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Keywords: This paper reviews the state-of-the-art contact force models for non-spherical particles, which describe the
Discrete element method relationship between the contact force and the geometrical, material, and mechanical properties of the con-
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tacting particles. The review aims to select better contact force models to improve the current simplified contact
force models used in discrete element method (DEM) simulations. First, the contact force models based on the
extension of the classical Hertz theory are reviewed, in which a recent accurate geometrical contact force model
is highlighted. Secondly, the research on the effects of different variables such as elastoplasticity, viscoelasticity,
adhesion and surface roughness on contact force are reviewed respectively and then incorporated into the ac-
curate geometrical contact force model. Thirdly, tangential force models for non-spherical particles in contact
under various loading regimes are reviewed as well. Based on the review, a full set of improved contact force
models for DEM is recommended. These contact force models can more accurately predict the contact force and
contact area for non-spherical particles, which can be beneficial to the DEM simulation in emerging areas, such
as nanoparticles and additive manufacturing.
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Nomenclature

A contact area of the summit of the asperity being described
by either Hertzian or JKR theory

An nominal contact area

An_Ep contact area in the elastic-plastic regime

Ap contact area corresponding to fully plastic regime

E; Young's modulus of particles in touch

E. composite Young's modulus

Eq frictional dissipated energy in each cycle

E(e?) complete elliptic integral of the second kind

F, normal force vector

[ Fnl| magnitude of normal force in the direction of normal
vector n

Fro initial normal force

Fo_gp contact normal load in the elastic-plastic regime

Fh_dis dissipative normal contact force

F, p fully plastic normal contact force

Fo_v elastic plus viscoelastic normal contact force

F; tangential contact force

G modulus of rigidity

G composite shear modulus

H hardness of the softer material in contact

Hp, Hessian Matrix

7 9(z)  modified Bessel function of the first kind.

Ky mean curvature

K¢ Gaussian curvature

K(e?)  complete elliptic integral of the first kind
#9(z)  modified Bessel function of the second kind

M, twisting couple
N asperity density (the number of asperities per unit area)
R radius of the shadow spherical potential particle being

defined to satisfy strictly convex condition
R;and R; effective radii of curvatures in the principal direction

R. effective radius of contact

N elliptic tangential to the normal contact compliance

(T1Ddes, (T1mdes principal directions in default Cartesian frame for
particles I and IT

W(A) contact energy potential of overlap area (A)

a, b, and ¢ half-lengths of an arbitrary super-quadric surface along
principal axis

a;, by,ci, and d; parameters to approximate the potential particle faces
with planes

ac, be major and minor semi-axis contact ellipse

aco major semi-axis contact ellipse developed under F,

ca contact area constant

ch hardness coefficient for the fully plastic regime

Cij creepage and spin constants of proportionality

d the separation distances

erf(x) complementary error function

e? elliptical contact eccentricity

f contact force of the summit of the asperity being described

by either Hertzian or JKR theory

h standardised separation

k a coefficient determining the curvature of the faces of the
final potential particle

kn the penalty coefficient

n vector of normal force acting on contact plane

ut = (//x,/ly,az)t, vt = (ﬂx,//y,//z)t arbitrary orthogonal unit vectors

in tangent contact plane

r distance by which the potential particle is expanded and
related to the radius of curvature at corners

x, = {Xp,yp} cartesian coordinates of vertex p

Zs asperity height measured from the mean line of the summit
height

r=0 equation, specifying the profile of the particle surface,
either particle I or I

I gradient vector magnitude

I1; and [, dimensionless quantities, taking the effects of contact
adhesion energy into account

(0] constant factor accounting elliptic contact area for
tangential contact

Vx A gradient of A with respect to x,

B contact area correction factor to convert circular contact

area to elliptical contact area

Bow™ contact area correction factor for GW rough contact

On contact normal overlap

Sn rate of normal overlap

Sn1 critical normal overlap (the overlap corresponding to the
yielding contact pressure)

Sn2 onset of fully plastic normal contact overlap (elastic-plastic
regime to fully plastic regime)

8¢ relative tangential displacement of two mass central points

Y contact force correction factor to convert circular contact
area to elliptical contact area

rYew* contact force correction factor for GW rough contact

N1, N2 blockiness parameters for a super-quadric particle

n;and 1y coefficient of viscosity corresponding to bulk and shear
deformation, respectively

0 rotational angle with respect to the original position

[ twisting angle of rotation

kir and oy principal curvatures of body I

k1 and ko principal curvature of body IT

A= (Ri/Rj)o'5 square root of the ratio of the principal radii of
curvature of particles

u coefficient of friction

v; Poisson's ratio of particles

£, &y longitudinal (in rolling direction) and lateral creepages
o standard deviation of summit asperity heights

@ spin creepage

P(z5) Gaussian probability density function

¢*(zs*) standardised summit asperity height distribution whose
standard deviation is equal to one

0] angle between eigenvectors of Hessian Matrix

Q; angular velocity vector of particle i

1. Introduction

Contact mechanics is of fundamental importance for various prob-
lems in both basic and applied research. It was formerly established for
comprehending the interaction between relatively large elements,
assuming they are continuous and of homogenous properties, e.g., rail-
wheel contact or stress distribution in building foundations. Subse-
quently, it has been used in the simulation of granular particle systems in

various engineering fields by the Discrete Element Method (DEM) [1], as
reviewed in several papers [2-5]. More recently, contact mechanics is
also receiving much attention in emerging fields such as biology and
medicine research [6], in which the considered nanoparticles [7] and
virus particles [8] are different from granular particles with stronger
adhesion, larger surface areas and more complicated shapes. With the
extension of DEM to these particle systems [9], accurately modelling the
interaction as well as the deformation of the contacting particles is
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critical. However, due to the high computational cost of DEM simula-
tion, simplified contact force models for non-spherical shape particles
are widely used in DEM studies. Several recent studies demonstrate that
these simplified contact force models can bring errors in predicting the
contact force and contact area [10,11]. Therefore, more accurate force
models should be considered in DEM for simulating particles in these
emerging areas.

1.1. Commonly used numerical methods for contact mechanics

For DEM, the contact force calculation should consider both normal
and tangential forces, including friction [12], and in both static and
dynamic systems [13]. These contact force models are often related to
transdisciplinary problems and have been numerically studied by
different models, such as the Finite Element Method (FEM), Boundary
Element Method (BEM) and Molecular Dynamics (MD) [14-16].
Traditionally, the development of numerical analysis methods in FEM
and BEM are the major contributor to the development of contact me-
chanics [1], which are discussed in this paper. Comparatively, FEM is
applicable for problems experiencing small to large deformations in the
elastic and inelastic regimes, and BEM is typically applicable for prob-
lems with a huge domain scale in which the discretisation of the whole
domain is computationally inefficient, and the only boundary needs to
be discretised.

With the proliferation of computer technology, both FEM and BEM
have been widely employed in the modelling of contact between com-
plex structures. The application of discrete calculation methods is
ubiquitous [17]. In FEM, the discretised Hertzian normal contact is
modelled. Various contact configurations are defined as point-to-point,
point-to-surface, and surface-to-surface to solve contact problems.
Furthermore, three-dimensional dynamical contact problems with fric-
tion can be solved using spatial point contact models for each discretised
contact [17]. The solution algorithm for such contact problems includes
the Penalty method, the Lagrangian Multiplier method, or the combination
of both methods, called the Augmented Lagrangian Method [1,18]. These
methods can be used not only for static problems but also for dynamic
loading regimes.

In BEM, the solutions to mechanics problems are approximated by
using the boundary integral equations. This technique was first used by
Dominguez and Brebbia [19]. The main benefit of BEM is that only the
boundary needs to be discretised and the rest of the domain does not
need to be discretised regardless of its size if the body force is neglected.
BEM was first used by Anderson for solving contact problems [20] and
then it was followed by other researchers [21-23]. As the nature of the
contact mechanics is that the most of the interesting solutions (e.g.,
contact pressure, contact area, surface displacement, etc.) are on the
contact interface or the boundary, the boundary integral equation has
been commonly used by researchers [24,25], in which the domain has
been assumed as a half-space or a half-plane. In recent years, the original
BEM is attributed with different names, such as finite surface element
model [26], conventional deformation matrix method [27], moving grid
method [27], etc.

