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Resum 

 
En els últims anys, l’inexorable avenç del canvi climàtic està forçant a la 
societat a adaptar-se cap a mètodes de transport més sostenibles. En un futur 
no tant distant, es concebeix que el transport urbà s’expandeixi cap al cel amb 
noves i innovadores aeronaus elèctriques d’enlairament i aterratge vertical, les 
eVTOL (electrical Vertical Take-Off and Landing). Tot i que aquesta idea 
sembli molt futurística, el concepte d’una aeronau elèctrica no està tan lluny 
com es pensa. 
ONAerospace té la intenció de ser partícep d’aquest futur dissenyant la seva 
pròpia aeronau eVTOL. Aquest projecte es centra en la investigació en curs 
del disseny del sistema de propulsió de l’aeronau. Aquesta segona iteració 
aprofundeix en rendiment dels rotors tubulars amb l’objectiu de proposar un 
disseny més precís de les unitats propulsives de la aeronau, i també millorar 
les prediccions de les seves capacitats. 
Dos configuracions s’han estudiat de manera separada: una configuració per a 
l’enlairament i l’aterratge, la qual utilitza dos motors posicionats abans de les 
ales i un rotor tubular coaxial incorporat a la cua de l’avió; l’altre configuració 
pensada per al vol axial només utilitza els dos rotors davanters. 
Les unitats propulsives són rotors tubulars adaptatius. Això vol dir que cada 
rotor es pot adaptar per a optimitzar el seu rendiment en vers a unes 
condicions de vol específiques. 
El rendiment dels rotors tubulars s’ha predit fent servir dos anàlisis teòrics: 
teoria de moments i teoria de l’element de pala. Aquest mètodes s’han usat 
per a fer el dimensionament de de les unitats propulsives amb la intenció de 
comprovar que els requeriments d’empenta es compleixen. A més a més, 
també s’ha calculat la potència requerida en cada configuració i fase de vol. 
Finalment, s’han revisat dades experimentals sobre els efectes de canviar 
varis paràmetres de disseny amb l’objectiu de fer un disseny més detallat dels 
rotors tubulars.  
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Overview 
 

 
In recent years, the relentless advance of climate change forces society to 
adapt to more sustainable modes of transportation. In a not so distant future, 
urban transport is envisioned to expand to the skies with new innovative 
electric Vertical Take-Off and Landing (eVTOL) aircraft. Although this idea 
seems very futuristic, the concept of an electric aircraft might not be as far 
away as previously thought. 
ONAerospace aims to take part in this future by designing its own eVTOL 
aircraft. This project focuses on the ongoing propulsion system design. On its 
first iteration the project introduced ducted fan propulsion, electric motors and 
bateries. This second iteration delves into ducted fan performance in order to 
give a more accurate design of the aircraft’s propulsive units, and better predict 
its performance capabilities. 
Two propulsion configurations have been studied separately: a takeoff and 
hovering configuration, which uses two ducted fans before the wings and one 
coaxial ducted fan embedded inside the aircraft’s tail; and a cruise 
configuration which uses just the two front engines. 
The propulsive units are designed to be adaptive ducted fan. This means that, 
each ducted fan can morph and adapt to optimize its performance to any given 
condition. 
Ducted fan performance has been predicted using two theoretical analyses: 
momentum theory, and blade element theory. These methods have been used 
to size the propulsive units in order to ensure that the thrust requirements are 
met. Also, the power required in each configuration and flight phase has been 
computed. 
Finally, experimental data on the effects of varying different design parameters 
was reviewed with the objective to give a more detailed design of each ducted 
fan. 
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INTRODUCTION 

 

In recent years there has been a lot of discussion about the future of air travel. 

With the increase in environmental concerns, electrical aircraft are promoted as 

the next step to a greener and more sustainable aviation. Although such a big 

change might be many years away for conventional airline companies, there is 

a sector gaining momentum that might allow us to see operative electric aircraft 

sooner. That is the sector of Urban Air Mobility (UAM). 

UAM proposes a future where urban transport expands into the sky with air 

taxis and drones. The envisioned aircraft for this task must be silent, electric 

and be able to takeoff and land without using a runway, all this without losing 

cruising efficiency. Given these characteristics, it is clear that the future of air 

taxis relies on the improvements in the electrical Vertical Take-Off and Landing 

(eVTOL) aircraft concept.  

ONAerospace aims to contribute to this future by designing an innovative 

eVTOL concept. An electric aircraft featuring the novel adaptive ducted fan 

propulsion technology, which allows the aircraft to optimize its propulsion 

system across all flight stages. 

Starting from the ongoing project aiming to design ONAerospace eVTOL 

propulsion system, this thesis focuses on the study of the adaptive ducted fan 

technology performance. 

The thesis is divided into 5 sections: CHAPTER 1 introduces a historical review 

of ducted fan research and aircraft featuring this technology. CHAPTER 2 

addresses the design evolution of ONAerospace eVTOL from a propulsion 

design point of view. CHAPTER 3 reviews the theory on rotor aerodynamic 

performance; momentum theory and blade element theory are used to predict 

the performance of open propellers, ducted fan, and coaxial rotors. 0 estimates 

the aircraft’s thrust and power requirements for the different stages of flight; 

furthermore, it uses the theoretical analysis from chapter 3 to find each 

propulsive unit required dimensions to meet the performance requirements. 

Finally, CHAPTER 5 assesses the relative importance of every design 

parameter in the overall performance of the ducted fan, and concludes with the 

final dimensions of each propulsive unit. 
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CHAPTER 1. HISTORICAL REVIEW OF DUCTED FAN 

TECHNOLOGY 
 

The historical development of aircraft propulsion technology has centered 

around the concept of a rotor since 1903. The first successful flight by the 

Wright brothers was powered by a propeller; and, although not very efficient, it 

was conceptually very similar to the ones used today. Throughout the years, 

researchers focused on increasing the performance and efficiency of the 

propulsive units to reach faster speeds. Propeller performance at high speeds 

was suboptimal because of tip losses. This led to the invention of the turbojet 

engine, the predecessor of the turbofan, the most used aircraft engine 

nowadays. Despite that, the propeller is still widely used in aircrafts that don’t 

require high speeds.  

The concept of ducted fan, also known as ducted or shrouded propeller, has 

been studied since the early development of the propeller. Ducted fan has not 

found any major success in history, this is why there are not many aircraft today 

featuring this technology. But, with the increasing interest in VTOL, many 

companies are studying again the feasibility of ducted fan because of the 

advantages it has over regular open propellers. 

Extensive research has been conducted on ducted fan, the main conclusion is 

that ducted fans have a better performance in static conditions than their 

unshrouded counterparts. As a general rule, a ducted fan produces 26% more 

static thrust for the same rotor radius and power input than open propellers, see 

appendix A.1.3.1. Theoretical analysis shows that the introduction of the duct 

reduces wake contraction, and therefore increases mass flow through the duct, 

see figure 1.1.  

Furthermore, there is a low pressure peak that forms on the duct leading edge 

which creates suction and consequently added thrust. The presence of the duct 

also allows for greater tip speeds and reduces wing tip vortices, increasing rotor 

efficiency. It also offers shielding and protection to the blades as well as 

dampening the noise generated by the propeller, even acoustic liners can be 

installed inside the duct walls to further decrease noise. 

On the other hand, there are a few downsides to ducted fan propulsion. Firstly, 

added weight and complexity. The introduction of the duct substantially 

increases the overall propulsive unit’s weight, and it also requires more design 

parameters to be considered. Second, although ducted fans perform better in 

static conditions, they lose the advantage at higher speeds. Slipstream 

contraction in open propellers decreases as the axial velocity increases making 

a device dedicated to preventing it less useful. Moreover, the duct generates 

increasing drag at higher velocities. 
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Fig. 1.1 Momentum flow field comparison of ducted and open propellers at 
static conditions [1]. 

 

The first aircraft to feature a ducted fan propulsive unit was the Stipa Caproni [2] 

in 1932, see figure 1.2. The Italian engineer Luigi Stipa [3] placed the propeller 

inside the hollow body shaped like a venturi tube. The aircraft testing proved 

higher thrust output and shorter takeoff distances. The project was canceled as 

more interest was directed to faster and more maneuverable aircraft. 

 

 

Fig. 1.2 Stipa Caproni (1932) [2]. 

 

In the following decade, more studies helped better understand ducted fan 

operation. W. Kruger in 1948 [4] tested different duct shapes. The same year 

Robert J. Platt [5] performed static tests comparing open and ducted coaxial 

rotors, varying different design parameters such as duct length and diffuser 

angle. By the 1960s many researchers extensively tested ducted fans. Sacks 

and Brunell [6] in 1962 did an exhaustive compilation of relevant testing and 

findings on ducted fan to the moment. 

Also in the 1960s  decade,  USA’s vertical takeoff and landing (VTOL) research 

program resulted in several prototypes featuring ducted fans. First prototypes 

aimed to test the hovering capabilities of ducted fans. The Hiller VZ-1 Pawnee, 

see figure 1.3 (a), consisted of a hollow platform with double contrarotating 
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rotors inside, the project was canceled due to lack of controllability [7]. The 

Piasecki VZ-8 AirGeep, see figure 1.3(b), consisted of a tandem ducted fan. 

This prototype was also canceled despite proving reliable and stable, the 

concept was found to be useless in a modern battlefield [8]. 

 

 

Fig. 1.3 (a) Hiller VZ-1 Pawnee (1955) [7] (b) Piasecki VZ-8 AirGeep (1959) [8]. 

 

The fixed wing VTOL aircraft concept was also tested in that decade with 

prototypes like the XV-5 Vertifan, see figure 1.4 (a). This aircraft was powered 

horizontally by two turbojet engines, and vertically by three ducted fans placed 

inside the wings and nose. The aircraft had problems to reliably make a smooth 

transition from hover to forward flight. The in-wing rotors compromised the lift 

produced by the wing, causing the transition from rotor lift to wing lift not to be 

smooth. It also presented controllability issues at low speeds. The project was 

finally cancelled after multiple fatal crashes unrelated to the vertical lifting 

system [9]. The fixed wing VTOL concept was also tested with the Vangurad 

Omniplane, see figure 1.4 (b). This aircraft had a pusher ducted fan for 

horizontal flight, and two in-wing high-diameter rotors for vertical takeoff.   

 

 

Fig. 1.4 (a) XV-5 Vertifan (1964) [9]  (b) Vangurad Omniplane (1959) [10]. 
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Another envisioned use for VTOL aircraft was to combine the best of helicopters 

and turboprop aircraft operations. This aircraft would have rotors that tilted 90 

degrees to transition from hovering mode to forward flight. Ducted fan were 

used in various tilt rotor VTOLs like the Doak VZ-4, see figure 1.5 (a). This 

experimental aircraft had two tilt ducted fans mounted at the wing tips [11]. The 

Bell X-22, see figure 1.5  (c), is perhaps the most successful out of all VTOL 

aircraft of that era. It was powered by four tilt ducted fans placed at the wingtips, 

and it also had four gas turbines mounted on the rear wing to help reach faster 

speeds in forward flight. It successfully flew over 500 test flights [13]. The 

French army also developed their own prototype, the Cadete Nord 500 (see 

figure 1.5  (b)). 

 

 

Fig. 1.5 (a) Doak VZ-4 (1958) [11] (b) Cadete Nord 500 (1968) [12] (c) Bell X-22 
(1966) [13]. 

 

More recently, with the growing interest in green urban mobility, new electric 

VTOL concepts are appearing. Many companies are choosing electric ducted 

fans as their propulsion system because of the superior static performance 

when compared to open rotors. Lilium is currently one of the most advanced 

eVTOL companies. Their aircraft, Lilium Jet, features a distributed ducted fan 

propulsion system and it has recently started flight tests with promising results, 

see figure 1.6 (a). 

 



6 Ducted fan propulsion system study for ONAerospace eVTOL 

 

 

Fig. 1.6 (a) Lilium jet eVTOL [14] (b) Lilium jet variable nozzle sketch [15]. 

 

Moreover, there is a new technology regarding ducted fans that is gaining 

momentum, the adaptive ducted fan technology. It consists of ducts which vary 

their geometry mid-flight to better adapt to a given flight condition. Lilium Jet has 

already implemented this technology. Its ducted fan nozzle area shrinks from 

hover phase to cruise phase as shown in figure 1.6 (b). This way optimizes duct 

geometry for both flight phases. The ducted fan performance as a function of 

the nozzle area will be studied in the appendix section A.1.3.  

The company Xagon Solutions takes a different approach to adaptive fan 

technology. Their ducted fans change inlet geometry, during takeoff a bellmouth 

shaped inlet extension is deployed. The company claims it to be up to 80% 

more efficient in hover. 

 

 

Fig. 1.7 Xagon solutions eVTOL (a) takeoff configuration (b) cruise 
configuration [16]. 

 

 

 



ONAerospace eVTOL design  7 

CHAPTER 2. ONAEROSPACE eVTOL DESIGN 
 

This chapter introduces the concept design of ONAerospace eVTOL. First, the 

current aircraft specifications will be described. Then, this chapter reviews, from 

a propulsion point of view, the evolution of the aircraft’s preliminary design [17] 

coupled with the transition to its current configuration. 

 

2.1. ONA eVTOL specifications 
 

The aim of ONAerospace is to design an electric aircraft with hovering 

capabilities as well as efficient cruise flight: an eVTOL. The envisioned aircraft 

will be a 12-meter span fixed wing eVTOL with two possible configurations. 

First, an eight-seater passenger transport configuration. And also, an 

emergency configuration, similar to that of an emergency helicopter.  

The aircraft’s body will be 9.5 meters long, and the maximum takeoff weight 

(MTOW) will be 2950 kg. The desired cruising speed and altitude are set to 200 

mph and 11000 ft respectively, and the desired range is 1000+ kilometers. 

Although open propeller might be the safe and simple option, since the 

beginning of the aircraft’s conceptualization ducted fan has been the envisioned 

propulsion technology. This is because, in spite of the added complexity and the 

need for more in-depth study, ducted fan has a superior static performance. 

And, being takeoff the most critical phase of an eVTOL aircraft, ducted fan 

technology allows for a more compact design with less propulsive units. 

The eVTOL will be powered by three ducted fans, two at the front of the aircraft 

and one embedded in the tail. Frontal propulsive units will be tilt rotors, which 

rotate 90 degrees to assist in all flight phases. On the other hand, the rear 

ducted fan has the sole objective to assist in hover flight. Despite that, it can be 

designed to allow certain rotation along the aircraft’s longitudinal axis, which 

would be notably helpful during the transition phase. All three ducted fan will be 

powered by electric engines with batteries as their power supply. 

Table 2.1 shows the aircraft specifications mentioned above.   

 

Table 2.1 ONAerospace eVTOL specifications. 

Certification of aircraft  Fixed wing 

Takeoff and landing capabilities VTOL 

Seats 8 

Wingspan 12 m 

Length 9.5 m 
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Cruise altitude 11000 ft / 3352 m 

Cruise speed 200 mph / 322 km/h 

Stall speed 78 mph / 126 km/h / 35 m/s 

MTOW 2950 kg 

Range 1000+ km 

Propulsive units 3 

Propulsive units type Ducted fan  

Engine type Electric 

Power supply Batteries 

 

 

2.2. ONAerospace eVTOL design evolution 
 

Many designs have been proposed. The aim is for the aircraft to have vertical 

takeoff and landing capabilities without compromising too much either transition 

or forward flight. In this section aircraft configuration changes are described 

from a propulsion point of view.  

