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ABSTRACT. In this work we consider the two-dimensional Dirac operator with gen-
eral local singular interactions supported on a closed curve. A systematic study of
the interaction is performed by decomposing it into a linear combination of four ele-
mentary interactions: electrostatic, Lorentz scalar, magnetic, and a fourth one which
can be absorbed by using unitary transformations. We address the self-adjointness
and the spectral description of the underlying Dirac operator: in the non-critical case
we do so providing a boundary triple and in the critical purely magnetic case exploit-
ing the phenomenon of confinement and super-symmetry. Moreover, we justify the
model in study showing that Dirac operators with singular interactions are limit in
the strong resolvent sense of Dirac operators with regular potentials.
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Czech Science Foundation (GAČR). A.M. is partially supported by MINECO grants MTM2017-84214-
C2-1-P and MTM2017-83499 (Spain), AGAUR grant 2017-SGR-358 (Catalunya), and ERC-2014-ADG
project HADE Id. 669689 (European Research Council). A.M. is member of the Barcelona Gradu-
ate School of Mathematics, supported by MINECO grant MDM-2014-0445. M.T. is supported by the
project CZ.02.1.01/0.0/0.0/16_019/0000778 from the European Regional Development Fund.

1



2 B. CASSANO, V. LOTOREICHIK, A. MAS, AND M. TUŠEK

1. INTRODUCTION

In the present paper we study the two-dimensional Dirac operator with a singular
interaction supported on a closed curve. Our main motivation is to treat the most
general local interactions. Besides electrostatic δ-shell interactions and the Lorentz
scalar δ-shell interactions we include into the analysis the magnetic δ-shell interac-
tions, which correspond to the magnetic field supported on a curve. The main two
questions addressed in the present paper are self-adjointness of the underlying Dirac
operator and its approximation by Dirac operators with regular potentials.

Recall that the Dirac operator was firstly introduced in relativistic quantum me-
chanics to describe the dynamics of spin–1

2 particles (see, e.g. the monograph [68]),
and was later associated to the evolution of quasi-particles in new materials, such
as the graphene (see, e.g. [28]). Dirac operators with singular interactions supported
on sets of lower dimensions serve as idealized models for Dirac operators with more
realistic (regular) potentials.

Hamiltonians with interactions supported on sets of zero Lebesgue measure have
been studied intensively in the mathematical physics. At first the case of Schrödinger
operators with singular interactions was investigated; see, e.g. [2, 15, 33]. In the re-
cent years the focus partially shifted to the Dirac operators with singular interactions.
While for Schrödinger operators quadratic forms are a convenient tool to define the
underlying Hamiltonian [22], in the Dirac setting more subtle techniques are neces-
sary due to the lack of semi-boundedness. The case of one-dimensional Dirac opera-
tors with point-interactions is well understood [2, 24, 39, 55, 20]. Three-dimensional
Dirac operators with singular interactions supported on surfaces are considered in,
e.g. [30, 4, 5, 6, 8, 9, 13, 12]. Finally, the two-dimensional case without the magnetic
interaction has recently been analysed in [14, 57]. The interest to include the magnetic
δ-shell interaction stems from applications in modern physics [56, 50, 37]. The closely
related model of magnetic links in three dimensions has been recently considered
in [58, 59, 60].

The approximation of Dirac operators with singular interactions by Dirac opera-
tors with regular interactions provides a justification of the idealized model under
consideration. In the one-dimensional setting the analysis is performed in [67, 42,
43, 69], a generalization to three-dimensions has recently appeared in [49, 48]. In the
present manuscript, we modify to our setting some techniques that worked efficiently
in the one-dimensional case.

Recall that the action of the two-dimensional free Dirac operator D0 is given by the
differential expression

D0 := −iσ · ∇+mσ3 = −i(σ1∂1 + σ2∂2) +mσ3, (1.1)

where m ∈ R is the mass and σ1, σ2, and σ3 are the Pauli matrices:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (1.2)
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It is self-adjoint on dom D0 := H1(R2;C2) ⊂ L2(R2;C2) and essentially self-adjoint
on C∞c (R2;C2). The spectrum of D0 is purely absolutely continuous and

σ(D0) = σac(D0) = (−∞,−|m|] ∪ [|m|,+∞).

The interaction under consideration will be supported on the boundary Σ := ∂Ω
of a C∞-smooth bounded simply connected open set Ω ⊂ R2. The curve Σ splits
the Euclidean space into disjoint union R2 = Ω+ ∪ Σ ∪ Ω−, where Ω+ := Ω and
Ω− := R2 \ Ω+. We will call the curve Σ a shell. Let us denote the outer unit normal
to Ω+ and the unit vector tangent to the boundary Σ in x ∈ Σ by n ≡ (n1, n2) = n(x)
and t ≡ (t1, t2) = t(x), respectively. For definiteness, we put t1 = −n2 and t2 = n1.
For any C2–valued function f defined on R2, we set f± = f � Ω±. When it is defined
in a suitable sense, we denote TD±f± the Dirichlet trace of f± at Σ, and we define the
distribution δΣf by

〈δΣf, ϕ〉 :=

∫
Σ

1

2
(TD+f+ + TD−f−) · ϕds, for all ϕ ∈ C∞c (R2;C2),

where ds means integration with respect to the arc-length of Σ.

We are interested in the Dirac operator in L2(R2;C2) given by the formal expres-
sion

−iσ ·
(
∇+ i(λt + ωn)δΣ

)
+ (ηI2 + τσ3)δΣ +mσ3

= D0 +
(
ηI2 + τσ3 + λ(σ · t) + ω(σ · n)

)
δΣ

(1.3)

where η, τ, λ, ω are smooth real-valued functions, and where we used the notation

σ ·A := σ1A1 + σ2A2 for A ∈ C2. (1.4)

For any given x ∈ Σ the matrices I2, σ3, σ · t(x), and σ · n(x) constitute a basis of the
Hermitian 2×2 matrices, so at every point there is the most general Hermitian matrix
as a coefficient of δΣ. The electrostatic δ-shell interaction ηI2δΣ and the Lorentz scalar δ-
shell interaction τσ3δΣ describe a distribution of charges and masses on the curve Σ,
respectively. The novelty in our treatment is the magnetic δ-shell interaction λ(σ · t)δΣ,
which describes a magnetic field supported on Σ. We remark that the vector potential
associated with the latter interaction is given by AΣ = λ(t1δΣ, t2δΣ) and we will show
in Appendix B that the underlying magnetic field is given by BΣ = λ∂nδΣ, where
∂nδΣ stands for the double layer distribution. Finally, we prove that, under some
restrictions on parameters η, τ, λ, ω, the interaction term ω(σ · n)δΣ can be gauged
away in the spirit of [47, 54]; see Theorem 2.1 for details. In particular, this term can
be always gauged away when all parameters are constant. Due to this observation
we may focus on the case when ω = 0 and other parameters are smooth real-valued
functions.

The self-adjoint operator Dη,τ,λ associated with the formal expression (1.3) with
ω = 0 is constructed in Section 6 rigorously as a self-adjoint extension of the symmet-
ric operator with infinite deficiency indices acting in the Hilbert space L2(R2;C2) and
given by

Sf = (−iσ · ∇+mσ3)f, domS = H1
0 (R2 \ Σ;C2).
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To this aim we build an ordinary boundary triple for S∗, which is a modification of
the boundary triple constructed in [14]. This modification is necessary to treat the
magnetic δ-shell interaction. In this construction the operator Dη,τ,λ acts as D0 on Ω±
and is subject to the local boundary conditions on Σ, which involves the parameters
η, τ, λ, the tangential vector t, and the normal vector n. The construction boils the
question of self-adjointness of Dη,τ,λ down to self-adjointness of a certain first-order
pseudo-differential operator on Σ. The latter is shown by conventional techniques
under the condition(

η2 − τ2 − λ2

4
− 1

)2

− λ2 6= 0 everywhere on Σ. (1.5)

The case when the above expression on the left-hand side vanishes is called critical
and needs a special treatment. In the present paper we cover in Section 7 the special
sub-case of purely magnetic critical shell interaction (η = τ = 0 and λ = ±2), in
which case D0,0,±2 is defined as a self-adjoint operator by a different and more direct
method. It is also remarkable that the condition η2 − τ2 − λ2 = −4 is necessary and
sufficient for the confinement to take place, where by confinement we understand
that the operator Dη,τ,λ can be decomposed into the orthogonal sum with respect to
the decompositionL2(R2;C2) = L2(Ω+;C2)⊕L2(Ω−;C2); cf. Section 2.3 for details. In
particular, the choice η = τ = 0 and λ = ±2 gives rise to zig-zag boundary conditions.

Finally, we will find in Section 8 approximations by regular potentials in the strong
resolvent sense for the Dirac operator with δ-shell potentials in the non-critical and
non-confining case, i.e. when η2− τ2−λ2 6= −4 everywhere on Σ and (1.5) holds true.
Approximations of δ-shell interactions by more realistic regular potentials provide
a justification for the idealized models, that is necessary to understand the phys-
ical nature of the rather abstract δ-shell interactions. Mathematical consequences
of the strong resolvent convergence comprise the strong convergence of the corre-
sponding unitary propagators and the principle of non-expansion of the spectrum
of the limit operator; see [63, Section VIII.7] for details. Finally, the strong resolvent
convergence is necessary to the norm resolvent convergence: proving it would be a
stronger result and our results are a step towards it. In this paper, we explicitly con-
struct regular symmetric potentials Vη,τ,λ;ε ∈ L∞(R2;C2×2) supported on a tubular
ε–neighbourhood of Σ and such that

Vη,τ,λ;ε −−→
ε→0

(ηI2 + τσ3 + λ(σ · t))δΣ in the sense of distributions,

and we investigate the strong resolvent limit of D0 + Vη,τ,λ;ε as ε → 0. It turns out
that D0 + Vη,τ,λ;ε −−→

ε→0
Dη̂,τ̂ ,λ̂ for appropriate η̂,τ̂ , λ̂ ∈ C∞(Σ;R) that are in general

different from the starting η, τ, λ, but are expressed explicitly in terms of them. This
phenomenon was observed firstly in the one-dimensional case [67] and then in the
three-dimensional setting [49] – we say in this situation that a renormalization of the
coupling constants occurs.

We finish this introduction pointing out that when concluding the preparation of
this manuscript we learnt that the three-dimensional analogue of the magnetic δ–
shell interaction introduced here was being considered in the non-published work
[18]; the reader may see Section 9 for more details.
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Organization of the paper. In Section 2 we formulate and discuss all the main results
of the present paper. Section 3 contains preliminary material that is used throughout
the paper. In Section 4 we obtain spectral relations for the point spectrum of the
Dirac operator with δ-shell interactions under special transforms of the interaction
strengths and, moreover, we show how the fourth interaction ω(σ ·n)δΣ can be elimi-
nated by a properly constructed unitary transform. Further, in Section 5 we provide a
condition on the interaction strengths, which gives the confinement. In Section 6 we
analyse the non-critical case, prove self-adjointness of the underlying Dirac operator
and obtain its basic spectral properties. Self-adjointness and spectral properties of
the Dirac operator with purely magnetic critical interaction are investigated in Sec-
tion 7. In Section 8 we construct strong resolvent approximations of Dirac operators
with δ-shell interactions by sequences of Dirac operators with suitably scaled regu-
lar potentials. Possible generalization for higher dimensions is briefly discussed in
Section 9.

The paper is complemented by two appendices. In Appendix A we focus on expo-
nentials of 2 × 2 matrices of a special structure. Finally, in Appendix B we compute
the magnetic field associated with the magnetic δ-shell interaction.

2. MAIN RESULTS

We briefly discuss here the main results of this paper, referring to the various sec-
tions below for more detailed results. For an open set Ω ⊂ R2, we define

H(σ,Ω) := {f ∈ L2(Ω;C2) | σ · ∇f ∈ L2(Ω;C2)}. (2.1)

For any f = f+⊕f− ∈ H(σ,Ω+)⊕H(σ,Ω−) ⊂ L2(Ω+;C2)⊕L2(Ω−;C2) ≡ L2(R2;C2),
it was shown in [16] that f± admit Dirichlet traces TD±f± inH−

1

2 (Σ;C2), see Section 3.5
for details.

Given η, τ, λ, ω ∈ C∞(Σ;R) we define

dom (Dη,τ,λ,ω) :=
{
f = f+ ⊕ f− ∈ H(σ,Ω+)⊕H(σ,Ω−) |

i(σ · n)(TD−f− − TD+f+) = 1
2(ηI2 + τσ3 + λ(σ · t) + ω(σ · n))(TD−f− + TD+f+)

}
,

(2.2)

and
Dη,τ,λ,ωf := D0f+ ⊕ D0f−, for all f ∈ dom (Dη,τ,λ,ω). (2.3)

In (2.2) the condition on TD±f± is understood in H−
1

2 (Σ;C2). By means of an integra-
tion by parts it can be seen (see e.g. [52]) that Dη,τ,λ,ω is the operator representing the
formal differential expression (1.3).

Since most of this article focuses on the case ω = 0, due to the results presented in
Section 4, for the sake of brevity we also set Dη,τ,λ := Dη,τ,λ,0, i.e.

dom (Dη,τ,λ) :=
{
f = f+ ⊕ f− ∈ H(σ,Ω+)⊕H(σ,Ω−) |

i(σ · n)(TD−f− − TD+f+) = 1
2(ηI2 + τσ3 + λ(σ · t))(TD−f− + TD+f+)

}
,

(2.4)

and
Dη,τ,λf := D0f+ ⊕ D0f−, for all f ∈ dom (Dη,τ,λ). (2.5)
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Finally, we denote
d := η2 − τ2 − λ2 ∈ C∞(Σ;R). (2.6)

2.1. Reduction to ω = 0. In Section 4 we will prove the following result.

Theorem 2.1. Given ω ∈ R and η, τ, λ ∈ C∞(Σ;R) such that d := η2 − τ2 − λ2 is a
constant function on Σ, let X be a solution to

dX2 − 4 + (4 + ω2 − d)X = 0, (2.7)

and

z :=
dX2 + 4

X(4 + d− ω2 + 4ωi)
. (2.8)

Then, X ∈ R \ {0}, z ∈ C satisfies |z| = 1, and Dη,τ,λ,ω = UzDXη,Xτ,Xλ,0Uz , where

Uzϕ := χΩ+
ϕ+ zχΩ−ϕ (for all ϕ ∈ L2(R2;C2))

is unitary in L2(R2;C2).

Roughly speaking, Theorem 2.1 implies that a spectral study for Dη,τ,λ = Dη,τ,λ,0

suffices to treat the general case Dη,τ,λ,ω, hence the formal term ω(σ·n)δΣ in the δ–shell
interaction is indeed superfluous. In a classical (absolutely continuous) framework
one would say that this term can be gauged away: this is reminiscent of a similar
effect for magnetic potentials in the Coulomb gauge, see [26, Remark 1.5], [27, 21, 36,
35]. In Section 4 we show that the unitary transform Uz can always be taken different
from the identity except for the case (d, ω) = (−4, 0), which corresponds to confining
δ–shell interactions, see Section 5. In particular, Dη,τ,λ,ω never yields confinement if
(d, ω) 6= (−4, 0).

At the end of Section 4 we find some isospectral transformations as a byproduct of
our result, and we describe the charge conjugation properties of the operator Dη,τ,λ.

2.2. The non-critical case. We say that we are in the non-critical case when (1.5) holds
true, i.e. everywhere on Σ

C(η, τ, λ)(x) :=

(
d

4
− 1

)2

− λ2 =

(
η2 − τ2 − λ2

4
− 1

)2

− λ2 6= 0. (2.9)

In the following theorem we gather the properties of Dη,τ,λ in the case when (2.9)
holds true. We point out that the non-magnetic case (λ = 0) has been already treated
in [14, Theorem 1.1] for constant η, τ ∈ R.

Theorem 2.2. Let η, τ, λ ∈ C∞(Σ;R) and let Dη,τ,λ be defined as in (2.4) and (2.5). More-
over, let either d(x) 6= 0 for all x ∈ Σ, or let η, τ, λ be constant and such that d = 0. If (2.9)
holds true then Dη,τ,λ is self-adjoint in L2(R2;C2) with dom Dη,τ,λ ⊂ H1(R2 \ Σ;C2). The
essential spectrum of Dη,τ,λ is

σess(Dη,τ,λ) = (−∞,−|m|] ∪ [|m|,+∞)

and its discrete spectrum is finite.
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The proof of Theorem 2.2 mimics the strategy of the proof of [14, Theorem 1.1],
taking into account the necessary modifications to treat the additional interaction
λ(σ · t)δΣ. It is provided in Section 6, where we also show a Krein-type resolvent for-
mula, an abstract version of the Birman-Schwinger principle, and obtain the spectral
properties of Dη,τ,λ.

