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ABSTRACT: It is believed, but not demonstrated, that the large radius massless spectrum
of a heterotic string theory compactified to four-dimensional Minkowski space should
obey equations that split into ‘F-terms’ and ‘D-terms’ in ways analogous to that of four-
dimensional supersymmetric field theories. This is not easy to do directly as string theory
is first quantised. Nonetheless, in this paper we demonstrate this splitting. We construct
an operator D whose kernel amounts to deformations solving ‘F-term’ type equations. In
many previous works in this field, the spin connection is treated as an independent degree
of freedom (and so is spurious or fake); here our results apply on the physical moduli
space in which these fake degrees of freedom are eliminated. We utilise the moduli space
metric, constructed in previous work, to define an adjoint operator D'. The kernel of
D' amounts to ‘D-term’ type equations. Put together, we show there is a D-operator in
which the massless spectrum are harmonic representatives of D. We conjecture that one
could better study the moduli space of heterotic theories by studying the corresponding
cohomology, a natural counterpart to studying the d-cohomology groups relevant to moduli
of Calabi-Yau manifolds.
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1 Introduction

Once the famous paper [1] established the existence of a solution of ten-dimensional
heterotic supergravity that realised a four-dimensional Minkowski space via the standard
embedding, it was quickly realised that these vacua provide an easy route to describing
viable phenomenological solutions of string theory. The standard embedding, roughly
speaking, corresponds to a compactification on a Calabi-Yau 3-fold with vanishing torsion



H = 0, at least to order o' ? in perturbation theory. More general solutions, in which
H could be non-vanishing, corresponding to choices of holomorphic vector bundles with
connection satisfying the hermitian Yang-Mills equation were realised in the beautiful paper
of [2]. These solutions were shown to be unobstructed to all orders in o’ perturbation theory.
The conditions of supergravity were studied to first order in o' by [3, 4] which related the
field equations to geometric conditions on the vector bundle and six-dimensional manifold,
together with a non-trivial Bianchi identity. The equations were non-linear coupled PDEs
and, although we know solutions exist, we do not yet have a good unstanding of the moduli
space of such solutions. Physically, this important as quantum corrections are more easily
studied that in the type II context, which involved non-perturbative objects like D-branes.
One might hope that there is a nice geometric structure to the moduli space similar to that
of the special geometry of Calabi-Yau manifolds, which exhibits a special Kéhler structure
where the space of deformations is described simply by the d-cohomology groups H!(X, C)
and H?!(X,C), where X is the Calabi-Yau manifold.

There has been a lot of recent progress in the past decade in trying to formulate both
a cohomological description of the moduli space, and its differential geometric structure.
In [5-7] the authors studied moduli of holomorphic bundles over complex manifolds in the
heterotic context, and then later including the hermitian moduli and torsional solutions [8, 9],
a good understanding of the infinitesimal moduli space of generic torsional compactifications
emerged. At this time new mathematical tools had been developed, such as heterotic
generalised geometry [10], putting the moduli problem on a more firm mathematical
ground [11]. The massless spectrum in these works, however, often suffers from a problem in
that they assume extra degrees of freedom that do not exist in string theory. The cohomology
groups studied are not really the physical ones. In terms of the differential geometric, by
studying the dimensional reduction and gauge symmetries a Kahler metric for the moduli
space of heterotic string theory was proposed in [12]. Remarkably, it is formally very similar
to what was studied in the special geometry of Calabi-Yau manifolds; this lends hope to
the belief there is an underlying special geometry of heterotic theories. The equations
describing the small deformations have been understood in terms of the superpotential [13],
and the same superpotential correctly describes the Yukawa couplings [14]. There have
also been developments in terms of holomorphic string algebroids [15, 16], higher order
deformations [17], and a universal geometry picture of the moduli space [18, 19].1

Of course, many open questions still remain. For example, the original studies of the
moduli problem of the Hull-Strominger system [8, 9, 13] focused on the F-term equations.
We call these F-terms because they can be shown to derive from a functional labelled the
superpotential. In holomorphic gauge, the superpotential is a holomorphic section over the
moduli space, just as it is for four-dimensional supersymmetric field theories. Interestingly
however, one needs to impose a constraint which is the heterotic Bianchi identity is satisfied.
One can phrase the F-term conditions as the existence of a holomorphic top-form, and a
holomorphic vector bundle, and a relation between the contorsion of the metric on X and

IFor brevity, we have omitted references to many important works on heterotic moduli, particularly from
the world-sheet point of view. The papers [20-24] and references therein constitute a non-exhaustive list.



the three-form H. In [8, 9] it was shown that a deformation preserving these conditions
can naturally be viewed as an element of the first cohomology of a holomorphic double
extension bundle Q. In [17] it was further shown that preserving the constraints coming
from D-terms, that is the Yang-Mills condition on the bundle and a conformally balanced
geoemetry, comes down to picking a particular representative of this cohomology class. This
is similar to the moduli space of hermitian Yang-Mills connections A on a holomorphic vector
bundle ‘E. Here the holomorphic condition imposes that the infinitesimal deformations of
A define a class in H®)(EndE), while the Yang-Mills constraint imposes that we choose
the harmonic representative. A similar observation can be made for the Calabi-Yau moduli
problem, where it has been shown that holomorphic gauge equals harmonic gauge, see for
example [19], where the moduli are given by harmonic forms. In this paper we explore
this subtlety further for the heterotic moduli problem. We point out that as the moduli
naturally take values in the holomorphic double-extention Q, again in a holomorphic gauge
as described in [12, 18, 19], the notion of harmonic must be considered in the context of
a natural inner product on Q. The correct inner product to consider derives from the
Kéhler metric on the moduli space [12], and using this, the D-term conditions now impose
a harmonic gauge with respect to this metric.

The second question we address concerns a subtlety often ignored in previous work.
Recall that part of the defining equations of the Hull-Strominger system includes the
heterotic Bianchi identity

dH:—Oi (TrFQ—TrR2) ,

where H is the heterotic NS flux, F' is the curvature of a connection A on a holomorphic
vector bundle E, while R is the curvature of a connection © on the tangent bundle Zy.
Which connection to use on 7Ty is a long debated subject. In the usual field choice,?
both the world-sheet [3] and supergravity analysis [29] point to natural connection, often
referred to as the Hull-connection. Using this connection however presents a problem for
mathematicians, in that the system is only accurate modulo O(a'?) corrections. Physically
this is to be expected, but in order to make exact mathematical statements of the system,
ala Yau’s Theorem for Calabi-Yau manifolds or the Donaldson-Uhlenbeck-Yau Theorem for
Hermitian Yang-Mills connections, then an exact system of equations is required. A common
“cheat” then is to promote the Hull connection to a hermitian Yang-Mills connection in its
own right. This renders an exact system of equations, which is also more in line with the
generalised geometry perspective [10, 30]. This is also the approach used in most previous
studies of the moduli problem of the Hull-Strominger system.

However, introducing a new connection on the tangent bundle also introduces new
nonphysical spurious modes in the moduli problem, corresponding to deformations of this
connection. These modes can be interpreted as field redefinitions [28], and the true moduli
space would then be given as a complicated sub-variety. This is a bit unsatisfactory for
two reasons. Firstly, one would like to understand better exactly how the space of physical
deformations fits within the larger moduli space including these surious modes. Secondly,

2Tt has been pointed out many places that field redefinitions may be used to change the connection, see
e.g. [25-28], but this is a rather subtle point as explained below.



and more crucially, once we inevitably come to quantise the classical system of equations
in order to understand the quantum moduli space, fluctuating these nonphysical modes
will again have an impact which we ignore at our peril. It may be possible to deal with
these modes though Lagrange-multiplier techniques or by other means. Alternatively, one
might go back to the beginning and redo the moduli story using the correct physical Hull-
connection. This is the approach we have initiated in the current paper. To be more specific,
we have derived the cohomology which correctly counts the physical spectrum of solutions,
without ekstra spurious degrees of freedom. The answer turns out to be both interesting
and subtle, prompting many future research questions to explore. See Conclusions and
Outlook section 6.

Setting the stage. In this paper we study heterotic vacua that have a large radius
limit. In this limit, the vacua are solutions of a'-corrected supergravity. This effective field
theory is fixed up to and including o' 2 by supersymmetry and the result is also consistent
with string scattering amplitudes. We refer to the resulting equations of motion as the
Hull-Strominger system [3, 4]. The vacua we study have a smooth limit o — 0 which
forces H — 0, and a ten-dimensional spacetime of the form

My = [R3’1 X.X,

with X a complex 3-fold with ¢;(X) = 0. With an appropriate gauge fixing the dilaton
is constant up to order o' 3 [31], and the background is topologically a CY manifold with
a holomorphic vector bundle E admitting a connection A that satisfies the hermitian
Yang-Mills equation. These are the only compact supergravity solutions with a valid o' — 0
limit, which guarantees the supergravity solutions are also solutions of string theory up to
non-perturbative corrections. There are also solutions in which as o' — 0, the three-form H
is non-trivial. However, one must study either non-compact manifolds, be non-perturbative
in the dilaton via, e.g. non-geometric solutions, or consider solutions without a convergent
o' expansion. We do not consider such solutions here because the higher order perturbative
a' corrections to the Hull-Strominger equations (and likely worldsheet instantons) will play
an important role modifying the higher order o' behaviour, and these o' corrections have
not been completely determined yet. We expand upon our justification for restricting to
solutions with a smooth o' — 0 limit in appendix C.

The moduli space is a finite dimensional complex Kéhler manifold /M. See appendix B
for an overview of the notation use when discussing moduli, following [12]. Each point
y € M corresponds to a heterotic vacuum and there is a Kuranishi map which relates tangent
vectors 0y on M to deformations of fields.®> Small gauge transformations correspond to
deforming the Kuranishi map and there is a choice in which the map is holomorphic [19]. We
call this holomorphic gauge. In holomorphic gauge, there is a relation between deformations
of the connection © on the tangent bundle 7y and the moduli of X [18]

6@(0,1) — 6y()é©a@ , where QQ(@EVO' = vo. Aaﬁy + IVV (801(0)a'ﬁ . (11)

3See [6, 32] for previous work on Kuranishi maps and higher order deformations in the heterotic context.