The first design, see figure 2.1 (a), combines two tilt ducted fan rotors at the 

rear of the aircraft with two in-wing rotors to assist in hover flight. As seen from 

previous in-wing VTOL designs such as the XV-5 Vertifan, this configuration 

has potential difficulties in transitional flight. The lift generated by the in-wing 

rotors compromises wing lift, therefore impeding smooth transition between 

rotor aided flight and wing sustentation flight. 

The second design, see figure 2.1  (b), combines ducted fan and open rotor 

propulsion. Four tilt ducted fans were to be placed near the fuselage in pairs 

before and after the wing, and two open propellers before the wing near the 

wing tips.  This configuration was discarded given the increased complexity of 

using different propulsion technologies on top of having more propulsion units. 

The third design, see figure 2.1 (c), featured a longer body in order to fit a 

ducted fan inside the nose of the aircraft to assist in hover flight. Also, two tilt 

ducted fans were to be placed at the rear of the aircraft for both hover and 

forward flight.  The reduction to three propulsion units means that more loading 

is required from the nose ducted fan during hover. Also, controllability issues 

could arise from the angular momentum generated by the nose rotor. To solve 

these problems, the nose propulsive unit was proposed to be a coaxial ducted 

fan, enabling it to produce more thrust for the same limited space and 

compensating its own angular momentum. Despite that, fitting a propulsive unit 

inside the aircraft’s nose resulted in an awkward aerodynamic body design. 
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Fig. 2.1 ONA Jet eVTOL (a) first (b) second and (c) third design [17]. 

           

The fourth design, see figure 2.2,  aimed to remove the ducted fan inside the 

nose, transfering it to the aircraft’s tail. As a consequence, both tilt ducted fans 

moved forward placing them under the wing. The wing also shifted to a high 

wing position in order to make space for the ducted fans. A high wing also has 

the added benefit of more ground clearance, which is specially desireable for 

the aircraft’s emergency and resuce configuration. 

On the other hand, this design had two main drawbacks. First, the mechanism 

responsible for tilitng the propulive units must be inside the wings, as the ducted 

fans are mounted below the wing. Structurally, the wing must be able to 

withstand the forces generated from the tilting as well as the lifting thrust 

generated by the ducted fans in hover. Second, the two front ducted fans are 

very centered with respect to the aircrafts fusselage, very close to the aircraft’s 

center of gravitiy. This limits the contribution of the rear propulsive unit, for it is 

much further away form the center of gravity and could possibly create an 

undesireable pitching moment. 

 

 

Fig. 2.2 ONA Jet eVTOL fourth design. Source: ONAerospace. 
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The current design, see figure 2.3, solves the issues from the previous design 

by moving forward the front ducted fans. Now they are no longer under the 

wing, they are attached to the body. Moreover, the new forward position will 

allow the rear ducted fan to generate more thrust without generating pitching 

moment.  

The ducted fans are also moved higher up to align them with the wings, this is 

expected to improve the wing’s performance as the engine accelerates the air 

flowing past the wing. 

With regard to the rear propulsive unit, it could have two possible 

configurations. One beeing a rotor embeded in the tail’s fuselage. And the other 

one being a complete ducted fan unit. The first configuration allows for a bigger 

rotor radius, but it might not have the contribution benefits that a purposely 

designed duct has in a conventional ducted fan. The interaction between the 

rotor and the tail’s fusselage should be studied. In the second configuration, the 

ducted fan could have a slight logitudinal rotation allowing it to vector its thrust 

and making it better suitted for the transition phase. On the other hand, in this 

configuration the rotor radius must be smaller to account for the presence of the 

duct and other mechanisms. The second configuration is the one studied in this 

thesis. 

 

 

Fig. 2.3 ONA Jet eVTOL current design. Source: ONAerospace. 
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CHAPTER 3. ROTOR AERODYNAMICS AND 

PERFORMANCE 
 

This chapter introduces the aerodynamic theoretical models used to predict 

rotor performance. Firstly, the general two-dimensional momentum theory [18] 

is presented for open rotors, considering both hover and axial flight. This theory 

can be used to estimate the rotor’s thrust by computing the downwash velocities 

in the rotor’s streamtube. This theory is then revisited for ducted fans, which 

introduce a new variable in the form of duct geometry.  

Then, the blade element theory (BET) [19] is introduced. This theory 

approaches the same problem by dividing the rotor blade into infinitesimal 

segments called blade elements. The individual aerodynamic forces of each 

blade element are studied, and finally, every segment’s contribution is 

computed to obtain the overall performance of the rotor. BET proves useful in 

considering blade geometry and its effects on rotor performance.  

This chapter is an introduction of these theories, a more detailed explanation of 

the theoretical derivations is given in APENDIX A.  

 

3.1. Momentum theory 
 

Momentum theory [18], also known as actuator disk theory, was first developed 

in 1865 by William J. M. Rankine. A few years later important contributions were 

made by Robert Edmund Froude. This theory provides a quick estimation of 

propeller thrust by applying the laws of conservation of mass, momentum, and 

energy. It must be noted that this theory is developed under the assumption of 

inviscid and incompressible flow. It also considers the propeller to be an 

infinitesimal thin actuator disk offering no resistance to air, hence the name 

actuator disk theory.  

Thanks to de modeling of the propeller as an actuator disk, this theory allows 

insight into propeller mechanics disregarding the interaction between the 

passing air and the propeller blade. It models the air flux accelerated by the 

actuator disk and finds a mathematical relation between radius and free stream 

velocity with performance variables of a propeller such as thrust and power. 

Figure 3.1 shows the control volume used in momentum theory. Four stages 

are established. Stage zero is considered at the free stream; pressure, velocity, 

and area of this stage are marked as 𝑉0, 𝑃0, and S. Stages one and two are at 

the actuator disk plane, stage one just before the propeller, and stage 2 

immediately after the propeller. In these stages the rotor area is designed as 𝐴2, 

and the velocity is 𝑉2 = 𝑉0 + 𝑣i, where 𝑣i stands for the rotor induced velocity; 

the pressures are 𝑃1 and 𝑃2 respectively. The final stage is placed further 
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downstream to the point slipstream has fully contracted; the area of this fully 

contracted slipstream is 𝐴3 and its velocity is 𝑉3.  

With this terms defined, theorems such as the Bernoulli principle, momentum 

conservation or energy conservation are used to find the system’s thrust T. 

 

 

Fig. 3.1 Schematic view of the Froude-Rankine momentum theory [18]. 

 

The full theoretical derivations can be found in appendix A, in section A.1. In 

static conditions, momentum theory predicts power to be expressed as: 

 

𝑃 =
𝑇(3/2)

√2𝜌𝐴2

 (3.1) 

 

 In axial flight power consumption is defined with an efficiency term 𝜂𝑝: 

 

P =
𝑇𝑉0

𝜂𝑝
 (3.2) 

 

Where 𝑉0 is the freestream velocity, and 𝜂𝑝 is defined as 𝜂𝑝 = 𝜂𝑣𝜂𝑖. Where 𝜂𝑣 is 

the viscous profile efficiency, which is assumed constant. And 𝜂𝑖  is the ideal 

efficiency: 
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𝜂𝑖 =
𝑃𝑢

𝑃
=

1

(1 +
𝑣𝑖
𝑉0

)
 (3.3) 

 

 

3.1.1. Momentum theory applied to ducted fans 

 

The main difference with open rotors, and a crucial one, is the exit area of the 

control volume. In an open rotor, the exit area is defined by the reduction in 

area of the slipstream. For ducted fans, this exit area is defined by the duct 

geometry as shown in figure 3.2. This figure shows a sketch of a section of a 

ducted fan. The different stages in the ducted fan are marked, as well as de 

flow direction. 

 

 

Fig. 3.2 Schematic view of ducted fan momentum theory [20]. 

 

In figure 3.2 the rotor area and rotor induced velocity are marked by 𝐴 and 𝑣𝑖 

respectively. The exit area and velocity are designated with 𝐴e and w. The ratio 

between exit area and disk area is defined as the expansion ratio 𝜎𝑑.  

 

𝜎𝑑 =
𝐴𝑒

𝐴
 

(3.4) 

 

As demonstrated in the appendix section A.1.3, thrust and power of a ducted 

fan are dependent on expansion ratio. The power expression for static 

conditions is as follows: 
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𝑃 =
𝑇(3/2)

√4𝜎𝑑𝜌𝐴
 (3.5) 

 

When compared to the open rotor performance in equation (3.1) it is clear that 

ducted fan have a better performance: 

 

(𝑃ℎ)ducted 

(𝑃ℎ)𝑂𝑅
=

1

√2𝜎𝑑

 (3.6) 

 

Despite that, ducted fans lose their advantage at higher speeds. As the velocity 

increases, the slipstream contraction of the open rotor naturally decreases. 

Figure 3.3 shows the ratio of ducted fan to open rotor power as a function of the 

adimensionalized forward velocity for different expansion ratios. It illustrates 

how ducted fan is clearly superior in static and low speed operations, but as 

velocity increases open rotor becomes more efficient.  

 

 

Fig. 3.3 Comparison of ducted fan and open rotor power requirements as a 
function of axial velocity. 

 

 

3.2. Blade element theory 
 

The blade element theory (BET) [19] gives an approximate estimation of the 

thrust generated by the rotor. It divides the blade in infinitesimal sections, called 

blade elements. These elements are considered to be independent two-
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dimensional airfoils from which, applying airfoil aerodynamic properties, it is 

possible to calculate the thrust they generate. Then, the contributions of every 

element are summed up to obtain the properties of the entire rotor. This theory 

is very useful for assessing the relationship between blade geometry and 

propeller thrust. Therefore, unlike momentum theory, the BET is suitable for the 

initial design of rotor blades.  

The blade element theory was first suggested by Stefan Drzewiecki [21], who 

between 1892 and 1920 developed the theory. This first iteration of the theory 

overestimated thrust, for it did not consider the effects of induced inflow along 

the blade. These effects were integrated in the theory by Hermann Glauert [22] 

in 1935 by using a combination of both BET and momentum theory. 

Figure 3.4 (a) shows a sketch of a rectangular blade’s top view. From this blade 

an infinitesimal section (dy) is selected, this section is the typical BET blade 

element. 

Figure 3.4 (b) shows a sketch of the blade element modeled as a two-

dimensional airfoil. All the aerodynamic forces acting on the airfoil are 

represented, as well as the incident flow velocities and the angles they form 

with respect to the blade element. 

 

  

Fig. 3.4 Schematic view of forces, angles, and velocities for the blade as 
described in the BET [19]. 

 

The theoretical derivations for blade element theory can be found in the 

appendix, in section A.2.    
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CHAPTER 4. ONA JET THRUST AND POWER 

REQUIREMENTS 
 

At the initial stages of every aircraft’s design, it is necessary to conduct an initial 

sizing of the propulsion units of the aircraft. This is typically done by studying its 

thrust requirements at different stages of the flight or when performing certain 

maneuvers. There are many similar methods described in several aircraft 

design books, in this chapter the methods described by Mohammad H. Sadraey  

[23] and Snorri Gudmunddson [18] are taken as the reference. 

This method focusses on finding and optimizing the thrust requirements coupled 

with the wing surface of the aircraft. It follows a constraint analysis giving the 

performance characteristics in the form of thrust to weight ratio (𝑇/𝑊) as a 

function of the ratio of weight to wing surface (𝑊/𝑆).  The aircraft performance 

requirements used are the following: 

1. Takeoff requirements 

2. Stall speed 

3. Maximum speed 

4. Rate of climb (ROC) 

5. Operating ceiling 

6. Turn requirements 

 

It is important to note that the takeoff requirements will be studied separately, as 

this model considers a conventional takeoff run, not a vertical takeoff. In 

addition, one extra motor will be used during takeoff, causing it to lose 

coherence if studied together with the other requirements. Moreover, it will not 

be considered as a takeoff requirement, rather a hover requirement, as the 

same concept applies to both takeoff and landing phase.  

This chapter will therefore be divided in three sections, the first one describing 

the thrust and power requirements needed for hover, the second one 

introducing the constraint analysis. And a final one describing an electric motor 

that fits with the requirements from the previous sections. 

 

 

4.1. Hover requirements 
 

The focus of this section is, first, to find an approximation of the thrust required 

to hover. And second, to use the rotor theory introduced in CHAPTER 3 to give 

an estimate of the power consumption for the takeoff and landing phases. 

This stage of the flight is by far the most power consuming. Therefore, the 

dimensions of the ducted fan will be conditioned by its hover capabilities. Once 
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the aircraft has gained speed and transitioned, two out of the three ducted fans 

will be more than enough to meet the cruise thrust requirements. 

 

4.1.1. Thrust requirements 

 

To assess the thrust required to hover other similar eVTOL aircraft such as 

Lilium or Kitty Hawk Cora will be taken as a reference. The two eVTOL 

mentioned have a vertical acceleration of 2 𝑚/𝑠2 [24]. To obtain a vertical 

acceleration the aircraft must be able to produce a thrust equal to 1.2 times its 

weight (𝑇/𝑊 = 1.2), being the aircraft’s total mass 2950 kg, the thrust required 

yields: 

𝑇ℎ𝑜𝑣𝑒𝑟 =  1.2 𝑊 = 34727.4𝑁 (4.1) 

 

Another interesting comparison is to be made with helicopters. Helicopters are 

designed for hovering flight, therefore helicopter requirements should not differ 

from the ones used here. Typically, helicopters are designed to hover at 80% of 

the total available thrust. This yields a thrust to weight ratio of 1.25, close to the 

factor 1.2 used before. 

 

4.1.1.1. Thrust distribution 

 

In this project the possibility of asymmetric thrust distribution between the three 

ducted fans is suggested. The total thrust required is distributed with the 

arrangement of 30%, 30% and 40% between the three propulsive units.  

 

 

Fig. 4.1 OnaJET thrust Distribution. 
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As shown in figure 4.1 the two front tilt ducted fans, named D1 and D2, produce 

30% of the total thrust each. The rear ducted fan, named D3, contributes with 

40%. The idea behind this arrangement is to minimize the oversizing of the two 

front ducted fans, for their cruise requirements are much less demanding than 

the hover requirements. This can be done by shifting part of the workload to the 

rear ducted fan, which has the only purpose to assist in hover flight. 

Note that, as mentioned in section 2.2, the rear propulsive unit will be a coaxial 

ducted fan. As coaxial rotors produce more thrust for the same rotor area, this 

technology will help to keep the ducted fan small enough to be integrated 

comfortably into the body without sacrificing its thrust output. Moreover, coaxial 

rotors do not induce any spinning momentum on the aircraft as the two blades 

rotate in opposite directions. On the other hand, coaxial ducted fans require 

more power to produce the same thrust levels due to blade interferences.  

The idea of having three coaxial ducted fans was considered. But due to the 

increase in power requirements and the lack of necessity for more thrust in the 

other flight phases this approach was discarded. 

 

4.1.2. Propulsive units sizing 

 

This section discusses the sizing requirements in terms of rotor diameter. Since 

rotor diameter is, to a large extent, the design parameter that dictates the thrust 

output. Other aspects of ducted fan design will be discussed later in CHAPTER 

5. 

 

4.1.2.1. Front eDFs 

 

The front ducted fan must be capable of generating 30% of the total required 

thrust each. That is 10418.22 N. Note that, thanks to the added duct thrust, only 

a fraction of this thrust will be generated by the rotor. In the momentum theory 

for hover, in the appendix section A.1.3, this ratio was predicted to be directly 

dependent on the expansion ratio 𝜎𝑑, which is set to 1.3. 

