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Maclaurin-type inequalities
for Riemann–Liouville fractional integrals

Abstract. In the present article, an equality is established by using the well-
known Riemann–Liouville fractional integrals. With the aid of this equality,
some Euler–Maclaurin-type inequalities are given in the case of differentiable
convex functions. Moreover, we give an example using graphs in order to
show that our main result is correct.

1. Introduction. The inequality theory is a famous subject in many math-
ematical areas and remains an interesting research field with a great deal
of applications. In addition, convex functions have also a significant place
in the theory of inequalities. Furthermore, fractional calculus has been the
focus of attraction for mathematicians in mathematical sciences because of
its fundamental properties and applications in real-life problems. In conse-
quence of the importance of fractional calculus, mathematicians have stud-
ied several fractional integral inequalities. For new inequalities bounds can
be proved by using not only Hermite–Hadamard-type inequalities but also
Simpson, Newton, and Euler–Maclaurin-type inequalities.
Let us consider f ∈ L1[a, b]. The Riemann–Liouville integrals Jα

a+f and
Jα
b−f of order α > 0 with a ≥ 0 are defined by

Jα
a+f(x) =

1

Γ(α)

∫ x

a
(x− t)α−1 f(t)dt, x > a
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and

Jα
b−f(x) =

1

Γ(α)

∫ b

x
(t− x)α−1 f(t)dt, x < b,

respectively [11, 17]. Here, Γ(α) denotes the Gamma function and it is
defined as

Γ(α) =

∫ ∞

0
e−uuα−1du.

The fractional integral reduces to the classical integral in the case of α = 1.
Simpson’s inequalities have the following Simpson’s rules:
i. Simpson’s quadrature formula (Simpson’s 1/3 rule) is formulated as
follows:∫ b

a
f (x) dx ≈ b− a

6

[
f (a) + 4f

(
a+ b

2

)
+ f (b)

]
.(1)

ii. Simpson’s second formula or the Newton–Cotes quadrature formula
(Simpson’s 3/8 rule (cf. [3])) is formulated as follows:∫ b

a
f (x) dx ≈ b− a

8

[
f (a) + 3f

(
2a+ b

3

)
+ 3f

(
a+ 2b

3

)
+ f (b)

]
.(2)

iii. The corresponding dual Simpson’s 3/8 formula – the Maclaurin rule
based on the Maclaurin formula (cf. [3]) is formulated as follows:∫ b

a
f (x) dx ≈ b− a

8

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
.(3)

Formulae (1), (2), and (3) hold for every function f with continuous 4th
derivative on [a, b].
The most popular Newton–Cotes quadrature containing three-point
Simpson-type inequality is formulated as follows:

Theorem 1. Let f : [a, b] → R denote a four times differentiable and
continuous function on (a, b) and let

∥∥f (4)
∥∥
∞ = supx∈(a,b)

∣∣f (4)(x)
∣∣ < ∞.

Then, the following inequality holds:∣∣∣∣16
[
f(a) + 4f

(
a+ b

2

)
+ f(b)

]
− 1

b− a

∫ b

a
f(x)dx

∣∣∣∣
≤ 1

2880

∥∥∥f (4)
∥∥∥
∞
(b− a)4 .

Dragomir [6] proved an estimation of the remainder for Simpson’s quadra-
ture formula for the case of bounded variation functions and gave its appli-
cations in theory of special means. Moreover, some fractional Simpson-type
inequalities for the case of functions whose second derivatives in absolute
value are convex are given in [12]. Budak et al. [1] established some vari-
ants of Simpson-type inequalities for the case of differentiable convex func-
tions and generalized fractional integrals. For further information concerned
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Simpson-type inequalities and some properties of Riemann–Liouville frac-
tional integrals, the reader is referred to [2, 16] and the references therein.
The classical closed type quadrature rule is the Simpson 3/8 rule based
on the Simpson 3/8 inequality formulated as follows:

Theorem 2. Let f : [a, b] → R denote a four times differentiable and
continuous function on (a, b) , and let

∥∥f (4)
∥∥
∞ = supx∈(a,b)

∣∣f (4)(x)
∣∣ < ∞.

Then, one has the inequality∣∣∣∣18
[
f (a) + 3f

(
2a+ b

3

)
+ 3f

(
a+ 2b

3

)
+ f (b)

]
− 1

b− a

∫ b

a
f(x)dx

∣∣∣∣
≤ 1

6480

∥∥∥f (4)
∥∥∥
∞
(b− a)4 .

