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Abstract

Hierarchical (first-order) structured deformations are studied from the variational point of
view. The main contributions of the present research are the first steps, at the theoretical
level, to establish a variational framework to minimize mechanically relevant energies de-
fined on hierarchical structured deformations. Two results are obtained here: (i) an approxi-
mation theorem and (ii) the assignment of an energy to a hierarchical structured deformation
by means of an iterative procedure. This has the effect of validating the proposal made in
Deseri and Owen (J. Elast. 135:149-182, 2019) to study deformations admitting slips and
separations at multiple submacroscopic levels. An explicit example is provided to illustrate
the behavior of the proposed iterative procedure and relevant directions for future research
are highlighted.

Keywords Structured deformations - Hierarchies - Relaxation - Energy minimization -
Integral representation

Mathematics Subject Classification (2020) 74A60 - 49J45 - 74M99

1 Introduction

Refinements of classical continuum theories of elastic bodies have the potential to broaden
their range of applicability by capturing phenomena of particular interest or to adapt the
theories to specific physical contexts. Structured deformations [12] provide a mathematical
framework to capture the effects at the macroscopic level of geometrical changes, such as
slips and separations, at submacroscopic levels. The variational formulation of the theory of
structured deformations [11] set the basis for the enrichment of the classes of energies and
force systems of interest in variational and field-theoretic descriptions of deformations of
elastic bodies, making it unnecessary to commit at the outset to any prototypical mechanical
theories, such as elasticity, plasticity, or fracture.

Following [11], a (first-order) structured deformation is a pair (g, G) € SBV (Q2; RY) x
L'(Q2; RNy = §D(R), where g: @ — R? is the macroscopic deformation of the body
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and G: Q — RV is a tensor field associated with submacroscopic deformation. In classi-
cal theories of mechanics, the field g and its gradient Vg alone characterize the deformation
of the body; in the framework of structured deformations, the additional geometrical field G
captures the contribution at the macroscopic scale of smooth submacroscopic changes, and
the difference Vg — G captures the contribution at the macroscopic scale of non-smooth
submacroscopic changes, such as slips and separations, which are referred to as disarrange-
ments [13]. Accordingly, G is called the deformation without disarrangements, and, heuris-
tically, the disarrangement tensor M := Vg — G is an indication of how non-classical a
structured deformation is: if g is a Sobolev field and M = 0, then the deformation with-
out disarrangements G = Vg is simply the classical deformation gradient; if M # 0, the
effect of submacroscopic slips and separations, which are phenomena involving interfaces,
is captured at the macroscopic level. This fact will be made precise in the Approximation
Theorem 2.3.

The classical variational methods for continuum mechanics rely on energy minimization.
In [11], the energy assigned to a structured deformation (g, G) € SD(2) is the one arising
from the most economical way to reach (g, G) by means of a sequence {u,} C SBV (Q; R%)
approximating (g, G) in the following sense

U, —> g in L"(BRY and Vu, =~ G in M(Q; RN, 1.1

where M (€2; R4*V) is the set of bounded matrix-valued Radon measures on ; the conver-
gence in (1.1) will be denoted by u,, S—*D\ (g,G).

We let the initial energy of a deformation u € SBV (2; RY) be

Eu) ::/ W (x, Vu(x))dx + ¥ (x, [u](x), v, (x)) dHY 1 (x), (1.2)
Q

QNS

which is determined by the bulk and surface energy densities W: Q x RN — [0, +00)
and ¥: Q x RY x S¥~! — [0, +00). In formula (1.2), dx and dH"~'(x) denote the N-
dimensional Lebesgue and (N — 1)-dimensional Hausdorff measures, respectively; [u](x)
and v, (x) denote the jump of « and the normal to the jump set for each x € S,, the jump set
of u.

In mathematical terms, the process to assign an energy to a structured deformation
(g, G) € SD(R2) reads

1(g,G) = inf{ liminf E(u,) : u, € SBV (2 RY), u, ?D (g, G)}. (1.3)
n— 00

In the language of calculus of variations, the operation in (1.3) is known as relaxation, and an

important goal is to prove that the functional I admits an integral representation, that is, that

there exist functions H :  x RN x RN — [0, +o0) and h: Q x R? x SV~! — [0, 4+00)

such that

I(g,G)Z/H(x,Vg(x),G(x))der/ h(x, [g1(x), v () dHY ' (x).  (1.4)
Q

Qns,

In the case where the initial bulk and surface energy densities W and ¥ do not depend
explicitly on the spatial variable x, this was the main result in [11], whose extension to
include the explicit x dependence can be found in [17, Theorem 5.1].
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In the recent contribution [14], Deseri and Owen extended the theory of [12] to hierar-
chical structured deformations in order to include the effects of disarrangements at more
than one submacroscopic level. This extension is based on the fact that many natural and
man-made materials exhibit different levels of disarrangements. Muscles, cartilage, bone,
plants, and biomedical materials are just some of the materials whose mechanical behavior
can be addressed within the generalized field theory proposed in [14]. Since a structured
deformation (g, G) identifies two levels, the macroscopic one and the submacroscopic one,
for L € N, we call an (L + 1)-level (first-order) structured deformation an (L + 1)-tuple
(g,G1,...,GL), where g: Q — R4 is the macroscopic deformation and G,: Q2 — RI*N
for £ =1,..., L, are the deformations without disarrangements at each of the L submacro-
scopic levels.

With the far-reaching goal of establishing a variational theory a la Choksi and Fonseca
[11] for hierarchical structured deformations, the main results of the present research are:
(i) an approximation theorem for (L + 1)-level structured deformations (see Theorem 3.3
below) and (ii) a proposal for the assignment of an energy to the (L + 1)-level structured
deformation (g, Gy, ..., G.) by means of a well-posed recursive relaxation process (see
Theorem 3.4 and the example in Sect. 3.3 below).

After stating the notation that we use throughout this work, the plan of the paper is the
following: in Sect. 2 we collect some results coming from the theory of structured defor-
mations, together with some recent generalizations; we also state and prove Theorem 2.10
on the properties of the relaxed bulk and surface energy densities: this is the crucial re-
sult that allows the recursive relaxation process to continue through all levels. In Sect. 3, we
present our main results on hierarchical structured deformations, namely the Approximation
Theorem 3.3 and Theorem 3.4 on the well posedness of the recursive relaxation and, there-
fore, on the assurance that the energy assigned to an (L + 1)-level structured deformation
(g,Gy,...,Gyp) is well-defined. We also show an example in which explicit computations
can be carried out. Finally, Sect. 4 offers an outlook for future directions of research.