 

𝑇𝑟𝑜𝑡𝑜𝑟 =
𝑇𝑡𝑜𝑡𝑜𝑎𝑙

2𝜎𝑑
= 8014.02𝑁 

 

(4.2) 

 

Blade element theory provides a direct relation between rotor radius and rotor 

thrust coefficient. 
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𝐶𝑇𝑟𝑜𝑡𝑜𝑟 =
𝑇𝑟𝑜𝑡𝑜𝑟

𝜌𝜋𝑅2(Ω𝑅)2
 (4.3) 

 

Where air density is taken at sea level, 𝜌 = 1.225 𝑘𝑔/𝑚3. And the term Ω𝑅 is 

the rotational speed at the blade tip which is limited by the maximum allowable 

tip speed.  

 

𝑡𝑖𝑝 𝑠𝑝𝑒𝑒𝑑 = 𝑇𝑆 = √(Ω𝑅)2 + 𝑉0
2 

 

(4.4) 

 

The typical allowed tip speed in open propellers is Mach 0.7 to 0.8, for ducted 

fans up to Mach 0.95 is allowed thanks to the duct effect on minimizing wing tip 

vortices [36]. In this project the tip speed will be set to Mach 0.9. In hover flight 

there is no forward speed, but at the propeller plane there still is a rotor induced 

velocity 𝑣ℎ. This velocity is very small compared to the rotational velocity of the 

propeller blades, therefore: 

 

Ω𝑅 ≈ 𝑇𝑆 = 0.9𝑎 (4.5) 

 

Now, let us use the equation obtained in appendix section A.2.1 to find the rotor 

thrust coefficient. 

 

𝐶𝑇𝑟𝑜𝑡𝑜𝑟 =
𝑁𝑏𝑐

2πR
𝐶𝑙𝛼

(
𝜃0

3
− 𝜎𝑑√

𝐶𝑇𝑟𝑜𝑡𝑜𝑟

2
) 

 

(4.6) 

 

where 𝐶𝑙𝛼
 is the blade section’s 2D lift-curve-slope which, for incompressible 

flows can be approximated to 2𝜋 [19]. 𝑐 is the blade chord length, typically 

between 9% and 12% of the rotor diameter [1], for an expected rotor radius of 

0.7 meters a blade chord of 0.15 meter is a reasonable assumption. But, at the 

same time for  

𝑁𝑏  is the number of propeller blades. Increasing the number of blades would 

allow the ducted fan to absorb more power and therefore generate more thrust. 

Despite having a higher thrust production ceiling, the power consumption at 

lower thrusts would be higher, see appendix section A.2. With a number of 

blades set to 5 and an expected rotor radius of 0.7 m the ducted fan is expected 
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to meet the thrust requirements. If not possible, then either the rotor radius or 

the number of blades will be increased. 

𝜃0, see figure 3.4, is the angle formed by the blade section and the plane of 

rotation at 75% of the rotor radius. It can be expressed as a function of the 

angles formed by the axial and rotational speeds 𝜙, and the blade angle of 

attack 𝛼 : 𝜃0 = 𝛼 + 𝜙. The optimal blade angle of attack 𝛼 for most NACA 

profiles is between 5º and 10º, beyond that there is risk of blade stall [1]. 

 

 

Fig. 4.2 Example of lift and drag coefficients for a NACA blade section profile 
[18]. 

 

𝜙 is determined by the angle formed by the rotational speed at 75% radius and 

the forward speed at the propeller plane, which in hover conditions is just the 

induced velocity 𝑣ℎ = √𝜎𝑑𝑇/𝜌𝐴 . The induced velocity will be approximated 

using a rotor radius of 0.7 meters, later it must be checked that this 

approximation does not deviate excessively. Now the angle 𝜙 can be 

computed. 

 

𝜙 = tan−1 (
𝑣ℎ

0.75Ω𝑅
) = 20.3º (4.7) 

 

Finally, a range of values for 𝜃0 can be determined: 𝜃0 = 𝛼 + 𝜙 = 5~8 + 20.3 =

25.3º~28.3º.  An angle of 𝜃0 = 28º will be selected, as it will produce the highest 

thrust coefficient. 
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The last parameter left to define is the rotor blade radius. Rearranging equation 

(4.3) it is possible to find the expression 𝑅 = √
𝑇𝑟𝑜𝑡𝑜𝑟

𝜌𝜋𝐶𝑇𝑟𝑜𝑡𝑜𝑟(TS)2 . Inserting this into 

the previous equation yields: 

 

𝐶𝑇𝑟𝑜𝑡𝑜𝑟 =
𝑁𝑏𝑐

2√
π𝑇𝑟𝑜𝑡𝑜𝑟

𝜌𝐶𝑇𝑟𝑜𝑡𝑜𝑟(TS)2

𝐶𝑙𝛼
(

𝜃0

3
− 𝜎𝑑√

𝐶𝑇𝑟𝑜𝑡𝑜𝑟

2
) 

 

(4.8) 

 

This equation can be solved with an iterative scheme to find a value for 𝐶𝑇. 

Inserting all the parameter values mentioned before, 𝐶𝑇 = 0.0236 is obtained. 

And finally, it is possible to find the minimum radius required: 

 

𝑅 = √
𝑇𝑟𝑜𝑡𝑜𝑟

𝜌𝜋𝐶𝑇𝑟𝑜𝑡𝑜𝑟(TS)2
= 0.68 𝑚 < 0.7 𝑚 (4.9) 

 

The minimum required radius is smaller, and very close to the expected radius. 

The values of blade chord and angle calculated for the new radius are still 

inside the desired range. Therefore, there is no need to redo all the process. 

 

 

4.1.2.2. Rear eDF 

 

The rotor radius of the rear eDF will be limited by the fuselage. The body design 

in Juan Pablo’s thesis [25] has a tail section of 2.2x2.2 square meters dedicated 

to the rear eDF placement. Subtracting the approximated structural width of the 

tail and the width of the duct, the estimated space for the rotor is a 

circumference of 1.29 meters of diameter. That is a rotor radius of 0.645 

meters. 

The rear ducted fan is designed with 3 bladed coaxial rotors that allow it to 

produce more thrust for a reduced area. Other design parameters such as the 

expansion ratio, blade tip speed or the blade chord length are considered equal 

to the front ducted fan. 

With these parameters defined, let us check if the ducted fan can produce 40% 

of the total required thrust (13891 N) with a rotor radius of 0.645 meters. First, 

the rotor thrust coefficient is approximated with equation (4.6), it yields  𝐶𝑇𝑟𝑜𝑡𝑜𝑟 =
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0.0215. Then, rearranging equation (4.3) the thrust produced by a 0.645m 

radius rotor can be computed. 

 

𝑇𝑟𝑜𝑡𝑜𝑟 = 𝐶𝑇𝑟𝑜𝑡𝑜𝑟𝜌𝜋𝑅2(TS)2 = 3223.20 𝑁 (4.10) 

 

Remember that the rear eDF is a coaxial ducted fan, which means it has two 

rotors. From coaxial rotors theory, in appendix section A.1.2, the thrust of both 

rotor is considered equal. Therefore, the thrust generated by the two rotors is 

𝑇𝑟𝑜𝑡𝑜𝑟𝑠 = 6446.40 𝑁. Finally, let us use equation (4.2) to approximate the 

contribution of the duct and therefore find the total thrust. 

 

𝑇𝑡𝑜𝑡𝑜𝑎𝑙 = 2𝜎𝑑𝑇𝑟𝑜𝑡𝑜𝑟𝑠 = 16760.62 𝑁 > 13891 𝑁 
 

(4.11) 

 

The thrust a coaxial ducted fan with a 0.645 rotor radius can potentially produce 

is higher than the required thrust. 

 

4.1.3. Power requirements 

 

Blade element theory from appendix section A.2 predicts the coefficient of 

power in hovering ducted fans to be computed in the following way: 

 

𝐶𝑃 = 𝐶𝑃𝑖
+ 𝐶𝑃0

=
𝐶𝑇

3/2

2√𝜎𝑑

+
1

8
𝜎𝐶𝑑0

 

 
 

(4.12) 

Where: 

 𝐶𝑃𝑖
  is the induced power coefficient. 

𝐶𝑃0
  is the profile power coefficient. 

𝐶𝑑0
  is the zero-lift drag coefficient. 

𝜎  is the rotor solidity, 𝜎 =
𝑁𝑏𝑐

𝜋𝑅
 . 

 

Now let us undo the adimensionalization process, remember that 𝐶𝑃 =
𝑃

𝜌𝐴(Ω𝑅)3 

and 𝐶𝑇 =
𝑇

𝜌𝐴(Ω𝑅)2 . Inserting this into equation (4.17) yields: 
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𝑃1,2 = 𝑃𝑖 + 𝑃0 =
𝑇(3/2)

√4𝜎𝑑𝜌𝐴
+

1

8
𝜎𝐶𝑑0

𝜌𝐴(Ω𝑅)3 (4.13) 

 

This is the equation used to compute the power required for the two front eDFs. 

For the rear ducted fan, the expression will be slightly different. Given that it has 

coaxial rotors, the profile power 𝑃0 doubles.  The induced power is computed as 

two separated rotors that produce half the total thrust each. Then this value 

must be multiplicated by a factor 𝑘𝑖𝑛𝑡 = 1.38 to account for rotor interaction 

losses  

 

𝑃3 = 𝑃𝑖 + 𝑃0 = 𝑘𝑖𝑛𝑡 · 2
(𝑇/2)(3/2)

√4𝜎𝑑𝜌𝐴
+

1

4
𝜎𝐶𝑑0

𝜌𝐴(Ω𝑅)3 

 

(4.14) 

 

𝐶𝑑0
  is the rotor blade zero-lift drag coefficient. Pereira approximates this 

coefficient to 0.011 [19]. 𝜎  is the rotor solidity, 𝜎 =
𝑁𝑏𝑐

𝜋𝑅
. Other parameters such 

as number of blades 𝑁𝑏, blade chord length 𝑐 or blade tip rotational speed Ω𝑅 

have already been discussed in the previous section. 

Table 4.1 shows the power requirements from each ducted fan as well as the 

total power. Furthermore, this table shows other parameters such as the rotor 

area, rotor solidity or the thrust output. 

 

Table 4.1 Hover thrust and power requirements. 

    𝝈𝒅    𝑫 [𝒎]     𝐀 [𝒎𝟐] 𝝈   𝐓 [𝐤𝐍] 𝐏 [𝐤𝐖] 

eDF1/2 1.3 1.36 1.45 0.351 10.42 371.76 

eDF3 1.3 1.29 1.31 0.224 13.89 541.65 

Total - - 4.21 - 34.73 1285.17 

 

 

4.2. Constraint analysis 
 

This section covers the constraint analysis introduced at the beginning of the 

chapter. As mentioned before, takeoff performance has been studied separately 

in the previous section. Now the aim is to assess the relative significance in 

terms of thrust and power of the other performance requirements. 
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There is a subsection dedicated to the obtention of an expression for the thrust 

needed for every one of the performance requirements. Remember that these 

expressions are presented in the form of (𝑇/𝑊) as a function of (𝑊/𝑆). 

 

 

4.2.1. Stall speed 

 

Stall speed is the minimum allowable speed for the aircraft to be able to sustain 

its flight. It is a crucial performance requirement of any aircraft. eVTOL aircraft 

are able to fly at very low speeds thanks to their hover capabilities. Despite that, 

most of the eVTOL’s flight time will be done as a regular aircraft. Therefore, stall 

speed is still a very important parameter to define. 

In a cruising flight the aircraft’s weight must be compensated by the lift force it 

generates. ONAJet’s aerodynamic design aims to produce 10% of the lift force 

with its body [25]. Therefore, the wings only need to compensate for 90% of the 

aircraft’s weight. This can be expressed as: 

 

𝐿 = 0.9 · 𝑊 =
1

2
𝜌𝑉𝑠

2𝑆𝐶𝐿max
 

(4.15) 

 

Where: 

 𝐶𝐿max
 is the maximum lift coefficient the aircraft is able to produce. 

 𝑉s  is the aircraft stall speed. 

S  is the aircraft’s wing surface. 

 

Now it is possible to simplify the equation by introducing the parameter 𝑞, the 

dynamic pressure at a given airspeed and altitude: 

 

𝑞 =
1

2
𝜌𝑉2 

 

(4.16) 

 

Rearranging equation (4.15) yields: 

 

(
𝑊

𝑆
)

𝑉𝑠

=
1

0.9
·

1

2
𝜌𝑉𝑠

2𝐶𝐿max
=

1

0.9
· 𝑞

𝑠
𝐶𝐿max

 (4.17) 
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From the specifications of the aircraft in Table 2.1, the stall speed is 35m/s. The 

𝐶𝐿max
 will be assumed to be 2.54 from the aerodynamic study [26]. Air density is 

set to sea level as it is the most restrictive, therefore 𝜌 = 1.225 𝑘𝑔/𝑚3. With 

these parameters, the weight to wing surface ratio must not be greater than 

2117.55 𝑁/𝑚2. 

The aircraft’s wing surface is 𝑆 = 14.4𝑚2 [26]. Now, let us calculate the 

definitive weight to surface ratio of the aircraft. 

 

(
𝑊

𝑆
) =

2950 · 9.81

14.4
= 2009.69

𝑁

𝑚2
< 2117.55 

𝑁

𝑚2
 

 

(4.18) 

 

Which is smaller than 2117.55 
𝑁

𝑚2, therefore falling inside the acceptable design 

region. 

 

 

4.2.2. Maximum speed 

 

Another important performance requirement of an aircraft is the maximum 

speed at which it can sustain steady flight. Engine thrust has a strong influence 

on this requirement. In this section, the equations relating engine thrust and 

wing surface are derived.  

From a classical forces diagram for a steadily flying aircraft, the following 

equations can be derived: 

 

𝑇max = 𝐷max =
1

2
𝜌𝑉max 

2 𝑆𝐶𝐷 
(4.19) 

 

𝑊 = 𝐿 =
1

2
𝜌𝑉max

2 𝑆𝐶𝐿 
(4.20) 

 

Equation (4.20) can be rewritten to find an expression for 𝐶𝐿. 

 

𝐶𝐿 =
2𝑊

𝜌𝑉max 
2 𝑆

 (4.21) 
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Now, an approximation of the drag coefficient 𝐶𝐷 is needed. From aerodynamic 

theory it is known that the drag coefficient can be decomposed into the zero-lift 

drag coefficient 𝐶𝐷0
, and an induced drag coefficient 𝐶𝐷𝑖

. 

 

𝐶𝐷 = 𝐶𝐷0
+ 𝐶𝐷𝑖

= 𝐶
𝐷0

+ k𝐶𝐿
2 (4.22) 

 

where k is defined as: 

k =
1

𝜋𝑒𝐴𝑅
 

(4.23) 

 

and: 

 𝐴𝑅 is the aircraft’s wing aspect ratio. 

𝑒 is the Oswald span efficiency factor. It typically ranges from 0.7 to 0.95 

and it is calculated as a function of 𝐴𝑅: 

 

e = 1.78(1 − 0.045 𝐴𝑅0.68) 
 

(4.24) 

 

Inserting equations (4.21) and (4.22) into equation (4.19) yields: 

 

(
𝑇

𝑊
)

𝑉max 

=
1

2
𝜌𝑉max 

2 (
𝑆

𝑊
) [𝐶𝐷0

+ 𝑘𝐶𝐿
2] =

𝑞max 𝐶𝐷0

(𝑊/𝑆)
+

𝑘

𝑞max 

(
𝑊

𝑆
) (4.25) 

 

A typical value for maximum speed is about 20% to 30% greater than cruising 

speed. This is because cruise speeds are usually assumed to require 75% to 

80% engine thrust. In this project the maximum speed will be assumed to be 1.2 

times the cruise speed. From the specifications of the aircraft in Table 2.1, the 

cruise speed is 322 km/h, therefore 𝑉max = 386.4 𝑘𝑚/ℎ.  

