues by removing the 

edge burrs with an electric Belt Sander. Removing the edge burrs is an extremely important 

procedure that must be applied every time a material has been machined. In particular, there are 

two main reasons for applying this procedure. The first reason of removing the edge burrs is to 

avoid any kinds of injury that may rise during the handling of the material or during the 

assembly process of the linkage. For instance, the burrs are extremely sharp that they can easily 

cause an accident if any small contact is made. On the other hand, the removal of the edge burrs 

allows for the aesthetics of each component and the functionality of the system to be conserved. 
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For example, if the extra material is not grinded off, it will interfere during the assembly of the 

links and consequently, the spring mechanism will not be able to modulate smoothly along any 

direction. Therefore, removing the burrs is an extremely important procedure that must be taken 

into consideration.  

Furthermore, drilling the (0.00635 m) holes on each of the three links is the next 

procedure that needs to be accomplished. Before continuing, however, it is significant to mention 

that drilling the holes into the components is one of the most important procedures in the 

fabrication process. If the holes are not drilled on their exact location, for example, the 

mechanism will not behave as an adjustable spring and consequently, the experimental values 

will not match the computed theoretical values. Therefore, drilling the holes on the plate is best 

accomplished by using the Vertical Milling Machine. The advantage of using this particular 

machine, first and foremost, is that it is capable of perforating with a high level of precision 

along the vertical direction. However, in order to accomplish such precision, there are two 

particular steps that must be accounted first.  

For example, step one involves mounting a point master on the machine to determine the 

x and y coordinates on the link. The objective in using the point master is to establish a reference 

frame along the edges of the component that will facilitate the positioning of the drill. What is 

done, in particular, is that the X and Y travelers (digital scales) are zeroed out from the edges of 

the component in order to specify the distance of the hole from that respective location. 

However, if the reference frame is not generated, it will be impossible to predict or find the 

specific location of the hole with simply using the naked eye. Therefore, not using the point 

master is certainly a disadvantage in obtaining the calculated design parameters and 

consequently, the dynamics of the system will be altered.  
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Step two, in addition, involves removing the point master from the machine and replacing 

it with a center drill. With the incorporation of the center drill, for example, the goal is to initiate 

the perforation process by simply marking the surface of the material. Such marking/indentation 

will serve as a channel for the taper drill to be used afterwards. However, if this step is omitted, it 

will be impossible to drill the hole with simply using the taper drill. What will happen, in such 

case, is that the taper drill will be constantly rotating on the surface without any penetration and 

the material will be damaged. Therefore, a center mark is created on each component where a 

hole is to be drilled. Once this mark has been completed, the (0.00635 m) taper drill is mounted 

on the Vertical Milling Machine and the perforation process of each hole is completed.  

With the holes created on each component, the final step (in phase one) is to round the 

ends of the three links with the Belt Sander. Rounding the edges of a component is another 

important factor that has to be considered each time the fabrication process comes to a 

completion. For example, in this case rounding will eliminate the possibility of having large 

stress concentrations on the ends of the material, which in the long run can cause damage to the 

spring mechanism, or failure in other cases. 

5.2.2 Phase II 

Consequently, phase two of the fabrication process initiates by hand sketching a 

reference frame on the square plate (0.3048 x 0.3048 x 0.003175). The idea of having a 

coordinate system is to have a reference when hand sketching the triangular dyad in terms of the 

X and Y coordinates. However, when sketching the dyad, it is important to label each point 

precisely on the material in order to avoid developing an unconstraint mechanism. If these three 

points are not drawn to scale, what will happen is that when the assembly of the spring 

mechanism is completed and the testing begins, the behavior of the system will not be in 
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accordance to the calculated parameters. Consequently, the plate will have to be fabricated a 

second time. Therefore, all of the precautions must be taken into consideration during the 

sketching of the dyad plate.  

Once the 0.003175 m thickness dyad has been sketched according to the design 

specifications, the Vertical Band Saw is used to cut the triangular shape. Before attempting to 

continue, nonetheless, it is necessary to explain why this particular machine is best suited for this 

task. The main reason for using the Vertical Band Saw is that the components can be hand-

guided through the blade without any supports, which means that any desired pattern or shape 

can be generated. However, the only problem with this is that the edges will not be created in a 

uniform manner due to the unstable motion of the material. Therefore, what is done to solve the 

problem is that the component is cut slightly beyond the required dimensions to allow for the 

uneven sides to be straightened with the Belt Sander. With the implementation of the Belt 

Sander, not only are the edges straightened, but all of the burrs that can cause injury during 

handling or during the assembly process are removed. Moreover, a second reason for using the 

Vertical Band Saw is that it is very practical and efficient. Even though the use of the Belt 

Sander is needed to straighten the edges, the process of fabricating the plate is quick. On the 

other hand, the Horizontal Band Saw and the Vertical Milling Machine are machines that can 

generate the dyad plate as well, but they are not practical enough to perform the task in a one 

step process. 

Moreover, using the Milling Machine to drill the three (0.00635 m) holes on the dyad 

plate is the next step that needs to be completed. In this case, however, extra precautions need to 

be made when using the X and Y travelers since the edges are not perpendicular to each other. 

Nonetheless, the process is generated by using the same tools as before. For example, a master 
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point is mounted on the machine and a reference frame is created on the digital scales with the 

use of the x and y axes. Once digital scales are zeroed out at the respective ends and the dyad 

plate is centered, a mark/indentation is made at the surface with a center drill. This starting mark 

allows for the holes to be fully perforated with a taper drill. Therefore, having drilled the holes 

wraps up the second phase of fabricating the actively adjustable spring mechanism.  

5.2.3 Phase III 

Moreover, phase III involves fabricating the linear displacement element which is 

composed of two, attached rectangular elements (Figure 3.10). However, it is important to 

mention that in order fabricate the linear displacement element, there are three steps that must be 

completed. For example, the first step involves using a measuring device to mark the required 

length (of each block) on the aluminum alloy. Once the two lengths have been marked in a 

subsequent manner, the piece of material is taken to the Horizontal Band Saw and the respective 

blocks are generated. Nonetheless, as mentioned earlier, each time a material is subject to a 

cutting blade, edge burrs are generated on the surface. This means that the sharp burrs on the 

surface of the blocks have to be removed in order to avoid any kinds of injury during the material 

handling or during the assembly process of the mechanism. Therefore, in order to prevent these 

scenarios, and in addition help maintain the aesthetics and functionality of the system, the 

electric Belt Sander machine is utilized. 

Step two, furthermore, involves drilling a hole along the x-axis of the output element 

(Figure 5.1). The purpose of extruding the hole on the output element is to implement a rail 

component that will serve as a sliding guide on the spring mechanism. This procedure, however, 

is extremely important and must be done in a very precautious manner. For example, such 

procedure is important in the sense that if a hole is not extruded specifically on the center of the 
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surface, misalignment will be created between the blocks. What will happen, consequently, is 

that the rail system and the two blocks will not be parallel with each other and a large amount of 

friction will be generated as the slider modulates along the horizontal axis. This phenomena, as a 

result, will not allow the output element to modulate in a smooth, clean manner, and the stiffness 

generated from the spring mechanism will be incorrect.  Therefore, what is done to avoid this 

type of scenario is that a point master is mounted on the Vertical Milling Machine to determine 

the coordinates along the edges of the component. The advantage of implementing such 

procedure is that the X and Y travelers will place the drill on any desired location and the hole 

will be extruded with a very high precision. Once the travelers have been zeroed out, a center 

drill is mounted on the machine and a starting mark is made on the surface, where the extrusion 

is to be generated. This process allows for the hole along the x-axis to be extruded with a 

0.003175 m taper drill.  

Before continuing, however, it is important to mention that the hole along the x-axis is 

not the only hole that needs to be extruded from the linear displacement element. The other hole, 

in particular, needs to be extruded along the z-axis of the displacement element (Figure 5.1). The 

main reason for extruding the hole along the z-direction is that a cylindrical component (length: 

0.015875 m; diameter: 0.00635 m) will be implemented between the rectangular blocks to 

assemble the sliding element and connect Link 2‟. If the hole is not drilled along such particular 

direction, for example, it will be impossible to assemble the respective components. Therefore, 

the process of drilling the hole is generated by using the same machine and tools as before.  

Once the holes have been precisely generated along the z-direction and the edges of each 

block have been rounded with the Belt Sander, the next step (three) is to assemble the sliding 

element. This is accomplished in two steps. The first step involves taking one of the ends of Link 
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2‟ and placing it on the center of the cylindrical component. Once Link 2‟ has been placed, each 

rectangular element is mounted and pasted (aluminum epoxy) at the ends of the cylindrical 

component with a certain margin. With the assembly completed, the two rectangular elements 

remain fixed on the ends and the link in the middle is able to rotate about the shaft. 

 

 

 

 

Figure 5.1: Slider Output Element 

 

 

 

Up to this point, each component of the spring mechanism has been precisely fabricated 

using various types of machines and tools. However, there is one more issue that has to be 

addressed before a preliminary test can be performed. This issue involves finding a way to 

mount/attach the dyad plate and Link 2‟ onto the shafts of the brush-type DC motors. If these are 

not attached properly, the motor shafts will rotate freely without the links of the mechanism and 

consequently, the internal loads will not be generated. Therefore, what is done is that a hole is 

drilled besides each link and a set screw is placed. 

For example, the hole on Link 2‟ is generated similarly as those in other components, the 

only difference is that a 0.003175 m taper drill is used to make the extrusion. Once the extrusion 
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is completed, the female thread on the hole is created by implementing a tap and rotating it 

smoothly in a clockwise direction. If the tap is rotated without precaution, the thread will not 

develop properly and the hole will not be useful. On the other hand, generating a hole on the 

dyad represents a greater challenge since the thickness of the plate is too small. What is done to 

increment the thickness is that a (0.0127 x 0.00635 x 0.0254 m) link is pasted on the rear side of 

the plate with an aluminum epoxy. This allows for the 0.003175 m hole to be generated on the 

link similarly as the one on Link 2‟. 

In conclusion, each component of the Watt II linkage was precisely fabricated according 

to the specifications on the Pro-Engineer drawing. Several machines such as the Horizontal Band 

Saw, Vertical Band Saw, and Vertical Milling Machine were implemented to create the specific 

parameters on the components. However, the precision of these machines was accomplished by 

mounting the adequate tools and by taking the necessary precautions.   

 

5.3 Preliminary Test 

 

 

In this section, there are several questions that need to be addressed before mounting and 

driving the redundantly actuated mechanism. One of these questions is in regards to the amount 

of torque that can be generated from a 5A brush-type DC motor. In particular, finding the 

maximum amount of torque on the motor can facilitate the process of generating a (test) plan to 

determine the desired effective stiffness on the mechanism. For example, a certain range of 

minimum and maximum values can be specified to generate different equilibrium loads on the 

spring mechanism. However, in order to determine the maximum torque, an experimental setup 

must be developed first.  In particular, the experimental setup involves mounting a link on the 

shaft and positioning a load cell at a certain distance to measure the force exerted as the motor 
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intends to rotate. The torque will then be calculated using two quantities: the force exerted on the 

load cell and the length of the arm.  

Another question that must be addressed before driving the redundantly actuated 

mechanism is obtaining a relationship between the torque and current. As mentioned in the 

previous chapter, a set of equilibrium torques cannot be directly specified on the brush-type DC 

motor, it must be specified in terms of current. Therefore, what will be done experimentally is 

that a certain amount of (current) values will be applied on the motor, and the force exerted on 

the load cell will be taken to measure the respective torque. These current values will be 

generated in steps of 0.25A to obtain a precise correlation between the two parameters. 

With these cases defined, the objective of the present section is to perform a preliminary 

test that will address such types of questions and anticipate how the spring mechanism will be 

driven. This is process is important because since there is no experimental validation, the 

behavior of the real system is unknown. Based on the results attained, all of the electrical 

components needed to assemble and drive the redundantly actuated mechanism will be 

determined as well.  

 Therefore, the process initiates by selecting several electronic devices that will allow for 

the shaft of the brush-type DC motor to rotate in a clockwise direction. For example, such 

devices include: 

 5A brush-type DC motor with continuous stall torque of 55 oz-in 

 DC servo amplifier with analog input 

 24 Voltage power supply 

 Load cell  

 Digital multimeter 



 

105 
 

 Potentiometer, 10K ohm 

 MB-800 breadboard system with power supply (5 Volts) 

 Fuse / Fuseholder 

 Wire / 3 POS Power cord 

 System link 

Once the devices are selected, the next step is to connect them in a careful manner and obtain the 

desired motion on the shaft (Figure 5.2). However, it is important to emphasize that if the 

necessary precautions are not implemented at this stage and as a result the devices are connected 

incorrectly, two major setbacks that will be experienced. The first one is that certain components 

will get damaged due to an overcharge, and consequently, the questions that need to be 

addressed before driving the mechanism will not be answered at all. This phenomena, in 

addition, will delay the process of testing as those devices damaged will have to be replaced with 

new ones. The second setback that will be experienced, on the other hand, is that a major 

accident will occur due to the electricity involved. Therefore, what is done to avoid these types 

of scenarios is that all of the devices are carefully wired and connected one step at a time.   