Simpson’s second rule has the rule of three-point Newton–Cotes quad-
rature, hence evaluations for three steps quadratic kernel are sometimes
called Newton-type results in the literature. Newton-type inequalities have
been investigated extensively by many researchers. For instance, Erden et
al. [8] proved some new integral inequalities of Newton-type for the case
of functions whose first derivative in absolute value at certain power are
arithmetically-harmonically convex. By using the Riemann–Liouville frac-
tional integrals, several Newton-type inequalities for the case of differen-
tiable convex functions were proved and some fractional Newton-type in-
equalities for the case of bounded variation functions were presented in [13].
Moreover, Gao and Shi [10] proved new Newton-type inequalities based
on convexity and some applications for special cases of real functions are
also established. Furthermore, Sitthiwirattham et al. [20] presented some
Newton-type inequalities by using Riemann–Liouville fractional integrals
and several fractional Newton-type inequalities for the case of bounded vari-
ation functions were given. For further information concerning Newton-type
inequalities including convex differentiable functions, the reader is referred
to [14, 15, 18] and the references therein.
The corresponding dual Simpson’s 3/8 formula – the Maclaurin rule based
on the Maclaurin inequality is formulated as follows:

Theorem 3. Let f : [a, b] → R denote a four times differentiable and
continuous function on (a, b), and let

∥∥f (4)
∥∥
∞ = supx∈(a,b)

∣∣f (4)(x)
∣∣ < ∞.

Then, the following inequality holds:∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− 1

b− a

∫ b

a
f(x)dx

∣∣∣∣
≤ 7

51840

∥∥∥f (4)
∥∥∥
∞
(b− a)4 .

Dedić et al. [4] established a set of inequalities by using the Euler–
Maclaurin formulae and the results are applied to obtain some error es-
timates in the case of the Maclaurin quadrature rules. Furthermore, a set
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of inequalities is established by using the Euler–Simpson 3/8 formulae. The
results are implemented to get some error estimates for the case of the Simp-
son 3/8 quadrature rules in [5]. The reader is referred to [9, 3, 19] and the
references therein for further information about inequalities of this kind.
The aim of this article is to derive Euler–Maclaurin-type inequalities for
the case of differentiable convex functions by using Riemann–Liouville frac-
tional integrals and we present an example using graphs to display that
our main result is correct. The basic definition of fractional calculus and
other studies in this discipline are given in Section 1. We will prove an
integral equality in Section 2 that is critical in proving the primary re-
sults of the presented paper. Furthermore, using the Riemann–Liouville
fractional integrals, we will prove some inequalities of the Euler–Maclaurin-
type inequalities for differentiable convex functions. Moreover, we will pro-
vide a graphical example and demonstrate the accuracy of the newly es-
tablished inequalities. In Section 2, we will present some opinions about
Euler–Maclaurin-type inequalities for the further directions of research.

2. Main results.

Lemma 1. If f : [a, b] → R is an absolutely continuous function on (a, b)
such that f ′ ∈ L1 ([a, b]), then the following equality

(4)

1

8

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α+ 1)

2 (b− a)α
[
Jα
a+f (b) + Jα

b−f (a)
]

=
(b− a)

2

4∑
i=1

Ii

is valid. Here,

I1 =

∫ 1
6

0
tα
[
f ′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)

]
dt,

I2 =

∫ 1
2

1
6

(
tα − 3

8

)[
f ′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)

]
dt,

I3 =

∫ 5
6

1
2

(
tα − 5

8

)[
f ′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)

]
dt,

I4 =

∫ 1

5
6

(tα − 1)
[
f ′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)

]
dt.
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Proof. With the help of integration by parts, we get

(5)

I1 =

∫ 1
6

0
tα
[
f ′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)

]
dt

=
1

b− a
tαf (tb+ (1− t) a)

∣∣∣∣ 16
0

− α

b− a

∫ 1
6

0
tα−1 [f (tb+ (1− t) a) + f (ta+ (1− t) b)] dt

=
1

6α (b− a)

(
f

(
5a+ b

6

)
+ f

(
a+ 5b

6

))
− α

b− a

∫ 1
6

0
tα−1 [f (tb+ (1− t) a) + f (ta+ (1− t) b)] dt.

