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ARTICLE INFO ABSTRACT
Article history: We investigate the small porosity asymptotic behavior of the coupled Stokes-
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' and the Brinkman region. In particular, we derive a set of approximate solutions,
Submitted by T. Yang

validated via rigorous analysis, to the coupled Stokes-Brinkman system. Of
particular interest is that the approximate solution satisfies a generalized Beavers-
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Stokes equations independent of the curvature of the interface.

Brinkman equations © 2020 Elsevier Inc. All rights reserved.

Beavers-Joseph-Saffman-Jones
interface condition

1. Introduction

The coupling of flow and transport in free-zone and those in porous media is ubiquitous in nature, science
and engineering. These coupled problems are difficult to study due to the disparate time and spatial scales
(fast in the free-zone, large scale for the porous media), the different physics based on governing equations
(Stokes system or Navier-Stokes system for the free-zone, Darcy’s equation or its variants for the porous
media), the associated uncertainty of the porous media, and the coupling of two different systems (see
Fig. 1). Interested readers are referred to Nield and Bejan’s treatise [30] for more background material.

For flows at relatively small Reynolds number, it is well-accepted that the Stokes system is a valid
governing system for the free-zone for common Newtonian fluids. On the other hand, Darcy’s equation is
the extensively used governing law in porous media. The coupling of the two systems at the interface is
a non-trivial issue. One irrefutable physical interface boundary condition is the continuity of the normal
velocity which is required for conservation of mass. The other interface boundary conditions needed for the
well-posedness of the system is less obvious. It was Beavers and Joseph who first proposed the celebrated
Beavers-Joseph interface boundary condition in their seminal work [5]. They observed that there might be
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Fig. 1. Schematic domain.

a gap in the tangential velocity at the interface if one neglects a thin transition layer, and the interfacial
boundary condition that bears their names can be interpreted as the viscous force that resists such a gap is
linearly proportional to the size of the gap with the constant of proportionality itself positively proportional
to the viscosity and inversely proportional to the square root of the permeability. Later on, Saffman [31]
argued that the tangential velocity on the porous media side is usually much smaller than that in the free
flow, hence it is reasonable to omit the tangential component of the porous media flow in the Beavers-Joseph
interface boundary condition. On the other hand, Jones [24] reasoned that it is better to use the tangential
component of the normal stress than the normal derivative of the tangential velocity in the free-flow in
the Beavers-Joseph interface boundary condition. The reduced interface condition is commonly referred to
as the Beavers-Joseph-Saffman-Jones interface condition (BJSJ), see equation (10¢’) of [36] for instance.
It turns out that the BJSJ interface condition is exactly the Navier slip boundary condition proposed by
Navier almost 200 years ago [29]. An additional interface boundary condition is needed to complete the
coupled system. The well-accepted condition within the mathematical circle is the balance of the normal
component of the normal stress (see the second equation of (1.4)), while the popular condition among
groundwater study community is the continuity of pressure or hydraulic head, see for instance [6]. We will
address this discrepancy between the two communities in a separate work. See [28] for a heuristic study
in this direction. There is a lot of recent attention to the coupled Stokes-Darcy system, see for instance
[11,7,8,10,12,13,19,26,27] among many others.

In this work, we pay attention to the constant of proportionality in the BJSJ condition. Most researchers
believe that the constant of proportionality in the BJSJ condition must be a true constant in the sense that
it is independent of the location on the interface, at least in the case of flat interface as was investigated
by Beavers and Joseph in their original work. This belief is supported by the mathematical derivation via
homogenization by Jagers and Mikelic, also for a flat interface [20-23]. (Their rigorous homogenization
theory approach contains the undesirable assumption that the obstacles/sand particles in the porous media
do not touch each other.) However, for a curved interface, Dobberschutz [14] argued, also via homogenization
theory albeit no rigorous theorem was provided, that the constant of proportionality in the BJSJ interface
condition should depend on the local geometry. Hence there is a controversial here in terms of the dependence
on the local geometry in the BJSJ interface boundary condition.

Here we are interested in investigating the role of the curvature on the asymptotic behavior near the
interface and hence provides a clear answer to the dependence on the local geometry (see Lemma 4.1 for
details). Our approach is the following. Instead of using the Darcy’s equation as the governing equation
for flows in porous media, we utilize the Brinkman system which is one of the commonly used alternatives
to the Darcy system if one is interested in retaining the original viscous term in the Stokes flow in the
porous media [4,30]. In another word, the Brinkman system is considered the “true” system here. With
the adoption of the Brinkman system which retains the viscous term, it is easy to postulate the interface
boundary conditions, namely, the continuity of the velocity and the continuity of the normal component
of the normal stress (balance of force). Heuristically, the viscous term is relatively small when compared
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to the Darcy damping term at small Darcy number/permeability /porosity. Therefore, we expect to recover
the Stokes-Darcy system as the leading order non-trivial dynamics at vanishing Darcy number/permeabil-
ity /porosity together with the associated interface boundary conditions. The curved interface necessitates
the introduction of a curvilinear coordinates as those adopted in earlier works, see for instance [3,35]. (See
[9] for a related result but with a flat interface.) Due to the renowned Carman-Kozeny empirical formula

XS

=T—
180(1 — x)2

(1.1)
which relates the permeability IT to the porosity x and the reference permeability I1; [4,30], the small Darcy
number limit is equivalent to the small porosity number limit if we assume that the reference porosity in
the Carman-Kozeny relationship is a constant. This is the approach that we take here. Furthermore, we will
assume for simplicity that

IT = 3.

