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1. Introduction

Let us start by recalling the Fréchet-Smulian criterion of compactness. Consider a
Lebesgue-measurable subset E of R", the o-algebra X of all Lebesgue-measurable subsets
of E, and the Lebesgue measure A. The criterion (Fréchet [1]if A(E) < 400, and Smulian [2]
if A(E) = +o0) states that a subset M of the space of all real-valued Lebesgue totally
measurable functions defined on E is relatively compact with respect to convergence
in measure if and only if given ¢ > 0 there is a finite partition {A;,..., Ay} of Ein &,
anumber a2 > 0 and , for each f € M, there is a set Dy in X with A(Ds) < e such that
sup{|f(x) = f(y)| : xy € Aj\ D¢} < efori =1,...,nand sup{|[f(x)| : x € E\
Dy} < a. In other words, M is relatively compact with respect to convergence in measure
if and only if it is equimeasurable and uniformly quasibounded. In the literature, the
introduction of quantitative characteristics measuring the lack of the above two properties
has allowed many authors to obtain inequalities that estimate the classical, Hausdorff or
Kuratowski, measures of noncompactness and include the Fréchet-Smulian criterion and
its extensions to more general spaces of functions (see, for example, Refs. [3-8]). Following
such an approach, the aim of this paper is to obtain quantitative versions of theorems
about compactness in pseudonormed groups of mappings defined on a given set (2 with
values in a normed group G. The paper is organized as follows. In Section 2, we introduce
notations, definitions, and preliminary facts that are used throughout the paper. Given a
submeasure i defined on an algebra A in the power set of () and taking values in [0, 0],
we consider the group (F(Q),| - |[;) of all G-valued mappings defined on () with the
topology generated by the group pseudonorm

1flly = inf{a > 0:yp({x € Q: [|f(x)]| = a}) <a},

where 7 is obtained by extending u to the power set of (2. We introduce new equimeasu-
rability-type and uniform quasiboundedness-type concepts for subsets M of a given sub-
group (H(Q), || - [|) of (F(Q), || - [[;), and associate to them the quantitative characteristics
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@y, (M) and 73, (M), respectively. In Section 3 the Hausdorff measure of noncompactness
is estimated in our general setting by means of the new quantitative characteristics. We
prove the following inequalities:

- 1. - -
max{ 7, (M), 30, (M) } < 7, (M) < (03, (M) + o, (M), <1>
which contains a Fréchet-Smulian-type compactness criterion in the group (H(Q), || - ||;)-

Moreover, we show that in the group of totally .4-measurable mappings (see Ref. [9]) the
quantitative characteristics (IJH” and (Tq.[q reduce to those introduced in Ref. [4]; thus, our
results on compactness extend the analogous ones obtained in Ref. [4]. Then, inequalities
(1) are applied to obtain a compactness criterion in a general group #(()) endowed with
the topology of local convergence in measure. In Section 4, we examine the case of groups
of G-valued mappings endowed with the standard supremum seminorm || - ||, which
is obtained as a particular case of || - ||,;. It is worthwhile mentioning that Nussbaum [6],
generalizing a criterion of compactness of Ambrosetti [10], has proved a quantitative
version of the Ascoli-Arzela-type theorem in the space of continuous mappings from a
compact metric space () into an arbitrary metric space X, obtaining that a bounded subset
of that space is relatively compact if and only if it is equicontinuous and pointwise relatively
compact. Nussbaum'’s result has been extended (see Refs. [4,11]) to the space of totally
bounded mappings from a general topological space (2 into an arbitrary metric space X.
In such a situation, the estimates provide as a special case also the Bartle compactness
criterion [12], by virtue of which a bounded subset of the space of real-bounded and
continuous functions defined on a topological space () is relatively compact if and only
if the following condition holds: for any positive ¢ there is a finite partition {Ay,..., An}
of Q) such that if x,y belong to the same A;, then |f(x) — f(y)| < eforall f € M. On
the basis of the above considerations, in Section 4, we estimate, in our general setting,
the Hausdorff measure of noncompactness of a given subset M of a group (H(Q), || - [|e)
by means of @y, (M) and the classical quantitative characteristic y, (M), which is related
to pointwise total boundedness. In such a way, we obtain a compactness criterion that
generalizes, among others, the compactness criteria we have just mentioned.

