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Changing and Unchanging strong efficient
edge domination number of some standard
graphs when a vertex Is removed or an edge is
added
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Abstract

Let G = (V,E) be a simple graph. A subset S of E(G) is a strong (weak) efficient edge
dominating set of G if |Ns[e] nS| =1 for all e € E(G)(|Nw[e] " S| =1 forall e €
E(G)) where Ns(e) ={f / f € E(G), f is adjacent to e & deg f> deg e}(Nw(e) ={f/ f €
E(G), f is adjacent to e & deg f < deg e}) and Ns[e]=Ns(e) Lu{e}(Nw[e] = Nw(e) _{e}).
The minimum cardinality of a strong efficient edge dominating set of G (weak efficient
edge dominating set of G) is called a strong efficient edge domination number of G and
is denoted by y'__(G) (y'We(G)).When a vertex is removed or an edge is added to the
graph, the strong efficient edge domination number may or may not be changed. In this
paper the change or unchanged of the strong efficient edge domination number of some
standard graphs are determined, when a vertex is removed or an edge is added.

Keywords: Domination, edge domination, strong edge domination, efficient edge
domination, strong efficient edge domination.
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1. Introduction

It is meant by the graph that it is a finite, undirected graph without loops and multiple
edges. The concept of domination in graphs was introduced by Ore. Two volumes on
domination have been published by T. W. Haynes, S. T. Hedetniemi and P. J. Slater [4,
5]. Let G be a graph with vertex set V and edge set E. A subset D of V (G) is called a
strong dominating set of G if every vertex in V- D is strongly dominated by at least one
vertex in D. Similarly, a set D is a subset of V (G) is called a weak dominating set of G
if every vertex in V- D is weakly dominated by at least one vertex in D. The strong
(weak) domination number y,(G) (y,,(G)) respectively of G is the minimum cardinality
of a strong (weak) dominating set of G. A subset D of V (G) is called an efficient
dominating set of G if for every vertex u € V (G), IN[u]nD| =1 [1, 2]. Edge
dominating sets were also studied by Mitchell and Hedetniemi [6, 7]. A subset F of
edges in a graph G = (V, E) is called an edge dominating set of G if every edge in E-F is
adjacent to at least one edge in F. The edge domination number y'(G) of a graph G is
the smallest cardinality among all minimum edge dominating sets of G. The degree of
an edge uv is defined to be deg u + deg v - 2. An edge uv is called an isolated edge if
deg uv = 0. A subset F of E is called an efficient edge dominating set if every edge in E
is either in F or dominated by exactly one edge in F. The cardinality of minimum
efficient edge dominating set is called the edge domination number of G. Motivated by
these definitions; strong efficient edge domination in graphs is defined as follows. A
subset S of E(G) is a strong (weak) efficient edge dominating set of G if [Ng[e] N S| =
1 for all e€ E(G) [ IN,[e]nS|=1 for all e€ E(G)] where Ny(e) ={f/f €
E(G)&deg f =deg e} ( N,(e) ={f/f €EE(G) &deg f <deg e} ) and Ngle] =
Ny(e) U {e} (N, [e] = Ny, (e)U{e}).The minimum cardinality of a strong efficient
edge dominating set of G (weak efficient edge dominating set of G) is called as a strong
efficient edge domination number of G (weak efficient edge domination number of G )
and also denoted by y's. () (v',,,(G)).

Definition 1.1. Let G=(V,E) be a simple graph. Let E(G)=
{e|,e;,e3,€4, e oo ... ey }. AN edge g; is said to be the full degree edge if and only if
deg e; = n-1.

Observation 1.2. ¥’ (G) = 1 if and only if G has a full degree edge.

Observation 1.3.y'_(K;,) =1, n=1 and y'_(D;s) =1, s > 1

n, ifm=3n+1n=>1
Theorem 1.4. Forany path P,,, v’ (Pn) =1 n+1, ifm=3nn2=2
n+1, ifm=3n+2n=>1

Theorem 1.5. y_ (C,,)=n, Vne N
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Theorem 1.6. Let Wn be a wheel graph. Then Wn has a strong efficient edge
dominating set if and only if m = 3n, n> 2 and )/'se (W3) =n, n > 2.