This is a valid approximation for small porosity by assuming the reference permeability is 1.
We also remark that the Stokes-Brinkman approach is related to the so-called one-domain approach.
We recall the governing steady state Stokes-Brinkman system in a two-dimensional domain 2 := Q,U€Q,,.
The Stokes system in the fluid region €. takes the form

_v : T(uCapc) - fC7
V-u,=0,

. (1.2)
periodic in x-direction,
U, |FC: 07
and the Brinkman system in the porous media 2, takes the form
-V - T(um,pm) + 'L;(_?um = fm7
V-u, =0,
(1.3)

periodic in z-direction,

Oum _ _
37;2 ‘Fm_ Um |Fm— 0,

. )\t
where T (uc, pe) = 2uD(ue) — pel, T (W, pm) = 2’;g”ID)(u,,L) —pm,D(uy) = w’uj = (uj,v;) and
f; = (fj1, fj2),J € {¢,m}. Here we have adopted a popular version of the stress tensor in the porous media
as presented in the treatise of Nield and Bejan [30]. Other choices are available, see for instance Allaire [1].

The two systems are coupled through the following conditions on the interface T,

Ue = U,
{ (1.4)

ne, T (ua pc) =N, T (umypm)7

where the first interface boundary condition represents the continuity of velocity and the second interface
boundary condition stands for the continuity of normal component of stress tensor while n.,, represents the
unit normal vector at the interface pointing from the free flow zone to the porous media zone, see Fig. 2.
For simplicity, we take p. = p, = 1, assume periodicity in z-periodic, and = Q.UQ,, = [-1,1] x[-1,1]
with a curved interface I'¢,,, upper boundary I'. and lower boundary I',,. To be specific, the interface ',
is described by a regular C? curve: v = 7(s) = (71(s),72(s)), where s is the arc-length parameter of
Iem,0 < s < L. The tangential vector fields of ey, i8S Tem = (71(s),74(s)) and the unit outward normal



4 M. Fei et al. / J. Math. Anal. Appl. 486 (2020) 123895

Fig. 2. Curvilinear coordinates.

vector of Iy, pointing from Q. to Q. is nem = (¥4(s), —v1(s)). Generally speaking, u,, and u. could
have boundary layers near the interface I',, and the boundary of the porous media domain I';, since small
viscosity is somewhat equivalent to small viscosity in the porous media as we shall see below.

We adopt classical function spaces of fluid mechanics. The definitions of all of our function spaces reflect
that we are working with a domain which is periodic in the horizontal direction. H™ = H?.(2),m a
nonnegative integer, is the Sobolev space consisting of all functions in {2 whose weak derivatives up to order
m are square integrable and whose weak derivative up to order m —1 are periodic in the horizontal direction,
with the usual Sobolev norm. For instance,

0
V=V(Q):={v=(v1,v2) € C’;;‘g,.(Q)2 s divv = 0,v |p,= 0; —0;1 Ir,,= v2 |r,,= 0},
2
H = H(Q) := the closure of V in L?(f2), (1.5)

V =V(Q) := the closure of V in H(Q),

where ngT(Q) represents the space of smooth function that is periodic with respect to the horizontal
variable.

For system (1.2)-(1.4), the existence of weak solutions can be proved in a similar fashion as [2] for instance.
For completeness, we state it in the following:

Proposition 1.1. Assume (f.,f,,) € H(Q), there exists a unique weak solution (u.,u,,) € V(Q) to system
(1.2)-(1.3) with the interface boundary condition (1.4).

The main purpose of this manuscript is to investigate the asymptotic behavior of the Stokes-Brinkman
system when the porosity x approaches zero (equivalent to vanishing Darcy number with other parameters
fixed). This is a singular perturbation problem involving delicate boundary layer analysis. The main result
of this manuscript is summarized in the following theorem.

Theorem 1.2. Assume that (f.,f,,) € H* k > 2 and the compatibility condition

812 fml

L= amlme |Fm7 (16)

then there exists an approzimate solution (ui™,pi™) with j € {c,m} defined in (4.2) and (4.3) satisfying
the following convergence estimates:

e = u%P| 10,y < Cx2, (1.7)

[ — i 10, < OX (1.8)
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where C' is a generic constant independent of x. Furthermore, the approzimate solution (uPP,pP) and
(ulPP paPP) satisfy the approximated BJSJ interface condition on ey,

—Tem * (T (ugpp,pgpp)ncm) = ?Tcm : ugpp + X2H($),

(1.9)
Ney - (T (ugpp7pgpp)ncm) = _p%ﬂp + Xg(x)u

where H(x) and G(x) defined in (4.11) are uniformly bounded with respect to x.

Remark 1.3. If we take T (us, pm) = 2umD(u,,) — pml as suggested by the rigorous homogenization work
[1], and we set € = X%, then the Brinkman system in the porous media §2,, takes the form

-V T(umapm) + H_gbum = fm,

15

V-u, =0
T (1.10)
periodic in x-direction,
B |p =V |, = 0.
In this case the corresponding approximated BJSJ interface condition on I, read
1 N
— Tem - (T (", pePP )er) = —Tem - ug™ +eH(x),

€ (1.11)

e - (T (Wg”, peP e ) = —pi? + G (),
where H(z) and G(z) are uniformly bounded with respect to e.

By virtue of (1.9), we easily observe that the leading order behavior of the approximate solutions does
not depend on the local geometry of the interface. One can perform a similar asymptotic expansion in small
porosity for the Stokes-Darcy system and arrive at the same asymptotic modulo the internal boundary layer.
Hence, this theorem suggests that the leading order non-trivial behavior of the coupled Stokes-Brinkman
system is captured by the coupled Stokes-Darcy system with a BJSJ type interface condition, and the
constant of proportionality in the BJSJ condition is independent of the local geometry even in the case
of a curved interface. Therefore, our result is in accordance with classical results but incompatible with
Dobberschutz’s calculation [14]. Another interesting observation is that we need to adopt the version of
the Brinkman equation consistent with Allaire’s work under special assumption on the size of the obsta-
cles in order to arrive at the commonly adopted BJSJ condition where the constant of proportionality is

~3/2 as in (1.11) since IT &~ x~3/2

proportional to x at small porosity.