2. Preliminaries

Throughout the paper we will only consider commutative additive groups and real
linear spaces. We denote by P(T) the power set of a set T and we assume inf @ = +oo.
Now, if L = (L, +) is a group with zero element 6, a group pseudonorm on L is a mapping

-1l s L = [0, +o0]

such that ||0||L =0, || —x||p = ||x||r and ||[x +y||L < ||x|lL + ||y||L, forallx,y € L. A group
norm is a group pseudonorm that also satisfies f = @ if || f||; = 0. If L is a pseudonormed
group, given a subset X of L, then the symbol diam(X) stands for the diameter of X.
Moreover, given x € L and r > 0, the symbol By (x, r) will denote the closed ball centered
at x with radius r. Further, we will say that a set function v : P(L) — [0, 0] is a measure
of noncompactness in the sense of Ref. [13] (where it is defined on bounded subsets of a
complete metric space) if it satisfies the following properties:

(i) v(M) =0if and only if M is totally bounded (regularity);
(ii) v(M) = v(M) (invariance under closure);
(iti) v(MUN) = max{v(M),v(N)} (semi-additivity).
The following properties can be deduced by these axioms:
(iv) M C N implies v(M) < v(N) (monotonicity);
(v) v(S) = 0 for every one-element set S in L (non-singularity).
Moreover, we require, having in mind that the pseudonorm group L is assumed to be
additive, the following additional properties:
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(vi) v(M+ N) <v(M)+ v(N) (algebraic semi-additivity);
(vii) v(f + M) = v(M) for any f € L (invariance under translations).

We recall that for a subset M of L, the Hausdorff measure of noncompactness (M)
of M is the infimum of all ¢ > 0 such that M has a finite e-netin L, i.e.,

yL(M) =inf{e >0: M C F+ By (6,¢), F C L, F finite}.

For more details on measures of noncompactness, we refer to Ref. [13] and also
Ref. [14]. In the following, we assume G = (G, || - ||) to be a normed group. If Qis a
nonempty set, 7 (Q) = F(Q, G) will denote the group of all G-valued mappings defined
on (), and A will be an algebra in P(Q)). For f € F(Q)and A € A, wedefine fx4: Q — G
by setting fxa(x) = f(x)ifx € Aand fxa(x) =0if x € O\ A. Amappings € F(Q) is
called A-simple if there are z1, ..., z;, € G such that s(Q) = {zy,...,z,} and s7!(z;) € A,
fori =1,..,n. We denote by S(Q)) = S(Q), G) the group of all A-simple mappings. Now,
let u : A — [0, +o0] be a submeasure (i.e., a monotone, subadditive function with (@) = 0)
and 77 : P(Q) — [0, +co] be the submeasure defined by

7(B) =inf{u(A): A€ Aand B C A}. )

Then, we consider a natural generalization of the topology of convergence in measure
(see ref. [7]); that is, the topology generated on the group F () by the group pseudonorm
|-l : F(Q) — [0, +o0] defined by

1flly = inf{a > 0:y({x € Q:[|f(x)]| = a}) < a}.

We will use the notation |, (Q) for the pseudonormed group (F(Q), || - ||;). Through-
out, #(Q)) will stand for a subgroup of F(Q2), possibly the group F(Q) itself. In particular,
TM(Q) = TM(Q, A, 13,G) will denote the subgroup of all totally .A-measurable map-
pings; that is, the closure in /| (Q) of the group S(Q) of all A- simple mappings (Ref. [9]).
Finally, we will write 7, (Q) for (H(Q), | - [|;)- Now, we introduce new equimeasu-
rability-type and uniform quasiboundedness-type concepts in our general setting. To this
end, for M in F) (Q2) and ¢ > 0, we denote by @, (M) the set of all multimappings

¢: M — P(Q) such that (¢(f)) < eforall f € M.