Here we have introduced holomorphic and anti-holomorphic coordinates on M as y* =
(ya,yB) using the complex structure inherited from the heterotic theory. On X real
coordinates are denoted z™, complex coordinates (z#,z”) and V, is the Levi-Civita
connection of the Ricci-flat metric on X. We denote J the complex structure on X and (in
holomorphic gauge) a holomorphic deformation is a (0, 1)-form valued in the holomorphic
tangent bundle. We write this in the notation of [12] viz. éy*A,z". Similarly, if w is the
hermitian form on X then (Jow)sz is a holomorphic deformation of the hermitian form
restricted to its (1,1) component. In holomorphic gauge this is equal (up to a factor of
i) to a gauge invariant deformation of the B-field, denoted B [19]. The analogue of
complexified Kéhler deformations for heterotic theories is the combination

Zo = By +i0,w.

The key point is that 601 is fixed in terms of A, and Z&l’l).

In contrast, in [8, 9, 11] the deformation 600D g treated as a degree of freedom
independent of the other moduli with its own set of parameters. That is, 01 corresponds
to an arbitrary element of H'(End Zy), and with these spurious degrees of freedom one
finds a D-operator on an extension bundle @ in which D? = 0 and its first cohomology
is related to the deformations of heterotic theories plus the spurious degrees of freedom.
Specifically, one first considers the Atiyah extension, as described in section 3 and first
applied to the heterotic context in [5, 6]

0 EndE 21— Q) —5 T ——0 .

This sequence governs the combined moduli space of complex manifolds with a holomorphic
vector bundle. As described in section 4, one then extends this bundle by End(Zy) to

account for the spurious deformations of the connection §©(0:1)

2

0—— End(Ty) 2 Q, O 0.

Finally, to account for the deformations of the hermitian structure, one further extends this
bundle by the holomorphic cotangent bundle as

O }T;(l’o) U Q il QQ 0 .

The extension class is derived from the heterotic anomaly cancellation condition (or
Bianchi identity), and gives rise to a natural D-operator on Q whose first cohomol-
ogy counts the spectrum including the spurious deformations. This cohomology can
then be described in terms of more familiar cohomologies using homological algebra and
long-exact sequences [8, 9].

A very natural question to ask is then what happens to the operator D and bundle
() when we eliminate the spurious degrees of freedom? Our main goal is to answer this
question. What we find is that in holomorphic gauge [19], the natural object to consider is
now a further extension Q of the Atiyah extension given by (5.9)

0—— Ty L 9 T, 0.



The bundle Q governs the moduli problem without the spurious degrees of freedom, with
a D operator acting as a differential on this bundle. Its kernel amounts to ‘F-term’ type
equations. The extension class is again derived from the heterotic anomaly cancellation
condition. It should however be noted that in this case, the extension class is no longer
tensorial due to the apparence of a holomorphic covariant derivative, see (5.1). As a result,
the new differential operator D is no longer a connection on Q, as it fails to satisfy the
Leibniz rule. However, it is still a perfectly well defined linear operator on Q. Moreover,
given an inner product on Q one can define an adjoint of D, and use it to describe harmonic
forms with respect to D.

Our next goal is therefore to use the moduli space metric constructed in [12, 18]* to
construct an adjoint operator D' and show that the co-kernel of D describe D-term type
equations. D-term equations here refer to first order deformations of the Hermitian-Yang-
Mills equation and balanced equations.’

In other words, the physical massless moduli of the heterotic supergravity at large
radius are harmonic representatives of the cohomology of the D-operator. This is the main
result of the paper.

Hodge-theory further says that these harmonic forms are in one-to-one correspondence
with the cohomology of D.% Using long exact sequences in cohomology and kernels of exten-
sion maps, this cohomology can again be computed in terms of more familiar cohomologies
such as the complex structure moduli H (071)(T)§1’0)), the bundle moduli H(*Y(EndE), and
the hermitian moduli H®Y (7" 10),

In the next section we review some results setting up our notation. In section 3 we review
how extension bundles describe deformations of complex manifolds with a holomorphic
vector bundle. In section 4 we revist and refine the calculation in [8, 9], including the
spurious degrees of freedom. We find a family of operators D on a double extension, and
using the metric in [12] show its adjoint describes deformations of the Hermitian-Yang-Mills
equation and balanced equation. In section 5, we construct an extension Q and D-operator
whose cohomology describe the F-terms and the harmonic representatives the D-terms. We
give a review of our main results in section 6, and discuss future directions.

2 Review of results

2.1 o'—corrected supergravity

The heterotic action is fixed by supersymmetry up to and including o' 2 corrections. There
is nice basis of fields in which the action, equations of motion and supersymmetry variations
are particularly compact. This was constructed in [34] to order o' by supersymmetrising
the Lorentz-Chern-Simons terms in H and extended to ' ? in [29]. The action and Bianchi

4This is the natural string theory moduli space metric constructed in o' -corrected supergravity, and so is
valid for the solutions of Hull-Strominger with a smooth o' — 0 limit.

5We use F-term equations and D-terms equations loosely: without an off-shell definition of string theory,
viz. string field theory, they don’t really make sense.

5In upcoming work we further analyse the operator D [33], investigating its ellipticity properties, Hodge-
theory etc.



identity for H is unique up to field redefinitions; there is no ambiguity in the theory. The
action, in the field basis of [31], is given by

S= %/dloX groe *® {R—;|H\2+4(8<I>)2—(Z (Tr |F|2—Tr |R(@+> |2)}+(’) (O/g) '

2K70
(2.1)
Our notation is such that u,v,... are holomorphic indices along X with coordinates
x; m,n,... are real indices along X. The 10D Newton constant is denoted by ki,

g10 = —det(gpn), @ is the 10D dilaton, R is the Ricci scalar evaluted using the Levi-
Civita connection and F' is the Yang-Mills field strength with the trace taken in the adjoint
of the gauge group.

We take the p-form norm as |T|? = I%TMI... MPTMl“'MP and the curvature squared terms
correspond to

1 1
Tr|FP = JTe Fyw PN and Tr[R(OF)P = S Rav's (6F) RMNE, (0%)
where the Riemann curvature is evaluated using a twisted connection
1
@f/[AB = @MAB + EHMAB )

with ©;s is the Levi-Civita connection and A, B are the tangent space indices. The
three-form H satisfies a Bianchi-identity

dH :—Oi (TrF? - R?) (2.2)

while at the same time it is related to the hermitian form as H = d°%w. With respect to a
fixed complex structure this corresponds to

H=i (8 — 5) w,
and so the Bianchi identity in this complex structure is
— a\
200w = — (Tr F? = Tr R? ) . (2.3)
4
The decomposition of the connections into type is
A=A-A", ©=0-0".

where A = A©®D and § = OO and we are using conventions in which A and ©
are antihermitian.

All we care about is that the Bianchi identity (2.2), equations of motion and super-
symmetry variations match calculations from string scattering amplitudes [35] which has
been checked [36]. This data is fixed, up to the usual caveat of field redefinitions. Indeed,
if one were to perform a field redefinition, so that for example the curvature tensor R in
the Bianchi identity is evaluated with a different connection, then the field redefinitions
will propagate through the supersymmetry variations and equations of motion, likely losing



their simple closed form. For example, if one evaluated R using the Chern connection, then
this requires a field redefinition in which resulting in a metric g that is no longer a tensor
— it is charged under gauge transformations like the B-field — and this field redefinition
is likely modify the supersymmetry variations already at order a'.” We choose to use the
usual conventions in which ¢ is a metric tensor and R is evaluated with ©V.

From now on we work to first order in o'. For emphasis, we will sometimes include
+0(a'?) in our equations, but this will mostly be suppressed.

2.2 Holomorphic gauge and F-term equations

In appendix B we give a brief summary of the notation of small deformations of heterotic
supergravity used in this paper, following [12, 18]. We use that notation to briefly summarise
some of the equations the field deformations must satisfy. Consider a first deformation
described by differentiating the fields by a real parameter y*. Taking the derivatives of the
supergravity equations of motion, they obey the following equations to first order in o':

AN =0,
5.A(QLPA) = AauF,u >
B a a (2.4)
8202 + oz = 21 A (w),, + 5T (DaAF) = - Tr (DO R),
az(0%) = 0.
We assume h(%2) = 0, and so the last line is ZC(LO’Q) = 5@(10’1) and this means left hand side

of the third line is J-exact.

There are equations coming from the HYM equation w?F = 0 and the balanced equation
d(w?) = 0 which are analysed below in section 2.3. Both these equations and (2.4) are
invariant under small gauge transformations [19]:

Aau ~ Aau + ge’fau , @a.A ~ @a,A + 5aqu, + 5.A¢a )

\

Zia ~ Zo + ea™(H + idw)m + %ﬂ (F¢a) + d(ba + ica™wm) | (2.5)

. \

Zoo ~ Dy + 2a™(H — idw)m + %Tr (Féba) + d(by — iea™wm) |

where Z, = B, + i0,w and Z, = B, — i0,w. A convenient choice of gauge fixing is
holomorphic gauge:

A =0, 0060 =52, Q, DzAd=0,

S AT} 25)

"This is nicely described in [27]. If one wishes to preserve manifest (0, 2)-supersymmetry on the worldsheet,
then R in the Bianchi identity should be evaluated with the Chern connection. If one wishes to preserve

manifest (0, 1)-supersymmetry with g a conventional metric tensor then one evaluates the Bianchi identity
with ©F.