1.1 Notation

We will use the following notations

N denotes the set of natural numbers without the zero element;
Q C R¥ is a bounded connected open set;
S¥-! denotes the unit sphere in RY;

Q := (=%, 1N denotes the open unit cube of R centred at the origin; for any v € SV,

0, denotzeszany open unit cube in RY with two faces orthogonal to v;

o A(S) is the family of all open subsets of 2;

e £V and HV~! denote the N-dimensional Lebesgue measure and the (N — 1)-dimensional
Hausdorff measure in R", respectively; the symbol dx will also be used to denote inte-
gration with respect to £V;

o M(2; RN is the set of finite matrix-valued Radon measures on ; M*(Q) is the
set of non-negative finite Radon measures on 2; given u € M(; R¥*V), the measure
|| € MT(Q) denotes the total variation of u;

o SBV(Q;R?) is the set of vector-valued special functions of bounded variation defined
on Q. Given u € SBV(Q: RY), its distributional gradient Du admits the decomposition
Du = D% + D’u = Vul™ + [u] ® v,H"~'LS,, where S, is the jump set of u, [u]
denotes the jump of u on S, and v, is the unit normal vector to S,,; finally, ® denotes the
dyadic product;
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o LP(S; RYN) is the set of matrix-valued p-integrable functions;

o for p > 1, SDP(Q) := SBV(Q; RY) x LP(2; R™N) is the space of structured deforma-
tions (g, G) (notice that SD'(R) is the space SD(Q) introduced in [11]); the norm in
SD(L) is defined by [(g, G)llspe) = I8l svrd) + 1GllL1(@:raxn):

e (C represents a generic positive constant that may change from line to line.

2 Preliminaries on Structured Deformations

In this section, we present the two results of great importance in the theory of structured
deformations, namely the Approximation Theorem (see Theorem 2.3 below) and the integral
representation result of Theorem 2.8 generalizing that in [11, Theorems 2.16 and 2.17], see
also [17, Theorem 5.1]. Since the energy for a structured deformation (g, G) is defined by
means of a relaxation process, it is necessary to show that the set on which the relaxation is
performed is non empty. At the same time, starting from an initial energy E of integral type,
Theorem 2.8 guarantees that also the relaxed energy [ is of integral type, and identifies the
relaxed bulk and surface energy densities H and &, respectively. The most significant result
of Sect. 2, Theorem 2.10, shows that the relaxed energy densities H and &, themselves, can
serve as initial energy densities for the relaxation process, thus allowing the iterative process
in Sect. 3 to provide a well-defined energy for (L + 1)-level structured deformations.

2.1 Approximation and Definition of the Energy

A fundamental result in the theory of structured deformations is the Approximation Theo-
rem [12, Theorem 5.8], a counterpart of which was recovered in [11, Theorem 2.12] in the
SBYV framework and in [19] in a broader framework. In simple terms, [11, Theorem 2.12]
states that given a structured deformation (g, G) € SBV (Q; R?) x L'(Q; R¥*V), there ex-
ists a sequence {u,} C SBV (2; RY) that approximates it, in the sense that the sequence of
functions n + u,, tends to the field g, and the sequence n — Vu, of the absolutely continu-
ous parts of their gradients tends to the (matrix-valued) field G, in suitable senses. The proof
of the approximation theorem rests on the following two results.

Theorem 2.1 ([1, Theorem 3]) Let f € L'(Q; R*N). Then there exist u € SBV (;R?), a
Borel function B: Q — RN and a constant Cy > 0 depending only on N such that

Du=7 L4+ U LS, [ IBWIEH 0 < Cull e D)
SuNQ

Lemma2.2([11,Lemma2.9]) Letu € BV (2; RY). Then there exist piecewise constant func-
tions it, € SBV (Q; R?) such that it, — u in L'(2; R?) and

|Du|(§) = lim |Du,|(§2)= lm / [, ()| dHY ! (). 2.2)
n— 400 n— 400 Sﬂn

We are now ready to state, and prove for the reader’s convenience, the approximation the-
orem for structured deformations. Even though its proof can be found in the literature, see,
e.g., [11, Theorem 2.12] or [17, Proposition 2.1], it is useful to show it here as a preparation
for the proof of Theorem 3.3 below.
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Theorem 2.3 (Approximation Theorem) There exists C > 0 (depending only on the dimen-
sion N) such that for every (g, G) € SD(Q) there exists a sequence {u,} C SBV (Q2; R?)
converging to (g, G) according to

U, — g in L' RY and Vu, > G in M(Q;ROY) 2.3)
and such that, for alln € N,
[Du,|(2) < Cll(g, G)llsp)- 2.4

In particular, this implies that, up to a subsequence,
D'u, =~ (Vg —G)LN + D'g  in M(Q; R¥Y). 2.5)

Proof Let (g,G) € SD(2) and, by applying Theorem 2.1 with f :=Vg — G, let u €
SBV (2; R?) be such that Vu = Vg — G. Furthermore, let iz, € SBV (Q; R?) be a sequence
of piecewise constant functions approximating u, as per Lemma 2.2. Then the sequence of
functions

U, =g+u,—u (2.6)

is easily seen to approximate (g, G) in the sense of (2.3). In fact, u, — g in L' and
Vu,(x) = G(x) for LY -a.e. x € Q. Invoking the triangle inequality, the inequality in (2.1),
and (2.2), we obtain for C =3(1 + Cy)

[Du,|(2) < C|l(g. G)lIsp forall n € N sufficiently large, 2.7

so that (2.4) is proved for a suitable “tail” of the sequence u,,. The convergence of u,, — g
in L' implies that Du, converges to Dg in the sense of distributions. The uniform bound
(2.7) ensures the existence of a (not relabeled) weakly-* converging subsequence such that

Du, - Dg in M(2; R¥*N), so that, since Vu, — G in M(Q2; R**V), we have
D'u, =~ (Vg —G)LN + D'g  in M(2; RN,
which is (2.5). The proof is concluded. O

Remark 2.4 An inspection of the proof of Theorem 2.3 (see also [11, Theorem 2.12] and
[17, Proposition 2.1]) shows that the sequence {u,} in (2.6) satisfies

Vu, =G. (2.8)

Furthermore, if p > 1 and either the density W in (1.2) satisfies a coercivity condition as
in (2.14) below with g = p, or a generic bound of the type sup, {[|Vu, |l Lr(q.raxv)} < C is
imposed on the sequences defining /(g, G) in (1.3), then the second convergence in (2.3)
can be strengthened to read Vu, — G € L?(2; R¥*"N). On the other hand, as observed in
the Approximation Theorem, the existence of sequences approximating in this latter sense
is guaranteed by (2.8). Hence, in the case p > 1, for (g, G) € SD?(2), we use the notation

p . .
Un —— (g, G) to signify
u, —>g inL'"(QRY and Vu,—~G in L?(Q; RDN). (2.9)
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Let p > 1 and let the initial energy E: SBV(L; R%) — [0, +00] be defined by (1.2),
where W: Q x RN — [0, +00) and ¥ : Q x R? x SN~ — [0, +00) are the initial bulk
and surface energy densities, respectively. For (g, G) € SD?(2), the energy I (g, G) is de-
fined by

1(g,G) = inf{ liminf E(u,) : {1} € R (g, G)], (2.10)
where
R,(g.G) = {{u,,} CSBV(@ R 11y > (g, G)}. 2.11)

2.2 Generalization of the Choksi-Fonseca Scheme

Here we define the class of initial bulk and surface energy densities W and i that can be
used to define the initial energy E to be relaxed to structured deformations. Compared to
the results in [11], we add the explicit dependence on the space variable and we prove that
the relaxed energy densities still belong to the class of initial energies.