For similar aircraft, 𝐶𝐷0
 typically ranges from 0.02 to 0.03 [23]. A pessimistic 

approach will be taken, assuming 𝐶𝐷0
= 0.03. 

𝑘 is calculated using equation (4.23). The Oswald span efficiency factor is found 

to be 0.7566 form equation (4.24). The aspect ratio is set to 10 in the 

aerodynamic study [26]. The final value yields 𝑘 = 0.0421. 

Finally, the aircraft’s altitude is supposed to be at cruising altitude. From the 

specifications of the aircraft in Table 2.1, the cruise altitude is 11000 ft (3352 
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meters). According to the ISA approximation, air density at that geopotential 

altitude is 𝜌 = 0.8766 𝑘𝑔/𝑚3. 

 

In the previous section the weight to wing surface area of the aircraft was found 

to be (𝑊/𝑆) = 2009.69
𝑁

𝑚2 . Inserting this into equation (4.25), it is possible to 

find the thrust to weight ratio required to sustain a maximum speed of 

386.4 𝑘𝑚/ℎ. It yields (𝑇/𝑊)𝑉max 
= 0.0921.  

Now, with a simple calculation the thrust is obtained: 

 

𝑇𝑉𝑚𝑎𝑥
= 𝑊 (

𝑇

𝑊
)

𝑉max 

= 2.667 𝑘𝑁 

 

(4.26) 

 

Note that this study can also be used to find the thrust required to cruise just by 

changing the speed in equation (4.25). Repeating the same process now for 

cruise speed the thrust to weight ratio yields 0.0765, therefore: 

 

𝑇𝑉𝑐𝑟𝑢𝑖𝑠𝑒
= 𝑊 (

𝑇

𝑊
)

𝑉cruise 

= 2.213 𝑘𝑁 

 

(4.27) 

 

 

4.2.3. Rate of climb (ROC) 

 

The rate of climb is another performance requirement of an aircraft that must be 

satisfied. ROC or vertical velocity (𝑉𝑉) can be defined as the ratio between the 

aircraft’s excess power and its weight. 

 

𝑉𝑉 =
𝑃avl − 𝑃req 

𝑊
= 𝑉𝑅𝑂𝐶 (

𝑇

𝑊
−

𝐷

𝑊
) 

(4.28) 

 

where: 

 𝑃avl the available power. 

 𝑃req  is the required power to climb at that particular ROC. 

𝑉𝑅𝑂𝐶 is axial velocity at which the aircraft climbs. 
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Now, this expression is further developed using the drag expression from 

equation (4.22), but now considering the aircraft to be pitching up with an angle 

𝛽, the climb angle. 

 

𝑉𝑉 = 𝑉𝑅𝑂𝐶 [
𝑇

𝑊
−

𝑞𝑅𝑂𝐶𝐶𝐷0

(W/S)
−

𝑘

𝑞𝑅𝑂𝐶
(

𝑊

𝑆
) cos2 𝛽] (4.29) 

 

The climb angle 𝛽 is typically a small angle. For small angles the approximation 

cos2 𝛽 ≈ 1 can be used.  Therefore, simplifying the previous expression yields: 

 

𝑉𝑉 = 𝑉𝑅𝑂𝐶 [
𝑇

𝑊
−

𝑞𝑅𝑂𝐶𝐶𝐷0

(W/S)
−

𝑘

𝑞𝑅𝑂𝐶
(

𝑊

𝑆
)] (4.30) 

 

Now, rearranging: 

 

(
𝑇

𝑊
)

𝑅𝑂𝐶
=

𝑉𝑣

𝑉𝑅𝑂𝐶
−

𝑞𝑅𝑂𝐶𝐶𝐷0

(𝑊/𝑆)
+

𝑘

𝑞𝑅𝑂𝐶
(

𝑊

𝑆
) (4.31) 

 

The values of 𝑘 and 𝐶𝐷0
 are assumed to be equal to the ones from the previous 

section. That is 𝑘 = 0.0421 and 𝐶𝐷0
= 0.03. 

Air density is assumed to take the value of the sea level air density, 𝜌 =

1.225 𝑘𝑔/𝑚3. 

The vertical speed 𝑉𝑣 is defined by the desired rate of climb of the aircraft. The 

vertical airspeed of the aircraft has been set to 6 𝑚/𝑠. 

Ideally, 𝑉𝑅𝑂𝐶 should be an estimate of the optimal rate of climb speed. In this 

section the aircraft is assumed to climb at the optimal climb speed, this speed is 

defined by Gudmndsson [18] as follows: 

 

𝑉𝑅𝑂𝐶 = √
2

𝜌
(

𝑊

𝑆
) √

𝑘

3𝐶𝐷0

 
(4.32) 

 

Substituting all the variables, the climb speed yields 𝑉𝑅𝑂𝐶 = 47.36 𝑚/𝑠. 
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In section 4.2.1 the weight to wing surface area of the aircraft was found to be 

(𝑊/𝑆) = 2009.69
𝑁

𝑚2 . Inserting this into equation (4.31) it is possible to find the 

thrust to weight ratio required to sustain a rate of climb of 6 𝑚/𝑠. It yields 

(T/W)ROC = 0.2087.  

Now, with a simple calculation the thrust is obtained: 

 

𝑇𝑅𝑂𝐶 = 𝑊 (
𝑇

𝑊
)

ROC
= 6.041 𝑘𝑁 (4.33) 

 

 

 

4.2.4. Operating ceiling 

 

The operating ceiling is the maximum altitude at which the aircraft can maintain 

a constant vertical speed. Depending on the vertical speed there are different 

types of ceiling, this section will focus on the following three types: 

1. Absolute ceiling (𝒉𝒂𝒄) : Absolute maximum altitude at which the aircraft 

can sustain level flight. The aircraft’s rate of climb is zero, 𝑉𝑣𝑎𝑐
= 0 𝑚/𝑠. 

The absolute ceiling will be considered to be 50% higher than the cruise 

altitude ℎ𝑎𝑐 = 1.5ℎ𝑐𝑟𝑢𝑖𝑠𝑒 = 5028 𝑚. 

2. Service ceiling (𝒉𝒔𝒄) : Highest altitude at which the aircraft can climb 

with a rate of climb of 100 ft/min, 𝑉𝑣𝑠𝑐
= 0.5 𝑚/𝑠. It is lower than the 

absolute ceiling. The service ceiling will be 30% higher than the cruise 

altitude ℎ𝑠𝑐 = 1.3ℎ𝑐𝑟𝑢𝑖𝑠𝑒 = 4357.5 𝑚. 

3. Cruise ceiling (𝒉𝒄𝒄) : Highest altitude at which the aircraft can climb with 

a rate of climb of 300 ft/min, 𝑉𝑣𝑐𝑐
= 1.5 𝑚/𝑠. It is lower than the service 

ceiling. The cruise ceiling will be 20% higher than the cruise altitude 

ℎ𝑐𝑐 = 1.2ℎ𝑐𝑟𝑢𝑖𝑠𝑒 = 4022.4 𝑚. 

 

The thrust needed for this performance requirements will be calculated using 

the same equations as in the previous section. Equation (4.31) will be repeated 

here for convenience. 

 

(
𝑇

𝑊
)

𝑐𝑒𝑖𝑙𝑖𝑛𝑔
=

𝑉𝑣

𝑉𝑅𝑂𝐶
−

𝑞𝑅𝑂𝐶𝐶𝐷0

(𝑊/𝑆)
+

𝑘

𝑞𝑅𝑂𝐶
(

𝑊

𝑆
) (4.34) 
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Note that, when calculating the ceiling the aircrafts forward speed must be 

considered ideal. Therefore, it is possible to simplify the previous equation using 

the ideal speed equation (4.32). 

 

𝑞ROC =
1

2
𝜌𝑉ROC 

2 = (
𝑊

𝑆
) √

𝑘

3𝐶𝐷0

 (4.35) 

 

Now, inserting this expression into equation (4.34) yields: 

 

(
𝑇

𝑊
)

𝑐𝑒𝑖𝑙𝑖𝑛𝑔
=

𝑉𝑣

𝑉𝑅𝑂𝐶
+ 4√

𝐶𝐷0
𝑘

3
 

(4.36) 

 

The values of 𝑘 and 𝐶𝐷0
 are assumed to be equal to the ones from the previous 

sections. That is 𝑘 = 0.0421 and 𝐶𝐷0
= 0.03. As mentioned before, the climbing 

speed (𝑉𝑅𝑂𝐶) is calculated using equation (4.32).  

Air density will change according to the concerned type of ceiling. As previously 

mentioned, each type of ceiling has a designated altitude. Therefore, according 

to the ISA approximation, air density at each geopotential altitude is: 𝜌𝑎𝑐 =

0.6213 𝑘𝑔/𝑚3, 𝜌𝑠𝑐 = 0.7887 𝑘𝑔/𝑚3 and 𝜌𝑐𝑐 = 0.8172 𝑘𝑔/𝑚3.  

Vertical speed will also be different for every type of ceiling. Each vertical speed 

will be as follows: 𝑉𝑣𝑎𝑐
= 0 𝑚/𝑠, 𝑉𝑣𝑠𝑐

= 0.5 𝑚/𝑠 and 𝑉𝑣𝑐𝑐
= 1.5 𝑚/𝑠. 

Finally, after defining all the parameters, equation (4.34) is plotted in figure 4.6 

for each type of operating ceiling. It shows the three types of ceiling  

performance requirements. The acceptable design region will be the one set by 

the cruise ceiling, because it is the most restrictive of the three types of ceiling. 
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Fig. 4.3 Ceiling performance restrictions. 

 

In section 4.2.1 the weight to wing surface area of the aircraft was found to be 

(𝑊/𝑆) = 2009.69
𝑁

𝑚2 . Inserting this into equation (4.36) it is possible to find the 

thrust to weight ratio required. With a thrust to weight ratio of 0.0977 all 

operating ceilings requirements are met. 

Now, with a simple calculation the thrust is obtained: 

 

𝑇𝑐𝑒𝑖𝑙𝑖𝑛𝑔 = 𝑊 (
𝑇

𝑊
)

ceiling
= 2.826 𝑘𝑁 

 

(4.37) 

 

 

4.2.5. Turn requirements 

 

Another important performance requirement of an aircraft is the bank angle at 

which it is capable to fly without losing altitude. The turn will be assumed to be 

performed at an arbitrary constant velocity and altitude. 

To see the influence of engine thrust, let us start by deriving the equations from 

a banking aircraft forces diagram. From figure 4.7 the following equations can 

be derived: 

𝑇 − 𝐷 = 0 (4.38) 
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𝐿𝑦 − 𝑊 = 𝐿cos 𝜙 − 𝑊 = 0 (4.39) 

 

𝐿𝑥 −
𝑊𝑉2

𝑔𝑅turn 

= 𝐿sin 𝜙 −
𝑊𝑉2

𝑔𝑅turn 

= 0 
(4.40) 

 

𝜙 is the bank angle. It is usually expressed as a function of the load factor 𝑛, 

which is the lift to weight ratio 𝑛 = 𝐿/𝑊. The bank angle as a function of the 

load factor yields:  

𝜙 = arcos (
1

𝑛
) 

(4.41) 

 

Rearranging equation (4.39) using the load factor it is possible to find the 

following expression for the lift coefficient: 

 

𝐶𝐿 =
2𝑊

𝜌𝑉2𝑆cos 𝜙
=

2𝑊𝑛

𝜌𝑉2𝑆
 (4.42) 

 

 

 

Fig. 4.4 Banking aircraft forces diagram [18]. 

 

Now, using the same theoretical derivation as in section 4.2.2 an expression for 

the thrust to weight ratio is obtained. Note that now it has a dependency on the 

load factor. 



ONA Jet thrust and power requirements  33 

 

(
𝑇

𝑊
)

turn 

=
𝑞𝐶𝐷0

(𝑊/𝑆)
+

𝑘𝑛2

𝑞
(

𝑊

𝑆
) 

(4.43) 

 

The values of 𝑘 and 𝐶𝐷0
 are assumed to be equal to the ones from the previous 

sections. That is 𝑘 = 0.0421 and 𝐶𝐷0
= 0.03. 

The constant velocity turn is set to be performed at 75% cruise speed and 

cruise altitude. That is a speed of 241.5 km/h at an altitude of 3352 m. Air 

density at that altitude is 𝜌𝑐𝑟𝑢𝑖𝑠𝑒 = 0.8766 𝑘𝑔/𝑚3. 

The bank angle required will be set to 60º. Rearranging equation (4.41) it is 

possible to find the load factor 𝑛. 

 

𝑛 =
1

cos 𝜙
= 2 

 

(4.44) 

 

In section 4.2.1 the weight to wing surface area of the aircraft was found to be 

(𝑊/𝑆) = 2009.69
𝑁

𝑚2 . Inserting this into equation (4.43) it is possible to find the 

thrust to weight ratio required to perform a constant velocity level turn. It yields 

(𝑇/𝑊)turn = 0.2009  

Now, with a simple calculation the thrust is obtained: 

 

𝑇𝑡𝑢𝑟𝑛 = 𝑊 (
𝑇

𝑊
)

turn
= 5.813 𝑘𝑁 

 

(4.45) 

 

 

4.2.6. Matching plot 

 

In this final section all the requirements will be joined together in a matching 

plot. A plot which contains all the previous restrictions as well as the actual 

weight to wing surface ratio. The matching plot can be seen in figure 4.9.  
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Fig. 4.5 Performance requirements matching plot. 

 

The optimal design point is the point where the minimum thrust is required. 

Figure 4.10 shows a zoom in to better appreciate the requirements near de 

optimal design point. As shown in this figure, the actual design is close to the 

optimal design point. The most restrictive performance requirement is the rate 

of climb. The thrust to weight ratio required is 0.2087, close to the 0.2064 of the 

optimal design point. 

 

 

Fig. 4.6 Matching plot zoom in. 
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4.2.7.  Power estimate 

 

Once the thrust required is obtained, let us proceed to give a power estimate 

using the formulas derived in appendix APENDIX A. The formulas used for this 

calculation will be repeated here for convenience.  

As described in the appendix section A.1.1.1 power for propellers is computed 

as the product of thrust and airspeed divided by the propeller efficiency 𝜂𝑝. In 

the case of ducted fans, the thrust used to calculate the power is the one 

produced by just the rotor.   

 

P =
𝑇𝑟𝑜𝑡𝑜𝑟𝑉0

𝜂𝑝
 

 

(4.46) 

 

Rotor thrust can be described as a function of the total thrust generated by the 

ducted fan. 

 

𝑃 =
𝑇𝑡𝑜𝑡𝑎𝑙𝑉𝑐

𝜂𝑝
(

𝑣𝑖 + 𝑉𝑐(𝜎𝑑 + 1)

2𝜎𝑑(𝑉𝑐 + 𝑣𝑖)
) 

 

(4.47) 

 

Propeller efficiency is defined as 𝜂𝑝 = 𝜂𝑣𝜂𝑖 , where 𝜂𝑖 is the ideal efficiency and 

𝜂𝑣 is the viscous profile efficiency. 𝜂𝑣 typically ranges from 0.7 to 0.9 [18], it will 

be set to 0.85. The ideal efficiency 𝜂𝑖 can be computed using the following 

expression: 

 

𝜂𝑖 =
1

(1 +
𝑣𝑖
𝑉0

)
 (4.48) 

 

𝑣𝑖 is the propeller induced velocity. In section 3.1.1 the induced velocity for 

ducted fans was proven to be: 

 

𝑣𝑖 = −
𝑉0

2
(2 − 𝜎𝑑) + √(

𝑉0𝜎𝑑

2
)

2

+
𝜎𝑑𝑇

𝜌𝐴
 

(4.49) 

 

Where 𝑉0 is the airspeed of the aircraft. Air density is taken at the geopotential 

altitude at which each requirement is performing. 𝐴 in this expression refers to 

the single rotor area and 𝑇 is the single rotor thrust. As ONAJet only uses two 
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rotors for forward flight, this value will be half the total thrust required found in 

the previous section.  