In this gauge, we have, for example,
OAM =0, 04D A) + F, A =0, (2.7)

where Ay # is a (0, 1)-form valued in ‘Z}él’o). The gauge simplifies other equations such as

\ \
DZY — 21 A (0w),, + %Tr (RD,0) — %Tr (FDaA) =0, (2.8)
and determines

ZID = 90,00 = 280D ZOP _9p02— 9ip, ,(02)

(0,2)

It should be noted that while the field 2&0’2) vanishes in this gauge fixing, the field Z
does not. This field can be thought of as the antisymmetric part of A,z = Anz”gpw- In
the standard embedding, where H = 0, this term vanishes; in the more generic heterotic
case it does not. Hence, it is a physical degree of freedom whose role in a heterotic vacuum

is not yet clear. The role of Z&l’l) is analogous to the complexified Kahler modulus for a

CY manifold.
We refer to (2.7) and (2.8) as F-term equations.

2.3 D-term equations

An analysis of deformations in holomorphic gauge of the balanced equation and hermitian
Yang-Mills equation was presented in [19]. This gives a relation between deformations in
terms of adjoint operators. In this section we revist this calculation massaging the equations
with a prescenice of results to come.

The top-form €2 on X has a norm

1 =mnp
1920 = 572"

It is related to the dilaton dlog ||€2|| =—2d¢. We gauge fix as in [19, 31] so that the dilaton
is a constant on X and so in this gauge ||€2]| is also a constant. Furthermore, in holomorphic
gauge (2.6), (0,0)39 = k,Q, where k, is a constant on X. Using this, a first order
variation of the norm is

0u |92 = 22 (i — D log v/5)

As ||Q| and kq are constants over X, it follows w*? awyz = o

A first order holomorphic variation of the balanced equation is

w? Z, \5 is a constant on X.

0 (wzV) =0, (2.9)
—id (w Z&l’l)) +20 (wAHwy) =0. (2.10)

Using the Hodge dual relation for a (1,1)-form (A.5), together with w?? Z, s being a
constant and the balanced equation, the first equation amounts to

'z = 0. (2.11)



The second equation is
0 (000 ) w + 3 (90w ™) w + (90 ®?) O + (Baw ™) B = 0. (2.12)

The Hodge dual of a (2,3)-form in (A.7) can be used together with the gauge fixed F-term
equation (2.8) and the constraint VSh/ HAa“ =0 [19], as well as the background equations
of motion H,," = 0, WF =0, Oawgp = 2iA, ] to rewrite this equation in terms of
contractions. This result is

\

% (92) Wzapﬁ*az T (700 Ay) = Tr (RFD,05) [+ V1A +iA, 55 (90) 7 =0,

apA
(2.13)
where VCM/HT is the Chern or Hull connection (see [19] for discussion on this ambiguity).
Because H = O(a') and Ay = O(a') [12], the last term is O(a' %) and so is dropped from

hereon. A good consistency check is to derive this equation by differentiating ¢"” H ;75 = 0.
A first order variation of the Hermitian Yang-Mills equation can be written as

_ 1 -
I (Do A) + "7 Zoy = 0. (2.14)

A similar equation is satisfied for the connection © on the tangent bundle to this order in
a'. That is .
95(Da0) + SR Zaur = 0. (2.15)

In holomorphic gauge, we declare ‘F-term’ type equations to be (2.7)—(2.8). We do not
have a good definition of string field theory, so we use this terminology with care. The
motivation for the nomenclature is that these are the equations, together with an appropriate
definition of holomorphy, that derive from a superpotential type construction [13, 14]. The
equations (2.13)—(2.15) deriving from the balanced and HYM equation we declare to be
D-term equations. A main outcome of this paper is to show that there is a D-operator acting
on first order fluctuations whose kernel corresponds to F-term equations, and co-kernel to
the D-term equations. This is helps justifies this terminology.

2.4 The Hodge decomposition

The balanced and HYM equations play a role in determining the exact and co-exact terms in
the Hodge decomopsition of fields. We present this to emphasise the fact that deformations
of a heterotic theory are not simply the harmonic representatives in the usual sense. Taking
into account the F-term equations, the Hodge decomposition is

Z&l’l) _ Zc(vl,l)harm +5ch(¥1’2),
Ay = A" 4 Pk (2.16)
DA = Dy AP 4 54D, + 0 WO

The role of the cohomology we aim to compute is to tell us what linear combinations of
harmonic terms in (2.16) correspond to unobstructed deformations. The exact and co-exact
terms in the Hodge decomposition are physical and so are important and are determined

~10 -



by substituting into the HYM and balanced equations and solving the corresponding
Poission equations:

1,2) _ -1 _ E
¢ =0 (Aa” (0w),, = —~Tr (Do AF)

s A
+ % <V1,Aa“ + %V“ Zéo;,l)) Rl’u) +9'—closed, (2.17a)
1 w1 =
p_rm=l {2 (Hof i _ vpp
ot = O ( 5 (0120)" 4 5 (Zur) (0) ) , (2.17D)
(0,2) _ =1 7 af R W\
VD =05 (A Fy) + 0 closed, @ = —5 001 ((27) Fw) - (2.17¢)

The point here is that deformations of fields are not only highly coupled but they are not
harmonic representatives. A natural question to ask is: can we change the gauge to find a
harmonic decomposition? The answer is not likely without significant sacrifice. For example,
one easily loses the holomorphic dependence of deformations on parameters. This is unlike
the study of CY manifolds in which one studies holomorphic deformations that are also
harmonic, viz. d-harmonic (1,1) forms and (2, 1)-forms [37]. This derives from H = 0, an
additional constraint that we do not have in the more general situation.

One point of this paper is to point out that without sacrificing holomorphy, the
complicated Hodge decomposition beautifully reorganises itself into harmonic representatives
of a D-operator on a certain extension bundle, provided we use the appropriate inner product
to define the adjoint of this operator. This provides a natural framework where holomorphic
gauge becomes harmonic gauge.

3 Warm-up: extension bundles for complex manifolds

One approach to understanding (2.4)—(2.6) is inspired from the work of Atiyah [38], who
described the deformations of a holomorphic bundle on a complex manifold. This was also
studied in the heterotic context in [5, 6], and its instructive to review this with an eye
towards the full heterotic story.

Consider a holomorphic bundle on a complex manifold. Atiyah, in 1955, pointed out
that not all complex structure deformations are allowed as some may introduce a non-trivial
F2) component destroying holomorphy of the bundle. Those that are allowed satisfy

OA(DA) + FLAM =0, and A, =0.

(02) but can compensated

Intuitively such complex structure deformations may introduce F
by a simultaneous deformation of the bundle. A way to realise these constraints is to define

a vector bundle 7 as a short exact sequence

0 EndE 1@ — 5T ——0 (3.1)

- 11 -



where 71 : Q1 — Ty is the canonical projection and 4; the inclusion map.® One can then
study (0, p)-forms valued in (). These are vectors, schematically

5, AP
Ag{p) ’
where 6,.A® is a (0, p)-form valued in End E and AP 5 a (0, p)-form valued in fl}gl’o).

There is a holomorphic structure defined by an operator D; given by

D, = (664 .(7;) ’ F.QOp (T)él’o)> — QOPY (EndE), F (A((xp)) = FHA((XP)“,

where, for example, Q#:9) (End‘E) denotes (p, ¢)-forms on X valued in EndE. The action of
D; on a typical fibre of Q1 vanishes if the field deformations obey the requisite equations

. (522:5)) _ (aA (5aA®) +f(A8’>)) »

AP

of motion:

Furthermore, ﬁ? = 0 if and only if the F(®2) = 0 and its Bianchi identity holds d4F = 0.
Under a small gauge transformation, which includes a small diffeomorphisms
for generality,

00 AW) — 6 AW o Fy +0ada,  SaAPT — 6 AP 4 o Fr — 04160,
3.2
A&p)u N A&p)u + Dt Ag’)ﬁ — Agp)ﬁ + D, (3.2)

where €, is a vector valued (0, p — 1)-form parameterising the small diffeomorphism, and
®o is a (0,p — 1)-form valued in EndE parameterising the small gauge transformation.

The bundle @ and operator D are defined with respect to holomorphic deformations
only. The operator D; is equivariant with respect to gauge transformations:

(6, AP 4 €a"F + 0400 — (6, AD
Dl( AP | g p >:D1<A(p)>
(6% [e]] (0%

For p = 1 we enter the case of interest, which are deformations of a complex manifold with
holomorphic bundle. The notation for deformations 6,41 =~ ©,.4 and AS) = A,. The
space of deformations is the cohomology H)(Q;). However, as can be seen from (3.2)
together with the bundle being stable, so d 46, = 0 has only trivial solutions, any gauge
transformation will introduce a non-holomorphic dependence on parameters. i.e. ®,.A" # 0.
This gauge choice is already made in many physical calculations such as the moduli space
metric [12] or results deriving from the superpotential, e.g. [17]. So the cohomology is to be

8The sequence is exact so ker w1 = im ¢; = End‘E and by rank-nullity the dimension of a typical fiber at
Q1 is dim(EndE) + dim(Zx).
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treated with care: we are always gauge fixed, and so always fixed a representative. This
becomes more important in the situation to come.”
Setting this issue aside one can use a long exact sequence in cohomologies inherited

from the short exact sequence to show
HOD(Q,) = Hgll)(Endf) & ker F. (3.3)

The Hodge decomposition of an element of H%l (@) is

Ao =A™ 4+ Bhg, DA =Dg A ™ 13,40, + 0, W0

Equation (3.3) implies the tangent space to the moduli space is a direct sum. So there
is a choice of coordinates for the moduli space in which parameters decompose into two
components y* = (y**,y*2). The first component is one-to-one with H'(EndE):

A, = O0ka,;, Doy A= Do, A £ 5,40, .

where we use 94(Da, A) = 0 and so Ay, #F,, = 0. This implies tq,"F), = (- ), which
has a solution provided we can invert I, and solve for k,,#. The terms k,, and ®,, are
completely undetermined at this point and so there is an infinite dimensional space of
solutions. In the full heterotic theory, there are additional equations of motion, and these
fix Ko, and @, .

