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A SECOND ORDER BDF NUMERICAL SCHEME WITH VARIABLE
STEPS FOR THE CAHN--HILLIARD EQUATION\ast 

WENBIN CHEN\dagger , XIAOMING WANG\ddagger , YUE YAN\S , AND ZHUYING ZHANG\P 

Abstract. We present and analyze a second order in time variable step BDF2 numerical scheme
for the Cahn--Hilliard equation. The construction relies on a second order backward difference,
convex-splitting technique and viscous regularizing at the discrete level. We show that the scheme
is unconditionally stable and uniquely solvable. In addition, under mild restriction on the ratio of
adjacent time-steps, an optimal second order in time convergence rate is established. The proof
involves a novel generalized discrete Gronwall-type inequality. As far as we know, this is the first
rigorous proof of second order convergence for a variable step BDF2 scheme, even in the linear case,
without severe restriction on the ratio of adjacent time-steps. Results of our numerical experiments
corroborate our theoretical analysis.

Key words. variable step BDF2 scheme, convergence analysis, Cahn--Hilliard equation

AMS subject classifications. 35K35, 35K55, 65M12, 65M60

DOI. 10.1137/18M1206084

1. Introduction. Efficiency and accuracy are of central importance in numer-
ical analysis and scientific computing. For a physical/biological/engineering process
modeled by a time-dependent PDE, a well-known heuristic method to improve effi-
ciency without sacrificing accuracy is the so-called time adaptive method, where one
employs small time-steps when the system is evolving quickly while large time-steps
are utilized when the time-evolution is slow [42, 49, 68]. Another approach is to utilize
high order in time methods so that relatively large time-steps can be employed for
the same error tolerance.

The rigorous numerical analysis of such adaptive methods is relatively easy for
one-step methods; see, for instance, [15]. However, the analysis of multistep methods
(two or more steps that involve three or more levels) is completely different. For
example, in the classical second order backward difference scheme (BDF2), known for
its strong stability, the analysis of its variable step version applied to linear parabolic
equations is already highly nontrivial and incomplete so far as documented in Chapter
10 of Thom\'ee's classical book [55]. Indeed, the best known result on the variable step
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496 W. CHEN, X. WANG, Y. YAN, AND Z. ZHANG

BDF2 applied to linear parabolic equations only establishes a second order in time
convergence rate with a prefactor that blows up at vanishing step sizes for certain
choices of time-steps [7, 55]. See Remark 4.1 for more details. See also [11, 26, 27, 37]
for relevant work.

For systems whose evolution occurs over a very long time such as the coarsening
process associated with the Cahn--Hilliard equation, the long time accuracy or stability
is obviously of great importance as well. If the system has an energy law such as the
Cahn--Hilliard equation, it is natural to design numerical schemes that inherit the
energy law, perhaps in some modified form [28, 50]. This is an example of the so-
called memetic methods which usually leads to better results in terms of accuracy and
stability. Other examples include a sympletic integrator for Hamiltonian systems [29],
a TVD method for hyperbolic conservation laws [17, 53], DRP (dispersion relation
preserving) methods for dispersive equations [54], asymptotic preserving methods for
kinetic problems [36], and energy/Hamiltonian preserving methods for conservative
systems among others. Indeed, it is known that numerical methods that preserve the
dissipativity of the underlying dissipative system in some appropriate sense would
be able to capture the long-time statistical properties of the dissipative model under
approximation [59, 60].

In this paper, we focus on a prototype nonlinear parabolic equation, the Cahn--
Hilliard equation, which is a gradient flow (in the H - 1 norm) whose temporal evolu-
tion involves both slow and fast stages, and the coarsening process occurs over a very
long time. Therefore, it is highly desirable to develop a variable step BDF2 scheme
that is unconditionally stable (and uniquely solvable). We achieve this goal by com-
bining three ideas: variable-step BDF2 for the linear term, convex splitting for the
nonlinear term, and a viscous regularization at the discrete level for added stability.
The optimal second order in time convergence is established by appropriate combi-
nation of energy estimates and a novel generalized discrete Gronwall-type inequality.
As far as we know, this is the first time such a second order in time error estimate
is proved for variable step BDF2 without severe constraints on the ratio of adjacent
time-steps, even for the linear case.

Recall that the classical Ginzburg--Landau energy functional, defined for any u \in 
H1(\Omega ), is given by (see [10] for a detailed derivation)

(1.1) E(u) =

\int 
\Omega 

\biggl( 
1

4
u4  - 1

2
u2 +

\varepsilon 2

2
| \nabla u| 2

\biggr) 
dx,

where \varepsilon > 0 is a parameter that is proportional to the interface width. The Cahn--
Hilliard equation is the H - 1 (conserved) gradient flow of the energy functional (1.1):

(1.2)

\left\{         
ut = \Delta w in \Omega \times (0, T ),

w := \delta \phi E = u3  - u - \varepsilon 2\Delta u in \Omega \times (0, T ),

\partial nu = \partial nw = 0 on \partial \Omega \times (0, T ),

u( \cdot , 0) = u0 in \Omega ,

where T > 0 is the final time, which may be infinite; \partial nu = \bfitn \cdot \nabla u and \partial nw = \bfitn \cdot \nabla w,
where \bfitn is the unit outward normal vector on the boundary. Due to the gradient
structure of (1.2), one can easily derive the following energy dissipation law:

(1.3)
d

dt
E(u(t)) =  - 

\int 
\Omega 

| \nabla w| 2dx.
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BDF WITH VARIABLE TIME-STEPS FOR CH 497

In integral form, the energy decay may be expressed as

(1.4) E(u(t1)) +

\int t1

t0

\int 
\Omega 

| \nabla w(t)| 2dxdt = E(u(t0)).

Furthermore, the equation is mass conservative, i.e., d
dt

\int 
\Omega 
udx = 0, which follows

from the conservative structure of the equation together with the homogeneous Neu-
mann boundary conditions for w. This property can be recast as (u( \cdot , t), 1) = (u0, 1)
for all t \geq 0, where (\cdot , \cdot ) represents the L2 inner product.

The Cahn--Hilliard equation, which models spinodal decomposition in a binary
alloy, is one of the most important models in mathematical physics. The coarsening
process associated with the Cahn--Hilliard equation takes a long time (on the order of
some positive power of 1/\varepsilon ). It could also couple with other physical/biological pro-
cesses leading to complex systems such as the Cahn--Hilliard--Navier--Stokes (CHNS)
equation (for two-phase flow), the Cahn--Hilliard--Hele--Shaw (CHHS) equation (bi-
nary fluid in a Hele-Shaw cell), etc.

Due to the importance of the Cahn--Hilliard model, there is long list of works on
the numerical analysis of Cahn--Hilliard. See, for instance, [2, 4, 22, 23, 24, 25, 30, 31,
35, 42, 45, 46, 47, 48, 62] and the references therein for works on first order in time
schemes, and [3, 8, 21, 32, 33, 35, 40, 52, 65] and the references therein for related
works on second order in time schemes. Second order in time schemes are desirable
since one could increase efficiency without sacrificing accuracy by taking larger time-
steps with the same error tolerance. However, the analysis of second order schemes is
usually more difficult than those for the first order schemes.

The convex splitting scheme, popularized by David Eyre's work [28], is a well-
known approach to constructing numerical schemes that inherit the energy law. This
framework treats the convex part of the chemical potential implicitly and the concave
part explicitly. This results in schemes that are uniquely solvable and unconditionally
energy stable, unconditionally with respect to the time and space step sizes. The
convex splitting methodology has been applied to a wide class of gradient flows in
recent years, and both first and second order accurate in time algorithms have been
developed. For the phase field crystal (PFC) equation and the modified phase field
crystal (MPFC) equation see the related works [5, 6, 43, 57, 58, 63, 66]; for epitaxial
thin film growth models see [12, 14, 51, 56]; for nonlocal Cahn--Hilliard-type models
see [38, 39], and for the CHHS and related models see [13, 18, 19, 34, 61]. It is observed
that the splitting could lead to significant numerical errors, especially in the first order
case [16]. Therefore, second order energy stable methods are more desirable to reduce
error. The interested reader is referred to [3, 8, 20, 21, 35, 40, 41, 44, 52, 64, 65, 67]
for some of the recent progress in terms of second order schemes for the Cahn--Hilliard
equation. In particular, [67] contains a rigorous second order convergence analysis of
a convex splitting scheme together with a viscous regularizing term.

The scheme that we propose in this paper is a variable step version of the one
proposed in [67]. For n \geq 1, given un - 1

h , unh \in Sh, find un+1
h , wn+1

h \in Sh, such that

(1.5)\left\{         
1

\tau n+1

\biggl( 
1+2\gamma n+1

1+\gamma n+1
un+1
h  - (1 + \gamma n+1)u

n
h +

(\gamma n+1)
2

1+\gamma n+1
un - 1
h , vh

\biggr) 
=

\bigl( 
\nabla wn+1

h ,\nabla vh
\bigr) 

\forall vh \in Sh,\bigl( 
wn+1

h , \phi h

\bigr) 
= - 

\bigl( 
\varepsilon 2\nabla un+1

h ,\nabla \phi h

\bigr) 
+

\bigl( 
(1 + \gamma n+1)u

n
h  - \gamma n+1u

n - 1
h , \phi h

\bigr) 
 - 

\Bigl( \bigl( 
un+1
h

\bigr) 3
, \phi h

\Bigr) 
 - A\tau n+1

\bigl( 
\nabla 

\bigl( 
un+1
h  - un

h

\bigr) 
,\nabla \phi h

\bigr) 
\forall \phi h \in Sh,

where Sh is some appropriate finite element space, \tau n+1 = tn+1  - tn is the time step
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498 W. CHEN, X. WANG, Y. YAN, AND Z. ZHANG

size, and \gamma n+1 = \tau n+1

\tau n
is the ratio of the adjacent time-steps. The last term is a second

order viscous regularization term at the discrete level.
Our main result is the following discrete energy law and second order error esti-

mates under mild constraint on \gamma n: there exists an A0 such that for any A \geq A0, the
numerical scheme (2.6) has the energy-decay property,

\scrE 
\bigl( 
un+1
h , unh, \tau n+1

\bigr) 
+ (A - A0)\tau n+1\| \nabla 

\bigl( 
un+1
h  - unh

\bigr) 
\| 2 \leq \scrE 

\bigl( 
unh, u

n - 1
h , \tau n

\bigr) 
,

where \scrE 
\bigl( 
un+1
h , unh, \tau n+1

\bigr) 
is the discrete energy, which is defined in (3.3). Moreover,

for any given final time T =
\sum NT

n=0 \tau n+1 > 0, the following second order convergence
under some additional moderate constraints on \gamma n and \tau holds:

\| en+1
u \| 2 = \| un+1  - un+1

h \| 2 \leq C\scrR ,

where C is a generic positive constant and

(1.6) \scrR = \scrR \ast + h2(q+1)\| un+1\| 2Hq+1 ,

and

\scrR \ast =

n\sum 
k=1

\tau k+1 (\tau k+1 + \tau k)
3

\Biggl( \int tk+1

tk - 1

\| \partial tttu\| 2ds+
\int tk+1

tk - 1

\| \partial ttu\| 2ds

\Biggr) 

+

n\sum 
k=1

\tau 4k+1

\int tk+1

tk

\| \partial t\Delta u (s) \| 2ds+ \tau 31

\int t1

t0

\| \partial ttu (s) \| 2ds+ \tau 31

\int t1

t0

\| \partial t\Delta u\| 2ds

+h2(q+1)
n\sum 

k=0

\tau k+1

\bigl( 
\| wk+1\| 2Hq+1 + \| uk+1\| 2Hq+1

\bigr) 
+ h2(q+1)

n\sum 
k=1

\int tk+1

tk - 1

\| \partial tu\| 2Hq+1ds.

An earlier convergence result on linear parabolic problems derived by Becker [7]
contains a prefactor of the form exp(C\Gamma n), where \Gamma n =

\sum n
k=3[\gamma k - 1  - \gamma k+1]+. It is

easy to construct variable steps so that \Gamma n \rightarrow \infty as the step size approaches zero.
See section 4 for more details. Even in the case of finite \Gamma n, this prefactor could be
huge---effectively infinity---for moderate values of C and \Gamma n due to the nature of the
exponential function. Such an undesirable prefactor has been completely removed in
this work, with the help of a novel generalized discrete Gronwall-type inequality, even
in the nonlinear case that we are working on. We also remark that the method here
deviates significantly from the constant time-step case [67], where the authors relied
on the G-norm in an essential manner. We also point out that the G-norm method
fails in our variable step setting unless we have a sequence of monotonically decreasing
time-steps, a case of little interest in applications.

The rest of the article is organized as follows. In section 2 we outline the fully
discrete scheme. The energy stability analysis is established in section 3. In section 4
we present the \ell \infty (0, T ;L2) \cap \ell 2(0, T ;H1) convergence analysis for the scheme. The
optimal convergence analysis is contained in section 5. Numerical results corroborat-
ing our theoretical analysis are presented in section 6. Concluding remarks are offered
at the end.