Despite the massive development in FEM and BEM, the analytical
solution of contact force is still needed in the Discrete Element Method
(DEM). DEM was established by Cundall and Strack [28]. Now it has
been widely used for simulating particulate systems in which a large
number of discrete, semi-rigid spherical or non-spherical particles come
into contact. In DEM, the interaction between particles is calculated
using simplified models and hence it is more computationally efficient.
However, the well-suited contact force model is a vital component of
DEM. In order to develop an analytical formula for contact force, the
underlying assumptions of continuum mechanics need to be considered
with the so-called elastic half-space hypothesis, as the particles in con-
tact are assumed to be adequately large compared to the contact area in
most cases. The deformation of the half-space due to a single-point
normal contact force was calculated by Boussinesq [25,29]. For two
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arbitrary-shaped particles in contact, using the half-space hypothesis for
both particles and disregarding friction within the contact interface, the
Hertzian classical theory has been established, assuming that the radius
of the contact area is much smaller than the radius of the circumscribed
sphere of each body [30]. Cattaneo [31] and Mindlin [32] further
developed the tangential force-displacement relationship for the Hert-
zian contact and they employed the assumption of the elastic half-space
for the calculation of the force-displacement.

In DEM, once a pair of particles are brought into contact, the contact
force is calculated in two steps: (1) geometric calculation and (2) force
calculation. The former step is normally called contact detection, which
is to calculate the geometric features of the overlap between the two
particles, including contact point, contact normal direction, penetration
depth or contact volume. The latter step is to determine the resulting
contact force based on the contact geometric features. In FEM or BEM,
the contact force is modelled based on the contact traction distribution
between two contacting elements [32-34], which is dependent on
several factors such as shape, surface geometry, material properties, and
movement states of particles [35]. However, in order to calculate in-
teractions between many particles in DEM simulation, simplified force
models are used without considering the contract traction distribution in
detail. These simplified force models were more rigorously established
for spherical particles [36-39] but ad-hoc extended to non-spherical
particles.

The previous studies on the contact force between non-spherical
particles have mainly focused on contact detection algorithms, and
less attention has been paid to accurately modelling contact force based
on the contact geometric parameters. In fact, for non-spherical contact,
in addition to overlap magnitude, the surface curvature plays a key role
as well [10]. Therefore, when the accurate prediction of contact forces
between non-spherical particles is crucial, more accurate contact force
models, which are also more complicated than currently used, could be
considered in DEM. The main objective of this paper is to review this
kind of models established in contact mechanics, which is to fill the
current research gap in step (2) mentioned at the beginning of the pre-
vious paragraph. Hereafter, we refer to the models that calculate the
contact force based on the overlap geometry as “contact force models”,
which do not include the overlap calculation part.

1.2. Factors considered in the contact force models

In addition to the overlap geometry, the current contact force models
used in DEM normally also consider other facets [6], including: (1)
constitutive behaviour of material (i.e. homogeneous/inhomogeneous,
elastic/inelastic/viscoelastic, etc), (2) the applied load status (i.e.
normal or tangential contact), and (3) the friction and adhesion condi-
tion (i.e. frictionless, rough, surface asperity, etc.).

One factor that has not received much attention yet is surface
asperity. The effect of the surface feature of particles on the contact force
is widely considered in contact mechanics but rarely implemented in
DEM. According to the classical Hertzian theory, the shape of the contact
patch for two arbitrary-shaped elastic particles in contact is usually
elliptical [25]. The Hertzian formulas are solely for the macro-level
contact of two particles with ideally curved smooth surfaces. The in-
clusion of surface roughness in a contact force model is a tedious job due
to extreme randomness in the distribution of surface asperities. Sub-
stantial research has been undertaken to propose contact models to
make accurate predictions. However, it is an insurmountable barrier to
measure the real area of the contact with precision to verify the pro-
posed models [40-42]. The contact models for rough surfaces can be
categorised in different ways as deterministic models [43-46], the
hardness model [47], statistical models [48-51], stacked multi-scale
models [52,53], truncation models [54-56], and diffusion models
[57,58], but they have rarely implemented in DEM simulations.
Recently, Feng et al. [59,60] developed a stochastic DEM framework to
predict normal interaction law based on the Greenwood and Williamson
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Fig. 1. (a) Definition of the principal curvature and principal direction, courtesy of the Elsevier Journal of Computer Methods in Applied Mechanics and Engineering

[101; (b) contact ellipse in tangent plane.

(GW) model [48], in which a rough surface is assumed to be a compound
of asperities whose geometrical features are obtained from a given sta-
tistical distribution, and then Hertzian contact law is applied to each
spot to obtain overall contact pressure distribution for spherical contact.

Similarly, the adhesion that occurred in the contact has been
reasonably implemented in DEM for smooth surfaces. The contact sur-
faces not only develop repulsive tractions once they are in close prox-
imity, but there is also an attraction acting on the surfaces when they are
out of contact. This phenomenon is justified by the inherent character-
istics of atoms of the interacted surfaces due to their surface potentials
[61]. It is well realised that the nearby contact surfaces will initially be
attracted to each other until approaching to the critical distance in
which the atoms on one surface tend to repel those on the opposing
surface. This trend will cause a bigger contact area compared to the
condition where the sole repulsive tractions are considered. In DEM, the
surface attraction modelling is vital for small particles in contact when
atomic and molecular forces are important [62]. The Johnson, Kendall,
Roberts (JKR) [61] and Derjaguin, Muller, and Toporov (DMT) are two
well-known models that have incorporated adhesive contacts applicable
for soft and hard materials, respectively.

The JKR theory was extended to the general Hertzian theory by
Johnson and Greenwood [63] to incorporate elliptical contact areas. The
shape of the elliptical contact area was demonstrated to vary in pro-
portion to the applied load. This observation is in contradiction with the
classical Hertz theory, assuming a constant rate of ellipse's growth with
the increase of the load. Numerical and experimental studies were un-
dertaken to validate elliptical JKR theory. Wu [64] proposed a numer-
ical method for solving the elliptical adhesive contact and the results
were compared with the approximate analytical elliptical JKR solution.
Sumer et al. [65] investigated the elliptical adhesive contact stress and
area using image processing laboratory tests under different loading
conditions. Zini et al. [66] extended the double Hertz contact model
[67] for predicting adhesive elliptical contact. In particular, the statis-
tical roughness geometry for elliptical contact was investigated by
Korayem et al. [7] and appropriate analytical relations based on Hert-
zian and JKR theory were proposed to solve integral equations.

The damping mechanism has already been implemented in the early
DEM models while the treatment is relatively simple compared to con-
tact mechanics. In contact mechanics, surface asperity or roughness may
result in excessively small contact areas and relatively high pressure and
stress concentration and therefore, local failure or yielding may occur.
Hence, plastic deformations must be considered along with elastic

deformations once contact force models are taken into account. Classical
contact mechanics were extended to incorporate elastic-plastic material
behaviour in the prediction of interaction forces [68-72]. An in-depth
review of elastic-plastic contact mechanics can be found in [73]. The
hypothesis of elastic contact deformation is mostly unrealistic for the
flow of granular materials as the coefficient of restitution at impact is
generally less than one as a result of plastic deformation occurrence near
the contact point [74]. Hence, energy dissipation due to plastic defor-
mation is of particular importance and must be simulated.

Generally, the energy dissipation over particle collision depends on
the history of impact and therefore needs to be properly considered in
the time integration in DEM. Apart from elastoplasticity techniques,
inelastic behaviours are also employed to incorporate energy dissipation
in deriving contact laws. The energy dissipation mechanism is employed
using viscoelasticity theory to compute the coefficients of restitution for
the normal and tangential directions of colliding particles as functions of
impact velocity [75].

From the irregular-shaped particles perspective, it is a cumbersome
procedure to establish analytical contact interaction principles for par-
ticles with sharp corners such as polygon or polyhedron. One common
approach to resolve corner singularity is to fictitiously flatten corners by
adjusting continuous curves similar to those proposed by Krishnasamy
[76] and Houlsby [77]. Alternatively, energy-conservation principle
was introduced by Feng et al. [78,79] to resolve contact problems, arisen
out of non-smooth particles.