The second component of solutions is one-to-one with ker 7 C H 1(‘Z}gl’o)):

dy*?Ag, = oy (A}cluzrm + 5“a2) ) 0y Doy A = 6y (EA(I)O@ + 5:[4\1’5%02’2)) ’

where §y™? is a vector in ker F. That is, the cohomology tells us what harmonic repre-
sentative of H 1(T)§1’0)) appear in this equation. The Atiyah equation implies \I/gl’z) =

ng\(AaQ“FM) while kq, and ®,, are undetermined.

The lesson here is that in writing H(®)(Q) = Hgll)(Endf) @ ker F we do not mean
that the field deformations decompose into a direct product. Instead, it is telling us about
what combinations of harmonic forms can appear and that they have a Hodge decomposition.
In this example we have some undetermined exact terms; in the full heterotic theory these
are all fixed by the equations of motion and gauge fixing.

4 Heterotic theories with spurious degrees of freedom

4.1 F-terms

The situation in the Hull-Strominger system is more complicated as we have hermitian
deformations, the B-field and a set of equations in (2.4)—(2.6) together with a Bianchi identity.

9The Kaluza-Klein reduction of heterotic supergravity at the standard embedding is almost always
performed in harmonic gauge. Deformations of the complexified Kéhler form and deformations of complex
structure are then zero modes of Laplacians. Quantities such as the moduli space metric [37] are calculated
with this particular choice of representative. Interestingly, this moduli space metric is not manifestly gauge
invariant. Also note that the standard embedding holomorphic gauge and harmonic gauge are the same.
Outside the standard embedding, holomorphic gauge is preferred as it naturally connects the complex
structure of X with the moduli space M.
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The approach of [8, 9] is to include deformations of the tangent bundle 6001 = 542,60 as
independent degrees of freedom. The tangent bundle Ty is holomorphic with R(%2) = 0, and
the curvature two-form obeys the HYM equation w?R = 0.!1° Hence, ©®,0 obeys an Atiyah
equation, of the same form as the second equation of (2.4). These we refer to as spurious
degrees of freedom because in the physical theory the deformations 9,6 are determined
in terms of the other deformations Ay, .4 and D,w. Nonetheless, they lead to a nice
mathematical result which we review and refine here. Define an extension Qo of Q1:

2

0—— End(Ty) 2 Q, O 0,

with a differential operator

99 0 R
ﬁ2: OEA.F,
0 0 0

which acts on forms valued in Q2. The operator R is analogous to F: R(Ay) = R, ALM
where R, is the curvature two-form for §. The operator Eﬁ = 0 provided R(©2) = 0 and its
Bianchi identity holds.

To incorporate hermitian deformations define a bundle ) by the short exact sequence

0—— Ty L T, 0.
We consider (0, p)-forms valued in @) denoted as

(p)

oV

5a9(p)
5, AP
A(()P)

92513) —

The first row is a (0, p)-form valued in Ty (10) " the middle two rows are (0, p)-forms valued

in EndZy and End‘E respectively, while the last line is a (0, p)-form valued in ‘Z}gl’o). The
special case of %1) corresponds to the field deformations of interest, where ZSB = auﬂdxﬁ,
8o AV =2 D, A and 6,00 = D,0. We will need this more general construction in later
sections and when we construct the adjoint operator.

In the appendix section D we find a family of operators that satisfy D? = 0 off-shell
and reproduce the F-term equations. The operator in [9] is an example of this family. In

this paper we use a D-operator in this family whose presentation is simpler:

D= (9%,
0 Dy
where H : QOP)(Qy) — Q(O’p“)(‘f; (1’0)) is a linear operator

H, (5a9@>, 5o AP, Agp) = 28AP " (), + O;\ (Tr <6aA(p)F,,) Ty (5a9(p)RV)) ,

10Tf you assume the Bianchi identity and supersymmetry variations hold then equations of motion, to
first order in o', hold if and only if w?R = 0. This result is valid to first order in o' as originally derived
in [3, 39] with an elegant summary of the result in the appendix of [40].
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and we show in section D.2 that 52 = 0 off-shell. We see that

Do) =

corresponds to the F-term equations (2.7)—(2.8).
We note that

H, (D2(60 5o A®) )):5H (5 o) 5, AP Ag’)),
while under a small gauge transformation (2.5)
H, (5a9(f”) +0pvatea Ry, 60 AP 4D 4pa+ea Fly AP +55a)
= H, (0207, 00 AP, Ao) + OH, (Y, B 2a”) -

It is important that the gauge symmetry has an action on the complexified hermitian term

(4.1)

\

ZD ~ ZWY 4 2ie M (0w), + %Tr (paF) 4+ 06V +ic fw,) + b0 .

Here b, is a one-form associated to gauge transformations of the B-field. At first sight, we

seem to have a problem: 59{.51) (b(()co,l)

= 0 is no longer satisfied as the term 0 +ieqtwy)
spoils the equation. The resolution is that (2.8) is derived from (2.4) in holomorphic gauge.
There are no residual gauge transformations that preserve holomorphic gauge, which means
any small gauge transformation is going to violate the gauge fixing condition. Instead
of (2.8) we need to use is the third line of (2.4) and this involves Z&Og), which is no longer

zero. Indeed, we need to pair the transformation of Z&l’l) with
Z02) ~ 209 17 (50 + iz,
Then we find that under a small gauge transformation
2z + 0202 ~ 9z + 020 + H (e, dayeal,) -
As k(%2 =0, the equations of motion imply Z(O’Q) = 5[3&0’1):
9z + 020 = 3 (20 — 9p0N) = H(Dab, Do, Au),

where B, is a gauge dependent quantity. In holomorphic gauge it vanishes. A gauge
invariant formulation likely involves this combination. It would be interesting to relate these

observations to the complexified gauge transformations studied in [41], particularly in light
of the D-term calculations we perform below. The lesson is that the cohomological property

H: HSP(X, Q1) — HS (),

is subtle, and a better understanding of complexified gauge symmetries and GIT would
probably help.

Setting this issue aside, it is shown in [8, 9] that there is a long exact sequence in
cohomology to describe first order deformations of D:

HOD(Q) = HOV () @kerH,  kerH C H' (Qo) , (4.2)
where
HOY (Qy) = HOY (End Ty) ® HOY (EndE) @ (ker F Nker R) . (4.3)

There are also the hermitian Yang-Mills and balanced equations to take into account. We
show their role appears in the adjoint operator D'

~15 —



4.2 The D-terms and the adjoint operator D'

A metric on @ describes how to pair field deformations to produce a real number. In
string theory, a natural metric to use is the moduli space metric. As we preserve N =1
supersymmetry in spacetime, the metric is Kéhler. With the spurious degrees of freedom,
this was first derived in [12] using a dimensional reduction of the o' -corrected supergravity
theory considered here. The result in our notation is

(1 1) o a t -
QB = / ( +o T (@oﬁ*@BH)—ZTY (@aA*QEA )+AQM*AB gw,>,
(4.4)
We have written the antihermitian connections as 4 = 4 — A, A = AOD and @BA =
—’DEAT with similar expressions for © = 6 — 7.

We take the metric on a pair of sections 9’,}5’) ) and D’ﬁ(p ) to be the natural generalisation

of the moduli space metric:

1 1 =0 g, o
<9§p)7gfﬁ(p)> =7 /X < Z(P) & ngﬁg o 4 ZTr (5a9(p) *559(p)T)

1 v
" o) (4.5)
= () 4 5-A@T (P)p Py _
T <5aA x 054 ) + AP Al gW) ,
where we hermitian conjugate in the appropriate way so the metric is real.
The metric allows us to define an adjoint operator D
- 1 - 1
(DY, 9 7Y) = (9, Doy 7Yy (4.6)

It is instructive to explicitly compute:
(DY, 057 )
\ \
(p) (P)n _> (p) @ (p) D) WX
4v/ ( 0ZE)+2AAPH (9w),, — 5 Tr (M R,,)—i— 5 Tr (5a,4 F,,))*ZB/\ g
7Tr/(59 (5 9(7’))+R A(p)u)*gfm(pﬂ)
4V ¢ H=a B

_ 1 7_ _
_% (p) 1) L5 APF) T (VN A
4VTr / (94 (0aAP) + F AP ) 555 +57 / IAP AT 7y,

! 1 =@+ o 1 _
:V/)<{4Z‘(‘p)*< 'Z5 )+4T1" 80P 5 ( (~1)"* 2 Ry 2™ D 10, 5501+
B Z\Tr (5a“4(p)* ((1)p+1 %FVEZBVE@'H) +ol, vy (p+1)>)

: \
+Aff)”*<(1)p;(6 a7 B, VT Ry 85017 04

H Bpv
a =
_= _ s AtT(p+1) | at A (PH1)
T Fp b AT D 40T AT u)}

= (97, DoY),
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where our notation is, for example, Z, "7 P+1) = L Za“" o d:z:xl"'xp. Comparing with (4.5)
we identify

30 0 0
_ Rt Bl
pt=| & 9 ﬂ o1 (4.7)
Ft 0394 0
nt Rt Ft 9
where
i~y *(1,0 3 1 o
RE:OP) (T2 00) 5 00) (End Ty, R (Zn) = (-1 3R Pzl
= 0,1 1 5
FroOr (7 )) — QP (End Ty), Fr(zp+)) = (-1p S zZn
5t 0, (0.1) 5 _ o o5 (D)
R QOPT) (End Ty (frx ) : RI (5a0<1’+1>) = Tr (R P(sae;’) ,
P (q O = _a o5 )
FLOr) (EndE) — Q0P (ZOV) P (0.A0) = S (FP5,A7))
T. 0, +1 *(170) (1,0) —‘- +1 +1 1 — l/pX + )
00 (£09) 00 () (2) =t (B 2
(18)
The action of D' on AR
z) L V" B
o 0}0.0+ R By
DA | DAL Z,
AN

RV A \ _ \ _ _
—3(00)" 2, 5= S Tr (RPDa05) + 5 Tr (FIPD A7) —VOMHEA v
(4.9)
where we use that R and F are antihermitian and in the last line, we used the balanced

equation to derive an identity

FfAn _ &2 B HT P Ch/Hp
a'A = (98% + g7 g5, A?) = —V Aogi (4.10)

We then find that
DTD’;SI) _
is precisely the D-term equations (2.13)—(2.15).