In a similar manner, we obtain

(6)

I2 =
1

b− a

[
2

(
1

2α
− 3

8

)
f

(
a+ b

2

)
−
(

1

6α
− 3

8

)(
f

(
5a+ b

6

)
+ f

(
a+ 5b

6

))]
− α

b− a

∫ 1
2

1
6

tα−1 [f (tb+ (1− t) a) + f (ta+ (1− t) b)] dt,

(7)

I3 =
1

b− a

[((
5

6

)α

− 5

8

)(
f

(
5a+ b

6

)
+ f

(
a+ 5b

6

)
− 2

(
1

2α
− 5

8

)
f

(
a+ b

2

)]
− α

b− a

∫ 5
6

1
2

tα−1 [f (tb+ (1− t) a) + f (ta+ (1− t) b)] dt,

and

(8)

I4 = − 1

b− a

((
5

6

)α

− 1

)(
f

(
5a+ b

6

)
+ f

(
a+ 5b

6

))
− α

b− a

∫ 5
6

1
2

tα−1 [f (tb+ (1− t) a) + f (ta+ (1− t) b)] dt.
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If we collect equalities from (5) to (8), then we readily get

(9)

4∑
i=1

Ii =
1

4 (b− a)

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
5a+ b

6

)]
− α

b− a

[∫ 1

0
tα−1f (tb+ (1− t) a) dt+

∫ 1

0
tα−1f (ta+ (1− t) b) dt

]
.

If we use the change of the variable x = tb+ (1− t) a and x = ta+ (1− t) b
for t ∈ [0, 1] respectively, then equality (9) will be rewritten as follows:

(10)

4∑
i=1

Ii =
1

4 (b− a)

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
5a+ b

6

)]
− Γ (α+ 1)

(b− a)α+1

[
Jα
a+f (b) + Jα

b−f (a)
]
.

Multiplying (10) by (b−a)
2 , we obtain equality (4). This completes the proof

of Lemma 1. □

Theorem 4. Suppose that conditions of Lemma 1 hold and the function
|f ′| is convex on [a, b]. Then, we have

(11)

∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α+ 1)

2 (b− a)α
[
Jα
a+f (b) + Jα

b−f (a)
]∣∣∣∣

≤ (b− a)

2
(Ω1 (α) + Ω2 (α) + Ω3 (α) + Ω4 (α))

[∣∣f ′ (a)
∣∣+ ∣∣f ′ (b)

∣∣] ,
where

Ω1 (α) =

∫ 1
6

0
|tα| dt = 1

(α+ 1) 6α+1
,

Ω2 (α) =

∫ 1
2

1
6

∣∣∣∣tα − 3

8

∣∣∣∣ dt

=



1
α+1

(
1

2α+1 − 1
6α+1

)
− 1

8 , 0 < α <
ln( 3

8)
ln( 1

6)
,

2α
α+1

(
3
8

)1+ 1
α + 1

α+1

(
1

6α+1 + 1
2α+1

)
− 1

4 ,
ln( 3

8)
ln( 1

6)
≤ α ≤ ln( 3

8)
ln( 1

2)
,

1
8 + 1

α+1

(
1

6α+1 − 1
2α+1

)
,

ln( 3
8)

ln( 1
2)

< α,
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Ω3 (α) =

∫ 5
6

1
2

∣∣∣∣tα − 5

8

∣∣∣∣ dt

=



1
α+1

((
5
6

)α+1 − 1
2α+1

)
− 5

24 , 0 < α <
ln( 5

8)
ln( 1

2)
,

2α
α+1

(
5
8

)1+ 1
α + 1

α+1

(
1

2α+1 +
(
5
6

)α+1
)
− 5

6 ,
ln( 5

8)
ln( 1

2)
≤ α ≤ ln( 5

8)
ln( 5

6)
,

5
24 + 1

α+1

(
1

2α+1 −
(
5
6

)α+1
)
,

ln( 5
8)

ln( 5
6)

< α,

and

Ω4 (α) =

∫ 1

5
6

|tα − 1| dt = 1

6
+

1

α+ 1

((
5

6

)α+1

− 1

)
.

Proof. Consider modulus in Lemma 1. Then, we readily get the following
inequality:

(12)

∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α+ 1)

2 (b− a)α
[
Jα
a+f (b) + Jα

b−f (a)
]∣∣∣∣

≤ (b− a)

2

[∫ 1
6

0
|tα|

∣∣f ′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)
∣∣ dt

+

∫ 1
2

1
6

∣∣∣∣tα − 3

8

∣∣∣∣ ∣∣f ′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)
∣∣ dt

+

∫ 5
6

1
2

∣∣∣∣tα − 5

8

∣∣∣∣ ∣∣f ′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)
∣∣ dt

+

∫ 1

5
6

|tα − 1|
∣∣f ′ (tb+ (1− t) a)− f ′ (ta+ (1− t) b)

∣∣ dt] .
Since |f ′| is convex, we have∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α+ 1)

2 (b− a)α
[
Jα
a+f (b) + Jα

b−f (a)
]∣∣∣∣

≤ (b− a)

2

[∫ 1
6

0
|tα|

[
t
∣∣f ′ (b)

∣∣+ (1− t)
∣∣f ′ (a)

∣∣+ t
∣∣f ′ (a)

∣∣+ (1− t)
∣∣f ′ (b)