Definition 1. A subset M OfHH'H;; (Q) is said to be extended equimeasurable if for any ¢ > 0
there are a finite partition {A,..., Ay} of Q in A, a finite set {f1,..., fm} in H(Q) and a
multimapping ¢ € ®y (M) such that, for all f € M, thereisj e {1,...,m}.

diam((f — f;)(Ai\ ¢(f))) <&, fori=1,...,n

A subset M of H ., (Q)) is said to be extended uniformly quasibounded if for any € > 0

there are a set Go in G with v(Gy) < ¢, a finite set {g1, ..., 8k} in H(Q) and a multimapping
P € Oy (M) such that, for all f € M, thereiss € {1,...,k} with

(f =&)(Q\¥(f)) € Go.

Now, apart from the Hausdorff measure of noncompactness in (Q)), which we
will simply denote by 7y,, we consider the set quantitative characteristics @y, , 7%, :
P(H).),(Q)) — [0, +00], defined by setting

@3, (M) =inf{e > 0: there are a finite partition {A;,..., A} of Qin A, afinite set

{fi,---, fm} in H(Q) and a multimapping ¢ € @y (M) such that,
forall f € M, thereisj € {1,...,m} with diam((f — f;)(A; \ ¢(f))) <e

fori=1,...,n}.

®)
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03, (M) = inf{e > 0 : there are a set G in G with 7(Gy) < ¢, a finite set {g1, ..., g}
in #(Q) and a multimapping i € ®, (M) such that, forall f € M,  (4)
thereiss € {1,...,k} with (f — g5)(Q\ ¢(f)) C Go}.

In such a way, a subset M of H\I'\In (Q)) is extended equimeasurable if and only if
@3 (M) = 0, and extended uniformly quasibounded if and only if 53, (M) = 0.

Remark 1. It is worth noting for the sequel that the quantitative characteristics @y, and oy,
satisfy conditions (ii)—(vii) of a measure of noncompactness.

3. Compactness in Pseudonormed Subgroups of F -1y (Q)

The main result of this section provides estimates for the Hausdorff measure of
noncompactness in terms of the simpler quantitative characteristics we have introduced.

Theorem 1. Let M be a subset Of}-H~Hn (Q)), then

17, (M) < 2(0F7, (M) + @F, (M)). ®)
Let M be a subset of H ., (€2), then

max{ 7, (M), 300, (VD) | < 7, (M) < 403, (M) + o, (M), ©

2

Proof. Let us prove (5). Let M be a subset of 7| (Q). Since vz, (M) < (), if either
0r, (M) = n(Q) or @, (M) = 1(Q), the inequality holds true. Assume 77, (M) < 17(Q)
and @z, (M) < n(Q). Leta > @r, (M) and b > x, (M). Then, choose a finite partition
{A1,..., Ap} of Qin A, afinite set {f1,..., fi} in F(Q) and a multimapping ¢ € @, ,(M)
such that, for all f € M, thereis j € {1,...,m} with diam((f — f;)(A;\¢(f))) < a for
i=1,...,n. Choose also a set Gy in G with y5(Gp) < b, a finite set {g1,...,gx} in F(Q)
and a multimapping ¢ € ®, (M) such that, for all f € M, thereiss € {1,...,k} with
(f —8)(Q\ ¥(f)) C Go. Moreover, let {z3,...,z;} bea || - ||-b-net for Gy in G. Now, set

M; = {f € M:diam((f - fj)(A;i\ ¢(f))) <a, fori=1,...,n}

and

Mjs ={f € Mj: (f = &)(Q\¢(f)) € Go},

forallj € {1,...,m}ands € {1,...,k}, so that M = U} M; = U}y Us_; M. Then, fixa
mapping fjs € M;s, and denote by Tj s the finite set of all mappings i : (3 — G, defined as
follows

h(x) = f]-,s(x) +zp —zgif x€ Ay, fori=1,...,n,

where the 2n-tuples z,, ..., zp,,zq,, . . - 25, Vary in {z1,-..,2¢}. We will show that, for all
je{l,...,m}and s € {1,...,k}, the set Tjs is a finite | - ||~ 2(a + b)-net for M; in
F(Q). To this end, let f € M; be arbitrarily fixed and set Dy = ¢(f) U(f); then, fix
xj € Aj, fori € {1,...,n} such that x; ¢ Dy if A;\ Dy # @. Further fix z,, such that
Il(f — 8s)(xi) — zp,|| < b, and z,; such that ||(fjs — gs)(xi) — z¢,]| < b. Finally, define the
mapping his : () — G by setting

fori=1,...,n.