2.3. Confining δ–shell interactions. If d = −4 everywhere on Σ, the phenomenon
of confinement arises: physically, this means that a particle initially located in Ω± can
not escape this region during the quantum evolution associated with Dη,τ,λ. Such
phenomenon was firstly noticed in [30] in the three-dimensional setting. We describe
the corresponding Hamiltonian in the following theorem, which will be proved in
Section 5.

Theorem 2.3. Let η, τ, λ ∈ C∞(Σ;R) and let Dη,τ,λ be defined as in (2.4), (2.5). If d = −4
everywhere on Σ then Dη,τ,λ decouples in the direct sum

Dη,τ,λ = D+
η,τ,λ ⊕D−η,τ,λ,

with

dom D±η,τ,λ :=
{
f± ∈ H(σ,Ω±) |

[
±i(σ · n) + 1

2(ηI2 + τσ3 + λ (σ · t))
]
TD±f± = 0

}
,

D±η,τ,λf± := D0f±, for all f± ∈ dom D±η,τ,λ.
(2.10)

Remark 2.4. We expect Theorem 2.3 to hold under weaker regularity assumptions,
since its proof follows from purely algebraic considerations, but we are not investi-
gating this in the present manuscript to keep the exposition homogeneous. Recall
that we assume that η, τ, λ ∈ C∞(Σ;R) and Σ = ∂Ω of class C∞ in order to exploit
the theory of pseudo-differential operators, but we expect that these assumptions can
be weakened. However, in the case that Σ has only Lipschitz regularity and in the
case that η, τ, λ are not regular different phenomena are expected, see [45, 57, 25],
see also [13, 62] where coefficients with lower regularity are considered in the three-
dimensional case.

Let us look closer at D+
η,τ,λ, the Dirac operator on Ω+. If η = 0, d = −4 implies that

there exists θ ∈ C∞(Σ;R) such that sin θ = −λ
2 and cos θ = τ

2 . Since i(σ · n)σ3 = σ · t
and (σ · n)2 = I2 (see (3.12), (3.13), and (3.14) below), we may rewrite the condition
for f+ in (2.10) as [

I2 − cos θ(σ · t)− sin θσ3

]
TD+f+ = 0. (2.11)

These are the quantum dot boundary conditions (see [16, 17, 57] and references therein).
In particular, we have the infinite mass boundary conditions when (η, τ, λ) = (0,±2, 0)
and the zig-zag boundary conditions when (η, τ, λ) = (0, 0,±2). By means of confine-
ment with the electric and Lorentz scalar δ–shell interactions only, it is possible to
realise the quantum dot boundary conditions (2.11) for θ ∈ [0, 2π) \ {π2 ,

3π
2 }, that is

all the possible ones except the zig-zag boundary condition, see [14, Remark 4.2].
Considering also the magnetic δ–shell interaction then allows to describe every Dirac
operator on a domain with quantum dot boundary conditions as a Dirac operator
with a δ–shell interaction.
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For any choice of parameters η, τ, λ such that, everywhere on Σ, d = −4 and
(η, τ, λ) 6= (0, 0,±2) the operator Dη,τ,λ is already described in Theorem 2.2. The cases
(η, τ, λ) = (0, 0,±2) are critical, because we have C(η, τ, λ) = 0. They are discussed in
the following subsection.

2.4. The critical case. The analogous critical case in the three-dimensional setting
was firstly described in [10, 53] and later in the two-dimensional setting in [14]. In
[14, Theorem 1.2] the case C(η, τ, λ) = λ = 0, η, τ ∈ R is described, namely, the self-
adjointness is proved and the spectral properties are analysed. We complement this
result by analysing the case C(η, τ, λ) = η = τ = 0, i.e. we prove the self-adjointness
and give a detailed description of the spectrum for purely magnetic critical potentials
±2(σ · t)δΣ.

Theorem 2.5. The operator D0,0,λ with λ ∈ {−2, 2} is self-adjoint. The restriction D0,0,λ �
H1(R2 \Σ;C2) is essentially self-adjoint. It holds that dom D0,0,λ 6⊂ Hs(R2 \Σ;C2) for any
s > 0. Finally, the spectrum of D0,0,λ is characterised as follows:

(i) σ(D0,0,λ) = (−∞,−|m|] ∪ [|m|,∞);

(ii) ±m are eigenvalues of infinite multiplicity;

(iii) there is a sequence of (embedded) eigenvalues {±
√
m2 + λk}k≥1, where λk are the

eigenvalues of the Dirichlet Laplacian on Ω+ enumerated in non-decreasing order and
counted with multiplicities.

The proof of Theorem 2.5 is provided in Section 7. We underline that we do not
exploit the strategies in [10, 53, 14] but we take advantage of the phenomenon of
confinement and the decomposition in Theorem 2.3. To show our result we adapt
the analysis of the massless Dirac operator on a domain with the zig-zag boundary
conditions given in [65] to the case with a mass: this allows us to give a more detailed
description. Note that the presence of embedded eigenvalues was already observed
in the non-critical confining case in the three-dimensional setting in [5, Th. 3.7], [12,
Prop. 3.3].

2.5. Approximation of δ-shell interactions by regular potentials. In the present pa-
per, we find approximations by regular potentials in the strong resolvent sense for the
Dirac operator with δ–shell potentials in the non-critical and non-confining case, that
is for Dη,τ,λ when C(η, τ, λ) 6= 0 and d 6= −4 everywhere on Σ. To this purpose, for
η, τ, λ ∈ C∞(Σ;R), we construct regular symmetric potentials Vη,τ,λ;ε ∈ L∞(R2;C2×2)
supported on an ε–neighborhood of Σ and such that

Vη,τ,λ;ε −−→
ε→0

(ηI2 + τσ3 + λ(σ · t))δΣ in the sense of distributions

and we investigate the strong resolvent limit of D0 + Vη,τ,λ;ε as ε → 0. It turns out
that D0 + Vη,τ,λ;ε −−→

ε→0
Dη̂,τ̂ ,λ̂ for appropriate η̂,τ̂ , λ̂ ∈ C∞(Σ;R) that are in general

different from the starting η, τ, λ.

In the three-dimensional setting [49], the proof of the strong resolvent convergence
is an adaptation to the relativistic scenario of the approach used in [7] for the case of
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Schrödinger operators with δ-shell interactions. In [7], the co-dimension of the shell
is strictly smaller than the order of the differential operator (the Laplacian). As a
consequence, the singularities of the kernels of the boundary integral operators used
in [7] are weak enough to be controlled uniformly along the approximation proce-
dure. This, in particular, leads to the convergence in the norm resolvent sense in
the case of the Schrödinger operator. However, in the case of the Dirac operator,
the co-dimension of the shell is exactly the same as the order of the differential op-
erator. This has an important effect on the nature of the corresponding boundary
integral operators, which now are singular integral operators instead of compact.
Due to this new obstruction with respect to the Schrödinger case, the approach used
in [7] was adapted in [49] to the Dirac case to show the convergence in the strong
resolvent sense assuming uniform smallness of the approximating potentials. Never-
theless, the question of strong resolvent convergence can also be addressed by more
direct methods, which do not require any smallness assumption on the approximat-
ing potentials, such as by proving the convergence in the strong graph limit sense and
then applying Theorem VIII.26 of [63], which says that, in the self-adjoint setting, the
strong graph convergence and the strong resolvent convergence are equivalent.

Originally, this approach was used in the one-dimensional setting [42, 43]. In this
way, one can find approximating potentials for any type of δ-potential. The norm
resolvent convergence of approximations is harder to tackle. However, since in the
one-dimensional case one can perform very explicit calculations with the resolvents
of the approximations and the resolvents of their limit operators, it can be proved as
well [67, 69]. In the present work, we will modify the ideas of [42] to get the sequence
of approximating potentials for general linear combinations of δ-shell interactions,
not only for the purely electrostatic or purely Lorentz scalar δ-shell interactions as in
[49]. It will converge in the strong resolvent sense, without any smallness assumption
on the approximating potentials. We expect that a similar approach can be applied in
the three-dimensional case as well.

Definition of Vη,τ,λ;ε. In order to describe the approximating potentials Vη,τ,λ;ε explic-
itly, we will introduce an additional notation, referring to Section 3.2 for details. For
β > 0, Σβ := {x ∈ R2 | dist(x,Σ) < β} is the tubular neighborhood of Σ of width β.
If β > 0 is sufficiently small, Σβ is parametrized as

Σβ = {xΣ + pn(xΣ) | xΣ ∈ Σ, p ∈ (−β, β)}.

Furthermore, let

h ∈ L∞(R;R), with supph ⊂ (−1, 1),

∫ 1

−1
h(t) dt = 1.

The function h will determine the transverse profile of Vη,τ,λ;ε. For 0 < ε < β, let

hε(p) :=
1

ε
h
(p
ε

)
, for all p ∈ R.

We have supphε ⊂ (−ε, ε) and limε→0 hε = δ0 in the sense of the distributions D′(R),
where δ0 is the Dirac δ-function supported at the origin. For η, τ, λ ∈ C∞(Σ;R), let

Bη,τ,λ ∈ C∞(Σ;C2×2), Bη,τ,λ(xΣ) := (ηI2 + τσ3 + λ(σ · t))(xΣ). (2.12)
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The function Bη,τ,λ will encode the matrix structure of the approximating potentials;
for all xΣ ∈ Σ, the matrix Bη,τ,λ(xΣ) is symmetric. Finally, for any ε ∈ (0, β), we
define the symmetric approximating potentials Vη,τ,λ;ε ∈ L∞(R2;C2×2) as follows:

Vη,τ,λ;ε(x) :=

{
Bη,τ,λ(xΣ)hε(p), if x = xΣ + pn(xΣ) ∈ Σβ,

0, if x ∈ R2 \ Σβ.
(2.13)

It is easy to see that limε→0 Vη,τ,λ;ε = Bη,τ,λδΣ in D′(R2;C2×2).

For 0 < ε < β, we define the family of Dirac operators {Eη,τ,λ;ε}ε as follows:

dom Eη,τ,λ;ε := dom D0 = H1(R2;C2),

Eη,τ,λ;εψ := D0ψ + Vη,τ,λ;εψ for all ψ ∈ dom Eη,τ,λ;ε.
(2.14)

Since Vη,τ,λ;ε are bounded and symmetric, the operators Eη,τ,λ;ε are self-adjoint.

We can now state the main result of this subsection.

Theorem 2.6. Let either η, τ, λ ∈ C∞(Σ;R) be such that d(x) 6= k2π2, for all k ∈ N0 and for
all x ∈ Σ, or η, τ, λ ∈ R be such that d = (2k0)2π2 for some k0 ∈ N0. Let η̂,τ̂ , λ̂ ∈ C∞(Σ;R)
be defined as follows:

• if d > 0 then

(η̂, τ̂ , λ̂) =
tan(
√
d/2)√

d/2
(η, τ, λ); (2.15)

• if d = 0 then
(η̂, τ̂ , λ̂) = (η, τ, λ); (2.16)

• if d < 0 then

(η̂, τ̂ , λ̂) =
tanh(

√
−d/2)√
−d/2

(η, τ, λ). (2.17)

Let Eη,τ,λ;ε be defined as in (2.14) and Dη̂,τ̂ ,λ̂ be defined as in (2.4), (2.5). If C(η̂, τ̂ , λ̂)(x) 6= 0

for all x ∈ Σ, then

Eη,τ,λ;ε −−→
ε→0

Dη̂,τ̂ ,λ̂ in the strong resolvent sense.

The proof of Theorem 2.6 is in Section 8.

Remark 2.7. In the case that d = 0 the phenomenon of renormalization of the coupling
constants does not occur. This was already observed in the one-dimensional setting
in [69].

Remark 2.8. Thanks to Theorem 2.6, for all η ∈ R \ {(2k+ 1)π, (1
2 + k)π | k ∈ Z}, τ ∈ R

we have Eη,0,0;ε → Dη̂,0,0 and E0,τ,0;ε → D0,τ̂ ,0 as ε → 0, with η̂ = 2 tan(η/2) and
τ̂ = 2 tanh(τ/2). Exactly the same renormalization of the coupling constant appeared
in the one-dimensional [67] and three-dimensional [49] cases. The renormalization of
the coupling constant for a general one-dimensional relativistic point interaction was
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investigated in [43] and later in [69], where exactly the same formulae for renormal-
ization as in Theorem 2.6 were discovered. In Theorem 2.6, the relations (2.15), (2.16),
and (2.17) between η, τ, λ and η̂, τ̂ , λ̂ descend from the necessity to satisfy condition
(8.4), instrumental in the proof.

Remark 2.9. From (2.15)–(2.17),

d̂ := η̂2 − τ̂2 − λ̂2 =


4 tan2(

√
d

2 ) if d > 0,

0 if d = 0,

−4 tanh2(
√
−d
2 ) if d < 0.

Since in all the cases d̂ > −4, Theorem 2.6 does not provide strong convergence to
a Dirac operator with a δ–shell causing confinement (see Theorem 2.3). However,
we recover the case d̂ = −4 in the limit d → −∞. This suggests that it should be
possible to get the confining cases by means of an approximation procedure in which
we choose the coefficients η = ηε, τ = τε and λ = λε dependent on the parameter ε so
that the associated parameter d̂ = d̂ε satisfies d̂ε > −4 and d̂ε → −4 uniformly in the
limit ε→ 0. Finally, the fact that d̂ > −4 is not a limitation, since if η̂, τ̂ , λ̂ ∈ C∞(Σ;R)

are such that d̂ < −4, Dη̂,τ̂ ,λ̂ is unitarily equivalent to Dη̃,τ̃ ,λ̃, for η̃, τ̃ , λ̃ ∈ C∞(Σ;R)

such that d̃ := η̃2 − τ̃2 − λ̃2 > −4, see Section 4.2.

As a consequence of Theorem 2.6, we get immediately the second result of this
section.

Corollary 2.10. Let η̂, τ̂ , λ̂ ∈ C∞(Σ;R) be such that, everywhere on Σ, d̂ := η̂2− τ̂2− λ̂2 >

−4 and C(η̂, τ̂ , λ̂) 6= 0. Let η, τ, λ ∈ C∞(Σ;R) be defined as follows:

• if d̂ > 0, then

(η, τ, λ) =
arctan

√
d̂/2 + kπ√
d̂/2

(η̂, τ̂ , λ̂), for k ∈ Z;

• if d̂ = 0 and η̂, τ̂ , λ̂ are constant, then

(η, τ, λ) = (η̂, τ̂ , λ̂).

In particular, if η̂ = τ̂ = λ̂ = 0, then (η, τ, λ) = (η̂, τ̂ , λ̂) or η, τ, λ ∈ R are such that
η2 − τ2 − λ2 = (2kπ)2, for k ∈ N;

• if −4 < d̂ < 0, then

(η, τ, λ) =
arctanh

√
−d̂/2√

−d̂/2
(η̂, τ̂ , λ̂).

Then
Eη,τ,λ;ε −−→

ε→0
Dη̂,τ̂ ,λ̂ in the strong resolvent sense.
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The proof of Corollary 2.10 is also given in Section 8.

Remark 2.11. In the case that d̂ ≥ 0 the correspondence (η̂, τ̂ , λ̂) 7→ (η, τ, λ) is not
one-to-one. One can choose the coupling constants in the approximating potentials
arbitrarily large and still ends up with the same limit operator. From the physical
perspective, we suppose that this surprising behaviour is possible due to the Klein
effect (also called the Klein paradox). Usually, the Klein effect is related to the scatter-
ing on the electrostatic barrier when, speaking vaguely, the transmission coefficient
does not depend on the height of the barrier monotonously, see [31] for an overview.
Clearly, this effect occurs for the pure electrostatic interaction, for which d̂ > 0. On
the other hand, one can push d̂ below zero, and thus eliminate the Klein effect, by
switching sufficiently strong Lorentz scalar/magnetic fields on.

We conclude the presentation of our results underlining that, in the case that η̂ =

τ̂ = 0 and λ̂ ∈ R \ {±2}, it is possible to give a simple direct proof of Corollary 2.10,
constructing an alternative sequence of approximations without making use of “par-
allel coordinates”, see Section 8.1.

3. PRELIMINARIES

In order to prove our results we need to introduce a number of mathematical ob-
jects and related results. First, we discuss in Subsections 3.1 and 3.2 planar curves
and their tubular neighborhoods. Then in Subsection 3.3 we provide some identities
related to Pauli matrices. Further, we give in Subsection 3.4 basic ideas on the Sobolev
spaces and pseudo-differential operators on Σ. Then we recall in Subsection 3.5 the
concept of the trace operator. After that we outline in Subsection 3.6 the approach of
boundary triples to the extensions theory of symmetric operators. Finally, we recall
some properties of the free Dirac operator in Subsection 3.7 and define several asso-
ciated auxiliary integral operators on Σ in Subsection 3.8. In this preliminary section
we partially follow the presentation in [14], that gives the theoretical background and
the technical instruments for our analysis. We refer to it and to the references therein
for the proofs of the results in this section and for further details.