 With this understood, the process initiates by connecting a 3POS power cord into the 24V 

power supply that provides the necessary voltage to the system. However, before any connection 

can be made, it is important to use a digital multimeter and determine the positive, neutral, and 

ground of each conductor on the power cord. If this simple procedure is not taken into 

consideration and it is assumed that a certain color represents a particular phase, what will 

happen is that the conductors will be mounted on a different terminal and the 24V power supply 

will overcharge. Consequently, the electronic device will get damaged and there will no voltage 

provided. 
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Figure 5.2: Preliminary Test Configuration 

 

 

 

After the correct phases are determined for each conductor on the power cord, the next 

step on the experimental setup is to supply power to the DC servo amplifier. Nonetheless, it is 

important to clarify that the DC servo amplifier needs to be supplied with two sources of power, 

one that powers the brush-type DC motor and the other one that powers the potentiometer. For 

example, the first source is obtained from the 24V power supply and is used to drive the brush-

type DC motor. In particular, the connection is accomplished by grounding the DC servo 

amplifier with the negative terminal of the 24V power supply, and by wiring the positive 

terminals to generate the voltage. However, it is important to mention that a cable with a fuse 

holder is also placed in between the positive terminals to ensure that only a maximum voltage 

can be generated. The idea behind this action is to burn the fuse in case the current exceeds its 

rating and therefore, eliminate the possibility of damaging the 24V power supply.  
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Once the DC servo amplifier has been powered to connect the brush-type DC motor, the 

next step is to actually connect the motor. This step is accomplished by taking the positive and 

negative wires from the motor and connecting them to the respective terminals on the servo 

amplifier. In addition, a digital multimeter is inserted in between the positive terminals to 

measure the amperes generated by the motor. This way the correlation between the torque and 

current can be obtained in a precise manner. 

The second source of power, on the other hand, is obtained from a 5V MB-800 

breadboard and is implemented to power the potentiometer. The connection initiates by inserting 

a piece of wire in all the pins located on the input and control section (amplifier). After the wires 

are placed accordingly, the pins that contain ground (-) are grouped and soldered to a single wire 

to avoid having multiple connections on the power supply. This, in addition, allows for the 

device to be connected to the negative terminal on the 5V MB-800 power supply and to the 

reference input (amplifier) to be connected on the positive terminal. Once this step is completed, 

the potentiometer is mounted and connected to the 5V power supply. In addition, a digital 

multimeter is placed in between the positive terminals to measure the voltage generated from the 

DC motor. 

Therefore, powering the DC servo amplifier completes the wiring needed for the shaft of 

the brush-type DC motor to rotate in a clockwise direction. At this point, however, it is important 

to conduct a simple test and verify that all the wires are connected properly, and observe if the 

speed of the motor shaft is controlled with the potentiometer. After the test has been conducted, 

results indicate that indeed, the wiring of the system is correct and the speed of the shaft is 

controlled with the potentiometer. For example, as the potentiometer is rotated in a clockwise 

direction, the speed of the motor shaft increases, on the other hand, as the potentiometer is 
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rotated in a counterclockwise direction, the speed of the motor shaft decreases. From this simple 

test, the digital multimeters also give the respective voltage and current generated by the DC 

motor, which means that every connection is correct.   

Nevertheless, there are several details that need to be taken care of before the actual 

testing begins. One of them is to strap the motor onto the base where the electronic devices are 

mounted. This simple task is accomplished by extruding (cordless-hand drill) four holes on the 

plywood and using cable ties to attach the motor. By doing so, the motor will not be able to slide 

as the speed of the shaft increases. In a similar manner, the DC servo amplifier and the 24V 

power supply are also fixed to the plywood, but in this case, a screw is used instead. 

Furthermore, a second detail that needs to be taken care of is mounting a fabricated link (length: 

0.1016 m) onto the shaft of the motor with the use of a set screw. In such circumstance, 

nonetheless, it is extremely important that the set screw is well-tighten with the shaft of the 

motor. If the set screw is not well-tighten, what will happen is that there will be loose 

components as the shaft rotates, and consequently, inaccurate results will be generated from the 

experiment. Another task that needs to be addressed is to place a load cell that will measure the 

force exerted on the link as the motor intends to rotate (Figure 5.3).  

This procedure is accomplished by taking an extra piece of plywood (0.0254 x 0.0254 x 

0.254 m) and making a small extrusion (Vertical Milling Machine) on its surface to place the 

link. Once the extrusion is generated, the piece of plywood is strapped onto the workspace with a 

pair of cable ties, and the load cell is placed on the top surface in such manner that the sensor is 

located perpendicular to the link. From this setup, it is important to point out that the load cell is 

connected to DataStudio-Activity software that measures the force exerted. Furthermore, the last 

detail that needs to be addressed, before initiating the actual testing, is to set the DC servo 
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amplifier to a torque mode application. If the amplifier is set to a different mode, the system will 

behave differently and the desired output will not be generated. Therefore, what is done is that 

the reference manual of the amplifier is obtained and the respective mode is implemented. 

According to the manual, the typical current (torque) mode application is obtained by simply 

modifying the potentiometer functions/pins on the amplifier. In particular, the REF GAIN pin 

must be fully turned clockwise and the LOOP GAIN pin must be fully turned counterclockwise. 

 

 

Figure 5.3: Load Cell and Brush-Type DC Motor 

 

 

 

5.3.1 Preliminary Test Results 

With these details taken care of and the experimental setup completed, the next step is to 

conduct the preliminary test. As mentioned earlier, the goal in such test is to begin by generating 

4A on the brush-type DC motor and progressively decrease to 0.5A in steps of 0.25A. This will 

allow for the maximum amount of torque on the motor to be attained, as well as the relationship 

between the torque and current.  
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Therefore, after conducting such experiment and obtaining information on DataStudio, 

three major observations are made. For example, the first major observation is that the force 

exerted on the load cell remains constant throughout each (current) interval, meaning that when 

the shaft of the motor is not moving, a constant torque is being generated (Figure 5.4). This 

result, as expected, is favorable in the sense that the torque on each motor will not vary as the 

spring mechanism is placed in static equilibrium. However, if the force had varied with respect 

to time, equilibrium would have never been reached and the experimental data would have been 

inaccurate in every aspect. Consequently, a different type of motor would have been required to 

carry out the experiment. 

 

 

Figure 5.4: Forces Exerted on Load Cell (Preliminary Test) 
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Before continuing, it is necessary to point out a small detail from the graph that may 

cause confusion. Such detail is that the force generated in test 3 (blue) and test 5 (purple) has 

inconsistencies on certain time intervals. The reason for this is that the load cell is capable of 

detecting any slight movement created on the experimental table or any movement generated by 

the wires. For example, what happens is that the force exerted on the load cell increases as a 

disturbance is detected, and consequently the data points created on the graph shift from their 

original position.  However, results indicate that after the slight movement vanishes, the force 

exerted on the load cell becomes constant again. This, in addition, means that such small 

variations are not generated from the inconsistency of the brush-type DC motor. They are instead 

generated from the unintentional activities that surround the system. For such reason, the 

variations on the graph are completely ignored and only the constant force is accounted for the 

computational analysis. 

The second observation made from the data is that as the amperes decrease, so does the 

force exerted on the load cell. This means that the amperes generated on the DC motor and the 

force exerted on the load cell are proportional to each other. For example, on the first test (4A) a 

force of 3.2 N is exerted on the load cell, but on the seventh test (2.50A), a force of 1.56 N is 

generated as the motor intends to rotate. Therefore, it can be understood from the results that the 

torque on the DC motor increases as the current increases, and similarly, the torque on the DC 

motor decreases as the current decreases.  

Moreover, the third observation made on the preliminary test is that the voltage and 

current generated by the digital multimeters are similar to each other (Table 5.3), meaning that 

the highest voltage that can be obtained from the motor is 5V. In particular, the voltage is an 

extremely important parameter that must be monitored and considered since the DC motors in 
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Working Model only operate under an input voltage. For instance, in test 1 (4A) the voltage 

generated on the DC motor is 4.120V, in test 4 (3.25V) the voltage generated is 3.341V, and in 

test 9 (2.0A) the voltage generated is 2.046V, which means that their ratio is about 1:1. 

Therefore, it is concluded from these results that the voltage increases as the current increases, 

and similarly, the voltage decreases as the current decreases.  

 

Table 5.3: Torque on Brush-Type DC Motor (Preliminary Test) 

Current (A) Voltage (V) 
Exerted 

Force (N) 
Resistance (Ohms) Torque (Nm) 

4.00 4.120 3.22 1.030 0.3272 

3.75 3.860 3.01 1.029 0.3058 

3.50 3.609 2.83 1.031 0.2875 

3.24 3.341 2.63 1.031 0.2672 

3.01 3.083 2.45 1.024 0.2489 

2.75 2.829 2.18 1.029 0.2215 

2.50 2.566 1.88 1.026 0.1910 

2.25 2.311 1.56 1.027 0.1585 

2.00 2.046 1.24 1.023 0.1260 

1.75 1.792 0.99 1.024 0.1006 

1.50 1.531 0.80 1.021 0.0813 

1.25 1.276 0.62 1.021 0.0630 

1.00 1.015 0.37 1.015 0.0376 

0.75 0.763 0.17 1.017 0.0173 

0.50 0.507 0.08 1.014 0.0081 
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With these observations made, the following step is to take the generated data and 

calculate the torque on the brush-type DC motor. Such procedure is accomplished by 

implementing the general torque equation 

dF            (5.1) 

and substituting the respective distance and force values. In this case, however, since the length 

of the link does not change, the distance value (0.1610 m) remains constant throughout the 

calculation and only the force values change respectively. Therefore, after completing the 

analysis (Table 5.3), results indicate that the maximum amount of torque generated on the 5A 

DC motor, according to the specified range (4A – 0.5A), is 0.3272 Nm. This means that only a 

certain amount of force can be applied on the output displacement element with such maximum 

torque. If a larger force is applied on the slider, for example, the spring mechanism will not be 

able to behave accordingly due to a restrained stiffness generated by the torques. However, with 

such stiffness values, the concept of adjustable springs can be proven without doubt. 

The resistance of DC motor is another parameter that is determined from the voltage and 

current values, and is calculated using the following expression 

I

V
R             (5.2) 

The reason for determining the resistance is that it is one of the parameters needed for the DC 

motors in Working Model (see Chapter IV). In this case, results demonstrate that the average 

value is 1.041 Ω for each respective torque, which means that the ratio between the voltage and 

current is about 1:1.  

 Now that the maximum amount of torque has been resolved, the next procedure is to 

determine the relationship between the current and torque. After graphing the data, results 

illustrate that the torque is proportional to the armature current, which means that as the torque 
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increases, so does the current (Figure 5.5), and if the torque decreases, so will the current. This 

result was expected since the theoretical expression 

aIfkT             (5.3) 

states that the torque (T) is proportional to the product between the armature current ( aI ) and the 

resultant flux (f). 

 

 

Figure 5.5: Torque vs. Current (Preliminary Test) 

 

 

 

Having determined the relationship between the torque and armature current concludes 

the results of the preliminary test (5A brush-type DC motor). In particular, the most important 

outcome was that the brush-type DC motor was capable of generating a constant torque as it 
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intended to rotate in a clockwise direction, which means that with such experimental setup, the 

actively adjustable spring mechanism can definitely be driven. Therefore, all of the equipment 

needed to assemble and drive the system includes the following: 

 2 - Brush-type DC servo motor with continuous stall torque of 55 oz-in 

 2 - Brush-servo amplifier with analog input, 6A continuous, 10 peak, 9-25 VDC 

 2 - Potentiometer, 10-turn, WWND, 10K ohm 

 2 - Power supply, SW, ENCL, 150W, 24V @ 6 .25A  

 2 - Wire, 18AWG, Black and Red 

 5 - Fuse, Glass, 5A, 1.25 x 0.25, 250V  

 2 - Fuseholder, in-line, 14AWG x 48L, 1.25 x 0.25 Fuse 

 1 - Power supply, SW, ENCL, 15W, 5V @ 3A 

 5 - Digital multimeter 

 1 - Linear displacement potentiometer (5” stroke) 

 3 - Power Cord, 10‟, AWG, 18/3, SVT 

 1 - Breadboard 

 2 - Fans 

 Alligator cables, cable ties 

 Pulley system; rope for pulley system 

 Power extension; extension socket 

 5 - Mass 

 Greaseless lubricant 

Before assembling the spring mechanism, however, it is necessary to measure the torque on each 

of the two, brand new brush-type DC motors. The idea behind this procedure is to verify that 
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both motors contain the same torque value. For example, if such analysis is not implemented, 

what will happen is that the system might not reach equilibrium due to a difference of torque on 

each motor. Therefore, such procedure must be implemented. 