∣∣]dt
+

∫ 1
2

1
6

∣∣∣∣tα − 3

8

∣∣∣∣ [t ∣∣f ′ (b)
∣∣+ (1− t)

∣∣f ′ (a)
∣∣+ t

∣∣f ′ (a)
∣∣+ (1− t)

∣∣f ′ (b)
∣∣] dt
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+

∫ 5
6

1
2

∣∣∣∣tα − 5

8

∣∣∣∣ [t ∣∣f ′ (b)
∣∣+ (1− t)

∣∣f ′ (a)
∣∣+ t

∣∣f ′ (a)
∣∣+ (1− t)

∣∣f ′ (b)
∣∣] dt

+

∫ 1

5
6

|tα − 1|
[
t
∣∣f ′ (b)

∣∣+ (1− t)
∣∣f ′ (a)

∣∣+ t
∣∣f ′ (a)

∣∣+ (1− t)
∣∣f ′ (b)

∣∣] dt]

=
(b− a)

2

[∫ 1
6

0
|tα| dt+

∫ 1
2

1
6

∣∣∣∣tα − 3

8

∣∣∣∣ dt+ ∫ 5
6

1
2

∣∣∣∣tα − 5

8

∣∣∣∣ dt+ ∫ 1

5
6

|tα − 1| dt

]
×
[∣∣f ′ (a)

∣∣+ ∣∣f ′ (b)
∣∣] .

This is the end of the proof of Theorem 4. □

Example 1. Let us consider a function f : [a, b] = [0, 1] → R given by
f(x) = x2 in Theorem 4. Then, the left-hand side of (11) reduces to

∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α+ 1)

2

[
Jα
0+f (1) + Jα

1−f (0)
]∣∣∣∣

=

∣∣∣∣13 − α

2

[∫ 1

0
(1− t)α−1 t2dt+

∫ 1

0
tα−1t2dt

]∣∣∣∣
=

∣∣∣∣13 − α2 + α+ 2

2 (α+ 1) (α+ 2)

∣∣∣∣ .
The right hand-side of (11) becomes



1
(α+1)

[
2
(
5
6

)α+1 − 1
]
− 1

6 , 0 < α ≤ ln( 3
8)

ln( 1
6)
,

2
(α+1)

[
1

6α+1 +
(
5
6

)α+1
+ α

(
3
8

)1+ 1
α − 1

2

]
− 7

24 ,
ln( 3

8)
ln( 1

6)
< α ≤ ln( 5

8)
ln( 1

2)
,

2
(α+1)

[
1

6α+1 + 1
2α+1 +

(
5
6

)α+1

+α
(
3
8

)1+ 1
α + α

(
5
8

)1+ 1
α − 1

2

]
− 11

12 ,
ln( 5

8)
ln( 1

2)
< α ≤ ln( 3

8)
ln( 1

2)
,

2
(α+1)

[
1

6α+1 +
(
5
6

)α+1
+ α

(
5
8

)1+ 1
α − 1

2

]
− 13

24 ,
ln( 3

8)
ln( 1

2)
< α ≤ ln( 5

8)
ln( 5

6)
,

1
(α+1)

[
2

6α+1 − 1
]
+ 1

2 ,
ln( 5

8)
ln( 5

6)
< α.
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Figure 1. Graph of both sides of (11) in Example 1, de-
pending on α, computed and plotted with MATLAB.

As one can see from Figure (1A) to Figure (1E), the left-hand side of
(11) in Example 1 is always below the right-hand side of this equation, for
all values of α ∈ (0, 10].
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Corollary 1. If we assign α = 1 in Theorem 4, then we obtain the Euler–
Maclaurin-type inequality∣∣∣∣18

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− 1

b− a

∫ b

a
f (t) dt

∣∣∣∣
≤ 25 (b− a)

576

[∣∣f ′ (a)
∣∣+ ∣∣f ′ (b)

∣∣] .
Theorem 5. Suppose that the assumptions of Lemma 1 are satisfied and
the function |f ′|q, q > 1 is convex on [a, b]. Then

(13)

∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α+ 1)

2 (b− a)α
[
Jα
a+f (b) + Jα

b−f (a)
]∣∣∣∣

≤ (b− a)

2

[
(φ1 (α, p) + φ4 (α, p))

[(
11 |f ′ (a)|q + |f ′ (b)|q

72

) 1
q

+

(
|f ′ (a)|q + 11 |f ′ (b)|q

72

) 1
q

]

+ (φ2 (α, p) + φ3 (α, p))

[(
2 |f ′ (a)|q + |f ′ (b)|q

9

) 1
q

+

(
|f ′ (a)|q + 2 |f ′ (b)|q

9

) 1
q

]]
.