2. Main Results

Definition 2.1. (E,)°(G) ={e € E(G) /(7. )(G +€) =(+..)(G)}
(EL)"(G) ={e € E(G)/ (7, )(G +e) > (r.)(G)}
(E.) (G) ={e € E(G)/(7,,)(G +&) < (r,)(G)}

Example 2.2. Consider the following graph

e, €1

es €s

ey €6

Since es is the full degree edge of G, y_(G)=1. {es, es} is the unique strong efficient
edge dominating set of G — es. Therefore (. )(G—e,)=2>(y.)(G) and es is the full
degree edge of G —esand y (G -e,) =1=y_(G). Hencey_ (G) = (r..)(G —¢&,).

Definition 2.3. (V.,)°(G) ={veV(G)/y.(G-V)=y.(G)}
V) (G)={veV(G)/ 7. (G~V)>r.(G)}
(V) (G)={veV(G)/r.(G-V) <y.(G)}

Example 2.4. Consider the following graph

Ve
Vs

€3 e 7
€2

Vi
1 €4 €s

V2 V3 Vg

S= {es, €7} is the strong efficient edge dominating set of G and y_(G) =2.
y;e(G _Vi) =]/;e(G), i=113 and 7/se(G _Vi) < j/se(G)’ i¢1’3
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Theorem 2.5. Let G = Py, n>1. Then (V)" (G) = ¢

Proof: Case (1): Let G = Psn, n>1. Let v be the end vertex of G. Then G — v = P3n.1.
Ve (Pin1) =7e (Pypyy2) =N—1+1=n and  y.(G)=n+1 . Therefore
7. (G—Vv)<y.(G).Hencev, ¢ (V)" (G).

Case (2): Letv=v,,1<k<n-1. Thus G — vV = Ps -1UPsna and y,, (P, ,) =k ,
Ve (Pana) =7 (Pyno)=n—k+1 . Therefore Ve (G=V) = 7 (Pys) + 7 (Pygy)
k+n-k+1=n+1=y_(G).Henceve (V.)"(G).

Case (3): Letv=v, ,,1<k<n-1. Thus G — vV = Pa UP3anac1 and y_ (P, )=k +1,
Ve (Pon-sc1) = Ve (Pyninys) =N —K . Therefore (G —Vv) = 7 (Py) + 7 (Pyy 5s) =
k+l+n—k=n+1=y_(G).Henceve (V.)"(G).

Case (4): Let v=v,,,1<k<n-2. Thus G — V = Pak+s1 UP3nak2 and y_, (Py.,,) =K,
Ve (Ponsc2) = Voo (Pipygyn) =N —k =1 : Therefore
V(G =V) = 74 (Pyt) + 7 (P s )

=k+n-k-1=n-1 <y_(G).Henceve (V,) (G).

Case (5): when v = vz or van1. Thus G-v = Pss.2 UP1 having no strong efficient
dominating set. From the above given the cases it is identified that, (V)" (G) = ¢

Theorem 2.6. Let G = Pspea, N>1. Then (V) (G) = ¢

Proof: Case (1): Let G = P3n+1, N>1. Let v be the end vertex of G. Then G — v = P3.
7<(G-V)=n+1buty,(G)=n. Thereforey, (G—-Vv)>y.(G).Hence ve (V)" (G)
Case (2): Let v=v,,1<k<n-1. Thus G — v = Psk -1 U Paw13k. Therefore
Y6 (G=V) = ¥ (Pa1) + 7 (Panisa) = Ve (Pagye2) + Vee (Psniye1) =
k+n-k=n=y_(G).Hencev e (V,)°(G).

Case (3): Let v=v,,,,1<k<n-1. Thus G — v = Pz U Psna. Therefore
Ye(G-V)=7e(Py) + 7o (Pyyy) = k+l+n—k+1l=n+2>n=y,(G) . Hence
ve(V,)'(G).