3.1. Tangent, normal and curvature of Σ. We gather here some elementary facts on
curves, in order to fix the notations. Details can be found, e.g. in [1].

We recall that Ω ⊂ R2 is a bounded open simply connected set with C∞ boundary
Σ := ∂Ω. Set ` := |Σ| and let γ : R

/
`Z→ Σ ⊂ R2 be a smooth arc-length parametriza-

tion of Σ with positive orientation. Let

tγ : R/`Z→ R2, tγ(s) = γ̇(s), (3.1)

nγ : R/`Z→ R2, nγ(s) = (γ̇2(s),−γ̇1(s)), (3.2)

where the dot stands for the derivative with respect to the arc-length s. Clearly,
{nγ(s), tγ(s)} is a positively oriented basis of R2 for any s ∈ R/`Z. Moreover, by
the Frenet-Serret formulas, there exists function κγ , called the signed curvature, such
that

ṫγ = −κγnγ , ṅγ = κγtγ . (3.3)
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Therefore, we have
|κγ(s)| = ‖ṫγ(s)‖ = ‖γ̈(s)‖. (3.4)

We set t := tγ ◦γ−1,n := nγ ◦γ−1 : Σ→ R2, and κ := κγ ◦γ−1 : Σ→ R. The functions
t,n, κ are independent of the particular choice of the positively oriented arc-length
parametrization γ: n is the unit normal vector field along Σ which points outwards
of Ω+, t is the unit tangent vector field along Σ, counter-clockwise oriented, and κ is
the signed curvature of Σ. We remark that we choose the definition of the curvature
κ so that it is non-negative for convex domains Ω.

3.2. Tubular neighborhoods of Σ. Below we recall some elementary properties of
tubular neighborhoods of planar curves. Details can be found in [34, Chapter 1],[46,
7], see also [1, Sections 1.6 and 2.2]. For β > 0,

Σβ := {x ∈ R2 | dist(x,Σ) < β}

is the tubular neighborhood of Σ of width β. Let us introduce the following mapping

Lγ : R/`Z× (−β, β)→ R2, Lγ(s, p) = γ(s) + pnγ(s).

The following theorem shows that, for all β small enough, the map Lγ is a smooth
parametrization of Σβ .

Theorem 3.1 ([1, Theorem 2.2.5]). There exists β0 ∈ (0, (max |κγ |)−1) such that, for all
β ∈ (0, β0), Lγ is a bijection of R/`Z× (−β, β) onto Σβ .

In the following we will always assume that 0 < β < β0, for β0 > 0 given by
Theorem 3.1. Thanks to the second formula in (3.3), we get

∇Lγ(s, p) =
(
∂sLγ(s, p) ∂pLγ(s, p)

)
=
(
(1 + pκγ(s))tγ(s) nγ(s)

)
, (3.5)

where ∂sLγ , ∂pLΓ, tγ , and nγ should be understood as column vectors. Thanks to
(3.2), we obtain

det(∇Lγ)(s, p) = det

(
(1 + pκγ(s))t1(γ(s)) +t2(γ(s))
(1 + pκγ(s))t2(γ(s)) −t1(γ(s))

)
= −(1 + pκγ(s)). (3.6)

We remark that det(∇Lγ)(s, p) < 0 for all (s, p) ∈ R/`Z× (−β, β), since |pκγ(s)| <
ββ−1

0 < 1. Thus, we have∫
Σβ

f(x) dx =

∫ `

0

∫ β

−β
f(γ(s) + pnγ(s))(1 + pκγ(s)) dpds, for all f ∈ L1(Σβ). (3.7)

Next, we define

Pγ := (L −1
γ )1 : Σβ → R/`Z, Pγ(γ(s) + pnγ(s)) = s, (3.8)

P⊥ := (L −1
γ )2 : Σβ → (−β, β), P⊥(γ(s) + pnγ(s)) = p, (3.9)

Thanks to (3.5), (3.6), and the inverse function theorem, we have that for all x =
γ(s) + pnγ(s) ∈ Σβ

∇Pγ(x) =
1

1 + pκγ(s)
tγ(s), ∇P⊥(x) = nγ(s). (3.10)
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Finally, it is also convenient to define

L : Σ× (−β, β)→ R2, L (xΣ, p) = Lγ(γ−1(xΣ), p) = xΣ + pn(xΣ) ∈ Σβ,

which is bijection of Σ× (−β, β) onto Σβ , by Theorem 3.1; and

PΣ := L −1
1 : Σβ → Σ, PΣ(xΣ + pn(xΣ)) = xΣ. (3.11)

3.3. Pauli matrices. By an explicit calculation, one can verify that

σ2
3 = (σ · n)2 = (σ · t)2 = I2, (3.12)

i(σ · n)σ3 = σ · t, (3.13)

(σ · n)(σ · t) = iσ3, (3.14)

where in (3.13) and (3.14) we have used the fact that (t1, t2) = (−n2, n1).

3.4. Sobolev spaces and pseudo-differential calculus on Σ. We denote by T the
torus T := R/Z; the space of the periodic smooth functions on the torus T and the
space of periodic distributions on the torus T will be denoted by D(T) = C∞(T) and
D(T)′, respectively. For f ∈ D(T)′, we define its Fourier coefficients using the duality
pairing 〈·, ·〉D(T)′,D(T) as follows:

f̂(n) := 〈f, e−n〉D(T)′,D(T), en : t ∈ T 7→ ei2πnt.

For s ∈ R, the Sobolev space of order s on T is defined as

Hs(T) :=
{
f ∈ D(T)′

∣∣∣ +∞∑
n=−∞

(1 + |n|)2s|f̂(n)|2 < +∞
}
.

A linear operator H on C∞(T) is a periodic pseudo-differential operator on T if there
exists h : T× Z→ C such that:

(i) for all n ∈ Z, h(·, n) ∈ C∞(T),

(ii) H acts as Hf =
∑

n∈Z h(·, n)f̂(n)en,

(iii) there exists α ∈ R such that for all p, q ∈ N0 there exists cp,q > 0 such that there
holds ∣∣∣( dp

dtp
(ωqh)

)
(t, n)

∣∣∣ ≤ cp,q(1 + |n|)α−q, (3.15)

where the operator ω is defined for all (t, n) ∈ T × Z by (ωh)(t, n) := h(t, n +
1)− h(t, n).

The number α is called the order of the pseudo-differential operator H . The set of all
pseudo-differential operators of order α on T is denoted Ψα, and we define

Ψ−∞ :=
⋂
α∈R

Ψα.
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Recall that ` = |Σ| and that γ : R
/
`Z → Σ is a smooth arc-length parametrization

of Σ. We define the map U∗ : D(T)→ D(Σ) as

(U∗g)(x) := `−1g(`−1γ−1(x)), x ∈ Σ,

where we have set D(Σ) := C∞(Σ), and the map U : D(Σ)′ → D(T)′ as

〈Uf, g〉D(T)′,D(T) := 〈f, U∗g〉D(Σ)′,D(Σ). (3.16)

The Sobolev space of order s ∈ R on Σ is defined as

Hs(Σ) := {f ∈ D(Σ)′ | Uf ∈ Hs(T)}.

For all s ≥ 0, H−s(Σ) = (Hs(Σ))′ and the duality pairing 〈φ, ψ〉H−s,Hs is defined for
all φ ∈ H−s(Σ), ψ ∈ Hs(Σ).

A linear operator H on C∞(Σ) is a periodic pseudo-differential operator on Σ of
order α ∈ R if the operator H0 := UHU−1 ∈ Ψα. The set of pseudo-differential
operators on Σ of order α is denoted Ψα

Σ and we set

Ψ−∞Σ :=
⋂
α∈R

Ψα
Σ.

In the next proposition we gather some useful properties of the pseudo-differential
operators on Σ (for proofs see [64, Sections 5.8 & 5.9]).

Proposition 3.2. Let α, β ∈ R and A ∈ Ψα
Σ, B ∈ Ψβ

Σ.

(i) For all s ∈ R, A extends uniquely to a bounded linear operator, denoted by the same
letter, from Hs(Σ) to Hs−α(Σ).

(ii) There holds

A+B ∈ Ψ
max(α,β)
Σ , AB ∈ Ψα+β

Σ , [A,B] ∈ Ψα+β−1
Σ .

3.4.1. The operator Λα. We describe an example of pseudo-differential operator that is
useful for our purposes. For α ∈ R, consider the operator Λα on C∞(Σ)

Λα := U−1LαU, with Lαu(x) =
∑
n∈Z

(1 + |n|)
α

2 û(n)en(t), u ∈ D(T). (3.17)

Thanks to (3.15) and (3.17), one can show that Λα ∈ Ψ
α

2

Σ . Due to Proposition 3.2 (i),
Λα extends uniquely to a bounded linear operator from Hs(Σ) to Hs−α

2 (Σ), for any
s ∈ R; and such extension is in fact an isomorphism, by the definition of Hs(Σ). Of
course, Λα can also be seen as an unbounded operator on Hs(Σ), for all s ∈ R.

In particular, the operator Λ := Λ1 is used repeatedly in the paper, and its action
on vector valued functions is understood component-wise. It is useful to remark that
for all φ, ψ ∈ L2(Σ) we have Λφ ∈ H−

1

2 (Σ),Λ−1ψ ∈ H
1

2 (Σ), and

〈Λφ,Λ−1ψ〉H−1/2,H1/2 = 〈φ, ψ〉L2 . (3.18)
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3.5. Trace operators. For any open set U ⊂ R2, recall the definition of H(σ, U) in
(2.1). Thanks to [16, Lemma 2.2], H(σ, U) ⊂ L2(U ;C2) ∩ H1

loc(U) and it is a Hilbert
space, endowed with the norm

‖f‖2H(σ,U) = ‖f‖2L2(U ;C2) + ‖−iσ · ∇f‖2L2(U ;C2).

We recall that Ω ⊂ R2 is a bounded open simply connected set with C∞ boundary
Σ := ∂Ω, and R2 = Ω+ ∪ Σ ∪ Ω−, where Ω+ := Ω and Ω− := R2 \ Ω+. Thanks to
[16, Lemma 2.3, Lemma 2.4] (see also [3, Lemma 15, Lemma 18]), the Dirichlet trace
operators

TD±,0 : H1(Ω±;C2)→ H
1

2 (Σ;C2)

extend uniquely to the bounded linear operators

TD± : H(σ,Ω±)→ H−
1

2 (Σ;C2).

and the following holds:

Proposition 3.3. For f ∈ H(σ,Ω±), TD±f ∈ H
1

2 (Σ;C2) if and only if f ∈ H1(Ω±;C2).

3.6. Theory of the boundary triples. In this section we review the theory of the
boundary triples, referring to [14, 23, 29, 61] and to the monographs [11, 66] for de-
tails.

We start with the definition of a boundary triple for a symmetric operator.

Definition 3.4. Let A be a closed densely defined symmetric operator in a Hilbert
space H. Moreover, let G be another Hilbert space and Γ0,Γ1 : domA∗ → G be linear
maps. The triple {G,Γ0,Γ1} is a boundary triple for A∗ if and only if

(i) for all f, g ∈ domA∗ there holds

〈A∗f, g〉H − 〈f,A∗g〉H = 〈Γ1f,Γ0g〉G − 〈Γ0f,Γ1g〉G;

(ii) the map f ∈ domA∗ 7→ (Γ0f,Γ1f) ∈ G× G is surjective.

Let {G,Γ0,Γ1} be a boundary triple for the adjoint A∗ of a densely defined closed
symmetric operator A on a Hilbert space H. Then B := A∗ � ker Γ0 is self-adjoint,
and for any z ∈ ρ(B), one has the direct sum decomposition

domA∗ = domB +̇ ker(A∗ − z) = ker Γ0 +̇ ker(A∗ − z).

In particular, Γ0 � ker(A∗ − z) is bijective. We define the γ–field Gz and the Weyl
function Mz associated to the triple {G,Γ0,Γ1}:

Gz : z ∈ ρ(B) 7→
(
Γ0 � ker(A∗ − z)

)−1
: G→ H, (3.19)

Mz : z ∈ ρ(B) 7→ Γ1Gz : G→ G. (3.20)

For z ∈ ρ(B) the operators Gz and Mz are bounded, and z 7→ Gz and z 7→ Mz are
holomorphic on ρ(B). Furthermore, the adjoints of Gz and Mz are given by

G∗z = Γ1(B − z)−1 and M∗z = Mz̄.
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ForA a closed densely defined symmetric operator in a Hilbert space H, the knowl-
edge of a boundary triple for the operator A∗ allows to move the study of its self-
adjoint restrictions and their spectral properties to the (sometimes) easier setting of
the Hilbert space G. This is shown in the next proposition, for which we need to intro-
duce some notation. Let GΠ be a closed subspace of G, viewed as a Hilbert space when
endowed with the induced inner product. Denote the projection and the canonical
embedding as

Π : G→ GΠ and Π∗ : GΠ → G,

respectively. Let Θ be a linear operator in GΠ. We define the operator BΠ,Θ := A∗ �
domBΠ,Θ, where

domBΠ,Θ := {f ∈ domA∗ | (I−Π∗Π)Γ0f = 0, ΠΓ0f ∈ dom Θ, ΠΓ1f = ΘΠΓ0f}.
(3.21)

Theorem 3.5 ([14, Theorem 2.12]). The operator BΠ,Θ is (essentially) self-adjoint in H if
and only if Θ is (essentially) self-adjoint in G. Furthermore, if Θ is self-adjoint and z ∈ ρ(B),
then the following assertions hold:

(i) z ∈ σ(BΠ,Θ) if and only if 0 ∈ σ(Θ−ΠMzΠ
∗);

(ii) z ∈ σp(BΠ,Θ) if and only if 0 ∈ σp(Θ−ΠMzΠ
∗), and in that case ker(BΠ,Θ− z) =

GzΠ
∗ ker(Θ−ΠMzΠ

∗);

(iii) for all z ∈ ρ(BΠ,Θ) ∩ ρ(B) one has

(BΠ,Θ − z)−1 = (B − z)−1 +GzΠ
∗(Θ−ΠMzΠ

∗)−1ΠG∗z̄.

3.7. The free Dirac operator. Recall that the free Dirac operator D0 is defined as
follows:

D0f := D0f, dom D0 := H1(R2;C2).

For any z ∈ ρ(D0) = C \ ((−∞,−|m|] ∪ [|m|,+∞)) we have

(D0 − z)−1f(x) =

∫
R2

φz(x− y)f(y) dy, f ∈ L2(R2;C2),

where the Green function φz is given for x 6= 0 by

φz(x) :=
1

2π
K0

(√
m2 − z2|x|

)(
mσ3 + zI2

)
+ i
(
σ · x
|x|

)√m2 − z2

2π
K1

(√
m2 − z2|x|

)
,

(3.22)
the functions Kj are the modified Bessel functions of the second kind of order j and
we are taking the principal square root function, i.e. for z ∈ C \ (−∞, 0], Re

√
z > 0.

We denote S the restriction of D0 to the functions vanishing at Σ, i.e.

Sf = (−iσ · ∇+mσ3)f, domS = H1
0 (R2 \ Σ;C2). (3.23)

It is easy to see that S∗ is the maximal realization ofD0 in R2\Σ, i.e. , for f = f+⊕f− ∈
L2(R2;C2) ≡ L2(Ω+;C2)⊕ L2(Ω−;C2),

domS∗ = {f = f+ ⊕ f− ∈ L2(Ω+;C2)⊕ L2(Ω−;C2) | f± ∈ H(σ,Ω±)},
S∗f = (−iσ · ∇+mσ3)f+ ⊕ (−iσ · ∇+mσ3)f−.

(3.24)
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We finally recall some properties of the essential spectrum of any self-adjoint exten-
sion of S.

Proposition 3.6 ([14, Propositions 3.8 and 3.9]). Let A be a self-adjoint extension of S.
Then the following hold:

(i) (−∞,−|m|] ∪ [|m|,+∞) ⊂ σess(A);

(ii) if domA ⊂ Hs(R2 \ Σ;C2) for some s > 0, then the spectrum of A in (−|m|, |m|)
is purely discrete and finite.

3.8. Auxiliary integral operators. We introduce now several integral operators re-
lated to the Green function φz .

Let us denote the Dirichlet trace operator inH1(R2;C2) on Σ by TD : H1(R2;C2)→
H

1

2 (Σ;C2). It is well known that TD is bounded, surjective, and kerTD = H1
0 (R2 \

Σ;C2), see [51, Theorems 3.37 and 3.40]. For z ∈ ρ(D0) we define

Φ′z := TD(D0 − z̄)−1 : L2(R2;C2)→ H
1

2 (Σ;C2) (3.25)

and its anti-dual

Φz :=
(
TD(D0 − z)−1

)′
: H−

1

2 (Σ;C2)→ L2(R2;C2). (3.26)

The potential operator Φz is a bounded bijective operator from H−
1

2 (Σ;C2) onto
ker(S∗ − z). Moreover, for ϕ ∈ L2(Σ;C2) one has the integral representation

Φzϕ(x) =

∫
Σ
φz(x− y)ϕ(y) ds(y) for a.e. x ∈ R2 \ Σ.