Here, 1
p + 1

q = 1 and

φ1 (α, p) =

(∫ 1
6

0
|tα|p dt

) 1
p

=

(
1

(αp+ 1) 6αp+1

) 1
p

,

φ2 (α, p) =

(∫ 1
2

1
6

∣∣∣∣tα − 3

8

∣∣∣∣p dt
) 1

p

,

φ3 (α, p) =

(∫ 5
6

1
2

∣∣∣∣tα − 5

8

∣∣∣∣p dt
) 1

p

,

φ4 (α, p) =

(∫ 1

5
6

(1− tα)p dt

) 1
p

.
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Proof. If we apply Hölder inequality in (12), then we readily obtain∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α+ 1)

2 (b− a)α
[
Jα
a+f (b) + Jα

b−f (a)
]∣∣∣∣

≤ (b− a)

2

(∫ 1
6

0
|tα|p dt

) 1
p

(∫ 1
6

0

∣∣f ′ (tb+ (1− t) a)
∣∣q dt) 1

q

+

(∫ 1
6

0

∣∣f ′ (ta+ (1− t) b)
∣∣q dt) 1

q


+

(∫ 1
2

1
6

∣∣∣∣tα − 3

8

∣∣∣∣p dt
) 1

p

(∫ 1
2

1
6

∣∣f ′ (tb+ (1− t) a)
∣∣q dt) 1

q

+

(∫ 1
2

1
6

∣∣f ′ (ta+ (1− t) b)
∣∣q dt) 1

q


+

(∫ 5
6

1
2

∣∣∣∣tα − 5

8

∣∣∣∣p dt
) 1

p

(∫ 5
6

1
2

∣∣f ′ (tb+ (1− t) a)
∣∣q dt) 1

q

+

(∫ 5
6

1
2

∣∣f ′ (ta+ (1− t) b)
∣∣q dt) 1

q


+

(∫ 1

5
6

|tα − 1|p dt

) 1
p

(∫ 1

5
6

∣∣f ′ (tb+ (1− t) a)
∣∣q dt) 1

q

+

(∫ 1

5
6

∣∣f ′ (ta+ (1− t) b)
∣∣q dt) 1

q

 .

Since it is known that |f ′|q is convex, we get∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α+ 1)

2 (b− a)α
[
Jα
a+f (b) + Jα

b−f (a)
]∣∣∣∣

≤ b− a

2

( 1

(αp+ 1) 6αp+1

) 1
p

(∫ 1
6

0
t
∣∣f ′ (b)

∣∣q + (1− t)
∣∣f ′ (a)

∣∣q dt) 1
q
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+

(∫ 1
6

0
t
∣∣f ′ (a)

∣∣q + (1− t)
∣∣f ′ (b)

∣∣q dt) 1
q


+

(∫ 1
2

1
6

∣∣∣∣tα − 3

8

∣∣∣∣p dt
) 1

p

(∫ 1
2

1
6

t
∣∣f ′ (b)

∣∣q + (1− t)
∣∣f ′ (a)

∣∣q dt) 1
q

+

(∫ 1
2

1
6

t
∣∣f ′ (a)

∣∣q + (1− t)
∣∣f ′ (b)

∣∣q dt) 1
q


+

(∫ 5
6

1
2

∣∣∣∣tα − 5

8

∣∣∣∣p dt
) 1

p

(∫ 5
6

1
2

t
∣∣f ′ (b)

∣∣q + (1− t)
∣∣f ′ (a)

∣∣q dt) 1
q

+

(∫ 5
6

1
2

t
∣∣f ′ (a)

∣∣q + (1− t)
∣∣f ′ (b)

∣∣q dt) 1
q


+

(∫ 1

5
6

|tα − 1|p dt

) 1
p

(∫ 1

5
6

t
∣∣f ′ (b)

∣∣q + (1− t)
∣∣f ′ (a)

∣∣q dt) 1
q

+

(∫ 1

5
6

t
∣∣f ′ (a)

∣∣q + (1− t)
∣∣f ′ (b)

∣∣q dt) 1
q


=

(b− a)

2

( 1

(αp+ 1) 6αp+1

) 1
p

+

(∫ 1

5
6

(1− tα)p dt

) 1
p


×

[(
11 |f ′ (a)|q + |f ′ (b)|q

72

) 1
q

+

(
|f ′ (a)|q + 11 |f ′ (b)|q

72

) 1
q

]

+

(∫ 1
2

1
6

∣∣∣∣tα − 3

8

∣∣∣∣p dt
) 1

p

+

(∫ 5
6

1
2

∣∣∣∣tα − 5

8

∣∣∣∣p dt
) 1

p


×

[(
2 |f ′ (a)|q + |f ′ (b)|q

9

) 1
q

+

(
|f ′ (a)|q + 2 |f ′ (b)|q

9

) 1
q

] .