The last term left to define is the expansion ratio 𝜎𝑑. As mentioned in previous 

sections, the ducted fans of the aircraft will be adaptive ducted fans. This 

means it will be possible to change the expansion ratio at different stages of the 

flight. For forward flight, it has been proven in section 3.1.1 that small expansion 

ratios are preferable. Therefore, it will be set to change from 𝜎𝑑 = 1.3 during 

takeoff to 𝜎𝑑 = 1 for forward flight. 

The following table contains the power needed for each performance 

requirement. 

 

Table 4.2 Thrust and power requirements results. 

 𝜼𝒗      𝜼𝒊       𝜼𝒑        𝑽𝟎[𝒎/𝒔] 𝑻[𝑵] 𝑷[𝒌𝑾] 

Stall 0.85 0.64 0.55 35.00 3743.65 196.76 

Cruise 0.85 0.91 0.77 89.40 2212.90 244.37 

Max. speed 0.85 0.92 0.78 107.28 2666.53 350.83 

ROC 0.85 0.66 0.57 47.36 6040.98 421.28 

Cruise ceiling 0.85 0.78 0.66 57.98 2826.41 219.52 

Service ceiling 0.85 0.81 0.69 59.02 2313.60 179.50 

Absolute ceiling 0.85 0.82 0.70 66.50 2073.50 179.57 

60º turn 0.85 0.73 0.62 67.05 5812.54 543.63 

 

 

4.3. Engine selection 
 

There are several important factors to consider when choosing an engine such 

as power, torque, rpm or motor efficiency for different usage conditions. In this 

section several electric engines have been compared in terms of their power 

output, as this is the metric studied in this project. The selected motor is the 

EMRAX 348, as its power output is highly compatible with the aircraft’s 

requirements. Figure 4.10 shows the motor’s technical data, note that it is very 

light, just under 44 Kg. 
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Fig. 4.7 EMRAX 348 technical data [27]. 

 

Table 4.3 shows each ducted fan’s power requirements for hover and cruise 

flight obtained in the previous sections. Comparing it to the motor technical 

data, the motor’s nominal power is higher than the cruising power, but falls short 

of the front eDFs hover power requirements. Despite that, the motor has a peak 

power output of 400 KW which can be sustained for 2 minutes, more than 

enough time to complete the takeoff and landing phases.  

The rear ducted fan has higher power requirements; therefore, two motors will 

be used to power it. A power of 270.8 KW is required from each motor which is 

slightly higher than the nominal power but still falls inside the motor’s power 

range. 

 

Table 4.3 Cruise and hover power requirements for each ducted fan. 

 Cruise    Hover 

eDF1/2 122 KW 371.76 KW 

eDF3      - 541.65 KW 
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CHAPTER 5. DUCTED FAN DESIGN VARIABLES 
 

The aim of this chapter is to further comprehend the influence different design 

variables have on performance in order to make an initial sizing of ONAJet 

propulsion units.  

In order to do so, the performance effects of varying several design parameters 

of the duct and propeller will be examined. A brief discussion will be held for 

every design parameter. The design parameters are limited to the ones 

considered to have the most noticeable effects on overall performance. There 

are many more parameters to consider that are not discussed in this section on 

account of their being less relevant. 

Figure 5.1 shows a sketch of a ducted fan section with some of the principal 

ducted fan design parameters. 

 

Fig. 5.1 Principal ducted fan parameters affecting performance: rotor 
diameter 𝐷𝑡, diffuser angle 𝜃𝑑, diffuser length 𝐿𝑑, inlet lip raidus 𝑟𝑙𝑖𝑝 and tip 

clearance 𝛿𝑡𝑖𝑝 [20]. 

 

 

5.1. Duct variables  
 

5.1.1. Expansion ratio 

 

Expansion ratio 𝜎𝑑 is the ratio between rotor area and exit diffuser area. It is the 

design parameter which produces the largest effects on performance. The 

magnitude of such effects has been theoretically quantified in appendix section 

A.1.3 using momentum theory. Static thrust increases significantly as the 
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expansion ratio increases: 𝑇𝑡𝑜𝑡𝑎𝑙 = 2𝜎𝑑𝑇𝑟𝑜𝑡𝑜𝑟. Momentum theory also describes 

how the increase in expansion ratio is not desirable for high-speed operations. 

Testing in this field corroborates these predictions. Donald M. Black and H. S. 

Wainauski (1968) [1] tested three ducted fans with expansion ratios of 1.1, 1.2 

and 1.3 at speeds ranging from Mach 0 to 0.5, see figure 5.2. The results 

showed the increase in static thrust  over open propeller to be even greater than 

momentum theory predicted.  

 

 

Fig. 5.2 Thrust increment as a function of expansion ratio 𝜎𝑑 for power loadings 
of 10,15 and 20 and axial velocities of Mach 0, 0.1 and 0.2 [1]. 
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In low velocity range, higher expansion ratios prove to be the optimal solution. 

Specially in static conditions, the higher the expansion ratio the better the 

performance. This trend has theoretically no limit, at least not one that 

momentum theory can predict. In reality, upper limits are imposed by viscosity-

dependent phenomena such as surface frictional losses and flow separation 

[20]. As the expansion ratio increases, performance improves to the point that 

the flow is unable to follow the diffuser walls and separates. This event can be 

delayed by increasing the diffuser length, which effectively reduces the diffuser 

angle. This would prevent flow separation but at a cost of increased weight and 

skin-friciton losses. 

On the contrary, for velocities higher than Mach 0.2 thrust output was found to 

diminish with higher expansion ratios. This tradeoff between static and axial 

flight  performance has been one of the key aspects in ducted fan design 

throughout history. This is the reason why no large scale testing has been 

conducted for expansion ratios bigger than 1.3. Even if, theoretically, ducted 

fans with expansion ratios up to 1.6 would be possible. 

But now, adaptive ducted fan technology allows for mophing ducts that can 

optimize this design parameter for every stage of the flight. Lilium Jet is an 

example of eVTOL featuring this technology [14].  

For the design of ONAerospace’s eVTOL this technology will be implemented. 

Expansion ratio will be set to 𝜎𝑑 = 1 during axial flight, and 𝜎𝑑 = 1.3 in hover 

mode. No higher expansion ratios in hover mode have been proposed as there 

is no large scale testing to support the improvement in performance.  

 

 

5.1.2. Diffuser length 

 

The duct can be divided into inlet and diffuser, before and after the rotor. 

Generally, in ducted fan literature, duct length refers to diffuser length as it is 

significantly longer than the inlet. Inlet shape will be discussed on a separate 

section. 

Diffuser length must be long enough to ensure that flow remains attached to the 

diffuser walls. This is closely related to the diffuser angle, which can be 

calculated as a function of the diffuser length and expansion ratio. Therefore, 

theoretically, by increasing diffuser length expansion ratio could be also 

increase without losing performance due to flow separation.  However, longer 

ducts are associated with increase in weight and friction drag.  

Donald M. Black and H. S. Wainauski (1968) [1] studied the effect of a constant 

expansion ratio 𝜎𝑑 = 1.1  ducted fan with shortening duct length from 40%𝐷𝑡 to 

30%𝐷𝑡, therefore increasing the expansion angle from 7º to 9.3º.  The tests 

showed very minor effects in low speeds and static conditions, but a noticeable 

degradation of thrust at speeds higher than Mach 0.3.  
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Robert J. Platt in 1948 [5] tested ducted fans expansion angles ranging from 7º 

to 22.5º. The results showed satisfactory performances for all expansion 

angles. However, for a fixed expansion ratio the longer diffuser (smaller 𝜃𝑑) was 

found to yield higher values of 𝐶𝑇/𝐶𝑃.  

Other studies did not find a clear performance deviation with changing 

expansion angles. Despite that, it is clear that high expansion angles (shorter 

diffuser lengths) result in flow separation and a loss of performance.  

Generally, for expansion ratios ranging from 1 to 1.3 and diffuser lengths 

ranging form 30%𝐷𝑡 to 50%𝐷𝑡 the ducted fan performance is satisfactory. 

Therefore, for ONAerospace eVTOL a diffuser length of 40%𝐷𝑡 has been 

selected for all three ducted fans. That yields  𝐿𝑑 = 0.54 𝑚 for both front ducted 

fans, and 𝐿𝑑 = 0.51 𝑚. 

 

 

5.1.3. Inlet design 

 

Similarly to the diffuser, inlet design, also referred as lip shape, must prevent 

flow separation at low speeds. This is one of the main problems ducted fan 

propulsion VTOLS must face. As the risk of inlet flow separation is very high 

when hovering with crosswinds or in transitional.  Flow separation at the inlet 

causes thrust losses as well as increased noise and vibrations. This can be 

prevented by increasing the inlet lip radius. 

At higher speeds flow separation is not likely to happen. For axial flight a slimer 

inlet with low drag profile is preferable. This creates, yet again, a compromise 

between hover and axial flight.  

In 1958, David Taylor [28] tested, in static conditions, configurations with 

different lip radius ranging from 0%𝐷𝑡 to 12.5%𝐷𝑡. The results showed how the 

duct’s contribution to total thrust increased for bigger lip radius, see figure 5.3 

(b). The static efficiency also heavily increased with increasing lip radius, but no 

improvement was found from 5%𝐷𝑡 to 12.5%𝐷𝑡, see figure 5.3 (a). Flow 

separation was found to occur at lip radius of 1.8%𝐷𝑡. 
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Fig. 5.3 Static efficiency  (a) and propeller thrust to total thrust ratio (b) for 
varying inlet lip radius [28]. 

 

Another possible feature of inlet design is to create an inlet with a certain 

degree of expansion with respect to the rotor diameter. This promotes more air 

into the rotor and therefore increases thrust. To a certain degree, all rounded lip 

designs have  some effective expansion proportional to the lip radius. Despite 

that, there are, most definitely, design possibilities featuring  big inlet 

expansions. Xagon solutions [16] eVTOL ducted fans feature a bellmouth inlet 

design which has proven very promising in static testing. Inlet expansion ratio, 

just like large lip radius, comes with the compromise of worse axial flight 

performance, and added weight and complexity. To solve this problem, Xagon 

solutions implements the adaptive ducted fan technology to their inlet, 

transitioning to a low drag configuration in axial flight, see figure 5.4. 

 

 

Fig. 5.4 Xagon Solutions adaptive ducted fan in hovering mode (a), and cruise 
mode (b) [16]. 
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For the ONAaerospace eVTOL design in this thesis inlet expansion has not 

been considered, as there is no analytical theory able to predict the 

performance improvements. Despite that, introducing a bellmouth inlet to the 

rear ducted fan would yield improvements in efficiency with very little 

compromise, as this ducted fan is only operative in hover mode. It could be also 

studied the introduction of morphing inlets for the front ducted fans, just like the 

ones shown in figure 5.4. But there would be a big increase in weight and 

complexity, which are already worsened by introducing a morphing diffuser. 

In this thesis, based on David Taylor’s test results, the lip radius is set to 5%𝐷𝑡 

as no big improvements were recorded with bigger lip radius. 

 

 

5.1.4. Propeller position 

 

Propeller position inside the duct is defined as the distance from the inlet in duct 

chord percentage. It is an important parameter for two main reasons. The first 

one is closely related to diffuser length, with an advanced propeller plane there 

is more length rearwards for an efficient diffusion. The second, a rearward 

propeller plane allows for reduced inflow asymmetries and therefore reduced 

blade stress in transitional flight or hovering with crosswind conditions. This is 

an important consideration specially in tilt ducted fan operations. 

Donald M. Black and H. S. Wainauski (1968) [1] tested different ducted fan 

configurations changing the propeller position from 40% to 25% of duct chord 

length. The test showed a slight increase in static performance with a rearward 

propeller plane. In axial flight forward propeller location was preferable, 

increasing the performance difference as airspeed augmented. All tests were 

done in axial flight conditions, so no data was obtained simulating transitional 

flight. 

Given these results, for ONAjet front ducted fans, a propeller position at 30% of 

duct chord should give good enough hover performance without compromising 

axial flight performance. For the rear ducted fan the propeller plane would be 

set slightly rearwards at 40% chord length because it only operates in hover 

mode.  

 

 

5.1.5. Stator vanes 

 

In a ducted fan, propeller rotation accelerates airflow both in axial and radial 

directions, therefore creating swirl. Stator vanes are static airfoil surfaces placed 
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behind the propeller plane, fixed to the duct walls. They are used to redirect 

radial flow and counter the momentum it creates. 

Also, a careful design of the stator vanes can contribute to forward thrust. 

Kruger [4] in the 1940s found static efficiency and thrust coefficient increases 

when incorporating stator vanes to the basic model. Moreover, redirecting and 

straightening the accelerated flow that goes directly into the wings is beneficial 

for lift generation.   

For coaxial ducted fans there is no need for stator vanes. The contrarotating 

blades cancel each other’s torque and no swirl is generated downwash of the 

ducted fan.  

 

 

5.2. Propeller variables 
 

5.2.1. Rotor spacing in coaxial ducted fans 

 

In 2010, T. E. Lee [29] tested coaxial ducted fans with rotor spacings at 7.5%𝐷𝑡, 

10%𝐷𝑡 and 15%𝐷𝑡. He concludes that the smaller rotor spacing of 7.5%𝐷𝑡 has 

the best performance.  

Tests also showed that for coaxial ducted fan a propeller plane position further 

inside the duct is preferable. But in this study, there was no expansion ratio. 

Therefore, concepts such as angle of expansion and diffuser length were not 

considered. 

 

5.2.2. Tip clearance 

 

Tip clearance is defined as the space between the interior duct wall and the 

rotor blade tip. Note that the presence of the duct impedes the formation of 

blade tip vortices, which are responsible for tip losses in open propellers. 

Therefore, tip clearance is of utter importance. Minimizing the gap between the 

tip and the wall reduces leakage flow from the high pressure behind the rotor 

disk to the low-pressure region before the rotor. Despite that, some leakage 

flow is always unavoidable. 

Tip clearances are limited by the risk of the blades colliding with the wall due to 

possible vibration or deformation due to centrifugal forces of temperature 

expansion. Also, the machining of high precision parts increases cost. Research 

has shown that certain tip blade profiles can reduce the effects of a high tip 

clearance. In some designs, the gap is completely closed using a degradable 

brush.  
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In 1966, B. Gamse and K. W. Mort [30] tested large scale ducted fans with tip 

clearances ranging from 0.3%𝐷𝑡 to 2%𝐷𝑡. 20% in total thrust losses were 

recorded when changing the tip clearance from 0.3%𝐷𝑡 to 2%𝐷𝑡 in static 

conditions. This was mainly due to duct thrust losses. Static performance was 

found to be more affected, with increasing speed the reduction in thrust due to 

tip clearance diminishes. Power was also found to decrease, although by a 

lesser amount than thrust. 

Figure 5.5 (a) shows the thrust and power coefficients as a function of airspeed 

to rotational speed ratio for two different tip clearances. Figure 5.5 (b) shows the 

effects of increasing tip clearance on coefficients of thrust and power in static 

performance.  