We denote CΣ the Cauchy transform on Σ. To define it, we identify R2 ∼ C: writing
R2 3 x = (x1, x2) ∼ x1 + ix2 =: ξ ∈ C and R2 3 y = (y1, y2) ∼ y1 + iy2 =: ζ ∈ C. Then
we set

CΣu(ξ) :=
i

π
p.v.

∫
Σ

u(ζ)

ξ − ζ
dζ, for all u ∈ C∞(Σ), ξ ∈ Σ, (3.27)

where the complex line integral is understood as its principal value. Furthermore,
let C ′Σ be the operator which satisfies (CΣu, v)L2(Σ) = (u,C ′Σv)L2(Σ) for all u, v ∈
C∞(Σ). The periodic pseudodifferential operators CΣ, C

′
Σ belong to Ψ0

Σ and give rise
to bounded operators in Hs(Σ), for all s ∈ R. Moreover,

C ′ΣCΣ − I, CΣC
′
Σ − I, CΣ − C ′Σ ∈ Ψ−∞Σ (3.28)

(see [14, Proposition 2.9]) and C2
Σ = C ′2Σ = I (see [64, Lemma 4.2.3]).

For z ∈ ρ(D0) we define the boundary integral operator

Cz ϕ(x) := p.v.
∫

Σ
φz(x− y)ϕ(y) ds(y), for a.e. x ∈ Σ and for all ϕ ∈ C∞(Σ;C2).

(3.29)
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The pseudodifferential operator Cz belongs to Ψ0
Σ, and, in particular, it gives rise to a

bounded operator in Hs(Σ;C2), for any s ∈ R. Its realization in L2(Σ;C2) it satisfies
(Cz)

∗ = Cz̄ . Furthermore, for the tangent vector field t = (t1, t2) along Σ we denote

T = t1 + it2. (3.30)

Then one has

Cz =
1

2

(
0 CΣT

TC ′Σ 0

)
+

`

4π

(
(z +m)I 0

0 (z −m)I

)
Λ−2 + Ψ̂, (3.31)

where ` is the length of Σ and Ψ̂ ∈ Ψ−2
Σ , see [14, Proposition 3.4].

The operators Φz and Cz are related to each other by the following relation, analo-
gous in this context to the Plemelj-Sokhotskii formula (see [14, Proposition 3.5]):

TD±Φzϕ = ∓ i
2

(σ · n)ϕ+ Czϕ, for all ϕ ∈ H−
1

2 (Σ;C2).

4. UNITARY EQUIVALENCES

4.1. Reduction to ω = 0. Recall that the operator Dη,τ,λ,ω is defined as in (2.2), (2.3).
The purpose of this section is to show that, in many cases, Dη,τ,λ,ω is unitarily equiv-
alent to Dη̃,τ̃ ,λ̃,0 for certain η̃, τ̃ , λ̃ : Σ → R defined in terms of η, τ, λ, and ω. This
unitary equivalence is based on the following simple transformation. Given z ∈ C
such that |z| = 1, let

Uz : L2(R2;C2)→ L2(R2;C2), Uzϕ = χΩ+
ϕ+ zχΩ−ϕ, for all ϕ ∈ L2(R2;C2).

It is clear that (Uz)
∗ = Uz and, since zz = |z|2 = 1, that (Uz)

∗Uz = Uz(Uz)
∗ = I2.

Hence Uz is a unitary operator in L2(R2;C2). With this at hand, we can introduce the
operator

dom (Dz
η,τ,λ,ω) := Uz(dom (Dη,τ,λ,ω)),

Dz
η,τ,λ,ωf := UzDη,τ,λ,ωUzf, for all f ∈ dom (Dz

η,τ,λ,ω),

which is unitarily equivalent to Dη,τ,λ,ω by construction.

Before addressing the proof of Theorem 2.1, let us make some observations on the
values of X and z, which were introduced in (2.7) and (2.8), respectively, depending
on d and ω.

• Case d = 0: In this situation, (2.7) and (2.8) rewrite as

X =
4

4 + ω2
, z =

4 + ω2

4− ω2 + 4ωi
.

Therefore, we clearly have X ∈ R \ {0} and z ∈ C are constant. Also, to check
that |z| = 1 is straightforward.
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• Case d 6= 0 and ω = 0: In this situation, (2.7) and (2.8) rewrite as

dX2 − 4 + (4− d)X = 0, z =
dX2 + 4

X(4 + d)
.

Since the number of solutions of the first equation strongly depends on the
values of d, we must distinguish two cases. On one hand, if d 6= −4 then we
get

X =
1

2d

(
d− 4±

√
(d− 4)2 + 16d

)
=

1

2d
(d− 4± |d+ 4|)

and, thus, the solutions to (2.7) are X = 1 and X = −4/d. For X = 1 we get
z = 1, and for X = −4/d we get z = −1. On the other hand, if d = −4 then
(2.7) rewrites as (X−1)2 = 0, hence the unique solution is X = 1. In this case,
z formally corresponds to

z =
dX2 + 4

X(4 + d)
=
d+ 4

4 + d
= 1.

• Case d 6= 0 and ω 6= 0: From (2.7) we get

X =
1

2d

(
d− ω2 − 4±

√
(d− ω2 − 4)2 + 16d

)
.

A simple computation shows that

(d− ω2 − 4)2 + 16d = (d− ω2 + 4)2 + 16ω2 ≥ 16ω2 > 0

and, therefore, X can chosen as either one of the two real, nonzero, and differ-
ent solutions to (2.7). In this setting, it is clear that z ∈ C is constant because
X, ω 6= 0. Let us now show that |z| = 1. We have

|z|2 =
(dX2 + 4)2

X2
(
(4 + d− ω2)2 + 16ω2

) =
(dX2 + 4)2

X2
(
(−4 + d− ω2)2 + 16d

)
=

(dX2 + 4)2(
(d− ω2 − 4)X

)2
+ 16dX2

=
(dX2 + 4)2

(dX2 − 4)2 + 16dX2
,

where we used (2.7) in the last equality above. Therefore,

|z|2 =
(dX2 + 4)2

(dX2 − 4)2 + 16dX2
=

(dX2 + 4)2

(dX2 + 4)2
= 1,

as desired.

We have checked that we always have X ∈ R \ {0}, and z ∈ C always satisfies
|z| = 1. This shows the first statement of Theorem 2.1. The rest of the proof of
Theorem 2.1 strongly relies on the following result, which requires some notation.
We set

M±η,τ,λ,ω := ±i(σ · n) +
1

2

(
ηI2 + τσ3 + λ(σ · t) + ω(σ · n)

)
. (4.1)

Note that the boundary condition in (2.2) can be expressed as

M+
η,τ,λ,ωT

D
+f+ = −M−η,τ,λ,ωT

D
−f−.
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Lemma 4.1. Given η, τ, λ, ω ∈ R, let X and z be as in Theorem 2.1. If (d, ω) 6= (−4, 0)
then, for every x ∈ Σ, M±η,τ,λ,ω and M±Xη,Xτ,Xλ,0 are invertible matrices. Moreover,

(M+
η,τ,λ,ω)−1M−η,τ,λ,ω(M−Xη,Xτ,Xλ,0)−1M+

Xη,Xτ,Xλ,0 = z I2. (4.2)

Proof. We introduce the auxiliary matrix

M̃±η,τ,λ,ω := ∓i(σ · n) +
1

2
(ηI2 − τσ3 − λ(σ · t)− ω(σ · n)).

Thanks to (3.12), (3.13),

M±η,τ,λ,ωM̃
±
η,τ,λ,ω =

(
± i(σ · n) +

1

2
(ηI2 + τσ3 + λ(σ · t) + ω(σ · n))

)
(
∓ i(σ · n) +

1

2
(ηI2 − τσ3 − λ(σ · t)− ω(σ · n))

)
=

(
1 +

1

4
(η2 − τ2 − λ2 − ω2)∓ ωi

)
I2 =

1

4
(4 + d− ω2 ∓ 4ωi)I2.

Since (d, ω) 6= (−4, 0), we see that 4+d−ω2∓4ωi 6= 0. Therefore,M±η,τ,λ,ω is invertible
whenever (d, ω) 6= (−4, 0), and its inverse is given by

(M±η,τ,λ,ω)−1 =
4

4 + d− ω2 ∓ 4ωi
M̃±η,τ,λ,ω

=
4

4 + d− ω2 ∓ 4ωi

(
∓ i(σ · n) +

1

2
(ηI2 − τσ3 − λ(σ · t)− ω(σ · n))

)
.

A similar computation can be carried out to find (M±Xη,Xτ,Xλ,0)−1. In this case, one
gets

(M±Xη,Xτ,Xλ,0)−1 =
4

4 + dX2

(
∓ i(σ · n) +

X

2
(ηI2 − τσ3 − λ(σ · t))

)
. (4.3)

Using (2.7) together with the assumption that (d, ω) 6= (−4, 0) and the fact thatX 6= 0,
we have

(dX2 + 4)2 = (dX2 − 4)2 + 16dX2 =
(
(d− ω2 − 4)X

)2
+ 16dX2

= X2
(
(d− ω2 − 4)2 + 16d

)
= X2

(
(d− ω2 + 4)2 + 16ω2

)
> 0.

Hence the right hand side of (4.3) is well defined. This shows that M±Xη,Xτ,Xλ,0 is
invertible whenever (d, ω) 6= (−4, 0).

Let us address the proof of (4.2). The first step is to compute (M±η,τ,λ,ω)−1M∓η,τ,λ,ω.
We have

(M±η,τ,λ,ω)−1M∓η,τ,λ,ω

=
4

4 + d− ω2 ∓ 4ωi

(
∓ i(σ · n) +

1

2
(ηI2 − τσ3 − λ(σ · t)− ω(σ · n))

)
(
∓ i(σ · n) +

1

2
(ηI2 + τσ3 + λ(σ · t) + ω(σ · n))

)
=

4

4 + d− ω2 ∓ 4ωi

(
−4 + d− ω2

4
I2 ± (λσ3 − ηi(σ · n)− τ(σ · t))

)
,
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and, similarly,

(M±Xη,Xτ,Xλ,0)−1M∓Xη,Xτ,Xλ,0

=
4

4 + dX2

(
−4 + dX2

4
I2 ±X(λσ3 − ηi(σ · n)− τ(σ · t))

)
.

From these calculations, we obtain

(M+
η,τ,λ,ω)−1M−η,τ,λ,ω(M−Xη,Xτ,Xλ,0)−1M+

Xη,Xτ,Xλ,0

=
4

4 + d− ω2 − 4ωi

(
−4 + d− ω2

4
I2 + λσ3 − ηi(σ · n)− τ(σ · t)

)
4

4 + dX2

(
−4 + dX2

4
I2 −Xλσ3 +Xηi(σ · n) +Xτ(σ · t)

)
.

(4.4)

Given a, ã ∈ R, a computation shows that(
aI2 + λσ3 − ηi(σ · n)− τ(σ · t)

)(
ãI2 −Xλσ3 +Xηi(σ · n) +Xτ(σ · t)

)
= (aã+ dX)I2 + (ã− aX)

(
λσ3 − ηi(σ · n)− τ(σ · t)

)
.

(4.5)

By taking a = −4+d−ω2

4 and ã = −4+dX2

4 , and using (2.7), we see that

aã+ dX =
(−4 + d− ω2)X(−4 + dX2)

16X
+ dX =

(dX2 − 4)2

16X
+ dX =

(dX2 + 4)2

16X
(4.6)

and

ã− aX =
1

4

(
dX2 − 4 + (4− d+ ω2)X

)
= 0. (4.7)

Plugging (4.6) and (4.7) in (4.5), and combining then with (4.4), we conclude that

(M+
η,τ,λ,ω)−1M−η,τ,λ,ω(M−Xη,Xτ,Xλ,0)−1M+

Xη,Xτ,Xλ,0

=
4

4 + d− ω2 − 4ωi

4

4 + dX2

(dX2 + 4)2

16X
I2

=
dX2 + 4

X(4 + d− ω2 − 4ωi)
I2 = zI2,

where we used (2.8) in the last equality above. Therefore, (4.2) holds and the lemma
follows. �

Proof of Theorem 2.1. We have already shown that X ∈ R \ {0} and z ∈ C satisfies
|z| = 1, see the comments above. It only remains to prove that

Dz
η,τ,λ,ω = DXη,Xτ,Xλ,0. (4.8)

Once this is shown we would get that Dη,τ,λ,ω and DXη,Xτ,Xλ,0 are unitarily equiva-
lent through the unitary operator Uz , because Dz

η,τ,λ,ω = UzDη,τ,λ,ωUz by definition.
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Note that (4.8) is obvious if (d, ω) = (−4, 0) because thenX = 1, z = 1, and Uz = I2.
From now on we assume that (d, ω) 6= (−4, 0). Then, Lemma 4.1 yields

(M−η,τ,λ,ω)−1M+
η,τ,λ,ω = z(M−Xη,Xτ,Xλ,0)−1M+

Xη,Xτ,Xλ,0. (4.9)

Recalling now (2.2) and (4.1), we have

dom (Dη,τ,λ,ω) =
{
f = f+ ⊕ f− ∈ H(σ,Ω+)⊕H(σ,Ω−) |

M+
η,τ,λ,ωT

D
+f+ = −M−η,τ,λ,ωT

D
−f−

}
.

Therefore, using (4.9) and that zz = |z|2 = 1, we deduce that

dom (Dz
η,τ,λ,ω) = Uz(dom (Dη,τ,λ,ω))

=
{
Uzf = f+ ⊕ zf− ∈ H(σ,Ω+)⊕H(σ,Ω−) |

M+
η,τ,λ,ωT

D
+f+ = −M−η,τ,λ,ωT

D
−f−

}
=
{
Uzf = f+ ⊕ zf− ∈ H(σ,Ω+)⊕H(σ,Ω−) |

(M−η,τ,λ,ω)−1M+
η,τ,λ,ωT

D
+f+ = −TD−f−

}
=
{
Uzf = f+ ⊕ zf− ∈ H(σ,Ω+)⊕H(σ,Ω−) |

z(M−Xη,Xτ,Xλ,0)−1M+
Xη,Xτ,Xλ,0T

D
+f+ = −TD−f−

}
=
{
Uzf = f+ ⊕ zf− ∈ H(σ,Ω+)⊕H(σ,Ω−) |

M+
Xη,Xτ,Xλ,0T

D
+f+ = −M−Xη,Xτ,Xλ,0T

D
− (zf−)

}
=
{
g = g+ ⊕ g− ∈ H(σ,Ω+)⊕H(σ,Ω−) |

M+
Xη,Xτ,Xλ,0T

D
+g+ = −M−Xη,Xτ,Xλ,0T

D
−g−

}
= dom (DXη,Xτ,Xλ,0).

Now, let f ∈ dom (Dz
η,τ,λ,ω) = dom (DXη,Xτ,Xλ,0). Then f = Uzϕ for some ϕ ∈

dom (Dη,τ,λ,ω). Recall that, although η, τ , and λmay be non-constant, we assume that
d and ω are constant along Σ, which implies that z is also constant in Ω−. This yields
zD0ϕ− = D0(zϕ−) in Ω−. Hence,

Dz
η,τ,λ,ωf = UzDη,τ,λ,ωUzf = UzDη,τ,λ,ωUzUzϕ = UzDη,τ,λ,ωϕ

= Uz(D0ϕ+ ⊕ D0ϕ−) = D0ϕ+ ⊕ zD0ϕ− = D0ϕ+ ⊕ D0(zϕ−)

= D0(Uzϕ)+ ⊕ D0(Uzϕ)− = D0f+ ⊕ D0f− = DXη,Xτ,Xλ,0f.