Thus, the proof of Theorem 5 is completed. □
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Example 2. Let us consider a function f : [a, b] = [0, 1] → R given by
f(x) = x2 and q = 2 in Theorem 5. Then, the left-hand side of (13)
becomes∣∣∣∣18

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
−Γ (α+ 1)

2

[
Jα
0+f (1) + Jα

1−f (0)
]∣∣∣∣

=

∣∣∣∣13 − α

2

[∫ 1

0
(1− t)α−1 t2dt+

∫ 1

0
tα−1t2dt

]∣∣∣∣ = ∣∣∣∣13 − α2 + α+ 2

2 (α+ 1) (α+ 2)

∣∣∣∣ .
The right hand-side of (13) reduces to

1

2

[
(φ1 (α, 2) + φ4 (α, 2))

(
1 +

√
11
)

3
√
2

+ (φ2 (α, 2) + φ3 (α, 2))
2
(
1 +

√
2
)

3

]
,

where

φ1 (α, 2) =
(

1
(2α+1)62α+1

) 1
2
,

φ2 (α, 2) =
(

1
(2α+1)

[
1

22α+1 − 1
62α+1

]
− 3

4(α+1)

[
1

2α+1 − 1
6α+1

]
+ 3

64

) 1
2
,

φ3 (α, 2) =
(

1
(2α+1)

[(
5
6

)2α+1 − 1
22α+1

]
− 5

4(α+1)

[(
5
6

)α+1 − 1
2α+1

]
+ 25

192

) 1
2
,

φ4 (α, 2) =
(

1
(2α+1)

[
1−

(
5
6

)2α+1
]
− 2

(α+1)

[
1−

(
5
6

)α+1
]
+ 1

6

) 1
2
.

0 1 2 3 4 5 6 7 8 9 10
-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Left terms of the inequality (13)

Right terms of the inequality (13)

Figure 2. Graph of both sides of (13) in Example 2, de-
pending on α, computed and plotted with MATLAB.
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As one can see in Figure 2, the left-hand side of (13) in Example 2 is
always below the right-hand side of this equation for all values of α ∈ (0, 10].

Corollary 2. If we let α = 1 in Theorem 5, then we obtain the following
Euler–Maclaurin-type inequality:∣∣∣∣18

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− 1

b− a

∫ b

a
f (t) dt

∣∣∣∣
≤ (b− a)

[(
1

(p+ 1) 6p+1

) 1
p

[(
11 |f ′ (a)|q + |f ′ (b)|q

72

) 1
q

+

(
|f ′ (a)|q + 11 |f ′ (b)|q

72

) 1
q

]

+

(
1

(p+ 1)

((
5

24

)p+1

+

(
1

8

)p+1
)) 1

p
[(

2 |f ′ (a)|q + |f ′ (b)|q

9

) 1
q

+

(
|f ′ (a)|q + 2 |f ′ (b)|q

9

) 1
q

]]
.

Theorem 6. Let us suppose that the assumptions of Lemma 1 hold and
the function |f ′|q, q ≥ 1 is convex on [a, b]. Then, the following inequality
holds:∣∣∣∣18

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α+ 1)

2 (b− a)α
[
Jα
a+f (b) + Jα

b−f (a)
]∣∣∣∣

≤ (b− a)

2

[
(Ω1 (α))

1− 1
q

[(
Ω5 (α)

∣∣f ′ (b)
∣∣q + (Ω1 (α)− Ω5 (α))

∣∣f ′ (a)
∣∣q) 1

q

+
(
Ω5 (α)

∣∣f ′ (a)
∣∣q + (Ω1 (α)− Ω5 (α))

∣∣f ′ (b)
∣∣q) 1

q

]
+ (Ω2 (α))

1− 1
q

[(
Ω6 (α)

∣∣f ′ (b)
∣∣q + (Ω2 (α)− Ω6 (α))

∣∣f ′ (a)
∣∣q) 1

q

+
(
Ω6 (α)

∣∣f ′ (a)
∣∣q + (Ω2 (α)− Ω6 (α))

∣∣f ′ (b)
∣∣q) 1

q

]
+ (Ω3 (α))

1− 1
q

[(
Ω7 (α)

∣∣f ′ (b)
∣∣q + (Ω3 (α)− Ω7 (α))

∣∣f ′ (a)
∣∣q) 1

q

+
(
Ω7 (α)

∣∣f ′ (a)
∣∣q + (Ω3 (α)− Ω7 (α))

∣∣f ′ (b)
∣∣q) 1

q

]
+ (Ω4 (α))