1.3. Aim and structure of the paper

For the factors discussed above, most of the previous theoretical
studies on linking contact mechanics to DEM contact force models
focused on spherical particles. The latest development in the non-
spherical particles contributed by contact mechanics is yet to be
implemented in DEM. In this paper, we aim to provide a comprehensive
and also targeted review to pave the way for improving the accuracy of
DEM through screening suitable candidates of contact force models from
contact mechanics, as well as customising and combining them for
different situations.

This paper is rationally organised on various aspects of contact force
models for non-spherical particles, including (1) type of loading (i.e.
normal or tangential) (2) classical Hertzian contact models for non-
adhesive particles and Johnson-Kendall-Roberts (JKR) for adhesive
particles (3) contact mechanics of particles with rough surfaces (4)
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contact mechanics of dissipative contact models (i.e. viscoelastic parti-
cles and elastic-plastic/fully plastic regimes), (5) energy-conserving
contact models, (6) the extension of Cattaneo-Mindlin-Deresiewicz
(CMD) theory for tangential contact forces of non-spherical particles.
The main objective of this paper is to review mechanics-based contact
force models available for non-spherical bodies in touch, irrespective of
how contact detection is performed.

2. Normal contact force models between non-spherical particles
2.1. Hertz theory: Smooth and non-adhesive elliptical contact

In order to compute the normal contact force between non-spherical
particles, the contact parameters, such as normal contact overlap and
contact radius, are required to be well defined. Fig. 1 shows the sche-
matic of two non-spherical particles I and II in contact, with the normal
contact force, F,,, and the contact area, A, to be predicted. According to
Hertz theory, the contact initiates at a single point or along a line [25]
and then progresses to a finite area (the contact area), which is small
compared to the dimensions of the two particles. The following as-
sumptions are used to develop a normal contact force model according
to Hertz theory [25], (1) the contact area of two arbitrary-shaped par-
ticles in normal contact is, in general, elliptical, (2) each particle can be
envisaged as an elastic half-space loaded over the small elliptical region,
(3) the significant dimensions of the contact area must be small
compared to both dimensions of each body and the relative radii of
curvature of the surfaces, and (4) the surfaces of the two particles are
assumed to be frictionless and only normal forces are transmitted be-
tween them. The normal contact force and contact area can then be
given as:

F, = ‘3—‘211” 25 2yn @
A, = nR.5,p (@)

where E, = (Zizzl (127*’2) )71

The above equation is developed according to non-adhesive contact
of elastic particles as well as the topographically smooth surfaces of each
particle on both micro and macro scales based on Hertz theory. From a
micro-scale perspective, it neglects surface irregularities being respon-
sible for highly local variations in contact pressure. From a macro-scale
perspective, it assumes the contact surface is continuous up to the sec-
ond derivative [25].

It is worth noting that the above equations were derived in contact
mechanics by applying the external force while solving the overlap.
However, in DEM, contact overlap is first determined and then the
contact force is calculated based on the overlap. Therefore, in order to
implement the above-mentioned formulations in DEM, contact detection
algorithms need to be employed to determine the contact parameters,
including contact point, contact magnitude and contact normal.

Two popular contact detection algorithms for appropriate prediction
of contact overlap and then interaction force are Geometric Potential
[80-82] and Common Normal [62,80,82-84] algorithms. Our previous
studies showed the common normal algorithm is often more accurate
than the geometric potential method [11,84]. As previously discussed,
here we assume these parameters have been calculated and focus on
how to more accurately calculate the contact force based on these
parameters.

For particles being mathematically represented by a continuous
function with continuous first and second derivatives, the parameter R.
in Eq. (1) can be calculated by finding principal curvatures and direction
at the contact point on the surface of two bodies [25,85], given as,
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1
= 0.5{(K11 + Koy + K - Kop) — [(Kll - ’<2l)2 + (k1 — Kzu)z

0.5
+2(k1; — kop) (ki — Kaar)cos2w | }

1
R 0-5{(K11 + Ko + K + k) + [(Kll - KZI)Z + (K — K211)2
j
05
+2(k1; — k1) (k1 — KZ,,)C(JSZa)} }
~ R,’Rj

)

c

TRA+R

(k11 x2p and (k17 and ko) are principal curvatures of body I and II
which may be found as eigenvalues of Hessian Matrix, Hj,, given as

Fr or
—

H - o> oudv ®)
uv azl—' 0zl
ovou  v?

In our recent study, it is shown that to accurately calculate the
contact force, the principal curvatures and directions need to be rigor-
ously calculated using the following expressions [10]:

K1 = Ky +\/|Kv® — Kg| k2 = Ky — \/ | Kii® — K| @

0= (Tll)def'(Tlll)def (8)

H(Tll>def ‘H(Tlu)def ‘

(T1Ddef and (T1p)des are defined as follows [10]:

(i 7ﬁ) 2T

ou? ouov”™
1 o°r or
(Tl )def = K[F — = | + ——, (9)
\ 2
2r\? 2r 0 Oudv
(dudv) + (Klr\ - 01,4') o #r
(KI a o’ > 2 ouov™
r o°r N o°r
h a2 ) ouov™
1 o°r o°r
(T2)ger = : (K‘zr\ - F) ty sy (10)
ar v udv
V(&) + (or-2) o
or or
2\ =57 )T G

where ut = (//X,/(y,((z)t, vt = (/’)ﬁ//y,ﬂz)[ are arbitrary orthogonal unit
vectors in tangent contact plane.

Details of principal curvatures and principal directions for two
arbitrary particles in contact is shown in Fig. 1.

Based on such accurate contact geometry model, the correction
factors y and § in eq. (1) and (2) can be calculated as

TvV2(E))”

5 05 an
2(K(e?)) (1 —¢?)

7/ =
2E(e?)

K@) (2

p=

where K (e2) = [/* (1 —e2sin%p) **dp, E(e2) = [7/* (1 - e2sinZp) **dg.
Contact eccentricity in the egs. (11) and (12) can be calculated as a
solution of the following functional equation
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Fig. 2. Variation of correction factors for calculating contact force and overlap
area with respect to contact eccentricity.
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The following simplified formula can be used to calculate contact
elliptical eccentricity.

R\ R\
P=1-{ —0.177+ 0.5(—’) In 16(—')
R; R;

In Fig. 2, the variation of correction factors for contact normal force
and area with respect to contact eccentricity is plotted. Detailed nu-
merical examples demonstrating that the accurate geometrical force
model is better than those simplified models when compared to FEM
simulations can be found in our previous study [33] and some numerical
examples will be shown later.

As discussed earlier, Hertz's theory postulates semi-infinite bodies in

P =1- 13)

-2

14

¢s First rotation

(a) Casel

scond rotation

(b) Case2

Powder Technology 418 (2023) 118323

contact, it is imperative to specify the greatest ratio of semi-major axis of
contact ellipse to smallest radius of curvature to which the theory could
be applied. Fessler and Ollerton [86] conducted experiments in an
attempt to determine the range of applicability. They concluded that the
differences between theoretical and experimental values are small when
the ratio of the semi-major axis of the contact ellipse to the smallest
radius of curvature of the contacting particles is smaller than 0.5.

The abovementioned contact force model can be directly employed
for a wide variety of non-spherical particle shapes having continuous
surface function representation and convex surface, such as super-
quadrics given by,

I(x,y,2) = ((g)% + (g)z/ " )W' N (g)z/m o (15)

in which #; and 72 control the squareness of the particle in they — z, x —
z, and x — y planes, respectively. The ellipsoid particles are also included
and can be obtained by setting 71 = 52 = 1.

For more complex shapes such as polygonal or polyhedral particles,
the method proposed by Houlsby [77] can be employed to substitute the
original particle with the form having rounded corners, edges, and faces,
called “potential particle”. Houlsby [77] proposed particles composed of
planes with the corresponding potential function of the form,

I'(x,y,2) :(1k){z<a1x+biy+c,-z+d,->2r2 } +k(FP+y*+27—R*) =0

i=1

(16)

in which () is the Macaulay bracket.

The above equations provide an accurate geometrical model to
calculate contact force [10]. To demonstrate the accuracy and efficiency
of the accurate geometrical force model against simplified equations in
literature, the simplified model proposed in [87] is used for comparison.
The general form of simplified force model is similar to eq. (1), except
that the correction factor (y) is always 1 and R; and R; are calculated as
follows instead of egs. (3) and (4):

¢s First rotation
e

(c) Case3

Fig. 3. Non-spherical particles in touch (a) 6, = 10 ° ; ¢y =80 ° ; 6, = 50°; (b) 6, =70 ° , s =90 ° , 6, = 40°; (c) O, = 40 ° , =70 ° , 6, = 50°.
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Table 1
Comparison of the simplified contact force model and the accurate contact force
model.