(4.10)

That is, Dz
η,τ,λ,ωf = DXη,Xτ,Xλ,0f for all f ∈ dom (Dz

η,τ,λ,ω) = dom (DXη,Xτ,Xλ,0).
Therefore, (4.8) holds and Theorem 2.1 follows. �

4.2. Spectral relations. From the proof of Theorem 2.1 we realize that, if ω = 0,
we can also allow d to be variable in Σ in the conclusion of Theorem 2.1, as long as
d(x) /∈ {0,−4} for all x ∈ Σ. This is because (4.10) holds whenever z is constant in Ω−,
and for ω = 0 and d 6= 0,−4 we can always take z = −1, as we explained below the
statement of Theorem 2.1. Thus, we can take X = −4/d, which yields the isospectral
transformation of parameters

(η, τ, λ) 7→ (Xη,Xτ,Xλ) = −4

d
(η, τ, λ)
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for all η, τ, λ ∈ C∞(Σ;R) such that η2(x)−τ2(x)−λ2(x) = d(x) /∈ {0,−4} for all x ∈ Σ,
with no more restrictions on d in Σ. We underline that this correspondence maps the
set {(η, τ, λ) ∈ R3 | η2 − τ2 − λ2 < −4} onto {(η, τ, λ) ∈ R3 | −4 < η2 − τ2 − λ2 < 0}
and {(η, τ, λ) ∈ R3 | η2 − τ2 − λ2 > 0} onto itself.

Next, we apply the observation above on Dη,τ,λ,0 = Dη,τ,λ with constant param-
eters. Moreover, we investigate the spectral relation between Dη,τ,λ and its charge
conjugation.

Proposition 4.2. Let η, τ, λ ∈ R, and Dη,τ,λ be defined as in (2.4), (2.5). The following
hold:

(i) if d 6= 0, then z ∈ σp(Dη,τ,λ) if and only if z ∈ σp(D−4η/d,−4τ/d,−4λ/d).

(ii) z ∈ σp(Dη,τ,λ) if and only if −z ∈ σp(D−η,τ,−λ).

Remark 4.3. The previous proposition reduces to known results if λ = 0. In the three-
dimensional setting, the equivalent of Proposition 4.2 was observed for the first time
in [5, Theorem 3.3 and Theorem 3.6] for the purely electric interaction and in [41,
Theorem 2.3] for the Lorentz scalar interaction. For the proof of (ii) we adapt the
strategy of the proof of [14, Proposition 4.2 (iii)]; the proof of (i) descends from the
previous arguments, or can be obtained adapting the proof of [14, Proposition 4.2 (i)].

Proof. (i) The case d = −4 is obvious. The case d 6= −4 follows from Theorem 2.1
with ω = 0 simply noting that one can take X = −4/d and z = −1.

(ii). Let C be the antilinear charge conjugation operator

C : L2(R2;C2)→ L2(R2;C2), Cf = σ1f, f ∈ L2(R2;C2).

The operator C is an involution, i.e.C2f = f for all f ∈ L2(R2;C2). The result follows
if we show that

CDη,τ,λ = −D−η,τ,−λC. (4.11)

Taking the complex conjugate of the condition in the definition of dom Dη,τ,λ, we see
that f ∈ domDη,τ,λ if and only if

−i(σ · n)(TD−f− − TD+f+) = 1
2(ηI2 + τσ3 + λ(σ · t))(TD−f− + TD+f+),

where we denoted σ := (σ1, σ2) and σj is the matrix that has the conjugate entries of
the matrix σj , j = 1, 2. Since σ = (σ1,−σ2), multiplying the last equation by σ1 we
get

i(σ · n)(TD− (σ1f−)− TD+ (σ1f+)) = 1
2(−ηI2 + τσ3 − λ(σ · t))(TD− (σ1f−) + TD+ (σ1f+)),

i.e.Cf ∈ domD−η,τ,−λ. We have showed that dom (CDη,τ,λ) = dom (D−η,τ,−λC).
With an explicit computation one sees that (−iσ ·∇+mσ3)Cf = −C(−iσ ·∇+mσ3)f .
Thus, we get (4.11). �

We finally mention that the three-dimensional analogue of Dη,0,0,ω was investi-
gated in [47], where the same transformation of the coefficients (η, ω) → (η̃, 0) by
means of X and z was discovered. Since here we also admit τ, λ 6= 0, and, with a
restriction, also non-constant coefficients, Theorem 2.1 can be understood as a gener-
alization of [47] to the two-dimensional scenario for more general δ-shell interactions.
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5. CONFINEMENT

In the following lemma we describe the properties of confinement and transmis-
sion induced by the boundary condition in (2.4).

Lemma 5.1. Let η, τ, λ ∈ C∞(Σ;R) and let Dη,τ,λ be defined as in (2.4), (2.5). Then the
following hold:

(i) if d 6= −4 everywhere on Σ, there exists an invertible matrix function Rη,τ,λ (explic-
itly defined in (5.6) below) such that every f = f+ ⊕ f− ∈ H(σ,Ω+) ⊕ H(σ,Ω−)
belongs to dom Dη,τ,λ if and only if

TD+f+ = Rη,τ,λT
D
−f−; (5.1)

(ii) if d = −4 everywhere on Σ, every f = f+ ⊕ f− ∈ H(σ,Ω+)⊕H(σ,Ω−) belongs to
dom Dη,τ,λ if and only if[

i(σ · n)± 1
2(ηI2 + τσ3 + λ (σ · t))

]
TD±f± = 0. (5.2)

Proof. Let f = f+ ⊕ f− ∈ H(σ,Ω+)⊕H(σ,Ω−). From (2.4), f ∈ dom Dη,τ,λ if and only
if (

i(σ · n) +
1

2
(ηI2 + τσ3 + λ (σ · t))

)
TD+f+

=

(
i(σ · n)− 1

2
(ηI2 + τσ3 + λ (σ · t))

)
TD−f−.

(5.3)

Thanks to (3.12), this is equivalent to

(I2 +M)TD+f+ = (I2 −M)TD−f−, (5.4)

with
M := − i

2
(σ · n)(ηI2 + τσ3 + λ (σ · t)).

Due to (3.12), (3.13), and (3.14), we have

M = −η
2
i(σ · n)− τ

2
σ · t +

λ

2
σ3,

M2 = −d
4
I2, (I2 +M)(I2 −M) =

4 + d

4
I2. (5.5)

When d 6= −4 the matrix I2 +M is invertible, by (5.5), and we get (i) by setting

Rη,τ,λ :=(I2 +M)−1(I2 −M) =
4

4 + d
(I2 −M)2 =

4

4 + d

(
4− d

4
I2 − 2M

)
=

4

4 + d

(
4− d

4
I2 + iη(σ · n) + τ(σ · t)− λσ3

)
.

(5.6)

If d = −4 then M2 = I2. Multiplying (5.4) by I2 ±M we get

0 = (I2 ±M)2TD±f± = 2(I2 ±M)TD±f±.

Multiplying the previous equation by i
2(σ · n) and using (3.12) we arrive at (5.2).

Viceversa, (5.2) implies (5.3) trivially. �
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If d = η2 − τ2 − λ2 6= −4 everywhere on Σ, Lemma 5.1 (i) states that the values of
f+ and f− along Σ are related via the matrixRη,τ,λ: the presence of the δ-shell implies
a transmission condition for the functions in the domain of Dη,τ,λ across the surface
Σ.

If d = η2 − τ2 − λ2 = −4 everywhere on Σ, Lemma 5.1 (ii) implies Theorem 2.3.

6. THE NON-CRITICAL CASE

In this section we prove Theorem 2.2 stated in Section 2. The operator Dη,τ,λ is
defined again as in (2.4), (2.5), where in general the condition in (2.4) is understood
in the sense of H−

1

2 (Σ). We show the self-adjointness and some further properties
of the operator Dη,τ,λ: the strategy of the proofs mainly follows [14], but we need to
modify the boundary triple that we use in order to include the magnetic interaction.

It will be convenient to introduce some extra notation. Recall the definition T :=
t1 +it2 ∈ C from (3.30), where t = (t1, t2) is the tangent vector to Σ at the point x ∈ Σ.
We define the following matrix-valued functions on Σ:

V :=

(
1 0
0 T

)
, B :=

(
η + τ λ
λ η − τ

)
. (6.1)

For all x ∈ Σ, the matrix V (x) is unitary and

ηI2 + τσ3 + λ(σ · t) = V ∗BV in Σ. (6.2)

Finally, we have detB = η2 − τ2 − λ2 = d ∈ C∞(Σ;R), cf. (2.6).

In the following proposition we adapt to our setting the boundary triple con-
structed in [14, Proposition 3.6] for the operator S∗, defined in (3.24). In the formula-
tion of the below proposition we extend the operators Λ and Cζ defined in (3.17) and
(3.29) respectively onto two-component functions applying the respective mappings
component-wise.

Proposition 6.1. Let ζ ∈ ρ(D0) and Γ0,Γ1 : domS∗ → L2(Σ;C2) be defined by

Γ0f = iΛ−1V (σ · n)
(
TD+f+ − TD−f−),

Γ1f =
1

2
ΛV
(

(TD+f+ + TD−f−)− (Cζ + Cζ̄)V
∗ΛΓ0f

)
,

(6.3)

where f = f+ ⊕ f− ∈ domS∗. Then {L2(Σ;C2),Γ0,Γ1} is a boundary triple for S∗ such
that D0 = S∗ � ker Γ0. Moreover, the corresponding γ–field is

Gz : z ∈ ρ(D0) 7→ ΦzV
∗Λ (6.4)

and the Weyl function is

Mz : z ∈ ρ(D0) 7→ ΛV
(
Cz −

1

2

(
Cζ + Cζ̄

))
V ∗Λ. (6.5)
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Proof. In [14, Proposition 3.6] it is proved that {L2(Σ;C2), Γ̃0, Γ̃1} is a boundary triple
for S∗, with

Γ̃0f = iΛ−1(σ · n)
(
TD+f+ − TD−f−),

Γ̃1f =
1

2
Λ
(

(TD+f+ + TD−f−)− (Cζ + Cζ̄)ΛΓ̃0f
)
, where f = f+ ⊕ f− ∈ domS∗.

Moreover, D0 = S∗ � ker Γ̃0 and the γ–field G̃z and the Weyl function M̃z associated
to the boundary triple {L2(Σ;C2), Γ̃0, Γ̃1} are defined by

G̃z : z ∈ ρ(D0) 7→
(
Γ̃0 � ker(A∗ − z)

)−1
= ΦzΛ,

M̃z : z ∈ ρ(D0) 7→ Γ̃1G̃z = Λ
(
Cz −

1

2

(
Cζ + Cζ̄

))
Λ.

(6.6)

We define Γ0,Γ1 as in (6.3). The key observation of our proof is that

Γ0 = Λ−1V Λ Γ̃0, Γ1 = ΛV Λ−1 Γ̃1, (6.7)

and Λ−1V Λ,ΛV Λ−1 are bounded and boundedly invertible on L2(Σ;C2), since Λ :

Hs(Σ) → Hs− 1

2 (Σ) is an isomorphism for all s ∈ R and V ∈ C∞(Σ;C2) is pointwise
unitary. Consequently, the map f ∈ domS∗ 7→ (Γ0f,Γ1f) ∈ L2(Σ;C2) × L2(Σ;C2)
is surjective, i.e. the condition (ii) in Definition 3.4 of boundary triple is fulfilled.
In order to verify the condition (i) of the definition, we observe that, for all φ, ψ ∈
domS∗,

〈Γ0φ,Γ1ψ〉L2 = 〈ΛΓ0φ,Λ
−1Γ1ψ〉H−1/2,H1/2 = 〈V Λ Γ̃0φ, V Λ−1 Γ̃1ψ〉H−1/2,H1/2 , (6.8)

due to (3.18) and (6.7). The last term in the previous equation equals

〈Λ Γ̃0φ, V
∗V Λ−1 Γ̃1ψ〉H−1/2,H1/2 = 〈Λ Γ̃0φ,Λ

−1 Γ̃1ψ〉H−1/2,H1/2 , (6.9)

because V ∗V = I2. Combining (6.8) and (6.9), and using (3.18) again, we get

〈Γ0φ,Γ1ψ〉L2 = 〈Λ Γ̃0φ,Λ
−1 Γ̃1ψ〉H−1/2,H1/2 = 〈Γ̃0φ, Γ̃1ψ〉L2 . (6.10)

This yields (i) in Definition 3.4. Therefore, we conclude that {L2(Σ;C2),Γ0,Γ1} is a
boundary triple for S∗. Since ker Γ0 = ker Γ̃0, it is true that D0 = S∗ � ker Γ0. From
(3.19), we get that, for all z ∈ ρ(D0),

Gz :=
(
Γ0 � ker(A∗ − z)

)−1
=
(
Γ̃0 � ker(A∗ − z)

)−1
Λ−1V ∗Λ = G̃zΛ

−1V ∗Λ = ΦzV
∗Λ,

i.e. (6.4). Plugging this result together with (6.7) into (3.20), we obtain

Mz := Γ1Gz = ΛV Λ−1Γ̃1G̃zΛ
−1V ∗Λ = ΛV Λ−1M̃zΛ

−1V ∗Λ

= ΛV
(
Cz −

1

2

(
Cζ + Cζ̄

))
V ∗Λ,

for all z ∈ ρ(D0). This is just (6.5). �

The following lemma is a regularity result concerning the boundary triple defined
in Proposition 6.1.
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Lemma 6.2. Let f ∈ domS∗. Then f ∈ H1(R2 \ Σ;C2) if and only if Γ0f ∈ H1(Σ;C2).

Proof. The proof is analogous to [14, Lemma 3.7], reasoning as in the proof of Propo-
sition 6.1. �

The following proposition is a modification of [14, Proposition 4.3] taking into ac-
count the magnetic δ–shell interaction.

Proposition 6.3. Let η, τ, λ ∈ C∞(Σ;R), and let B be defined as in (6.1). Let the operator
Dη,τ,λ be defined as in (2.4), (2.5). Then the following hold:

(i) Assume d(x) 6= 0 for all x ∈ Σ. Let θ ∈ Ψ1
Σ be given by

θ := −Λ

[
B−1 +

1

2
V (Cζ + Cζ̄)V

∗
]
Λ, (6.11)

and let Θ be its maximal realization, i.e.

Θϕ := θϕ, dom Θ := {ϕ ∈ L2(Σ;C2) | θϕ ∈ L2(Σ;C2)}.

Then

dom Dη,τ,λ = {f ∈ domS∗ | Γ0f ∈ dom Θ, Γ1f = ΘΓ0f}. (6.12)

(ii) Assume η, τ, λ ∈ R and η = ±
√
τ2 + λ2 6= 0. Then there exist

Π± : L2(Σ;C2)→ L2(Σ), Π∗± : L2(Σ)→ L2(Σ;C2),

such that Π∗±Π± are orthogonal projectors and, defining θ± ∈ Ψ1
Σ by

θ± := −Λ

[
1

2η
I + Π±

1

2
V (Cζ + Cζ̄)V

∗Π∗±

]
Λ,

and letting Θ± be its maximal realization, i.e.

Θ±ϕ := θ±ϕ, dom Θ± := {ϕ ∈ L2(Σ) | θ±ϕ ∈ L2(Σ)},

we have

dom Dη,τ,λ = {f ∈ domS∗ | Π±Γ0f ∈ dom Θ±, Π±Γ1f = Θ±Π±Γ0f,

(I−Π∗±Π±)Γ0f = 0}.
(6.13)

Remark 6.4. In the case that η = ±
√
τ2 + λ2 = 0, Dη,τ,λ is in fact the free Dirac operator

D0, defined in Section 3.7.

Proof. From (6.3), we see that

i(σ · n)
(
TD+f+ − TD−f−

)
= V ∗ΛΓ0f,

1

2

(
TD+f+ + TD−f−

)
= V ∗Λ−1Γ1f +

1

2
(Cζ + Cζ̄)V

∗ΛΓ0f,
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so the transmission condition in (2.4) rewrites as follows:

− V ∗ΛΓ0f = (ηI2 + τσ3 + λ(σ · t))
(
V ∗Λ−1Γ1f +

1

2
(Cζ + Cζ̄)V

∗ΛΓ0f
)
. (6.14)

Multiplying the last equation by V and then using (6.2) together with the identity
V ∗V = V V ∗ = I2, we get

BΛ−1Γ1f = −
(
I2 +

1

2
B V (Cζ + Cζ̄)V

∗
)

ΛΓ0f. (6.15)

We prove now (i). In the case that d(x) 6= 0 the matrix B = B(x) is invertible for all
x ∈ Σ. Thanks to (6.15), we obtain the representation in (6.12).

Next, we pass to the proof of (ii). Let

Ξ+,Ξ− : L2(Σ;C2)→ L2(Σ), Ξ+

(
ϕ1

ϕ2

)
:= ϕ1, Ξ−

(
ϕ1

ϕ2

)
:= ϕ2,

and U be the unitary matrix such that

B = U∗
(
η +
√
τ2 + λ2 0

0 η −
√
τ2 + λ2

)
U. (6.16)

Finally, let Π± := Ξ±U. One sees immediately that Π∗±Π± are orthogonal projectors
in L2(Σ;C2), and that Π∗±Π±(L2(Σ;C2)) ⊂ L2(Σ;C2) is isometrically isomorphic to
Π±(L2(Σ;C2)) ⊂ L2(Σ).

We give only a proof in the case that η =
√
τ2 + λ2, the other case being analogous.