2. The fully discrete numerical scheme. We use standard notation for the
norms on their respective function spaces. In particular, we denote the standard
norms for the Sobolev spaces Wm,p(\Omega ) by \| \cdot \| m,p (see [1]). We replace \| \cdot \| 0,p by
\| \cdot \| p, \| \cdot \| 0,2 = \| \cdot \| 2 by \| \cdot \| , and \| \cdot \| q,2 by \| \cdot \| Hq .
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The mixed weak formulation of Cahn--Hilliard equation (1.2) is to find u,w \in 
L2(0, T ;H1(\Omega )), with ut \in L2(0, T ;H - 1(\Omega )), satisfying

(2.1)

\Biggl\{ 
(ut, v) + (\nabla w,\nabla v) = 0 \forall v \in H1(\Omega ),

(w,\psi ) = (u3  - u, \psi ) + \varepsilon 2(\nabla u,\nabla \psi ) \forall \psi \in H1(\Omega ),

for almost every t \in (0, T ], where H - 1 is the dual space of H1(notice that the H - 1

space we defined here is different from the standard one which is specified as the dual
ofH1

0 ), and (\cdot , \cdot ) represents the L2 inner product or the duality pairing, as appropriate.
Let \scrT h = \{ K\} be a quasi-uniform triangulation on \Omega . For q \in \BbbZ +, Sh := \{ v \in 

C0(\Omega ) | v| K \in \scrP q(K)\forall K \in \scrT h\} \subset H1(\Omega ) is a piecewise polynomial subspace of C0.
We recall the classical Ritz projection operator Rh : H1(\Omega ) \rightarrow Sh, satisfying

(2.2) (\nabla (Rh\varphi  - \varphi ),\nabla \chi ) = 0 \forall \chi \in Sh, (Rh\varphi  - \varphi , 1) = 0.

The following estimates hold for Ritz projection [9]:

\| Rh\varphi \| 1,p \leq C\| \varphi \| 1,p \forall 1 < p \leq \infty ,(2.3)

\| \varphi  - Rh\varphi \| p + h\| \varphi  - Rh\varphi \| 1,p \leq Chq+1\| \varphi \| q+1,p \forall 1 < p \leq \infty .(2.4)

The second order variable time-step scheme is based on the classical variable time-
step second order BDF2 [55] and the following regularized convex-splitting uniform
step size second order accurate scheme [67]: for n \geq 1, given un - 1

h , unh \in Sh, find
un+1
h , wn+1

h \in Sh, such that

(2.5)

\left\{         
\biggl( 
3un+1

h  - 4unh + un - 1
h

2\tau 
, vh

\biggr) 
+ (\nabla wn+1

h ,\nabla vh) = 0 \forall vh \in Sh,

(wn+1
h , \psi h) = \varepsilon 2(\nabla un+1

h ,\nabla \psi h) + ((un+1
h )3  - 2unh + un - 1

h , \psi h)

+A\tau (\nabla (un+1
h  - unh),\nabla \psi h) \forall \psi h \in Sh,

where unh stands for the numerical solution at time tn. Our variable time step size

version of scheme (2.5) takes the following form: for n \geq 1, given un - 1
h , unh \in Sh,

find un+1
h , wn+1

h \in Sh, such that

(2.6)\left\{         
1

\tau n+1

\biggl( 
1+2\gamma n+1

1+\gamma n+1
un+1
h  - (1 + \gamma n+1)u

n
h +

(\gamma n+1)
2

1+\gamma n+1
un - 1
h , vh

\biggr) 
=

\bigl( 
\nabla wn+1

h ,\nabla vh
\bigr) 

\forall vh \in Sh,\bigl( 
wn+1

h , \phi h

\bigr) 
= - 

\bigl( 
\varepsilon 2\nabla un+1

h ,\nabla \phi h

\bigr) 
+

\bigl( 
(1 + \gamma n+1)u

n
h  - \gamma n+1u

n - 1
h , \phi h

\bigr) 
 - 

\Bigl( \bigl( 
un+1
h

\bigr) 3
, \phi h

\Bigr) 
 - A\tau n+1

\bigl( 
\nabla 

\bigl( 
un+1
h  - un

h

\bigr) 
,\nabla \phi h

\bigr) 
\forall \phi h \in Sh,

where \tau n+1 = tn+1 - tn is the time-step and \gamma n+1 = \tau n+1

\tau n
is the ratio of the two adjacent

time-steps. Moreover, we assume that \{ \gamma n\} is a uniformly bounded sequence with an
upper bound \gamma \ast , i.e.,

(2.7) \gamma n \leq \gamma \ast \forall n.

We assume that \gamma \ast \geq 1 without loss of generality. The unique solvability of the
scheme (2.6) could be easily obtained since it is the Euler--Lagrange equation for a
strictly convex variational problem; see [67] for the uniform step case.

The scheme requires two initialization steps u0h and u1h. We choose u0h = Rhu0
and use a standard first order convex splitting method to obtain u1h, w

1
h \in Sh. More
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specifically, the initialization step is as follows: given u0h \in Sh, find u
1
h, w

1
h \in Sh, such

that

(2.8)

\left\{     
\biggl( 
u1h  - u0h
\tau 1

, vh

\biggr) 
+ (\nabla w1

h,\nabla vh) = 0 \forall vh \in Sh,

(w1
h, \psi h) = \varepsilon 2(\nabla u1h,\nabla \psi h) + ((u1h)

3  - u0h, \psi h) \forall \psi h \in Sh.

3. Energy stability and a uniform-in-time \bfitH \bfone stability. To facilitate the
analysis below, we define the discrete Laplacian operator and the discrete H - 1 norm.
We will make use of the notation L2

0(\Omega ) :=
\bigl\{ 
u \in L2(\Omega ) | (u, 1) = 0

\bigr\} 
, and more gen-

erally, \r V := L2
0 \cap V for any space V \subseteq L2(\Omega ).

Definition 3.1. The discrete Laplacian operator \Delta h : Sh \rightarrow \r Sh is defined as
follows: for any vh \in Sh, \Delta hvh \in \r Sh denotes the unique solution to the problem

(\Delta hvh, \chi ) =  - (\nabla vh,\nabla \chi ) \forall \chi \in Sh.

It is straightforward to show that by restricting the domain, \Delta h : \r Sh \rightarrow \r Sh is
invertible, and for any vh \in \r Sh, we have

(\nabla ( - \Delta h)
 - 1vh,\nabla \chi ) = (vh, \chi ) \forall \chi \in Sh.

We also introduce discrete H - 1 norm.

Definition 3.2. The discrete H - 1 norm, \| \cdot \|  - 1,h, is defined as follows:

\| vh\|  - 1,h :=
\sqrt{} 
(vh, ( - \Delta h) - 1vh) \forall vh \in \r Sh.

The following generalized H\"older inequality holds: for any vh \in \r Sh,

(3.1) \| vh\| 2 \leq \| \nabla vh\| \| vh\|  - 1,h.

It is known that the discrete Laplacian operator defined above on the Ritz projection
enjoys the following stability property [67]: let u \in H2

N (\Omega ) := \{ u \in H2(\Omega ) | \partial nu =
0 on \partial \Omega \} ; then

(3.2) \| \Delta h(Rhu)\| \leq \| \Delta u\| .

In order to present energy stability in a numerical sense, we introduce the following
discrete modified energy.

Definition 3.3. For n \geq 1, the discrete energy is defined as follows:

\scrE 
\bigl( 
un+1
h , unh, \tau n+1

\bigr) 
= E

\bigl( 
un+1
h

\bigr) 
+

\gamma \ast 

2 (1 + \gamma \ast )
\tau n+1

\bigm\| \bigm\| \bigm\| \bigm\| un+1
h  - unh
\tau n+1

\bigm\| \bigm\| \bigm\| \bigm\| 2
 - 1,h

+
\gamma \ast 

2
\| un+1

h  - unh\| 2,

where

E
\bigl( 
un+1
h

\bigr) 
=

1

4
\| un+1

h \| 4L4  - 
1

2
\| un+1

h \| 2 + \varepsilon 2

2
\| \nabla un+1

h \| 2

is the original energy of the discrete solution.

The following energy stability estimate is available.
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Theorem 3.1. There exists an A0, such that for any A \geq A0, the numerical
scheme (2.6) enjoys the following energy-decay property:

\scrE 
\bigl( 
un+1
h , unh, \tau n+1

\bigr) 
+ (A - A0)\tau n+1\| \nabla 

\bigl( 
un+1
h  - unh

\bigr) 
\| 2 \leq \scrE 

\bigl( 
unh, u

n - 1
h , \tau n

\bigr) 
,

where A0 is a constant defined by

A0 =

\left\{         
0 if 0 < \gamma \ast \leq 1

2 ;
(1+\gamma \ast )(\gamma \ast  - 1

2 )
2

2(2+\gamma \ast ) if 1
2 < \gamma \ast < 2;

(1+\gamma \ast )(\gamma \ast  - 1
2 )

2

2(2+3\gamma \ast  - (\gamma \ast )2)
if 2 \leq \gamma \ast < 3

2 +
\surd 
17
2 .

Proof. In (2.6), by taking vh = ( - \Delta h)
 - 1(un+1

h  - unh) and \psi h = un+1
h  - unh, the

two terms including wh cancel each other out by the definition of \Delta h. Therefore,

0 =
1

\tau n+1

\Biggl( 
1 + 2\gamma n+1

1 + \gamma n+1
un+1
h  - (1 + \gamma n+1)u

n
h +

(\gamma n+1)
2

1 + \gamma n+1
un - 1
h , ( - \Delta h)

 - 1 \bigl( 
un+1
h  - unh

\bigr) \Biggr) 
 - 
\bigl( 
\varepsilon 2\Delta hu

n+1
h , un+1

h  - unh
\bigr) 
 - 
\bigl( 
(1 + \gamma n+1)u

n
h  - \gamma n+1u

n - 1
h , un+1

h  - unh
\bigr) 

+
\Bigl( \bigl( 
un+1
h

\bigr) 3
, un+1

h  - unh

\Bigr) 
+A\tau n+1

\bigl( 
\nabla 
\bigl( 
un+1
h  - unh

\bigr) 
,\nabla 
\bigl( 
un+1
h  - unh

\bigr) \bigr) 
:= J1 + J2 + J3 + J4 + J5.

For the time difference term J1, we have

J1 =
1

\tau n+1

\Biggl( 
1 + 2\gamma n+1

1 + \gamma n+1
un+1
h  - (1 + \gamma n+1)u

n
h +

(\gamma n+1)
2

1 + \gamma n+1
un - 1
h , ( - \Delta h)

 - 1 \bigl( 
un+1
h  - unh

\bigr) \Biggr) 

=
2 + 4\gamma n+1  - (\gamma n+1)

2

2 (1 + \gamma n+1)

\| un+1
h  - unh\| 2 - 1,h

\tau n+1
 - \gamma n+1

2 (1 + \gamma n+1)

\| unh  - un - 1
h \| 2 - 1,h

\tau n

+
(\gamma n+1)

2

2 (1 + \gamma n+1) \tau n+1
\| un+1

h  - 2unh + un - 1
h \| 2 - 1,h.

For the highest order diffusion term J2, we have

J2 =  - 
\bigl( 
\varepsilon 2\Delta hu

n+1
h , un+1

h  - unh
\bigr) 
=
\varepsilon 2

2

\bigl( 
\| \nabla un+1

h \| 2  - \| \nabla unh\| 2 + \| \nabla un+1
h  - \nabla unh\| 2

\bigr) 
.

For the backwards diffusive term J3, we have

J3 =  - 
\bigl( 
(1 + \gamma n+1)u

n
h  - \gamma n+1u

n - 1
h , un+1

h  - unh
\bigr) 

=  - 
\bigl( 
unh, u

n+1
h  - unh

\bigr) 
+ \gamma n+1

\bigl( 
un+1
h  - 2unh + un - 1

h , un+1
h  - unh

\bigr) 
 - \gamma n+1\| un+1

h  - unh\| 2

=  - 1

2

\bigl( 
\| un+1

h \| 2  - \| unh\| 2
\bigr) 
+

\biggl( 
1

2
 - \gamma n+1

2

\biggr) 
\| un+1

h  - unh\| 2  - 
\gamma n+1

2
\| unh  - un - 1

h \| 2

+
\gamma n+1

2
\| un+1

h  - 2unh + un - 1
h \| 2.

For the nonlinear term J4, we have

J4 =
\Bigl( \bigl( 
un+1
h

\bigr) 3
, un+1

h  - unh

\Bigr) 
=

1

4

\bigl( 
\| un+1

h \| 4L4  - \| unh\| 4L4

\bigr) 
+

1

4
\| 
\bigl( 
un+1
h

\bigr) 2  - (unh)
2 \| 2 + 1

2
\| un+1

h

\bigl( 
un+1
h  - unh

\bigr) 
\| 2.
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Finally, for the stabilizing term J5, we have

J5 = A\tau n+1

\bigl( 
\nabla 
\bigl( 
un+1
h  - unh

\bigr) 
,\nabla un+1

h  - unh
\bigr) 
= A\tau n+1\| \nabla 

\bigl( 
un+1
h  - unh

\bigr) 
\| 2.