Definition 2.5 (Energy densities) For ¢ > 1, we denote by £D(gq) the collection of pairs
(W, ) of bulk and surface energy densities, where W: Q x RN — [0, +00) and ¥ : Q x
R? x S¥=! — [0, +00) are continuous functions satisfying the following conditions

(1) there exists a continuous function wy : [0, +00) — [0, +00) with wy (s) — 0 as s —
07 such that, for every x, x; € Q and A € RIXN

[W(xi, A) — W(xo, A)| < ww(|x; — x0])(1 + |A]7); (2.12)
(2) (g-Lipschitz continuity) there exists Cy > 0 such that, forall x € Q and A}, A, € RV,
IW(x, A1) = W(x, A2)| < CwlAr = Ao (14 A7 +1421771); (2.13)

(3) there exists Ay € RN such that W(-, Ag) € L®(R);
(4) there exists cy > 0 such that, for every (x, A) € Q x RI*N

1
cwlAl" — - S Wix, A); (2.14)
w

(5) (symmetry) for every x € Q, A e R?, and v e SV,
Y(x, A, v) =y (x, —A, —v);
(6) there exist ¢y, Cy > 0 such that, for all x € 2, A € R?, and v € SV1,
cylA S Y (x, A, v) < CylAl; (2.15)
(7) (positive 1-homogeneity) forallx e Q, A e R, v e SV, and ¢t > 0
Y(x,tA,v) =t¥(x, A, v);
(8) (sub-additivity) for all x € Q, A1, A, € R, and v e SN !,

W(X,)\l +)\‘27 V) g w(x!)“l’ v) +w(x!)\'2’ V),
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(9) there exists a continuous function wy, : [0, +00) — [0, +00) with wy (s) — 0as s — 01
such that, for every xp, x; € Q, A € R4 and v e SV,

[V (x1, &, v) = ¥ (x0, A, v)| < @y (Ix1 — x0)IA]. (2.16)

We say that (W, ) € ED"(q) if W satisfies only (1)—(3) while ¢ satisfies (5)—(9). Clearly,
ED(q) is a smaller class than £D™(q). For energy densities W: RN — [0, +-00) and
Y R x SN~ — [0, +00) (therefore not explicitly depending on the space variable), we
define the class EDcr(g) of pairs (W, ) satisfying (the obvious modifications of) (2), (4),
(5), (6), (7), and (8); as above, we say that (W, ¥) € ED(q) if W satisfies only (2) while ¢
satisfies only (5)—(8).

In this work, relevant values for g will be eitherg = p > 1 org = 1.

Remark 2.6 We point out the following facts:

(i) as observed in [8, pages 298 and 305], the symmetry property (5) in Definition 2.5
ensures that ¥ (x, A, v) can be equivalently seen as a function of x and A ® v, for every
xeQreRy pyeSN-L,

(ii) coercivity conditions (2.14) and (2.15) can rule out some physical relevant settings in
particular, some arising from fracture mechanics (see [11, Remark 3.3]). Extra bounds
on the norms of the admissible sequences can overcome these constraints to prove The-
orem 2.8 below, as observed in the proof of [11, Theorem 2.16], see also Remark 2.9.
Therefore, we can relax the request in property (6) of Definition 2.5 by requiring that

0<¥(x, A, v) <CIAL @.17)

On the other hand (as evident also in the proof of [11, formula (4.22) and in the entire
Sect. 5]), our coercivity assumptions on W (or milder ones of linear type) and v are
crucial to deduce that densities H and & have the same type of properties as W and ,
and thus it will be possible to apply Theorem 2.8, in turn, to H and #.

(iii) Notice that, if ¥ does not depend explicitly on x, condition (2.17) need not be imposed
as an assumption, since it follows immediately from the continuity and the positive
1-homogeneity of : indeed, continuity and property (7) of Definition 2.5 imply that
¥ (0, v) =0 for every v € S¥~! and so, for every (A, v) € (R?\ {0}) x S¥~!, we have

A

o<w<x,v)=|x|w(m,v

) <Clal,
where C = maxgs-1,gv-1 ¥, which is bounded by continuity.

For A, B € R¥*N let a,(x) := Ax be the linear function with (constant) gradient A and
let

c™"k(A, B) = {u € SBV(Q;RY) 1 ulsp :aA|aQ,/ Vu(x)dx = B, |Vu| € L”(Q)};
[¢]

(2.18)
for neR?and v € SV ! let

CM M, v) = {u € SBV(Q,:R%): ulyo, = Sa0vlag, . Vu(x) =0 for LN-ae xe QV},
(2.19)
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where, for 11, A, € R and v € S¥~!, the function s;, 1, , is defined by

A ifx-v >0,
iy (X) = ! ! (2.20)

A ifx-v<O.

Given x € , U € A(R), and u € SBV (U; R?), we define the localized bulk and surface
energies for the relaxation process

EM¥u; U) :=/ W(x, Vu(y))dy + ¥ (x, (), v () dHY (), (2.210)
U

SuNU

EX(u; U) = ¥, ] () v () dHY (), (2.21b)
SunNU

and we define the relaxed bulk and surface energy densities H: © x RV x RI*N
[0, +00) and h: © x RY x S¥~! — [0, +00), respectively, by

H(x, A, B) =inf {E? (u; Q) :u e C™ (A, B)}, (2.22a)
h(x, %, v) =inf {E(u; Q,) 1u € C (A, v)}. (2.22b)

The first result that we provide is the sequential characterization of the bulk energy den-
sity H defined in (2.22a).

Proposition 2.7 (Sequential characterization of H) Under Assumptions 2.5-(1),(2), (6), (8),
and (9), for every (x, A, B) € Q x RN x RN ywe have H(x, A, B) = H(x, A, B), where

H(x,A,B) = inf{ liminf 2% (u,; 0) : {u,} € CU¥(4, B)} (2.23)
and
Cour(A, B) = {{u,} C SBV(Q:R") :u,, —> an in L'(Q: RY),
Vu, — B in L?(Q; R”M)}. (2.24)
Proof The proof follows the lines of that of [11, Proposition 3.1]. a

Theorem 2.8 (Integral representation theorem) Let p > 1 and let (W, ) € ED™(q), with
either ¢ = p or q =1, as in Definition 2.5. For (g, G) € SD?(2), let 1(g, G) be defined by
(2.10). Then the functional I : SD?(2) — [0, +00) admits the integral representation

I(g,G)Z/H(x,Vg(X),G(X))der/ h(x, [g1(x), v () dHY 1 (x),  (2.25)
Q

Qns,

where H and h are defined in (2.22a), (2.22b).