From (6.15), we infer that

−ΛΓ0f =U∗
(

2η 0
0 0

)
U
(

Λ−1Γ1f +
1

2
V (Cζ + Cζ̄)V

∗ΛΓ0f
)

=2ηΠ∗+Π+

(
Λ−1Γ1f +

1

2
V (Cζ + Cζ̄)V

∗ΛΓ0f
)
.

(6.17)

We will show that this equation is equivalent to (6.13). Multiplying (6.17) by I−Π∗+Π+

we get
(I−Π∗+Π+)ΛΓ0f = 0. (6.18)

Since Π+Π∗+ = I, multiplying (6.17) by Π+ we get

Π+

[
1

2η
I +

1

2
V (Cζ + Cζ̄)V

∗
]

ΛΓ0f = −Π+Λ−1Γ1f.

Thanks to (6.18), we have[
1

2η
I + Π+

1

2
V (Cζ + Cζ̄)V

∗Π∗+

]
Π+ΛΓ0f = −Π+Λ−1Γ1f. (6.19)

Since η, τ, λ ∈ R, Λ commutes with Π+ and Π∗+. Therefore, taking bijectivity of Λ into
account, (6.18) and (6.19) yield

(I−Π∗+Π+)Γ0f = 0,

Π+Γ1f = −Λ

[
1

2η
I + Π+

1

2
V (Cζ + Cζ̄)V

∗Π∗+

]
Λ Π+Γ0f,

that is, we get the conditions in (6.13). �
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In the non-critical case, C(η, τ, λ) 6= 0 everywhere on Σ, with C(η, τ, λ) defined as
in (2.9), we can show the self-adjointness of Dη,τ,λ using Theorem 3.5 and Proposi-
tion 6.3, together with the self-adjointness of the operator Θ. The proof is an adapta-
tion of the proof of [14, Lemma 4.5] that takes the new interaction into account.

Lemma 6.5. Let η, τ, λ ∈ C∞(Σ;R) be such that C(η, τ, λ) 6= 0 for all x ∈ Σ. Then the
following hold:

(i) if d(x) 6= 0 for all x ∈ Σ, then dom Θ = H1(Σ;C2) and Θ is self-adjoint in
L2(Σ;C2),

(ii) if η, τ, λ ∈ R and η = ±
√
τ2 + λ2 6= 0, then dom Θ± = H1(Σ) and Θ± is self-

adjoint in L2(Σ).

Proof. Since the multiplication by V is bounded in L2(Σ;C2), from (3.31) we get

V (Cζ + Cζ̄)V
∗ = V

(
0 CΣT

TC ′Σ 0

)
V ∗ + Ψ̂1 =

(
0 CΣ

C ′Σ 0

)
+ Ψ̂1, (6.20)

with Ψ̂1 ∈ Ψ−1
Σ .

We start the proof of (i) by putting Θ1 := Θ � H1(Σ;C2). Since θ ∈ Ψ1
Σ, the operator

Θ1 is well defined as an operator in L2(Σ;C2). To show (i) we prove that Θ1 = Θ and
Θ1 is self-adjoint in L2(Σ;C2). Since (V (Cζ + Cζ̄)V

∗)∗ = V (Cζ̄ + Cζ)V
∗ and Λ is self-

adjoint as an operator in L2(Σ), Θ1 is symmetric. Moreover, since (Θ � C∞) ⊂ Θ1,
we have Θ1 ⊂ Θ∗1 ⊂ (Θ � C∞)∗. We conclude that Θ1 ⊂ Θ since Θ is the maximal
realization of θ, and so (Θ � C∞)∗ = Θ.

Hence, to show that Θ1 = Θ, it is now sufficient to prove that Θ ⊂ Θ1, that is to say
dom Θ ⊂ dom Θ1 = H1(Σ;C2). We fix ϕ ∈ dom Θ. Thanks to Proposition 6.3 (i) and
(6.20) we have

θϕ = −ΛPΛϕ+ Ψ̂2ϕ,

with Ψ̂2 ∈ Ψ0
Σ and

P =
1

d

(
η − τ −λ
−λ η + τ

)
+

1

2

(
0 CΣ

C ′Σ 0

)
=

1

2

(
2(η−τ)

d CΣ − 2λ
d

C ′Σ −
2λ
d

2(η+τ)
d

)
. (6.21)

We have ΛPΛϕ ∈ L2(Σ;C2) and PΛϕ ∈ H
1

2 (Σ;C2) because Λ : H
1

2 (Σ;C2) →
L2(Σ;C2) is an isomorphism. Since CΣ, C

′
Σ ∈ Ψ0

Σ, these pseudodifferential operators
give rise to bounded operators in H

1

2 (Σ;C2), and this implies that

1

2

(
2(η+τ)

d −CΣ − 2λ
d

−C ′Σ −
2λ
d

2(η−τ)
d

)
PΛϕ

=
1

d2

(
d+ 2λ2 − d2

4 CΣC
′
Σ + λd

2 (CΣ − C ′Σ) −2(η + τ)λ

−2(η − τ)λ d+ 2λ2 − d2

4 C
′
ΣCΣ + λd

2 (C ′Σ − CΣ)

)
Λϕ

belongs to H
1

2 (Σ;C2). Using (3.28), we conclude that

MΛϕ :=
1

d2

(
η2 − τ2 + λ2 − d2

4 −2(η + τ)λ

−2(η − τ)λ η2 − τ2 + λ2 − d2

4

)
Λϕ ∈ H

1

2 (Σ;C2).
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Note that

detM =
1

d4

[(
η2 − τ2 + λ2 − d2

4

)2

− 4(η2 − τ2)λ2

]
=

1

d2
C(η, τ, λ) (6.22)

and, by our hypothesis, M is invertible. Therefore, we get Λϕ ∈ H
1

2 (Σ;C2) and ϕ ∈
H1(Σ;C2), because Λ : H1(Σ;C2) → H

1

2 (Σ;C2) is an isomorphism. This completes
the proof of the case (i).

Now we pass to the proof of (ii). Arguing as in the proof of (i), let Θ±,1 := Θ± �
H1(Σ). It is true that Θ±,1 ⊂ Θ∗±,1 ⊂ Θ±, and so we conclude the proof if we show
that dom Θ± ⊂ dom Θ±,1 = H1(Σ). By Proposition 6.3 (ii) and (6.20), we have

Θ±ϕ = −Λ

[
1

2η
I +

1

2
Π±

(
0 CΣ

C ′Σ 0

)
Π∗±

]
Λϕ+ Ψ̂ϕ for all ϕ ∈ dom Θ±,

with some symmetric operator Ψ̂ ∈ Ψ0
Σ. Since Λ : H

1

2 (Σ)→ L2(Σ) is an isomorphism,
the last equation implies that[

1

2η
I +

1

2
Π±

(
0 CΣ

C ′Σ 0

)
Π∗±

]
Λϕ ∈ H

1

2 (Σ). (6.23)

For the unitary matrix U in (6.16), we may choose

U =


I2 if λ = 0,

((τ +
√
τ2 + λ2)2 + λ2)−

1

2

(
τ +
√
τ2 + λ2 λ

−λ τ +
√
τ2 + λ2

)
if λ 6= 0.

When λ = 0 our choice of U gives Π± = Ξ±, and from (6.23) we get[
1

2η
I +

1

2
Π±

(
0 CΣ

C ′Σ 0

)
Π∗±

]
Λϕ =

1

2η
Λϕ ∈ H

1

2 (Σ). (6.24)

Since Λ : H1(Σ)→ H
1

2 (Σ) is an isomorphism, we get ϕ ∈ H1(Σ). If λ 6= 0 then (6.23)
yields [

1

2η
I +

1

2
Π±

(
0 CΣ

C ′Σ 0

)
Π∗±

]
Λϕ =

[
1

2η
I± λ

4η
(CΣ + C ′Σ)

]
Λϕ ∈ H

1

2 (Σ).

Since CΣ, CΣ ∈ Ψ0
Σ, we get(

I∓ λ

2
(CΣ + C ′Σ)

)(
I± λ

2
(CΣ + C ′Σ)

)
Λϕ =

[
I− λ2

4
(CΣ + C ′Σ)2

]
Λϕ ∈ H

1

2 (Σ).

Taking (3.28) into account, we finally obtain

(I− λ2)Λϕ ∈ H
1

2 (Σ).

We conclude that Λϕ ∈ H
1

2 (Σ) since for d = 0 the condition C(η, τ, λ) 6= 0 forces
λ2 6= 1. Since Λ : H1(Σ) → H

1

2 (Σ) is an isomorphism, we get ϕ ∈ H1(Σ) also in this
case. �
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We are now ready to show the self-adjointness of Dη,τ,λ in the non-critical case.

Theorem 6.6. Let η, τ, λ ∈ C∞(Σ;R) be such that C(η, τ, λ)(x) 6= 0. Moreover, let either
d(x) 6= 0 for all x ∈ Σ, or let η, τ, λ be constant and such that d = 0. Then Dη,τ,λ, defined
by (2.4) and (2.5), is self-adjoint in L2(R2;C2) with domain dom Dη,τ,λ ⊂ H1(R2 \ Σ;C2).
Moreover, for all z ∈ ρ(Dη,τ,λ)∩ρ(D0) the operator I2 + (ηI2 + τσ3 +λ(σ · t))Cz is bounded
and boundedly invertible in H

1

2 (Σ;C2) and

(Dη,τ,λ − z)−1

= (D0 − z)−1 − Φz

(
I2 + (ηI2 + τσ3 + λ(σ · t))Cz

)−1
(ηI2 + τσ3 + λ(σ · t))Φ′z̄.

(6.25)

Proof. The proof is analogous to the proof of [14, Theorem 4.6], now when we have
set the right framework.

The self-adjointness of Dη,τ,λ follows from the self-adjointness of Θ and Θ± in
L2(Σ;C2) and L2(Σ) respectively, thanks to Theorem 3.5. Moreover, Lemma 6.2 im-
plies that dom Dη,τ,λ ⊂ H1(R2 \ Σ;C2) since, by Lemma 6.5, dom Θ = H1(Σ;C2) and
dom Θ± = H1(Σ).

We show (6.25) in the case that d(x) 6= 0 for all x ∈ Σ. By Theorem 3.5 (iii), Θ−Mz

is boundedly invertible in L2(Σ;C2), for z ∈ ρ(Dη,τ,λ) ∩ ρ(D0), and

(Dη,τ,λ − z)−1 = (D0 − z)−1 +Gz
(
Θ−Mz

)−1
G∗z̄.

From the definition of Mz (6.5), we get

Θ−Mz = −ΛV (ηI2 + τσ3 + λ(σ · t))−1(I2 + (ηI2 + τσ3 + λ(σ · t))Cz)V ∗Λ. (6.26)

The operator Θ −Mz is bijective in L2(Σ;C2) when defined on dom Θ = H1(Σ;C2),
and (I2 +(ηI2 +τσ3 +λ(σ ·t))Cz) is well defined and bounded inH

1

2 (Σ;C2). Recalling
the definition of Gz from (6.4) we get (6.25). The case d = 0 is analogous and will be
omitted. �

In the next proposition we gather some basic results on the spectrum of Dη,τ,λ.

Proposition 6.7. Let η, τ, λ ∈ C∞(Σ;R) be such that C(η, τ, λ)(x) 6= 0 everywhere on Σ.
Moreover, let either d(x) 6= 0 for all x ∈ Σ, or let η, τ, λ be constant and such that d = 0. Let
Dη,τ,λ be defined as in (2.4),(2.5). Then the following hold:

(i) We have σess(Dη,τ,λ) = (−∞,−|m|] ∪ [|m|,+∞
)
; if in particular m = 0, then

σ(Dη,τ,λ) = σess(Dη,τ,λ) = R.

(ii) If m 6= 0, then Dη,τ,λ has at most finitely many eigenvalues in
(
− |m|, |m|

)
.

(iii) Assume m 6= 0. Then z ∈ (−|m|, |m|) is a discrete eigenvalue of Dη,τ,λ if and only if
there exists ϕ ∈ H

1

2 (Σ;C2) such that
(
I + (ηI + τσ3 + λ(σ · t))Cz

)
ϕ = 0.

Proof. The proof is analogous to the proof of [14, Theorem 4.7]. Firstly, let us show
(i) and (ii). Thanks to Proposition 3.6 (i), (−∞,−|m|] ∪ [|m|,+∞

)
⊂ σess(Dη,τ,λ).
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Moreover, since dom Dη,τ,λ ⊂ H1(R2 \Σ;C2), due to Theorem 6.6, Proposition 3.6 (ii)
implies that the spectrum of Dη,τ,λ in (−|m|, |m|) is discrete and finite.

We show (iii) only in the case that d(x) 6= 0 for all x ∈ Σ, the case d = 0 being
similar. By Theorem 3.5 (i) combined with (6.26), z ∈ ρ(D0) is an eigenvalue of Dη,τ,λ

if and only if there exists ψ ∈ dom Θ = H1(Σ;C2) such that

−ΛV (ηI2 + τσ3 + λ(σ · t))−1(I2 + (ηI2 + τσ3 + λ(σ · t))Cz)V ∗Λψ = 0,

i.e. if and only if ϕ = V ∗Λψ ∈ H
1

2 (Σ;C2) satisfies

(I2 + (ηI2 + τσ3 + λ(σ · t))Cz)ϕ = 0. �

7. THE PURELY MAGNETIC CRITICAL INTERACTION

In this section we give the proof of Theorem 2.5: we consider the case λ = 2 only,
since the case λ = −2 can be treated analogously. Recall that by Theorem 2.3 the
operator D0,0,2 can be decomposed into the orthogonal sum

D0,0,2 = D+
0,0,2 ⊕D−0,0,2 =: D+ ⊕D−,

with

dom D± :=
{
f± ∈ H(σ,Ω±) | [±i(σ · n) + (σ · t))]TD±f± = 0

}
,

D±f± := D0f±, for all f± ∈ dom D±.

Using that n1 = t2, n2 = −t1 we find

i(σ · n) + (σ · t) =

(
0 0

2T 0

)
, −i(σ · n) + (σ · t) =

(
0 2T
0 0

)
.

Hence, D± have the following representations

D+f = D0f, dom D+ = {f = (f1, f2)> ∈ H(σ,Ω+) | TD+f1 = 0},

D−f = D0f, dom D− = {f = (f1, f2)> ∈ H(σ,Ω−) | TD−f2 = 0}.

Using the Cauchy-Riemann differential expressions

∂z :=
1

2
(∂1 − i∂2) and ∂z̄ :=

1

2
(∂1 + i∂2),

we can represent D± as follows

D±f =

(
m −2i∂z
−2i∂z̄ −m

)(
f1

f2

)
,

dom D+ = {f = (f1, f2)> | f1, f2, ∂zf2, ∂z̄f1 ∈ L2(Ω+),TD+f1 = 0},

dom D− = {f = (f1, f2)> | f1, f2, ∂zf2, ∂z̄f1 ∈ L2(Ω−),TD−f2 = 0}.

In view of [3, Lemma 18] (see also [14, Lemma 3.1]) the domains of D± can alterna-
tively be given by

dom D+ = {f = (f1, f2)> | f2, ∂zf2 ∈ L2(Ω+), f1 ∈ H1
0 (Ω+)},

dom D− = {f = (f1, f2)> | f1, ∂z̄f1 ∈ L2(Ω−), f2 ∈ H1
0 (Ω−)}.
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The operators D± can be viewed as bounded symmetric perturbations of the respec-
tive massless Dirac operators. Since by [65, Proposition 1] the unperturbed massless
Dirac operators are self-adjoint, we conclude that D± are self-adjoint as well.

Next, we will show the symmetry of the spectrum of D±. For ν ∈ C such that
ν2 −m2 6= 0 we introduce the matrix

Tν =

√m+ν
m−ν 0

0
√

m−ν
m+ν

 .

Clearly, Tν is invertible and T−1
ν = T−ν . Moreover, for any ν ∈ C \ {−m,m} we have

Tν(dom D±) = dom D± and

(D± + ν)T−ν = Tν(D± − ν). (7.1)

Let ν ∈ σ(D±) \ {−m,m}, then there exists a sequence (ψn)n in dom D± such that

lim
n→∞

‖(D± − ν)ψn‖
‖ψn‖

= 0.

Let φn := T−1
ν ψn = T−νψn. Then we get

‖(D± + ν)φn‖
‖φn‖

=
‖(D± + ν)T−νψn‖

‖T−νψn‖
=
‖Tν(D± − ν)ψn‖
‖T−1

ν ψn‖

≤ ‖Tν‖2
‖(D± − ν)ψn‖

‖ψn‖
→ 0, as n→∞.

Hence, we conclude that −ν ∈ σ(D±). Moreover, if ν 6= ±m is an eigenvalue of D±,
then in view of identity (7.1) −ν is also an eigenvalue of D±.