The rest of the manuscript is organized as follows. In the next section we perform the formal asymptotic
expansion in small porosity number for the Stokes-Brinkman system. We investigate the solvability of the
outer problems and the correctors in section 3. Approximate solutions will be constructed in section 4, and
the rigorous error estimates are presented in section 5. There is a conclusion in section 6. The derivation of

the boundary layer (inner transition layer) system is included in Appendix A.
2. Formal asymptotic expansions

Before we study the asymptotic behavior, we introduce some preliminaries facts. For any = = (x1,x2)
and some small constant p > 0 in ', := {2 € Q : dist(z,T¢) < p}, we denote by d(z) the signed distance
from z to T'¢pm, 1. €. d(z) > 0 when = € €, and d(x) < 0 if z € Q,,,, and by P(z) the point on I'.,, that is
the closest to x. Then we denote by s(z) the corresponding arc-length parameter of P(z) on the interface
Tem, iee.,
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From Appendix B of [15], we easily know that P(z) is uniquely defined for any = € T',, when p is small
enough, so are d(z) and s(x).
For any xz € I'y, we will use n and 7 instead of n.,, and 7.y, in the next paragraph for simplicity. Then

we have

A(s(z)) -z = d()n(x). (2.1)

Furthermore, recall that 7(z) = (v1(s(z)),v5(s(z))), n(x) = (v4(s(x)), —v1(s(x))) and |7| = 1, we easily
obtain by taking derivatives in (2.1) that

V.d(z) = —n(z), Vys(z) = h(z) 1 (), (2.2)

where h(x) = 1+ d(x)k(s(z)) and k(s) = ¥ (s)v5 (s) — v5(s)7) (s) being the (principle) curvature of T'.yy,.
Therefore, for any function f(z) and vector field v(z) defined in I',, direct computations show that

Vo f = @) ' (@)dsf — n(z)daf, 23)
Vi -v=h(z)"'r(z) 0,v —n(x) - Oyv. .
Here for f(x) defined in Ty, the corresponding function of (s, d) is still written by f for simplicity and the
trace of f(z) at the interface T, by f(s,0) throughout the manuscript.
Based on the previous preliminaries, we consider the following Ansatz

l
u(t,2) = Y x (¢, 2) + a8l (¢, s(),

J=0

l
7t 2) = 3 w0 (1) + 0 (8, (), Ty,
=0 X

where j € {c,m}. It should be mentioned that (2.4) holds under the assumption that I', = Q. Throughout
this manuscript, we will assume that I', = € for simplicity. In the general case when I',, is a subset of {2, one
can introduce a truncation function of d(x) and utilize the stream function to preserve the incompressibility,
see [18,32-34,25] for an example. Another possible way is to introduce local curvilinear coordinates as
adopted in [35] for instance.

Define the stretched coordinate n = d(x) and in the new coordinate (s,7) there holds
= (1) ,
) _ Lo ) 1KOnG; 2 o) ME(8) 5 (o)
e A L vy s ‘9ss 07— X 0sny” (2.5)

We plug (2.4) into (1.2)-(1.4), collect terms of the same order of x and then get the equation of every order.
In this section we only present the equations up to the order we will need and the corresponding boundary
conditions.
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(1) (uS ) pl! )) i € N U{0} are the outer solutions in .. Particularly, (ug ) pd )) satisfies
v T p”) =f. inQ,
vV-ul” =0 inQ.,
periodic in x-direction,
W@~
Uc I'.— )

uc ) |ch: 07

and (uc),pg))(z =1,2,3,4) satisfies

-V T(ug),pg)) 0 in Q,
V.u =0 inQ,
periodic in x-direction,
(i) =0,
u’ e, = w5 (5,0) + i) (s, 0).

(2) (u%?,pﬁn)) i € NU{0} are the outer solutions in ,,. More concretely,

ul) =0, i=0,1,2, in Qp,

and (um),psn)) is the solution of

Vould =0 in Qn,
periodic in x-direction,

Fm: fm2 |Fm7

Oz, pgff)
P |r

o= [ro -

And (um ,pgn)) satisfies

Vp +uP =0 in Qun,
V-uld =0 inQ,,
periodic in x-direction,

a:vgpm) |F =0,
P [ron =1 (5,0) = i (5,0) — 7 - 82,u” (5,0).

(2.6)

(2.7)

(2.9)

(2.10)

(3) (ug),pg))( n) = (ug),vé ),pﬁ))(& %),i € N U {0} are the correctors to the outer solutions, i.e., the

Prandtl-type boundary layer in the domain Q% := (—1,1) x (0, 00). In fact, we have

where | = N U {0}.

(2.11)
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(4) (ﬁg,?,p%))(s, n) = (ugn), vy(,?,ﬁ%))(s ;) i € NU{0} are the correctors to the outer solutions, i.e., Prandtl-

type boundary layers in the domain Q59 := (—1,1) x (—o00,0). To be specific,
SUE (2.12)

a? =a

And (um) , pg,?)) satisfies

2
———a? +a? +nd,pY =0 inQY,

on?
O ﬁg)fl:O in Q°°,
2 a5 r.,= dul (s,0), (2.13)

periodic in z-direction,

127(721)(5,77) —0asn— —oo,

with pio) = 0.
Also, (ug),ﬁg)) satisfies

2
- 5—172115,3) +a® +n9,pY) = —kd,u? in QF,
n-9,u) = -p7lr. 9,0 in QF,

- 2.14
0,2 |r.. = ul) —n(r - 92,u)(s,0), (2.14)

periodic in z-direction,

alP (s,n) — 0 as n — —oo.