4= 12 372 D, Computation time
F/ (§E‘val a (%) (Sec)

Accurate Casel 1.5911 7 0.123
Geometrical Case2 1.5923 2 0.049
Model Case3  0.5345 2 0.12

Casel 2.2361 51 0.120

Simplified Model Case2  2.2361 37 0.048

Case3  2.2361 310 0.118
Casel 1.4855
Finite element Case2  1.6306 - -

Case3 0.5460

L ke a7

i

=

1
= JK 18
R Gl ( )

i

where K¢, 1 = k1ikor and Kg, 1 = k1pkoyr are, respectively, Gaussian cur-
vature of particle I and II, as discussed in [87]. One issue for the
simplified model is that the radii in eqgs. (17) and (18) may become in-
finity when the Gaussian curvature is zero. The Gaussian curvature be-
comes zero if any of the principal curvature is zero. To overcome this
issue, here the radii of curvature in egs. (17) and (18) are limited to
10R,,;, where Ry, is the radius of the volume equivalent sphere of the
particle. The accurate geometrical force model does not have this issue.

To conduct quantitative comparison, two non-spherical particles
with the governing skin eq. (15) (51 = 2 = 1/3, a/b = ¢/2b = 1) are
chosen with the Eulerian orientations shown in Fig. 3 The setup is
similar to our previous work and the details can be found in ref. [10]. In
Table 1., normalised normal contact forces obtained from simplified
model and the accurate geometrical model are compared to the FEM
simulation (details of FEM the model can be found in ref. [10]). In

2/3 2/3

g(l _g1/2)2
(Thg? —11,)

o 4Ec 2/3 27/2 I, — H2g5/2
Op = 0 ~05 = ﬁ
97WuR,

addition, the computation times using the two models are also reported.
As seen, the accurate geometrical model shows substantial improvement
in accuracy compared to the simplified model, because of the accurate
prediction of the radii of curvatures and the correction factor (y). There

1 — R/R=1.0
— R/R=3.0
08 __ Rr/R=7.0
0.6 R/R;=10
— R/R=30
4 -
0 R/R=70 Pull-off

(@)

{ZK(ez) T
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is generally a minor increase in the computation time by about 2%-3%.
It is worth noting that the calculations are conducted by using the
software, Wolfram Mathematica [88]. Implementing the model in other
computer languages may cause a higher increase in the computation
time. However, the increase should be reasonable and worthwhile for
the significant improvement in accuracy. Moreover, the errors of the
curvature will also affect the contact force model with surface properties
considered, as will be shown in the following sections.

2.2. Johnson-Kendal-Roberts (JKR) model: Smooth and adhesive
elliptical contact

It is well recognised that to separate two particles in contact, me-
chanical work is required to overcome the adhesive forces [61]. This
energy can be introduced as a free surface energy and be measured ac-
cording to the theory of adhesion of elastic contacts, as developed by
Johnson et al. [61] in the JKR theory. The JKR theory was originally
implemented to circular contacts and then extended to general Hertzian
contacts, where the contact areas would be elliptical regardless of sur-
face forces. Due to adhesion forces developed by surface energy, the
eccentricity of a contact ellipse is no longer predicted by Hertz theory,
and is dependent on the load [63].

In the JKR theory for elliptical contacts, which can be used for
contact between non-spherical particles, the work of adhesion due to
contact energy release rate is assumed to be an ellipse with the semi-
major of a. and the semi-minor axis of b.. The primary hypothesis of
this model is the equal stress intensity factors along the major and minor
axes at the edges of the contact area. The Johnson greenwood (JG)
analytical approximation presents the solution of dimensionless normal
load (F,), indentation depth (5,), and contact area (A,) [63].

2
—_ k8 g(1-g") M -The? 1 .
F,= R T BT (Tg® +11,) 19)
I, B(e) — g’ TL,D(e7) } (20)
~ 3 4/3
A, =A Lw: ﬂM 21
! " 9775/2Wad§§1 3z ILg*—1I
25

PuII—of%

' R/R=1.0
' R/R=3.0
' R/R=7.0
' R/R=10
' R/R=30
——! R/R=70

05
On

(b)

Fig. 4. (a) Dimensionless force-indentation from pull-off simulation for elliptical contact; (b) dimensionless area-indentation from pull-off simulation for ellip-

tical contact.
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Table 2
Elliptical contact force calculation for adhesive particles in touch.

RY253/2 Re/Ryol 7i6 Computation time (Sec)
"/( vul 671
Casel 1.5872 1.507 1.292 0.124
Case2 1.5884 1.512 1.292 0.050
Case3 0.5334 0.283 1.003 0.122

where g = b./a. is the axis ratio which is related to the eccentricity of
the contact ellipse by e? =1 — g Ry = VRER;, A= (Ri/Rj)l/ 2 ) must be
less than unity, and Wyq is the work of surface adhesion. I1; and I, are
dimensionless parameters accounting the effect of adhesion energy as

A+ AT = B(AI
In, = D) (22)
2
- (2 + () + D) 2 -
A[(D(e?) +C(e2) ) (B(e?) + g2C(e?) ) — 8*(C(e?) )]

B(e2), C(e?), and D(e?) are complete elliptic integrals given by:
D(eZ) _ K(ez); E(e*) (24)
B(e?) = K(e?) - D(e?) (25)
C(eZ) _ D(¢*) — B(e) (26)

The maximum tensile force that the contact can resist is the imper-
ative characteristic of an adhesive contact. The dimensionless force-
indentation and area-indentation curves for pull-off simulation and
different values of R;/R; are plotted in Fig. 4, which shows that the
curvature calculation will further affect the contact force model for the
adhesive particles.

The normal contact force and contact area can still be calculated
using egs. (1) and (2), except that correction factors y and f need to be,
respectively, replaced by y;¢ and S, given below, and R.in eq. (5) also
needs to be replaced by ﬁcl = \/ITRJ Here we recommend R; and R; to
be calculated according to Egs. (3) and (4), as these variables may have
other definitions in the literature.

312 Bbe® — 1 (ILg? +11))
Yig =% P e (27)
<2K(32) LLe? 11, B(e?) — 2T, D(e2) )
2g
P = 7 (28)
G K(e?) n';g%;f 2 I, B(e?) — gL, D(e?)

Using the above equations, we calculate the three contact cases given
in Fig. 3. with adhesion considered, and the results are listed in Table 2.
It can be seen that the contact geometrical parameters change with the
adhesion considered, while the computation time is similar to the pre-
vious non-adhesion model.

2.3. Non-smooth (rough) particles

In reality, the surface of particles is not smooth, and the surface
roughness will cause a substantially small contact area compared to the
nominal area [48,59], which will affect the contact force. Once such
surfaces are pressed against each other, the contact initiation will occur
at discrete micro protrusions called asperity tips. The contact force is
normally developed at a limited number of asperities and then spreads
over a larger area as the normal force increases. Surface asperities have a
substantial influence on the real contact area and contact resistance. The
most prominent approach to consider rough surfaces is the Greenwood
and Williamson (GW) model [48], in which a statistical height
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Contact line

Mean height

Fig. 5. Schematic view of the contact of the rough surfaces.

distribution is assigned to a set of compound asperities to define a rough
surface and then the resultant contact force is defined by the summation
of local Hertzian contact force being developed at each asperity. The
assumptions behind the GW rough contact model are (1) the height
distribution of surface asperities (the distance from the surface) is
assumed to be Gaussian normal distribution, (2) the interaction between
asperities is neglected, and (3) the material properties of asperities are
isotropic and similar to the base particle material. The resultant contact
force, F;, and contact area, A, for elliptical contact, are obtained by
integrating contact forces and areas, developed at each asperity, given
by:

F, =NAn/ flz—
d

A = NA, / " Al — d)p(z)dz, 30)
d

#(z,)dz (29)

in which 2z, and d are shown in Fig. 5, and ¢(z;) = ﬁl—mexp( - 2’;—1)
Egs. (29) and (30) can be rewritten for non-dimensional parameter
(z, = %) as [88]:

32 %

F, :%NAnickf_/zai/zy / (@ —h)l ¢ () dz, (31)
h

A, = NAR.0,p / T n)g () (32)
h

in which h = £ and ¢ () = 2ﬂexp( - —) Therefore, the resultant
contact force and area for rough contact can be expressed as,

4
F= gNAnECRf_/ 5y (33)
A, = tNA,R.0,5" (34

where IAQC should be calculated using Egs. (3)-(5) for non-spherical
particles, and y* = ygw* and * = few* are given as follows [89]:

s h? h?
Yow =7 4\/_exp< > Vh {(h2 +1).7 <Z> AT (Z) ] (35)

By = ﬁ(Lex (,_;12> —lherf(i> > (36)
aw =P\ 2z P\ 4 ) 2"z
=Z [y exp(—t*)dt and 7y(z) is the modified Bessel

function of the second kind for non-integer 9.