In a similar approach as before, the process initiates by connecting the motors to their 

respective electronic devices (see Figure 5.2). After the test has been conducted on each motor, 

results indicate that the torque is similar in both cases, meaning that the spring mechanism can be 

placed in static equilibrium without any problem. In addition, results illustrate that the 

relationship between the torque and armature current is proportional, meaning that when one 

increases, so does the other, and vice versa. Such results include the following: 

 

5.3.1.1 DC motor at joint O (motor 2) 

 

 

 

 
 

Figure 5.6: Forces Exerted on Load Cell (Motor 2) 
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Results from the constant force generated by the load cell at the end of the link 

 

 

 

 

Table 5.4: Torque on Brush-Type DC Motor (Motor 2) 

Current (A) Voltage (V) 
Exerted 

Force (N) 
Resistance (Ohms) Torque (Nm) 

4.000 4.150 3.980 1.038 0.4044 

3.750 3.900 3.750 1.040 0.3810 

3.500 3.637 3.540 1.039 0.3597 

3.250 3.383 3.350 1.041 0.3404 

3.000 3.117 3.070 1.039 0.3119 

2.750 2.862 2.740 1.041 0.2784 

2.500 2.600 2.460 1.040 0.2499 

2.250 2.332 2.160 1.036 0.2195 

2.000 2.077 1.840 1.039 0.1869 

1.750 1.816 1.550 1.038 0.1575 

1.500 1.557 1.300 1.038 0.1321 

1.250 1.302 1.020 1.042 0.1036 

1.000 1.045 0.740 1.045 0.0752 

0.750 0.785 0.490 1.047 0.0498 

0.500 0.528 0.290 1.056 0.0295 

 

 

 

 

 



 

118 
 

Results generated from the maximum amount of torque on the brush-type DC motor 

 

 

 

 

 

Figure 5.7: Torque vs. Current (Motor 2) 
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5.3.1.2 DC motor at joint C (motor 4) 

 

Constant force values obtained during each interval 

 

 

 

 

Figure 5.8: Forces Exerted on Load Cell (Motor 4) 
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Results from the constant force generated at the end of the link 

 

 

 

 

Table 5.5: Torque on Brush-Type DC Motor (Motor 4) 

Current (A) Voltage (V) 
Exerted 

Force (N) 
Resistance (Ohms) Torque (Nm) 

4.00 4.150 3.810 1.0375 0.3871 

3.75 3.890 3.530 1.0373 0.3586 

3.50 3.630 3.330 1.0371 0.3383 

3.25 3.379 3.110 1.0397 0.3160 

3.00 3.109 2.850 1.0363 0.2896 

2.75 2.852 2.590 1.0371 0.2631 

2.50 2.594 2.320 1.0376 0.2357 

2.25 2.330 2.020 1.0356 0.2052 

2.00 2.073 1.720 1.0365 0.1748 

1.75 1.813 1.430 1.0360 0.1453 

1.50 1.555 1.180 1.0367 0.1199 

1.25 1.305 0.920 1.0440 0.0935 

1.00 1.042 0.660 1.0420 0.0671 

0.75 0.787 0.420 1.0493 0.0427 

0.50 0.528 0.200 1.0560 0.0203 
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Results generated from the maximum amount of torque on the brush-type DC motor 

 

 

 

 

Figure 5.9: Torque vs. Current (Motor 4) 

 

 

5.4 Assembly of Actively Adjustable Spring Mechanism 

 

The target of the present section is to take the (previously) listed electrical components 

and assemble the actively adjustable spring mechanism (Figure 5.10). In particular, there are five 

steps that need to be implemented in order to obtain the desired motion of the system along the 

horizontal direction. The first step involves mounting and strapping the brush-type DC motors 

onto a plywood base with a pair of cable ties. This procedure is carried out in a cautious manner 

to avoid any type of misalignment between the motors. If the shafts are not parallel to each other, 
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for example, what will happen is that the output displacement element will not modulate 

smoothly along the rail system as a result of the friction generated. Therefore, a measuring 

device is implemented to mark each distance precisely and avoid such scenarios. 

 

 

Figure 5.10: Assembly Configuration of Active Spring Mechanism 

 

 

 

The following step on the assembly process, once the motors have been placed and 

strapped at their respective location, is to screw down the 24V power supply, the brush-servo 

amplifier, and the 5V power supply that will be connected to each brush-type DC motor. This 

procedure is accomplished by neatly distributing the components across the workspace in such 

manner that they do not interfere with each other. By doing so, it eliminates the possibility of 

having cables in contact that may damage a component or may cause an accident. On the other 

hand, the two potentiometers that control the velocity of the motor shafts also need to be 

attached. These are placed in from of the motors where they can be easily located and easily 
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operated. However, it is important to mention that both potentiometers are attached to the 

plywood with the use of an adhesive, not with a screw.  

Wiring the devices is the third step that must be implemented to assemble and drive the 

spring mechanism. The process initiates by connecting a power cord onto the three power 

sources (2-24V and 1-5V). As done previously, a digital multimeter is used to determine the 

positive, neutral, and ground of each conductor before any connection can be made. Once the 

conductors are placed on their respective terminals, the next components to wire are the brush-

servo amplifiers and the brush-type DC motors. These components are connected similarly as 

before, the only difference is that the wiring on Motor 2 is switched to obtain a counterclockwise 

rotation. In addition, four digital multimeters are placed across the system to measure the current 

and the voltage generated by the motors. Two of them are connected to Motor 2 while the other 

two are connected to Motor 4. Moreover, wiring the potentiometers is accomplished by powering 

a breadboard with 5V and making all of the respective connections. In this case, the advantage of 

using the breadboard is that it eliminates having cables all over the place that can be difficult to 

find once the entire system is wired.  

Furthermore, the assembly process continues by mounting the rail system besides the 

grounded revolute joint C. This procedure is carried out in a very cautious manner to attain a 

precise alignment between the rails and the shafts of the motors. If the rail is misaligned, what 

will happen is that the mechanism will generate different parameters when placed in static 

equilibrium, and consequently, the stiffness values will be different from the theoretical stiffness 

values. Therefore, once the rail system is aligned, the two walls on the outside are strapped using 

cable ties to avoid any type of movement. This, in addition, allows for the linkage to be mounted 

on the DC motors and on the rails. 
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The last step to complete the assembly of the spring mechanism is to attach a linear 

displacement potentiometer on the output element, connect a fan behind each motor, and mount a 

pulley system on the base. First of all, what is done to connect the linear potentiometer is that a 

hole is drilled on the outside wall of the rail system and its shaft is attached to the output slider 

element. Once the housing and the shaft are attached respectively, it is connected to the 5V 

power supply and the required voltage is supplied.  A digital multimeter is then implemented on 

the positive terminal to read the displaced length in terms of voltage. In this case, for example, a 

displacement of 1V is equivalent to 1 inch. Moreover, fans are implemented to blow room 

temperature air around the motor to keep them from overheating. These fans are connected to the 

respective 24V power supply and operate constantly as soon as the 24V power supply is 

connected. Lastly, a pulley system, with a rope attached to the output displacement element, is 

mounted on the end of the plywood (Figure 5.11). The reason for this step is that several masses 

will be implemented in order to cause a displacement on the prismatic joint and consequently 

measure the effective stiffness of the mechanism. 

In conclusion, the manufacturing and assembly process of the variable stiffness 

mechanism was carried out in this chapter. The process initiated by selecting a material that 

would be able to conserve the aesthetics and functionality during several fabrication conditions 

and environments. After the selection was made, each component of the spring mechanism was 

carefully constructed using the required tools and machinery. A preliminary test was then 

conducted to anticipate how the system would behave in a static situation and consequently 

anticipate the behavior of the real system in terms of how it would be driven. In addition, the 

maximum amount of torque generated from the 5A brush-type DC motor was determined as well 

as a relationship between the torque and the current. As a result, the electronic devices that were 
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necessary to drive the entire spring mechanism were selected. Once the preliminary test was 

completed, the actively adjustable system was mounted and assembled. 

 

 

Figure 5.11: Assembly of Actively Adjustable Spring Mechanism 
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CHAPTER VI 

 

 

RESULTS AND DISCUSSIONS 

 

 

In Chapter V, before mounting and assembling the adjustable stiffness mechanism, a 

relationship between the torque and current of each direct brush-type DC motor was determined. 

From such tests, results indicate that a linearly proportional relationship exists between the 

generated torque and the input current to the DC motor, which means that a series of equilibrium 

values can be established to analyze the spring mechanism. Therefore, the objective of the 

present chapter is to formulate and conduct a test plan that will create experimental information. 

With such data, consequently, the theoretical values obtained from Working Model will be 

compared to those obtained experimentally.   

In particular, a series of equilibrium torques will be created to measure the effective 

stiffness of the mechanism in terms of the current generated by the motors (Figure 6.1). For 

example, determining the effective stiffness of the system will require applying different external 

(applied) forces on the output slider and measuring its respective displacement with respect to 

the horizontal global reference frame (Figure 6.2). This process will then be repeated with a 

different set of input motor torques to form several correlations that will embrace the variation of 

the mechanism effective stiffness. Once the data is obtained, three graphs will be generated to 

evaluate the behavior of the actively adjustable spring mechanism. The first graph will represent 

the effective stiffness of the system as a function of the applied force. The second graph will 

represent the effective stiffness as a function of the displacement generated on the slider element.
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Lastly, the displacement of the will be graphed as a function of the applied force. 

 

6.1 Results 

 

 

Table 6.1: Test Plan 

Equilibrium Torque 

Test Current 2 (A) Torque 2 (Nm) Current 4 (A) Torque 4 (Nm) K*(N/m) 

1 1.00 -0.07518 1.7290 0.14789 698.962 

2 1.25 -0.10363 2.1613 0.19432 918.339 

3 1.50 -0.13208 2.5935 0.24074 1137.716 

4 1.75 -0.15748 3.0258 0.28717 1357.439 

5 2.00 -0.18694 3.4580 0.33359 1576.747 

6 2.25 -0.21946 3.8903 0.38001 1796.159 

7 2.50 -0.24994 4.3225 0.42644 2015.225 

8 2.75 -0.27838 4.7548 0.47286 2234.948 

9 2.80 -0.28014 4.8412 0.48214 2278.892 

10 2.85 -0.28573 4.9277 0.49143 2322.802 

 

 

 

Table 6.2: Applied Forces on Slider Element (Prismatic Joint) 

 

Mass (grams) Weight (N) 

50 0.490 

70 0.686 

100 0.980 

120 1.176 

150 1.471 

170 1.667 

200 1.961 
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6.1.1 Test 1 

 

6.1.1.1 Theoretical results from Working Model simulation 

 

Table 6.3: Theoretical Values (Test 1) 

Theoretical Values from Working Model 

App. Force 

(N) 
Xo (m) Xf (m) ΔX (m) K (N/m) 

0.490 0.397 0.396 0.0010 490.000 

0.490 0.397 0.396 0.0010 490.000 

0.490 0.397 0.396 0.0010 490.000 

0.490 0.397 0.396 0.0010 490.000 

0.686 0.397 0.390 0.0070 98.000 

0.686 0.397 0.390 0.0070 98.000 

0.686 0.397 0.390 0.0070 98.000 

0.686 0.397 0.390 0.0070 98.000 

0.980 0.397 0.386 0.0110 89.091 

0.980 0.397 0.386 0.0110 89.091 

0.980 0.397 0.386 0.0110 89.091 

0.980 0.397 0.386 0.0110 89.091 

1.176 0.397 0.372 0.0250 47.040 

1.176 0.397 0.372 0.0250 47.040 

1.176 0.397 0.372 0.0250 47.040 

1.176 0.397 0.372 0.0250 47.040 
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6.1.1.2 Experimental results 

 

 

Table 6.4: Experimental Values (Test 1) 

 

Experimental Values 

App. 

Force (N) 
Xo (V) Xf (V) Xo (m) Xf (m) ΔX (m) ΔXf (m) K (N/m) 

0.490 0.570 0.613 0.0145 0.0156 0.0011 0.396 448.636 

0.490 0.570 0.608 0.0145 0.0154 0.0010 0.396 507.667 

0.490 0.570 0.613 0.0145 0.0156 0.0011 0.396 448.636 

0.490 0.570 0.613 0.0145 0.0156 0.0011 0.396 448.636 

0.686 0.570 0.720 0.0145 0.0183 0.0038 0.393 180.052 

0.686 0.570 0.720 0.0145 0.0183 0.0038 0.393 180.052 

0.686 0.570 0.720 0.0145 0.0183 0.0038 0.393 180.052 

0.686 0.570 0.722 0.0145 0.0183 0.0039 0.393 177.683 

0.980 0.570 1.326 0.0145 0.0337 0.0192 0.378 51.035 

0.980 0.570 1.328 0.0145 0.0337 0.0193 0.378 50.901 

0.980 0.570 1.333 0.0145 0.0339 0.0194 0.378 50.567 

0.980 0.570 1.333 0.0145 0.0339 0.0194 0.378 50.567 

1.176 0.570 2.142 0.0145 0.0544 0.0399 0.357 29.452 

1.176 0.570 2.138 0.0145 0.0543 0.0398 0.357 29.528 

1.176 0.570 2.145 0.0145 0.0545 0.0400 0.357 29.396 

1.176 0.570 2.144 0.0145 0.0545 0.0400 0.357 29.415 
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6.1.1.3 Theoretical results vs. experimental results 

 

 

 

 

 

 

 

 
 

Figure 6.1: Stiffness vs. Applied Force (Test 1) 
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6.1.1.4 Theoretical results vs. experimental results 

 

 

 

 

 

 

 

 

 

Figure 6.2: Stiffness vs. Displacement (Test 1) 
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6.1.2 Test 2 

 

6.1.2.1 Theoretical results from Working Model simulation 

 

 

Table 6.5: Theoretical Values (Test 2) 

 

Theoretical Values from Working Model 

App. Force 

(N) 
Xo (m) Xf (m) ΔX (m) K (N/m) 

0.490 0.397 0.396 0.0008 612.500 

0.490 0.397 0.396 0.0008 612.500 

0.490 0.397 0.396 0.0008 612.500 

0.490 0.397 0.396 0.0008 612.500 

0.686 0.397 0.392 0.0050 137.200 

0.686 0.397 0.392 0.0050 137.200 

0.686 0.397 0.392 0.0050 137.200 

0.686 0.397 0.392 0.0050 137.200 

0.980 0.397 0.387 0.0100 98.000 

0.980 0.397 0.387 0.0100 98.000 

0.980 0.397 0.387 0.0100 98.000 

0.980 0.397 0.387 0.0100 98.000 

1.176 0.397 0.384 0.0130 90.462 

1.176 0.397 0.384 0.0130 90.462 

1.176 0.397 0.384 0.0130 90.462 

1.176 0.397 0.384 0.0130 90.462 

1.471 0.397 0.377 0.0200 73.550 

1.471 0.397 0.377 0.0200 73.550 

1.471 0.397 0.377 0.0200 73.550 

1.471 0.397 0.377 0.0200 73.550 

1.667 0.397 0.368 0.029 57.483 

1.667 0.397 0.368 0.0290 57.483 

1.667 0.397 0.368 0.0290 57.483 

1.667 0.397 0.368 0.0290 57.483 
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6.1.2.2 Experimental results 

 

 

Table 6.6: Experimental Values (Test 2) 

 

Experimental Values 

App. 