(5) The interface conditions on I'c,, are very helpful to build up the relationship between the outer solutions
and the correctors. We have

ul(s,0) = a¥(s,0) =0, i = 0,1,

ul?(s,0) = a2 (s,0), (2.15)
ut’(s,0) = @l (5,0) + ufi)(5,0), i = 3,4,

and

Oy (5,0) = 0gut” (5,0),  pt” (s,0) = pin(5,0).
0,1l (s,0) = 9gul! (s,0) — n(r - 92,u”)(s,0), (2.16)
o o) = pt)(s,0) = =7 - 2ui” (s,0).
The equations in . or €, and boundary conditions on 7. or 7,, in (2.6)-(2.11) can be derived directly

and the details are omitted. The detailed calculations of getting (2.12)—(2.16) will be represented in the
Appendix. The process of solving these closed systems will be shown in next section.
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3. Solvability of the outer solutions and correctors

In this section, we will state the well-posedness of solutions to the outer systems and the boundary layer
systems. First, we focus on the outer systems. The corresponding closed systems are given in section 2 and
then the well-posedness results follow in this section.

(1) (!, p?) satisties (2.6).
(2) (Ugl),pg )) satisfies

v T ) =0,

v.ul) = 0,

periodic in z-direction, (3.1)
(1) Ir.=0
utM (s,0) = 0.

From the above system, we easily deduce that
ugl) = ng =0.

In fact, we mention that p( )

is a constant according to the system (3.2). For simplicity, we take pﬁ” =0.
(2) (2)
(3) (us”’,pe”’) satisfies

V. T(UEZ),])EQ)) - 0,

V- uCQ) =0,
periodic in x-direction, (3.2)
US) |FC: 07

u?(s,0) = gul” (s,0).
(4) (ug ) pt? )) satisfies

v T(u(‘ )7p£'3)) - 07

V- uC =0,
periodic in z-direction, (3.3)
u£3) |FC: Oa

u?(s,0) = 9u (5,0) — 2n(r - 92ul”)(s,0) + uli (s, 0).
It is then easy to deduce from Theorem 1.1 and Theorem 5.2 of [16] that

Theorem 3.1. Given f. € H*(Q

) for some given k, there exists a strong solution (ug ) p0 )) to (2.6) and then
get solutions (ug ) pP )i =2,3
2

) [
) to (3.2) and (3.3), respectively. Furthermore, it follows that (ugo),pgo))
HM2(Q,) x H*1(Q,) and (0, pi?) € H*+1(Q,) x H*(9Q.) and (0, pl¥) € H*(Q,) x HF=1(Q,).

(5) (usn),psn)) satisfies (2.9).
Now we are in the position to solve the system (2.9). Specifically, applying V - ug) = 0 to the first
equation of (2.9), then we arrive at
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AP =V £,
pgr?) Tem™— pg)) (s’ O)v

periodic in z-direction,

Lm = f m2

89:2pm

T -

For the above elliptic system, we easily obtain the solvability and regularity as the classical theory of
[17]. We will summarize it below.
(6) (uS,,),pﬁ,{)) satisfies

Vp(l) + ugﬁ) =

AV ugﬁ) =0,

periodic in z-direction, (3.5)
zzpm) Ir,.= 0,

P | = pM(s,0) — pi) (s,0) — T - E)QduC (s,0).

For system (3.5), we have the same technique to deal with as the above (2.9). Then we arrive at the
following theorem:

Theorem 3.2. Given f,, € H*(Q,,) for some given k, there exists a strong solution (ugs),pﬁg))) € H*(Q,,) x

HFL(Q,,) to system (2.9). Also, there exists a strong solution (ugﬁ),p%))) € H1(Q,,) x H*(Q) to system
(3.5).

The following boundary condition on I';, will ensure the boundary condition in (4.5) of the approximate
solution defined in (4.3).

Proposition 3.3. If the compatibility condition (1.6) holds, then
Oayusy) [r,= v Ir, = 0. (3.6)
Proof. Due to (2.9) and

0o |1 = fm2 |1

one has
v |p =0. (3.7)
It follows from (1.6) and (2.9) that
Oy D |1, = Oy frn1 |1y, —02ae, DY |1,
= Oy fm1 Ir,, =0z, fm2 |1, = 0. (3.8)

Hence we end the proof of this proposition. O

Second, we are ready to investigate the boundary layer systems satisfied by ﬁ,(y%) and ﬁ,(g).

(7) (u&n),pgg)) satisfies (2.13).
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By using ﬁﬁS) =0 we get —8,27,71153) + i =0 with the corresponding boundary conditions and then can

write the formula of solutions as the following

Theorem 3.4. Assume that f. € H*(Q.) for some given k. Then there exists oY) e H* 2 (Q2°) with, the
form of

) (s,m) = 040" (s,0) e,

B (s,m) = 0.
(8) (@'Y, V) satisfies (2.14).
Similarly we can write the formula of the solutions as

Theorem 3.5. Assume that f. € H*(€,.) for some given k, then there exists aly) e Hk-3 (Q2°) with the form

of

ald(s,n) = gadU§°)n6" + Ae”,
(3.10)
Y (s,m) =0,

where
A= 9uM(s,0) — 2n(r - 92,uV)(s,0).
4. Approximate solutions

With the outer solutions and correctors (uEi),pgi)), (ﬁgi),;ﬁgi)),j € {¢,m} and i € NU{0} in hand, we are
now in a position to construct approximate solutions with the given Ansatz (2.4).