Proof This theorem can be found in [17, Theorem 5.1]. Here we just highlight some differ-
ences from the result in [17], which are due to the definition of the class R, in (2.11). We
notice that, for (W, ¥) € EDEFr(p), the result is [11, Theorem 2.16], which provides cell
formulae for the relaxed bulk and surface energy densities H and h, respectively, which are
as in (2.22a), (2.22b), but with no x-dependence. On the contrary, for (W, ) € EDF (1),
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the result corresponds to [11, Theorem 2.17], which provides the cell formula for the relaxed
bulk energy density H as in (2.22a), and for the relaxed surface energy density / a cell for-
mula similar to that in (2.22b), but containing also a contribution of the recession function
W of the initial bulk energy density. This is not the case in our context because the class
‘R, contains a uniform bound on the L? norms of the gradients of the sequences converging
to (g, G), and this is enough to prevent the appearance of W in the cell formula for 4.

As done in [17, Theorem 5.1], and previously in [7, Theorem 3.2], the explicit x-
dependence is dealt with thanks to conditions (1) and (9) of Definition 2.5, borrowing tech-
niques from [5]. O

Remark 2.9 Assuming coercivity of the bulk energy density W (see property (4) in Defini-
tion 2.5) would make the proofs a bit easier. Nonetheless, we prefer to state the hypotheses
of Theorem 2.8 without this condition for the sake of generality. The integral representation
theorem proved in [11] is also stated without the coercivity assumption, which is temporar-
ily added in the proof to obtain L” boundedness of the gradients of minimizing sequences,
and then is removed. In our setting, the very definition of the class R, carries the needed
boundedness, so that our Theorem 2.8 can be safely stated without assuming condition (4)
of Definition 2.5.

In the next theorem, we collect the properties of the relaxed energy densities H and &
defined in (2.22a), (2.22b). We start from a pair (W, ¥) € £D(g) and we prove that, via
(2.22a), (2.22b), they generate a pair (H2, h) € £D(1). To show this, the coercivity of the
initial bulk energy density W is not only needed, but will also hold true for the density
HB(x,A)=H(x, A, B).

Theorem 2.10 (Properties of the relaxed energy densities) Let p > 1 and let (W,{) €
ED(p). Let H: Q x RN x RN 5 [0,400) and h: Q x R? x SV~! — [0, +00)
be the functions defined in (2.22a), (2.22b). Let us define, for B € R¥™N | the function
HE: QxRN [0, +00) by (x, A) > HB(x, A) == H(x, A, B). Then (H® h) € ED(1).
Moreover, the function H is p-Lipschitz continuous in the third component, namely for every
(x, A) € Q x RN there exists a constant C > 0 such that for every By, B, € RV,

|H(x,A, Bi) — H(x, A, B))| < C|B) = Bo|(1 4 |Bi["™" + |By|"7). (2.26)

Proof We start by proving that there exist constants ¢y, Cy > 0 such that for every x € Q
and A, B € RN there holds

1 -
cu(|Al+1BI") — - SHx A B)<Cu(l+]Al+ |BI”). (2.27)
H

The sequence {u,} provided by Theorem 2.3 to approximate the structured deformation
(a4, B) belongs to Cfe“ék(A, B), so that, by Proposition 2.7, we obtain the upper bound in
(2.27) by means of the following chain of inequalities

H(x,A,B) < liminf(/ Wi(x, Vu,(y))dy +/
n—o0 Q

SupNQ

Un

Y (x, [ua](¥), v, (¥)) dHN_l(y))

< liminf (W (x, B) + Cy|D*u,|(Q)) < Cu(1 + |A| +|B|?),

n—0oo

where we have used the fact that Vu,, = B and (2.15)_ in the second inequality, and (2.13)
jointly with property (3) in the third one; the constant Cy depends on N, on the norm of Ay,
on [[W(:, Ap) |l L (q), and on Cy and Cy.
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On the other hand, by (2.23) there exists a recovery sequence converging to (a4, B) in
the sense of (2.9). Thus, by the coercivity in (2.14) and (2.15) and the lower semicontinuity
of the L” norm and of the total variation of measures, we obtain that, for ¢y := min{cw, ¢y},

~ | 1
H(x,A,B)2cy(IBI” +1A—B|) — =2 cu(|Al+1B]7) — = (2.28)
H H

for a suitable constant ¢y € (0, ¢y ), so that (2.27) is proved.

To show that H? satisfies property (1) of Definition 2.5 with ¢ = 1, we argue in the
following way. Let xo, x; € Q and A € R¥*V be given, and let & > 0. By definition (2.22a),
there exists u® € C®X(A, B) such that

EMMu'; Q) < H(x1, A, B)+&=H"(xi, A) +e. (229)

Therefore, since the same u® is also a competitor for H (xy, A, B), we have, defining the
function @y (s) == max{ww (s), @y (s)},

H®(xo, A) — H® (x|, A) = H(x0, A, B) — H(x), A, B)

SEM ' Q) — EY™ s Q) + ¢

X0

Sow(lxo—x1]) / I+ [Vut(WI7) dy + wy (Ixo — x1]) w1 [dHY " (9) + ¢
o S,eNQ

- 1 1
<au(lx —x1|>(1 + o — / W (x1, Vus (y)) dy
Cw Cw Jo

1
+— ¥, [u](y), vus(y))dHN‘l(y)> +e
Cy JS,en0

~ 1 1 1 bulk /&
<@u(xo—xihmax {14+ o, —, — 1+ EX¥@; 0) +e
CW Cw Cy
I
—](l—i—H(xl,A,B)—i—s)—i—s

- 1
<@n(lxo —xihmax {14+ —,
CW C,/,

- I 13, =
<an(xo —xihmax {1+ —, —}(Cu(1+ 141+ BI") +¢) +e,
Cy Cy

where we have used, in sequence, (2.29) in the first line, (2.12) and (2.16) in the second line,
the coercivity (2.14) and (2.15) in the third line, (2.29) again in the fifth line, and finally
(2.27) in the sixth line. By exchanging the roles of xy and x; and by the arbitrariness of
& > 0, we have obtained that H? satisfies (2.12) with ¢ = 1 and modulus of continuity
wys(s) :=C(cw, cy, Ch, |BIP) 0h(s).