The correction factors y and $ in Egs. (35) and (36) can be obtained
from either the Hertzian model or the JKR model based on whether non-
adhesive particles or adhesive particles are considered. In Fig. 6, the
variation of contact area and contact force correction factors obtained
from the GW model with respect to standardised separation for various
ratios of Rj/R; is plotted, which shows that they may vary in a certain
range, and hence will still result in much difference in the calculated
contact force and contact area. More importantly, the accurate
geometrical model can give better prediction with the curvature more
precisely calculated.

where erf(x)
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Fig. 6. Variation of correction factors of GW model with respect to standardised separation: (a) contact force correction factor, (b) contact area correction factor.

Table 3
Elliptical contact force calculation for rough particles in touch.
/(AR RefR st Commaon
Casel h= 0.6744 0.222 1.431 0.117
0.01
h= 0.0183 0.255
1.00
Case2 h= 0.6749 0.223 1.428 0.045
0.01
= 0.1205 0.255
1.00
Case3 h= 0.2266 0.136 0.614 0.118
0.01
= 0.0404 0.110
1.00

In Table 3, the previous three contact cases are calculated with
different h by Eq. (35). It can be seen that the roughness has a significant
effect on the contact force as well as the contact geometrical parameters,
which is worthy of attention in DEM modelling. Interestingly, the
computation time is similar to the previous model. It further shows that
the calculation of the geometrical parameters such as the curvatures will
be most time consuming.

2.4. Normal dissipative force

Aside from conservative elastic forces commonly considered in the
collision of granular particles, dissipative forces due to the dissipation of
mechanical energy are also important [90,91]. The reason for the

1.4

~—~ 1.2

40 60 80
R; /R;

(a) Critical normal overlap (6,,;)

formation of these forces is the massive number of microscopic degrees
of freedom in particulate systems that partly absorbs translational and
rotational internal energies. Therefore, the interparticle force is a com-
pound of elastic and dissipative force components. The aforementioned
contact force models are for elastic interaction regimes. Several re-
searchers proposed an extended form of the Hertzian contact force
model to accommodate energy dissipation [75,92]. The dissipative
forces according to the Hertzian contact model can be calculated using
the following expression [90]:

. oF,
Fy_ais = AJ, 26,

~1)2

=24E.R.5%5,yn (37)

The total normal contact force is then calculated by adding elastic
Hertzian force to dissipative viscoelastic force as follows:

L, (4 .
F,.v = E.R5 (gan + 2A5,,>yn (38)

where A = 1/3[(312 — md?/3n2i + 2mdIA — o)A — 20)/Epf].

As the adhesive interaction forces between particles lead to supple-
mentary deformation in the bodies in touch in comparison to the clas-
sical Hertz theory, in the associated dynamical problems the additional
deformation rates are expected and dissipated forces must include
another term associated with the adhesive interactions according to the
JKR theory. The dissipative adhesive contact force can be given by [90]:

~ o~ . 3 ~ 3/4 .
Fa_as = <2AECR:,/25,‘,/26,,y+ZB, /%RC” 45n5;‘/4)n (39)

where D = 3/4}??5, B = (3112 — mdEwiqo/3(1 + v — 20), o = V6 —

0.6

e ©°
w b

5n2/(CA 5n1)

40
R; /R;

(b) onset of fully plastic normal contact overlap (8,;)

Fig. 7. Variation of normal overlaps versus the ratio of radii of curvatures at contact point.
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Fig. 8. Initiation of full plasticity as a function of ellipticity ratio Ri/R;.

4/8/3, and ¢ is the work of adhesion. The elastic plus viscoelastic ad-
hesive contact force can be expressed as:

S (4 .3 S
Foy=ER& (56,,7 +248,y+ 3By /% R 45n,s;3/4> n (40)

2.5. Elastic-plastic and fully plastic contacts

2.5.1. Smooth elastic-plastic and fully plastic contact

As initial material yielding at the contact area occurs once the
maximum contact pressure, p,, touches the value of p,, = K,H [68],
where K, is the multiplier. According to eqs. (1) and (2) and maximum
contact pressure, the critical normal overlap, ,;, can read as
s fKPH? o K2H?

s ~2 — e
E,

nl — ZRcﬁ (41)

E(e?)E(e)

¢

It was shown that the contact area for the fully plastic regime, A,, for
the elliptical contact situation may be calculated using the following
expression [93]:
A, =2n(RR;)™S, (42)

F,_pis equal to fully plastic contact area multiplied by contact mean
pressure as [94]:

F,p = 215, (RiR)) " c,H (43)

Sn2 can be calculated by conducting mathematical manipulations on
egs. (1), (41), and (43) as

5. 2 1 E(e?)
2 = CA 1+12 (1 _82)1/2 K(ez)

The contact load and contact area in the elastic-plastic regime can be
expressed by the following formula [94]:

)
=K,
3

Bt (44)

(45)

Ind,, — Ind,
Foep =Aukp {CIIH —-H (Ch - o2 " ]

néd,, — Ind,

10

511 - ﬁnl
n2 — by

2
0 — 0,
) _2< n nl
1 Sw2 =61

Fig. 7 shows the variation of critical normal overlap and fully plastic
normal overlap versus the ratio of radii of curvatures at contact point.
Furthermore, Fig. 8(a) shows the fully plastic contact initiation as a
function of the ellipticity ratio, R;/R;, according to eq. (44). Evidently,
the curvature values affect this critical parameter. In particular, for the
range of Ry/R;j of 0.6 to 1.0, 8,2/(cadn1) is nearly at the value of 0.5.
Generally, the full plastic contact initiation is almost independent of the
shape of the contact ellipse [93]. Fig. 8(b) illustrates the non-
dimensional mean contact pressure, p/(cyH), as a function of non-
dimensional contact indentation, &,/5,2. This figure covers the contact
model from the Hertzian elastic to fully plastic contact regime.

3
An- g =R 8,4 (22(RiR)"*5,~ 7R.5,5) [3 < ) ]

(46)

2.5.2. Non-smooth elastic-plastic and fully plastic contact

Once two particles come into contact, surface asperities initially
interact with each other to form micro-contact, followed by the plastic
deformation development and macro-contact formation. Regarding the
load carrying capacity of surface asperities, the contact deformation
may exceed the elastic range and show either elastic-plastic or fully
plastic behaviour [95,96]. The GW model gives reliable results
compared to available isotropic models for rough contact status [97].
Nevertheless, it can be applied to contact where the contacting asperities
mostly deform elastically. Chang, Etsion and Bogy (CEB) [68] developed
the CEB model in which the effects of plastic deformation at surface
asperities are included in the GW model by using volume conservation
for plasticity deformed asperities. They introduced a critical interface
cut-off (5,1) for the elastic deformation in which fully plastic deforma-
tion is assumed beyond this value. Jeng and Wang [98] proposed an
elliptic microcontact model considering the elastic, elastic-plastic and
fully plastic deformation, based on the assumptions: (1) the surface
roughness is isotropic, (2) all surface spike summits' heights follow the
Gaussian distribution, (3) all surface spikes are spherical near their
summits and have the same radius of curvature, (4) there are no in-
teractions between surface spikes, (5) during contact progression only
the surface spikes deform, and no bulk deformation is taken into ac-
count. The contact force model and contact area for regimes of elastic,
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Fig. 9. (a) Contact between two polygons; (b) normal contact model.