Case (4): Letv=V,,,,,1<k<n—-2.Thus G — V = Pak+1 UP3n3k-1 = P3k+1 UP3(nk-1)+2 and,
Therefore 7 (G —V) = 7 (Pya) + 7 (Pyracne) = k+n-k-1+l=n =y,(G) .
Hencev e (V.)°(G).

Case (5): when v = vz or vsn. G-v = P3n.1 UP1 which has no strong efficient dominating
set. From the above all the cases, (V) (G) = ¢

Theorem 2.7. Let G = Pansz, N>1. Then (V) (G) = ¢
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Proof: Case (1): Let G = P3n+2, N>1. Let v be the end vertex of G. Then G — v = Pan+1.

Ve (G—=V) =y, (P,.,)=n but y_(G)=n+1. Therefore y_(G-V)<y.(G) . Hence

ve(Ve) (G)
Case (2): Let v=v,,1<k<n-1. Thus G — v = Psk -1 U Paw23k Therefore
7/;e (G _V) = y;e (P3k—1) + 7/;e (P3n+2—3k) = 7;e (P3(k—1)+2) + 7;9 (PB(n—k)+2) =

k+n-k+1=n+1=y_(G).Henceve (V.)"(G).

Case (3): Let v=v, ,,1<k<n-1. Thus G — v = Ps U Psnsk+1. Therefore
y;e(G_V):y;e(P3k)+7/;e(P3(n—k)+l) = k+1+n—k=n+1=}/;e(G) . Hence
ve(V,)’(G).

Case (4): Let v=V,,,,1<k<n-2. Thus G — V = Pak+2 UP3n3k1 = Pak+2 UP3(nk-1)+2
and, Therefore 7. (G—V) =7 (Py2) + Ve (Pypcnye) =K+2+n-k-1=n+1
=7.(G).Hence ve(V,)(G).

Case (5): when v = v or van+1. G-V = P3n2 UP1 which has no strong efficient dominating
set. From the above all the cases, (V) (G) = ¢

Theorem 2.8. LetG =C,,,n>1. Then (V_)°(G) =V (G).
Proof:
Let G=C,,,n>1. Let veV(G) . Then y_(G) =n, G — Vv = Pz and

y;e (P3n—1) = 7;e (P3(n—l)+2) =N Therefore y;e (G _V) = 7/;8 (G) . Hence (Vse)O(G) =V(G)

Theorem 2.9. LetG =K, ,,n>2.Then (V,)°(G) =V (G).
Proof:
LetG=K,,,n>2. LetveV(G). Then y,(G)=1, G — v = Ky, n1 and y, (K, ) =1.

Therefore v, (G -V) = 5., (G) . Hence (V.,)°(G) =V (G).

Theorem 2.10. LetG =D, _, r,s>1. Then | (V,)°(G)|=r +s-2.

Proof:
Let G=D,,, r,s>1 . Let V. (G = {uvu,v,/l<i<rl<j<s}

E(G) = {uv,uui Wi l1<i<rl<j< s}. Letv =ujorvj. Then y_(G)=1,G-v=Drqs=
Dr, s1 and 74(D,,,)=7(D,.1)=1 . Therefore 5 (G-v)=y,(G) . Hence

(V2)"(G) =V (G) ~ UV} Therefore (v P (@) =r +5—2

Theorem 2.11. LetG=W,,, n>2. Then ve (V_)°(G) if ve (K,) and ve (V) (G)
if veV(C,,,)
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Proof:
Let G=W,,n>2 : Let V(G) = {v, v, /1<i<3n} :
E(G) = {Wj ViV, VeV /1< <3n,1<i1<3n —1}

Case (1): G — v = Can. Therefore 7 (G—V) =y, (C,,) =n. Hence v e (V,)°(G).