 

Fig. 5.5 (a) Thrust and power coefficients as a function of airspeed to rotational 
speed ratio for two different tip clearances (b) effects of tip clearance on static 

performance for different size ducted fans [30]. 

 

These findings seem to be in accordance with Hubbard’s research from 1950 

[31]. He tested wider range of tip clearances, from 0.2%𝐷𝑡 to 4.4%𝐷𝑡. That 

increase in tip clearance resulted in a 84% reduction of thrust, and a 15% 

reduction in power. These results are shown in figure 5.6. Harvey H. Hubbard’s 

research focused in sound generation as well, in that regard tip clearances over 

1%𝐷𝑡 were deemed suboptimal. 
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Fig. 5.6 Effect of tip clearance on trust, power and sound generation [31]. 

 

Donald M. Black and H. S. Wainauski (1968) [1] also reported a 5% decrease in 

static performance when increasing the tip clearance from 0.12%𝐷𝑡 to 0.56%𝐷𝑡. 

Since the range of tip clearance is narrower, a smaller difference in 

performance was found.  

 

5.2.3. Number of blades 

 

Increasing the number of blades of a propeller can effectively increase thrust 

production, but at the cost of increased power. This is a good option if more 

thrust is required from a limited size ducted fan. Despite that, it might not be the 

optimal solution. 

Donald M. Black and H. S. Wainauski (1968) [1] tested the thrust output from a 

3 bladed and 4 bladed ducted fan at different power loadings and speed. The 

results showed a reduction of thrust in the 4 bladed ducted fan at the same 

power loading in static conditions. From figure 5.7, this tendency holds true for 

low speed axial flight until Mach 0.2. At higher speeds the behavior reverses. 

This tendency is expected to hold for a wider range of number of blades. 
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Fig. 5.7 Effect of number of blades at different airspeeds and power loadings 
[1]. 

 

5.3. Propulsion units dimensions 
 

Taking into account the parameters discussed in this chapter, this section aims 

to give an estimate of the dimensions of each ducted fan. Table 5.1 shows the 

recompilation of the design parameters discussed. 

 

Table 5.1 Propulsion units dimensions. 

 𝑫𝒕 [𝒎] 𝑵𝒃 𝑳𝒅 [%𝑫𝒕] 
𝑷𝒓𝒐𝒑𝒆𝒍𝒍𝒆𝒓 

𝒑𝒐𝒔.  [%𝒄] 
𝜹𝒕𝒊𝒑 [%𝑫𝒕] 𝒓𝒍𝒊𝒑 [%𝑫𝒕] 𝒄 [𝒎] 

𝑶𝒖𝒕𝒆𝒓 

𝒅𝒊𝒂𝒎𝒆𝒕𝒆𝒓 [𝒎] 

eDF1/2 1.36 5 40% 30% 1% 5% 0.77 1.66 

eDF3 1.28 3 40% 40% 1% 5% 0.85 1.56 

 

 

 

 



 

CONCLUSIONS 
 

In this thesis an adaptive ducted fan design has been proposed for the 

ONAerospace eVTOL propulsion system. The design features two adaptive tilt 

ducted fans at the front of the aircraft, and a coaxial ducted fan embedded 

inside the aircraft’s tail. 

During takeoff and landing all three propulsive units are operative. Each front 

ducted fan contributes with 30% of the total thrust, and the rear ducted fan 

assumes 40% of the workload. In axial flight, thrust requirements decrease 

significantly. Therefore, the rear engine shuts down and the front engines tilt 90º 

and change the expansion ratio from 1.3 in hover mode to 1.0 to propel the 

aircraft forward more efficiently. 

Design aspects such as the rotor diameter, expansion ratio or propeller angle 

have been reviewed in order to size each propulsive unit according to its thrust 

requirements during takeoff, the most critical and demanding phase. Although 

the thrust requirements are met, power demands of the system are very high.  

Further increase of the duct’s expansion ratio, or introducing a bellmouth inlet 

are possible approaches to improve hovering performance. Despite their 

potential, a more in depth analysis, with more sophisticated tools, is required to 

assess their real impact on performance.  

In axial flight configuration, thrust and power are also studied for several 

performance requirements in order to verify that the previous sizing of the front 

ducted fans is satisfactory. This study can be used to predict the batteries 

required and the aircraft’s range [32] . 

Furthermore, an electric motor matching the required power performances has 

been found. Despite that, hover flight is limited to 2 minutes because of the 

motor’s time limitation at peak power. More powerful motors could be used, but 

at a cost of increased weight and lesser efficiency during cruise as the power 

demand decreases far below the motor’s nominal power.  

Finally, based on large scale testing experimental data, the performance effects 

of modifying different design variables has been studied. Some of the design 

parameters include tip clearance, diffuser length, diffuser angle, or inlet lip 

radius. This study reveals a compromise must be found between the optimum 

design for static and axial performance in most parameters. Nevertheless, it 

proves useful to propose more in-depth design and dimensioning of each 

propulsive unit.  

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

FURTHER WORK 

 

This project proposes a ducted fan design and estimates its performance using 

simple analytical theory, specially momentum and blade element theories. The 

results obtained with this method must be validated using more advanced 

analysis, introducing more complex theories such as lifting line theory. 

A tool to consider is the software DFDC (Ducted Fan Design Code). DFDC 

combines all the theories mentioned above enabling the user to validate a first 

approach to ducted fan design. Another possibility is a Computational Fluid 

Dynamics (CFD) simulation with a software such as ANSYS. These softwares 

are the next step into the design of the ducted fan. 

Further investigation is required on the different approaches to improve ducted 

fan static performance. The first one being the increase of expansion ratio 

beyond 1.3, and the second one, introducing a bellmouth inlet. The tools 

mentioned above would prove very useful in this investigation. 

In this thesis, the effects on performance of other parameters such as tip 

clearance, diffuser length, or diffuser angle are based on testing. Although it 

indicates a clear tendency which has been used in the first design, it falls short 

to compute the real significance in terms of thrust and efficiency improvements. 

A simulation could give concrete results specific to the desired design. 

On another note, the rear propulsion unit in this project is assumed to be a 

complete ducted fan unit. Another possibility is to consider that the tail’s 

structure acts as the duct, this configuration would result in a bigger rotor 

diameter which is desirable in terms of efficiency. On the other hand, it should 

be studied if a non-conventional duct geometry would result in the same level of 

performance.  

Another line of study can be coupling the ducted fan performance with the 

electric motor performance. In this project the compatibility with the motor has 

only been studied in terms of power output. But, in reality, there are more 

parameters to consider, some of them being: desired rpm, torque output, or 

motor efficiency at different power and rpms. 
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APENDIX A. THEORETICAL DERIVATIONS 
 

A.1 Momentum theory 
 

In this section, Rankine and Froud’s momentum theory is presented based on 
the review of the theory by Snorri Gudmundsson [18]. This section also briefly 
mentions the hover performance of coaxial rotors developed by Gordon J. 
Leishman [33][34]. Finally, Jason L. Pereira’s [20] review of momentum theory 
applied to ducted fans is discussed. 

 

A.1.1 Open rotor momentum theory 

 

Figure 3.1 in section 3.1 shows an schematic view of the momentum theory’s 

control volume. First, let us compute the change of flux entering and exiting the 

control volume: 

Δ𝑄 = 𝑄3 − 𝑄0 = (𝑆 − 𝐴3)𝑉0 + 𝐴3𝑉3 − 𝑆𝑉0 = 𝐴3(𝑉3 − 𝑉0) (A.1) 

 

The force generated by the annulus can be found by applying the momentum 

theorem: 

 

𝐹 = ∫  
𝑅

 𝜌𝑉(𝑉‾ ⋅ 𝑛‾) 𝑑𝐴 = 𝑇 (A.2) 

 

Where: 

 𝑉 is the airspeed. 

 𝑛‾ is the normal vector to the cross-sectional area. 

 𝐴 is the area. 

 𝜌 is the air density. 

 

Applying equation (A.2) to the model the following thrust is obtained: 

 

𝑇 = 𝜌𝐴3(𝑉3
2 − 𝑉0

2) − 𝜌Δ𝑄𝑉0 (A.3) 

 



 

Inserting equation (A.1) it yields: 

 

𝑇 = 𝜌𝐴3𝑉3(𝑉3 − 𝑉0) (A.4) 

 

Figure A.2 shows the pressure and flow velocity evolution inside the control 

volume. Notice that there is a sudden jump in pressure at the actuator disk 

(green dotted line from the figure). Therefore, thrust can also be considered as 

the difference in pressure between each side of the blades: 

 

𝑇 = 𝐴2(𝑃2 − 𝑃1) (A.5) 

 

 

Fig. A.1 Flow properties inside control volume [18]. 

 

Bernoulli’s principle is applied next in order to calculate the difference in 

pressures 𝑃1 and 𝑃2: 

 

𝑃0 +
1

2
𝜌𝑉0

2 = 𝑃1 +
1

2
𝜌𝑉1

2 
(A.6) 

 

𝑃3 +
1

2
𝜌𝑉3

2 = 𝑃2 +
1

2
𝜌𝑉2

2 
(A.7) 

 

Considering from figure A.2,  𝑃3 equal to 𝑃0, and 𝑉1 equal to 𝑉2 the pressure 

difference is obtained: 



 

 

 (𝑃2 − 𝑃1) =
1

2
𝜌(𝑉3

2 − 𝑉0
2) 

(A.8) 

 

And thus equation (A.5) now yields: 

 

𝑇 =
1

2
𝜌𝐴2(𝑉3

2 − 𝑉0
2) 

(A.9) 

 

Now let us insert equation (A.9) into equation (A.4) and find the following 

relation: 

 

2𝐴3𝑉3 = 𝐴2(𝑉3 + 𝑉0) (A.10) 

 

Considering the mass conservation equation 𝐴2𝑉2 = 𝐴3𝑉3, the previous 

equation can now be rearranged to find the following dependency between 

velocities: 

 

𝑉2 =
𝑉3 + 𝑉0

2
 

(A.11) 

 

Let us define 𝑣𝑖, the propeller induced velocity, as the difference between 𝑉2 

and 𝑉0. Also, from figure A.2, the equivalence 𝑉2 − 𝑉0 = 𝑉3 − 𝑉2 can be 

deduced. Therefore: 

 

𝑣𝑖 = 𝑉2 − 𝑉0 = 𝑉3 − 𝑉2 (A.12) 

 

𝑉2 can be redefined as: 

 

𝑉2 = 𝑉0 + 𝑣𝑖 
(A.13) 

 

And 𝑉3 as: 



 

 

𝑉3 = 𝑉0 + 2𝑣𝑖 
(A.14) 

 

Inserting the new expressions for 𝑉2 and 𝑉3 into equation (A.4) and simplifying it 

yields: 

 

𝑇 = 2𝜌𝐴2𝑣𝑖(𝑉0 + 𝑣𝑖) (A.15) 

 

Where thrust is defined as a function of the propeller induced velocity, the free 

stream velocity, and the area of the actuator disk. From this expression, solving 

a second-degree equation, it is possible to find the propeller induced velocity as 

a function of the desired thrust: 

 

𝑣𝑖 = −
𝑉0

2
+ √(

𝑉0

2
)

2

+
𝑇

2𝜌𝐴2
 

(A.16) 

 

The power of the system is given by 𝑃 = 𝑇𝑉. In this case: 

 

𝑃 = 𝑇(𝑉0 + 𝑣𝑖) (A.17) 

 

This expression of power can be decomposed as useful power: 

 

𝑃𝑢 = 𝑇𝑉0 (A.18) 

 

And induced power: 

 

𝑃𝑖 = 𝑇𝑣𝑖 
(A.19) 

 

 



 

A.1.1.1 Propeller efficiency 

 

Propeller efficiency is defined as follows: 

 

𝜂𝑝 = 𝜂𝑣𝜂𝑖 
(A.20) 

 

Where: 

 𝜂𝑖 is the ideal efficiency. 

𝜂𝑣 is the viscous profile efficiency. It ranges from 0.7 to 0.9 depending on 

the propeller geometry [18]. It is considered to be the efficiency ceiling, 

given that when considering ideal efficiency (𝜂𝑖 = 1), the overall propeller 

efficiency will be equal to 𝜂𝑣.  

 

Ideal efficiency is defined as the ratio between useful power and overall power. 

Therefore: 

 

𝜂𝑖 =
𝑃𝑢

𝑃
=

1

(1 +
𝑣𝑖
𝑉0

)
 (A.21) 

 

And now the system power can be redefined as: 

 

P =
𝑇𝑉0

𝜂𝑝
 (A.22) 

 

 

A.1.1.2 Static thrust 

 

Considering a null freestream velocity  (𝑉0 = 0) in equation (A.16) the induced 

velocity for hover conditions can be found: 

 

𝑣𝑖 = √
𝑇

2𝜌𝐴2
 

(A.23) 

 



 

The power of the system in static conditions can be defined as the induced 

power as. Using the previous equation, the following expression for power can 

be found:  

 

𝑃 = 𝑇𝑣𝑖 =
𝑇(3/2)

√2𝜌𝐴2

 (A.24) 

 

Operating mathematically to find thrust yields. 

 

𝑇 = 𝑃(2/3)(2𝜌𝐴2)1/3 
(A.25) 

 

 

A.1.2 Coaxial rotors momentum theory 

 

There are different cases of study for coaxial rotors. For simplicity, this section 

will only focus on the difference in performance when increasing the separation 

between rotors. The two rotors are considered equal and operate at the same 

thrust values.  

It must be noted that the performance levels of a coaxial rotor will be lower than 

that of two isolated rotors due to aerodynamic interferences between the upper 

and lower rotor. In this section, two models will be presented in order to give an 

approximate value for this interference. 

In the first case the two rotors are assumed to be rotating in the same plane, 

only separated by an infinitesimal distance. This assumption has experimentally 

proved to make overly pessimistic predictions of overall performance. In 

consequence, a second model is considered. In this second case, the lower 

rotor is assumed to be placed inside the fully developed slipstream of the upper 

rotor. 

 

A.1.2.1 Case 1 

 

In this first case, the distance between the two rotors is considered to be 

infinitesimally small. As mentioned previously the thrust of the upper rotor is 

equal to the thrust produced by the lower one. In comparison to an isolated 

rotor, the thrust of each individual rotor of the coaxial system will require half the 

thrust of an isolated rotor. 

 



 

𝑇𝑢 = 𝑇𝑙 = 𝑇 (A.26) 

 

 

Fig. A.2 Case 1 coaxial rotor flow model [33]. 

 

 

Figure A.3 shows the flow model used in case 1; notice that both rotors have 

the same induced velocity  𝑣𝑒.  

 

𝑣𝑒 = 𝑣𝑢 = 𝑣𝑙 = √
2𝑇

2𝜌𝐴
= √

𝑇

𝜌𝐴
 

(A.27) 

 

The induced power required by each rotor can be computed with the following 

expression: 

 

𝑃𝑢 = 𝑃𝑙 =
𝑇(3/2)

√𝜌𝐴
 (A.28) 

 

The whole system’s induced power will therefore be: 

 



 

𝑃𝑖coax 
=

2𝑇(3/2)

√𝜌𝐴
 (A.29) 

 

Comparing this to the power of an isolated rotor from equation (A.24) a factor of 
interference 𝑘int can be obtained. Note that the comparison must be made to the 
power required for two isolated rotors, as the thrust produced by a coaxial rotor 
is double that of a single rotor propeller. 