1− 1
q

[(
Ω8 (α)

∣∣f ′ (b)
∣∣q + (Ω4 (α)− Ω8 (α))

∣∣f ′ (a)
∣∣q) 1

q

+
(
Ω8 (α)

∣∣f ′ (a)
∣∣q + (Ω4 (α)− Ω8 (α))

∣∣f ′ (b)
∣∣q) 1

q

]]
.
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Here, Ω1 (α), Ω2 (α), Ω3 (α) and Ω4 (α) are given in Theorem 4 and

Ω5 (α) =

∫ 1
6

0
|tα| tdt = 1

(α+ 2) 6α+2
,

Ω6 (α) =

∫ 1
2

1
6

∣∣∣∣tα − 3

8

∣∣∣∣ tdt

=



1
α+2

(
1

2α+2 − 1
6α+2

)
− 1

24 , 0 < α <
ln( 3

8)
ln( 1

6)
,

α
α+2

(
3
8

)1+ 2
α + 1

α+2

(
1

6α+2 + 1
2α+2

)
− 5

96 ,
ln( 3

8)
ln( 1

6)
≤ α ≤ ln( 3

8)
ln( 1

2)
,

1
24 + 1

α+2

(
1

6α+2 − 1
2α+2

)
,

ln( 3
8)

ln( 1
2)

< α,

Ω7 (α) =

∫ 5
6

1
2

∣∣∣∣tα − 5

8

∣∣∣∣ tdt

=



1
α+2

((
5
6

)α+2 − 1
2α+2

)
− 5

36 , 0 < α <
ln( 5

8)
ln( 1

2)
,

α
α+2

(
5
8

)1+ 2
α + 1

α+2

(
1

2α+2 +
(
5
6

)α+2
)
− 85

288 ,
ln( 5

8)
ln( 1

2)
≤ α ≤ ln( 5

8)
ln( 5

6)
,

5
36 + 1

α+2

(
1

2α+2 −
(
5
6

)α+2
)
,

ln( 5
8)

ln( 5
6)

< α,

Ω8 (α) =

∫ 1

5
6

|tα − 1| tdt = 11

72
+

1

α+ 2

((
5

6

)α+2

− 1

)
.

Proof. If we use power-mean inequality in (12), then we have

∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α+ 1)

2 (b− a)α
[
Jα
a+f (b) + Jα

b−f (a)
]∣∣∣∣

≤ (b− a)

2

(∫ 1
6

0
|tα| dt

)1− 1
q
(∫ 1

6

0
|tα|

∣∣f ′ (tb+ (1− t) a)
∣∣q dt) 1

q

+

(∫ 1
6

0
|tα| dt

)1− 1
q
(∫ 1

6

0
|tα|

∣∣f ′ (ta+ (1− t) b)
∣∣q dt) 1

q

+

(∫ 1
2

1
6

∣∣∣∣tα − 3

8

∣∣∣∣ dt
)1− 1

q
(∫ 1

2

1
6

∣∣∣∣tα − 3

8

∣∣∣∣ ∣∣f ′ (tb+ (1− t) a)
∣∣q dt) 1

q
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+

(∫ 1
2

1
6

∣∣∣∣tα − 3

8

∣∣∣∣ dt
)1− 1

q
(∫ 1

2

1
6

∣∣∣∣tα − 3

8

∣∣∣∣ ∣∣f ′ (ta+ (1− t) b)
∣∣q dt) 1

q

+

(∫ 5
6

1
2

∣∣∣∣tα − 5

8

∣∣∣∣ dt
)1− 1

q
(∫ 5

6

1
2

∣∣∣∣tα − 5

8

∣∣∣∣ ∣∣f ′ (tb+ (1− t) a)
∣∣q dt) 1

q

+

(∫ 5
6

1
2

∣∣∣∣tα − 5

8

∣∣∣∣ dt
)1− 1

q
(∫ 5

6

1
2

∣∣∣∣tα − 5

8

∣∣∣∣ ∣∣f ′ (ta+ (1− t) b)
∣∣q dt) 1

q

+

(∫ 1

5
6

|tα − 1| dt

)1− 1
q
(∫ 1

5
6

|tα − 1|
∣∣f ′ (tb+ (1− t) a)

∣∣q dt) 1
q

+

(∫ 1

5
6

|tα − 1| dt

)1− 1
q
(∫ 1

5
6

|tα − 1|
∣∣f ′ (ta+ (1− t) b)

∣∣q dt) 1
q

 .