Case (2): Let v = v 1<i<3n . G - Vv = Fzu. Therefore
7/;3 (G-v)= y;e(FSn—l) = 7;e(|:3(n—1)+2) =n. buty, (G) =2n. Hence 5, (G-V) <7, (G).
Thereforev e (V) (G)

Theorem 2.12.

Let G =Pan, N> 2. Let e = uv be any edge incident with any vertex of G and G’ = G+e.
Then y. (G +e) =y, (G) -1 if e is incident with uz or u;,1<i<3n-2 and (G +e)
has no strong efficient edge dominating set if e is incident with uz, usn1,
Ug,,, 1<1<3n-2

Proof:

Let G = Pan, n>2. V(G) ={u,/1<i<3n}, E(G)=1{e, =u,u,,,/1<i<3n-1}. Lete =

uv be the new edge incident with any vertex of G and G’ = G+e.

Case 1: Let e be an end edge of G’. Then G’ = Pans1. Therefore y_ (G') =y, (P,,.,) =N
but 5 (G) =n+1.Therefore y_ (G +¢€) < y..(G). Hence e e (E.) (G).

Case 2: Let the edge e be incident with the vertex u.. Let S be a strong efficient edge
dominating set of G’. Suppose n>2. Among all the edges, the edge e> have maximum
degree. It must belong to S. It strongly efficiently dominates e, e3, e1. Also the edges es,
es, €11, ..., ean4 belong to S. If the edge esn belongs to S, then |Ng[es,—3] N S| =
l{esn—4,€3n—2} =2 > 1, a contradiction. Hence G’ has no strong efficient edge
dominating set. The proof is similar if the edge e is added at the vertex uzn-1.

Case 3: Let the edge e be incident with the vertex us. e2 and ez are the only maximum
degree edges. Hence any strong efficient edge dominating set contains either e, or es
Then Sy = {ey, es, €6, ...., €3n3, €3n-1} , S2 = {€2, €4, €7, .... ean-2} are the strong efficient
edge dominating sets of G’. Therefore |Si|=n+1, |Sz|=n. Hence 7., (G')=n<y.(G).
Therefore e e (E..) (G). The proof is similar if the edge e is incident with the vertex
Uy, 2<i<n-1

Case 4: Let the edge e be incident with the vertex us. Then S = {e, €4, €7, .... ean2} IS
the unique strong efficient edge dominating set of G’ and y_(G')=n. Therefore
7. (G+e) <y, (G). Hence e e (E.) (G). The proof is similar if the edge e is incident
with the vertex uy,,, 2<i<n-1

Case 5: Let the edge e be incident with the vertex us. Let S be a strong efficient edge
dominating set of G’. The edge es & es are the only maximum degree edges. If the edge
es belongs to S then no edge in S to strongly efficiently dominate e,. If the edge es
belongs to S then ey, eg, €11, ...., eansa belongs to S and there is no edge in S to strongly
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efficiently dominate esn2. Hence strong efficient edge dominating set does not exists.
Proof is similar if the edge e is incident with the vertex u,,,, 2<i<n-2

. \o

above cases, E.V©) =¢

4 v
Remark: Let n =1, G'=Ky 3. 7 (C)=1=7%(C). 1perefore €€ E.)@©)

. From all the

Theorem 2.13.
Let G = Pan+1, N>1. Let e = uv be any edge incident with any vertex of G and G’ =

G+e. Then y_(G+e)=y.(G) if e is incident with u; or uy,1<i<n-1 ,
Usj,p, 1< j<n—2 and y,(G+e)=y,(G)+1 if e is incident with wu1, usn,
Ug,, 1<i<n-1.

Proof:
Let G = Pane1, N >1.V(G) ={u, /1<i<3n+1}, E(G) ={g, =u,u,,

uv be the any edge incident with any vertex of G and G’ = G+e.
Case 1. Let e be an end edge of G’. Then G’ = Pano. Therefore

7e(G)=y.(Py,,)=n+1 but y,(G)=n. Therefore y_(G+¢€)>y,(G). Hence
ee(E,) (G). Therefore y_ (G +e) =y, (G)+1

Case 2: Let the edge e be incident with the vertex uz. Suppose n>1.S = {e», es, €eg, ....
esn-1} IS the unique strong efficient edge dominating sets of G’ and |S| = n. Therefore
7. (G') =y, (G) =nHence e e (E,)°(G). The proof is similar if the edge e is incident
with the vertex uzn.