 

𝑘int =
𝑃𝑖𝑐𝑜𝑎𝑥

2𝑃𝑖𝑖𝑠𝑜𝑙𝑎𝑡𝑒𝑑

=

2𝑇(3/2)

√𝜌𝐴

2 (
𝑇(3/2)

√2𝜌𝐴
)

= √2 = 1.41 (A.30) 

 

In other words, coaxial rotors have a 41% increase in power requirements due 
to rotor interference in comparison to two isolated propellers. This result has 
been experimentally proven to be overly pessimistic. In case two the same 
processes are followed with a new assumption in an attempt to give a more 
accurate approximation. 

 

A.1.2.2 Case 2 

 

In this case, the lower rotor is assumed to be placed at a distance from the 

upper rotor. In practice, coaxial rotors designs place the two rotors with a small 

separation to prevent interrotor blade collisions. This separation is most 

definitely big enough to consider that part of the lower rotor is operating inside 

the fully developed slipstream of the upper rotor. Figure A.4 shows graphically 

the interaction between both rotors slipstreams. The venna contracta of the 

upper rotor has an area of A/2, therefore half of the lower rotor is operating 

inside the upper rotor’s slipstream. 

 



 

 

 

Fig. A.3 Case 2 coaxial rotor flow model [33]. 

 

In this case thrust of both rotors are considered equal, therefore equation (A.26) 

holds. First, let us compute the induced velocities of both rotors. For the upper 

rotor, the computation is straightforward. 

 

𝑣𝑢 = √
𝑇

2𝜌𝐴
 

(A.31) 

 

For the lower rotor, let us first compute the massflow rate through the rotor. 

Notice the separation between the inner and outer parts of the rotor, both with 

the same area but different velocities. 

 

�̇� = 𝜌 (
𝐴

2
) (2𝑣𝑢 + 𝑣𝑙) + 𝜌 (

𝐴

2
) 𝑣𝑙 

(A.32) 

 



 

Now its thrust is computed using the momentum flux through the rotor. The 

momentum flux through the first rotor is subtracted. 

 

𝑇𝑙 = 𝜌𝐴(𝑣𝑢 + 𝑣𝑙)𝑤𝑙 − 2𝜌𝐴𝑣𝑢
2 (A.33) 

 

Remember that thrust of both rotors is equal, and the upper rotor’s thrust can be 

computed as 2𝜌𝐴𝑣𝑢
2. 

 

𝑇𝑙 = 𝑇𝑢 = 𝑇 = 2𝜌𝐴𝑣𝑢
2  (A.34) 

 

Finally, the final induced velocity 𝑤𝑙 is considered to be 𝑤𝑙 = 2𝑣𝑢 + 𝑣𝑙. This 

expression can be inserted into equation (A.33) to get the lower rotor’s induced 

velocity as a function of 𝑣𝑢. 

 

𝑣𝑙 =
𝑣𝑢

2
(√17 − 3) (A.35) 

 

Now let us go through the same process as in case 1 to find the interference 

factor. In this case power will not be equal for both rotors. For the upper rotor 

power is expressed as: 

 

𝑃𝑢 = 𝑇𝑣𝑢 (A.36) 

 

For the lower rotor: 

 

𝑃𝑙 = 𝑇(𝑣𝑢 + 𝑣𝑙) (A.37) 

 

Adding them together it yields: 

 

𝑃coax = 𝑇(2𝑣𝑢 + 𝑣𝑙) = 𝑇𝑣𝑢 (2 +
√17 − 3

2
) = 𝑇𝑣𝑢2.561 

(A.38) 



 

 

Comparing this to the power of an isolated rotor from equation (A.24) the 

interference factor is found: 

 

𝑘𝑖𝑛𝑡 =
𝑃𝑖𝑐𝑜𝑎𝑥

2𝑃𝑖𝑖𝑠𝑜𝑙𝑎𝑡𝑒𝑑

=
𝑇𝑣𝑢2.561

2𝑇𝑣𝑢
= 1.28 (A.39) 

 

Using this model, it shows that coaxial rotors require 28% more power than two 

isolated rotors to obtain the same levels of thrust. Compared to the 41% 

increase from case 1, it is a substantial improvement. This new interference 

factor of 1.28 proves more accurate when compared with the values obtained 

from most experiments. 

 

 

A.1.3 Momentum theory applied to ducted fans 

 

This section goes through Pereira’s revision on momentum theory applied to 

ducted fans. All the same assumptions from section A.1.1 hold here as well. 

The main difference, and a crucial one, is the exit area of the control volume. In 

an open rotor, the exit area is defined by the reduction in area of the slipstream. 

For ducted fans, this exit area is defined by the duct geometry as shown in 

figure Fig. 3.2 Schematic view of ducted fan momentum theory [20].  

 

 

Fig. A.4 Schematic view of ducted fan momentum theory [20]. 

 



 

Figure A.5 shows a sketch of a section of a ducted fan. The different stages in 

the ducted fan are marked, as well as de flow direction. 

The expansion ratio 𝜎𝑑 is the ratio between exit area and disk area. In the figure 

above the exit area is defined as 𝐴3 = 𝐴e, and the rotor area as 𝐴1 = 𝐴2 = 𝐴.  

 

𝜎𝑑 =
𝐴𝑒

𝐴
 

(A.40) 

 

To obtain the induced velocities 𝑣𝑖 and 𝑤 let us impose mass conservation 

between stages 2 and 3: 

 

�̇� = 𝜌𝐴(𝑉𝑐 + 𝑣𝑖) = 𝜌𝐴𝑒(𝑉𝑐 + 𝑤) (A.41) 

 

Inserting equation (A.40) into the previous expression it yields: 

 

𝜔 =
𝑉𝑐 + 𝑣𝑖

𝜎𝑑
− 𝑉𝑐 (A.42) 

 

Once the final induced velocity is found, thrust can be computed by applying the 

momentum theorem.  

 

𝑇 = �̇�𝜔 = 𝜌𝐴(𝑉𝑐 + 𝑣𝑖) (
(𝑉𝑐 + 𝑣𝑖)

𝜎𝑑
− 𝑉𝑐) (A.43) 

 

With further operation and solving a second-degree equation, an expression for 

the rotor induced velocity  𝑣𝑖 can be found: 

 

𝑣𝑖 = −
𝑉𝑐

2
(2 − 𝜎𝑑) + √(

𝑉𝑐𝜎𝑑

2
)

2

+
𝜎𝑑𝑇

𝜌𝐴
 

(A.44) 

 

Imposing a null free stream velocity 𝑣ℎ is calculated, the induced velocity in 

hover conditions. 

 



 

𝑣ℎ = √
𝜎𝑑𝑇

𝜌𝐴
 

(A.45) 

 

Notice that in a ducted fan not all the thrust of the system is produced directly 

by the rotor. The duct itself also contributes. Despite that, the power of the 

system is computed using only the rotor’s thrust, as all the power put into the 

system is used to rotate the propeller. Duct thrust is a byproduct of duct 

geometry and its interaction with the air accelerated by the rotor. Therefore: 

 

𝑃 = 𝑇𝑟𝑜𝑡𝑜𝑟(𝑣𝑖 + 𝑉𝑐) (A.46) 

 

Now let us compute the rotor’s thrust as a function of the pressure difference in 

the rotator disk, just like previously done in section A.1.1. From the 

implementation of Bernoulli’s principle, equation (A.9) is found; and repeated 

here for convenience. 

 

𝑇𝑟𝑜𝑡𝑜𝑟 = Δ𝑝𝐴 = (𝑃2 − 𝑃1)𝐴 =
1

2
𝜌𝐴(𝑉3

2 − 𝑉𝑐
2) 

(A.47) 

 

Now the condition 𝑉3 = 𝑉𝑐 + 𝑤 is imposed on the previous equation. The final 

expression for the rotor’s thrust yields. 

 

𝑇𝑟𝑜𝑡𝑜𝑟 = 𝜌𝐴𝑤 (𝑉𝑐 +
𝑤

2
) (A.48) 

 

In hover conditions the rotor thrust will be: 

 

(𝑇𝑟𝑜𝑡𝑜𝑟)ℎ =
1

2
𝜌𝐴𝑤2 

(A.49) 

 

Then, the rotor thrust fraction is given by: 

 

𝑇𝑟𝑜𝑡𝑜𝑟

𝑇𝑡𝑜𝑡𝑎𝑙
=

𝜌𝐴𝑤 (𝑉𝑐 +
𝑤
2 )

�̇�𝜔
=

𝑣𝑖 + 𝑉𝑐(𝜎𝑑 + 1)

2𝜎𝑑(𝑉𝑐 + 𝑣𝑖)
 

(A.50) 

 



 

And for hover: 

 

(
𝑇𝑟𝑜𝑡𝑜𝑟

𝑇𝑡𝑜𝑡𝑎𝑙
)

ℎ

=
1

2𝜎𝑑
 

 

(A.51) 

 

The ratio between rotor thrust in both conditions is as follows: 

 

(𝑇𝑟𝑜𝑡𝑜𝑟)𝑐

(𝑇𝑟𝑜𝑡𝑜𝑟)ℎ
=

(𝑇𝑟𝑜𝑡𝑜𝑟/𝑇𝑡𝑜𝑡𝑎𝑙)𝑐

(𝑇𝑟𝑜𝑡𝑜𝑟/𝑇𝑡𝑜𝑡𝑎𝑙)ℎ
=

𝑣𝑖 + 𝑉𝑐(𝜎𝑑 + 1)

(𝑣𝑖 + 𝑉𝑐)
 

 

(A.52) 

 

Let us now go back to equation (A.46) to compute the power in hover conditions 

using equation (A.51). 

 

𝑃ℎ = (𝑇𝑟𝑜𝑡𝑜𝑟)ℎ  𝑣ℎ =
𝑇(3/2)

√4𝜎𝑑𝜌𝐴
 (A.53) 

 

In the same manner, we can rewrite the power expression for cruise flight using 

equation (A.52) as: 

 

𝑃 = (𝑇𝑟𝑜𝑡𝑜𝑟)ℎ[𝑣𝑖 + 𝑉𝑐(𝜎𝑑 + 1)] (A.54) 

 

Operating further using equation (A.51): 

 

𝑃 =
𝑇𝑡𝑜𝑡𝑎𝑙

2𝜎𝑑

[𝑣𝑖 + 𝑉𝑐(𝜎𝑑 + 1)] (A.55) 

 

Power can also be expressed as a function of the propeller efficiency. Efficiency 

for ducted fans is computed in the same way as open propellers. Therefore, the 

definition for efficiency is still 𝜂𝑝 = 𝜂𝑖 · 𝜂𝑣. The ideal efficiency being: 

 

𝜂𝑖 =
𝑃𝑢

𝑃
=

𝑇𝑟𝑜𝑡𝑜𝑟𝑉𝑐

𝑇𝑟𝑜𝑡𝑜𝑟(𝑉𝑐 + 𝑣𝑖)
=

1

(1 +
𝑣𝑖
𝑉𝑐

)
 (A.56) 

 



 

The expression for power as a function of the efficiency is: 

 

𝑃 =
𝑇𝑟𝑜𝑡𝑜𝑟𝑉𝑐

𝜂𝑝
 

 
 

(A.57) 

Inserting equation (A.50) into the previous equation yields: 

 

𝑃 =
𝑇𝑡𝑜𝑡𝑎𝑙𝑉𝑐

𝜂𝑝
(

𝑣𝑖 + 𝑉𝑐(𝜎𝑑 + 1)

2𝜎𝑑(𝑉𝑐 + 𝑣𝑖)
) 

 

(A.58) 

 

 

A.1.3.1 Open rotor comparison 

 

Let us first examine the specific case of hover. From equations (A.24) and 

(A.53) a clear comparison of the characteristics of open rotors and ducted fans 

can be made. 

 

(𝑃ℎ)ducted 

(𝑃ℎ)𝑂𝑅
=

1

√2𝜎𝑑

(
𝑇𝑑𝑢𝑐𝑡𝑒𝑑

𝑇𝑂𝑅
)

3/2

√
𝐴𝑂𝑅

𝐴𝑑𝑢𝑐𝑡𝑒𝑑
 

(A.59) 

 

For two systems with the same required thrust and equal rotor area, the 

difference in power input is solely due to the ducted fan’s expansion ratio. 

Notice that, for an expansion ratio equal to 0.5 both systems yield equal.  

 

(𝑃ℎ)𝑑𝑢𝑐𝑡𝑒𝑑

(𝑃ℎ)𝑂𝑅
=

1

√2𝜎𝑑

 (A.60) 

 

In figure A.6, the power ratio between ducted fan and open rotor has been 

plotted as a function of the ducted fan’s expansion ratio. No values of expansion 

ratio bigger than 2 have been considered. This is because for big enough 

expansion ratios the fluid properties and assumptions used throughout this 

theoretical derivation would not be applicable. In big scale ducted fans the 

expansion ratio limit is thought to be much lower than 2, closer to 1.3 – 1.4. 

 



 

 

Fig. A.5 Comparison of ducted fan and open rotor power requirements in hover 
as a function of ducted fan’s expansion ratio. 

 

Increasing the expansion ratio, the power required by the ducted fan decreases, 

reaching up to 50% power reduction in comparison to the open rotor. The 

conclusion is clear: the bigger the expansion ratio, the better the performance of 

the ducted fan. Therefore confirming a ducted fan is the optimal solution for 

hovering flight. 

Now, the same comparison is made as a function of the axial speed of the 

aircraft 𝑉𝑐. To do so, let us first compute the power ratio between axial flight and 

hover. For ducted fans, using equations (A.53) and (A.55) yields: 

 

(
𝑃𝑐

𝑃ℎ
)

ducted 

3𝜎𝑑

2

𝑉𝑐

𝑣ℎ
+ √(

𝜎𝑑

2

𝑉𝑐

𝑣ℎ
)

2

+ 1 
(A.61) 

 

And the same is done for open rotors: 

 

(
𝑃𝑐

𝑃ℎ
)

𝑂𝑅

=
1

2

𝑉𝑐

𝑣ℎ
+ √(

1

2

𝑉𝑐

𝑣ℎ
)

2

+ 1 
(A.62) 

 

Using the expressions above the power ratio between the ducted fan and open 

rotor can be expressed as: 

 



 

𝑃ducted 

𝑃OR 

=
(𝑃𝑐/𝑃ℎ)ducted 

(𝑃𝑐/𝑃ℎ)OR 

⋅
(𝑃ℎ)ducted 

(𝑃ℎ)OR 

 (A.63) 

 

Substituting: 

 

𝑃ducted 

𝑃OR 

=

3𝜎𝑑
2

𝑉𝑐
𝑣ℎ

+ √(
𝜎𝑑
2

𝑉𝑐
𝑣ℎ

)
2

+ 1

1
2

𝑉𝑐
𝑣ℎ

+ √(
1
2

𝑉𝑐
𝑣ℎ

)
2

+ 1

⋅
1

√2𝜎𝑑

 (A.64) 

 

Where the hovering induced velocity 𝑣ℎ is the one corresponding to ducted fans 

(𝑉ℎ)𝑑𝑢𝑐𝑡𝑒𝑑. 

In figure A.7, equation (A.64) is plotted against the free stream velocity 

adimensionalized with the open rotor hovering induced velocity 
𝑉𝑐

(𝑉ℎ)𝑂𝑅
. As in 

equation (A.64)  the variable is 
𝑉𝑐

(𝑉ℎ)𝑑𝑢𝑐𝑡𝑒𝑑
, the following step is required: 

 

𝑉𝑐

(𝑉ℎ)𝑂𝑅
=

𝑉𝑐

(𝑉ℎ)𝑑𝑢𝑐𝑡𝑒𝑑

(𝑉ℎ)𝑑𝑢𝑐𝑡𝑒𝑑

(𝑉ℎ)𝑂𝑅
=

𝑉𝑐

(𝑉ℎ)𝑑𝑢𝑐𝑡𝑒𝑑

1

√2𝜎𝑑

 (A.65) 

 

 

 

Fig. A.6 Comparison of ducted fan and open rotor power requirements as a 
function of axial velocity. 