Combining the above estimates, and ignoring some of the positive terms on the left-
hand side, we have

(3.3)

1

4
\| un+1

h \| 4L4  - 1

2
\| un+1

h \| 2 + \varepsilon 2

2
\| \nabla un+1

h \| 2 + g1(\gamma n+1)
\| un+1

h  - un
h\| 2 - 1,h

\tau n+1

+

\biggl( 
1

2
 - \gamma n+1

2

\biggr) 
\| un+1

h  - un
h\| 2 +A\tau n+1\| \nabla 

\bigl( 
un+1
h  - un

h

\bigr) 
\| 2

\leq 1

4
\| un

h\| 4L4  - 1

2
\| un

h\| 2 +
\varepsilon 2

2
\| \nabla un

h\| 2 +
\gamma n+1

2 (1 + \gamma n+1)

\| un
h  - un - 1

h \| 2 - 1,h

\tau n
+

\gamma n+1

2
\| un

h  - un - 1
h \| 2,

where g1(z) =
2+4z - z2

2(1+z) . By the definition of the discrete energy \scrE , and the fact that

\gamma \ast is a uniform upper bound of all \gamma n, the following estimate holds:

\scrE 
\bigl( 
un+1
h , unh, \tau n+1

\bigr) 
+

\biggl( 
g1(\gamma n+1) - 

\gamma \ast 

2 (1 + \gamma \ast )

\biggr) \| un+1
h  - unh\| 2 - 1,h

\tau n+1

+

\biggl( 
1

2
 - \gamma \ast 

\biggr) 
\| un+1

h  - unh\| 2 +A\tau n+1\| \nabla 
\bigl( 
un+1
h  - unh

\bigr) 
\| 2 \leq \scrE 

\bigl( 
unh, u

n - 1
h , \tau n

\bigr) 
.(3.4)

In the case 0 < \gamma \ast \leq 1
2 , note that g1(z) \geq 1 as 0 < z \leq 2. The energy-decay property

naturally holds for any A \geq 0. In the case \gamma \ast > 1
2 , by (3.1), for any \alpha > 0, we have

\| un+1
h  - unh\| 2 = \| \nabla 

\bigl( 
un+1
h  - unh

\bigr) 
\| \| un+1

h  - unh\|  - 1,h

\leq \tau n+1

2\alpha 
\| \nabla 
\bigl( 
un+1
h  - unh

\bigr) 
\| 2 + \alpha \tau n+1

2

\bigm\| \bigm\| \bigm\| \bigm\| un+1
h  - unh
\tau n+1

\bigm\| \bigm\| \bigm\| \bigm\| 2
 - 1,h

.(3.5)

Now we need to split the case according to different ranges of \gamma \ast . If 1
2 < \gamma \ast < 2, and

setting \alpha = 2+\gamma \ast 

(1+\gamma \ast )(\gamma \ast  - 1
2 )
, then

(3.6) g1(\gamma n+1) - 
\gamma \ast 

2 (1 + \gamma \ast )
 - \alpha 

2

\biggl( 
\gamma \ast  - 1

2

\biggr) 
\geq 0.

The energy-decay property holds for A \geq A0 =
(1+\gamma \ast )(\gamma \ast  - 1

2 )
2

2(2+\gamma \ast ) :

\scrE 
\bigl( 
un+1
h , unh, \tau n+1

\bigr) 
+ (A - A0) \tau n+1\| \nabla 

\bigl( 
un+1
h  - unh

\bigr) 
\| 2 \leq \scrE 

\bigl( 
unh, u

n - 1
h , \tau n

\bigr) 
.

If 2 \leq \gamma \ast < 3+
\surd 
17

2 , we set \alpha = 2+3\gamma \ast  - (\gamma \ast )2

(1+\gamma \ast )(\gamma \ast  - 1
2 )
. It is straightforward to check

that inequality (3.6) (thus the energy-decay property) still holds for A \geq A0 =
(1+\gamma \ast )(\gamma \ast  - 1

2 )
2

2(2+3\gamma \ast  - (\gamma \ast )2)
.

Remark 3.1. In the convergence analysis, we will assume that 1 \leq \gamma \ast < 2. As a
result, a mild requirement that A \geq 1 is sufficient to ensure energy stability.

For the initial step, we have the following well-known stability for the initialization
scheme (2.8):

(3.7) E(u1h) + \tau 1

\bigm\| \bigm\| \bigm\| \bigm\| u1h  - u0h
\tau 1

\bigm\| \bigm\| \bigm\| \bigm\| 2
 - 1,h

= E(u1h) + \tau 1
\bigm\| \bigm\| \nabla w1

h

\bigm\| \bigm\| 2 \leq E(u0h).
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Now we are able to obtain a uniform-in-timeH1 estimate of the numerical solution
similar to the constant step case (see [67]).

Theorem 3.2. Suppose that the initial datum is bounded in the following sense:

(3.8) E(u0h) +
\gamma \ast 

1 + 2\gamma \ast 
\| u0h\| 2 \leq C0

1 + 2\gamma \ast 

for some C0 that is independent of h. Define \kappa A := A  - A0. Then, there exists a
constant C1, which depends on C0, \Omega , \gamma 

\ast , and \varepsilon but is independent of h and \tau , such
that for any m \geq 1

(3.9) \| umh \| 2H1 + \kappa A

m\sum 
n=1

\tau n

\bigm\| \bigm\| \bigm\| \bigm\| unh  - un - 1
h

\tau n

\bigm\| \bigm\| \bigm\| \bigm\| 2
 - 1,h

+ \kappa A

m\sum 
n=1

\tau n \| wn
h\| \leq C1.

4. Convergence analysis and error estimate. We denote by (u,w) the exact
solution to the original Cahn--Hilliard equation (1.2). We say that the solution pair
is of regularity of class \scrC if and only if

u \in W 3,\infty (0, T ;L2) \cap W 1,\infty (0, T ;Hq+1) and w \in L\infty (0, T ;Hq+1).

Such a regularity assumption on the exact solution is standard in numerical analysis.
Let us denote un+1 := u (tn+1) , w

n+1 := w (tn+1); then we have\left\{               

\bigl( 
Dun+1, vh

\bigr) 
=
\bigl( 
\nabla wn+1,\nabla vh

\bigr) 
+
\bigl( 
Rn+1

1 , vh
\bigr) 

\forall vh \in Sh,\bigl( 
wn+1, \phi h

\bigr) 
= - 

\bigl( 
\varepsilon 2\nabla un+1,\nabla \phi h

\bigr) 
+
\bigl( 
Tn
1,u, \phi h

\bigr) 
 - 
\Bigl( \bigl( 
un+1

\bigr) 3
, \phi h

\Bigr) 
 - A\tau n+1

\bigl( 
\nabla 
\bigl( 
un+1  - un

\bigr) 
,\nabla \phi h

\bigr) 
+
\bigl( 
Rn+1

2 , \phi h
\bigr) 
+
\bigl( 
Rn+1

3 , \phi h
\bigr) 

\forall \phi h \in Sh,

(4.1)

where

Dun+1 =

\Biggl\{ 
1

\tau n+1

\Bigl( 
1+2\gamma n+1

1+\gamma n+1
un+1  - (1 + \gamma n+1)u

n + (\gamma n+1)
2

1+\gamma n+1
un - 1

\Bigr) 
, n \geq 1,

1
\tau n+1

\bigl( 
un+1  - un

\bigr) 
, n = 0,

Tn
1,u = (1 + \gamma n+1)u

n  - \gamma n+1u
n - 1,

Rn+1
1 = Dun+1  - un+1

t ,

Rn+1
2 = un+1  - 

\biggl\{ 
(1 + \gamma n+1)u

n  - \gamma n+1u
n - 1, n \geq 1,

u0, n = 0,

Rn+1
3 =

\biggl\{ 
 - A\tau n+1\Delta 

\bigl( 
un+1  - un

\bigr) 
, n \geq 1,

0, n = 0.

R1 corresponds to the truncation error associated with the variable step BDF2 time
derivative, R2 is associated with the linear extrapolation, and R3 is determined by
the discrete viscous regularization term.

It is straightforward to verify the following bounds for the truncation errors
Rn+1

1 , Rn+1
2 , Rn+1

3 .

Lemma 4.1 (truncation errors). If 0 < \gamma n+1 \leq \gamma \ast , there exists a constant C,
depending on \gamma \ast , such that

\| Rn+1
1 \| 2 \leq 

\Biggl\{ 
C (\tau n+1 + \tau n)

3 \int tn+1

tn - 1
\| \partial tttu\| 2ds, n \geq 1,

\tau 1
3

\int t1
t0

\| \partial ttu (s) \| 2ds, n = 0,
(4.2)
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\| Rn+1
2 \| 2 \leq 

\Biggl\{ 
C (\tau n+1 + \tau n)

3 \int tn+1

tn - 1
\| \partial ttu\| 2ds, n \geq 1,

\tau 1
\int t1
t0

\| \partial tu\| 2ds, n = 0,
(4.3)

\| Rn+1
3 \| 2 \leq 

\biggl\{ 
A2 (\tau n+1)

3 \int tn+1

tn
\| \partial t\Delta u (s) \| 2ds, n \geq 1,

0, n = 0.
(4.4)

Let us introduce the standard error functions:

enu := un  - unh, enw := wn  - wn
h , \rho n+1 := un+1  - Rhu

n+1,

\rho n+1
w := wn+1  - Rhw

n+1, \sigma n+1
h := Rhu

n+1  - un+1
h .

Then we get en+1
u = \rho n+1 + \sigma n+1

h . By definition (2.2) of Ritz projection, it holds
that (\nabla \rho n+1

w ,\nabla \chi ) = 0 for all \chi \in Sh. Together with the definition of the discrete
Laplacian \Delta h, we have (see, for instance, [67])

(4.5) (\nabla en+1
w ,\nabla vh) = (en+1

w , - \Delta hvh) - (wn+1  - Rhw
n+1, - \Delta hvh) \forall vh \in Sh.

Taking the difference of the scheme (2.5) and (4.1), setting \phi h =  - \Delta hvh, and adding
the two equations, we deduce the following error equation:\bigl( 

D\sigma n+1
h , vh

\bigr) 
+
\bigl( 
\varepsilon 2\nabla \sigma n+1

h ,\nabla ( - \Delta hvh)
\bigr) 
+ \tau n+1

\bigl( 
\nabla Tn+1

2 ,\nabla ( - \Delta hvh)
\bigr) 

=
\bigl( 
Tn
1,\sigma , - \Delta hvh

\bigr) 
 - 
\Bigl( \bigl( 
un+1

\bigr) 3  - \bigl( un+1
h

\bigr) 3
, - \Delta hvh

\Bigr) 
+Rn+1(vh),(4.6)

where

Rn+1(vh) =
\bigl( 
Rn+1

1 , vh
\bigr) 
+
\bigl( 
Rn+1

2 , - \Delta hvh
\bigr) 
+
\bigl( 
Rn+1

3 , - \Delta hvh
\bigr) 

+
\bigl( 
Rhw

n+1  - wn+1, - \Delta hvh
\bigr) 
 - 
\bigl( 
D\rho n+1, vh

\bigr) 
+
\bigl( 
Tn
1,\rho , - \Delta hvh

\bigr) 
,

and

Tn
1,\sigma =

\biggl\{ 
(1 + \gamma n+1)\sigma 

n
h  - \gamma n+1\sigma 

n - 1
h , n \geq 1,

0, n = 0,

Tn
1,\rho =

\biggl\{ 
(1 + \gamma n+1) \rho 

n  - \gamma n+1\rho 
n - 1, n \geq 1,

\rho 0, n = 0,

Tn+1
2 =

\biggl\{ 
A
\bigl( 
\sigma n+1
h  - \sigma n

h

\bigr) 
, n \geq 1,

0, n = 0.

The following lemmas will provide estimates for all the terms on the right-hand
side of the error equation.

Lemma 4.2 (estimate for the term Rn+1(vh)). There exists C > 0 which depends
on \varepsilon and \gamma \ast , such that

Rn+1(vh) \leq C\scrR n+1
1 +

1

8
\| vh\| 2 +

\varepsilon 2

4
\| \Delta hvh\| 2 \forall n \geq 1,(4.7)

R1(vh) \leq C\scrR 1
1 +

1

8\tau 1
\| vh\| 2 +

1

16
\| vh\| 2 +

\varepsilon 2

4
\| \Delta hvh\| 2 ,(4.8)

where

\scrR n+1
1 = (\tau n+1 + \tau n)

3

\Biggl( \int tn+1

tn - 1

\| \partial tttu\| 2ds+
\int tn+1

tn - 1

\| \partial ttu\| 2ds

\Biggr) D
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+\tau 3n+1

\int tn+1

tn

\| \partial t\Delta u (s) \| 2ds+
h2(q+1)

\tau n+1

\int tn+1

tn - 1

\| \partial tu\| 2Hq+1ds

+h2(q+1)
\bigl( 
\| wn+1\| 2Hq+1 + \| un\| 2Hq+1 + \| un - 1\| 2Hq+1

\bigr) 
,

\scrR 1
1 = \tau 21

\int t1

t0

\| \partial ttu (s) \| 2ds+ \tau 21

\int t1

t0

\| \partial t\Delta u\| 2ds+
h2(q+1)

\tau 1

\int t1

t0

\| \partial tu\| 2Hq+1ds

+h2(q+1)(\| w1\| 2Hq+1 + \| u0\| 2Hq+1).

Proof. If n \geq 1, by the Cauchy--Schwarz inequality, Rn+1(vh) could be bounded
by

Rn+1(vh) \leq 4
\Bigl( \bigm\| \bigm\| Rn+1

1

\bigm\| \bigm\| 2 + \bigm\| \bigm\| D\rho n+1
\bigm\| \bigm\| \Bigr) (4.9)

+
4

\varepsilon 2

\Bigl( \bigm\| \bigm\| Rn+1
2

\bigm\| \bigm\| 2 + \bigm\| \bigm\| Rn+1
3

\bigm\| \bigm\| 2 + \bigm\| \bigm\| Rhw
n+1  - wn+1

\bigm\| \bigm\| 2 + \bigm\| \bigm\| Tn
1,\rho 

\bigm\| \bigm\| 2\Bigr) 
+
1

8
\| vh\| 2 +

\varepsilon 2

4
\| \Delta hvh\| 2 .