Before that, we first introduce a cut-off function to ensure that the approximate solutions u§*”, j € {c,m},
given below, satisfying the boundary conditions as the original system (1.2)-(1.3). Let o(z) be a smooth
cut-off function with

07 z € [7%7 71]3
o(z) = { (4.1)

1, zel[-1,0.
Then we define the modified approximate solutions as

u???(s,d) = ul®(s,d) + yulV(s,d) + y*ul? (s, d) + x*u (s, d),

(4.2)
PP (s,d) = p0(s,d) + xp{" (s, d) + x*p (s, d),
and
a 2 nea@). @ 3/..(3) _3y,. 4
u P (s, d) = x“o(d)uy, (s, =) + x°(uy, (s, d) + o(d) iy, (s, ),
X X (4.3)
p%)p(sv d) = pgr?) (37 d) + ngrlz) (3’ d)>
where we used the facts that ﬁgi) = ﬁgj) = ﬁ,(g) = ﬁ%) = usﬂ;) = ]37(2) = ]57(%) = 0 with i = 0,1,2,3 and

7 =0,1,2 from (2.11), (2.12), (3.9) and (3.10), respectively.
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Then utilizing the above mentioned system of (uc , pc ),z = ,3 and j = 0,1,2 and also
(wm, @ al?) ~§n,p£n),p£,p) and (3.6) we find that (u%?, p?P) and (uir?, “Pp) satisfy

=V - T(ulP? piPP) = £, in Q,
V-ul?? =0 in ., (4.4)

uc? [p.=0

and

1
~V-T(u app,p%?p)_FX_ u? = £, + g in QO

3 m
V- u = yPw(z) in Q, (4.5)
Aoy upt” Ir,,=vit” |1, =0
and the interface conditions on I',,,
ugpp(s, O) = u%jp(& 0)7
(4.6)
ncm’]r (ugppapgpp) = ncmT(u%,):D»p%,)p) - ’YETT7
where
w(z) = o(d)h 7 - 0,6 + ¢ (d)n - &, (4.7)
(3)
g = x(=Vply) — h o) — —8353 Q(d)w%
20 119 5@ 12 An® <) () o o) 2 2 123y T ) 5 5
+ 2X (Q (d)aflum ) +X (Aum + Ag(d)um + L2 aS u;,” - _2855 m ) +X Q(d) 12 as'um ) (48)
v = x*pPm. (4.9)

The following lemma shows, as we mentioned after Theorem 1.2, the leading order system of the approx-
imate solutions we constructed here is inconsistent with the result of Dobberschutz [14], i.e., it does not
depend on the geometry of the interface.

Lemma 4.1. Given (f.,f,) € H*(Q.) x H*(Q,,) for some give k, then (uP p?P) € H* x H*! and

1
(uerp perP) ¢ Hk=2 x H*. Moreover,

—Tem * (T( app7pzpp)ncm) |ch: 5 Tem ugpp |ch +X2H($),
X (4.10)

e - (T (e, p?)nem) Ir., = =pi” v, +x9(2),

where
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H(z) = —r(T - 8du£0))(s, 0)+7- adug)(s, 0)
— xt(7 - 04u)(s,0) — x(n - d;uP)(s,0)

+x (1 - 9qu (s, 0) + 2x0s (7 - 92u'?)(5,0) € HE 2 (o), (4.11)

G(z) = —2( - 92u?)(s,0) + 2x(7 - 92,ul”)(s,0)
— xp{?(5,0) — 2% (7 - 9,u))(5,0) € H* 2 (o).

Proof of Lemma 4.1. According to the definition of (4.2), (4.3) and (4.11), we easily get the regularity of

(u2rP paPP) (w2 ptPP) and H,G respectively. Now we aim to show (4.10). For clearness, we divide the

proof in the three steps.
Step I: We first prove that

(n-9,ul?)(s,0)
= d5(n- 94ul”)(s,0) + (1 - ul?)(s,0) (4.12)
= 0,(1 - 0,ul”)(5,0) + K(7 - Dgul”)(s,0)
= k(1 - 9qul”)(s,0).

In fact, in the first equation, we utilize the fact that u£2)(s, 0) = 8dugo)(s, 0) and that Osn = —kT, where
K is the curvature of I'.,,. In the second equation, we use the divergence free condition of ugo), ie, h i1
asuEO) —n- 8du£0) =0and A |p,, = 1. Utilizing that u © )(s, 0) = 0, we easily asugo)(s, 0) = 0, which implies
the last equation in (4.12).

Using the similar technique to get (4.12) and the last equation of (3.3), we can prove that

(n-0uf)(s,0)
= 9s(n-ul)(5,0) + r(T - ul) (s, 0)
= 9s(n - 9gul) (s,0)) — 20,(7 - 92yul” (s,0))
+ k7 - 9qul (5,0) + (n- d,ulP)(s,0)
= —20,(1 - %u?) + k1 - 9,ull(s5,0) + (n- 9,uld)(s,0). (4.13)

Step II: Now we focus on the left hand side of (4.10). First,

Tem - (T (0P, pePP)nem) [

cm

= [h"'n - 0,u™? — 1. 9u?P] |p

cm

(4.14)

=" n-9,u® — 7. 9,u] |r.. +x[h 'n-dult) —7-9,ul] |p

cm

+ % ' 0,0 — 7 0P |r,, P 0ul® — 1 9uP] [

cm cm *

Then utilizing the boundary condition that ug)(s,O) =0, = 0,1, and the divergence free conditions
h=tr. 8Sugl) —n- 8dugl) = 0, we derive the relationship: n - 0du£l) (s,0) = 0, which ensure that the equation