Now we perform the spectral analysis of D+. First of all, we notice the inclusion

ker(D+ +m) ⊃
{(

0
f2

) ∣∣∣∣ f2 ∈ L2(Ω+), ∂zf2 = 0

}
.

Indeed,

D+

(
0
f2

)
=

(
−2i∂zf2

−mf2

)
= −m

(
0
f2

)
.

Since the space of square-integrable anti-holomorphic functions on Ω+ is infinite-
dimensional, −m is an eigenvalue of infinite multiplicity in the spectrum of D+. In
particular, dom D+ 6⊂ Hs(Ω+;C2) for any s > 0, as otherwise the spectrum of D+

would be purely discrete, due to the compactness of embedding of the Sobolev spaces
Hs(Ω+;C2), s > 0, into L2(Ω+;C2). Thus, dom D0,0,2 6⊂ Hs(R2 \ Σ;C2) for any s > 0.

Consider the auxiliary operators

A+ψ = −2i∂z̄ψ, domA+ = H1
0 (Ω+),

A−ψ = −2i∂zψ, domA− = H1
0 (Ω−).

(7.2)
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The adjoints of A± are characterised in the spirit of [65, Proposition 1] as

A∗+ψ = −2i∂zψ, domA∗+ =
{
ψ ∈ L2(Ω+) | ∂zψ ∈ L2(Ω+)

}
,

A∗−ψ = −2i∂z̄ψ, domA∗− =
{
ψ ∈ L2(Ω−) | ∂z̄ψ ∈ L2(Ω−)

}
.

The quadratic form for (D+)2 is given by

h+[f ] := ‖D+f‖2L2(Ω+;C2), dom h+ := dom D+.

Next, we compute

h+[f ] = ‖D+f‖2L2(Ω+;C2) = ‖mf1 − 2i∂zf2‖2L2(Ω+) + ‖ −mf2 − 2i∂z̄f1‖2L2(Ω+)

= 4‖∂zf2‖2L2(Ω+) + 4‖∂z̄f1‖2L2(Ω+)

+ 4mRe
[
(f2, i∂z̄f1)L2(Ω+) − (f1, i∂zf2)L2(Ω+)

]
+m2‖f1‖2L2(Ω+) +m2‖f2‖2L2(Ω+).

Integrating by parts, we find with the aid of dom h+ = dom D+ that

Re
[
(f2, i∂z̄f1)L2(Ω+) − (f1, i∂zf2)L2(Ω+)

]
= Re

[
(i∂zf2, f1)L2(Ω+) − (f1, i∂zf2)L2(Ω+)

]
= 0.

Thus, the expression for h+ simplifies as

h+[f ] = 4‖∂zf2‖2L2(Ω+) + 4‖∂z̄f1‖2L2(Ω+) +m2‖f1‖2L2(Ω+) +m2‖f2‖2L2(Ω+)

= ‖A∗+f2‖2L2(Ω+) + ‖A+f1‖2L2(Ω+) +m2‖f1‖2L2(Ω+) +m2‖f2‖2L2(Ω+).

The domain of h+ can be written as

dom h+ =
{
f = (f1, f2)> | f1 ∈ domA+, f2 ∈ domA∗+

}
= domA+ ⊕ domA∗+.

Therefore, we end up with the orthogonal decomposition

(D+)2 = (A∗+A+ +m2)⊕ (A+A
∗
+ +m2),

from which we deduce, using [65, Propositions 2 and 3], that

σ((D+)2) \ {m2} =
{
m2 + µ | µ ∈ σ(−∆

Ω+

D )
}
,

where −∆
Ω+

D is the Dirichlet Laplacian on Ω+. Using the symmetry of the spectrum
shown above we obtain that

σ(D+) \ {−|m|, |m|} =
{
±
√
m2 + µ | µ ∈ σ(−∆

Ω+

D )
}
.

Hence, (iii) of Theorem 2.5 follows. Moreover, we observe that D+ � H1(Ω+;C2) is
essentially self-adjoint provided that H1

0 (Ω+) ⊕ H1(Ω+) is a core for D+. The latter
follows from the density of H1(Ω+) in domA∗+; cf. [3, Lemma 14].

Now we perform the spectral analysis of D−. As in the analysis of D+ we notice
the inclusion

ker(D− −m) ⊃
{(

f1

0

) ∣∣∣∣ f1 ∈ L2(Ω−), ∂zf1 = 0

}
.
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Indeed,

D−
(
f1

0

)
=

(
mf1

−2i∂zf1

)
= m

(
f1

0

)
.

We observe that the space of square-integrable holomorphic functions on Ω− is also
infinite-dimensional. Indeed, for an arbitrary z0 ∈ Ω+ the family of linear indepen-
dent functions {(z − z0)−k}k≥2 is square-integrable and holomorphic in Ω− Hence,
m is an eigenvalue of infinite multiplicity in the spectrum of D− and thus combining
with the fact that −m is an eigenvalue of infinite multiplicity in the spectrum of D+

shown above the claim of (ii) of Theorem 2.5 follows. Next we consider the quadratic
form

h−[f ] := ‖D−f‖2L2(Ω−;C2) dom h− := dom D−.

for (D−)2. Repeating the same type of computation as we did for D+ we get

h−[f ] := ‖D−f‖2L2(Ω−;C2) = ‖mf1 − 2i∂zf2‖2L2(Ω−) + ‖ −mf2 − 2i∂z̄f1‖2L2(Ω−)

= 4‖∂zf2‖2L2(Ω−) + 4‖∂z̄f1‖2L2(Ω−) +m2‖f1‖2L2(Ω−) +m2‖f2‖2L2(Ω−)

= ‖A−f2‖2L2(Ω−) + ‖A∗−f1‖2L2(Ω−) +m2‖f1‖2L2(Ω−) +m2‖f2‖2L2(Ω−).

The domain of h− can be written as

dom h− = domA∗− ⊕ domA−.

Hence, we have the orthogonal decomposition

(D−)2 = (A−A
∗
− +m2)⊕ (A∗−A− +m2),

which implies in view of [65, Propositions 2 and 3] that

σ((D−)2) \ {m2} =
{
m2 + µ | µ ∈ σ(−∆

Ω−
D ) \ {0}

}
,

where −∆
Ω−
D is the Dirichlet Laplacian on Ω−. Taking that σ(−∆

Ω−
D ) = [0,∞) into

account we get σ((D−)2) = [m2,+∞). In view of the symmetry of the spectrum of
D− shown above we necessarily get that σ(D−) = (−∞,−|m|] ∪ [|m|,+∞). Hence,
(i) of Theorem 2.5 is shown. Essential self-adjointness of D− � H1(Ω−;C2) follows
analogously to that of D+ � H1(Ω+;C2).

Essential self-adjointness of D0,0,2 � H1(R2 \ Σ;C2) follows from essential self-
adjointness of D± � H1(Ω±;C2). Thus the proof is concluded.

Remark 7.1. The above spectral analysis of D± is reminiscent of the spectral analysis
of three-dimensional Dirac operators with zig-zag boundary conditions on general
open sets performed in [40], which has appeared while the present paper was under
preparation.

8. APPROXIMATION OF δ–SHELL INTERACTIONS BY REGULAR POTENTIALS

In this section we prove Theorem 2.6 on approximation of the Dirac operator with
δ-shell interaction by a sequence of Dirac operators with regular scaled potentials.
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Proof of Theorem 2.6. For all 0 < ε < β we define the self-adjoint operators Eη,τ,λ;ε

according to (2.14) and we define the operators Dη̂,τ̂ ,λ̂ according to (2.4), (2.5). Since

C(η̂, τ̂ , λ̂) 6= 0 everywhere on Σ, Theorem 2.2 tells us that these operators are self-
adjoint and dom Dη̂,τ̂ ,λ̂ ⊂ H1(R2 \ Σ;C2). Thanks to [63, Theorem VIII.26], since the
limiting operators and the limit operator are self-adjoint, the family {Eη,τ,λ;ε}ε∈(0,β)

converges in the strong resolvent sense to Dη̂,τ̂ ,λ̂ as ε→ 0 if and only if it converges in
the strong graph limit sense. The latter means that, for all ψ ∈ dom Dη̂,τ̂ ,λ̂, there exists
a family of vectors {ψε}ε∈(0,β) ⊂ dom Eη,τ,λ;ε = H1(R2;C2) such that

lim
ε→0

ψε = ψ and lim
ε→0

Eη,τ,λ;εψε = Dη̂,τ̂ ,λ̂ψ in L2(R2;C2). (8.1)

Without loss of generality we can assume m = 0, because, by its very definition, the
strong graph convergence (8.1) is stable with respect to bounded symmetric pertur-
bations.

Let ψ ≡ ψ+ ⊕ ψ− ∈ dom Dη̂,τ̂ ,λ̂. From (2.15) – (2.17), we observe that d̂ := η̂2 − τ̂2 −
λ̂2 > −4. Therefore, by Lemma 5.1 (i),

TD+ψ+ = Rη̂,τ̂ ,λ̂T
D
−ψ−, (8.2)

where

Rη̂,τ̂ ,λ̂(xΣ) =
4

4 + d̂

(
4− d̂

4
I2 + iη̂(σ · n) + τ̂(σ · t)− λ̂σ3

)
(xΣ). (8.3)

Clearly, Rη̂,τ̂ ,λ̂ ∈ C
∞(Σ;C2×2). Moreover, by Proposition 3.3 combined with the fact

that dom Dη̂,τ̂ ,λ̂ ⊂ H
1(R2 \ Σ;C2), see Theorem 6.6, TD±ψ± ∈ H

1

2 (Σ;C2).

Recall that Eη,τ,λ;ε = D0 + Vη,τ,λ;ε, where, for all x in Σε, i.e. in the ε–tubular neigh-
borhood of Σ,

Vη,τ,λ;ε = Bη,τ,λ(xΣ)hε(p),

where Bη,τ,λ was introduced in (2.12), and Vη,τ,λ;ε = 0 everywhere else, see (2.13).
According to Lemma A.1,

exp[i(σ · n(xΣ))Bη,τ,λ(xΣ)] = Rη̂,τ̂ ,λ̂(xΣ), for all xΣ ∈ Σ, (8.4)

Since, by definition,
∫ ε
−ε hε(t) dt = 1, we can rewrite (8.2) as

exp

[
−i
(∫ 0

−ε
hε(t) dt

)
(σ · n)Bη,τ,λ

]
TD+ψ+

= exp

[
i

(∫ ε

0
hε(t) dt

)
(σ · n)Bη,τ,λ

]
TD−ψ−.

(8.5)

Let us now construct the family {ψε}ε∈(0,β). For all ε ∈ (0, β), we put

Hε : R \ {0} → R, Hε(p) :=


∫ ε
p hε(t) dt 0 < p < ε,

−
∫ p
−ε hε(t) dt −ε < p < 0,

0 |p| ≥ ε.
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Note that suppHε ⊂ (−ε, ε) and Hε ∈ L∞(R). Since ‖Hε‖L∞(R) ≤ ‖h‖L1(R), {Hε}ε is
bounded uniformly in ε. For all ε ∈ (0, β), the restrictions of Hε to R± are uniformly
continuous, so finite limits at p = 0 exist, and differentiable a.e. with derivative being
bounded, since hε ∈ L∞(R;R). Furthermore, Hε has a jump at the origin of size∫ ε
−ε hε(t) dt = 1. Next, we set

Uε : R2 \ Σ→ C2×2,

Uε(x) :=

{
exp[i(σ · n)Bη,τ,λ(PΣ(x))Hε(P⊥(x))] x ∈ Σε \ Σ,

I2 x ∈ R2 \ Σε,

(8.6)

where the mappings PΣ and P⊥ are defined as in (3.11) and (3.9), respectively. The
matrix functions Uε are bounded, uniformly in ε, and uniformly continuous in Ω±,
with a jump discontinuity across Σ: for all xΣ ∈ Σ we have

Uε(x+
Σ) := lim

y→xΣ

y∈Ω+

Uε(y) = exp

[
−i
(∫ 0

−ε
hε(t) dt

)
(σ · n(xΣ))Bη,τ,λ(xΣ)

]
(8.7)

and

Uε(x−Σ) := lim
y→xΣ

y∈Ω−

Uε(y) = exp

[
i

(∫ ε

0
hε(t) dt

)
(σ · n(xΣ))Bη,τ,λ(xΣ)

]
. (8.8)

Finally, we put
ψε = ψε,+ ⊕ ψε,− := Uεψ ∈ L2(R2;C2). (8.9)

It is immediate to see, by the dominated convergence theorem, that

ψε −−→
ε→0

ψ in L2(R2;C2) (8.10)

since ψε − ψ = (Uε − I)ψ, Uε ∈ L∞(R2;C2×2) with a uniform bound in ε ∈ (0, β),
supp(Uε − I) ⊂ Σε and |Σε| → 0 as ε→ 0.

We show now that ψε ∈ dom Eη,τ,λ;ε = H1(R2;C2) for all ε ∈ (0, β). To do so,
we verify that ψε,± ∈ H1(Ω±;C2) and that TD+ψε,+ = TD−ψε,− ∈ H

1

2 (Σ;C2). Let
γ : R

/
`Z → Σ ⊂ R2 be, as always, a smooth arc-length parametrization of Σ with

positive orientation and

A ∈ C∞(R/`Z;C2×2), A(s) := i(σ · n(γ(s)))Bη,τ,λ(γ(s)).

Thus, we may write (8.6) as

Uε(x) =

{
exp[A(Pγ(x))Hε(P⊥(x))] x ∈ Σε \ Σ,

I2 x ∈ R2 \ Σε,
(8.11)

where Pγ is defined as in (3.8). For j = 1, 2, supp ∂jUε ⊂ Σε and, thanks to the Wilcox
formula, cf. [71, eq. (4.1)], for x ∈ Σε \ Σ we have

∂jUε(x) =

∫ 1

0

[
ezA(Pγ(x))Hε(P⊥(x))∂j

[
A(Pγ(x))Hε(P⊥(x))

]
e(1−z)A(Pγ(x))Hε(P⊥(x))

]
dz.
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Recall that we have set s = Pγ(x) and p = P⊥(x). Using (3.10), we obtain

∂j
[
A(Pγ(x))Hε(P⊥(x))

]
= ∂sA(s)

(tγ(s))j
1 + pκγ(s)

Hε(p)−A(s)hε(p)(nγ(s))j .

Therefore, we arrive at

∂jUε(x) =−A(s)hε(p)(nγ(s))jUε(x)

+Hε(p)

∫ 1

0
ezA(s)Hε(p)∂sA(s)

(tγ(s))j
1 + pκγ(s)

· e(1−z)A(s)Hε(p) dz

=− i(σ · n(x))Vη,τ,λ;ε(x)(nγ(s))jUε(x) +Rj;ε(x),

(8.12)

where

Rj;ε(x) := Hε(p)

∫ 1

0
ezA(s)Hε(p)∂sA(s)

(tγ(s))j
1 + pκγ(s)

· e(1−z)A(s)Hε(p) dz.

The matrix-valued functionsRj;ε are bounded, uniformly in ε ∈ (0, β), and suppRj;ε ⊂
Σε. We observe that

Uε, ∂1Uε, ∂2Uε ∈ L∞(Ω±;C2×2). (8.13)

Since ψ± ∈ H1(Ω±;C2), we conclude that ψε,± = Uεψ± ∈ H1(Ω±;C2).

Thanks to Proposition 3.3, TD+ψε,± ∈ H
1

2 (Σ;C2) and, thanks to [32, Chapter 4], for
a.e. xΣ ∈ Σ,

TD±ψε,±(xΣ) = lim
r→0

1

|Br(xΣ)|

∫
Ω±∩Br(xΣ)

ψε(y) dy

= lim
r→0

1

|Br(xΣ)|

∫
Ω±∩Br(xΣ)

Uε(y)ψ(y) dy;

similarly, we have

Uε(x±Σ)TD±ψ±(xΣ) = lim
r→0

1

|Br(xΣ)|

∫
Ω±∩Br(xΣ)

Uε(x±Σ)ψ(y) dy.

Since Uε is continuous on Ω+ and Ω−, respectively, we get

TD±ψε,±(xΣ) = Uε(x±Σ)TD±ψ±(xΣ).

Taking (8.5), (8.7), and (8.8) into account, this yields TD+ψε,+ = TD−ψε,− ∈ H
1

2 (Σ;C2),
and so we conclude that ψε ∈ H1(R2;C2) for all ε ∈ (0, β).