Force (N) 
Xo (V) Xf (V) Xo (m) Xf (m) ΔX (m) ΔXf (m) K (N/m) 

0.490 0.489 0.518 0.0124 0.0132 0.0007 0.396 665.219 

0.490 0.489 0.517 0.0124 0.0131 0.0007 0.396 688.976 

0.490 0.489 0.519 0.0124 0.0132 0.0008 0.396 643.045 

0.490 0.489 0.520 0.0124 0.0132 0.0008 0.396 622.301 

0.686 0.489 0.570 0.0124 0.0145 0.0021 0.395 333.431 

0.686 0.489 0.578 0.0124 0.0147 0.0023 0.395 303.459 

0.686 0.489 0.576 0.0124 0.0146 0.0022 0.395 310.435 

0.686 0.489 0.572 0.0124 0.0145 0.0021 0.395 325.396 

0.980 0.489 0.863 0.0124 0.0219 0.0095 0.388 103.162 

0.980 0.489 0.824 0.0124 0.0209 0.0085 0.388 115.172 

0.980 0.489 0.825 0.0124 0.0210 0.0085 0.388 114.829 

0.980 0.489 0.812 0.0124 0.0206 0.0082 0.389 119.451 

1.176 0.489 1.381 0.0124 0.0351 0.0227 0.374 51.905 

1.176 0.489 1.375 0.0124 0.0349 0.0225 0.374 52.256 

1.176 0.489 1.424 0.0124 0.0362 0.0237 0.373 49.518 

1.176 0.489 1.449 0.0124 0.0368 0.0244 0.373 48.228 

1.471 0.489 2.258 0.0124 0.0574 0.0449 0.352 32.738 

1.471 0.489 2.283 0.0124 0.0580 0.0456 0.351 32.282 

1.471 0.489 2.321 0.0124 0.0590 0.0465 0.350 31.612 

1.471 0.489 2.383 0.0124 0.0605 0.0481 0.349 30.577 

1.667 0.489 3.226 0.0124 0.0819 0.0695 0.327 23.979 

1.667 0.489 3.202 0.0124 0.0813 0.0689 0.328 24.191 

1.667 0.489 3.207 0.0124 0.0815 0.0690 0.328 24.146 

1.667 0.489 3.235 0.0124 0.0822 0.0697 0.327 23.900 
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6.1.2.3 Theoretical results vs. experimental results 

 

 

 

 

 

 

 

 

 

Figure 6.3: Stiffness vs. Applied Force (Test 2) 
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6.1.2.4 Theoretical results vs. experimental results 

 

 

 

 

 

 

 

 

 
 

Figure 6.4: Stiffness vs. Displacement (Test 2) 
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6.1.3 Test 3 

 

 

6.1.3.1 Theoretical results from Working Model simulation 

 

 

Table 6.7: Theoretical Values (Test 3) 

 

Theoretical Values from Working Model 

App. Force 

(N) 
Xo (m) Xf (m) ΔX (m) K (N/m) 

0.490 0.397 0.396 0.001 612.500 

0.490 0.397 0.396 0.001 612.500 

0.490 0.397 0.396 0.001 612.500 

0.490 0.397 0.396 0.001 612.500 

0.686 0.397 0.392 0.005 137.200 

0.686 0.397 0.392 0.005 137.200 

0.686 0.397 0.392 0.005 137.200 

0.686 0.397 0.392 0.005 137.200 

0.980 0.397 0.387 0.010 98.000 

0.980 0.397 0.387 0.010 98.000 

0.980 0.397 0.387 0.010 98.000 

0.980 0.397 0.387 0.010 98.000 

1.176 0.397 0.385 0.012 98.000 

1.176 0.397 0.385 0.012 98.000 

1.176 0.397 0.385 0.012 98.000 

1.176 0.397 0.385 0.012 98.000 

1.471 0.397 0.379 0.018 81.722 

1.471 0.397 0.379 0.018 81.722 

1.471 0.397 0.379 0.018 81.722 

1.471 0.397 0.379 0.018 81.722 

1.667 0.397 0.372 0.025 66.680 

1.667 0.397 0.372 0.025 66.680 

1.667 0.397 0.372 0.025 66.680 

1.667 0.397 0.372 0.025 66.680 
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6.1.3.2 Experimental results 

 

 

Table 6.8: Experimental Values (Test 3) 

 

Experimental Values 

App. 

Force (N) 
Xo (V) Xf (V) Xo (m) Xf (m) ΔX (m) ΔXf (m) K (N/m) 

0.490 0.499 0.525 0.0127 0.0133 0.0007 0.396 741.975 

0.490 0.499 0.526 0.0127 0.0134 0.0007 0.396 714.494 

0.490 0.499 0.528 0.0127 0.0134 0.0007 0.396 665.219 

0.490 0.499 0.528 0.0127 0.0134 0.0007 0.396 665.219 

0.686 0.499 0.598 0.0127 0.0152 0.0025 0.394 272.807 

0.686 0.499 0.605 0.0127 0.0154 0.0027 0.394 254.791 

0.686 0.499 0.606 0.0127 0.0154 0.0027 0.394 252.410 

0.686 0.499 0.600 0.0127 0.0152 0.0026 0.394 267.405 

0.980 0.499 0.881 0.0127 0.0224 0.0097 0.387 101.002 

0.980 0.499 0.888 0.0127 0.0226 0.0099 0.387 99.184 

0.980 0.499 0.874 0.0127 0.0222 0.0095 0.387 102.887 

0.980 0.499 0.896 0.0127 0.0228 0.0101 0.387 97.186 

1.176 0.499 1.232 0.0127 0.0313 0.0186 0.378 63.164 

1.176 0.499 1.193 0.0127 0.0303 0.0176 0.379 66.714 

1.176 0.499 1.283 0.0127 0.0326 0.0199 0.377 59.055 

1.176 0.499 1.200 0.0127 0.0305 0.0178 0.379 66.047 

1.471 0.499 1.801 0.0127 0.0457 0.0331 0.364 44.480 

1.471 0.499 1.834 0.0127 0.0466 0.0339 0.363 43.381 

1.471 0.499 1.844 0.0127 0.0468 0.0342 0.363 43.058 

1.471 0.499 1.862 0.0127 0.0473 0.0346 0.362 42.490 

1.667 0.499 2.676 0.0127 0.0680 0.0553 0.342 30.147 

1.667 0.499 2.615 0.0127 0.0664 0.0537 0.343 31.016 

1.667 0.499 2.654 0.0127 0.0674 0.0547 0.342 30.455 

1.667 0.499 2.660 0.0127 0.0676 0.0549 0.342 30.370 
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6.1.3.3 Theoretical results vs. experimental results 

 

 

 

 

 

 

 

 

 
 

Figure 6.5: Stiffness vs. Applied Force (Test 3) 
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6.1.3.4 Theoretical results vs. experimental results 

 

 

 

 

 

 

 

 

 
 

Figure 6.6: Stiffness vs. Displacement (Test 3) 
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6.1.4 Test 4 

 

 

6.1.4.1 Theoretical results from Working Model simulation 

 

 

Table 6.9: Theoretical Values (Test 4) 

 

Theoretical Values from Working Model 

App. Force 

(N) 
Xo (m) Xf (m) ΔX (m) K (N/m) 

0.490 0.397 0.396 0.001 816.667 

0.490 0.397 0.396 0.001 816.667 

0.490 0.397 0.396 0.001 816.667 

0.490 0.397 0.396 0.001 816.667 

0.686 0.397 0.393 0.004 171.500 

0.686 0.397 0.393 0.004 171.500 

0.686 0.397 0.393 0.004 171.500 

0.686 0.397 0.393 0.004 171.500 

0.980 0.397 0.390 0.007 140.000 

0.980 0.397 0.390 0.007 140.000 

0.980 0.397 0.390 0.007 140.000 

0.980 0.397 0.390 0.007 140.000 

1.176 0.397 0.385 0.012 98.000 

1.176 0.397 0.385 0.012 98.000 

1.176 0.397 0.385 0.012 98.000 

1.176 0.397 0.385 0.012 98.000 

1.471 0.397 0.381 0.016 91.937 

1.471 0.397 0.381 0.016 91.937 

1.471 0.397 0.381 0.016 91.937 

1.471 0.397 0.381 0.016 91.937 

1.667 0.397 0.376 0.021 79.381 

1.667 0.397 0.376 0.021 79.381 

1.667 0.397 0.376 0.021 79.381 

1.667 0.397 0.376 0.021 79.381 
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6.1.4.2 Experimental results 

 

 

Table 6.10: Experimental Values (Test 4) 

 

Experimental Values 

App. 

Force (N) 
Xo (V) Xf (V) Xo (m) Xf (m) ΔX (m) ΔXf (m) K (N/m) 

0.490 0.545 0.565 0.0138 0.0144 0.0005 0.396 964.567 

0.490 0.545 0.565 0.0138 0.0144 0.0005 0.396 964.567 

0.490 0.545 0.567 0.0138 0.0144 0.0006 0.396 876.879 

0.490 0.545 0.565 0.0138 0.0144 0.0005 0.396 964.567 

0.686 0.545 0.63 0.0138 0.0160 0.0022 0.395 317.740 

0.686 0.545 0.646 0.0138 0.0164 0.0026 0.394 267.405 

0.686 0.545 0.646 0.0138 0.0164 0.0026 0.394 267.405 

0.686 0.545 0.641 0.0138 0.0163 0.0024 0.395 281.332 

0.980 0.545 0.904 0.0138 0.0230 0.0091 0.388 107.473 

0.980 0.545 0.894 0.0138 0.0227 0.0089 0.388 110.552 

0.980 0.545 0.881 0.0138 0.0224 0.0085 0.388 114.829 

0.980 0.545 0.842 0.0138 0.0214 0.0075 0.389 129.908 

1.176 0.545 1.08 0.0138 0.0274 0.0136 0.383 86.541 

1.176 0.545 1.068 0.0138 0.0271 0.0133 0.384 88.526 

1.176 0.545 1.121 0.0138 0.0285 0.0146 0.382 80.381 

1.176 0.545 1.049 0.0138 0.0266 0.0128 0.384 91.864 

1.471 0.545 1.601 0.0138 0.0407 0.0268 0.370 54.842 

1.471 0.545 1.673 0.0138 0.0425 0.0287 0.368 51.342 

1.471 0.545 1.567 0.0138 0.0398 0.0260 0.371 56.667 

1.471 0.545 1.55 0.0138 0.0394 0.0255 0.371 57.625 

1.667 0.545 2.148 0.0138 0.0546 0.0407 0.356 40.942 

1.667 0.545 2.118 0.0138 0.0538 0.0400 0.357 41.723 

1.667 0.545 2.142 0.0138 0.0544 0.0406 0.356 41.096 

1.667 0.545 2.152 0.0138 0.0547 0.0408 0.356 40.840 
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6.1.4.3 Theoretical results vs. experimental results 

 

 

 

 

 

 

 

 

 
 

Figure 6.7: Stiffness vs. Applied Force (Test 4) 
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6.1.4.4 Theoretical results vs. experimental results 

 

 

 

 

 

 

 

 

 
 

Figure 6.8: Stiffness vs. Displacement (Test 4) 
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6.1.5 Test 5 

 

 

6.1.5.1 Theoretical results from Working Model simulation 

 

 

Table 6.11: Theoretical Values (Test 5) 

 

Theoretical Values from Working Model 

App. Force 

(N) 
Xo (m) Xf (m) ΔX (m) K (N/m) 

0.490 0.397 0.396 0.001 924.528 

0.490 0.397 0.396 0.001 924.528 

0.490 0.397 0.396 0.001 924.528 

0.490 0.397 0.396 0.001 924.528 

0.686 0.397 0.393 0.004 180.526 

0.686 0.397 0.393 0.004 180.526 

0.686 0.397 0.393 0.004 180.526 

0.686 0.397 0.393 0.004 180.526 

0.980 0.397 0.388 0.009 108.889 

0.980 0.397 0.388 0.009 108.889 

0.980 0.397 0.388 0.009 108.889 

0.980 0.397 0.388 0.009 108.889 

1.176 0.397 0.386 0.011 106.909 

1.176 0.397 0.386 0.011 106.909 

1.176 0.397 0.386 0.011 106.909 

1.176 0.397 0.386 0.011 106.909 

1.471 0.397 0.382 0.015 98.067 

1.471 0.397 0.382 0.015 98.067 

1.471 0.397 0.382 0.015 98.067 

1.471 0.397 0.382 0.015 98.067 

1.667 0.397 0.378 0.019 87.737 

1.667 0.397 0.378 0.019 87.737 

1.667 0.397 0.378 0.019 87.737 

1.667 0.397 0.378 0.019 87.737 

1.961 0.397 0.371 0.026 75.423 

1.961 0.397 0.371 0.026 75.423 

1.961 0.397 0.371 0.026 75.423 

1.961 0.397 0.371 0.026 75.423 
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6.1.5.2 Experimental results 

 

 

Table 6.12: Experimental Values (Test 5) 

 

Experimental Values 

App. 