Case 3: Let the edge e be incident with the vertex us. e2 and ez are the only maximum
degree edges. Hence any strong efficient edge dominating set contains either e; or ez If
ez belongsto S then S = {ez, es, es, ...., €3n3, €3n-1} IS the unique strong efficient edge
dominating sets of G’and |S| =n. Hence y(G') =n =y, (G). Therefore (E_)"(G)=¢.
If the edge ez belongs to S then there is no edge in S to strongly efficiently dominate es.
The proof is similar if the edge e is incident with the vertex uy, 2<i<n-1.

Case 4: Let the edge e be incident with the vertex us. Then S1 = {ey, €3, €s, .... e3an-1},
So = {e2, es, €7, .... e3n2, €3n} are the strong efficient edge dominating sets of G’ and
|S1|=|S2|=n+1. Therefore y_(G') =n+1 but y_ (G) =n. Therefore y_(G+e)> . (G).

Hence e e (E, )" (G). The proof is similar if the edge e is incident with the vertex
Ug,y, 251<n-1

Case 5: Let the edge e be incident with the vertex us. Let S be a strong efficient edge
dominating set of G’. The edge es & es are the only maximum degree edges. If the edge
es belongs to S then no edge in S to strongly efficiently dominate e». If the edge es
belongs to S then e, eg, €11, ...., e3n4 belongs to S and there is no edge in S to strongly
efficiently dominate esn2. Hence strong efficient edge dominating set does not exists.

/1<i<3n}. Lete =
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2<i<n-=-2

Proof is similar if the edge e is incident with the vertex Usiiz: . From all the

above cases, (Eée )O G)=¢

Theorem 2.14.
Let G = Panv2 N>1. Let e = uv be any edge incident with any vertex of G and G’ =

G+e. Then y_(G+e)=y.(G) if e is incident with all u,/1<i<3n+2 except U1, Usn

and y_ (G +e) =y, (G)+1 if e is incident with u1, usn.

Proof:
Let G = Paniz, N>1.V(G) ={u, /1<i<3n+2}, E(G) =, =u,u,,,

= uv be the any edge incident with any vertex of G and G’ = G+e.
Case 1: Let e be an end edge of G’. Then G’ = Pan+3=P3pn+1). Therefore

7@ (G") = 7¢ (Pyny) =N+2 but ., (G) =n+1. Therefore y,(G+e)>y,(G). Hence
ee(E.)"(G). Therefore y_ (G+e) =y, (G)+1

Case 2: Let the edge e be incident with the vertex uz. Suppose n>1.S = {e», es, €eg, ....
esn-1, €3n+1} IS the unique strong efficient edge dominating sets of G’ and |S| = n+1.
Therefore y_(G') =y, (G)=n+1. Hence e e (E.)°(G). The proof is similar if the
edge e is incident with the vertex usn.

Case 3: Let the edge e be incident with the vertex us. e2 and ez are the only maximum

degree edges. Hence any strong efficient edge dominating set contains either e, or ez If
e2 belongsto S then S = {e, es, €s, ...., €3n-3, €3n-1, €3n+1} IS the unique strong efficient

edge dominating set of G* and |S| = n+1. Hence y.(G')=n+1=y_(G). Therefore

/1<i<3n+1}. Lete

ec(E.)°(G). If es belongsto S then S = {e1, €3, €6, .....83n } is the unique strong
efficient edge dominating set of G* and |S| = n+1. Hence y_(G')=n+1=y_(G).
Therefore e e (E_,)°(G). The proof is similar if the edge e is incident with the vertex
Uy, 2<i<n-1