(4.14) has the following concise form:
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Tem - (T (W™, peP?)nen) ..,
—(7 - 9qul?)(s,0) — x( - dguP)(s,0)
—x2(7 - 04u?)(5,0) + k(1 - 9u?)(s,0) (4.15)
+ k(T - 04ulV (5,0)) + x*(n - d,ulD)(s,0)
—X*(1 - 0aul)(s,0) — 204 (7 - 92ulV) (s,0),

where we utilized (4.12) and (4.13) on the right hand of (4.15).
Secondly,

= (7-ul”)(5,0) + x(7 - ulM)(5,0) + x*(7 - ul)(s5,0) + x*(7 - ul) (s, 0)

. 11%pPP
T uC |ch

(4.16)
= X2(T : adut(:O))(sv 0) + X3(T : 8du¢(:1))(sa 0)

Then from (4.15) and (4.16), we conclude that

1
= 7 -u™ |p,, +XH(2).

~Tem - (T, P )em) [ren = =

cm

Similarly, by utilizing the boundary condition ugl)(s,O) = 0,1 = 0,1 and the divergence free condition

(n - 9qul)(s,0) = 0,1 = 0,1, and also using the equations of (2.9), and (2.16),, we easily verify that

nem - (T (ue?”, pe?P)nem) [r,,, +Pm? Lo

= [2nF01uiP? + 2n1n2 (D102 + DouiP?) + 205020277 — piPP + pirr]

Fem

=2(n-94ul”)(s,0) + (0 = p?)(5,0) + 2x(n - dgu')(s,0)
(4.17)
+ X( O pt(:l))<s7 O) + 2X2(1’1 . adu((L‘Q))(S’ 0) - X2p¢(:2) (87 0) + 2X3(l’l : 8du£3))<87 O)

= —2x(1 - 92,ul?) (5,0 + 2 (7 - 02,u)(5,0) — x*p{P(5,0) — 2x*(7 - du®)(s,0)
= xG(x).

There we end the proof. O
5. Error estimates

In this section, we intend to complete the proof of our main result Theorem 1.2. In fact, the well-
posedness of approximate solutions satisfying the BJSJ interface condition (1.9) have been verified in the
previous sections. Now we are in the position to deal with the convergence rate of the error solution. Namely,
we intend to prove the energy estimate of the error solution and derive the corresponding convergence rate
about the parameter x.

Noticing that the approximate solutions u??? in (4.5) lose the divergence free condition, which will in
turn lead to the lost of the error solution. Motivated by [18], we introduce another function v (z) satisfying
the following system

{ Ay =w(x) in Qp, 51)

(0 |ch wzw

Ty =
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where w(z) is defined in (4.7). The existence and regularity of ¢ can be obtained by the standard elliptic
theory, see [17] for instance. More precisely, we have

1] a2(0,,) < Cllw(@) L2,
s . p
< Ox2 (|08 | 2z + 10| L2 0)) (5.2)
< Cx3,

where we used Hflg)HLZ(Qm) < Cy? Hﬁﬁ?”mmm and C' is a generic constant, independent of x. Similarly,
we have

11113 (@) < Cllw(@) |1, < Cx 7. (5.3)

Now we define F = (F, Fy) := Vi), then we derive that V - F = w(z) satisfying 9, F1 |r,, = F2 |r,,= 0
with the regularity estimate

1
|Flla @, < CllYllaz@,,) < Ox2,

1
IFll 20, < Cllvllms@,,) < Cx™ 2.

(5.4)

Moreover, out of the following need we extend (one can refer to Theorem 7.25 in [17]) F from €, to € such
that F|, =0 and

1
2

[Flla @) < ClIF|a1 @, < OX3, 55)
_1 ’
[F[lz2@) < CllF[lm2@,,) < OXx 2.
Next we define the modified error functions for j € {¢,m},
ul" = u, —ul? ul’ =, —ul? — \OF, pf™" = p; — pir. (5.6)
For simplicity, we also use the notation for j € {c,m}, u§"" = (u§",v§""). Then the error solution
(u§™",p§™"), j € {c, m} respectively satisty
=V -T(ud",p™) =0,
V-oul =0, (5.7)
uc"™" =0,
and
err err 1 err AETT
_V'T(um »Pm )+Fum = —8mn >
Veou," =0, (5.8)
aue’rr
Owg Tm=Vm I0n=0

with the interface condition on I,
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ug""(s,0) = uy"(s,0) + X°F,

5.9
n-T(ug"™, pi™)(s,0) = n- T (ug”, pi")(s,0) + 47" (s,0), o
where
g =gn —X’AF +F, (5.10)
and
A =~ +2x°n - D(F). (5.11)

Recall that 6" is defined in (4.9), then the order of 4°"" about x in (5.11) is O(x?), which is crucial
to derive the error estimate in the following Theorem. Otherwise, the decay rate of Dué™ will be worse.
In order to prove Theorem 1.2, noting (5.5) and the definition of the error function (5.7), we only need

to prove the following theorem.
Theorem 5.1. We have

IDue™ (| 20,y < Ox2, 0S|z, < CXP, DU L2, < O
here C is a generic constant independent of x.