Force (N) 
Xo (V) Xf (V) Xo (m) Xf (m) ΔX (m) ΔXf (m) K (N/m) 

0.490 0.596 0.614 0.0151 0.0156 0.0005 0.397 1071.741 

0.490 0.596 0.612 0.0151 0.0155 0.0004 0.397 1205.709 

0.490 0.596 0.613 0.0151 0.0156 0.0004 0.397 1134.785 

0.490 0.596 0.612 0.0151 0.0155 0.0004 0.397 1205.709 

0.686 0.596 0.698 0.0151 0.0177 0.0026 0.394 264.783 

0.686 0.596 0.694 0.0151 0.0176 0.0025 0.395 275.591 

0.686 0.596 0.684 0.0151 0.0174 0.0022 0.395 306.908 

0.686 0.596 0.674 0.0151 0.0171 0.0020 0.395 346.255 

0.980 0.596 0.891 0.0151 0.0226 0.0075 0.390 130.789 

0.980 0.596 0.892 0.0151 0.0227 0.0075 0.389 130.347 

0.980 0.596 0.885 0.0151 0.0225 0.0073 0.390 133.504 

0.980 0.596 0.872 0.0151 0.0221 0.0070 0.390 139.792 

1.176 0.596 1.077 0.0151 0.0274 0.0122 0.385 96.256 

1.176 0.596 1.088 0.0151 0.0276 0.0125 0.385 94.104 

1.176 0.596 1.042 0.0151 0.0265 0.0113 0.386 103.810 

1.176 0.596 1.073 0.0151 0.0273 0.0121 0.385 97.063 

1.471 0.596 1.490 0.0151 0.0378 0.0227 0.374 64.780 

1.471 0.596 1.446 0.0151 0.0367 0.0216 0.375 68.133 

1.471 0.596 1.437 0.0151 0.0365 0.0214 0.376 68.863 

1.471 0.596 1.337 0.0151 0.0340 0.0188 0.378 78.156 

1.667 0.596 1.838 0.0151 0.0467 0.0315 0.365 52.842 

1.667 0.596 1.818 0.0151 0.0462 0.0310 0.366 53.707 

1.667 0.596 1.840 0.0151 0.0467 0.0316 0.365 52.757 

1.667 0.596 1.844 0.0151 0.0468 0.0317 0.365 52.588 

1.961 0.596 2.554 0.0151 0.0649 0.0497 0.347 39.430 

1.961 0.596 2.531 0.0151 0.0643 0.0491 0.348 39.899 

1.961 0.596 2.543 0.0151 0.0646 0.0495 0.348 39.653 

1.961 0.596 2.565 0.0151 0.0652 0.0500 0.347 39.210 
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6.1.5.3 Theoretical results vs. experimental results 

 

 

 

 

 

 

 

 

 
 

Figure 6.9: Stiffness vs. Applied Force (Test 5) 
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6.1.5.4 Theoretical results vs. experimental results 

 

 

 

 

 

 

 

 

 
 

Figure 6.10: Stiffness vs. Displacement (Test 5) 
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6.1.6 Test 6 

 

 

6.1.6.1 Theoretical results from Working Model simulation 

 

 

Table 6.13: Theoretical Values (Test 6) 

 

Theoretical Values from Working Model 

App. Force 

(N) 
Xo (m) Xf (m) ΔX (m) K (N/m) 

0.490 0.397 0.397 0.000 1225.000 

0.490 0.397 0.397 0.000 1225.000 

0.490 0.397 0.397 0.000 1225.000 

0.490 0.397 0.397 0.000 1225.000 

0.686 0.397 0.393 0.004 171.500 

0.686 0.397 0.393 0.004 171.500 

0.686 0.397 0.393 0.004 171.500 

0.686 0.397 0.393 0.004 171.500 

0.980 0.397 0.390 0.007 140.000 

0.980 0.397 0.390 0.007 140.000 

0.980 0.397 0.390 0.007 140.000 

0.980 0.397 0.390 0.007 140.000 

1.176 0.397 0.387 0.010 117.600 

1.176 0.397 0.387 0.010 117.600 

1.176 0.397 0.387 0.010 117.600 

1.176 0.397 0.387 0.010 117.600 

1.471 0.397 0.383 0.014 105.071 

1.471 0.397 0.383 0.014 105.071 

1.471 0.397 0.383 0.014 105.071 

1.471 0.397 0.383 0.014 105.071 

1.667 0.397 0.379 0.018 92.611 

1.667 0.397 0.379 0.018 92.611 

1.667 0.397 0.379 0.018 92.611 

1.667 0.397 0.379 0.018 92.611 

1.961 0.397 0.373 0.024 81.708 

1.961 0.397 0.373 0.024 81.708 

1.961 0.397 0.373 0.024 81.708 

1.961 0.397 0.373 0.024 81.708 
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6.1.6.2 Experimental results 

 

 

Table 6.14: Experimental Values (Test 6) 

 

Experimental Values 

App. 

Force (N) 
Xo (V) Xf (V) Xo (m) Xf (m) ΔX (m) ΔXf (m) K (N/m) 

0.490 0.584 0.598 0.0148 0.0152 0.0004 0.397 1377.953 

0.490 0.584 0.598 0.0148 0.0152 0.0004 0.397 1377.953 

0.490 0.584 0.599 0.0148 0.0152 0.0004 0.397 1286.089 

0.490 0.584 0.6 0.0148 0.0152 0.0004 0.397 1205.709 

0.686 0.584 0.694 0.0148 0.0176 0.0028 0.394 245.526 

0.686 0.584 0.694 0.0148 0.0176 0.0028 0.394 245.526 

0.686 0.584 0.694 0.0148 0.0176 0.0028 0.394 245.526 

0.686 0.584 0.69 0.0148 0.0175 0.0027 0.394 254.791 

0.980 0.584 0.864 0.0148 0.0219 0.0071 0.390 137.795 

0.980 0.584 0.885 0.0148 0.0225 0.0076 0.389 128.182 

0.980 0.584 0.863 0.0148 0.0219 0.0071 0.390 138.289 

0.980 0.584 0.861 0.0148 0.0219 0.0070 0.390 139.288 

1.176 0.584 1.065 0.0148 0.0271 0.0122 0.385 96.256 

1.176 0.584 1.062 0.0148 0.0270 0.0121 0.385 96.860 

1.176 0.584 1.094 0.0148 0.0278 0.0130 0.384 90.783 

1.176 0.584 1.047 0.0148 0.0266 0.0118 0.385 99.998 

1.471 0.584 1.292 0.0148 0.0328 0.0180 0.379 81.799 

1.471 0.584 1.343 0.0148 0.0341 0.0193 0.378 76.302 

1.471 0.584 1.308 0.0148 0.0332 0.0184 0.379 79.991 

1.471 0.584 1.306 0.0148 0.0332 0.0183 0.379 80.212 

1.667 0.584 1.546 0.0148 0.0393 0.0244 0.373 68.222 

1.667 0.584 1.553 0.0148 0.0394 0.0246 0.372 67.730 

1.667 0.584 1.544 0.0148 0.0392 0.0244 0.373 68.365 

1.667 0.584 1.546 0.0148 0.0393 0.0244 0.373 68.222 

1.961 0.584 2.09 0.0148 0.0531 0.0383 0.359 51.265 

1.961 0.584 2.064 0.0148 0.0524 0.0376 0.359 52.165 

1.961 0.584 2.034 0.0148 0.0517 0.0368 0.360 53.245 

1.961 0.584 2.105 0.0148 0.0535 0.0386 0.358 50.759 
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6.1.6.3 Theoretical results vs. experimental results 

 

 

 

 

 

 

 

 

 
 

Figure 6.11: Stiffness vs. Applied Force (Test 6) 
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6.1.6.4 Theoretical results vs. experimental results 

 

 

 

 

 

 

 

 

 
 

Figure 6.12: Stiffness vs. Displacement (Test 6) 
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6.1.7 Test 7 

 

 

6.1.7.1 Theoretical results from Working Model simulation 

 

 

Table 6.15: Theoretical Values (Test 7) 

 

Theoretical Values from Working Model 

App. Force 

(N) 
Xo (m) Xf (m) ΔX (m) K (N/m) 

0.490 0.397 0.396 0.001 816.667 

0.490 0.397 0.396 0.001 816.667 

0.490 0.397 0.396 0.001 816.667 

0.490 0.397 0.396 0.001 816.667 

0.686 0.397 0.394 0.003 228.667 

0.686 0.397 0.394 0.003 228.667 

0.686 0.397 0.394 0.003 228.667 

0.686 0.397 0.394 0.003 228.667 

0.980 0.397 0.390 0.007 140.000 

0.980 0.397 0.390 0.007 140.000 

0.980 0.397 0.390 0.007 140.000 

0.980 0.397 0.390 0.007 140.000 

1.176 0.397 0.387 0.010 117.600 

1.176 0.397 0.387 0.010 117.600 

1.176 0.397 0.387 0.010 117.600 

1.176 0.397 0.387 0.010 117.600 

1.471 0.397 0.384 0.013 113.154 

1.471 0.397 0.384 0.013 113.154 

1.471 0.397 0.384 0.013 113.154 

1.471 0.397 0.384 0.013 113.154 

1.667 0.397 0.381 0.016 104.188 

1.667 0.397 0.381 0.016 104.188 

1.667 0.397 0.381 0.016 104.188 

1.667 0.397 0.381 0.016 104.188 
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6.1.7.2 Experimental results 

 

 

Table 6.16: Experimental Values (Test 7) 

 

Experimental Values 

App. 

Force (N) 
Xo (V) Xf (V) Xo (m) Xf (m) ΔX (m) ΔXf (m) K (N/m) 

0.490 0.663 0.674 0.0168 0.0171 0.0003 0.397 1753.758 

0.490 0.663 0.672 0.0168 0.0171 0.0002 0.397 2143.482 

0.490 0.663 0.673 0.0168 0.0171 0.0003 0.397 1929.134 

0.490 0.663 0.673 0.0168 0.0171 0.0003 0.397 1929.134 

0.686 0.663 0.715 0.0168 0.0182 0.0013 0.396 519.382 

0.686 0.663 0.717 0.0168 0.0182 0.0014 0.396 500.146 

0.686 0.663 0.716 0.0168 0.0182 0.0013 0.396 509.583 

0.686 0.663 0.719 0.0168 0.0183 0.0014 0.396 482.283 

0.980 0.663 0.832 0.0168 0.0211 0.0043 0.393 228.300 

0.980 0.663 0.898 0.0168 0.0228 0.0060 0.391 164.182 

0.980 0.663 0.898 0.0168 0.0228 0.0060 0.391 164.182 

0.980 0.663 0.883 0.0168 0.0224 0.0056 0.391 175.376 

1.176 0.663 1.083 0.0168 0.0275 0.0107 0.386 110.236 

1.176 0.663 1.029 0.0168 0.0261 0.0093 0.388 126.501 

1.176 0.663 1.030 0.0168 0.0262 0.0093 0.388 126.156 

1.176 0.663 1.020 0.0168 0.0259 0.0091 0.388 129.690 

1.471 0.663 1.296 0.0168 0.0329 0.0161 0.381 91.490 

1.471 0.663 1.306 0.0168 0.0332 0.0163 0.381 90.067 

1.471 0.663 1.283 0.0168 0.0326 0.0157 0.381 93.409 

1.471 0.663 1.336 0.0168 0.0339 0.0171 0.380 86.053 

1.667 0.663 1.897 0.0168 0.0482 0.0313 0.366 53.185 

1.667 0.663 1.923 0.0168 0.0488 0.0320 0.365 52.087 

1.667 0.663 1.894 0.0168 0.0481 0.0313 0.366 53.314 

1.667 0.663 1.895 0.0168 0.0481 0.0313 0.366 53.271 
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6.1.7.3 Theoretical results vs. experimental results 

 

 

 

 

 

 

 

 

 
 

Figure 6.13: Stiffness vs. Applied Force (Test 7) 
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6.1.7.4 Theoretical results vs. experimental results 

 

 

 

 

 

 

 

 

 
 

Figure 6.14: Stiffness vs. Displacement (Test 7) 

 

 

 

 

 

 

 

 

 

 

 

 

0.000

50.000

100.000

150.000

200.000

250.000

300.000

350.000

400.000

450.000

500.000

0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040

S
ti

ff
n

es
s 

(N
/m

)

Displacement (m)

Theoretical vs. Experimental

Theoretical

Experimental



 

156 
 

6.1.8 Test 8 

 

 

6.1.8.1 Theoretical results from Working Model simulation 

 

 

Table 6.17: Theoretical Values (Test 8) 

 

Theoretical Values from Working Model 

App. Force 

(N) 
Xo (m) Xf (m) ΔX (m) K (N/m) 

0.686 0.397 0.396 0.001 890.909 

0.686 0.397 0.396 0.001 890.909 

0.686 0.397 0.396 0.001 890.909 

0.686 0.397 0.396 0.001 890.909 

0.980 0.397 0.392 0.005 196.000 

0.980 0.397 0.392 0.005 196.000 

0.980 0.397 0.392 0.005 196.000 

0.980 0.397 0.392 0.005 196.000 

1.176 0.397 0.389 0.008 147.000 

1.176 0.397 0.389 0.008 147.000 

1.176 0.397 0.389 0.008 147.000 

1.176 0.397 0.389 0.008 147.000 

1.471 0.397 0.386 0.011 133.727 

1.471 0.397 0.386 0.011 133.727 

1.471 0.397 0.386 0.011 133.727 

1.471 0.397 0.386 0.011 133.727 

1.667 0.397 0.382 0.015 111.133 

1.667 0.397 0.382 0.015 111.133 

1.667 0.397 0.382 0.015 111.133 

1.667 0.397 0.382 0.015 111.133 
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6.1.8.2 Experimental results 

 

 

Table 6.18: Experimental Values (Test 8) 

 

Experimental Values 

App. 