Case 4: Let the edge e be incident with the vertex us. The edge es & es are the only
maximum degree edges. Hence any strong efficient edge dominating set S contains
either ez or e4. If the edge es belongs to S then S = {e1, €3, €5, ....,€3n } IS the unique

strong efficient edge dominating set of G” and [S| = n+1. Hence y_, (G') =n+1=y_(G)
. Therefore e e (E,,)°(G). If the edge es belongs to S then there is no edge in S to
strongly efficiently dominate esn. Hence strong efficient edge dominating set does not
exist. The proof is similar if the edge e is incident with the vertex u,,;, 2<i<n-1

Caseb: Let the edge e be incident with the vertex us. The edge es & es are the only
maximum degree edges. Hence any strong efficient edge dominating set S contains
either e4 or es. If the edge es belongs to S then there is no edge in S to strongly

efficiently dominate e,. If the edge es belongs to S then {ez, es, €s, ...., €3n3, €3n-1,
esn+1}} IS the unique strong efficient edge dominating set of G’ and |S| = n+1. Hence
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7. (G)=n+1=y_(G). Therefore e e (E,)°(G). Proof is similar if the edge e is
incident with the vertex u,,,, 2<i<n-2

Theorem 2.15.

Let G = Can, n>1. Let e = uv be any edge incident with any vertex of G and G’ = G+e.
Then y_, (G) = 7. (G +e).

Proof: Let G = Ca, n>1. Let e = uv be the new edge. V(G’) ={u,,u/1<i<3n},
E(G')=1{e, =uu,,/1<i<3n-le, =u,u, e=uyv} and G’ =G +e. Let the edge e be

incident with the vertex ui. e1 and esn are the maximum degree edges and they are
adjacent. Any strong efficient dominating set contains e; or esn. Then S1 = {e1, €4, €7, ....
e3n-2}, S2 = {es, €, €9, .... €3n3, €3n} are the strong efficient edge dominating sets of G’

and |S1=|S2]=n, n>1. _(G') =n,n>1. No other strong efficient edge dominating set
exists without e1 and esn. Therefore y_ (G) =y (G +e)=n,n>1. The proof is similar
if the edge e is with any u,, 2<1<3n

Theorem 2.16.
Let G = K, n, N2>1. Let e be any edge incident with any vertex of G and G’ = G+e.

Then 5 (G) =y (G +e).

Proof: Let G = Ky, n, n2>1.Let V(G) = {u,,u/1<i<n}, E(G) = {uu, /1<i <n}V(G)
={u,,u,v/1<i<n}.

Case 1: Let e be the new edge incident with u. Then G’ = Ky, n+1.  Therefore
7. (G') =y.(G) =1 Case2: Let uiv be the new edge incident with ui. Then {uui} is the

unique strong efficient edge dominating set of G’ and y.(G')=1. Therefore
7(G)=7.(G+e)=1.

Theorem 2.17.
Let G =Dy, s, r,s>1. Let e = Xy be any edge incident with any vertex of G and G’ =

7.(G), if e=wuor w

7% (G)+1, if e=u;w orv,w

Proof: G = Dy s r,s>1. Let e = xy be the new edge. V(G) =
{uj,vj,uv/i<i<rl<j<s}  V(G) = {u,v;,uv,xy/l<i<rl<j<s}
E(G') = {ei =uu;, f =uv, f, =w;,e=xy/1<i<rl<j<s } Then G’ = G+e.

Case 1: If the edge e is incident with either the vertex u or the vertex v. Then G = Dr+1,
sor G’= Dr, s+1 and 7;3 (G') = ]/;e (G) =1

G+e. Then y_, (G") :{
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Case 2: Let the edge e be incident with the vertex ui, 1<i<r orvj, 1< j<s.Then S
= {uv, uiw} or S = {uv, vjw} is the strong efficient edge dominating set of G’ and [S|=2

y;e(Gl)zz' ]/;E(G)Z]/ge(G‘FE):Z.

3. Conclusions

In this paper, the change or unchanged of the strong efficient edge domination number
of some standard graphs are determined, when a vertex is removed or an edge is added.
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