For the term involving wn+1, by the property of Ritz projection, we have

(4.10) \| Rhw
n+1  - wn+1\| 2 \leq Ch2(q+1)\| wn+1\| Hq+1 .

The estimates for the differential term D\rho n+1 and the concave term Tn
1,\rho could be

obtained analogously:

\| D\rho n+1\| 2 = \| (I  - Rh)Du
n+1\| 2 \leq Ch2(q+1)\| Dun+1

h \| 2(4.11)

\leq C

\tau n+1
h2(q+1)

\int tn+1

tn - 1

\| \partial tu\| 2Hq+1ds,

and \bigm\| \bigm\| Tn
1,\rho 

\bigm\| \bigm\| 2 =
\bigm\| \bigm\| (1 + \gamma n+1)\rho 

n  - \gamma n+1\rho 
n - 1
\bigm\| \bigm\| 2(4.12)

\leq Ch2(q+1)((1 + \gamma \ast )\| un\| 2Hq+1 + \gamma \ast \| un - 1\| 2Hq+1)

\leq Ch2(q+1)(\| un\| 2Hq+1 + \| un - 1\| 2Hq+1).

If n = 0, by the Cauchy--Schwarz inequality, the R1(vh) could be bounded by

R1(vh) \leq 4\tau 1
\bigm\| \bigm\| R1

1

\bigm\| \bigm\| 2 + 4
\bigm\| \bigm\| D\rho 1\bigm\| \bigm\| + \bigl( R1

2, - \Delta hvh
\bigr) 

(4.13)

+
4

\varepsilon 2

\Bigl( \bigm\| \bigm\| R1
3

\bigm\| \bigm\| 2 + \bigm\| \bigm\| Rhw
1  - w1

\bigm\| \bigm\| 2 + \bigm\| \bigm\| Tn
1,\rho 

\bigm\| \bigm\| 2\Bigr) 
+

1

16\tau 1
\| vh\| 2 +

1

16
\| vh\| 2 +

3\varepsilon 2

16
\| \Delta hvh\| 2 .

For the term
\bigl( 
R1

2, - \Delta hvh
\bigr) 
, we have (see [67])

\bigl( 
R1

2, - \Delta hvh
\bigr) 
\leq \varepsilon 2

16
\| \Delta hvh\| 2 +

4C

\varepsilon 2
h2(q+1)

\tau 1

\int t1

t0

\| \partial tu\| 2Hq+1ds+
1

16\tau 1
\| vh\| 2 + 4\tau 2

1

\int t1

t0

\| \partial t\Delta u\| 2ds.

Following the same process for estimating \| D\rho n+1\| 2, we have

\| D\rho 1\| 2 = \| (I  - Rh)Du
1\| 2 \leq C

\tau 1
h2(q+1)

\int t1

t0

\| \partial tu\| 2Hq+1ds.(4.14)

Combining all the inequalities above, we obtain the desired estimate for Rn+1(vh).
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We now deal with the nonlinear convex term.

Lemma 4.3 (estimate for the nonlinear term). If we take vh = \sigma n+1
h in the error

equation, then there exists C > 0, such that\Bigl( \bigl( 
un+1

\bigr) 3  - \bigl( un+1
h

\bigr) 3
,\Delta h\sigma 

n+1
h

\Bigr) 
\leq C

\varepsilon 2
h2(q+1)\| un+1\| 2Hq+1 +

C

\varepsilon 6
\| \sigma n+1

h \| 2 + \varepsilon 2

8
\| \Delta h\sigma 

n+1
h \| 2.

And if we take vh = \sigma n+1
h  - \sigma n

h , then there exists C > 0, such that\Bigl( \bigl( 
un+1

\bigr) 3  - \bigl( un+1
h

\bigr) 3
,\Delta h

\bigl( 
\sigma n+1
h  - \sigma n

h

\bigr) \Bigr) 
\leq C

\varepsilon 2
h2(q+1)\| un+1\| 2Hq+1 +

C

\varepsilon 6
\delta \| \sigma n+1

h \| 2

+
\varepsilon 2

8
\| \Delta h

\bigl( 
\sigma n+1
h  - \sigma n

h

\bigr) 
\| 2 + \varepsilon 2

16\delta 
\| \Delta h\sigma 

n+1
h \| 2

for any \delta > 0.

Proof. First we notice that\bigl( 
un+1

\bigr) 3  - \bigl( un+1
h

\bigr) 3
=
\bigl( 
un+1

\bigr) 3  - \bigl( Rhu
n+1
\bigr) 3

+
\bigl( 
Rhu

n+1
\bigr) 3  - \bigl( un+1

h

\bigr) 3
,

which separates the nonlinear term into two parts.
For the first part, the regularity assumption yields

\| 
\bigl( 
un+1

\bigr) 3  - \bigl( Rhu
n+1
\bigr) 3 \| 2 = \| \rho n+1[

\bigl( 
un+1

\bigr) 2
+ un+1Rhu

n+1 +
\bigl( 
Rhu

n+1
\bigr) 2
]\| 2

\leq 4\| \rho n+1\| 2\| 
\bigl( 
un+1

\bigr) 2
+
\bigl( 
Rhu

n+1
\bigr) 2 \| 2

\leq 8\| \rho n+1\| 2
\bigl( 
\| un+1\| 4L4 + \| Rhu

n+1\| 4L4

\bigr) 
\leq Ch2(q+1)\| un+1\| 2Hq+1 .(4.15)

If we take vh = \sigma n+1
h , according to (4.15) and the Cauchy--Schwarz inequality, we

have\Bigl( \bigl( 
un+1

\bigr) 3  - \bigl( Rhu
n+1
\bigr) 3
,\Delta h\sigma 

n+1
h

\Bigr) 
\leq \| 

\bigl( 
un+1

\bigr) 3  - \bigl( Rhu
n+1
\bigr) 3 \| \| \sigma n+1

h \| 

\leq C

\varepsilon 2
h2(q+1)\| un+1\| 2Hq+1 +

\varepsilon 2

16
\| \Delta h\sigma 

n+1
h \| 2.(4.16)

Similarly, if we take vh = \sigma n+1
h  - \sigma n

h , we have\Bigl( \bigl( 
un+1\bigr) 3  - \bigl( 

Rhu
n+1\bigr) 3 ,\Delta h

\bigl( 
\sigma n+1
h  - \sigma n

h

\bigr) \Bigr) 
\leq \| 

\bigl( 
un+1\bigr) 3  - \bigl( 

Rhu
n+1\bigr) 3 \| \| \Delta h

\bigl( 
\sigma n+1
h  - \sigma n

h

\bigr) 
\| 

\leq C

\varepsilon 2
h2(q+1)\| un+1\| 2Hq+1 +

\varepsilon 2

16
\| \Delta h

\bigl( 
\sigma n+1
h  - \sigma n

h

\bigr) 
\| 2.(4.17)

For the discussion of the second part of the nonlinear term, we define \=u0 =
1
| \Omega | (u0, 1). Then (Rhu

n  - \=u0, 1) = (unh  - \=u0, 1) = 0. In particular, for all 0 \leq n \leq NT ,

observe that
\bigl( 
\sigma n+1
h , 1

\bigr) 
= 0. Applying the embedding theorem H1(\Omega ) \lhook \rightarrow L6(\Omega ), we

have \Bigl( \bigl( 
Rhu

n+1
\bigr) 3  - \bigl( un+1

h

\bigr) 3
,\Delta hvh

\Bigr) 
=
\Bigl( \Bigl( \bigl( 

Rhu
n+1
\bigr) 2

+
\bigl( 
un+1
h

\bigr) 2
+Rhu

n+1un+1
h

\Bigr) 
\sigma n+1
h ,\Delta hvh

\Bigr) 
\leq \| 

\bigl( 
Rhu

n+1
\bigr) 2

+
\bigl( 
un+1
h

\bigr) 2
+Rhu

n+1un+1
h \| L3\| \sigma n+1

h \| L6\| \Delta hvh\| 
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\leq 2C
\bigl( 
\| Rhu

n+1\| 2L6 + \| un+1
h \| 2L6

\bigr) 
\| \nabla \sigma n+1

h \| \| \Delta hvh\| 

\leq 4C
\Bigl( 
\| Rhu

n+1  - \=u0\| 2L6 + \| un+1
h  - \=u0\| 2L6 + 2| \Omega | 13 | \=u0| 2

\Bigr) 
\| \nabla \sigma n+1

h \| \| \Delta hvh\| 

\leq 4C
\Bigl( 
\| \nabla Rhu

n+1\| 2 + \| \nabla un+1
h \| 2 + 2| \Omega | 13 | \=u0| 2

\Bigr) 
\| \nabla \sigma n+1

h \| \| \Delta hvh\| .

If we take vh = \sigma n+1
h , according to the H1 bound of the discrete solution unh, we have

(4.18)\Bigl( \bigl( 
Rhu

n+1
\bigr) 3  - \bigl( un+1

h

\bigr) 3
,\Delta h\sigma 

n+1
h

\Bigr) 
\leq C\| \nabla \sigma n+1

h \| \| \Delta h\sigma 
n+1
h \| \leq C\| \sigma n+1

h \| 1
2 \| \Delta h\sigma 

n+1
h \| 3

2 \leq C

\varepsilon 6
\| \sigma n+1

h \| 2 + \varepsilon 2

16
\| \Delta h\sigma 

n+1
h \| 2,

where we have utilized Young's inequality in the last step.
If we take vh = \sigma n+1

h  - \sigma n
h , it follows in an analogous way that\Bigl( \bigl( 

Rhu
n+1
\bigr) 3  - \bigl( un+1

h

\bigr) 3
,\Delta h

\bigl( 
\sigma n+1
h  - \sigma n

h

\bigr) \Bigr) 
\leq C\| \nabla \sigma n+1

h \| \| \Delta h

\bigl( 
\sigma n+1
h  - \sigma n

h

\bigr) 
\| 

\leq C\| \sigma n+1
h \| 1

2 \| \Delta h\sigma 
n+1
h \| 1

2 \| \Delta h

\bigl( 
\sigma n+1
h  - \sigma n

h

\bigr) 
\| 

\leq C

\varepsilon 6
\delta \| \sigma n+1

h \| 2 + \varepsilon 2

16\delta 
\| \Delta h\sigma 

n+1
h \| 2 + \varepsilon 2

16
\| \Delta h

\bigl( 
\sigma n+1
h  - \sigma n

h

\bigr) 
\| 2.(4.19)

As a result, if we take vh = \sigma n+1
h , a combination of (4.16) and (4.18) yields\Bigl( \bigl( 

un+1
\bigr) 3  - \bigl( un+1

h

\bigr) 3
,\Delta h\sigma 

n+1
h

\Bigr) 
\leq C

\varepsilon 2
h2(q+1)\| un+1\| 2Hq+1 +

C

\varepsilon 6
\| \sigma n+1

h \| 2 + \varepsilon 2

8
\| \Delta h\sigma 

n+1
h \| 2.

If we take vh = \sigma n+1
h  - \sigma n

h , a combination of (4.17) and (4.19) yields\Bigl( \bigl( 
un+1

\bigr) 3  - \bigl( un+1
h

\bigr) 3
,\Delta h

\bigl( 
\sigma n+1
h  - \sigma n

h

\bigr) \Bigr) 
\leq C

\varepsilon 2
h2(q+1)\| un+1\| 2Hq+1 +

C

\varepsilon 6
\delta \| \sigma n+1

h \| 2

+
\varepsilon 2

8
\| \Delta h

\bigl( 
\sigma n+1
h  - \sigma n

h

\bigr) 
\| 2 + \varepsilon 2

16\delta 
\| \Delta h\sigma 

n+1
h \| 2.

Therefore, the desired estimate for the nonlinear term has been established.

In addition, by the Cauchy--Schwarz inequality, the concave (extrapolation) term
could be bounded by\bigl( 

Tn
1,\sigma , - \Delta hvh

\bigr) 
(4.20)

\leq 

\Biggl\{ 
4
\varepsilon 2

\bigm\| \bigm\| Tn
1,\sigma 

\bigm\| \bigm\| 2
+ \varepsilon 2

16
\| \Delta hvh\| 2 \leq C

\varepsilon 2

\Bigl( 
\| \sigma n

h\| 2 +
\bigm\| \bigm\| \sigma n - 1

h

\bigm\| \bigm\| 2
\Bigr) 
+ \varepsilon 2

16
\| \Delta hvh\| 2 , n \geq 1,

0, n = 0.

Here the constant C depends on \gamma \ast .
Together with Lemmas 4.2 and 4.3, we could get the error bounds for the right-

hand side of the error equation (4.6), as is stated in the following lemma.