Force (N) 
Xo (V) Xf (V) Xo (m) Xf (m) ΔX (m) ΔXf (m) K (N/m) 

0.686 0.665 0.694 0.0169 0.0176 0.0007 0.396 931.306 

0.686 0.665 0.695 0.0169 0.0177 0.0008 0.396 900.262 

0.686 0.665 0.693 0.0169 0.0176 0.0007 0.396 964.567 

0.686 0.665 0.693 0.0169 0.0176 0.0007 0.396 964.567 

0.980 0.665 0.786 0.0169 0.0200 0.0031 0.394 318.865 

0.980 0.665 0.785 0.0169 0.0199 0.0030 0.394 321.522 

0.980 0.665 0.784 0.0169 0.0199 0.0030 0.394 324.224 

0.980 0.665 0.782 0.0169 0.0199 0.0030 0.394 329.766 

1.176 0.665 0.924 0.0169 0.0235 0.0066 0.390 178.761 

1.176 0.665 0.929 0.0169 0.0236 0.0067 0.390 175.376 

1.176 0.665 0.939 0.0169 0.0239 0.0070 0.390 168.975 

1.176 0.665 0.936 0.0169 0.0238 0.0069 0.390 170.846 

1.471 0.665 1.133 0.0169 0.0288 0.0119 0.385 123.747 

1.471 0.665 1.147 0.0169 0.0291 0.0122 0.385 120.152 

1.471 0.665 1.134 0.0169 0.0288 0.0119 0.385 123.483 

1.471 0.665 1.146 0.0169 0.0291 0.0122 0.385 120.402 

1.667 0.665 1.263 0.0169 0.0321 0.0152 0.382 109.749 

1.667 0.665 1.271 0.0169 0.0323 0.0154 0.382 108.300 

1.667 0.665 1.284 0.0169 0.0326 0.0157 0.381 106.026 

1.667 0.665 1.286 0.0169 0.0327 0.0158 0.381 105.684 
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6.1.8.3 Theoretical results vs. experimental results 

 

 

 

 

 

 

 

 

 
 

Figure 6.15: Stiffness vs. Applied Force (Test 8) 
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6.1.8.4 Theoretical results vs. experimental results 

 

 

 

 

 

 

 

 

 
 

Figure 6.16: Stiffness vs. Displacement (Test 8) 
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6.1.9 Test Comparison 

 

 

6.1.9.1 Stiffness vs. applied  force – theoretical 

 

 

 

 

 

 

 

 

 
 

Figure 6.17: Stiffness vs. Applied Force (Test comparison - theoretical values) 
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6.1.9.2 Stiffness vs. applied force – experimental 

 

 

 

 

 

 

 

 

 
Figure 6.18: Stiffness vs. Applied Force (Test comparison - experimental values) 
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6.1.9.3 Stiffness vs. displacement - theoretical 

 

 

 

 

 

 

 

 

 
 

Figure 6.19: Stiffness vs. Displacement (Test comparison - theoretical values) 
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6.1.9.4 Stiffness vs. displacement - experimental 

 

 

 

 

 

 

 

 

 
 

Figure 6.20: Stiffness vs. Displacement (Test comparison - experimental values) 
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6.1.9.5 Displacement vs. applied force - theoretical 

 

 

 

 

 

 

 

 

 
 

Figure 6.21: Displacement vs. Applied Force (Test comparison - theoretical values) 
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6.1.9.6 Displacement vs. applied force - experimental 

 

 

 

 

 

 

 

 

 
 

Figure 6.22: Displacement vs. Applied Force (Test comparison - experimental values) 
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6.1.9.7 Theoretical and experimental - combined 

 

 

 

 

 

 

 

 

 
 

Figure 6.23: Theoretical vs. Experimental (1) 
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6.1.9.8 Theoretical and experimental - combined 

 

 

 

 

 

 

 

 

 
 

Figure 6.24: Theoretical vs. Experimental (2) 
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Figure 6.25: Theoretical vs. Experimental (3) 
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However, in order to avoid additional discrepancies between the simulation and the 

experiments, the motor parameters were specified on the Working Model simulation (see 

Chapter IV, Section 4.3). These parameters, for example, included the resistance of the motor 

armature, inductance, speed constant, and torque constant. After the experimental and theoretical 

values were compared, the nonlinear graphical data did not have a similar trajectory (See 

Appendix A for results). The problem was that the motor inertia was not taken into consideration 

in Working Model and the simulated spring mechanism was not damping sufficiently as the 

physical system. It is important to mention that such parameter was not implemented since it was 

not required on the motor parameters of the software. Therefore, what was done was that the 

mass of Link 2 and Link 4 was incremented by a total amount of 0.79378 kg to match the 

specified rotor inertia (
2

008.0
s

inoz
J


 ), and the center of mass of both links was lowered one 

quarter from the center. This procedure was implemented since a large amount of mass is 

generated from the motor itself when it‟s trying to rotate in a static situation. Once these 

parameters were changed and a small amount of friction (0.4) was arbitrarily added on the slot 

joint, the simulated system was able to damp similarly to the physical system and remain 

motionless. However, it is important to point out that the majority of the damping came from the 

motor parameters, and only a very small portion from the friction generated on the slot joint. 

Therefore, the first measurement involved analyzing the effective stiffness of the 

mechanism as a function of the force applied on the linear displacement slider (Figure 6.1). In 

particular, eight different set of equilibrium torques were tested, even though ten were planned 

(Table 6.1). The ten experiments were indeed conducted, but the last two were not considered 

since the results were similar to each other. Therefore, theoretical results (solid lines) indicate 

that as the force acting on the slider increases, the effective stiffness of the system decreases as a 
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result of the varying displacement, and thus an inverse proportional relationship is developed. 

Before continuing, it is important to highlight that the theoretical results are obtained from the 

Working Model simulation. The same procedures that were implemented on the physical model 

were implemented on the Working Model simulation. However, as the equilibrium torques (Test 

2 (Figure 6.3), Test 3 (Figure 6.5), etc.) increase, the effective stiffness of the linkage increases 

for every force applied on the output slider. For example, the effective stiffness of the spring 

mechanism in Test 1 was 89.091 N/m with a force of 0.980 N acting on the output element. In 

Test 2, the effective stiffness of the mechanism resulted in 98.000 N/m with the same amount of 

force applied on the slider, but with a different set of equilibrium torques. Furthermore, the 

effective stiffness of the system resulted in 140.000 N/m in Test 4 (Table 6.9). This means that 

by applying the same amount of force on the slider element, and varying the equilibrium torques, 

the effective stiffness can be adjusted respectively (Figure 6.17). Therefore, depending on the 

application or task addressed, different equilibrium torques can be implemented to meet the 

required system behavior. On the other hand, experimental results in each case (dotted lines) also 

indicate that the effective stiffness of the mechanism is inverse proportional to the force applied 

on the output element (Figure 6.18). As illustrated, the actively adjustable spring mechanism 

behaves nonlinearly throughout each case, and the generated results are similar to the theoretical 

results (Figure 6.23). The only factor that keeps both graphs from directly coinciding is the 

friction. 

Furthermore, the second measurement involved evaluating the effective stiffness of the 

spring mechanism as a function of the displacement caused by the slider. Eight different sets of 

equilibrium torques were also tested in this case (figures 6.2, 6.4, 6.6, etc.). Theoretical and 

experimental results indicate that as the displacement increases across the horizontal global 
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reference frame, the stiffness of the mechanism decreases, denoting that an inverse proportional 

relationship occurs (Figure 6.19 and Figure 6.20). For example, in Test 7 when the output 

element displaces a total amount of 0.0018 m, the respective effective stiffness is 391.418 N/m, 

but when it displaces a total amount of 0.0161 m, the respective effective stiffness results in 

91.490 N/m (Table 6.16). In another words, the increasing force on the slider causes the effective 

stiffness to decrease. Nonetheless, implementing higher equilibrium input torques reduces the 

output displacement, and hence the effective stiffness of the mechanism increases (Figure 6.24). 

From these results, it is important to notice that the theoretical and experimental (nonlinear) 

results are very similar to each other in all cases, meaning that the concept of adjustable springs 

is viable and the effective stiffness of the spring mechanism can be predicted. 

A third measurement that was carried out to validate the concept of adjustable springs 

was the displacement of the output element as a function of the force applied on the mechanism 

(prismatic joint/ slider element). In particular, theoretical and experimental results indicate that 

the relationship between both parameters is proportional, meaning that as the force increases, the 

displacement on the slider increases as well (Figure 6.21 and 6.22). For instance, in Test 8 when 

a 0.686 N force was applied, the slider displaced a total amount of 0.0007 m, and when a 1.471 N 

force was applied, the slider displaced a total amount of 0.0119 m (Table 6.18). Therefore, it can 

be said that depending on the application or task required, different forces can be implemented 

on the system to obtain the necessary displacement. Moreover, such results also indicate that as 

the equilibrium torque on each motor increases, the displacement of the output element decreases 

with the same amount of force applied, and thus the effective stiffness of the system increases. 

Lastly, one important detail to point out from the generated graphs is that the theoretical and 
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experimental results are similar to each other, but the friction effects on the real system indeed 

affect the general outcome. 

The desired effective stiffness of the system (Table 6.1), as calculated in Chapter IV, was 

also compared to the experimental results generated from the eight total experiments. In this 

study, it is important to emphasize that the desired effective stiffness of the system (equilibrium) 

was not determined physically due to the limited budget, and consequently the needed device 

was not purchased. However, an estimation was generated from the experiments to have an idea 

on how efficient was the concept of redundant actuation. The first step involved determining the 

effective stiffness of the system at its equilibrium state (Table 6.1, K*). Results indicate that first 

of all, the desired effective stiffness of the system certainly increases as the equilibrium motor 

torques are incremented, which means that the kinematic and kinetic equations are valid in this 

study. Once such calculation was completed, a graph (Figure 6.26) was generated using the 

effective stiffness of the first measurement on each experimental test, which involves applying a 

force of 0.490 N on the prismatic joint/slider element. 

Results indicate that the (experimental) effective stiffness of the system is lower than the 

theoretical desired effective stiffness (equilibrium). Such difference is expected since the 

stiffness of the system is inversely proportional to the force applied on the slider element. 

However, what is emphasized is that if the (applied) force on the slider element would have been 

removed, the desired effective stiffness of the spring mechanism would have been larger. The 

reason for such statement is that when the applied force is removed, the spring mechanism goes 

back to its equilibrium state, and consequently to its desired effective stiffness. This means that 

the theoretical and experimental desired effective stiffness results would have been closer to each 

other, maybe not identical because of the frictional losses, but very close.  



 

173 
 

 
Figure 6.26: Desired Effective Stiffness Comparison 
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actuation. Once the torques were calculated, eight different set of torques were determine to see 

if the values increased or decreased from those of the original configuration (Table 6.1: 45°). 

Results indicate that when the initial angle is lower than 45°, the equilibrium motor 

torques tend to be further apart from each other. For example, the torque at motor 4 is much 

higher than 5A, this is assuming that the torque values at motor 2 remain the same as all the 

experiments. It means that a different motor at the grounded revolute joint C would have been 

required to obtain the necessary amperes and as a result, have a system at equilibrium state 

(Table 6.19). In most of the cases, a more expensive motor would have to be incorporated. For 

example, when the initial angle is specified at 30° the values of motor 4 initiate at 5.130A and 

terminate at 14.621A, which are definitely greater than 5A. As the initial angle is increased to 

35° and 40° (Table 6.20, Table 6.21), the torque values on motor 4 tend to decrease, however, 

such values are slightly greater than 5A. On the other hand, results indicate that when the initial 

angle is greater than 45°, the equilibrium torques tend to be closer to each other (Table 6.22, 

Table 6.23). 