To show that H® satisfies property (2) of Definition 2.5, we recall that by [11, Proposi-
tion 5.2] the relaxed bulk energy density is uniformly continuous in the A-variable. A closer
inspection of the proof of that proposition, together with properties (1) and (9) of Defini-
tion 2.5 to control the x-dependence, shows that for every (x, B) € Q2 x R4*N the function
RN 5 A+ H(x, A, B) is indeed Lipschitz continuous, so that

|HB(x, A)) — H®(x, A2)| < C|A, — Ay, (2.30)

which is (2.13) with ¢ = 1. Continuity with respect to A follows. (We note, in passing, that
(2.13) is trivially satisfied also with a general g > 1.)
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To show that H? satisfies property (3) of Definition 2.5, let Ay € R?*¥ be the matrix that
makes the property hold true for W and let {u,} C SBV (R2; RY) be the sequence provided
by Theorem 2.3 to approximate the structured deformation (a4,, B). Then, since {u,} €
Co4 (Ao, B), we apply Proposition 2.7 and for x € Q we have

HE(x, Ag) = H(x, Ao, B)

<1iminf< / W(r, Vit () dy + / w<x,[un]<y>,vun(y»dHN—l(y))
Q SupNQ

n—o0

< liminf (W (x, B) + Cy | D*u,|(Q))

n—oo

<SW(x, Ag) + Cw|Ag — BI(1+Aol”™ + |BI"™") + Cy C |[(@ags B) | 5 -
where we have used (2.13) with ¢ = p and (2.4). This shows that | H®(-, Ag) ||LOO(Q) <
C+IW (., Ap)ll Lo (g)» SO property (3) of Definition 2.5 holds for H® with the same Ay that
was good for W.

Inequality (2.28) shows immediately that (2.14) holds for H2 with ¢ = 1, and properties
(1) and (2) of H® imply that H® is continuous.

For what concerns the surface energy density, we observe that, by its very definition
(2.22b), h satisfies properties (5), (6) with the constants ¢, := ¢y and Cj, := Cy,, (7), and (8)
of Definition 2.5. In particular, in view of (5), it can be equivalently expressed as a function
of x and A ® v, see (i) in Remark 2.6. Therefore, as observed in [20, Theorem 2.3], the
function 4 can be seen as the restriction to rank-one matrices of a function ®: Q x R4*N 3
(x, M) > ®(x, M) € [0, +00).

In particular, [20, equations (15), (16)] provide, for every x € €2,

®(x, M) =inf} Y g(e i) im € N\(0), (i w) € RY xSV,

i=1
m

i:l,...,m,Zki@;v[:M}, (2.31)
i=1

together with the subadditivity and the positive 1-homogeneity of the map M +— @ (x, M).
Therefore, ® (x, -) is convex on RV for every x € €2, and hence it is locally Lipschitzian
and thus continuous, see [15, Sect. 6.3, Theorem 1].

To show that / satisfies property (9) of Definition 2.5, we argue in the following way.
Let x, x; € 2 and (A, v) € RY x S¥~! be given, and let & > 0. By definition (2.22b), there
exists u® € C*"(A, v) such that

EX W’ Q) <h(xi, A,v) +e. (2.32)

Therefore, since the same u° is also a competitor for /(xg, A, v), we have, defining @y, (s) =
;g (s),

h(xo, A, V)= h(x1, 2, v) < ERT(u®; Q) — ERT(u’; Q) + &

X0

Sy (Jxo —x1) I AHY " (v) + &
S,eNQy
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<@ (|xo — x11) V(e 1), vee ) HY T () + 6
SN0y

=@y (%o — <1 VER"(w®; Q) + ¢
<an(1xo — x1 ) (h(x1, ko v) +8) + & <@y (1xo — 1) (Cy A + &) + &,

where we have used, in sequence, (2.32) in the first line, (2.16) in the second line, the coer-
civity (2.15) in the third line, and (2.32) again and (2.15) in the fourth line. By exchanging
the roles of x¢ and x; and by the arbitrariness of ¢ > 0, we have obtained that & satisfies
(2.16) with modulus of continuity wj,(s) := Cy @;(s). Continuity of / in all of its variables
follows.

We prove now (2.26). Let (x, A) € Q x RN be fixed, let By, B, € RV, and let
{u,} C SBV(Q;R?) be a recovery sequence for H(x, A, By). Let {v,} C SBV(Q;R?) be
the sequence provided by Theorem 2.3 to approximate (0, B; — B;), so that the sequence
{u, +v,} € CE:C}k(A, B). Then we have, for C), a positive constant depending only on p,

H(x,A,B)) — H(x, A, By)

< liminf (EY™(u, + vo; Q) — E}™(uy; Q)

n—0o0

< limiorolf(CwlBl - le/(l + Vi (y) + Bi = Bo|”™" + [V, ()7~ ) dy
n— 0

+/ ¥ (x, [0, v, (y))dHN‘l(y)>
Sv, NQ

n—oo

gliminf(CW|Bl—Bz|(1+CP(|Bl|P*1+|BZ|1)71)+(1+CP)/ |Vun(}’)|p71dy)
0

+Cy ”stn”(Q)>

p—1

< nmgolf(cwa 1B = Bal(1+ 1B 1B ([ 1Fmoray) 7
n— 0
+ CyCy|B; — Bz|>,

where we have used (2.13), the sub-additivity property (8), and the fact that Vv, = B; — B,
in the second line, inequalities on powers and (2.15) in the third line, Holder’s inequality
and the inequality in (2.1) in the fourth line. To treat the term containing Vu,, we argue in

)
the following way, letting ¢y, := (max{c@l, c;VZ}) P

p=1
liminf(/ |Vun(y)|pdy> 1
n—00 Q

1 1
n—oo Cw Cw Jo

p—1

I

p—1

. bulk, . _ p=1
< llmlnfcwl,,(l—i-EX (un; @) 7 =cw,(1+H(x, A B)) 7
o0

n—
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- p=1 =) 1
Sewp(1+Cu(L+1A[+[Bo|") 7 < K(L+|Al'7 +B|")

where we have used the coercivity property (2.14), the non-negativity of the surface energy,
the fact that {u,} is a recovery sequence for H(x, A, B;), the upper bound in (2.27), and
where we have called K a constant depending on p, cw, ,, and Cp. Therefore we have, for
a certain constant C > 0,

H(x,A,B)) — H(x,A, B) <C|B; — Bo|(1 4+ | B 1P + |Bo|P71);

reversing the role of B; and B, we finally obtain (2.26), namely that H is p-Lipschitz
continuous in the third variable. As a consequence, H is continuous in its arguments and the
proof is concluded. ]

Remark 2.11 We observe the following facts.

(1) We point out that the inequality from above in (2.27) could have been equivalently
deduced by the fact that H satisfies (2.12), (2.13), and (2.26).

(i) We observe that (2.22b) is BV -elliptic (see [4, Definition 5.17]): indeed, since x € Q2
is fixed, it arises as a formula identical to the homogeneous version of [8, equation
(11) and Proposition 2.2] and [2, equation (3.5), where the functional setting coincides
with the current one]. In light of this coincidence, the density & guarantees the lower
semicontinuity of surface integrals also with respect to the SBV, convergence (see [3]
and [4]). Roughly speaking one could say that & is the BV -elliptic envelope of ;
besides, the notion has been introduced in the purely brittle fracture context, i.e., in the
SBYV, topology, (see [9, 10]). In particular, this observation goes in the direction that
in the next relaxation iterations the 4 remains unchanged.