Since |f ′|q is convex, we have∣∣∣∣18
[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− Γ (α+ 1)

2 (b− a)α
[
Jα
a+f (b) + Jα

b−f (a)
]∣∣∣∣

≤ (b− a)

2

(∫ 1
6

0
|tα| dt

)1− 1
q

(∫ 1
6

0
|tα|

[
t
∣∣f ′ (b)

∣∣q + (1− t)
∣∣f ′ (a)

∣∣q] dt) 1
q

+

(∫ 1
6

0
|tα|

[
t
∣∣f ′ (a)

∣∣q + (1− t)
∣∣f ′ (b)

∣∣q] dt) 1
q


+

(∫ 1
2

1
6

∣∣∣∣tα − 3

8

∣∣∣∣ dt
)1− 1

q

(∫ 1
2

1
6

∣∣∣∣tα − 3

8

∣∣∣∣ [t ∣∣f ′ (b)
∣∣q + (1− t)

∣∣f ′ (a)
∣∣q] dt) 1

q

+

(∫ 1
2

1
6

∣∣∣∣tα − 3

8

∣∣∣∣ [t ∣∣f ′ (a)
∣∣q + (1− t)

∣∣f ′ (b)
∣∣q] dt) 1

q


+

(∫ 5
6

1
2

∣∣∣∣tα − 5

8

∣∣∣∣ dt
)1− 1

q

(∫ 5
6

1
2

∣∣∣∣tα − 5

8

∣∣∣∣ [t ∣∣f ′ (b)
∣∣q + (1− t)

∣∣f ′ (a)
∣∣q] dt) 1

q

+

(∫ 5
6

1
2

∣∣∣∣tα − 5

8

∣∣∣∣ [t ∣∣f ′ (a)
∣∣q + (1− t)

∣∣f ′ (b)
∣∣q] dt) 1

q
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+

(∫ 1

5
6

|tα − 1| dt

)1− 1
q

(∫ 1

5
6

|tα − 1|
[
t
∣∣f ′ (b)

∣∣q + (1− t)
∣∣f ′ (a)

∣∣q] dt) 1
q

+

(∫ 1

5
6

|tα − 1|
[
t
∣∣f ′ (a)

∣∣q + (1− t)
∣∣f ′ (b)

∣∣q] dt) 1
q

 .

Finally, this finishes the proof of Theorem 6. □

Corollary 3. Consider α = 1 in Theorem 6. Then, the following Euler–
Maclaurin-type inequality holds:∣∣∣∣18

[
3f

(
5a+ b

6

)
+ 2f

(
a+ b

2

)
+ 3f

(
a+ 5b

6

)]
− 1

b− a

∫ b

a
f (t) dt

∣∣∣∣
≤ (b− a)

72

[(
|f ′ (b)|q + 8 |f ′ (a)|q

9

) 1
q

+

(
|f ′ (a)|q + 8 |f ′ (b)|q

9

) 1
q

+

(
17

8

)1− 1
q

[(
361 |f ′ (b)|q + 863 |f ′ (a)|q

576

) 1
q

+

(
361 |f ′ (a)|q + 863 |f ′ (b)|q

576

) 1
q

]]
.

Conclusion. Some Euler–Maclaurin-type inequalities are presented for the
case of differentiable convex functions by using Riemann–Liouville fractional
integrals. In addition, we give an example using graphs in order to indicate
that our main result is correct. Our results can be extended by mathemati-
cians in future studies by applying different variations of convex function
classes.

Author contributions. All authors contributed equally to the writing of
this paper. All authors read and approved the final manuscript.

Funding. There is no funding.

Availability of data materials. Data sharing not applicable to this paper
as no data sets were generated or analysed during the current study.

Conflicts of interest. The authors declare that they have no competing
interests.

References

[1] Budak, H., Hezenci, F., Kara, H., On parametrized inequalities of Ostrowski and
Simpson type for convex functions via generalized fractional integral, Math. Methods
Appl. Sci. 44 (30) (2021), 12522–12536.



32 F. Hezenci and H. Budak

[2] Budak, H., Hezenci, F., Kara, H., On generalized Ostrowski, Simpson and Trapezoidal
type inequalities for coordinated convex functions via generalized fractional integrals,
Adv. Difference Equ. 2021 (2021), 1–32.

[3] Davis, P. J., Rabinowitz, P., Methods of Numerical Integration, Academic Press, New
York–San Francisco–London, 1975.
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[19] Pečarić, J. E., Proschan, F., Tong, Y. L., Convex Functions, Partial Orderings and
Statistical Applications, Academic Press, Boston, 1992.

[20] Sitthiwirattham, T., Nonlaopon, K., Ali, M. A., Budak, H., Riemann-Liouville frac-
tional Newton’s type inequalities for differentiable convex functions, Fractal Fract. 6
(3) (2022), 175.

Fatih Hezenci Hüseyin Budak
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