Lemma 4.4 (estimate for the right-hand side of the error equation). There exist
a constant C > 0 which depends on \varepsilon and \gamma \ast , and C2 > 0 which depends on \gamma \ast , such
that\bigl( 

Tn
1,\sigma , - \Delta hvh

\bigr) 
 - 

\biggl( \bigl( 
un+1

\bigr) 3  - 
\Bigl( 
un+1
h

\Bigr) 3
, - \Delta hvh

\biggr) 
+Rn+1(vh)
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\leq C\scrR n+1
2 +

C2

\varepsilon 6
\| \sigma n+1

h \| 2 +
C2

\varepsilon 2

\Bigl( 
\| \sigma n

h\| 
2 + \| \sigma n - 1

h \| 2
\Bigr) 

+

\left\{       
1
8

\bigm\| \bigm\| \bigm\| \sigma n+1
h

\bigm\| \bigm\| \bigm\| 2 + 7\varepsilon 2

16

\bigm\| \bigm\| \bigm\| \Delta h\sigma 
n+1
h

\bigm\| \bigm\| \bigm\| 2 if vh = \sigma n+1
h , \forall n \geq 1,

1
8

\bigm\| \bigm\| \bigm\| \sigma n+1
h  - \sigma n

h

\bigm\| \bigm\| \bigm\| 2 + 7\varepsilon 2

16

\bigm\| \bigm\| \bigm\| \Delta h(\sigma 
n+1
h  - \sigma n

h )
\bigm\| \bigm\| \bigm\| 2 + \varepsilon 2

16\delta 

\bigm\| \bigm\| \bigm\| \Delta h\sigma 
n+1
h

\bigm\| \bigm\| \bigm\| 2 if vh = \sigma n+1
h  - \sigma n

h ,\forall n \geq 1,\bigl( 
T 0
1,\sigma , - \Delta hvh

\bigr) 
 - 

\Bigl( \bigl( 
u1

\bigr) 3  - 
\bigl( 
u1
h

\bigr) 3
, - \Delta hvh

\Bigr) 
+R1(vh)

\leq C\scrR 1
2 +

C2

\varepsilon 6
\| v1h\| 

2 +
1

8\tau 1
\| vh\| 2 +

1

16
\| vh\| 2 +

3\varepsilon 2

8
\| \Delta hvh\| 2 ,

where

\scrR n+1
2 = (\tau n+1 + \tau n)

3

\Biggl( \int tn+1

tn - 1

\| \partial tttu\| 2ds+
\int tn+1

tn - 1

\| \partial ttu\| 2ds

\Biggr) 

+\tau 3n+1

\int tn+1

tn

\| \partial t\Delta u (s) \| 2ds+
h2(q+1)

\tau n+1

\int tn+1

tn - 1

\| \partial tu\| 2Hq+1ds

+h2(q+1)
\bigl( 
\| wn+1\| 2Hq+1 + \| un+1\| 2Hq+1 + \| un\| 2Hq+1 + \| un - 1\| 2Hq+1

\bigr) 
,

\scrR 1
2 = \tau 21

\int t1

t0

\| \partial ttu (s) \| 2ds+ \tau 21

\int t1

t0

\| \partial t\Delta u\| 2ds+
h2(q+1)

\tau 1

\int t1

t0

\| \partial tu\| 2Hq+1ds

+h2(q+1)(\| u1\| 2Hq+1 + \| w1\| 2Hq+1 + \| u0\| 2Hq+1).

Now we focus our attention on the left-hand side of the error equation (4.6).

Lemma 4.5 (estimate for the left-hand side of the error equation). Denote

\lambda n+1 =
\gamma 2n+1

(1 + \gamma n+1)2
.

We have, corresponding to the case of n = 1 in the error equation (4.6),\bigl( 
D\sigma 1

h, vh
\bigr) 
+
\bigl( 
\varepsilon 2\nabla \sigma 1

h,\nabla ( - \Delta hvh)
\bigr) 
+ \tau 1

\bigl( 
\nabla T 1

2 ,\nabla ( - \Delta hvh)
\bigr) 

=
1

2\tau 1

\bigl( 
\| \sigma 1

h\| 2  - \| \sigma 0
h\| 2 + \| \sigma 1

h  - \sigma 0
h\| 2
\bigr) 
+ \varepsilon 2\| \Delta h\sigma 

1
h\| 2.

For n \geq 1, if we take vh = \sigma n+1
h , the following estimate holds for the left-hand side

of the error equation:\bigl( 
D\sigma n+1

h , vh
\bigr) 
+

\bigl( 
\varepsilon 2\nabla \sigma n+1

h ,\nabla ( - \Delta hvh)
\bigr) 
+ \tau n+1

\bigl( 
\nabla Tn+1

2 ,\nabla ( - \Delta hvh)
\bigr) 

\geq (1 + \gamma n+1)

2\tau n+1

\bigl( 
\| \sigma n+1

h \| 2  - \| \sigma n
h\| 2  - \lambda n+1

\bigl( 
\| \sigma n+1

h \| 2  - \| \sigma n - 1
h \| 2

\bigr) \bigr) 
+
(1 + \gamma n+1)

2\tau n+1

\bigl( 
(1 - 2\lambda n+1) \| \sigma n+1

h  - \sigma n
h\| 2  - 2\lambda n+1\| \sigma n

h  - \sigma n - 1
h \| 2

\bigr) 
+

\biggl( 
1

2
A\tau n+1 + \varepsilon 2

\biggr) 
\| \Delta h\sigma 

n+1
h \| 2  - 1

2
A\tau n+1\| \Delta h\sigma 

n
h\| 2 +

1

2
A\tau n+1\| \Delta h(\sigma 

n+1
h  - \sigma n

h )\| 2.(4.21)

And if we take vh = \sigma n+1
h  - \sigma n

h , the following estimate holds for the left-hand side of
the error equation:\bigl( 

D\sigma n+1
h , vh

\bigr) 
+
\bigl( 
\varepsilon 2\nabla \sigma n+1

h ,\nabla ( - \Delta hvh)
\bigr) 
+ \tau n+1

\bigl( 
\nabla Tn+1

2 ,\nabla ( - \Delta hvh)
\bigr) 

\geq (1 + \gamma n+1)

2\tau n+1

\bigl( 
(2 - 3\lambda n+1)\| \sigma n+1

h  - \sigma n
h\| 2  - \lambda n+1\| \sigma n

h  - \sigma n - 1
h \| 2
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+
\varepsilon 2

2
\| \Delta h\sigma 

n+1
h \| 2  - \varepsilon 2

2
\| \Delta h\sigma 

n
h\| 2 +

\biggl( 
\varepsilon 2

2
+A\tau n+1

\biggr) 
\| \Delta h(\sigma 

n+1
h  - \sigma n

h)\| 2(4.22)

for any \delta > 0.

Proof. First, we take vh = \sigma n+1
h . If n \geq 1, according to the inequality \| \sigma n+1

h  - 
\sigma n - 1
h \| 2 \leq 2\| \sigma n+1

h  - \sigma n
h\| 2+2\| \sigma n

h  - \sigma 
n - 1
h \| 2, the term (D\sigma n+1

h , \sigma n+1
h ) could be bounded

below:\bigl( 
D\sigma n+1

h , \sigma n+1
h

\bigr) 
=

1

\tau n+1

\biggl( 
(1 + \gamma n+1)

\bigl( 
\sigma n+1
h  - \sigma n

h

\bigr) 
 - (\gamma n+1)

2

1 + \gamma n+1

\bigl( 
\sigma n+1
h  - \sigma n - 1

h

\bigr) 
, \sigma n+1

h

\biggr) 
=

(1 + \gamma n+1)

2\tau n+1

\bigl( 
\| \sigma n+1

h \| 2  - \| \sigma n
h\| 2 + \| \sigma n+1

h  - \sigma n
h\| 2
\bigr) 

 - (1 + \gamma n+1)

2\tau n+1
\lambda n+1

\bigl( 
\| \sigma n+1

h \| 2  - \| \sigma n - 1
h \| 2 + \| \sigma n+1

h  - \sigma n - 1
h \| 2

\bigr) 
\geq (1 + \gamma n+1)

2\tau n+1

\bigl( 
\| \sigma n+1

h \| 2  - \| \sigma n
h\| 2  - \lambda n+1

\bigl( 
\| \sigma n+1

h \| 2  - \| \sigma n - 1
h \| 2

\bigr) \bigr) 
+
(1 + \gamma n+1)

2\tau n+1

\bigl( 
(1 - 2\lambda n+1) \| \sigma n+1

h  - \sigma n
h\| 2  - 2\lambda n+1\| \sigma n

h  - \sigma n - 1
h \| 2

\bigr) 
.

If n = 0, we have\bigl( 
D\sigma 1

h, \sigma 
1
h

\bigr) 
=

1

\tau 1

\bigl( 
\sigma 1
h  - \sigma 0

h, \sigma 
1
h

\bigr) 
=

1

2\tau 1

\bigl( 
\| \sigma 1

h\| 2  - \| \sigma 0
h\| 2 + \| \sigma 1

h  - \sigma 0
h\| 2
\bigr) 
.

If we take vh = \sigma n+1
h  - \sigma n

h , then\bigl( 
D\sigma n+1

h , \sigma n+1
h  - \sigma n

h

\bigr) 
\geq (1 + \gamma n+1)

2\tau n+1

\biggl( 
2 + 4\gamma n+1  - (\gamma n+1)

2

(1 + \gamma n+1)2
\| \sigma n+1

h  - \sigma n
h\| 2  - 

(\gamma n+1)
2

(1 + \gamma n+1)2
\| \sigma n

h  - \sigma n - 1
h \| 2

\biggr) 
=

(1 + \gamma n+1)

2\tau n+1

\bigl( 
(2 - 3\lambda n+1)\| \sigma n+1

h  - \sigma n
h\| 2  - \lambda n+1\| \sigma n

h  - \sigma n - 1
h \| 2

\bigr) 
.

For the second term, we have\bigl( 
\varepsilon 2\Delta h\sigma 

n+1
h ,\Delta h\sigma 

n+1
h

\bigr) 
= \varepsilon 2\| \Delta h\sigma 

n+1
h \| 2,

and\bigl( 
\varepsilon 2\Delta h\sigma 

n+1
h ,\Delta h

\bigl( 
\sigma n+1
h  - \sigma n

h

\bigr) \bigr) 
=
\varepsilon 2

2

\bigl( 
\| \Delta h\sigma 

n+1
h \| 2  - \| \Delta h\sigma 

n
h\| 2 + \| \Delta h(\sigma 

n+1
h  - \sigma n

h)\| 2
\bigr) 
.

For the last term, we have

\bigl( 
\Delta hT

n+1
2 ,\Delta h\sigma 

n+1
h

\bigr) 
=

\biggl\{ A\tau n+1

2

\bigl( 
\| \Delta h\sigma 

n+1
h \| 2  - \| \Delta h\sigma 

n
h\| 2 + \| \Delta h(\sigma 

n+1
h  - \sigma n

h )\| 2
\bigr) 
, n \geq 1,

0, n = 0,

and \bigl( 
\Delta hT

n+1
2 ,\Delta h

\bigl( 
\sigma n+1
h  - \sigma n

h

\bigr) \bigr) 
= A\tau n+1\| \Delta h(\sigma 

n+1
h  - \sigma n

h)\| 2.

After summing up all these terms, we could obtain the estimate for the left-hand side
of the error equation for vh = \sigma n+1

h and vh = \sigma n+1
h  - \sigma n

h .
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A combination of the previous lemmas gives rise to the following estimate.

Lemma 4.6. Let us take vh = \sigma n+1
h +\delta (\sigma n+1

h  - \sigma n
h) in the error equation. If n \geq 1,

then there exists a constant C3 > 0 which depends on \varepsilon and \gamma \ast , such that

\| \sigma n+1
h \| 2  - \| \sigma n

h\| 2  - \lambda n+1

\bigl( 
\| \sigma n+1

h \| 2  - \| \sigma n - 1
h \| 2

\bigr) 
+(1 + 2\delta  - (2 + 3\delta )\lambda n+1)\| \sigma n+1

h  - \sigma n
h\| 2  - \lambda n+1(\delta + 2)\| \sigma n

h  - \sigma n - 1
h \| 2

+
1

2

\bigl( 
\varepsilon 2(1 + \delta ) +A\tau n+1

\bigr) 
\mu n+1\tau n+1\| \Delta h\sigma 

n+1
h \| 2  - 1

2
(\varepsilon 2\delta +A\tau n+1)\mu n+1\gamma n+1\tau n\| \Delta h\sigma 

n
h\| 2

+
1

2

\biggl( 
\varepsilon 2

8
\delta +A\tau n+1(1 + 2\delta )

\biggr) 
\mu n+1\tau n+1\| \Delta h(\sigma 

n+1
h  - \sigma n

h )\| 2

\leq C3(1 + \delta )\mu n+1\tau n+1

\bigl( 
\| \sigma n+1

h \| 2 + \| \sigma n
h\| 2 + \| \sigma n - 1

h \| 2
\bigr) 
+ C\scrR n+1 \forall n \geq 1,

(4.23)

\| \sigma 1
h\| 2 + \varepsilon 2\tau 1\| \Delta h\sigma 

1
h\| 2 \leq C3\tau 1\| \sigma 1

h\| 2 + C\scrR 1,

(4.24)

where \mu n+1 = 2
1+\gamma n+1

and

\scrR n+1 = (\tau n+1 + \tau n)
3
\tau n+1

\Biggl( \int tn+1

tn - 1

\| \partial tttu\| 2ds+
\int tn+1

tn - 1

\| \partial ttu\| 2ds

\Biggr) 

+\tau 4n+1

\int tn+1

tn

\| \partial t\Delta u (s) \| 2ds+ h2(q+1)

\int tn+1

tn - 1

\| \partial tu\| 2Hq+1ds

+h2(q+1)\tau n+1

\bigl( 
\| wn+1\| 2Hq+1 + \| un\| 2Hq+1 + \| un - 1\| 2Hq+1 + \| un+1\| 2Hq+1

\bigr) 
,

\scrR 1 = \tau 31

\int t1

t0

\| \partial ttu (s) \| 2ds+ \tau 31

\int t1

t0

\| \partial t\Delta u\| 2ds

+h2(q+1)

\biggl( \int t1

t0

\| \partial tu\| 2Hq+1ds+ \tau 1
\bigl( 
\| w1\| 2Hq+1 + \| u0\| 2Hq+1 + \| u1\| 2Hq+1

\bigr) \biggr) 
.