elastic-plastic, and fully plastic deformation were proposed by Egs. (33)
and (34) with y* and g* as [98]:

Ins,
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small amount of overlap could occur. For two contacting bodies I and II
as shown in Fig. 9, the motion of the system can be fully defined by
rotational and translational degrees of freedom of body I provided the
body II is fully fixed. The overlap area (A) is enclosed by four points as:
penetrating vertices, p and q, as well as intersecting edges at g and h. The
middle point of the connecting line between points g and h was assumed
to be reference contact point. The pair of normal contact force and
bending moment (F,,M,) imposed by a fixed body (i.e. body I) to a
moving body (i.e. body II) can be expressed by the following formula:

/ Vi, A
F, = |[Fyn = — {W (A)”Vx,,A” }{ﬁ} (GDO)]
M, = -W (A)L(;g’g) (55)

where W(A) is the contact energy potential of overlap area (A), x, =

{fp,yp} is the cartesian coordinates of vertex p, Vx A is the gradient of A

htdy 32 e o\, 3TH (ﬁc) . / e
y Y /h (ZS ) ¢ (Z.s ) g 2Ec o, /z+5;,

{17(1710 d

, — In(2€) — In(2R.) — 2né, + In(a;b; ) }
(Ind,, = In5,,) = (In(2¢) — In(B/2) )

(47)
5 —5\° 5 =5 \? . e e . 3aH (RN . R
2e8. —ps. /2 —2( 32— 5 /2 )dz, +—=— | = / —h Vdz:
. {[ € =P "/ ] 8 |: (6n2 _6n1> * (5n2 _5nl> ] e ”/ }¢ (ZS) “t E. <0r> i+, (ZS )¢ (Z“) “
. o R AL I RN (B 55\’ &=\ .
v [ Gene @ [ CGene @ [ T2 mke- x| oS0 a2 g @
h h+o), 6, 5n2 - ‘Snl 5n2 - 5;11 (48)
e [ @ @)
h+r)";3

in which 6,; = %, §,, = 2, K= maximum contact pressure factor,

aqb = %’ e and ajb; can be calculated as follows
2,2
. _ E(e?)e (49)
2(1 =) [E(e?) — K(e*)(1 — )]
aib, = 2¢R,5,C (50)
W2-m@-g]+2% (1-%)
c= - (51)
(ke — 1)+
where k; is the constant of proportionality [98] and ¢ is as follows
2\ 2 )
o 2E) — ()1 = &)) 52

K(e?)e?

In order to solve integrals in egs. (47) and (48), Taylor expansion can
be employed for ¢*(zs*) as follows [7]:

1 22 7t g6 g8
(7 15 4% % 4 s 1
< 2+8 48+384+0( O))

¢ (=)

53
NiT: 53)

2.6. Energy-based normal contact

There are other models not based on Hertz theory and the assump-
tion of elliptical contact. The energy-based theoretical formulation was
introduced to calculate the magnitude and direction of contact normal
forces as well as reference contact position [78,79]. The common
concept of penalty methods for bodies in contact was utilised in which a

11

with respect to xp, ||Fy|| is the magnitude of normal force in the direction
of normal vector n, and 6 is the rotational angle with respect to the
original position. The different selection for energy function may range
from linear to power formula.

The normal force magnitude is dependent on the selection of energy
function forms. A few possible option for energy functions and the
corresponding penalty coefficients is introduced in [78].

3. Tangential contact force models between non-spherical
particles

3.1. Cattaneo-Mindlin-Deresiewicz (CMD) theory of tangential contact
forces

3.1.1. Constant normal force and increasing tangential force

As shown in Fig. 10, for two particles in contact subjected to an initial
normal contact force Fp, according to the postulation of Hertz-Mindlin
[32] theory, an incremental tangential force, F;, being applied in the
x'-direction makes an angle @ pertinent to the principal axes of the
elliptical contact area, as shown in Fig. 11. The following assumptions
are applied to the Cattaneo-Mindlin-Deresiewicz (CMD) tangential
contact model [99]:

(1) The normal pressure acting on the elliptical contact area aligns
with Hertz normal contact theory. In other words, once the
elliptical contact area undergoes tangential traction, both the size
of the contact area and the normal pressure will be unchanged.
Further, there is no interaction between the normal displacement
calculated using Hertz theory and tangential traction.
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Fig. 10. Two arbitrary-shaped bodies in contact subjected to normal and
tangential force.

F

\

Contact ellipse

Fig. 11. Elliptical contact area of arbitrary-shaped bodies under applied
tangential force.
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(2) Slip takes place in the direction of the applied tangential force,
which is triggered at the outer edge of the contact and develops
inward over an annular area whose inner boundary is homothetic
with the ellipse of the contact [100].

(3) Coulomb's law of sliding friction governs the behaviour of each
point at the area of slip.

(4) The resultant tangential component of traction is in the direction
of the applied force.

It is well recognised that the slip on the elliptical contact area must
take place to maintain the assumption of finite traction at the outer edge
of contact area [32]. Therefore, two cases can be detected for tangential
slip as (1) no-slip case and (2) micro-slip case.

For no-slip cases, due to symmetry, the contact surface displacement
in its plane occurs as a rigid body motion [101]. The resulting boundary
value problem was solved by Mindlin [32], in which the tangential
component of contact surface traction was denoted as a function of a
relative displacement of a point (&) in one particle far from the contact
area with respect to a counterpart point in the other particle. For rigid
particles with relatively small deformation, the two points can be
assumed to be the mass centres of the two contacting particles, as shown
in Fig. 10. The relation between the tangential force and the relative
tangential displacement of two mass central points, can be given as
[102]:

F, =2nGa. by (56)

r= {[(1 —0)K(&) +oD(e?) |*cos’0 + [K(e?) — vD(?) ]Zsinza}fl/2
(57)

Note here only the semi-major of the contact ellipse R; is used in the
calculation of F;, which however should be accurately calculated by Eq.
(3) for non-spherical particles. The angle between §; and the contact
path major axis is denoted as y, which can be calculated as:

I<(e?) — vD(e?)

1= o)k(@) + oD(@) ™™

W = atan (58)

Under no slip condition, the magnitude of the force increases to in-
finity at the edge of the contact surface. This singularity in the traction
violates physics law and therefore, slip occurs regardless of the magni-
tude of the applied tangential force [101].

For micro-slip cases, the initiation of slip at the edge of the contact
rationalises the non-singular traction over the contact area. The
tangential force-displacement relationship can be obtained as:

4rnGa, 32
Fo=uF,[1—<1— 6,
o { { 3uF, ’)’}

Deresiewicz [103] showed that under special conditions when 6 =
0 and 0 = /2, Eq. (59) can be simplified as

166q. 2
- 6Ga"6,
3uF,®

ﬁ [(1=v)K(e*) + oD (e*) ] for6 =0

o= (61)

[K(e?) — oD (e) ] forH:n/Z

(59

Fr:ﬂFn

(60)

(2 —v)

-1
in which G = (Zle (251”') ) and G; is the shear modulus of particles
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Fig. 12. Variation of normalised shear force versus normalised shear displacement (v = 0.3).

in touch. Variation of normalised shear force versus normalised shear w
displacement is shown in Fig. 12. F; will deflect up to F; = uF, and eq. gy = 9

(60) gives the limit deflection, &}; Zi’,’,
= p'Pap
3uF, HE.R' O
=0 = =" y® 62
Li 16Ga, 4Ga, 4 ( ) 7[(2—1)) 1 ZK(EZ) _ l)/\/(ez) for0=0
d1-v)K(@@) | = NG
By simplifying the eq. (62), the limit deflection can be given as [104]: 27(2 —0) (1 _ (_') )
R;
E.® _
’Li = L n (63)
8GK(e?)
2— 1 |2K(e? N(e
Mindlin [32] computed the ratio of the initial tangential to the Z( 1 v) e (e )—i— 0 (e) 7 ford=n / 2
normal compliance for non-spherical particles as (1-0) K(e) g 2722 ) <1 _ (&) ?
j
(64)
2 2
W(e?) = x| (2 - ) KL _2ELC )} ©5)

3.1.2. Constant normal force and decreasing tangential force

Mindlin and Deresiewicz [101] further considered how the tangen-

tial force decreases from the maximum turning point values, F,", for

-- spherical particles. For no-slip conditions, the tangential traction on the
edge of the contact area would be negative infinity. As a result, the slip
might assume to take place, however, its direction will be in the opposite
side of the initial slip.