 

 

Ducted fans are more efficient at low velocities, especially in hover as seen in 

figure A.7. At a speed greater than approximately 0.75 times (𝑉ℎ)𝑂𝑅, open rotor 

propulsion proves more efficient. the difference increases as the speed 

increases. At very high speeds, ducted fans require from 28% to 45% more  

power. 

Figure A.7 also reveals a wide variation in ducted fan performance for different 

expansion ratios. Notice how at a velocity of 1.2 times (𝑉ℎ)𝑂𝑅 the optimal 

expansion ratio changes. For low speeds, high expansion ratios are desired. On 

the contrary, for high speeds, the smallest expansion ratio has the best 

performance. The designer needs to consider this when deciding on the 

propulsion system. 

 

 

A.2 Blade element theory 
 

Figure A.8 (a) shows a sketch of a rectangular blade’s top view. From this blade 

an infinitesimal section (dy) is selected, this section is the typical BET blade 

element. 

 

  

Fig. A.7 Schematic view of forces, angles, and velocities for the blade as 
described in the BET [19]. 



 

 

Figure A.8 (b) shows a sketch of the blade element modeled as a two-

dimensional airfoil. All the aerodynamic forces acting on the airfoil are 

represented, as well as de incident flow velocities and the angles they form with 

respect to the blade element. 

The incident velocity can be decomposed into two terms. First, the axial velocity 

due to the aircraft’s speed and rotor induced velocity, 𝑈𝑃 = 𝑉𝑐 + 𝑣𝑖 . And the 

tangential speed, which parallel to the rotor plane and is generated by the 

spinning of the blade, 𝑈𝑇 = Ω𝑦. The resultant velocity yields: 

 

𝑈 = √𝑈𝑇
2 + 𝑈𝑝

2 
(A.66) 

 

From Figure A.8 (b) the relative inflow angle at the blade element is: 

 

𝜙 = tan−1 (
𝑈𝑃

𝑈𝑇
) (A.67) 

 

Then, the angle of attack of the blade element is: 

 

𝛼 = 𝜃 − 𝜙 = 𝜃 − tan−1 (
𝑈𝑃

𝑈𝑇
) (A.68) 

 

The incremental lift 𝑑𝐿 and drag 𝑑𝐷 per unit of span on the element blade are 

perpendicular to the resultant inflow velocity. They can be described as follows: 

 

𝑑𝐿 =
1

2
𝜌𝑈2𝑐𝐶𝑙𝑑𝑦 

(A.69) 

𝑑𝐷 =
1

2
𝜌𝑈2𝑐𝐶𝑑𝑑𝑦 

(A.70) 

 

Where: 

 𝐶𝑙  and 𝐶𝑑 are the lift and drag coefficients respectively. 

 c  is the local chord of the blade. 

 



 

Using the angle 𝜙, these forces can be decomposed to generate new force 

vectors perpendicular and parallel to the rotor disk plane.  

 

𝑑𝐹𝑧 = 𝑑𝐿cos 𝜙 − 𝑑𝐷sin 𝜙 (A.71) 

𝑑𝐹𝑥 = 𝑑𝐿sin 𝜙 + 𝑑𝐷cos 𝜙 (A.72) 

 

Now let us use equations (A.71) and (A.72) to define the thrust, torque, and 

power of the rotor: 

 

𝑑𝑇 = 𝑁𝑏𝑑𝐹𝑧 = 𝑁𝑏(𝑑𝐿cos 𝜙 − 𝑑𝐷sin 𝜙) (A.73) 

𝑑𝑄 = 𝑁𝑏𝑑𝐹𝑥𝑦 = 𝑁𝑏𝑦(𝑑𝐿sin 𝜙 + 𝑑𝐷cos 𝜙) (A.74) 

𝑑𝑃 = 𝑁𝑏𝑑𝐹𝑥Ω𝑦 = 𝑁𝑏Ω𝑦(𝑑𝐿sin 𝜙 + 𝑑𝐷cos 𝜙) (A.75) 

 

Where 𝑁𝑏 is the number of blades of the rotor. 

 

In situations of low axial velocities such as takeoff and descent in a e-VTOL 

aircraft or helicopters, the axial velocity 𝑈𝑃 is much smaller than the tangential 

velocity 𝑈𝑇. Therefore, the following assumptions can be made: 

1. The resultant velocity can be approximated as 𝑈 = √𝑈𝑇
2 + 𝑈𝑝

2 ≈ 𝑈𝑇. 

2. Angle 𝜙 will be small, it can be approximated as  𝜙 = tan−1 (
𝑈𝑃

𝑈𝑇
) ≈

𝑈𝑃

𝑈𝑇
. 

Moreover, it will also hold that sin 𝜙 = 𝜙 and cos 𝜙 = 1. 

 

3. The term (𝑑𝐷 · 𝜙) is negligible as both terms are small. 

 

Note that these assumptions will not hold true for an aircraft at high speeds 

such as the cruise speed of a typical bi-rotor aircraft. Despite that, the following 

theoretical derivations are very useful because they help to illustrate the results 

in terms of operational and geometric parameters of the rotor. 

 

Equations (A.73), (A.74), and (A.75) can now be redefined as: 

 



 

𝑑𝑇 = 𝑁𝑏𝑑𝐿 (A.76) 

𝑑𝑄 = 𝑁𝑏𝑦(𝜙𝑑𝐿 + 𝑑𝐷) (A.77) 

𝑑𝑃 = 𝑁𝑏Ω𝑦(𝜙𝑑𝐿 + 𝑑𝐷) (A.78) 

 

Before continuing any further, let us define rotor solidity  
𝜎 as the ratio of the rotor blade area and the rotor disk area. Assuming a 

rectangular blade with constant chord it yields: 

 

𝜎 =
𝐵𝑙𝑎𝑑𝑒𝑎𝑟𝑒𝑎

𝐷𝑖𝑠𝑘𝑎𝑟𝑒𝑎
=

𝑁𝑏𝑐𝑅

𝜋𝑅2
=

𝑁𝑏𝑐

𝜋𝑅
 

(A.79) 

 

Now, let us introduce non dimensional quantities by dividing lengths by 𝑅 and 

velocities by Ω𝑅. The inflow ratio is defined as 𝜆 and can be expressed as: 

 

𝜆 =
𝑈𝑃

Ω𝑅
=

𝑉𝑐 + 𝑣𝑖

Ω𝑅
= 𝜙𝑟 

 

(A.80) 

 

The thrust, torque and power coefficients can be defined as: 

 

𝑑𝐶𝑇 =
𝑑𝑇

𝜌𝐴(Ω𝑅)2
=

𝑁𝑏 (
1
2 𝜌𝑈2𝑐𝐶𝑙𝑑𝑦)

𝜌𝐴(Ω𝑅)2
=

1

2
𝜎𝐶𝑙𝑟2𝑑𝑟 

 

(A.81) 

𝑑𝐶𝑄 =
𝑑𝑄

𝜌𝐴(Ω𝑅)2𝑅
=

1

2
𝜎(𝜙𝐶𝑙 + 𝐶d)𝑟3𝑑𝑟 

 

(A.82) 

𝑑𝐶𝑃 =
𝑑𝑃

𝜌𝐴(Ω𝑅)3
≡ 𝑑𝐶𝑄 =

1

2
𝜎(𝜙𝐶𝑙 + 𝐶d)𝑟3𝑑𝑟 

 

(A.83) 

 

 

A.2.1 Thrust approximation 

 

To find the coefficients of thrust, the incremental thrust coefficient in equation 

(A.81) must be integrated form tip to root.  

 



 

𝐶𝑇 =
1

2
𝜎 ∫  

1

0

 𝐶𝑙𝑟2𝑑𝑟 
(A.84) 

 

Note that the local blade lift coefficient from the previous expression can be 

defined as: 

 

𝐶𝑙 = 𝐶𝑙𝛼
(𝛼 − 𝛼0) = 𝐶𝑙𝛼

(𝜃 − 𝜙 − 𝛼0) (A.85) 

Where: 

 𝛼0  is the zero-lift angle of attack which will be assumed to be equal to 0. 

𝐶𝑙𝛼
  is the 2-D lift curve of the airfoil section of the blade. This value will 

take a different value at each blade section because it depends on the 

incident air velocity. In this section this value will be assumed to be an 

average approximation for the complete rotor, 𝐶𝑙𝛼
 = 2𝜋.  

𝜃  is the angle formed by the blade and the reference plane (rotation 

plane). A zero-twist blade is assumed, therefore 𝜃 is constant and equal 

to 𝜃0 all along the blade span. In reality, most rotor blades have some 

degree of blade twist along the blade. 

 

Inserting the previous expression into equation (A.84) yields: 

 

𝐶𝑇 =
1

2
𝜎𝐶𝑙𝛼

∫  
1

0

  (𝜃0 − 𝜙)𝑟2𝑑𝑟 =
1

2
𝜎𝐶𝑙𝛼

∫  
1

0

(𝜃0𝑟2 − 𝜆𝑟)𝑑𝑟 
(A.86) 

 

Assuming constant inflow ratio 𝜆, the integral can be solved: 

 

𝐶𝑇 = 𝜎
1

2
𝐶𝑙𝛼

(
𝜃0

3
−

𝜆

2
) 

(A.87) 

 

Momentum theory in section A.1 gives a direct relationship between 𝐶𝑇 and 𝜆. 

For low aircraft speeds it is feasible to approximate the inflow ratio as the one 

required for hover. Using equation (A.23) it is possible to adimensionalize the 

open rotor induced velocity to find: 

 



 

𝜆𝑖 ≡ 𝜆ℎ =
𝑣𝑖

Ω𝑅
= √

𝐶𝑇

2
 

(A.88) 

 

Equation (A.87) now yields: 

 

𝐶𝑇 =
1

2
𝜎𝐶𝑙𝛼

(
𝜃0

3
− √

𝐶𝑇

8
) 

 

(A.89) 

 

This formula must be solved using an iteration scheme to find the value of 𝐶𝑇 for 

a given 𝜃0. Figure A.9 below shows this formula plotted for different rotor 

solidities. As expected, thrust coefficient increases with increasing rotor solidity. 

 

 

Fig. A.8 Open rotor thrust coefficient versus blade pitch angle for different rotor 
solidities. 

 

Rotor thrust in a ducted fan can also be calculated using this method. But, now 

𝜆 is obtained using equation (A.45), the ducted fan hovering induced velocity. 

 

𝜆𝑖 ≡ 𝜆ℎ =
𝑣𝑖

Ω𝑅
= √𝜎𝑑𝐶𝑇 (A.90) 

 



 

 

Expressing the previous equation as a function of rotor thrust coefficient yields: 

 

𝜆𝑖 ≡ 𝜆ℎ =
𝑣𝑖

Ω𝑅
= 𝜎𝑑√2𝐶𝑇𝑟𝑜𝑡𝑜𝑟 (A.91) 

 

Rotor thrust coefficient now yields: 

 

𝐶𝑇𝑟𝑜𝑡𝑜𝑟 =
1

2
𝜎𝐶𝑙𝛼

(
𝜃0

3
− 𝜎𝑑√

𝐶𝑇𝑟𝑜𝑡𝑜𝑟

2
) 

(A.92) 

 

This equation is solved iteratively to find the rotor thrust coefficient. Note that, 

for the same blade angle, rotor thrust in a ducted fan is smaller than open rotor 

thrust because of the increased induced velocity at the propeller plane. This is 

compensated by the addition of duct thrust. 

 

 

A.2.2 Torque and power approximation 

 

Equation (A.83), if expressed as a function of the inflow ratio 𝜆 yields:  

 

𝐶𝑝 ≡ 𝑑𝐶𝑄 =
1

2
𝜎(𝜙𝐶𝑙 + 𝐶𝑑)𝑟3𝑑𝑟 =

1

2
𝜎(𝜆𝐶𝑙𝑟2 + 𝐶𝑑𝑟3)𝑑𝑟 

(A.93) 

 

Recall that, 𝑑𝐶𝑇 =
1

2
𝜎 𝐶𝑙𝑟

2𝑑𝑟. Now, it is possible to express the torque and 

power coefficients as a function of the thrust coefficient. 

 

𝑑𝐶𝑃 ≡ d𝐶𝑄 =  𝜆𝑑𝐶𝑇 +
1

2
𝜎𝐶𝑑0

 𝑟3𝑑𝑟 
(A.94) 

 

Let us integrate from tip to root along the rotor blade to find: 

 

𝐶𝑃 = 𝐶𝑄 = ∫  
1

0

 𝜆𝑑𝐶𝑇 +
1

2
𝜎𝐶𝑑0

∫  
1

0

 𝑟3𝑑𝑟 = 𝜆𝐶𝑇 +
1

8
𝜎𝐶𝑑0

 
(A.95) 



 

 

The power coefficient can also be expressed as: 

 

𝐶𝑃 = 𝐶𝑃𝑖
+ 𝐶𝑃0

 

 
(A.96) 

Where: 

 𝐶𝑃𝑖
  is the induced power coefficient. Being 𝐶𝑃𝑖

= 𝜆𝐶𝑇. 

 𝐶𝑃0
  is the profile power coefficient. Being 𝐶𝑃0

=
1

8
𝜎𝐶𝑑0

. 

 

From Momentum theory the hover inflow ratio for open rotors is known to be 

𝜆 = √
𝐶𝑇

2
 , as seen in the previous section. Inserting it into equation (A.95) yields: 

 

𝐶𝑃 =
𝐶𝑇

3/2

√2
+

1

8
𝜎𝐶𝑑0

 
(A.97) 

 

Notice how the induced power coefficient is the same that was previously 

obtained with the momentum theory. Blade element theory introduces a new 

term in the prediction of power. Figure A.10 plots equation (A.97) to illustrate 

the power coefficient for open rotors as a function of the thrust coefficient for an 

arbitrary rotor solidity 𝜎 and 𝐶𝑑0
. 

 

 

Fig. A.9 Hovering power coefficient versus thrust coefficient for open rotors. 



 

 

The same can be done for ducted fans. But first, beware that in a ducted fan not 

all the thrust is produced by the rotor, the duct itself also contributes. From 

section A.1.3, the ratio between rotor and total thrust in hover was found to be    

𝐶𝑇Rotor
/𝐶𝑇Total  

=
1

2𝜎𝑑
. This correction must be implemented in equation (A.97). 

 

𝐶𝑃 = 𝐶𝑇Rotor
𝜆ℎ +

1

8
𝜎𝐶𝑑0

=
𝐶𝑇

2𝜎𝑑
𝜆ℎ +

1

8
𝜎𝐶𝑑0

 (A.98) 

 

  Now let us substitute 𝜆 for the ducted fan hover inflow ratio 𝜆 = √𝐶𝑇𝜎𝑑. 

 

𝐶𝑃 =
𝐶𝑇

3/2

2√𝜎𝑑

+
1

8
𝜎𝐶𝑑0

 

 

(A.99) 

 

Figure A.11 shows this equation plotted for different expansion ratios. Note that 

the power coefficient reduces significantly for high expansion ratios. For the 

same thrust coefficient, a ducted fan with 𝜎𝑑 = 2 requires half the power as 

opposed to the open rotor counterpart. 

 

 

Fig. A.10 Hovering power coefficient versus thrust coefficient for ducted fans. 

 