Following the idea of Becker [7], a crude L2 error estimate for uh with an expo-
nential growth factor could be obtained in a straightforward manner. We leave the
details to the interested reader.

Theorem 4.7. For any given final time T =
\sum NT

n=0 \tau n+1 > 0, assume that the
exact solution pair (u,w) is in the regularity class \scrC , and define

\Gamma n =

n\sum 
k=3

[\gamma k - 1  - \gamma k+1]+.(4.25)

If the maximum time step size \tau satisfies

\tau = max
0\leq n\leq NT

\tau n+1 <
1

40C3 (1 + \delta )
,

then there exists \gamma \ast B \in (1, 2), such that if \gamma n \leq \gamma \ast B, we have the following error
estimate:

\| en+1
u \| 2 = \| un+1  - un+1

h \| 2 \leq C
\bigl( 
T, \varepsilon , \gamma \ast , E(u0h),\Gamma n

\bigr) 
\scrR ,

where \scrR is as defined in (1.6), and C
\bigl( 
T, \varepsilon , \gamma \ast , E(u0h),\Gamma n

\bigr) 
may depend on T, \varepsilon , \gamma \ast , E(u0h),

and exp(C\Gamma n).
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Remark 4.1. The exponential prefactor exp(C\Gamma n) appears in all existing work,
even in the linear case [7, 55]. This prefactor could blow up for certain time-step
series at vanishing time-steps. A specific example is the following. Fix a constant
\varsigma > 1; for a choice of the initial step size \tau 1, the first four items of the time-step series
are set to be \tau 1, \varsigma \tau 1, \varsigma \tau 1, \tau 1. The rest of this time series \tau n is obtained by repeating
the first four items for NT

4 times. Therefore, for T = NT

2 (\varsigma + 1)\tau 1,

\Gamma NT
=

NT\sum 
n=3

[\gamma n - 1  - \gamma n+1]+ = NT

\biggl( 
\varsigma  - 1

\varsigma 

\biggr) 
\rightarrow \infty 

when \tau 1 tends to zero. Even for a moderate value of \Gamma NT
, exp(C\Gamma NT

) could be
huge---effectively infinity---due to the nature of the exponential function.

5. Optimal convergence analysis. In this section, we derive a second order in
time error estimate without the undesirable exponential factor exp(C\Gamma n). A common
tool for error estimates for the evolution equation is the discrete Gronwall inequality.
Unfortunately, the classical discrete Gronwall inequality such as that presented in [55]
is not directly applicable to the error inequality (4.23) since it involves the difference
of positive terms. A key ingredient in overcoming this difficulty is the following novel
technical lemma. It can be viewed as a new generalized discrete Gronwall inequality
that is able to deal with the current situation.

Lemma 5.1 (generalized discrete Gronwall inequality). Assume that an, bn, cn, \theta n,
\tau n,\scrR n, and \nu n are nonnegative sequences satisfying \tau n+1

\tau n
\leq \gamma \ast and 0 < \nu n \leq \=\nu < 1.

If there exists a constant 0 < \eta \leq 1 such that

an+1  - an + bn+1 + \theta n+1\tau n+1cn+1 \leq \nu n+1(an  - an - 1 + bn + \theta n\tau ncn) + \eta (1 - \=\nu )\theta n\tau ncn

+C4\tau n+1(an+1 + an + an - 1) +\scrR n+1 \forall n \geq 1,

then

an+1 +

n\sum 
m=1

bm+1 + \theta n+1\tau n+1cn+1 + (1 - \eta )

n - 1\sum 
m=1

\theta m+1\tau m+1cm+1

\leq C4(1 + \gamma \ast + (\gamma \ast )2)

1 - \=\nu 

n+1\sum 
k=1

\tau kak +\scrR \prime 
n,(5.1)

where

\scrR \prime 
n =

\biggl( 
C4

1 - \=\nu 
\tau 2 +

\=\nu 

1 - \=\nu 

\biggr) 
a0+

1

1 - \=\nu 
a1+

\biggl( 
\eta +

\=\nu 

1 - \=\nu 

\biggr) 
\theta 1\tau 1c1+

\=\nu 

1 - \=\nu 
b1+

1

1 - \=\nu 

n\sum 
k=1

\scrR k+1.

Moreover, if we have the time-step restriction \tau n+1 <
1 - \=\nu 

2C4(1+\gamma \ast +(\gamma \ast )2) , we then have

an+1 \leq 2 exp

\Biggl( 
2C4(1 + \gamma \ast + (\gamma \ast )2)

1 - \=\nu 

n\sum 
k=1

\tau k

\Biggr) 
\scrR 

\prime 

n.

Proof. The following inequality follows from recursion and can be verified via
induction:

am+1  - am + bm+1 + \theta m+1\tau m+1cm+1
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\leq 
m+1\prod 
j=2

\nu j(a1  - a0 + b1 + \theta 1\tau 1c1) + \eta (1 - \=\nu )

m\sum 
k=1

m+1\prod 
j=k+2

\nu j\theta k\tau kck

+C4

m\sum 
k=1

m+1\prod 
j=k+2

\nu j\tau k+1(ak+1 + ak + ak - 1) +

m\sum 
k=1

m+1\prod 
j=k+2

\nu j\scrR k+1.

Here we have adopted the convention that a product with empty indices is one.
Since 0 < \nu n+1 \leq \=\nu < 1,

\prod m+1
j=2 \nu j \leq \=\nu m and

\prod m+1
j=k+2 \nu j \leq \=\nu m - k. Hence

am+1  - am + bm+1 + \theta m+1\tau m+1cm+1

\leq \=\nu m| a1  - a0 + b1 + \theta 1\tau 1c1| + \eta (1 - \=\nu )

m\sum 
k=1

\=\nu m - k\theta k\tau kck

+C4

m\sum 
k=1

\=\nu m - k\tau k+1(ak+1 + ak + ak - 1) +

m\sum 
k=1

\=\nu m - k\scrR k+1.

Summing up m from 1 to n and exchanging summation orders, we have

an+1  - a1 +

n\sum 
m=1

bm+1 +

n\sum 
m=1

\theta m+1\tau m+1cm+1

\leq | a1  - a0 + b1 + \theta 1\tau 1c1| 
n\sum 

m=1

\=\nu m + \eta (1 - \=\nu )

n\sum 
m=1

m\sum 
k=1

\=\nu m - k\theta k\tau kck

+C4

n\sum 
m=1

m\sum 
k=1

\=\nu m - k\tau k+1(ak+1 + ak + ak - 1) +

n\sum 
m=1

m\sum 
k=1

\=\nu m - k\scrR k+1

= | a1  - a0 + b1 + \theta 1\tau 1c1| 
n\sum 

k=1

\=\nu m + \eta (1 - \=\nu )

n\sum 
k=1

\theta k\tau kck

\Biggl( 
n\sum 

m=k

\=\nu m - k

\Biggr) 

+C4

n\sum 
k=1

\tau k+1(ak+1 + ak + ak - 1)

\Biggl( 
n\sum 

m=k

\=\nu m - k

\Biggr) 
+

n\sum 
k=1

\scrR k+1

\Biggl( 
n\sum 

m=k

\=\nu m - k

\Biggr) 
.

Since \tau n+1

\tau n
\leq \gamma \ast , we have

an+1  - a1 +

n\sum 
m=1

bm+1 +

n\sum 
m=1

\theta m+1\tau m+1cm+1

\leq \=\nu 

1 - \=\nu 
(a0 + a1 + b1 + \theta 1\tau 1c1) + \eta 

n\sum 
k=1

\theta k\tau kck +
C4(1 + \gamma \ast + (\gamma \ast )2)

1 - \=\nu 

n+1\sum 
k=1

\tau kak +
C4

1 - \=\nu 
\tau 2a0

+
1

1 - \=\nu 

n\sum 
k=1

\scrR k+1.

After moving \eta 
\sum n - 1

k=1 \theta k+1\tau k+1ck+1 to the left side of the inequality, moving a1 to the
right side of the inequality, and absorbing the miscellaneous terms into R\prime 

n, we obtain
(5.1):

an+1 +

n\sum 
m=1

bm+1 + \theta n+1\tau n+1cn+1 + (1 - \eta )

n - 1\sum 
m=1

\theta m+1\tau m+1cm+1
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\leq C4(1 + \gamma \ast + (\gamma \ast )2)

1 - \=\nu 

n+1\sum 
k=1

\tau kak +\scrR \prime 
n.

Moving C4(1+\gamma \ast +(\gamma \ast )2)
1 - \=\nu \tau n+1an+1 to the left of the inequality, and utilizing the addi-

tional time-step constraint on \tau n+1 which makes 1  - C4(1+\gamma \ast +(\gamma \ast )2)
1 - \=\nu \tau n+1 larger than

1
2 , we obtain, after multiplying by 2,

an+1 + 2

n\sum 
m=1

bm+1 + 2\theta n+1\tau n+1cn+1 + 2(1 - \eta )

n - 1\sum 
m=1

\theta m+1\tau m+1cm+1

\leq 2C4(1 + \gamma \ast + (\gamma \ast )2)

1 - \=\nu 

n\sum 
k=1

\tau kak + 2\scrR \prime 
n.

The classical discrete Gronwall's inequality [55] then yields

an+1 + 2

n\sum 
m=1

bm+1 + 2\theta n+1\tau n+1cn+1 + 2(1 - \eta )

n - 1\sum 
m=1

\theta m+1\tau m+1cm+1

\leq 2 exp

\Biggl( 
2C4(1 + \gamma \ast + (\gamma \ast )2)

1 - \=\nu 

n\sum 
k=1

\tau k

\Biggr) 
\scrR 

\prime 

n.

This ends the proof of the lemma.

Our plan now is to recast the error inequality (4.23) into the form of (5.1) so that
the novel generalized discrete Gronwall inequality is applicable.

For this purpose, we recall the following simple useful facts. They will be utilized
in our final theorem, Theorem 5.2: For 0 < \zeta < 1, let us define

(5.2) \ell (\zeta ) =
2
\surd 
13

3
cos

\biggl( 
1

3
arccos

\biggl( 
 - 27\zeta 

26
\surd 
13

 - 8

13
\surd 
13

\biggr) \biggr) 
 - 2

3
.

It is easy to check that \ell (\zeta ) is one of the roots of the equation

(5.3) x3 + 2x2  - 3x - (2 - \zeta ) = 0,

and the other two roots of the equation (5.3) are less than zero. Thus we can conclude
that for all 0 < z < \ell (\zeta ), we have

(5.4) z3 + 2z2  - 3z  - (2 - \zeta ) < 0.

Moreover, the function \ell (\zeta ) monotonically decreases in \zeta . So we have

\ell (\zeta ) < \ell (0) =
2
\surd 
13

3
cos

\biggl( 
1

3
arccos

\biggl( 
 - 8

13
\surd 
13

\biggr) \biggr) 
 - 2

3
\approx 1.343 < 1 +

\surd 
2.

Now we turn to establishing the optimal convergence result.

Theorem 5.2. For any given final time T =
\sum NT

n=0 \tau n+1 > 0 and 0 < \zeta < 1,
suppose that the exact solution pair (u,w) is in the regularity class \scrC . Assume 1 \leq 
\gamma \ast \leq \ell (\zeta ), and the time step size is bounded by
(5.5)

0 < \tau = max
0\leq n\leq NT

\tau n+1 < min

\biggl\{ 
\varepsilon 2\zeta 

2A\gamma \ast 
,

(1 + 2\gamma \ast  - (\gamma \ast )2)2

8C3(1 + 2\gamma \ast )(1 + \gamma \ast + (\gamma \ast )2)(1 + \gamma \ast )2

\biggr\} 
.
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Then, the following error estimate holds:

\| en+1
u \| 2 = \| un+1  - un+1

h \| 2 \leq C\scrR ,(5.6)

where \scrR is as defined in (1.6), and C = C(T, \varepsilon , \gamma \ast , \zeta , E(u0h)) may depend on T, \varepsilon , \gamma \ast , \zeta ,
and initial energy E(u0h).

Proof. In order to apply our generalized discrete Gronwall inequality (Lemma
5.1), we recall and introduce some notation:

\gamma n+1 =
\tau n+1

\tau n
, \mu n+1 =

2

1 + \gamma n+1
, \lambda n+1 =

\gamma 2n+1

(1 + \gamma n+1)2
.

It is easy to see, from the definition of \ell (\zeta ), that

\gamma n+1 \leq \gamma \ast < \ell (0) < 1 +
\surd 
2.