(iii) The above result still holds under weaker continuity conditions on the original bulk
density W, thus enabling us to obtain a different, more analytically involved, energetic
treatment of hierarchical (first-order) structured deformations. This will be the subject
of a forthcoming paper.

3 Hierarchical First-Order Structured Deformations

In this section we extend the Approximation Theorem 2.3 and the integral representation
Theorem 2.8 to hierarchical first-order structured deformations. In order to achieve the ap-
proximation result, Theorem 3.3 below, an appropriate notion of convergence of a (multi-
indexed) sequence of SBV functions to an (L + 1)-level (first-order) structured deforma-
tion (g, Gy, ..., Gyp) is introduced in Definition 3.2. Then a recursive relaxation process is
presented, in which Theorem 2.8 is recursively applied: in order to make this possible, The-
orem 2.10 guarantees that after each relaxation process, the densities obtained by freezing
the microscopic gradient are still in the class £D(1), so that Theorem 2.8 can be applied one
more time.

Definition 3.1 For L € N and Q C R" a bounded connected open set, we define

HSD; () =SBV (Q2;RY) x LY RPNy x ... x L1(; RPY)

L-times

the set of (L + 1)-level (first-order) structured deformations on Q. For p > 1, we define

HSDY(Q) =SBV (Q;RY) x LP(Q;RTN) x - x LP(Q; RV).

L-times
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An example of a three-level structured deformation is provided by a stack of bundled
papers (see [14, Fig. 1]). Deformations at the macrolevel (level 1) correspond to changes
in shape of the entire stack, deformations at the first submacroscopic level (level 2) cor-
respond to changes in shape of each of the bundles, and deformations at the second sub-
macroscopic level (level 3) correspond to changes in shape of each single sheet of paper.
In this situation we have two levels of disarrangements, the first between bundled papers
and the second between sheets of paper. Thus, one can consider a macroscopic deformation
field g at each time, but also two tensor fields G; and G, that provide the effects at the
macrolevel of geometrical changes without disarrangements at the submacroscopic levels 2
and 3, respectively, while the difference Vg — G captures disarrangements in the form of
slips or separations between adjacent bundles of papers, and the difference G| — G, captures
disarrangements in the form of slips or separations between individual sheets of papers.

3.1 Approximation Theorem for Hierarchical (First-Order) Structured Deformations

The first result that we present is the definition of convergence of a sequence of SBV
functions to an (L + 1)-level structured deformation (g, G, ..., G) belonging to either
HSD(Q) or HSDY(Q).

Definition 3.2 Let L € N, let p > 1, let (g,Gy,...,GL) € HSD!(RQ), and let Nt >
(n1,....,nL) > Un, .n, € SBV(Q;R?) be a (multi-indexed) sequence. We say that
{tn,,...n; } converges in the sense of HSD{(Q) to (g, Gy,...,Gp) if

() lim,, o0 ---limy,; oo Uy,...n, = g, With each of the iterated limits in the sense of
L'(S;RY);

@) forall £=1,...,L =1, lim,, oo -1iMy;, sooUny,.ny = &nyooomy € SBV(Q:; RY)
and

lim --- lim Vg,
ny—o0o ng— 00

with each of the iterated limits in the sense of weak convergence in L?(; R*V);
(iii) lim,, oo ---limy,, oo Vity,, », = G with each of the iterated limits in the sense of
weak convergence in L7 (Q; R¥*V);

. P . .
we use the notation u,,, ..., — (g, G, ..., G) to indicate this convergence.
HSDy

If(g,G1,...,Gr) € HSD.(R2) and if the weak L” convergences above are replaced by

~ (g,Gy, ..., Gt
sl HSDy, (g 1 L) (o]

indicate this convergence.

The sequential application of the idea behind the Approximation Theorem 2.3 provides
the method for constructing a (multi-indexed) sequence {u,, .. ,, } that approximates an (L +
1)-level structured deformation (g, Gy, ..., Gr).

Theorem 3.3 (Approximation Theorem for (L + 1)-level structured deformations) Let

(g,G1,...,Gyr) belong to either HSDy(S2) or HSD,’j(Q). Then there exists a sequence
(i, ...,np) > Uy, n, €SBV(Q; R?) converging to (g, Gy, ..., G1) in both of the senses
of Definition 3.2.
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Proof We set G := Vg, for convenience. For every £ =1, ..., L, let u; € SBV(Q; RY) be
the functions provided by Theorem 2.1 such that Vuy, = G,_; — G, and let n, > u,, be the
piecewise constant sequence approximating u, in L'(€2; R?) provided by Lemma 2.2. We
claim that the sequence of functions

L
Uny oy =8+ (i, — ttg) (3.1)
(=1
approximates (g,Gy,...,Gr) € HSD;(2) in the sense of the convergence HS—*D\ or
L
(g,G1,...,Gp) € HSDZ(Q) in the sense of the convergence Hs_pD\ , see Definition 3.2. In-
L

deed,

L
n}llnoo N -n212’100 Unp,eony = l‘l}ll;noo o nllinm (g + ZZ:I:(MW - Ltg))
(3.2)

L—-1

= lim --- lim (g—i—Z(lZ,,l—u@)):n-:g, in L'(Q; RY),
=1

ny—00 np_1—00

proving (i). Using (3.2), we have that

L
&ny,ng = lim --- lim u, _, = lim --- lim g—l—E (thn; —uj)
’ Ngp]—>00  np—>00 ’ Ng41—>00 np—00 — J

j=

4
=g+ (il,, —u;) € SBV(2:RY),
j=1

from which, observing that

£
ng ,,,,, ng = V<g + Z(ﬁn/‘ - u1)>

12 12
= <Vg +) (G - GH)> =Go+) (Gi—G;)=G,,  (33)
j=1

j=1
we immediately obtain that

lim --- lim Vg, ., =Gy,

n|—00 ny— 00

both in the weak L?(Q2; RY*") sense and in the weak-* M (2; R¥*") sense, which is condi-
tion (ii) (equality (3.3) tells us that the sequence {Vg,, . .} is indeed a constant sequence).
Finally, condition (iii) follows upon observing that

L

Vitg,.n, =Vg+ Y (G =G ) =G, (3.4)
=1
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so that

lim --- lim Vu,, . =G,

n|—00 np—00

both in the weak L?(; R?*V) sense and in the weak-* M (Q; R*N) sense (equality (3.4)
tells us that the sequence {Vu,,, ., } is indeed a constant sequence). The proof is concluded.
d