Hence we have derived the remarkable fact, that in holomorphic gauge (with spurious
degrees of freedom) we have

ﬁ%l):() < F-terms, ﬁT%”ZO <= D-terms.

This is despite the fact the individual deformations such as ©,A or A, are not
harmonic representatives in the usual notion of harmonic, as demonstrated explicitly
n (2.16), (2.17a)—(2.17c). Instead, if we work with (0, 1)-forms valued in @ then all we
need to do is study harmonic representatives of this D-operator. However, we are not yet
at the physical case yet: we still need to eliminate the spurious degrees of freedom.
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5 Eliminating the spurious degrees of freedom

The space of deformations of D on the bundle @ is not the moduli space of string theory.
Indeed, string scattering amplitudes and/or supersymmetry tell us that ©,0 is not an
independent degree of freedom, but determined in terms of the remaining fields. In [18, 31]
this is calculated to lowest order in o':

1
ga@ﬁya =V, Aaﬁy + 5 v Zao‘ﬁa (51)

where

VJ Aaﬁy = 80— Aaﬁy + ]._‘gy)\ Aaﬁ)\ s and VE Za o — 8,7 Za o — Fﬁ)\; Za oN "
The I' are the Levi-Civita symbols, which because this result is derived for solutions which
have a smooth limit o' — 0 with H — 0, are the same as the Chern connection.!! The
dilaton is constant to a'® by a choice of gauge fixing [31]. See also appendix C of [19] for

the calculation in the notation of this paper.

5.1 Constructing the bundle Q

We now turn to constructing an extension bundle @ whose sections describe the physical
degrees of freedom. Recall that to first order in ', the first order deformations satisfy an
Atiyah equation dy(Daf) = Ag#R,. We check (5.1) satisfies this explicitly. First, note

VoV Aok = V5 (0,84 + Ty A )

[V, Vo] Auz ™ = (050,13) Az ™ + (8V1“§E> A 5F = Rl Ans™ — R A 5F
where R¥)5, is the Riemann curvature tensor on a complex manifold. Second,
9 (D,0)", = da? V5 (vyAau n ivu@awgo,n)
= a7 [V5, V] A + 207 [V, V9] 200 + L9 (9207)

i (5.2)
= d2P R* 50 M0 + o RYz50 5"

= Aa )\RHVA(OJ) )

where Rxayp = RX@,; is used in the penultimate line. We use that RO2) = 0 and
0Zs = O(a'). In fact, because © is an instanton (to first order in o'), D,0O obeys an
Atiyah equation and so we conclude that this result actually holds up to and including first
order in o'. Hence, if there are any o' corrections to (5.1) then we know that in (5.2) that
they must cancel.

A corollary of (5.2) is that the expression (5.1) is a solution of DY = 0 and so
bona-fide element of the cohomology H%(Q). This is serves as another consistency check
and is part of our intuition that the true moduli space is some subspace of Hlﬁ(Q).

11 As the connection © only appears together wit a factor of o', modulo higher orders we can also take I'
symbols to be the symbols of the Levi-Civita connection of the Ricci-flat metric.
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Using the symmetry ©,07"7 = —g" D002 g We can write

' 1
%Tr (DO R) =o' (vVAa“ +3 vH zgy)) R, (5.3)
where RY,, = R,5", dzf? is the Riemann tensor and we have used Ry, = —Ryz.

Now, using (5.2) with the Bianchi identity for R, (A.1) we find
9 (TrDa0"VR) = Ag# Tr Ry AR+ O(a'?). (5.4)
Using (5.3) we see that a consequence of (5.4) is that
a((vr 20 r,) =0,

and so it should be J-exact. Indeed, this is the case and we now derive an explicit expression.
Start by recalling that R”, obeys a hermitian Yang-Mills equation V#RY 7 = 0 to first
order in o' and so

(Vv Z(goz}l))Ryu =V (Zéoz’/l)Ryu) .
As the Levi-Civita symbols are pure to this order in o' we find the term in parenthesis can
be written as

ZGV R, =—dar [V,,0) 200,
so that

(v 200) RYy =—dar v ([V,,0) Z00) .
Using that 9(Z4 ) = O(a') and that R = 0 we find
(v 250) RYy =3 (dar vV, Z0D)
Note that VPZC(XO;;U = 8PZ&Oﬁ1) - Fp’\uZC(YO/’\l) and so does not become 0.
Using these results, (2.8) can be rewritten as:

\

— o ) 5 «a
7 <z§371> - Lda (v#vngoy)) 2 A (O), +a BT (AgH) ~ T (DaAF) =0,

(5.5)
It is natural to perform a field redefinition
" \
Z(D = z{LD %dxﬂvaz&” , (5.6)

which is well-defined in o'-perturbation theory, and in particular, invertible. It is not overly
surprising that the complexified hermitian form needs to be corrected in o'. The field
redefinition will propagate into other relevant equations, such as deformations of the HYM
and balanced equations and the moduli space metric. But it is the natural thing to do to
realise a holomorphic structure on the extension bundle.

There is a cohomology that captures these field deformations. To describe it, we need
to generalise some of the above results above to (0, p)-forms. First, we ansatz that (5.1)
generalises to

5,07, =V, APV % v ZiP) . (5.7)
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Second we need the generalisation of the D-operator for the spurious case, written in
components in (D.10). The only non-trivial part is to evaluate Tr 6,6) R, using (5.7) and
substitute into the first line of (D.10) giving

= (p+1) - _ \
= —0ZE) + AAPH (0w),, + o' Vo (ADT) BT, zdz* + %Tr (5,AP F,) .

v (627% «

A consistency check is that the relation (5.7) satisfies the second line of (D.10). We also
have the field redefinition

\
Zip) = Z0) + S (-1 VY, 2. (5.8)

v av

Now construct the extension bundle. The extension @1 defined in (3.1) is unchanged.
()2 is now not necessary. Consider a short exact sequence

0—— TF0 s 0 —"5 @ 0, (5.9)

where ‘Z}? (1.9) are holomorphic co-vectors (forms). p-forms valued in Q are denoted as in
the previous subsection
Zgépl/
xP) = | 5,A®)
A(()P)

We have abused notation in using the same letter OS” ) as for the spurious case, but it

should be clear from context what we mean.
Define the operator D on sections valued in this bundle as

_ A qynew
Do 0 7—[7 ’
0 D
where the map, or extension class, H""V : Q(O’p)(Ql) — Q(O’pﬂ)(‘f; (1’0)) is now given by

HY (50[,,4(10)7 A&P)) = 2iAPH (0w),,,, — 'V, (A&P)A) RPy, + (;\Tr ((5aA(p)Fy> ’

and where Ry, = R”),zdz?. The action of D is

z&) —0Z8) + 268D 1(0w) 1y — ' (V,APNRP,, + 2 Tr (5,APF,)
D640 | = IU(0a AP + F,ADH
AY FING
(5.10)

This operator satisfies D’ = 0 after using the Bianchi identity (2.3).'? Furthermore,

ﬁ%ﬁ” = 0 corresponds to precisely the F-term equations (2.7)—(2.8) together with (5.1).

12Note that the operator D squares to zero on the nose if one modifies the Hull-Strominger system to use
the curvature of the zeroth order Ricci-flat Calabi-Yau metric in the Tr R? term in the Bianchi identity.
Otherwise, this only holds modulo o' % corrections.
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Finally, it should be noted that in contrast to the spurious case of section 4, this
operator is not a connection in that for a function f and section 9@.51’ ) of Q the Lebniz rule
is not satisfied:

D(fo) #0f AYP + fDIP. (5.11)
This is due to the appearance of a holomorphic derivative in the new extension map
H eV 13 Nonetheless, D is still a well defined linear operator on Q whose cohomology can
be computed using long exact sequences like before. Moreover, given an inner product on
Q, one can define the adjoint of D and study it’s harmonic modes.'*

5.2 The D-terms and the adjoint operator D
The moduli space metric, after including (5.1), is [12, 18]

g1 v Loan =@ o' _
gaa—v/ <Aau*AB g+ 20+ 25 4+ ST (Do A« D54)
X (5.12)

o (Borosy, + 42 B ) B0 ()

where we have used holomorphic gauge (2.6) in writing Z( D= = 2iD,w. We need to

write down gﬁB in the new variables Z§" via the field redefinition (5.6). First note that

/ z<1’1>*21’” =
X «
=1y o - =0 o - =)

/ {Z<1 D zg = 5 (VI ZGD ) dat B = B (vazﬁu dx/’)} .

X
The second term is

wg 7(0,1) 3.0 A 6 v 7 px

/X(v V, 200 da" )+ 25 :—/Xd 25 (V'V, 2, ,5) Z5

:/X(WZ&O,}) <vrzﬁa ) /d%\f (v, Vi) Z,,5) Z5.