fis(x) +zp, —zq if x € Ajand A;\ Df #Q@
hy(x) =

fj,s(x) if x € Ai and Ai \ Df =
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Then, h f€ T]S Moreover, for x € A; \ D rwe have

1) = e ()| = 11f(x) = fis(x) = 2p; + 24, |
= f(x) = fjs(x) = fs(xi) + fs(xi) = £ (xi) + f(xi) — 2,
+2g, + g5 (xi) — gs (x|

< N(f = fis) () = (f = fio) ) | + 1(f — 8s) (i) — 2z

+ [1(fis — &) (xi) — 2zl
< N(fF = £)(x) = (f = f) ) L+ 1(fjs = ) () = (fs — fj) (xi) || +2b
< 2a+2b.

Since D¢ = ¢(f) Up(f), with ¢ € Py 4(M) and ¢ € @, (M), we have (Df) < a+Db.
Therefore, we find || f — h¢[|; < 2(a + b). Now, having in mind M = Uits Uk, M, we
find 77, (M) = max;”:1 maxk_, v 7,(Mjs) < 2(a+b), and by the arbitrariness of 2 and b
we obtain vz, (M) < 2(0x, (M) + @x, (M)), as desired.

Now, we prove (6). Let M be a subset of % |, ((2). The right inequality follows from
(5) taking into account that y3, (M) < 2vx, (M), @F (M) < @y, (M), and 75, (M) <
3, (M). Now, we prove the left inequality. Since 7y, (M) < 7(Q)) and @y, (M) < 7(Q2),
the inequality is true if y3, (M) = 7(Q). Assume 73, (M) < 1(Q). Leta > 74, (M) and
let {fi,...,fm} beal - ||;-a-net for M in H(Q)). For f € M, choose j € {1,...,m}, such
that [|f — fill; < a,and set Dy = {x € Q : [|f(x) — fi(x)[| > a}. Then, by the definition
of [| - |y, we have 7(Df) < a. Hence, the multimapping ¢ : M — P(Q2), which is defined
for each f € M by ¢(f) = Dy, belongs to @, ,(M). Then, on the one hand, since for all
x € O\ ¢(f) we have || f(x) — f;(x)]| < a, it follows that

(f = QN ¥(f)) € Bg(6,a).

Choosing Gy = Bg(8,a), {f1,..., fm} as a finite set in #(Q)) and ¥ as a multimapping
in @;,,(M), we find &3, (M) < a.Hence, the arbitrariness of a implies &3, (M) < 73, (M).
On the other hand, considering {Q} as a partition of Qin A, {fi, ..., fu | as a finite set in
H(Q) and ¢ in ®; ,(M), we have

diam((f — f)(Q\(f)) = sup [(f = f)(x) = (f = )W)l <24,
xyeO\y(f)

which gives @y, (M) < 273, (M). The proof is completed. [
As a corollary, we obtain the following Fréchet-Smulian-type compactness criterion.

Corollary 1. A subset Mof 1., (QY) is totally bounded if and only

that is, if and only if M is extended equimeasurable and uniformly quasibounded.