3.2 Recursive Relaxation

The assignment of an energy to an (L + 1)-level structured deformation (g, Gy, ..., G.) can
be approached in a variety of ways. The simple approach taken here is through a recursive
scheme whose initial step assigns an energetic response £ to deformations u; at level
L + 1 through a bulk energy density (x, A) — Wy(x, A) and an interfacial energy density
(x, X, v) = Yo(x, A, v), with (Wp, ¥o) € ED(p), and then relaxes that energetic response
to yield an energetic response E to structured deformations (g, G 1) atlevel L. Here, the
field g, represents a deformation at level L and G, represents the amount of deformation
at level L that is due to smooth deformations at level L + 1, i.e., G . 1s the deformation at
level L without (L + 1)-level disarrangements. The energetic response E, to structured de-
formations (g, G 1) is determined according to Theorem 2.8 by means of the cell formulas
(2.22a), (2.22b) for the relaxed bulk energy density W, and the relaxed interfacial density v,
in terms of W, and vr. Although the initial bulk energy density W, has domain € x RN,
the relaxed bulk density W, has domain € x RV x R?*N 5o that the initial recursive step
results in the introduction of an additional matrix variable for the relaxed bulk density that
appears within the integrand in the expression for E; (g, G,) as the argument G (x) of
Wi(x,Vgr(x), G £(x)). The context of Theorem 2.8 assures that the arguments of i, are
the same as those of .

The simplicity of the present approach lies in the freezing of the additional argu-
ment G (x) at a given but arbitrary matrix B, for all subsequent steps which, accordingly,
we describe as “partial relaxations”. This allows us to replace (x, A) — Wy(x, A) in the
initial step by (x, A) — W(x, A, B;) and to replace ¥y by ¥ to start the next recur-
sive step. Theorem 2.8 then can be applied to E;, with densities (x, A) — W;(x, A, By)
and ¢;, because Theorem 2.10 guarantees that (W;(-, -, B.), V1) € £ED(1), thereby ac-
complishing the first in the sequence of partial relaxations. We claim here that a single
initial relaxation followed by L partial relaxations can be carried out, resulting in a pair
(Wr(, -+, By, ..., Br), ¥) of multiply relaxed energy densities in terms of the L matrices
By, ..., B, that were introduced, one-by-one, at successive steps during the recursive pro-
cedure. Consequently, the energy E; at level 1, the macroscopic level, can be assigned to an
(L 4 1)-level structured deformation (g, Gy, ..., G.) via the formula

E(g,Gy,...,GL) ::/ Wi (x,Vgx),Gi(x),...,Gr(x))dx
Q

+ Y (x, [g](x), vg () dHY " (x).

QnS,

This assignment of energy corresponds to a step-wise optimization as the number of levels
covered by the hierarchical structured deformation is increased by one at each recursive
relaxation step, while, as is detailed in Sect. 4, other possible assignments of energy might
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optimize without explicit passage from one level to another and without freezing the values
of any of the fields G4, ..., Gy.

The discussion of recursive relaxation in the preceding paragraphs is preliminary to a
recursive specification in which the index k for a recursive stage represents the level L +
1 — k associated with submacroscopic refinement. For example, the recursive stage k =0
corresponds to the initial level L + 1, the “finest” submacroscopic level, while the stage
k = L corresponds to level 1, the macroscopic level. In case the recursion should break down

at some stage, we specify an integer m € {1, ..., L} to denote that stage and, accordingly,
require thatk € {0, ..., m}. Given p > 1,m € {0, ..., L}, and (Wy, ¥y) € ED(p), we specify
recursively pairs (W, ) for k € {1, ..., m} with

We: @ x (RPV) T 510, 400) and v @ x R? x S¥! - [0, +00) (3.5)

emerging from the following counterparts of the cell formulae (2.22a), (2.22b) in which, for
notational convenience, we write By := (By, ..., B;) € (R*M)* for k € {1, ..., m}. Hence
the cell formulas at stage k are, for all A, By, ..., B; € R4V

Wi(x, A, By) == inf{ / Wi—1(x, Vu(y), Bi_) dy
[¢]

+ Vi1 O, ] (), v () AHY TN () 1w € CON (A, Bk>},
QﬂSu

Vi(x, A, v) = iﬂf{/ Vi (x, [ (), va () dHY () u € CM R, V)}- (3.6)
Q\}msll

We note that in the passage from the bulk energy W;_; to W, the expression
Wi—1(x, Ax—1, Bi—1, ..., By) is replaced by W;(x, A, Bx, Bx—1, ..., B1), so that the sin-
gle matrix A;_; in the arguments of W;_, is replaced by the pair of matrices (A, By) in the
arguments of W.

In particular, defining

QxRN 5 (x, A) > WPk (x, A) = Wi(x, A, By), (3.7)

by Theorem 2.10 (WB", Y) € ED(1) for every k € {0, ..., m}. Due to this fact, there is no
stopping point to this process which allows us to consider energies associated to hierarchical
structured deformations with as many levels as needed.

For each (L + 1)-level structured deformation (g, Gy,...,G), for each level ¢ €
{1,...,L}, and for each g, € SBV(Q2,RY), the (L 4+ 2 — £)-tuple (g¢, Gy, ..., GL) is an
(L + 2 — £)-level structured deformation to which we assign the (partially) relaxed energy

E¢ (g, Gy, ...,Gr) 12/ Wipi—e(x, Vge(x), Ge(x), ..., Gr(x))dx
¢ (3.8)
+ Vrp1—e(x, [801(x), vg, (X)) dHY 1 (x).
ans,

We observe that the arguments given in the proof of Theorem 2.10 to obtain prop-
erty (1) for the function x — H(x, A, B), the Lipschitz continuity of A — H(x, A, B)
(see (2.30)), and the p-Lipschitz continuity of B — H(x, A, B) (see (2.26)), applied
to Wpii1_¢, guarantee the measurability and the integrability of the integrand x —
Wii—e(x, Vge(x), Go(x), ..., GL(x)), so that the energy (3.8) is well defined.
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The reasoning that we have just carried out provides a proof of the following statement.

Theorem 3.4 (Well-posedness of the recursive relaxation) Let p > 1 and let (Wy, ) €
ED(p); let Le N and (g,Gy,...,Gp) € HSD,’Z(Q). Then for every level £ € {1, ..., L}
and g, € SBV(Q2; RY) the (partially) relaxed energy E¢(8¢, Gy, ..., Gp) at level £ in (3.8)
is well defined.

3.3 An Explicit Example

‘We present here an example of the recursive process described in Sect. 3.2 that, although not
strictly covered by the hypotheses of Theorem 3.4, is also well-posed in the sense of Theo-
rem 3.4 and yields explicit formulas for the relaxed energy at every stage of the recursion.
We set d = N, let p > 1, and consider initial energy densities Wy: RV*Y — [0, +00) con-
vex and satisfying property (2) of Definition 2.5 with ¢ = p and ¥o: RY x S¥=! — [0, +-00)
given by

Yo(h,v) =1[A-v]. (3.9

Because p > 1 and because v satisfies (7) and (8) in Definition 2.5, the conclusions of
Theorem 2.8, including the cell formulas (2.22a), (2.22b), apply in this example (see Re-
mark 2.6). It is proved in [16, Proposition 3.6] that under these hypotheses we have the
following form of the relaxed bulk energy density in (2.22a), which we will denote here by
Wi,

Wi(Ay, By) = Wo(B)) + inf{ Yo([ul(), v ) dHY () 1u € C™¥ (A, Bl)}.