Hence, for all 1 \leq n \leq NT ,

0 <
\lambda n+1

1 - \lambda n+1
=

(\gamma n+1)
2

1 + 2\gamma n+1
\leq (\gamma \ast )2

1 + 2\gamma \ast 
< 1.(5.7)

Now, for a fixed \gamma \ast , we define \delta = \delta \ast \triangleq (1+\gamma \ast )2

1+2\gamma \ast  - (\gamma \ast )2 > 0. This implies\biggl( 
1

\lambda n+1
(1 + 2\delta \ast ) - 2 - 3\delta \ast 

\biggr) 
\lambda n+1

1 - \lambda n+1
\geq \delta \ast + 2,(5.8)

since \lambda n+1 \leq ( \gamma \ast 

1+\gamma \ast )
2 and\biggl( 

1

\lambda n+1
(1 + 2\delta \ast ) - 2 - 3\delta \ast 

\biggr) 
\lambda n+1

1 - \lambda n+1
 - (\delta \ast + 2)

=
1

1 - \lambda n+1
((1 - 2\lambda n+1)\delta 

\ast  - 1) \geq 1

1 - \lambda n+1

\Biggl( \Biggl( 
1 - 2

\biggl( 
\gamma \ast 

1 + \gamma \ast 

\biggr) 2
\Biggr) 
\delta \ast  - 1

\Biggr) 
= 0.

Now for 0 < \tau n+1 \leq \varepsilon 2

2A\gamma \ast \zeta , and \gamma n+1 < 2, we have

\delta \ast + A
\varepsilon 2 \tau n+1

1 + \delta \ast + A
\varepsilon 2 \tau 

\prime \gamma n+1 <
\delta \ast 

1 + \delta \ast 
\gamma n+1 +

\zeta 

1 + \delta \ast 
,(5.9)

where \tau \prime = \tau n or \tau n+1.
Let us introduce the following auxiliary variables corresponding to the variables

in our generalized discrete Gronwall inequality:

\theta n+1 =
1

2

\bigl( 
\varepsilon 2(1 + \delta \ast ) +A\tau n+1

\bigr) \mu n+1

1 - \lambda n+1
, \xi n+1 =

\delta \ast + A
\varepsilon 2 \tau n+1

1 + \delta \ast + A
\varepsilon 2 \tau n+1

\gamma n+1,

and \nu n+1 =
\lambda n+1

1 - \lambda n+1
.

We then deduce, after utilizing (5.7),

(5.10) 0 < \nu n+1 \leq \=\nu \triangleq 
(\gamma \ast )2

1 + 2\gamma \ast 
< 1,
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and by (5.9),

(5.11) \xi n+1 < 1,

since \gamma n+1 \leq \gamma \ast \leq \ell (\zeta ), and by (5.4), we have

\xi n+1  - 1 <
\delta \ast 

1 + \delta \ast 
\gamma \ast +

\zeta 

1 + \delta \ast 
 - 1 =

(\gamma \ast )3 + 2(\gamma \ast )2  - 3\gamma \ast  - (2 - \zeta )

1 + \delta \ast 
\leq 0.

Here we remark that the choice of \zeta and \gamma \ast \leq \ell (\zeta ) stems from the constraint (5.11).
We claim that the following important inequality holds:

0 < \xi n+1
\theta n+1

\theta n
 - \nu n+1 <

\biggl( 
1 - (\gamma \ast )2

1 + 2\gamma \ast 

\biggr) 
\eta = (1 - \=\nu )\eta ,(5.12)

where \eta = (\gamma \ast )3+\gamma \ast 

2(1+2\gamma \ast  - (\gamma \ast )2) +
\zeta 
4 .

Here we first check that 0 < \eta \leq 1 before we prove (5.12). Since 0 < \gamma n+1 \leq \gamma \ast \leq 
\ell (\zeta ), (\gamma \ast )3 + 2(\gamma \ast )2  - 3\gamma \ast  - 2 \leq  - \zeta and 0 < 1 + 2\gamma \ast  - (\gamma \ast )2 \leq 2. Hence, we have

\eta  - 1 =
1

2(1 + 2\gamma \ast  - (\gamma \ast )2)

\biggl( 
(\gamma \ast )3 + 2(\gamma \ast )2  - 3\gamma \ast  - 2 +

\zeta 

2
(1 + 2\gamma \ast  - (\gamma \ast )2)

\biggr) 
\leq 0.

Next, we consider the term

\xi n+1
\theta n+1

\theta n
 - \nu n+1 =

(\delta \ast + A
\varepsilon 2 \tau n+1)\gamma n+1

1 + \delta \ast + A
\varepsilon 2 \tau n

1 + \gamma n+1

1 + 2\gamma n+1

1 + 2\gamma n
1 + \gamma n

 - 
\gamma 2n+1

1 + 2\gamma n+1
.

First, we notice that A
\varepsilon 2 \tau n \leq \zeta 

2\gamma \ast <
1
2 . Therefore,

\delta \ast + A
\varepsilon 2
\tau n+1

1 + \delta \ast + A
\varepsilon 2
\tau n

1 + 2\gamma n
1 + \gamma n

 - \gamma n+1

1 + \gamma n+1
>

\delta \ast 

2 + \delta \ast 
 - \gamma \ast 

1 + \gamma \ast =
2(\gamma \ast )3  - 3(\gamma \ast )2 + 1

(3 + 6\gamma \ast  - (\gamma \ast )2)(1 + \gamma \ast )
\geq 0.

Henceforth, we obtain the lower bound of (5.12):

\xi n+1
\theta n+1

\theta n
 - \nu n+1 =

\gamma n+1(1 + \gamma n+1)

1 + 2\gamma n+1

\Biggl( 
\delta \ast + A

\varepsilon 2 \tau n+1

1 + \delta \ast + A
\varepsilon 2 \tau n

1 + 2\gamma n
1 + \gamma n

 - \gamma n+1

1 + \gamma n+1

\Biggr) 
> 0.

As for the upper bound, we utilize (5.9) and 0 < \gamma n \leq \gamma \ast to deduce

\xi n+1
\theta n+1

\theta n
 - \nu n+1 \leq 1 + 2\gamma \ast 

1 + \gamma \ast 
(\delta \ast + A

\varepsilon 2 \tau n+1)\gamma n+1

1 + \delta \ast + A
\varepsilon 2 \tau n

1 + \gamma n+1

1 + 2\gamma n+1
 - 

\gamma 2n+1

1 + 2\gamma n+1

\leq 1 + 2\gamma \ast 

1 + \gamma \ast 

\biggl( 
\delta \ast \gamma n+1

1 + \delta \ast 
+

\zeta 

2(1 + \delta \ast )

\biggr) 
1 + \gamma n+1

1 + 2\gamma n+1
 - 

\gamma 2n+1

1 + 2\gamma n+1

\leq \delta \ast \gamma \ast 

1 + \delta \ast 
+

\zeta 

2(1 + \delta \ast )
 - (\gamma \ast )2

1 + 2\gamma \ast 
,(5.13)

where, in the third inequality, we utlized the monotonicity of 1+2\gamma \ast 

1+\gamma \ast ( \delta \ast x
1+\delta \ast +

\zeta 
2(1+\delta \ast ) )

1+x
1+2x

 - x2

1+2x , which itself follows from the monotonicity of x2

1+2x and  - 1
2(1+2x) ,  - \zeta (1+2\gamma \ast  - 

(\gamma \ast )2) + 2(1 + \gamma \ast )2 > 0 for \zeta < 1, and

1 + 2\gamma \ast 

1 + \gamma \ast 

\biggl( 
\delta \ast x

1 + \delta \ast 
+

\zeta 

2(1 + \delta \ast )

\biggr) 
1 + x

1 + 2x
 - x2

1 + 2x
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=

\biggl( 
1 + \gamma \ast 

2
 - 1

\biggr) 
x2

1 + 2x
 -  - \zeta (1 + 2\gamma \ast  - (\gamma \ast )2) + 2(1 + \gamma \ast )2

4(1 + \gamma \ast )

1

2(1 + 2x)

+
\zeta (1 + 2\gamma \ast  - (\gamma \ast )2) + 2(1 + \gamma \ast )2

8(1 + \gamma \ast )
.

After substituting \delta \ast into the upper bound (5.13), we obtain the upper bound of
(5.12):

\xi n+1
\theta n+1

\theta n
 - \nu n+1 \leq (\gamma \ast )3 + \gamma \ast 

2(1 + 2\gamma \ast )
+
\zeta (1 + 2\gamma \ast  - (\gamma \ast )2)

4(1 + 2\gamma \ast )
=

\biggl( 
1 - (\gamma \ast )2

1 + 2\gamma \ast 

\biggr) 
\eta .

We are now in the position to prove our main theorem. Following Lemma 4.6,
after throwing away the term \| \Delta h(\sigma 

n+1
h  - \sigma n

h)\| 2 and multiplying 1
1 - \lambda n+1

> 0 by both

sides of the inequality (4.23), we have

\| \sigma n+1
h \| 2  - \| \sigma n

h\| 2 +
\biggl( 

1

\lambda n+1
(1 + 2\delta ) - 2 - 3\delta 

\biggr) 
\lambda n+1

1 - \lambda n+1
\| \sigma n+1

h  - \sigma n
h\| 2

+
1

2

\bigl( 
\varepsilon 2(1 + \delta ) +A\tau n+1

\bigr) \mu n+1

1 - \lambda n+1
\tau n+1\| \Delta h\sigma 

n+1
h \| 2

\leq \lambda n+1

1 - \lambda n+1

\bigl( 
\| \sigma n

h\| 2  - \| \sigma n - 1
h \| 2 + (\delta + 2)\| \sigma n

h  - \sigma n - 1
h \| 2

\bigr) 
+
1

2
(\varepsilon 2\delta +A\tau n+1)

\mu n+1

1 - \lambda n+1
\gamma n+1\tau n\| \Delta h\sigma 

n
h\| 2

+C3 (1 + \delta )
\mu n+1

1 - \lambda n+1
\tau n+1

\bigl( 
\| \sigma n+1

h \| 2 + \| \sigma n
h\| 2 + \| \sigma n - 1

h \| 2
\bigr) 
+

C

1 - \lambda n+1
\scrR n+1.

(5.14)

Substituting (5.8) into (5.14), we deduce

\| \sigma n+1
h \| 2  - \| \sigma n

h\| 2 + (\delta \ast + 2)\| \sigma n+1
h  - \sigma n

h\| 2 + \theta n+1\tau n+1\| \Delta h\sigma 
n+1
h \| 2

\leq \nu n+1

\bigl( 
\| \sigma n

h\| 2  - \| \sigma n - 1
h \| 2 + (\delta \ast + 2)\| \sigma n

h  - \sigma n - 1
h \| 2

\bigr) 
+ \xi n+1\theta n+1\tau n\| \Delta h\sigma 

n
h\| 2

+C3 (1 + \delta \ast )
\mu n+1

1 - \lambda n+1
\tau n+1

\bigl( 
\| \sigma n+1

h \| 2 + \| \sigma n
h\| 2 + \| \sigma n - 1

h \| 2
\bigr) 
+

C

1 - \lambda n+1
\scrR n+1.

(5.15)

Since 0 < \mu n+1 < 2, 1
1 - \lambda n+1

\leq (1+\gamma \ast )2

1+2\gamma \ast = 1 + \=\nu , and \theta n > 0, and by (5.12), we obtain

\| \sigma n+1
h \| 2  - \| \sigma n

h\| 
2 + (\delta \ast + 2)\| \sigma n+1

h  - \sigma n
h\| 

2 + \theta n+1\tau n+1\| \Delta h\sigma 
n+1
h \| 2

\leq \nu n+1

\Bigl( 
\| \sigma n

h\| 
2  - \| \sigma n - 1

h \| 2 + (\delta \ast + 2)\| \sigma n
h  - \sigma n - 1

h \| 2 + \theta n\tau n\| \Delta h\sigma 
n
h\| 

2
\Bigr) 

+

\biggl( 
\xi n+1

\theta n+1

\theta n
 - \nu n+1

\biggr) 
\theta n\tau n\| \Delta h\sigma 

n
h\| 

2 + 2C3(1 + \delta \ast )\tau n+1

\Bigl( 
\| \sigma n+1

h \| 2 + \| \sigma n
h\| 

2 + \| \sigma n - 1
h \| 2

\Bigr) 
+ C\scrR n+1

\leq \nu n+1

\Bigl( 
\| \sigma n

h\| 
2  - \| \sigma n - 1

h \| 2 + (\delta \ast + 2)\| \sigma n
h  - \sigma n - 1

h \| 2 + \theta n\tau n\| \Delta h\sigma 
n
h\| 

2
\Bigr) 
+ \eta (1 - \=\nu )\theta n\tau n\| \Delta h\sigma 

n
h\| 

2

+ 2C3(1 + \delta \ast )(1 + \=\nu )\tau n+1

\Bigl( 
\| \sigma n+1

h \| 2 + \| \sigma n
h\| 

2 + \| \sigma n - 1
h \| 2

\Bigr) 
+ C\scrR n+1.

(5.16)

This is exactly (5.1) if we make the identification an = \| \sigma n
h\| 2, bn = (\delta \ast + 2)\| \sigma n

h  - 
\sigma n - 1
h \| 2, cn = \| \Delta h\sigma 

n
h\| 2, C4 = 2C3(1 + \Delta \ast )(1 + \=\nu ).

In order to verify the remaining conditions of Lemma 5.1, we notice that

\| \sigma n+1
h \| 2, (\delta \ast + 2)\| \sigma n+1

h  - \sigma n
h\| 2, \| \Delta h\sigma 

n+1
h \| 2, \theta n+1, \tau n+1\scrR n+1 \geq 0.
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In addition, by the time-step restriction (5.5), we have

\tau n+1 <
1 - \=\nu 

4C3(1 + \delta \ast )(1 + \=\nu )(1 + \gamma \ast + (\gamma \ast )2)
=

(1 + 2\gamma \ast  - (\gamma \ast )2)2

8C3(1 + 2\gamma \ast )(1 + \gamma \ast + (\gamma \ast )2)(1 + \gamma \ast )2
.