Proof. Multiplying (5.7) by u¢"™ and (5.8) by uf’" and integrating by parts leads to
= [ mema) uerds 2 [ P =0,
cm QC
and
err ,err err 2 erry|2 1 err|2 GETT err
(HT( U s Pm ))'um d5+; |D(um )| dl’+? |um |"dz = &n - uy, dr.
Tem m m m

By adding the above two equalities together and using (5.9) we can get

2 1

2 [paePde+ > [ DR+ =5 [ e
X X

QC Qnr Q"l

= [ ne ) - T ) s
F(‘.m

+X3/n r]r( err err . F — /Aerr_u;z;;rdx

cm

— / ;767‘7’ fr’l;’l"ds + X / n- ’]I‘( ET"I" er'r‘ F / AETT . uf,:l;’rdx (5.12)

cm Fem

_ /;?erruzrrds+x3/;yerr'Fdsi/g%r' %’rdz+x3/n r]r( err er'r’) Fdx

cm cm m cm

=1 + I+ I3+ 14
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Now we are at the stage to prove from I to I in (5.12). First, utilizing the Trace inequality, Poincare
inequality and the Young inequality and recalling the equality (4.9), we easily find

Il — / 6\/67’7‘ uiTTdS

=’ / pPn+2n - D(F)] - ul"ds

FL"HL

IN

1 err
5 [ DR + X U6 e,y + IDFIBair,,)
Qe

IN

1 err
3 [ 1P+ X  + O
Q.

IN

1
3 / ID(ue™)|?dz 4+ Cx?, (5.13)
Q

c

where we use the inequality (5.5).
Similarly, we derive that

ILy=x* / A°"T . Fds
Fem

<X N 220 (1P 220 + IV F |22 (0

1 err
< §||Duc 122 + Cx°. (5.14)

As for I3 one has
I3 = /gfy-uﬁfrdx
Q?YL

< L |uerr|2d 4 3 ‘Aerr|2d

Q’VTL Qm
1 .

< g [ TP I + X IF I + 1)

Q

1 err|2 4
<3 / T Pdz + O, (5.15)
o

m

It follows from (5.7),, Fi|. = F»|,. =0 and integration by parts that

e, = Flr,

Iy =* / Nep, - T(ul™, pé'™) - Fds
ch

= fx?’/nc ST (g™, pd™) - Fds + XS / T, pd"™) - VFdx
T. Q.
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= x3/T(UE”,pi”) - VFdax
9.
< XCIVF | 200 (DU (|2 + (105 ]| 22)

< CXP||F| g o) IIDuS | 2.

1 err
< _HDuc ||%2(QC) + CX77 (516)

where we assume that fQ‘ p<""dx = 0 and utilize the generalized Poincaré inequality from [16] and (5.7),

then we arrive at

1P |20,y < CIVPE 510,y < CIPUE | 12 -
With the help of (5.13)-(5.16) one has
erry|2 2 erry|2 1 err|2
D(ut)Pde+ 2 [ D Pde+ o [ s (5.17)
<x3 [ 185 Pdr + Cx ™. (5.18)
Qm
By means of the explicit formula of §27" in (5.10), it easily reduces that
¢ [ lgrpds < o, (5.19)
Qp,
where we used the uniform estimate of || F'||2(q,,) in (5.4).
At the end, (5.17) and (5.19) immediately imply
D 20, < COCNER 220, +X*)* < OXF,
1 .
g 22, < C(XCIERT 2@, +x7)* < OX,
1
IDug l[22(0,.) < COCIER |20, +x°)* < OX*.

Therefore, we easily complete the proof of the theorem. O

At the end, we want to verify that the accurate solution of the coupled Stokes-Brinkman system satisfies
the generalized Beaver-Joseph-Saffman-Jones interface boundary condition at the curved interface as the
approximate solution in Lemma 4.1.

Theorem 5.2. For the error solution (0™, p<™), we have
err err 1 err 1
Tem - (T (U™, pe" Mem) + —5Tem - U ) < Cxz. (5.20)
X H™2(Tem)
Moreover, the accurate solution (ue,p.) of Stokes-Brinkman system satisfies
1 1
Tem (T (Ue, pe)em) + —5 Tem * Ue ) < Cx>2. (5.21)
X H™2 (Cem)
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Here C' is a generic constant independent of x.

Proof. Firstly we focus on the proof of (5.20). In step 1, we prove that

e

HT(Ui”,pi")ncmH ) < COx:.
H_§(FC’"'L)

For any q € H: (T'erm) which is a-periodic, we extend q to 2, UT'. UT.,, such that
ae H'(Q), al. =0.

Then with the help of (5.7); we have

/ (T (ug™", pe )nem) - qds = / ((V ‘T (g™, pe™) ~q+ (T (u",pg™) Vq))dm
Q

Tem c

= (T (ug",p™") : Vq))dm,

which immediately implies

s i
H™ 2 (an) LQ(QC)

err

D

C

< 2HD(uerr)

+!

L2(82) L2(Qc).

Assuming that ch p<™"dx = 0 and using the generalized Poincaré inequality of [16] lead to

<Oyt

err

1P 120, < ClIVRET

c HH*l(QC) < Cfug

i @)

In step 2, we prove

H™3 (Torm)

Based on the similar arguments in (5.23)-(5.24), the first interface condition in (5.9), V - u&”

Theorem 5.1, one has
[ 2 = 05 22 + X INF ] 22(r,)

1 1
< Ol e, IS iy + X IF 1)

It follows from (5.22) and (5.25) that

< COx?,
H™ 3 (Do)

3
TcmT(ui”mi”)ncmH <o

which completes the proof of (5.20).