 

Table 6.19: Motor Torques with Initial Input Angle 30° 

Theta = 30° 

Motor 2 (A) Motor 4 (A) 

1.00 5.130 

1.25 6.413 

1.50 7.695 

1.75 8.978 

2.00 10.260 

2.25 11.543 

2.50 12.825 

2.75 14.108 

2.80 14.364 

2.85 14.621 
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Table 6.20: Motor Torques with Initial Input Angle of 35° 

Theta = 35° 

Motor 2 (A) Motor 4 (A) 

1.00 3.030 

1.25 3.788 

1.50 4.545 

1.75 5.303 

2.00 6.060 

2.25 6.818 

2.50 7.575 

2.75 8.333 

2.80 8.484 

2.85 8.636 

 

 

Table 6.21: Motor Torques with Initial Input Angle of 40° 

Theta = 40° 

Motor 2 (A) Motor 4 (A) 

1.00 2.187 

1.25 2.734 

1.50 3.281 

1.75 3.827 

2.00 4.374 

2.25 4.921 

2.50 5.468 

2.75 6.014 

2.80 6.124 

2.85 6.233 
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Table 6.22: Motor Torques with Initial Input Angle of 50° 

Theta = 50° 

Motor 2 (A) Motor 4 (A) 

1.00 1.435 

1.25 1.794 

1.50 2.153 

1.75 2.511 

2.00 2.870 

2.25 3.229 

2.50 3.588 

2.75 3.946 

2.80 4.018 

2.85 4.090 

 

 

Table 6.23: Motor Torques with Initial Input Angle of 55° 

Theta = 55° 

Motor 2 (A) Motor 4 (A) 

1.00 1.222 

1.25 1.528 

1.50 1.833 

1.75 2.139 

2.00 2.444 

2.25 2.750 

2.50 3.055 

2.75 3.361 

2.80 3.422 

2.85 3.483 

 

 

 

In conclusion, the actively adjustable Watt II linkage was constructed and experimentally 

tested to compare the theoretical results. Such theoretical and experimental results indicate that 

the system behaves as a nonlinear system and that in fact, the effective stiffness of the 
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mechanism can be controlled as different set of equilibrium torques are applied on the grounded 

revolute joints. However, a mismatch in the frictional effects acting on the system and the model 

itself produce slightly different results when comparing the Working Model simulation with the 

experimental data. Although a slight difference occurs due to the frictional effects of the physical 

system, the results are very similar to each other. In addition, the experimental results were 

compared to the theoretical desired effective stiffness results. Results indicate that if the applied 

force on the experimental test is removed from the prismatic joint, the system goes back to its 

equilibrium state, and consequently, the effective stiffness of the mechanism would have 

increased. In addition, the initial input angle of the system was changed to observe how the 

equilibrium input torques were affected in comparison to those established. This means that the 

concept of adjustable springs, using redundant actuation, has proven to be valid and that the 

mathematical model that was developed, closely represents the behavior of the real system. 
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CHAPTER VII 

 

 

SUMMARY AND CONCLUSION 

 

 

The present study is a comparison of theoretical and experimental results of a variable 

stiffness mechanism. In particular, a one degree-of-freedom Watt II mechanism was designed 

and redundantly actuated to achieve the desired effective stiffness. The process began by 

determining the equilibrium equation of the spring mechanism (unsprung). Such expression was 

accomplished by equating the virtual work done by the effective load, to that done by the 

externally applied loads. Based on this expression, consequently, kinematic and kinetic equations 

were implemented to determine the geometric design of the one degree-of-freedom mechanism 

and estimate its nonlinear behavior. After describing the motion of the mechanism in terms of 

position, velocity, and acceleration, the two equilibrium forces (torques) needed to create an 

effective stiffness on the linkage were calculated. These equations were generated based on the 

principle of virtual work and were derived using an energy balance approach that relates to 

Newton‟s second law of motion.  

Developing and testing a physical model was then taken into consideration. For example, 

the producer began by selecting a material that would be able to conserve the aesthetics and 

functionality of the system during several fabrication conditions and environments. After the 

selection was made and each component of the spring mechanism was fabricated, a preliminary 

test was conducted to anticipate how the system  
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would behave. Results indicated that a linearly proportional relationship exists between the 

generated torque and the input current of each brush-type DC motor. With such information, a 

test plan was developed and a series of experiments were conducted. 

 Therefore, from the simulations and experiments, it can be concluded that the desired 

effective stiffness of the spring mechanism can be generated by implementing several 

parameters. For example, it can be obtained by implementing different types of forces on the 

linear displacement element, or it can be obtained by modifying the equilibrium torques on the 

brush-type DC motors, everything depends on the application or task required. In this case, the 

maximum amount of current that was generated from the DC motors was 5A, but with other 

motors that can produce higher amperes, greater forces can be applied on the output element and 

thus greater effective stiffness values.   

Additionally, it can be concluded that the adjustable stiffness mechanism produces 

greater effective stiffness when small forces are applied and less effective stiffness when larger 

forces are applied. As mentioned previously, additional friction effects were taken into account 

in the Working Model simulations to match the theoretical and experimental behavior. The 

results indicated that the theoretical and experimental results are similar to each other, which 

means that the concept of redundant actuation has been proven to be a way of generating a 

variable stiffness mechanism. 
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APPENDIX A 

 

 

RESULTS WITHOUT MOTOR PARAMETERS 

 

 

 TEST 1 

 

 

Stiffness vs. Applied Force 

 

 

 

 

 
 

Figure 1A: Stiffness vs. Applied Force (Test 1) 
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Stiffness vs. Displacement 

 

 

 

 

 

 
 

Figure 2A: Stiffness vs. Displacement (Test 1) 
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Displacement vs. Applied Force 

 

 

 

 

 

 
 

Figure 3A: Displacement vs. Applied Force (Test 1) 
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 TEST 2 

 

 

Stiffness vs. Applied Force 

 

 

 

 

 

 
 

Figure 4A: Stiffness vs. Applied Force (Test 2) 
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Stiffness vs. Displacement 

 

 

 

 

 

 
 

Figure 5A: Stiffness vs. Displacement (Test 2) 
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Displacement vs. Applied  Force 

 

 

 

 

 

 
 

Figure 6A: Displacement vs. Applied Force (Test 2) 
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 TEST 3 

 

 

Stiffness vs. Applied Force 

 

 

 

 

 

 
 

Figure 7A: Stiffness vs. Applied Force (Test 3) 
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Stiffness vs. Displacement 

 

 

 

 

 

 
 

Figure 8A: Stiffness vs. Displacement (Test 3) 
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Displacement vs. Applied Force 

 

 

 

 

 

 
 

Figure 9A: Displacement vs. Applied Force (Test 3) 
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 TEST 4 

 

 

Stiffness vs. Applied Force 

 

 

 

 

 

 
 

Figure 10A: Stiffness vs. Applied Force (Test 4) 
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Stiffness vs. Displacement 

 

 

 

 

 

 
 

Figure 11A: Stiffness vs. Displacement (Test 4) 
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Displacement vs. Applied Force 

 

 

 

 

 

 
 

Figure 12A: Displacement vs. Applied Force (Test 4) 
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 TEST 5 

 

 

Stiffness vs. Applied Force 

 

 

 

 

 

 
 

Figure 13A: Stiffness vs. Applied Force (Test 5) 
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Stiffness vs. Displacement 

 

 

 

 

 

 
 

Figure 14A: Stiffness vs. Displacement (Test 5) 
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Displacement vs. Applied Force 

 

 

 

 

 

 
 

Figure 15A: Displacement vs. Applied Force (Test 5) 
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 TEST COMPARISON 

 

 

 

 

 

 
 

Figure 16A: Theoretical vs. Experimental (1) 
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Figure 17A: Theoretical vs. Experimental (2) 
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Figure 18A: Theoretical vs. Experimental (3) 
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APPENDIX B 
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APPENDIX B 

 

 

DATA FOR APPENDIX A 

 

 

 TEST 1 

 

Table B1: Theoretical Results (Test 1) 

Theoretical Values from Working Model 

App. 

Force (N) 
Xo (m) Xf (m) ΔX (m) K (N/m) 

0.490 0.397 0.392 0.0050 98.000 

0.490 0.397 0.392 0.0050 98.000 

0.490 0.397 0.392 0.0050 98.000 

0.490 0.397 0.392 0.0050 98.000 

0.686 0.397 0.389 0.0080 85.750 

0.686 0.397 0.389 0.0080 85.750 

0.686 0.397 0.389 0.0080 85.750 

0.686 0.397 0.389 0.0080 85.750 

0.980 0.397 0.382 0.0150 65.333 

0.980 0.397 0.382 0.0150 65.333 

0.980 0.397 0.382 0.0150 65.333 

0.980 0.397 0.382 0.0150 65.333 

1.176 0.397 0.373 0.0240 49.000 

1.176 0.397 0.373 0.0240 49.000 

1.176 0.397 0.373 0.0240 49.000 

1.176 0.397 0.373 0.0240 49.000 
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Table B2: Experimental Results (Test 1) 

 

Experimental Values 

App. 

Force (N) 
Xo (V) Xf (V) Xo (m) Xf (m) ΔX (m) ΔXf (m) K (N/m) 

0.490 0.786 0.853 0.0200 0.0217 0.0017 0.395 287.930 

0.490 0.762 0.835 0.0194 0.0212 0.0019 0.395 264.265 

0.490 0.860 0.914 0.0218 0.0232 0.0014 0.396 357.247 

0.490 0.838 0.895 0.0213 0.0227 0.0014 0.396 338.445 

0.686 0.794 2.415 0.0202 0.0613 0.0412 0.356 16.661 

0.686 0.770 2.209 0.0196 0.0561 0.0366 0.360 18.769 

0.686 0.862 2.031 0.0219 0.0516 0.0297 0.367 23.103 

0.686 0.839 2.182 0.0213 0.0554 0.0341 0.363 20.110 

0.980 0.784 2.842 0.0199 0.0722 0.0523 0.345 18.748 

0.980 0.775 2.543 0.0197 0.0646 0.0449 0.352 21.823 

0.980 0.879 2.661 0.0223 0.0676 0.0453 0.352 21.651 

0.980 0.883 2.584 0.0224 0.0656 0.0432 0.354 22.682 

1.176 0.774 3.615 0.0197 0.0918 0.0722 0.325 16.297 

1.176 0.858 3.518 0.0218 0.0894 0.0676 0.329 17.406 

1.176 0.873 3.64 0.0222 0.0925 0.0703 0.327 16.733 

1.176 0.874 3.443 0.0222 0.0875 0.0653 0.332 18.022 
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 TEST 2 

 

 

Table B3: Theoretical Results (Test 2) 

 

Theoretical Values from Working Model 

App. 

Force (N) 
Xo (m) Xf (m) ΔX (m) K (N/m) 

0.490 0.397 0.392 0.0050 98.000 

0.490 0.397 0.392 0.0050 98.000 

0.490 0.397 0.392 0.0050 98.000 

0.490 0.397 0.392 0.0050 98.000 

0.686 0.397 0.390 0.0070 98.000 

0.686 0.397 0.390 0.0070 98.000 

0.686 0.397 0.390 0.0070 98.000 

0.686 0.397 0.390 0.0070 98.000 

0.980 0.397 0.384 0.0130 75.385 

0.980 0.397 0.384 0.0130 75.385 

0.980 0.397 0.384 0.0130 75.385 

0.980 0.397 0.384 0.0130 75.385 

1.176 0.397 0.378 0.0190 61.895 

1.176 0.397 0.378 0.0190 61.895 

1.176 0.397 0.378 0.0190 61.895 

1.176 0.397 0.378 0.0190 61.895 

1.471 0.397 0.368 0.0290 50.724 

1.471 0.397 0.368 0.0290 50.724 

1.471 0.397 0.368 0.0290 50.724 

1.471 0.397 0.368 0.0290 50.724 
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Table B4: Experimental Results (Test 2) 

 

Experimental Values 

App. 

Force (N) 
Xo (V) Xf (V) Xo (m) Xf (m) ΔX (m) ΔXf (m) K (N/m) 

0.490 0.786 0.835 0.0200 0.0212 0.0012 0.396 393.701 

0.490 0.862 0.912 0.0219 0.0232 0.0013 0.396 385.827 

0.490 0.852 0.904 0.0216 0.0230 0.0013 0.396 370.987 

0.490 0.816 0.903 0.0207 0.0229 0.0022 0.395 221.740 

0.686 0.800 1.634 0.0203 0.0415 0.0212 0.376 32.384 

0.686 0.858 1.402 0.0218 0.0356 0.0138 0.383 49.647 

0.686 0.842 1.487 0.0214 0.0378 0.0164 0.381 41.873 

0.686 0.824 1.513 0.0209 0.0384 0.0175 0.379 39.199 

0.980 0.797 1.979 0.0202 0.0503 0.0300 0.367 32.642 

0.980 0.822 1.611 0.0209 0.0409 0.0200 0.377 48.901 

0.980 0.832 1.718 0.0211 0.0436 0.0225 0.374 43.547 

0.980 0.891 1.819 0.0226 0.0462 0.0236 0.373 41.576 

1.176 0.794 3.298 0.0202 0.0838 0.0636 0.333 18.490 

1.176 0.850 2.956 0.0216 0.0751 0.0535 0.344 21.984 

1.176 0.816 2.945 0.0207 0.0748 0.0541 0.343 21.747 

1.176 0.865 3.336 0.0220 0.0847 0.0628 0.334 18.737 

1.471 0.796 3.339 0.0202 0.0848 0.0646 0.332 22.774 

1.471 0.860 2.980 0.0218 0.0757 0.0538 0.343 27.318 

1.471 0.863 3.067 0.0219 0.0779 0.0560 0.341 26.276 

1.471 0.839 3.348 0.0213 0.0850 0.0637 0.333 23.082 

1.667 0.794 3.693 0.0202 0.0938 0.0736 0.323 22.639 

1.667 0.867 3.391 0.0220 0.0861 0.0641 0.333 26.002 

1.667 0.844 3.717 0.0214 0.0944 0.0730 0.324 22.844 

1.667 0.829 3.637 0.0211 0.0924 0.0713 0.326 23.372 

 

 

 

 

 



 

207 
 

 TEST 3 

 

 

Table B5: Theoretical Results (Test 3) 

 

Theoretical Values from Working Model 

App. 