For the initial step \| \sigma 0
h\| 2 = 0 and \| \sigma 1

h  - \sigma 0
h\| 2 = \| \sigma 1

h\| 2; then by Lemma 5.1 we have

\| \sigma n+1
h \| 2 + 2(\delta \ast + 2)

n\sum 
k=1

\| \sigma k+1
h  - \sigma k

h\| 2 + 2\theta n+1\tau n+1\| \Delta h\sigma 
n+1
h \| 2(5.17)

+ 2(1 - \eta )

n - 1\sum 
k=1

\theta k+1\tau k+1\| \Delta h\sigma 
k+1
h \| 2

\leq exp

\Biggl( 
4C3(1 + \delta \ast )(1 + \=\nu )(1 + \gamma \ast + (\gamma \ast )2)

1 - \=\nu 

n\sum 
k=1

\tau k

\Biggr) 
\scrR 

\prime 

n,

where

\scrR 
\prime 

n =
2 + \=\nu (2 + \delta \ast )

1 - \=\nu 
\| \sigma 1

h\| 2 + 2

\biggl( 
\eta +

2\=\nu 

1 - \=\nu 

\biggr) 
\theta 1\tau 1\| \Delta h\sigma 

1
h\| 2 +

2C

1 - \=\nu 

n\sum 
k=1

\scrR k+1.

Here we use the fact that \theta 1 = 1
2

\bigl( 
\varepsilon 2(1 + \delta \ast ) +A\tau 1

\bigr) 
\mu 1

1 - \lambda 1
< \varepsilon 2(1 + \delta \ast ) + A\tau 1 < C\varepsilon 2,

so

\scrR 
\prime 

n \leq C(\| \sigma 1
h\| 2 + \varepsilon 2\tau 1\| \Delta h\sigma 

1
h\| 2) +

2C

1 - \=\nu 

n\sum 
k=1

\scrR k+1 \leq C

\biggl( 
\scrR 1 +

n\sum 
k=1

\scrR k+1

\biggr) 
= C\scrR \ast ,

which is derived from the estimate of initial term (4.24). So we have

\| \sigma n+1
h \| 2 \leq C\scrR \ast .

Combining the estimate for \rho n+1,

\| \rho n+1\| \leq Chq+1\| un+1\| Hq+1 ,

we finally obtain the optimal convergence analysis. Moreover, carefully checking the
proof reveals that C in (5.6) depends on T, \varepsilon , \gamma \ast , \zeta , and E(u0h).

Remark 5.1. We remark that the allowable value on gamma\ast can be easily im-
proved. Due to the continuity of the function \ell (\zeta ), the upper bound of \gamma \ast can be
close to

\ell (0) =
2
\surd 
13

3
cos

\biggl( 
1

3
arccos

\biggl( 
 - 8

13
\surd 
13

\biggr) \biggr) 
 - 2

3
\approx 1.343

by choosing \zeta small enough. For example, we may take \gamma \ast = 1.34 < \ell (0). There
are other means to increase the allowable value of \gamma \ast . In fact, we notice that the

terms 7\varepsilon 2

16

\bigm\| \bigm\| \Delta h\sigma 
n+1
h

\bigm\| \bigm\| 2 and \varepsilon 2

16\delta \| \Delta h\sigma 
n+1
h \| 2 in Lemma 4.4 come from the Cauchy--

Schwarz inequality and Young's inequality. We can adjust the coefficients so that

these terms become s 7\varepsilon 
2

16

\bigm\| \bigm\| \Delta h\sigma 
n+1
h

\bigm\| \bigm\| 2 and s \varepsilon 2

16\delta \| \Delta h\sigma 
n+1
h \| 2, where s is a constant

small enough. In turn, the term
\bigl( 
\varepsilon 2(1 + \delta ) +A\tau n+1

\bigr) 
\mu n+1\tau n+1\| \Delta h\sigma 

n+1
h \| 2 becomes\bigl( 

\varepsilon 2(\chi + \delta ) +A\tau n+1

\bigr) 
\mu n+1\tau n+1\| \Delta h\sigma 

n+1
h \| 2 in (4.23), where \chi is one constant smaller
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than 2 but close to 2. As a result, analogously to the derivation of (5.3), we may
obtain a new equation x3 + 3x2  - 5x - 3 = 0. This new equation admits a root

4
\surd 
2\surd 
3

cos

\Biggl( 
1

3
arccos

\Biggl( 
 - 3

\surd 
3

8
\surd 
2

\Biggr) \Biggr) 
 - 1 \approx 1.53,

which could be a modified upper bound for \gamma \ast .

6. Numerical results. In this section we report numerical results based on the
fully discrete second order BDF scheme (2.6).

To check for accuracy, we consider a two-dimensional computational domain \Omega =
(0, 1)2 with the following exact solution:

(6.1) ue(x, y, t) = cos(\pi x) cos(\pi y)e - t.

This implies that ue satisfies the Cahn--Hilliard equation (1.2) with an artificial, time-
dependent forcing term added on the right-hand side:

(6.2) \partial tue = \Delta (u3e  - ue  - \varepsilon 2\Delta ue) + g, (x, y, t) \in \Omega \times (0, T ].

The final time is set to be T = 1, and the physical parameter and the artificial
constant are given by \varepsilon 2 = 0.05, A = 1. The nonlinear equations are solved by
Newton's method. In the iteration process, the initial guess is chosen to be a second
order extrapolation of the previous two steps, i.e., un+1,0

h = (1 + \gamma n+1)u
n
h  - un - 1

h ,
which usually leads to one iteration stage fewer than the one with an initial guess
as un+1,0

h = unh. Therefore, this methodology reduces the computation cost. The

stopping criterion for the nonlinear iteration is given by \| un+1,(m)
h  - un+1,(m - 1)

h \| < h3.
We compute numerical solutions with grid sizes Nh = 16, 32, 64, 128, 256, 512, with
the L2 errors reported at the final time T = 1.

6.1. Grid refinement strategy 1. For the initial time step size, we set \tau 1 = h.
For the coarsest grid, we first generate a series of time nodes \{ tn\} with uniform step
sizes. Then we add a 10\% perturbation onto \{ tn\} , obtaining new time-step series
\{ \tau n\} . The grid refinement strategy is as follows: Denote by \{ tcoarsen \} and \{ tfinen \} the
time node series of the coarse grid and the fine grid, respectively. For each odd k,
take tfinek = 1

2 t
coarse
(k+1)/2. For each even k, tfinek is set to be the average of tfinek+1 and tfinek - 1,

with 10\% perturbation. Such a random approach easily leads to large \Gamma N . Figure 6.1
shows this refinement strategy.

Figure 6.2 shows the L2 errors and the corresponding convergence orders be-
tween the numerical and exact solutions. A clear second order accuracy, for both the
temporal and spatial approximations, is observed in the convergence test.

6.2. Grid refinement strategy 2. Define the time-step ratio \gamma = 1.3. The
initial time-step is determined by \tau 1 = 3

23(1.38 - 1) . For the coarsest grid, we divide the

time step size series \{ \tau n\} into two halves: \tau 1, \tau 2, . . . , t\tau NT /2, and \tau NT /2+1, \tau NT /2+2,
. . . , \tau NT

. In the first half, time step size \tau k is chosen to be \gamma times the previous time
step size, i.e., \tau 2 = \gamma \tau 1, \tau 3 = \gamma \tau 2, . . . , \tau NT /2 = \gamma \tau NT /2 - 1. In the second half, \tau k is cho-

sen to be 1/\gamma times the previous time step size, i.e., \tau NT /2+2 = 1
\gamma \tau NT /2+1, . . . , \tau NT

=
1
\gamma \tau NT - 1. Additionally, we set \tau NT /2+1 = \gamma \tau NT /2. The grid refinement strategy is that
we first divide by 2 the time step size series of the coarse grid and then put it in the
first half of the time-step series of the fine grid. Finally, we duplicate the first half of

D
ow

nl
oa

de
d 

03
/1

7/
23

 to
 1

31
.1

51
.2

6.
20

4 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

BDF WITH VARIABLE TIME-STEPS FOR CH 519

Fig. 6.1. The curves from top to bottom represent the variable time-step with grid size Nh = 16,
Nh = 32, Nh = 64, Nh = 128, Nh = 256, and Nh = 512.

Fig. 6.2. L2 numerical errors at T = 1.0 and the corresponding convergence orders versus
Nh(log-log plot) for the second order BDF scheme (2.6). The surface diffusion parameter is taken
to be \varepsilon 2 = 0.05.

the time-step series of the fine grid to its second half in order to make the fine grid
time-step series complete. Figure 6.3 shows this refinement strategy.

Figure 6.4 shows the L2 errors and the corresponding convergence orders be-
tween the numerical and exact solutions. A clear second order accuracy, for both the
temporal and spatial approximations, is observed in the convergence test.

In order to observe the dependence of the convergence rate on \gamma , we vary \gamma from
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Fig. 6.3. The lines from top to bottom represent the variable time-step with grid size Nh = 16,
Nh = 32, Nh = 64, Nh = 128, Nh = 256, and Nh = 512.

Fig. 6.4. L2 numerical errors at T = 1.0 plotted versus Nh (log-log plot) for the second order
BDF scheme (2.6). The surface diffusion parameter is taken to be \varepsilon 2 = 0.05.

1.3 to 2.0 and introduce the following convergence orders:

order(i) =
log L2error(i)

L2error(i+1)

log Nh(i+1)
Nh(i)

, 1 \leq i \leq 5.

Table 6.1 shows convergence orders under different choices of \gamma , with grid refinement
strategy 2. It demonstrates the insensitive dependence on \gamma for the range considered.

6.3. Energy decay. Here we report numerical results on the decay of energy.
Recall that when the interface width is much smaller than the domain size, the energy
is expected to decay at the rate of t - 1/3 with a rigorous lower bound available in the
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Table 6.1
Convergence order.

\gamma order(1) order(2) order(3) order(4) order(5)
1.3 1.49848 1.72519 1.88947 1.9627 1.98763
1.4 1.41375 1.63429 1.8333 1.93577 1.97566
1.5 1.35521 1.55709 1.77916 1.90735 1.96236
1.6 1.3163 1.49276 1.72895 1.87884 1.94846
1.7 1.29022 1.43892 1.68309 1.851 1.93437
1.8 1.27158 1.39324 1.64145 1.82422 1.92037
1.9 1.25625 1.35388 1.60368 1.79871 1.90667
2.0 1.24077 1.31939 1.56936 1.77456 1.89336

Fig. 6.5. Log-log plot of the temporal evolution of the energy \^E for \varepsilon 2 = 0.005. The energy

decreases like t - 
1
3 until saturation. The blue line represents the energy plot obtained by the simu-

lation, while the red line is obtained by least squares approximations to the energy data. The least
squares fit is only taken for the linear part of the calculated data, only up to about time t = 100.
The fitted line has the form atb, with a = 19.96, b =  - 0.3192. (Color available online.)

literature. We compare the numerical simulation result with the predicted energy
decay rate, using the proposed second order BDF scheme (2.5) for the Cahn--Hilliard
flow (1.2). The surface diffusion coefficient parameter is taken to be \varepsilon 2 = 0.005,
and the computational domain is taken to be \Omega = (0, 12.8)2, with a resolution of
Nh = 128 for spatial discretization. As for the time grid, the strategy is to put a 10\%
perturbation to the previous step.

In order to make energy nonnegative all the time, we introduce the following
modified energy by adding a constant to the original energy:

(6.3) \^E(u) =

\int 
\Omega 

\biggl( 
1

4
u4  - 1

2
u2 +

1

4
+
\varepsilon 2

2
| \nabla u| 2

\biggr) 
dx = E(u) +

1

4
| \Omega | .

Figure 6.5 presents the log-log plot for the energy versus time, with the given physical
parameter \varepsilon 2 = 0.005. The detailed scaling ``exponent"" is obtained using least squares
fits of the computed data up to time t = 100. A clear observation of the atb scaling
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law can be made, with a = 19.96, b =  - 0.3192. Therefore, we have verified in our
numerical simulation the energy dissipation law and the coarsening rate.

7. Concluding remarks. In this paper we have presented a second order vari-
able time-step BDF scheme for the Cahn--Hilliard equation (1.2) in conjunction with a
mixed finite element approximation in space. The scheme is uniquely solvable and un-
conditionally energy stable with mild assumptions on the time step size and the ratio
of adjacent time-steps. Moreover, rigorous error estimates in the form of \scrO (\tau 2 + h2)
in the \ell \infty (0, T ;L2) norm have been established without any undesirable exponential
prefactor in \Gamma n which is related to the number of transitions in the variable time-
stepping. Such a rigorous result is new even in the linear case to the best of our
knowledge. The proof relies on a novel generalized discrete Gronwall-type inequality
that is able to deal with differences of nonnegative terms. In addition, the numerical
experiment shows that the proposed second order BDF scheme is able to produce
accurate long time numerical results with a reasonable computational cost. In par-
ticular, the energy dissipation rate given by the numerical simulation indicates an
almost perfect match with the theoretical t - 1/3 prediction. Analysis of a truly adap-
tive strategy based on the variable stepping method as well as higher order methods
is underway.
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