For non-spherical bodies, the displacement of adhered region, &g,
corresponding to the additional traction, can be similar to that of
spherical particles with the correction factor ® of eq. (61) included,
given as [100].

5 — _ 3uF,(2 - v) - 1_F,*—F, 3
SGGC 2,”Fn

(66)

Deresiewicz [100] derived the solution for the contact of a pair of
non-spherical particles subjected to the decreasing tangential load

started from F,". The tangential displacement for this case is given by:

% 2 w2
5:3,an(2—u) o1 F =FY _(_FN
! 16Ga, 2uF, uF,

The tangential compliance during the unloading is

0] (67)

S‘I@(ZU)[<1_F,"—F,)%:|® ©8)

" dF,” 4Ga, 2uF,

3.1.3. Constant normal force and oscillating tangential force

Mindlin and Deresiewicz [101] showed that the successive increase
of F, from —F," to F," will be similar to the reduction of F; from F, to —F,"
except for the sign reversal. Hence, the load-displacement curve forms a

Fig. 13. Tangential force-displacement hysteresis loop for the case of normal
constant load and oscillating tangential force [74].

13
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Fig. 14. Theoretical hysteresis loop due to oscillating normal and tangential
force having constant direction [103].

closed-loop, and this path will be navigated in the course of successive
oscillation of F, between the limits +F,", provided F, is kept constant.
The relationship between tangential force and tangential displacement
is schematically depicted in Fig. 13 for the case of constant normal force.
As seen, the residual displacement of §,*emerges when the tangential
force is completely removed, i.e., F; = 0, in the F-decreasing regime of

Powder Technology 418 (2023) 118323

and extended to non-spherical bodies by Deresiewicz [100] as

o) dr (  dEN(, EN g o< 4 ]
: 4Ga, |"aF, Har, uF, S dF, "
2-v) dF,
® f 2
4Ga, G, u

(70)

Varying oblique force can be given to a pair of non-spherical particles
under an initial normal force Fyo and a tangential force F,” and then the
tangential force is reduced to F;, while the normal force changes at an
increasing rate. The tangential compliance for this case is [101]:

* 1
2-v)[ aF, dF, FooF)\" | _drF,
ey - 128 T for——<Bn o
4Ga, |Far, T\ "R, U, RE T
(2—-v) fordF" <!
4Ga, dF, "

(71)

3.1.5. Oscillating normal and tangential force

The other loading status which is of interest in granular media is the
oscillating normal and tangential force. Let us assume that a pair of non-
spherical particles initially compressed with a normal force Fyy.The
contact major semiaxis radius is Rjo. Then the particles are subjected to
additional normal and tangential forces whose resultant, p, oscillates in
magnitude but along a constant direction. It is assumed that the
tangential component oscillates between =+F,", while the normal
component variation maintains a constant value for dF,/dF; Mindlin
and Deresiewicz [101] and Deresiewicz [103] assumed that the hys-
teresis loop for the force-displacement curve has three identified parts,
shown in Fig. 14, as (1) loading (2) unloading (3) stabilised loading/
unloading. The load-displacement curve in Fig. 14 after sweeping the
curve OPRYS, stabilises along the path SUVWS. The tangential compli-
ance in the course of initial loading (i.e., along path OP) is denoted as

the loading history and this residual displacement can be vanished by §— (2-v) 0+ (1-0) (1 A )71/3 ] @ 72)
applying a tangential force in the reverse direction. This phenomenon is 4Ga, 1464
the result of energy dissipation, which makes a hysteresis tangential
force-displacement curve with the same amount of energy loss in the and during initial unloading (i.e., along path PRY and YS)
course of each complete loading cycle [74]. The enclosed area in the
loop (i.e., OPRSU loop in Fig. 13) denotes the frictional energy dissi-
pated in each cycle of loading as
(2-v) A=A 7 « .
“Ga. { —®+(1+®){1 - —@)m} }cp for YA"< A <A
S = 73)
(2"){—®+(1+®){1+—}1/3}¢ for —A" <A <YA
4Ga, 1+06A =
in which, A = Fy/uFn0, A =F," /uF,y, © = u/E, & = dF,/dF,; > y,and Y =
E—9(27”)(”F”)2 . 17F,* §osE - L _F 3 ® ©-1/O+D=<0. ) N "
=T 0Ga, ( u F,,) 6uF, ( u Fn> The tangential compliance during the loading in the stabilised cycle

(69

3.1.4. Oblique forces (varying normal tangential force)

Generally, once granular particles undergo varying external forces,
the inter-particle contact surfaces are subjected to variable normal and
tangential forces. The tangential compliance between spheres in contact,
initially subjected to F,p and additional normal and tangential forces
with increasing rates were calculated by Mindlin and Deresiewicz [101]

14

(i.e., along path SUV) is

2-v)
4Ga,

* “13
{®+(1—@){1—(1+@)ﬁ} }CD

The tangential compliance associated with the stabilised unloading
(i.e., along path VWS) can be calculated using Eq. (74) by reversing the
signs of ® and A. The energy loss attributed to each cycle is denoted by

S = 74)
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Rolling Directi

—

Z, Normal

Table 4
List of models for calculating normal contact force.

on

Rolling Direction

X, Rolling
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Z, Normal

Fig. 15. Particles rolling over each other.

Contact force model

Equations

Details

Elastic regime (5, < n1)
Smooth contact:

4~ ~1/2
Fy = 2EcR, 532y
A, = Rc6
General Equations n = 7R:onf
Non-smooth contact:

4 =~ 5172
F, = SNAER, o7

A, = nNA, IAECGS[}*

/2,

_ wV2(EE)*”
Smooth, non-adhesive, Hertz [25] 2(K(e2)) (1 — 2)*®
5= 2F(e?)
T K(e?)(1—e2)*®
M —g%? 1
L
Smooth, adhesive. r="">5 32
5 s I, — 1,852
JKR [63] (ZK(eZ)%fﬂlB(ez) —gZHZD(eZ)>
2;
PR g

K(e2) 1 7g1/2
-

N 1
Non-smooth, GW, adhesive or non- r=r 4\/,‘,EXP (
adhesive [48]

Elastic-plastic or fully Plastic regime (5, > &p1)

Elastic-Plastic contact,

Jamari et al. [93] An-pp = R+

(2n(RiR) %6, — 7R

Fully Plastic contact,

Jamari et al. [93] An = 27(RR)"35,

Dissipative force
Smooth, non-adhesive, Brilliantov

I —Tpg>/?

Fozp = An_gp [chH — H(cp — —K,,)

— I B(e?) — g2l D (e?)

) oot

- —h? h
¢ A ) (7))

2 énz — Insy ]

3 1115,12 — ln5n1

Sa—0m \2 o (6n—6m\®
5 (o) —2(——
i "ﬂ)[ (5n2 *5n1> (5n2 *5n1>

Fy = 215(RiR)*°c,H

~ ~1/2 .
[75] Fo_agis = 2AER, " 6Y/26,yn

Smooth, adhesive,
Brilliantov [90]

= 51/2 : 3 Ty =~ 3/4 .
Fo_ais = (ZAECRC 531/25'1“/‘*'23\/%& 5'15"1/4)“

See Egs. (1) and (2);

R, defined in Egs. (3)-(5);

y or y* and f or p* are correction factors which will be different
when considering different situations.

2 is the elliptical contact eccentricity, see Eqs. (13) and (14).

2=1-¢

See Egs. (23)-(27) for the integrals in the equations.