Force (N) 
Xo (m) Xf (m) ΔX (m) K (N/m) 

0.490 0.397 0.393 0.004 122.500 

0.490 0.397 0.393 0.004 122.500 

0.490 0.397 0.393 0.004 122.500 

0.490 0.397 0.393 0.004 122.500 

0.686 0.397 0.391 0.006 114.333 

0.686 0.397 0.391 0.006 114.333 

0.686 0.397 0.391 0.006 114.333 

0.686 0.397 0.391 0.006 114.333 

0.980 0.397 0.386 0.011 89.091 

0.980 0.397 0.386 0.011 89.091 

0.980 0.397 0.386 0.011 89.091 

0.980 0.397 0.386 0.011 89.091 

1.176 0.397 0.381 0.016 73.500 

1.176 0.397 0.381 0.016 73.500 

1.176 0.397 0.381 0.016 73.500 

1.176 0.397 0.381 0.016 73.500 

1.471 0.397 0.374 0.023 63.957 

1.471 0.397 0.374 0.023 63.957 

1.471 0.397 0.374 0.023 63.957 

1.471 0.397 0.374 0.023 63.957 

1.667 0.397 0.365 0.032 52.094 

1.667 0.397 0.365 0.032 52.094 

1.667 0.397 0.365 0.032 52.094 

1.667 0.397 0.365 0.032 52.094 
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Table B6 Experimental Results (Test 3) 

 

Experimental Values 

App. 

Force (N) 
Xo (V) Xf (V) Xo (m) Xf (m) ΔX (m) ΔXf (m) K (N/m) 

0.490 0.786 0.820 0.0200 0.0208 0.0009 0.396 567.392 

0.490 0.810 0.881 0.0206 0.0224 0.0018 0.395 271.709 

0.490 0.818 0.885 0.0208 0.0225 0.0017 0.395 287.930 

0.490 0.814 0.877 0.0207 0.0223 0.0016 0.395 306.212 

0.686 0.787 1.211 0.0200 0.0308 0.0108 0.386 63.698 

0.686 0.814 1.375 0.0207 0.0349 0.0142 0.383 48.142 

0.686 0.839 1.369 0.0213 0.0348 0.0135 0.384 50.958 

0.686 0.854 1.408 0.0217 0.0358 0.0141 0.383 48.751 

0.980 0.786 1.377 0.0200 0.0350 0.0150 0.382 65.284 

0.980 0.843 1.565 0.0214 0.0398 0.0183 0.379 53.439 

0.980 0.843 1.548 0.0214 0.0393 0.0179 0.379 54.727 

0.980 0.824 1.492 0.0209 0.0379 0.0170 0.380 57.758 

1.176 0.827 2.485 0.0210 0.0631 0.0421 0.355 27.925 

1.176 0.833 2.876 0.0212 0.0731 0.0519 0.345 22.662 

1.176 0.886 2.905 0.0225 0.0738 0.0513 0.346 22.932 

1.176 0.866 2.897 0.0220 0.0736 0.0516 0.345 22.796 

1.471 0.871 2.812 0.0221 0.0714 0.0493 0.348 29.837 

1.471 0.865 2.969 0.0220 0.0754 0.0534 0.344 27.525 

1.471 0.895 3.101 0.0227 0.0788 0.0560 0.341 26.253 

1.471 0.883 3.109 0.0224 0.0790 0.0565 0.340 26.017 

1.667 0.784 3.357 0.0199 0.0853 0.0654 0.332 25.507 

1.667 0.857 3.464 0.0218 0.0880 0.0662 0.331 25.174 

1.667 0.853 3.391 0.0217 0.0861 0.0645 0.333 25.859 

1.667 0.877 3.482 0.0223 0.0884 0.0662 0.331 25.194 

1.961 0.794 3.567 0.0202 0.0906 0.0704 0.327 27.842 

1.961 0.829 3.555 0.0211 0.0903 0.0692 0.328 28.322 

1.961 0.822 3.608 0.0209 0.0916 0.0708 0.326 27.712 

1.961 0.863 3.555 0.0219 0.0903 0.0684 0.329 28.679 
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 TEST 4 

 

 

Table B7: Theoretical Results (Test 4) 

 

Theoretical Values from Working Model 

App. 

Force (N) 
Xo (m) Xf (m) ΔX (m) K (N/m) 

0.490 0.397 0.393 0.004 122.500 

0.490 0.397 0.393 0.004 122.500 

0.490 0.397 0.393 0.004 122.500 

0.490 0.397 0.393 0.004 122.500 

0.686 0.397 0.391 0.006 114.333 

0.686 0.397 0.391 0.006 114.333 

0.686 0.397 0.391 0.006 114.333 

0.686 0.397 0.391 0.006 114.333 

0.980 0.397 0.387 0.010 98.000 

0.980 0.397 0.387 0.010 98.000 

0.980 0.397 0.387 0.010 98.000 

0.980 0.397 0.387 0.010 98.000 

1.176 0.397 0.382 0.015 78.400 

1.176 0.397 0.382 0.015 78.400 

1.176 0.397 0.382 0.015 78.400 

1.176 0.397 0.382 0.015 78.400 

1.471 0.397 0.376 0.021 70.048 

1.471 0.397 0.376 0.021 70.048 

1.471 0.397 0.376 0.021 70.048 

1.471 0.397 0.376 0.021 70.048 

1.667 0.397 0.369 0.028 59.536 

1.667 0.397 0.369 0.028 59.536 

1.667 0.397 0.369 0.028 59.536 

1.667 0.397 0.369 0.028 59.536 
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Table B8: Experimental Results (Test 4) 

 

Experimental Values 

Force (N) Xo (V) Xf (V) Xo (m) Xf (m) ΔX (m) ΔXf (m) K (N/m) 

0.490 0.798 0.822 0.0203 0.0209 0.0006 0.396 803.806 

0.490 0.849 0.884 0.0216 0.0225 0.0009 0.396 551.181 

0.490 0.856 0.877 0.0217 0.0223 0.0005 0.396 918.635 

0.490 0.843 0.89 0.0214 0.0226 0.0012 0.396 410.454 

0.686 0.798 1.112 0.0203 0.0282 0.0080 0.389 86.012 

0.686 0.833 1.173 0.0212 0.0298 0.0086 0.388 79.435 

0.686 0.839 1.115 0.0213 0.0283 0.0070 0.390 97.855 

0.686 0.849 1.208 0.0216 0.0307 0.0091 0.388 75.231 

0.980 0.784 1.211 0.0199 0.0308 0.0108 0.386 90.358 

0.980 0.849 1.36 0.0216 0.0345 0.0130 0.384 75.504 

0.980 0.873 1.436 0.0222 0.0365 0.0143 0.383 68.531 

0.980 0.865 1.368 0.0220 0.0347 0.0128 0.384 76.705 

1.176 0.784 1.958 0.0199 0.0497 0.0298 0.367 39.437 

1.176 0.858 2.048 0.0218 0.0520 0.0302 0.367 38.907 

1.176 0.857 2.002 0.0218 0.0509 0.0291 0.368 40.436 

1.176 0.865 2.060 0.0220 0.0523 0.0304 0.367 38.744 

1.471 0.775 2.088 0.0197 0.0530 0.0334 0.364 44.108 

1.471 0.879 2.183 0.0223 0.0554 0.0331 0.364 44.412 

1.471 0.876 2.214 0.0223 0.0562 0.0340 0.363 43.284 

1.471 0.859 2.236 0.0218 0.0568 0.0350 0.362 42.058 

1.667 0.784 2.859 0.0199 0.0726 0.0527 0.344 31.629 

1.667 0.865 3.083 0.0220 0.0783 0.0563 0.341 29.590 

1.667 0.879 3.226 0.0223 0.0819 0.0596 0.337 27.963 

1.667 0.874 3.249 0.0222 0.0825 0.0603 0.337 27.634 

1.961 0.816 3.197 0.0207 0.0812 0.0605 0.337 32.425 

1.961 0.873 3.316 0.0222 0.0842 0.0621 0.335 31.602 

1.961 0.853 3.320 0.0217 0.0843 0.0627 0.334 31.295 

1.961 0.874 3.355 0.0222 0.0852 0.0630 0.334 31.118 

2.942 0.799 3.760 0.0203 0.0955 0.0752 0.322 39.117 

2.942 0.821 3.693 0.0209 0.0938 0.0729 0.324 40.330 

2.942 0.870 3.707 0.0221 0.0942 0.0721 0.325 40.827 

2.942 0.862 3.707 0.0219 0.0942 0.0723 0.325 40.712 
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 TEST 5 

 

 

Table B9: Theoretical Results (Test 5) 

 

Theoretical Values from Working Model 

App. 

Force (N) 
Xo (m) Xf (m) ΔX (m) K (N/m) 

0.490 0.397 0.393 0.004 122.500 

0.490 0.397 0.393 0.004 122.500 

0.490 0.397 0.393 0.004 122.500 

0.490 0.397 0.393 0.004 122.500 

0.686 0.397 0.391 0.006 114.333 

0.686 0.397 0.391 0.006 114.333 

0.686 0.397 0.391 0.006 114.333 

0.686 0.397 0.391 0.006 114.333 

0.980 0.397 0.388 0.009 108.889 

0.980 0.397 0.388 0.009 108.889 

0.980 0.397 0.388 0.009 108.889 

0.980 0.397 0.388 0.009 108.889 

1.176 0.397 0.384 0.013 90.462 

1.176 0.397 0.384 0.013 90.462 

1.176 0.397 0.384 0.013 90.462 

1.176 0.397 0.384 0.013 90.462 

1.471 0.397 0.378 0.019 77.421 

1.471 0.397 0.378 0.019 77.421 

1.471 0.397 0.378 0.019 77.421 

1.471 0.397 0.378 0.019 77.421 

1.667 0.397 0.373 0.024 69.458 

1.667 0.397 0.373 0.024 69.458 

1.667 0.397 0.373 0.024 69.458 

1.667 0.397 0.373 0.024 69.458 

1.961 0.397 0.362 0.035 56.029 

1.961 0.397 0.362 0.035 56.029 

1.961 0.397 0.362 0.035 56.029 

1.961 0.397 0.362 0.035 56.029 
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Table B10: Experimental Results (Test 5) 

 

Experimental Values 

Force (N) Xo (V) Xf (V) Xo (m) Xf (m) ΔX (m) ΔXf (m) K (N/m) 

0.490 0.798 0.814 0.0203 0.0207 0.0004 0.397 1205.709 

0.490 0.861 0.900 0.0219 0.0229 0.0010 0.396 494.650 

0.490 0.865 0.900 0.0220 0.0229 0.0009 0.396 551.181 

0.490 0.863 0.900 0.0219 0.0229 0.0009 0.396 521.388 

0.686 0.798 1.046 0.0203 0.0266 0.0063 0.391 108.903 

0.686 0.861 1.170 0.0219 0.0297 0.0078 0.389 87.404 

0.686 0.878 1.170 0.0223 0.0297 0.0074 0.390 92.493 

0.686 0.879 1.170 0.0223 0.0297 0.0074 0.390 92.811 

0.980 0.766 1.324 0.0195 0.0336 0.0142 0.383 69.145 

0.980 0.886 1.254 0.0225 0.0319 0.0093 0.388 104.844 

0.980 0.883 1.247 0.0224 0.0317 0.0092 0.388 105.996 

0.980 0.880 1.252 0.0224 0.0318 0.0094 0.388 103.717 

1.176 0.767 1.683 0.0195 0.0427 0.0233 0.374 50.545 

1.176 0.880 1.805 0.0224 0.0458 0.0235 0.374 50.053 

1.176 0.868 1.899 0.0220 0.0482 0.0262 0.371 44.907 

1.176 0.879 1.931 0.0223 0.0490 0.0267 0.370 44.011 

1.471 0.758 1.885 0.0193 0.0479 0.0286 0.368 51.387 

1.471 0.863 2.016 0.0219 0.0512 0.0293 0.368 50.228 

1.471 0.857 2.170 0.0218 0.0551 0.0334 0.364 44.108 

1.471 0.857 2.208 0.0218 0.0561 0.0343 0.363 42.867 

1.667 0.758 2.819 0.0193 0.0716 0.0523 0.345 31.844 

1.667 0.868 2.985 0.0220 0.0758 0.0538 0.343 31.001 

1.667 0.857 3.058 0.0218 0.0777 0.0559 0.341 29.818 

1.667 0.857 3.062 0.0218 0.0778 0.0560 0.341 29.764 

1.961 0.758 3.025 0.0193 0.0768 0.0576 0.339 34.056 

1.961 0.868 3.127 0.0220 0.0794 0.0574 0.340 34.177 

1.961 0.865 3.210 0.0220 0.0815 0.0596 0.337 32.923 

1.961 0.857 3.215 0.0218 0.0817 0.0599 0.337 32.742 

2.942 0.758 3.632 0.0193 0.0923 0.0730 0.324 40.302 

2.942 0.853 3.688 0.0217 0.0937 0.0720 0.325 40.856 

2.942 0.853 3.691 0.0217 0.0938 0.0721 0.325 40.813 

2.942 0.843 3.692 0.0214 0.0938 0.0724 0.325 40.655 
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