The commutator involves both the Riemann curvature and Ricci tensor Ric®” = —R‘s“/”:
LT . pS uts _ pé_uts i T~ pd_uT _
{v ’v }Zau)\_ RN Zoz&)\ R)\ a;u?_Rlc Zaéz\ R Zau(5

The Ricci tensor vanishes to this order in a'. So

~ —(1,1) N
0,1 al 0,1 T 6 50T 7
/ (V“szc(w)d:pp)*zﬁ _/ (V“Z;L(w)) (V Z;BT > /d z\/g R* Za;uSZBar

The third term follows in the same way. Hence, the moduli space metric in these variables is

1 s 1agy =00 @
P 1 vy lzom, 30 ,
Gis = [ (B AT g+ (H« 25 + T (Dadx054)

o' ~ _—=(1,0) a
- w ~(0,1) T _ 6 UOOT
(V2 )*(v Z5. > & [ CERITE, (2 L (513)

\
- 6 AL PLOT
+ 2V/Xd 15 (Bow Bz,,) R,

13We are grateful to Mario Garcia Fernandez for pointing this out.
14The Hodge-theory, elliptic properties and other relations of D to the Hull-Strominger system will be

studied in an upcoming paper [33].
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It is straightforward to generalise this calculation to a metric on (0, p)-forms:

(p)y 1 1~ T@)V a' ~ FTED)
oo =y [ B s - () - (V5

a\ SoT & =(p) a\
+ 5 (COPRY zipig* Gor— 4 It <5a,4<p>*56,4@”> (5.14)
\
P APT, Y ypripae AP v AP)T
+ A} *Ag gm,+2( PR VC’Aau *Aﬁp },
where ALp %ﬁ = (p_ll),A(p %Xl X fda:xl“'xp—l. For p = 0, the third and last terms are not
> Vi Wl

present. We have also used
a'
= (P4 5-0tT®) =
T (620 550" =

ot (20) L (2) R (a,0) (a?) 7B

Using the derivative operator in (5.10) and the metric above, we compute the adjoint
following the logic of section 4.2. Many of the terms follow through identically. For ease of
notation, we now drop the tilde on Z&p ). The adjoint is

<§9/;}Ep)’ 9/‘B(p+1)>
1 1
vl

aif o ~(p 7~ (P+1) Oi\ _1\2 portv (A ~(p) —(p)
+50(v ZM)*<V 20 )+ (1 R (<020 ZY,

B

5 AW F,) + 200" (91),,, o VUAgp)TRM”deA} I el

- |
g\

=

_l_
| R
3
/N

+(08L) Fxay D7y (L1 R, (9% )M”*(A(”“))pa}

\

«Q v

B 2 B
1 1 —=(p+)r o' = e =(p+1)
_ = =~ A & 1P pTovAT_
_V/)({4Zapu*[ o Zy S (1 R
a' = —(p+1) a =z 1
_ % orz) T [ _ot 7P & (PR 7P (_gf ZPtD)
4 \ Zaﬂ*v ( 9 ZB )‘r+ 8 ( 1) R Zaag*( 0 BTV )
1

[\]

+A§§’)“*[(—1)p L w2

Av st (p+1) | gt A@FDX
5 o 4TrF %AZ, +0 AE

5 +1)7
(~1)" R¥ 5 V3 A7 g 3

(_ 1 )p RXVU?VVZ%D:;) +

a\
T
a\
M)

2
_1\p+1 A (D) tA@P+D) T _pv
a0 ) 1)

= (0. Do)
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We compare with the metric (5.14) and work to first order in o' to deduce the action of
the adjoint operator on sections

p)

Dot Aa“z(p) , (5.15)

Aap)u

where
Zép) - _ETZép+1)ﬁ _ 0;\ (—1)? RTE/\ﬁv/\Z(ip;l-El) ’
50 A = D)i5, AT + % (~1)P PP ZPED
AP = (—1y7*! % (50&))“& Zc(f’;l) + OiTr (Fuﬁ 5@«4(5”1)) _ yOHT AP (5.16)
+ O (1P RETALY - O (1P BTS20

That is, the first line is a component of the balanced equation (2.11), after the redefini-
tion (5.6); the second line is the vanishing of the HYM equation (2.14); the third line is the
other component of the balanced equation (2.13), where we use (1.1).

We observe that the case il 9@.51) = 0 amounts to precisely the D-terms!

6 Conclusion and outlook

So we have shown that the physical field deformations of the Hull-Strominger system, in
holomorphic gauge, are given by harmonic representatives of the D operator on the new Q
bundle, with the spurious degrees of freedom eliminated. These are harmonic with respect
to the inner product on Q derived from the moduli space metric in [19]. We see

59/&(1):0 < F-terms, ﬁ%ﬁ”zo <= D-terms.

Along the way we also demonstrated that the non-physical calculation, in which
one has additional spurious degrees of freedom, are captured by a D-operator with an
analogous relation between the F-terms and D-terms and D-closure and D-coclosure. That
means that with respect to the D-operator we could equally well call holomorphic gauge,
harmonic gauge.

It would be interesting to reconcile these results with the complexified gauge transfor-
mations and moment maps in a GIT-type analysis of these solutions studied in [16, 41].
There are also examples of mathematical interest, such as that related to the Hopf surface
which do not have an obvious valid «o'-expansion, yet appear to be governed by a (0,2)
superconformal algebra [42]. Nonetheless, one could still try to construct the adjoint opera-
tor D' and compare with the space of deformations obtained. It would also be interesting
to see to what extent the structure discovered in this paper extends to higher orders in
a'. We expect the generalised geometry approach of [11, 15, 16, 41, 43] to be relevant for
these scenarios.
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Another avenue of interest is to investigate further the properties of this new found
operator D. As mentioned above, D is not a connection on Q as it fails to satisfy the Leibniz
rule. However, one can still investigate its properties like ellipticity, Hodge theory, etc. [33].
One could also ask about higher orders in deformation theory. Presumably at second and
third order in deformation theory there are relations with the L3 algebra described in [17].
As noted there and elsewhere, with the spurious modes included there is a close relation with
generalised geometry, as the connection D forms a natural part of a generalised holomorphic
Courant algebroid. This connection is however lost for the operator D.!5 In spite of this,
we do believe it is important to understand the moduli problem without the spurious
modes included. In particular, when we inevitably come to analysing the quantum moduli
problem. For example, the action constructed in [17] hints towards a (quasi-)topological
theory for heterotic geometries, in close analogy with holomorphic Chern-Simons theory.
One may hope to quantise this theory and define a notion of topological invariants and
enumerative geometry for heterotic geometries, which would generalise the well-known
Donaldson-Thomas invariants [44]. However, if we ignore the subtleties of fluctuating the
spurious modes, we run the risk of introducing unwanted anomalies, effective couplings, etc.
Moreover, as pointed out in appendix C, the spurious modes come with a negative definite
kinetic term in the supergravity action, and ignoring this can lead to all sorts of craziness in
the quantum theory. It may be possible to handle the extra modes using some sophisticated
Lagrange-multiplier technique or Palatini formalism. However, string theory has told us
what the correct degrees of freedom are, and so it might be wise to stick to them.

Finally, it is known in the study of CY manifolds that special geometry involves
relations between the moduli and matter sectors. It would be interesting to extend these
results to the charged matter sector utilising the matter metric [14]. The results here are
reminiscent of the study of the tt* equations of the special geometry of CY manifolds [45],
in which one studies a fiber bundle whose base manifold is the moduli space and fibres are
harmonic elements of the cohomologies H>1) @ H(1:1) Until now, we haven’t been able to
demonstrate a cohomology with harmonic representative capturing the deformations of the
full heterotic theory. This might be a new door worth opening.
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A Some useful relations

A.1 Curvatures and Bianchi identity
The Bianchi identity for a curvature R evaluated with a connection © is
drR™, +0©",R?,, — R",0", =0, & deR=0. (A1)

15We thank the JHEP referee for making this remark.
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For now, we take R to be the Riemann curvature tensor. It has symmetry properties

Rmnpq = _Rmnqp = _anpq = qumn .

We have need for commutators of derivatives to lowest order in o' e.g.

7 _ 5 uT B S uT DT _ S T _
[VH, VT]ZW; =—R ,ﬁ”ZaM — R XMTZO[M(S = Ric TZa&A — R /\“TZQM(S.
It involves both the Riemann curvature and Ricci tensor Ric%” = —R‘SHW: the Ricci tensor

vanishes to this order in a'.
It is useful to note that

20 () =2i(00w) =% (F?) =S MR,

nv 1% pv

where we omit the Tr R? term as it follows in the obvious way with a minus sign.

A.2 Hodge dual relations

It is useful to recount from the appendix of [19] adjoint differential operators and some
Hodge dual relations for forms on X.
The Hodge * operator acts on type

*: QPO (X) - QW=aN=P) (X))

Given k-forms 7, € and a metric ds? = g,,,dz™ ® dz” on X, the Hodge dual defines
an inner product
(«, ) ¢ QFX) x OF(X) = R,

with .

Now consider two forms n; and &;, where the subscript denotes their degree and k < [,.
Contraction is
2 0FX) x QYX) = QR (X)),

and acts as follows

1

M€= m nmlu.mk gml--.mk ni.nj—k dag™tteh = H nmlmmk £m1mk :

An interesting feature of this operator is that it is the adjoint of the wedge product
(O1—k 3 &) = (&, 01—k A1) - (A.2)
Recall, the de Rahm operator d can be written
d=dzmVie.
Using (A.2) and integration by parts
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It follows that

1
(k—1)!

dlgy =-Viogm = -

LC¢n mi..Me_—1
vn 5 mi..mE—1 dx :

The de Rham differential splits into the sum of Dolbeault operators d = 0 + 0.
Analogously, the codifferential also splits df = 8 + 9" where

ot - QPI(x) - P~ L(x), 9t =—« D,

(A.3)
ot . Q@9 (x) - QPaD (X)), F; [
One-forms, type (1,0):
2 g0 = p(10) “;2 (A.4)
Two-forms, types (2,0) and (1,1):
x (20 = p(20),
gD = iy L«; — D g = (B W; nD g (A.5)
Three-forms, types (3,0) and (2,1):
* n30) = {30
o@D = @Dy p 0, = @D (w_nn@’l)) w, (A.6)
Type (2,3):

B Summary of notation of supergravity deformations

We give a brief summary of some notation in describing deformations of heterotic supergravity
to first order in o’.

We consider heterotic supergravity, correct to first order in o/, on R®»! x X, where
X is a complex manifold. There is moduli space M with real coordinates denoted y®.
The moduli space is complex, in fact it is Ké&hler, and so there is a choice of holomorphic
coordinates which we denote y* = (y?, yg). For each y € M there is a solution to the
quantum corrected supergravity equations of motion which we denote [X, E, H| and refer
to this as a heterotic structure. If we pick a y € M and consider small deformations in
the neighbourhood y — y + dy then the corresponding data in the heterotic solution is
modified, for example the complex structure is deformed J — J 4+ dJ. We need to relate
the field deformations, e.g. §J, to the deformations of the parameters dy* and this is done
by considering derivatives. The details of this can be found in the references [12, 14, 18],
but we very briefly state some results here in order to be complete.
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First, consider the integrable complex structure J and with corresponding complex
coordinates ™ = (x#,z”). Deformations can be expressed in terms of the undeformed
complex structure as

8. = 85 da” @ 9, + 0,7 da” @ Oy .