On2 > On = Om

On > On2
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Table 5
List of models for calculating tangential contact force.
Contact force Contact status Definition Equations
model
16GR; ) *?
. . Fo—am 1 {15005}
CMD [96] Increasing tangential contact HFn
under constant normal force ﬂ(247 5 [(1 _ U)K(ez) + u[D(ez) } for0—0
ﬁ [E(e?) — oD (&) ] for 0 = 1/2
Decreasing tangential contact . 2 . 2
under constant normal force 5 = 3”2’2(2; —v) [2 (1 _ Ft2 - Ft>3 _ (1 _ i)3 1o
Smooth, elastic, non- R; HEn HEn
adhesive, slip
Mindlin- . N 1
T Increasing tangential contact 2-0v) [ dF, dr, F\ 3 dr, 1
l[)leéﬁlewmz under varying normal force s _ ) 4cr, K ar, + (1 - ”E) (1 - ;TF,I) ®0= dF, < "
Deresiewicz (2-v)  dF, 1
[100] 4GR;  dF,
1
Decreasing.tangential contact 2-v)[ dr, 1 dF, 1 F'—F\ 3 ® 1 - dF, 0
under varying normal force s_ ) 4GR; HaF, +\l-u dF, ~ 2R, TuSdr <
20 1
Smooth, elastic, non- Fy = 2nGRidy 4GR; dF; H

Mindlin [32] adhesive, no slip

Increasing tangential contact
Hisakado- Tsukioze
[105]

Non-smooth, elastic,
non-adhesive, no slip

Dissipative force

Smooth, elastic, non-

Increasing tangential contact . .
g tang adhesive, slip

x =
wr
4./2h

x= {[(1 —v)K(e?) +ovD(e?) }200520+ [K(e?) —vD(e?) ]zsinzﬂ}

Fo g =15 -
t—dis 26 r@ﬁt

~1/2

F, = 2zNA,G6;\/Rjoy"

o

+ (hz + 2),]1

(-

h? ) h?
- T) { - hz’/’l/“ <7>

3 4n151Rjjl _ 16GR
® | BuF,® "

1y : OF;

}1,/2

92— v)(uFp) [ 1 1 i s
E;= 10Ga, yrey Y(1 OA )P +Y(1+06A)
1 1+560° 7%
*\2 *
(1 -AY[(1-——A) |@
He-ai(1- ]
For small values of A*the energy loss can be calculated as
2-o)(F) >
E,=——————(1-07)® 76
47 36GaouF 0 ) (76)

3.1.6. Mindlin theory of twisting couples

A pair of particles can experience specific types of loading, which
results in twisting moments around the line of contact of centres of
curvature of the adjoining parts of bodies. To address this type of contact
problem, Mindlin [32] assumed that a pair of particles compressed by a
normal force and then a twisting couple around the normal force axis
increases monotonically to a specific value of M;. It was recognised that
for no-slip contact status, the contact surface experiences rigid-body
rotation around the contact centreline and the circumferential
shearing stress shows a vertical asymptote at the edge of the contact.
Assuming no-slip condition, the torsional compliance for general non-
spherical contact is given as [32]:

_ds, 3
T dM,  SuR}

8(B(e*)D(e?) — vC(e*)E(e?))
(E(e?) — 4u(1 — e)C(e?) )

77)

where 6, is the twisting angle of rotation. With the same hypotheses as
those made for the tangential contact force, the slip in a circumferential
direction at the edge of the contact area over the ring-shaped area occurs
to maintain physical law, and the rest of the contact portion undergoes
rigid-body rotation around contact centreline.

16

3.2. Tangential contact of rough particles

According to the theory of Hisakado and Tsukioze [105], the elastic
tangential displacement of an asperity in contact with an infinitely rigid
smooth surface under a tangential force is given as

2—v Fy

S5, =
"7 216G a

(78)

where qy is the radius of the Hertzian contact area of asperity k with an
infinitely rigid surface and Fy is the tangential force of the asperity k.
The total tangential force that can be supported by n asperities will be
[106]:

o = iFrk
k=1

For non-spherical particles with an elliptical contact area, by
considering Eq. (56), Eq. (78) can be rewritten as

(79)

n

F,=21Goy ) a (80)
=1
The radius of the contact area of an asperity can be written as
a, = \/(z — d)a. (81)

Therefore, the radius of the contact area of all asperity curvatures at
height z will be

S o = NA, @G / (& )¢ (&)de (82)
k=1 h

The tangential contact force for rough surface can be expressed as
follows:
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Table 6
List of models for calculating rolling contact force and moment.
Rolling contact model Equations Details
Fe = — (acbe)*Geny
Linear theory [108] Fy = — (acbe)*Geaaéy — (ace)* Geasgp See Egs. (86)-(88)
M; = (acbe)*Geaséy — (ache)* Geasg
_ BuFy (B F\'?
&= acbGen (Fr) |:1 a (1 7ITFn>
Nonlinear theory [109] 3uF, 5, F 13 See Egs. (92) and (93)
b= acb.Geoo (E) - (1 7ﬂT"'n>
F, = 2aNA,Gé8,\/a.oy" (83) point for particle i and j, respectively.
T n? h? h? 4.2. Vermeulen-Johnson nonlinear rolling contact theory
4 AT exp( 77) { — BT (—) + (1 +2).7, <7)
4/2h 4 4 “\ 4 (84)

+h2<7j%<h;) +J%<}:Tz>>}

3.3. Tangential dissipative force

Similar to normal force the dissipative force between viscoelastic
particles can be calculated using the following equation [107]:

4;715',%{1 16Garar}l/2

_n _
) 3uF,®

oF,
Frge = g2t
t—dis 2G

o 05,

(85)

4. Rolling contact model between non-spherical particles
4.1. Kalker's linear rolling contact theory

In the linear theory of rolling contact proposed by Kalker [108], the
tangential forces and moment at the contact point are linear function of
the longitudinal, lateral, and spin creepage. For non-spherical particles
with hertzian contact area, where the rolling is assumed to occur along
one of the principal axes of the contact ellipse, x-axis in Fig. 15., the total
tangential force, Fy and Fy, and the moment around the z-axis, M,, have
the following form:

Fy= —(a:h.) Geng, (86)
Fy=— (a(,bc)zacﬂéy —(ab.)’Geng (87)
Mz = (aﬁbﬁ)sacﬁé:y - (aLbL’)4 6033(/7 (88)

where ¢; is tabulated in [108] for exact values. Alternatively, the the-
ories of Vermeulen-Johnson [109] may be used to obtain approximate
analytical solutions for ci1, c22, and c3a. &y, &y, and ¢ are longitudinal (in
rolling direction), lateral, and spin creepages of particle i with respect to
particle j, given by

[Vie = v = (Ray + Ra2y) |

&= % (89)
e — (% %)y

- [Vr,v Viy ‘</g,\. 9,‘)‘/] (90)

o= (Qiz ‘:/ Qf'z) 9D

where Q; = (Q, Qiy, Qi) and Qj = (Qjx, Qjy, Qj;) are angular velocity
vectors of particles i and j, respectively, V; = (Vix, Viy, Viz) and Vj = (Vjx,
Vjy, Vjz) are translational velocity vectors of particles i and j, respectively,
and V is the rolling velocity. R;, and Rjy are radii of curvature at contact

17

In this theory [109], the contact area is split into two zones, (1) the
zone of adhesion where no slip occurs, and (2) the zone of slip. It is
assumed that the adhesion zone is elliptic with the same orientation of
the axes as the contact ellipse and with the same ratio of the axes. The
relation between longitudinal and lateral creepage and tangential force
read as

1/3
é)_:—ﬂ ﬂ 1— 1_F’ 92)
acb.Gen \Fy HE,
3uF, (F, F\'"
= ——— | = [1-(1- 93
éy az‘bL‘GCZZ <Fr> ( ”Fn> ( )

5. Conclusions

This paper provides an extensive review of the current analytical
contact force models for the simulation of non-spherical particles under
normal and tangential contact regimes. The review focuses on providing
more accurate contact force models, though more complicated than the
current ones, to the DEM community. Several factors in the contact
models are considered such as material constitutive laws (e.g., elastic,
viscoelastic, and elastic-plastic behaviour), applied load regime (e.g.,
either normal or tangential), surface friction and adhesion (e.g., smooth,
non-smooth, and adhesive). Numerical results have shown that based on
the accurate geometrical model, the effect of surface properties on the
predicted contact force and contact area is obvious, which may further
exaggerate the errors caused by using simplified contact force models for
non-spherical particles [10]. Finally, a list of equations recommended
for calculating elliptical contact force in normal and tangential di-
rections and rolling contact under different scenarios are summarised in
Table 4, Table 5 and Table 6, respectively. These force models can be
used in DEM to predict forces and related particle dynamic behaviours
more accurately, especially for non-spherical particles, non-smooth
particles and adhesive particles.
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