The above corollary says that &7, + @y, satisfies property (i) of a measure of non-
compactness, which together with Remark 1 gives that 73, + @y, is indeed a measure
of noncompactness in HH'H:; (Q)). Moreover, due to the inequalities (6), we have that it is
equivalent to the Hausdortf measure of noncompactness. Now, notice that Theorem 1
provides estimates for the Hausdorff measure of noncompactness in any given group
in ]:I\'HW(Q)' While in Ref. [4], Theorem 2.1, analogous estimates have been proved
in the group T M (Q) of totally .A-measurable mappings (denoted, in Ref. [4], by
Ly(Q, A, 7, G)) using the quantitative characteristics w(M) and o(M), defined as follows
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w(M) = inf{e > 0 : there are a finite partition {A1,...,A,} of Qin Aand a
multimapping ¢ € ®, (M) such that, forall f € M,
diam(f(A; \ ¢(f))) <efori=1,...,n},

o(M) = inf{e > 0 : there are a set Gy in G with 75(Gp) < € and a multimapping
P € Oy (M) such that, forall f € M, f(Q\¢(f)) C Go}-

We observe that, on the one hand, the quantitative characteristics w(M) and o(M) do
not allow us to estimate the Hausdorff measure of noncompactness when M is not a subset
of TM|,(Q). To see this, it is enough to consider M as a singleton set whose element
is a not-totally .A-measurable mapping. On the other hand, we have that the results on
compactness of Ref. [4] can be seen as a particular case of Corollary 3, since the following
proposition proves that in 7M. lly (Q)) the quantitative characteristics we have introduced
reduce to those of Ref. [4].

Proposition 1. Let H, .|, (Q)) be a group in TMyy, (Q)). Then, for every subset M of Hy.y, (Q),
we have @y, (M) = w(M) and o3, (M) = c(M).

Proof. Let f denote the null mapping in 7 (2). Choosing { fo } as a finite subset of #(Q}) in
both the definitions of 73, (M) and @y, (M), we find 53, (M) < ¢(M) and @y, (M) < w(M).
Now, we prove the reverse inequalities. Since 0(Q)) < 1(Q)) and w(Q)) < 5(Q1), the inequal-
ities will hold true, respectively, if either &3, (M) = 1(Q) or @y, (M) = 1(Q). Therefore,
we assume 0y, (M) < 17(Q) and @y, (M) < n(Q). At first, let a > 0, (M), let Go € G
with y(Go) < a, ¢ € @y (M) and let {g1, ..., gk} be a finite set in #(Q2) such that, for all
f € M, thereiss € {1,...,k} such that (f — g5)(Q\ ¥(f)) C Gp. Next, given § > 0, choose
A-simple mappings sy, ...s; € S(Q) such that ||gs — s5||; < J. Define the multimapping
P : M — P(Q) by setting

P(f) = 9p(f) U{x € Q:[gs(x) = ss(x)|| > &}

Then, since 7({(f)) < 7(¢(f)) +n({x € O : |[gs(x) —ss(x)|| > 6}) < a+ 4 for
all f € M, we have ¢ € @, ,,5(M). Now, for f € M, choose s € {1,...,k} such that

(f —8)(Q\ ¥(f)) C Go. Then, forall x € Q\ ¢(f), we have

f(x) = s5(x) = f(x) = g5(x) + &s(x) —s5(x) € Go + B (0,9).

Therefore, f(x) € ss(x) + Go + B (6,). Setting G = U¥_; (s5(x) + Go + B¢ (6,9)), we
have v(G) <a+dand f(Q\¢(f)) C G, forall f € M. By the arbitrariness of a and §, we
obtain 0 (M) < 0%, (M), as desired.

Now, let a > @y, (M). Choose a finite partition {Ay,..., Ay} of Qin A, a finite set
{fi,---, fm} in H(Q) and a multimapping ¢ € ®; (M) such that, for all f € M, there is
j€{l...,m} with diam((f — f;)(A; \ ¢(f))) < afori=1,...,n. Givend > 0, choose
$1,---,5m € S(Q) such that ||f; —s;|l; < J. Let {By,..., B¢} be a finite partition of () in
A, such that each restriction sj|3p is constant for j = 1,...,m,and p = 1,...,k, and let
{C1,...,C+} be the finite partition of ) in A that is generated by the partitions {A,..., A, }
and {By,...,By}. Further, for f € M, fix j € {1,...,m} such that diam((f — f;)(A; \
¢(f))) <afor i=1,...,n, and define the multimapping ¢ : M — P(Q) as follows