It is convention to express this in terms of a tensor and to relate the field deformation to
small changes in parameters y“:

ST = Gy (21 Mgt .

We often think of deformations of fields as appropriate derivatives with respect to parameters.

For example, in this case, this would mean 9,J,” = 2iA,z*. Demanding the Nijenhuis

tensor be preserved implies OA,* = 0, in which we understand A * = A,y#*dz”. The

parameters, collectively denoted y“, are also coordinates for a manifold M, the moduli space.
There is a compatible hermitian form w. A deformation of w can be written as

5w(20) — 5yaAaﬁwﬁ, S = 6y“(8aw)(1’1) , 5w(02) = Y A wy,  wm = wmpda™ .
The gauge field A transforms under gauge symmetries
A= PA=0Ad ! — (dD)D !, (B.1)

and under the background gauge principle its deformation transforms homogenously 6.4 —
®5 AP L. To relate this deformation and its gauge property to the coordinates of the moduli
space one introduces covariant derivatives with respect to parameters

OA =0y* DA,

where

DyA = 9,A —daA,, and where daA, = dA, + [4, Ad. (B.2)

Here A,dy” is a connection on the moduli space and transforms appropriately under
gauge transformations

Ag = %Ay =PA D —(0,8) DL, (B.3)
When it does so, the covariant derivative transforms homogeneously: *D,4 = D, A D71,
Consider the three-form H
a' 2
H=dB - Z(CS[A] ~csfe]),  Cs[4]=Tr AdA+ 5 A7) (B.4)
defined so that it satisfies the Bianchi identity. Here © is the gauge potential for frame
transformations.'® Under background gauge transformations

*B=DB-— Ci(Tr (AY) = Tr(02)—U),  ~r (V) =au, (B.5)

16Note that © is a field dependent object, but we leave it arbitrary for this appendix.
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where Y = & 1d® and Z = ¥~'dV, where ® is a gauge transformation and ¥ a frame
transformation of Zy. A variation of H is

\ \
SH = 5y° (dasa — ST (DAF) + ST (@a@R)> , (B.6)
where B, is well-defined two-form defined as
a a'
B, =D.,B + ZTr (AD,A) — ZTr (09,0) —dB,, (B.7)
o o
D.B =0,B — ZTr (AydA) + ZTr (I, dA). (B.8)

Here II is the connection on the moduli space responsible for frame transformations, and
the field B, is a 1-form on X.
It is convenient to form the complexified combinations

Zy =B, +10,w, Zog = By, — 10w,

where we denote D ,wP? = (8aw)(p"I) while on a real form D, w = d,w. Z, is the heterotic
analogue of a complexified Kéhler deformation in the theory of Calabi-Yau manifolds.

C A supergravity no-go theorem

No-go theorems are well-known in the context of type II and M-theory flux vacua. Classical
supergravity equations of motion, when integrated over a compact manifolds, force all non-
trivial fluxes to vanish. The evasion of these theorems comes in the form of a'-corrections
to supergravity, interpreted as the contribution of orientifold planes, objects with negative
stress-energy tensor. Here we briefly recount an analogous result in heterotic string theory;
this demonstrates that if one wants solutions of supergravity then H = O(a').

In this section only we work to o' 3, as it is not complicated to include the o' 2 correction.
The equations of motion are given by

R—4(V<I>)2+4V2<I>—;\H2—Z (Tr|FP-Tr [R(6%) ) +0 (o) =0,
RMN—F?VMVN(I)—iHMABHNAB—(Z(Tr FypFN"
—RypaB {@Jr} RNPAB [@+] )+O (04\3) =0,
vM (efﬁ)HMNp) +0 (04\3) =0, (C.l)
D—M (e_Q(I)FMN) +0O (Oz\3) =0,
here M,N = 0,---,9, D~ = V™ + [A,], with V™ computed with respect to the ©~

connection, and Rysn is the Ricci tensor. We restrict to the internal manifold X directions
and by manupulating the equations above we can write

VE (o) e a 4 o (1R - R (0F) ) 4 0 (o) . (C2)
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This is actually the form of the equation of motion derived in [46] by computing the two-loop
beta function.
Integrating both sides over X, using that X is compact, we see

\
/dﬁx\/ﬁ e H|* + O‘Z/ &g (Tr|PP - Tx|R (07) 2) =0.
X

As |H|? is positive definite, we immediately see that H = O(a'). So if we want to study
solutions of string theory in which the Hull-Strominger system is a well-behaved description,
then H = O(a'). From this, we can use the gauge fixing to set the dilaton to be a constant
and we are in the regime studied in this paper.

If we didn’t have the contribution of the last term there would be no solution at all —
this is the classical supergravity no-go theorem. We evade this because of the Green-Schwarz
anomaly cancellation condition between the classical supergravity contributions and the
o' -correction involving the curvature squared terms. In certain backgrounds heterotic
theories are dual to type IIB theories, and this contribution can be understood as coming
from the contribution of O7-planes in type IIB, which carry negative energy density. This
explains physically why the contribution from the Tr R? term in the moduli space metric
appears with the opposite sign from all the other terms. That is [12],

¢ V/( A2 >+4Tr(© A*D5A) + A+ 57 g~ \Tf(i’a@*%@))-

This does not mean the moduli space metric has indefinite signature: it is constructed in
supergravity and so necessarily o' < 1 meaning the last term, no matter its value, cannot
change the signature of the metric. Even after substituting for the spurious degrees of
freedom, the same logic will apply.

If one wanted to study solutions where o' is large, then if we want it to be relevant at
all to string theory (along with all its beautiful results such as mirror symmetry, special
geometry and sigma models) then we need to include the higher order «o'-corrections. It is
already known that there is an o' ? correction to the hermitian sector of the metric [31]. As
pointed out in that paper, there are going to be o' 3 corrections, such as the o' 3 correction to
the moduli space metric calculated using mirror symmetry [47] at the standard embedding

K, 3= —log (3/){w3+8a\3g(3)x(X)>

—log (g/xw?’) +8a‘3€(3)‘i§(x) +--

where V' is the volume of X, ( is the Riemann zeta function and x the Euler number.

(C.3)

Presumably, if we understood (0,2)-mirror symmetry, we could determine all the o'-
corrections to the moduli space metric.
With all deformations turned on, the Kéhler potential for the moduli space metric giE

was first shown to be [12]

K = —log (;l/xaﬁ’) ~log (1/XQQ) . (C.4)
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It is remarkable that this also encodes the deformations of the vector bundle despite
involving quantities which naively belong to X.!” In the gauge in which the dilaton is
constant [31], the norm [|€2|| is constant over X and so the compatibility relation between

— 1
i/ QQ:—/ 122 wP .
X 3! Jx

Substituting into (C.4) we see that

K = —log (/X||Q||w3> , (C.5)

where we have dropped irrelevant numerical constants.

Q) and w is

We now show this is equivalent to the four-dimensional dilaton as written in Einstein
frame. Indeed, in Einstein frame of the dimensional reduction of heterotic supergravity to
R3!, the ten-dimensional dilaton is written'®

=Dy + p(X) + ' P3(X,2) + -,

where X¢ = (X°,---, X3) are the R>! coordinates and 2™ are the coordinates of X. The
first term is the zero mode and so a constant. There is a purely d = 4 fluctuation ¢(X)
and the next non-zero term is ®3 which is cubic order in «'. The canonical definition of
the four-dimensional dilaton, even for non-Kéhler manifolds is (see for example [48]):

7201 = 6_2@(X6)21/ lw?’ + 0 (a\3> )
9:Vo Jx 3!
where g, = e®0 is the zero-mode of the dilaton and is the string coupling constant. For the
Hull-Strominger system to be a good approximation to string theory, we require g; — 0. Vj
is a reference volume of X, measured at any point in moduli space, and appears in order
for the dilaton to be dimensionless.
A consequence of supersymmetry is that

dlog [0 =—2d® + 0O (%) | (C.6)
where d is the ten-dimensional exterior derivative. We therefore get
1 1
= [ Q)+ O>a'?).
= e [ 51190 + 0

Supersymmetry here is important. The four-dimensional dilaton appears in a combination
with the universal axion — the B-field whose legs span R31: S = b+ie2%4. In the language
of N =1, d =4 supersymmetry S is a component of a linear multiplet.

We we see that, up to irrelevant constants,

24 = —log/X 19/ w® — log (; (5- 5)) +0(a?). 1)

7 There is additional term coming from the universal axio-dilaton which in the tradition of special geometry
we do not write as it is completely decoupled from all the other parameters. We discuss it below.
18We again use that modulo an appropriate gauge fixing the dilaton is constant up to order o' 3 [31].
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The second term we often do not include as the universal axio-dilaton is not coupled to any
other fields at this order in o' and gs and so its contribution to the moduli space metric is
somewhat trivial [12].

As promised, we have shown that K = 2¢4 and the four-dimensional dilaton is the
Kéhler potential (C.4) first written in [12]. All we demanded here were the physically
reasonable assumptions that supergravity is a good approximation, viz. o', gs — 0.

Supersymmetry does not afford the dilaton functional any protection from o' corrections.
The linear multiplet is a fully-fledged D-term and so will receive corrections at all orders
in o'.' That being so, we expect the first correction already at o' 2, Many issues arise.
It is not even clear, for example, if the four-dimensional dilaton and the Kéhler potential
for the moduli space metric at o' 2 are the same thing. Given the supergravity action
and supersymmetry variations are known at this order, determining this correction is an
interesting future direction. It would be very interesting to determine the o' 3 corrections
as well, though the supersymmetry variations and equations of motion are not completely
known at this order.