19

(5.22)

(5.23)

(5.24)

(5.25)

= 0 and
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Secondly, we will prove (5.21). From (4.10) and |[H (z)||z>(r.,,) = O(1) one gets

1
HTcm . (T (ugpp7p?pp)ncm) + _ZTcm . ngpHLZ(Fm) < CXZa
X -
which combined with (5.20) imply the result of (5.21).
Consequently we complete the proof of this theorem. 0O

6. Conclusion

We have derived the asymptotic behavior of the Stokes-Brinkman system with a curved interface at
the physically important small porosity number regime. The expansion involves a boundary layer near the
interface which renders the approximation a singular one. The asymptotic expansion is rigorously verified
via energy methods. The explicitly constructed approximate solutions suggest that the leading order non-
trivial behavior of the coupled Stokes-Brinkman system is independent of the curvature of the interface,
at least in terms of a generalized Beavers-Joseph-Saffman-Jones interface boundary condition. Our work is
the first of this kind with a curved interface. Furthermore, we observed that the exact scaling in terms of
the dependence on the porosity in the BJSJ condition can be recovered if we adopt Allaire’s version of the
Brinkman system. Rigorous convergence of the leading order non-trivial solution to that of the Stokes-Darcy
system with appropriate BJSJ interface condition will be furnished in a subsequent manuscript.
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Appendix A. Derivation of the boundary layer system
A.1. Derive of system (2.12)—(2.16)

Here we derive the boundary layer system (2.12)—(2.16). First, we insert the ansatz (2.4) into (1.3) and
collect different orders of x, we arrive at

82
" (A.1)
87,1152) ‘n=0,

and

82
———a +al) = —x9,a?
(A.2)

htr. 0.l + 0,05 n=0,

and
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387]22 ﬁfﬁ) ﬁS,%’ + nanp =021 ~(0) H@nﬁg) + ﬁn@nﬁfg),
(A.3)
n-od,ua ~(2 =_—h1r. (“)Sﬁg,p,
and
—O2, a5 +aly) +nd,p) = —hR(0,a%) +no,ah))
“2(02,8%) + nd2al)) + h 2k ()0, — h™'T0,py (A4)
n- 677ﬁm = —h_lT . 65ﬁm
Next we verify first half of (2.12), i.e
a® =0, (A.5)

In fact, according to the fact that n only depends on s, independent of 1, we substitute the divergence free
condition (A.1), to (A.1),, then we easily derive that

al® =0, (A.6)
which implies that
177(,?) =0 in QF.
Utilizing (A.13); and (A.1),, we deduce that
9,19 (s,0) = 0. (A7)

With the help of equation @\ )( z) of (A.1);, which is
—oz, a0 +al) =0,

the boundary condition (A.7) and the decay property of ﬁfqg)(s, n), i.e., ﬁg,?) (s,m) — 0 as 7 goes to —o0, we
easily derive that

a® =0 in Q. (A.8)

Therefore it guarantees (A.5). A similar technique can be applied to (A.2) to derive the second half of (2.12),

ie.,
all) = 0. (A.9)
We leave the details to the interested reader.
Now we claim that
B =0

and system (2.13) of @2,. First we will return to system (A.3) with iy =al) =0, then (A.3) has the new
form as
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2
—a—ﬁ;? +a? +nd,pY =0,
on? (A.10)
n - 0,y 2 _ .

Then by means of the divergence free condition (A.10),, differentiating (A.10), with respect to n-variable,
and multiplying by the normal vector n, then using again the divergence free condition, we have

(9,27,,1372) =
Moreover, with the help of the decay condition of p°,, we verify that
Y =0, (A.11)
which finally complete (2.12). Then we easily verify the validity of (2.13).

A.2. Derive the interface condition on T'¢,p,

Applying the ansatz (2.4) into (1.4), comparing the order of x and noting (2.6), (2.11) and (2.12), we
directly obtain

(A.12)
ul? 5,0) = ﬁg)(s,O),
ul’ (5,0) = uly) (5,0) + @l (s,0), i > 3,
and
0,y (s,0) =0,
0,y (s,0) = 0, (A.13)
0, (s,0) = 94ul” (s, 0)
and for ¢ > 3,
9yl (5,0) = —(n- 9y (s,0))n — 7(n - 0,a5 > (5,0))
—7(n-9,uli =Y (s,0)) — quli=V(s,0)
—n(n- bV (s,0) + (Y + 5 ?)(s,0)
+ 7(n - 9,ul’=?(s,0)) + 9,uli=?(s,0) (A.14)
+n(n-9ul2(s,0)) —npli=2(s,0).

In particular, when i = 3, we have that

9y (s,0)
—n[n- 9,02 (s,0) + n-du'?(s,0) —n-duM(s,0)]
—7-[n-8,u(s,0) +n-9,u?(s,0) —n-dul (s, 0)] (A.15)
+ (PP (s5,0) + p (s,0) — pI(s,0))n
+ 0qulM (s,0) — 04u'? (s,0).
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Noting that ﬁg)(s,n) = 8du£0)(s, 0)e” by (3.9), we then have

n-9,a?(s,0) = n-9;u?(s,0). (A.16)
Using the divergence-free condition of ugo) and ugl), we obtain that on I'y,,
7-9,u(s,0) +n-9,u®(s,0) =0, (A17)
7-9sull (s,0) +n-9ub(s,0) = 0.
Applying the fact that ugi)(s, 0) =0(i =0,1) to (A.17), we easily know that
n-dgul(s,0) =0,i=0,1. (A.18)
Submitting (A.16) and (A.18) into (A.15) lead to
0y (s,0) = gul (5,0) + (py) (5,0) + By (s,0) — pM (5,0))m, (A.19)

here we have used ﬁs,i) = ug,%) =0.

It follows from n - 8,7ﬁ£2)(5, 0)=—h"1r. 8511%21)(3, 0)=—1- deuﬁo) (s,0), (A.18) (i = 1) and (A.19) that
Pl (,0) + 5y (5,0) = pt (s, 0) = —7 - 92ul” (5,0) (A.20)
which and (A.19) imply that

9, (s5,0) = 94ulV(s,0) — n(r - 3%u?)(s,0). (A.21)
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