9(f) = o(f) U{x € Q:lfj(x) —sj(x)]| > o}

Then, ¢ € ®;,,5(M). Consequently, for all f € M, we can choose j € {1,...,m} in
such a way to obtain
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diam(f(C\ @(f))) = sup [[f(x) = (W)l

xy€CA\P(f)

< sup [(f=F)@)=F-FHWI+ sup |[[fi(x)—sj(x)|
xyeC\P(f) x€C\@(f)

+ sup [fi(y) —siw)l+ sup [[si(x) —s;(v)ll

yeCAG(f) xy€CAP(f)

<a+26,

forall ¢ € {1,...,r}. Therefore, w(M) < a + 26. By virtue of the arbitrariness of 4 and J,
we obtain w(M) < @y, (M). So, the proof is completed. [

Remark 2. Observe that if M is a subset of T M| (Q), then the best possible estimates for
Y7 M, (M) are obtained in Ref. [4], Theorem 2.1, precisely

max{FfTMV, (M), %@TMW (M)} < YT M,y (M) < 5"7’,/\/1,7 (M) + CDTM,,(M).

We devote the remainder of this section to derive a compactness criterion in groups of
G-valued mappings endowed with the topology of local convergence in measure. To this
end, we restrict ourselves to the family Ay = {A € A: (A) < 4+oo}. Forany A € Ay,
I flla=inf{a >0:n({x € A:|f(x)| > a}) < a} is a group pseudonorm on F(Q2), and
the topology 7, generated by the family of group pseudonorms

{Il-1lya: A€ Ao} @)

generalizes the classical topology of local convergence in measure. We denote by 7=, (Q2)
the topological group (F(Q), 1), and for a subgroup H(Q) of F(Q) we write Hr, (Q) for
(H(Q), 7).

Remark 3. Let us observe that f, M f=fu BN f holds for every sequence { f,,} in F(Q)
while the viceversa fails to hold. Indeed, enough to consider f, : [0,+c0) = R, forn =1,2,...,

defined for all x € [0, 4c0) by setting fu(x) = (1 - %)x
We recall that the generalized Hausdorff measures of noncompactness Vi, (M) of a

set M in a topological group H, (Q) is that generated by the family of group pseudonorms
given in (7). Precisely, Ve, (M), following Ref. [15], Definition 1.2.1, is the set function
T, (M) © Ag — [0,+00) where Ve, (M)(A) = 7|\~H,7,A(M)' that is, the infimum of all
¢ > 0 such that M has a finite e-net in #(Q)) with respect to the group pseudonorm
|l - 1l;,4- Then, the quantitative characteristics we are dealing with can be defined ac-
cordingly. We define them as set functions @y, (M), 03, (M) : Ag — [0, +00) by setting
@1, (M)(A) = @rq,, (M) and 0y, (M)(A) = 03, (M), where

@y (M) =inf{e > 0 : there are a finite partition {Ay,..., Ay} of Ain Ay, a finite set
1,

{fi -+, fm} in H(Q) and a multimapping ¢ € Py (M) such that, for all f € M,
thereis j € {1,...,m} with diam((f — f;)(A; \ ¢(f))) < efori=1,...,n},

Ty (M) = inf{e > 0: there are a set G4 in G with 7(G4) < ¢, a finite set {g1,..., gk}
1,

in H(Q) and a multimapping ¢ € ®; (M) such that, forall f € M,
thereiss € {1,...,k} with (f — g)(A\ ¢(f)) € Ga}.

The following result follows from Theorem 1.
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Theorem 2. Let M be a subset of a given subgroup Hr, (Q0) of Fr, (Q2), then

max{ o, (M), 3, (M) b < 13, (M) < (05, (M) + v, (M)

Consequently, the set M is 7-totally bounded if and only if @y, (M) = T, (M) = 0.
Finally, we want to mention that the group (M (Q, G), 7)) of all .A-measurable mappings,
that is, of all mappings f € F(Q) such that fx 4 is totally A-measurable for any A € A,
endowed with the topology 7, (see Ref. [9], Chapter III), can indeed be considered as a
special subgroup of Fz, (). Therefore, we can say that a subset M of (M(Q), G), 7)) is
T,-totally bounded if and only if it is extended equimeasurable and extended uniformly
quasibounded in the sense of the 7;-topology.