Recently, [16] took (C.7) as the Kéhler potential for the moduli space metric to
deformations of the first order o' Hull-Strominger system assuming the complex structure is
fixed. They then related this to the Aeppli and Bott-Chern cohomology. In the limit o' — 0
with H — 0, in which the Hull-Strominger system accurately describes string backgrounds,
it reproduces [12] as we demonstrated above. Their metric also applies to formal solutions
of the Hull-Strominger system one allow for o' to be large and for non-trivial dilaton
with torsion H = O(1). However, as discussed above, such solutions are not obviously
string solutions because of the non-trivial dilaton behaviour and because the o' 2, a 3, e
corrections are not included. They do not find, for example, the o' 3 correction to the metric
predicted from mirror symmetry in the special case of the standard embedding cf. (C.3).
This term will dominate of the lower order contributions in such solutions. Furthermore,
interesting pathologies can also arise in the large o' limit, such as the moduli space metric
being degenerate and so not Kéhler as required by N = 1 d = 4 supersymmetry. This
reinforces the importance of including perturbative o' 2, a 3, -+ -corrections to the Hull-
Strominger system — they will dominate over the lower order Hull-Strominger equations
at string scale volumes. No doubt o'-corrections in the form of worldsheet instantons will
play an even more important role as well — it is these that encode geometric invariants of
interest in pure mathematics.

So if we want to apply the formalism of the Hull-Strominger system to examples where
H = O(1) then we must necessarily include the o'-corrections and gs-corrections to the
supersymmetry variations, equations of motion and in turn the moduli space metric. Even
if the dilaton is constant, determining how the a'-corrections modify the Kéahler potential
beyond the first order result in [12, 18] for heterotic theories remains an open question.
These higher order terms will dominate and qualitatively change the behaviour of the metric.
For example, such terms should presumably force the metric to remain positive definite
even though we have a contribution at order o' with a negative sign. We know this must be

19We thank Gabriele Tartaglino-Mazzucchelli for explaining this to us.
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the case as there are strong arguments from [2, 49] that at least in o' -perturbation theory
these geometries define sigma models that flow to unitary conformal field theories with
positive definite kinetic terms for the moduli fields, and so, positive definite metric.

The role of the dilaton is even more mysterious: if there are string solutions on compact
manifolds, then they are not described by conventional sigma models. As pointed out
in [50], the (0, 2) sigma model for the Hopf surface — a simple geometric example in which
the dilaton is non-trivial at zeroth order in o' — is not unitary and so the sigma model
does not describe a physical string theory. In fact, the dilaton scalar is not even globally
well-defined on the Hopf surface, so it is not clear how it solves the supergravity equations
of motion (C.1) globally. Finding a suitable modification of this worldsheet theory and Hopf
surface geometry so that we have a unitary theory flowing to a unitary (0,2) conformal
field theory would be very interesting. Recently, [42] conjectured some of the algebraic
structures such a theory should have — it would be very interesting to try to turn this into
a description of a unitary conformal field theory.

D Constructing a family of D operators

We construct a family of D-operators on the @ bundle of (0, p)-forms that square to zero
and 59@(1) = 0 corresponds to the F-terms; il 9@51) = 0 corresponds to the D-terms.

D.1 Warm-up: complex manifolds and holomorphic bundles

As a warm-up we start by setting Zc(yp) =0 and §,0® = 0. The F-term equations (2.7)
restrict to

04D A) + FLAM =0, A =0, (D.1)

while the D-term equations are (2.13)—(2.14).

\

0=0(DsA), 0= —%Tr (F" Do A7) + VA (D.2)
We define D; to be

_ o4 F ~
D = — F(AP) = N\, F,APH .
1 (0 ﬁpa>7 ( a) Pt =

with Xp, fip arbitrary coefficients. We see that ﬁf = 0 amounts to
D UM W APH 4 N1 i FL OAPF

and so
—Ap+ Apripip =0. (D.3)

We use the appropriate restriction of moduli space metric (4.5)

1 ! _
(), 9/5(p)> =% /X (—Oler <5QA(p) * 5B_,4(19)T) + APK A(ﬁp)ugw> '
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to compute the adjoint operator

(D1P) 9/(10+1 V/ { _ %Tr aA(p) " (aLT(;EAT (p+1)>)

+A&p)u*( By ZTTFAV(; AT (e+1) 4§ 8TA(7’+1)>‘) gu/\}
— <9§p)7§19/5(p+1)> 7

From this we read off

3f (p+1)
S ar+1) _ 9400 A
D13 = ()\ O Ty FH7 o Ayt — i, VPAP e |

We check that (ﬁi)z = 0. Indeed, the only non-trivial part is
\ _
(D)2 = (= Aot + piip-1) %Tr FV5, A = 0,

and as expected we find exactly (D.3), the same condition on the coefficients as for E? =0.
This is a good consistency check.

We now compare with the F-terms and D-terms. The F-terms amount fo D, 9@.51) =0

(1)

and so this fixes \; = 1. The D-term equation (D.2) corresponds to Ei o~ =0 and we see

Ao = [o-
One simple solution is to pick fi, = Xp = 1. We generalise this calculation to include the
spin connection and hermitian terms.

D.2 Hull-Strominger with spurious degrees of freedom

We now do this for the entire Hull-Strominger system with the spurious degrees of freedom.
We introduce a D operator with p-graded coefficients in the same way. Its action in

components is

\

ZW) = 1, 52%) + 2ie, AP H(9w) ) + %Ap (Tr (0uAP F,) = Tr (58P R,))
S APTD =35 15, AP 4 XpFuA,(lp)“ 7 (D.4)
507D = 956,00 + N, R, AP 1

Agpﬂ) — gpéAgﬂ )

As a matrix we write this as

D= ("pa HP) : (D.5)
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where Hy (AL, 60 AP)) = 21, AL (0w), + G Ap (Tr (50 AP F,) = Tr (5,0%)R,) ) and Dy
is the natural generalisation of D taken to act on both 5 A® and §6®).

(p) — \
Zaiy) —azw) 4 QiAfxp)“(@w)W o (Tr (60 AP F,) — Tr (5a9(p)Ry))
» —
0| 05(Dab) + R(Ad) (D.6)
5o AP) 04(DaA) + F(Aa)
A&P) gAa

We now check that D° = 0. From the previous subsection we see that E§ = 0 amounts
0 —Ap + Aps1tp = 0. The rest of the calculation amounts to checking

A~ \ ~ ~
2@ = 2P 4 2ie,  APTDR(A) %APH (Tr (6QA(7”+1)FV) T (6a0(”+1)Ry) ) —0,
We find this is the case if

Ap1+ Aptipr1 =0, Ap — Apt1pip =0,
Eptp+1 + Epyifip =0, fp+1€p + Apr1Ap = 0, (D.7)

together with the Bianchi identity

\ \
2100w = %Tr F? — %Tr R2.

and we have included the condition for E§ = 0. Just as for 5? = 0 in the previous section,
this calculation is offshell — we do not need to use the equations of motion.

We now compute the adjoint D using the metric (4.5).

(DYa; V5)
41V {Mpaz@uzlg AP () + )\ (Tr (S AP E,)— (5a9(p)Ry))}*Z%
- (aAa AP L X F,AP) >*5EAT(”+1)+;—V /X (596(&(?)+/\pR“Aff)“)*6§0T(P+1)
1 [~ +1
—i—v/,upaAa”*Ag )u

L[ zw» A A(P) t s AT+ L (_qyp+1ilep _ZET

: / ay*upa 5 / Oa *<8A55./4 +( 1) 5 v g )
a (p) T s pt(p+1) p+1dp o HYT
+4V /X(;Oﬁ *(89559 —I—(—l) > szﬁ )

o /X Aa#*{%gp(—np(aw)wzg—xp%‘ﬁ Frbz AT 43, % T Ryzd50' T+ 5,0 AT, L
(D.8)
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So we find

Z&le)
_ (p+1)
ol N
5, AP
A((XIH’UM
#pgTz(P+1)
3t +1 v 7 (p+1)
B Dybad P+ 3 (1PN, RV ZT
- At +1 v ~(p+1)
) 0 40, APTD L L (—1)P ), P ZW
L) ey (00) 2, st Ay (Tr (PP AT ) =T (R 6,0070) ) 40,0 ALY

(D.9)
A non-trivial check is that (ﬁT)2 = 0 if and only if D’ =0.

We now compare with the F-terms and the D-terms. The F-terms equations (2.7)—
(2.8) follow if DQ’(I) =0 and py = —e1 = —A1 and A1 = 1. The D-term equations are
the variations of the HYM and balanced equatlons written down in (2.11), (2.13), (2.14)
and (2.15).20 These correspond to D 9’ =0with \g =1, g = o = 0. One can check
that these satisfy the consistency equations (D.7). Taken together these consistency checks
are non-trivial.

We list two convenient solutions. The first is p, = Xp =fp=1and e, =\, = (—1)".

This corresponds to the D-operator [9] in our conventions. A second choice is p, = —1 and
A=fip, = A\p = €p = 1, which avoids any explicit (—1)? factors. In components this second
choice is
\
ZpH) = —9Z(B) + 2APH (dw) (Tr (3a AP F,) = Tr (3,0PR,))

5 A+) 5 (p) (p)

5,00t = 9,5,0®) + RMA&I’)“
AG+D — GA®) .

So in summary we have found a family of D operators and its adjoint via the moduli
space metric. The equations of motion correspond to DY = 0 and ETQ/ 1) = 0; in
other words the first order deformations in holomorphic gauge correspond to the harmonic
representatives of D.

The non-spurious case follows in an identical manner to this case after making the
appropriate substitution for §,0® and redefinition in Z, discussed in the main text.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP? supports
the goals of the International Year of Basic Sciences for Sustainable Development.

20Tts worth noting the last term of (2.13) does not appear as it would come from the inner product of a
pair of (0, 2)-deformations, ZéO’Q), which is O(a' 2) and so dropped.
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