Qﬁsll
(3.10)
The minimization problem in the right-hand side of formula (3.10) was solved in [6, 18],
where it was proved that

inf{ Yo([ul(), v () dHN ' () 1u € C™ (A4, Bo} =|tr(A; — By)|
onsy

(see [20, Theorem 2.3] for a general formula). The results in [18, 20] also give the explicit
expression for the relaxed surface energy density in (2.22b), which we will denote here by

Y1,
V1A, v) =Po(h,v) =1 v].

(It is worth to underline that v is jointly convex, hence BV -elliptic (see [4, Definition 5.17
and Theorem 5.20] and Remark 2.11(ii)), hence yr; = h = yy.) Therefore we have

Wi(Ay, By) =Wo(By) + [ tr(A — By)|
YA, v) =[A-vl.

(3.11)

Upon noticing that the function RV 5 A WIB '(A) := W,(A, B)) is also convex and
satisfies (2) in Definition 2.5 with ¢ = p, we may then perform a second relaxation via the
argument that led to (3.11) to obtain the relaxed densities

Wy(Az, By B)) = WlBl (By) + | tr(Ay — By)| = Wi (Ba, By) + | tr(A; — By)|
= Wy (By) + [ tr(By — By)| + [tr(Ay — By)| (3.12)
Ya(A,v) =1 -],
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It is straightforward to show by induction that the recursive relaxation determined by W
and 1 in this example admits relaxed densities at the k™ recursive stage given by

k
Wi(Ar, B) = | tr(Ax — Bl + Y [tr(B; — B;j_1)| + Wo(By) (3.13a)
j=2

Yr(A, ) =|A-v. (3.13b)
In this example, the L-fold relaxed bulk and interfacial energy densities Wy and ¥, just

obtained can be inserted in (3.8) to assign the energy E| to a hierarchical structured defor-
mation (g, Gy, ...,Gp)

Ei(g,Gy,...GpL) ::/ WL (Vg(x),Gi(x),...,Gr(x))dx
Q

+/ [g](x) - ve ()| dHV " (x). (3.19)
Qns,
If we put G := Vg and use (3.13a) with k = L, the volume integrand W, (Vg, Gy, ...,Gr)
in (3.14) can be written as

L

D Itr(Gy = Gl + Wo(GL). (3.15)

=1

The matrix-valued fields G,_; — G, in (3.15) are the contributions to the macroscopic de-
formation gradient Vg from the disarrangements arising in upscaling from submacroscopic
level £ to submacroscopic level £ — 1, so that the sum over £ represents a bulk energy
density arising from hierarchical disarrangements. The remaining term W (G ) represents
a bulk energy density arising from the contributions at the macrolevel of the deformation
without disarrangements at submacroscopic level L.

4 Conclusions and Outlook

In this work we have taken the first steps towards a variational theory for hierarchical
structured deformations, introduced by Deseri and Owen in [14]. In the spirit of the vari-
ational framework introduced by Choksi and Fonseca in [11], we proved two main re-
sults: (i) the Approximation Theorem 3.3, stating that each (L + 1)-level structured de-
formation (g, Gy, ..., G1) can be approximated by a (multi-indexed) sequence {u,, . ., } C
SBV(Q2; R?) in the precise sense introduced in Definition 3.2; (ii) the recursive relaxation
procedure described in Sect. 3.2 and culminating in Theorem 3.4, stating that the energy
assigned to an (L + 1)-level structured deformation (g, Gy, ..., G.) by means of iterated
applications of the integral representation Theorem 2.8 is indeed well defined; this second
result rests on Theorem 2.10, the main technical effort of this paper, in which we prove
that the relaxed bulk and surface energy densities still belong to the class of energies that
can be relaxed. It is important to notice that these findings provide a validation of the pro-
posal initiated in [14], motivating the introduction of the notion of hierarchical structured
deformations to model materials exhibiting multiple submacroscopic levels.

The Approximation Theorem 2.3 for first-order structured deformations (g, G) is crucial
for the relaxation process (2.10), since it implies that the class R, (g, G) defined in (2.11) is
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not empty, so that (2.10) is a meaningful problem. The integral representation Theorem 2.8
then shows that starting from an initial energy E as in (1.2), the relaxed energy I(g, G)
assigned to (g, G) retains the integral form, and provides the cell formulae (2.22a), (2.22b)
for the relaxed bulk and surface energy densities H and #, respectively.

At the moment, Theorems 3.3 and 3.4 work independently: the way we assign the energy
to the (L + 1)-level structured deformation (g, Gy, ..., G1) is independent of the fact that
(g,G1,...,Gy) can be approximated by means of the sequence {uy, . ,, }. Thanks to The-
orem 2.10, our proposal for defining E;(g, Gy, ..., Gr) via (3.8) (for £ = 1) is meaningful,
as formula (3.14) shows.

It would be amenable, and extremely interesting from the mathematical point of view, to
define the energy of an (L + 1)-level structured deformation (g, Gy,...,G.) € HSD(R2)
via relaxation of the initial energy E of (1.2) directly, namely by

where a possible definition of the class R, in this context could be

Ry (8. Gt GL) = |l ) C SBV (R 2ty s (8. G G,

Sup ||vunl.m,nL ||LP(Q;R‘1XN) < +Oo}' (4'2)

The Approximation Theorem 3.3 grants that the class R, defined in (4.2) is non empty, so
that, also in the context of hierarchical structured deformations, a definition by relaxation,
such as (4.1) is meaningful. The properties of such a definition are object of research in
progress. Whether the energy /; admits an integral representation and in which fashion
the energy densities depend on the fields Vg and Gy, ..., G, and on the jump [g] is still
unknown at the moment, as is the relationship between the energies E; of (3.8) (for £ =
1) and I;. It seems not unreasonable to expect the latter to be smaller than the former:
in the relaxation process defined in (4.1), the energy I, is given as the most energetically
convenient way of reaching (g, G1, ..., G1), whereas in (3.8), the energy E is the outcome
of the iteration of the relaxation process (2.10), in which only one level at a time is upscaled,
keeping the others frozen. This is evident in the way we define the bulk energy densities W;
at each stage by (3.7), by keeping the k fields B, = (By, ..., By) fixed, thus introducing
some constraints. On the other hand, as pointed out in Remark 2.11(ii), the properties listed
in Theorem 2.10 remain valid under weaker continuity assumptions on the original bulk
density. The study of the energy /; is undertaken under these weaker conditions and is the
subject of a forthcoming paper.
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