4. Compactness in Seminormed Subgroups of F || (Q2)

In this section on particularizing the submeasure y, we will deal with groups of
G-valued mappings defined on () and endowed with the standard supremum seminorm.
Precisely, we consider the submeasure jioo : A — [0, +00] defined by yeo(?) = 0 and
Hoo(A) = +00if @ # A € A. Then, we will denote by #, the submeasure defined in (2) for
I = Joo, thatis, e (D) = 0 and 1o (B) = +00if @ # B € P(Q). Therefore, the pseudonorm
|| - |l coincides with the standard supremum seminorm || - |. We will use the nota-
tion 7, (Q) for Fil-llges (Q2). As seminormed subgroups we can consider B (Q}) and
T B, () consisting, respectively, of all bounded and totally bounded mappings belong-
ing to Fj.|, (Q?), with the seminorm || - ||. Finally we observe that 7 M(Q, A, 11, G)) C
TM(Q, A, 15,G)) for any given 7, and that (T M(Q, P(Q), 71eo, G), || - lye) = T B, ().

Now let H.,(€Q2) be a seminormed subgroup of F| .| (Q2), and M a subset of
Hj. (©2). We will use the symbols vy, @y, and oy, for VHyor OH,,, and Ty, , Te-
spectively. Then, let us observe that the infimum in the definition of @y_ (M) is obtained
by taking ¢(f) = @ in (3), for each f € M, and, in parallel, the infimum in the definition of
0., (M) is obtained with ¢(f) = @ in (4), for each f € M. Therefore, we will have:

@y, (M) = inf{e > 0 : there are a finite partition {A1,..., Ay} of Qin A and a finite set
{fi,..., fu} In H(Q)) such that, forall f € M, thereisj € {1,...,m} with
diam((f — f;)(A;)) <efori=1,...,n},

Tx., (M) =inf{e > 0: thereis a set Gy in G with 75(Gp) < € and a finite set {g1,..., g}
in H(Q) such that, for all f € M, thereiss € {1,...,k} with (f — ¢5)(Q) C Go}.

Such a formulation of @y has been introduced in Ref. [16], to study the compactness
of bounded sets in Banach space-valued spaces of bounded mappings defined on a general
set () endowed with the standard supremum norm. Now, according to Ref. [11], one can say
that the quantitative characteristic @y, generalizes the “measure of non-equicontinuity”
of Nussbaum [6] to more general settings than that of spaces of continuous functions.
Therefore, it is natural, in the setting of this section, to estimate the Hausdorff measure of
noncompactness of a given set M by means of @y (M) and the classical quantitative char-
acteristic . (M) (see Ref. [10]), which measures the lack of pointwise totally boundedness,
given by

s (M) = sup16(M(x)),
xeQ
where M(x) = {f(x) : f € M}. In such a way, we will be able to generalize some classical
and more recent compactness results (see Refs. [4,6,10-12,16], among others). To this end,
we have the following result, which estimates the extended uniformly quasiboundedness
of a given set M by means of @y, (M) and p,, (M).
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Proposition 2. Let H,. | (Q) be a subgroup of F .|, (Q) and let M be a subset of H.|, (Q).
Then

Hrg (M) < Tp (M) < g (M) + @, (M) ®)
Proof. We prove the left inequality. First, we observe that y,. (M) < v¢(M(Q)); thus, if
Ty, (M) > v (M(Q))), the inequality is immediate. Now, assume o (M) < 76(M(Q)).

Let a > &y (M) and choose Gy in G with 75(Gp) < a and a finite set {g7,...,gx} in
H(Q) such that, for all f € M, thereiss € {1,...,k} with (f — g:)(Q)) C Gy. We set,

fors € {1,...,k},
Ms={feM:(f—g)(Q) S Go}.

G
Then, given x € ), for all f € M we have f(x) € gs(x) + Gp; therefore, M;(x) C
gs(x) + Go. Moreover, since M(x) = Uf_; Ms(x) € UX_; (gs(x) + Go), it follows

k
Yo(M(x)) = mkaX’)’G(Ms ) <7 <U x) + Go ) =76(Go) <a

Then, pty. (M) = sup,.qvc(M(x)) < a. The arbitrariness of a implies i, (M) <
Ty, (M).

Now, we prove the right inequality. Since oy (M) < 1(Q), if either p, (M) =
n(Q) or @y, (M) = 7(Q) the inequality holds true. Assume 7z, (M) < 7(Q2) and
@F, (M) < n(Q). Leta > @y, (M), choose a partition {Ay,..., Ay} of Qin A and a
finite set {f1,..., fm} in H(Q) such that, for all f € M, thereisj € {1,...,m} with
diam((f — fj)(A;)) < afori = 1,...,n. Moreover, let b > p,;(M) and fix x; € A; for
i=1,...,n. Then, since y¢ (Ui, M(x;)) < b, there are zy, ...,z € G such that

n k
J M(x;) € | Bg(zs,b).
i=1 s=1

Set, forj=1,...,m
M; = {f € M :diam((f — f;)(A;)) <afori=1,...,n}. )
Further, for f € M and fori € {1,...,n}, choose z; such that
I1f(xi) = z]| < b (10)
Then, for each f € M; and for x € A;, we have
(f = f))(x) =z = (f = fi)(x) = (f = f) (xi) + (f = fij) (xi) — 2.
Using (9) and (10), we obtain (f — f;)(x) € zs — f;(x;) + B(6,a + b). Hence,

(f=fi)(A Q xi) + Bg(6,a+1b)).
Consequently,
(f =) = LjJ(f fi)(Ai) € gg(zs—fj(xz')+Bc(9,u+b))-
Setting Go = Uy Us_; (zs — fi(xi) + Bg(6,a+b)), we have y5(Go) < a+b and,

hence oy (M) < a + b The arbitrariness of a and b completes the proof of the right
inequality; therefore, we have proved (8). [
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Now, from Theorem 1 and Proposition 2, given a subset M of H |, (€2), we obtain

1

max{ s (M), 3070, (M) | < 1 (M) < (35 (M) + 23 (M)

Corollary 2. A subset M of H,., () is totally bounded if and only if

D3t (M) = pog (M) =0,

that is, if and only if M is extended equimeasurable and pointwise totally bounded.

One can verify that ., . satisfies properties (ii)-(vii) of a measure of noncompactness,
as Wy, clearly does. Then, the above results ensure that y, . + 2@y, is a measure of
noncompactness equivalent to the Hausdorff measure of noncompactness. Let us observe
thatif H ., (Q) = B.|, (), the previous result generalizes Ref. [16], Corollary 3.1, from
the case of spaces of Banach space-valued mappings to the case of spaces of G-valued
mappings. Finally, if H ., (€2) is a subgroup of T B, (Q2), in view of Proposition 1, the
quantitative characteristics @y, (M) and &, (M) coincide with the corresponding ones
given in Ref. [4]. Precisely,

@y, (M) = inf{e > 0 : there is a finite partition {Aj,..., Ay} of Qin A
such that, for all f € M, diam((f)(A;)) <efori=1,...,n},

Oy, (M) =inf{e > 0: thereis a set Gy in G with y5(Gp) < e such that,
forall f € M, f(Q) C Gop}.

Therefore, Theorem 2 generalizes Ref. [4], Theorem 3.1, which is proved in spaces
of totally bounded mappings from a general set () into a pseudometric space (see also
Ref. [11]).

Remark 4. Whenever Q) is a topological space, Corollary 2 extends the Bartle compactness criterion
to the seminormed group (BC(Q, G), || - ||eo) of all G-valued bounded and continuous mappings
defined on Q). Therefore, if () is compact, it extends the Ascoli-Arzela compactness criterion.

5. Conclusions

The degree of noncompactness of sets in groups constituted by mappings from a
general set into an arbitrary additive normed group and endowed with a pseudonorm
that induces the topology of convergence in measure is estimated by means of two new
quantitative characteristics. The sum of those quantitative characteristics is a regular
measure of noncompactness, i.e., such a measure vanishes on all totally bounded subsets.
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