To finish the proof, it remains to show that limε→0 Eη,τ,λ;εψε = Dη,τ,λψ in L2(R2;C2):
since Eη,τ,λ;εψε−Dη,τ,λψ ∈ L2(R2;C2), we show that limε→0 (Eη,τ,λ;εψε −Dη,τ,λψ)± = 0

in L2(Ω±;C2). With an explicit computation, we have that

(Eη,τ,λ;εψε −Dη,τ,λψ)± =− iσ · ∇(Uεψ±) + Vη,τ,λ;εψε,± + iσ · ∇ψ±

=− i
2∑
j=1

σj [(∂jUε)ψ± + (Uε − I2)∂jψ±] + Vη,τ,λ;εψε,±.
(8.14)
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Applying (8.12) together with (3.12), we get

−i
2∑
j=1

σj(∂jUε)ψ± =− i
2∑
j=1

σj [−i(σ · n)Vη,τ,λ;ε nj Uεψ± +Rj;εψ±]

=− (σ · n)(σ · n)Vη,τ,λ;εUεψ± − i
2∑
j=1

σjRj;εψ±

=− Vη,τ,λ;εψε,± +Qεψ±,

(8.15)

where Qε ∈ L∞(R2;C2×2), with the L∞-norm uniformly bounded in ε ∈ (0, β), and
suppQε ⊂ Σε. According to (8.14) and (8.15), we get

(Eη,τ,λ;εψε −Dη,τ,λψ)± = −i
2∑
j=1

σj [(Uε − I2)∂jψ±] +Qεψ± −−→
ε→0

0 in L2(Ω±;C2)

(8.16)
by the dominated convergence, since ψ± ∈ H1(Ω±;C2), Uε− I2 and Qε are uniformly
bounded in ε ∈ (0, β) and supported on Σε, and limε→0|Σε| = 0.

Putting (8.16) and (8.10) together we obtain (8.1). �

The problem of finding regular approximations for Dη,τ,λ,ω with η, τ, λ, ω ∈ R
reduces to the problem of finding the approximations when ω = 0. Indeed, ac-
cording to Theorem 2.1, there exist X ∈ R \ {0} and a unitary operator Uz , where
z ∈ C : |z| = 1 is a parameter that may be calculated in terms of η, τ, λ, ω, such that
Uz̄Dη,τ,λ,ωUz = DXη,Xτ,Xλ. We will assume that X2d > −4, because if X2d < −4
then, employing Theorem 2.1 again, we can sandwich DXη,Xτ,Xλ by another unitary
transform to get Dη̃,τ̃ ,λ̃ such that d̃ = η̃2− τ̃2−λ̃2 > −4. Now, using Corollary 2.10, we
find a family of approximating operators Eη′,τ ′,λ′;ε such that Eη′,τ ′,λ′;ε → DXη,Xτ,Xλ in
the strong resolvent sense as ε→ 0. If, for a ∈ R, we define the unitary multiplication
operator

Wa;ε :=


I2 in Ω+ \ Σε,

exp
[
ia
∫P⊥(·)
−ε hε(t) dt

]
I2 in Σε,

eiaI2 in Ω− \ Σε.

then, with the help of (3.10), we get

W ∗a;ε Eη,τ,λ;εWa;ε = Eη,τ,λ;ε + a(σ · n)χΣε hε,

where χΣε is the indicator function of Σε. Note that limε→0W− arg z;ε = Uz̄ in the
strong operator topology. Recalling that U−1

z = Uz̄ = U∗z , we conclude that

Eη′,τ ′,λ′;ε − arg z(σ · n)χΣε hε = W ∗− arg z;ε Eη′,τ ′,λ′;εW− arg z;ε

→ Uz DXη,Xτ,Xλ Uz̄ = Dη,τ,λ,ω,

in the strong resolvent sense as ε→ 0.

Proof of Corollary 2.10. The proof is immediate from Theorem 2.6 and Lemma A.2. �
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8.1. Alternative approximations for purely magnetic interaction. If η̂ = τ̂ = 0, and
λ̂ ∈ R\{±2} thenR0,0,λ̂ = diag

(
2−λ̂
2+λ̂

, 2+λ̂
2−λ̂

)
is constant along Σ. This makes it possible

to construct an alternative sequence of approximations in a remarkably direct way
without employing “parallel coordinates” (s, p). The strategy will be to apply the
method of [42, 43], that works for any type of one-dimensional δ-interaction. We
will restrict ourselves to the case λ̂ ∈ (−2, 2), the remaining cases including their
approximations may be recovered using unitary equivalences, cf. Remark 2.9. Let us
start with introducing a bounded operator W := χΩ+

I2 + χΩ−R0,0,λ̂ in L2(R2;C2).

Lemma 8.1. D0,0,λ̂ = W(−iσ · ∇)W, where the operator at right-hand side is defined on
{ψ ∈ L2(R2;C2)|Wψ ∈ H1(R2;C2)}.

Proof. Since −iσ · ∇ is self-adjoint on H1(R2;C2), W∗ = W, and W together with W−1

are bounded, W(−iσ · ∇)W is also self-adjoint. Therefore, it is sufficient to show that
D0,0,λ̂ ⊂W(−iσ ·∇)W. Take ψ ≡ ψ+⊕ψ− ∈ dom (D0,0,λ̂) ⊂ H1(Ω+;C2)⊕H1(Ω−;C2).
Then TD+ (Wψ)+ = TD+ψ+ and, by (8.2), TD− (Wψ)− = R0,0,λ̂T

D
−ψ− = TD+ψ+. Hence,

Wψ ∈ H1(R2;C2), i.e.ψ ∈ dom (W(−iσ ·∇)W). Finally, using the fact that for j = 1, 2,
R0,0,λ̂σjR0,0,λ̂ = σj , we get

Wσ · ∇Wψ = χΩ+
σ · ∇ψ+ + χΩ−R0,0,λ̂σR0,0,λ̂ · ∇ψ−

= σ · ∇ψ+ ⊕ σ · ∇ψ− = iD0,0,λ̂ψ. �

Next, let (gε)ε>0 be the standard two-dimensional mollifiers, i.e.

gε(x) :=
1

ε2
g
(x
ε

)
with g ∈ C∞(R2; [0,+∞)) : supp(g) ⊂ B(0, 1) and

∫
B(0,1)

g = 1.

Note that we may write W = exp(−λχΩ−σ3) with λ := 2 arctanh λ̂
2 , because R0,0,λ̂ =

exp(−λσ3). This suggests to introduce Wε := exp(−λχεΩ−σ3), where χεΩ− := gε ∗ χΩ− .

Then we have

Proposition 8.2. Let λ̂ ∈ (−2, 2) be constant and λ = 2 arctanh λ̂
2 . Then

D0 + λ(σ2,−σ1) · ∇χεΩ− −−→ε→0
D0,0,λ̂ (8.17)

in the strong resolvent sense.

Proof. First, using Lemma 8.1, one shows that the self-adjoint operator Dε
λ := Wε(−iσ·

∇)Wε defined on {ψ ∈ L2(R2;C2)|Wεψ ∈ H1(R2;C2)} converges to D0,0,λ̂ in the
strong graph limit sense as ε → 0; for details see the proof of [42, Theorem 2]. This
implies also the strong resolvent convergence. Since dom (Dε

λ) = W−1
ε H1(R2;C2)

and both Wε and W−1
ε , viewed as matrix-valued functions, are smooth and bounded

(including their derivatives), dom Dε
λ = H1(R2;C2). Next, for any ψ ∈ dom (Dε

λ), we
have

Dε
λψ = Wε(−iσ · ∇)Wεψ = −iWεσWε · ∇ψ + iλWεσWε · ∇χεΩ−σ3ψ

= −iσ · ∇ψ + iλσ · ∇χεΩ−σ3ψ,
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where we used the observation that WεσWε = σ in the last equality. Therefore, Dε
λ =

D0 + λ(σ2,−σ1) · ∇χεΩ− . �

Note that in the sense of distributions

lim
ε→0
∇χεΩ− = lim

ε→0
gε ∗ ∇χΩ− = δ0 ∗ ∇χΩ− = ∇χΩ− = nδΣ,

so the distributional limit as ε→ 0 of the potential in (8.17) is λ(σ · t), and not λ̂(σ · t).

9. FINAL REMARK: HIGHER DIMENSIONS

We conclude the paper with a discussion on a possible generalization of our results
to higher dimensional cases.

It is possible to define an analogue of the magnetic interaction in higher dimen-
sions. This is not immediate, because the tangent unit vector is not uniquely defined.
However, since σ · t = i(σ · n)σ3, see (3.13), this issue may be overcome. We rewrite
the formal expression for (1.3) as follows

Dη,τ,λ,ω = D0 + (ηI2 + τσ3 + λ i(σ · n)σ3 + ω(σ · n))δΣ.

Put N := 2b
n+1

2
c, where b·c denotes the integer part of a real number. It is well

known (see, e.g. [38, 44]) that there exist Hermitian matrices α1, . . . , αn, αn+1 ∈ CN×N
that satisfy the anticommutation relations

αjαk + αkαj = 2δj,kIN , 1 ≤ j, k ≤ n+ 1,

where δj,k stands for the Kronecker delta. The Dirac differential expression with a
δ–shell interaction in Rn acts on functions ψ : Rn → CN as follows:

D
[n]
η,τ,λ,ω := −iα · ∇+ (ηIN + ταn+1 + λi(α · n)αn+1 + ω(α · n))δΣ,

where α · ∇ :=
∑n

j=1 αj∂j . In particular, we define the Dirac differential expression
in R3 with a δ–shell interaction as follows: denoting β = α4,

D
[3]
η,τ,λ,ω = −iα · ∇+mβ + (ηI4 + τβ + λi(α · n)β + ω(α · n))δΣ.

Adopting the terminology used for the potentials, we will call the interaction λi(α ·
n)β δΣ the anomalous-magnetic δ–shell interaction.

We point out that when we were finishing this work we learnt that the three dimen-
sional case was being considered in [18]. In there, the author introduces the δ–shell
interaction corresponding to the differential expressionD[3]

0 +(ξγ5 + iλ(α ·n)β)δΣ, for
ξ, λ ∈ R and γ5 := −iα1α2α3. Using the strategy developed in [4], that is based on
fundamental solutions, in [18, Section 6] the author shows some results which, in the
case ξ = η = τ = 0, agree with our Theorems 2.2, 2.3, and (the statements about self-
adjointness in) 2.5. It is worth mentioning that his approach also works on surfaces
Σ with low regularity. In this direction, see also [62], where general local interactions
are considered, although no explicit reference to the anomalous magnetic potential is
made.
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APPENDIX A. LEMMATA ON EXPONENTIAL MATRICES

Let t = (t1, t2) be a unit vector and n := (t2,−t1). Using the shorthand notation
(1.4), for η, τ, λ ∈ R let us consider the Hermitian matrix

Bη,τ,λ := ηI2 + τσ3 + λ(σ · t). (A.1)

For η̂, τ̂ , λ̂ ∈ R such that d̂ := η̂2 − τ̂2 − λ̂2 6= −4, put

Rη̂,τ̂ ,λ̂ :=
4

4 + d̂

(
4− d̂

4
I2 + iη̂(σ · n) + τ̂(σ · t)− λ̂σ3

)
. (A.2)

In this appendix we address the following questions:

(i) Given η, τ, λ ∈ R, is it possible to find η̂, τ̂ , λ̂ ∈ R such that d̂ 6= −4 and

exp[i(σ · n)Bη,τ,λ] = Rη̂,τ̂ ,λ̂ ?

(ii) Is this correspondence bijective?

Similar questions were already considered in [69, Appendix].

The following lemma gives an answer to question (i).

Lemma A.1. Let η, τ, λ ∈ R, d := η2 − τ2 − λ2, and Bη,τ,λ and Rη̂,τ̂ ,λ̂ be given by (A.1)

and (A.2), respectively. Let η̂, τ̂ , λ̂ ∈ R be such that d̂ = η̂2 − τ̂2 − λ̂2 6= −4. Then
Rη̂,τ̂ ,λ̂ = exp[i(σ · n)Bη,τ,λ] if and only if one of the following holds

• d > 0, d 6= (2k + 1)2π2 for all k ∈ N0, and (η̂, τ̂ , λ̂) =
tan(
√
d/2)√

d/2
(η, τ, λ)

• d = 0 and (η̂, τ̂ , λ̂) = (η, τ, λ)

• d < 0 and (η̂, τ̂ , λ̂) =
tanh(

√
−d/2)√
−d/2

(η, τ, λ).


(A.3)

If d = (2k0 + 1)2π2, for k0 ∈ N0, there are no η̂, τ̂ , λ̂ ∈ R such that Rη̂,τ̂ ,λ̂ = exp[i(σ ·
n)Bη,τ,λ].

Proof. Denoting T = t1 + it2 for t = (t1, t2), we get

i(σ · n)Bη,τ,λ =

(
−λ (τ − η)T

(τ + η)T λ

)
. (A.4)

The exponential of a general 2× 2 matrix A is

exp[A] = exp

[
TrA

2

](
cos ν I2 +

sin ν

ν

(
A− TrA

2
I2
))

, (A.5)
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with

ν =

√
detA−

(
TrA

2

)2

∈ C,

considering the principal branch of the square root, and where sin ν/ν is intended to
be equal to 1 when ν = 0, see, e.g. [19], [69, Appendix]. Plugging (A.4) into (A.5) we
get

exp[i(σ · n)Bη,τ,λ] = cos
√
d I2 +

sin
√
d√

d
i(σ · n)Bη,τ,λ

= cos
√
d I2 +

sin
√
d√

d
(i(σ · n)η + τ(σ · t)− λσ3) .

Since the matrices {I2, σ3, σ · t, σ ·n} are a basis of the Hermitian 2× 2 matrices, we
have Rη̂,τ̂ ,λ̂ = exp[i(σ ·n)Bη,τ,λ] if and only if the coefficients with respect to this basis
are equal, i.e.

cos
√
d =

4− d̂
4 + d̂

(A.6)

sin
√
d√

d
(η, τ, λ) =

4

4 + d̂
(η̂, τ̂ , λ̂). (A.7)

For d = (2k0 + 1)2π2 with k0 ∈ N0, (A.6) has no solution d̂ ∈ R \ {−4}. Consequently,
there are no η̂, τ̂ , λ̂ ∈ R such that Rη̂,τ̂ ,λ̂ = exp[i(σ · n)Bη,τ,λ]. We consider now d ∈ R
such that d 6= (2k+1)2π2, for all k ∈ N0. Dividing (A.7) by 1+cos

√
d and using (A.6),

we get
sin
√
d

1 + cos
√
d

1√
d/2

(η, τ, λ) = (η̂, τ̂ , λ̂).

We conclude the proof applying the elementary identity

tan
θ

2
=

sin θ

1 + cos θ
for all θ ∈ C \ {(2k + 1)π | k ∈ Z},

and recalling that, for all d < 0, we have

tan
√
d/2√

d/2
=

tanh
√
−d/2√

−d/2
. �

By Lemma A.1, the function d := η2−τ2−λ2 7→ d̂ = η̂2−τ̂2−λ̂2 maps d ∈ [0,+∞) to
d̂ ∈ [0,+∞) and d ∈ (−∞, 0) to d̂ ∈ (−4, 0). Consequently, (ii) has a negative answer:
the correspondence between (η, τ, λ) and (η̂, τ̂ , λ̂) is not surjective since one can not
find (η, τ, λ) ∈ R3 such that Rη̂,τ̂ ,λ̂ = exp[i(σ · n)Bη,τ,λ] when η̂, τ̂ , λ̂ are such that

d̂ < −4. Moreover, the correspondence is not injective when d ≥ 0, as the following
lemma shows.
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Lemma A.2. Let η̂, τ̂ , λ̂ ∈ R such that d̂ := η̂2 − τ̂2 − λ̂2 > −4, and let Rη̂,τ̂ ,λ̂ as in (A.2).
Let η, τ, λ ∈ R, d := η2 − τ2 − λ2 and Bη,τ,λ as in (A.1). Then Rη̂,τ̂ ,λ̂ = exp[i(σ · n)Bη,τ,λ]

or equivalently (A.3) holds if and only if one of the following holds:

• d̂ > 0 and (η, τ, λ) =
arctan

√
d̂/2 + kπ√
d̂/2

(η̂, τ̂ , λ̂), for k ∈ Z (A.8)

• d̂ = 0 and (η, τ, λ) = (η̂, τ̂ , λ̂); for d̂ = η̂ = τ̂ = λ̂ = 0, also any η, τ, λ ∈ R
such that d = (2k0π)2, for k0 ∈ N, are admissible

• −4 < d̂ < 0 and (η, τ, λ) =
arctanh

√
−d̂/2√

−d̂/2
(η̂, τ̂ , λ̂).

Proof. If d̂ ≥ 0 then, by (A.3), we have d ≥ 0 and d̂ = 4 tan2(
√
d/2), that gives

tan

√
d

2
=

√
d̂

2
,

√
d

2
= arctan

√
d̂

2 + kπ, for k ∈ Z. (A.9)

If
√
d/2 = k0π, for some k0 ∈ N, then (A.3) is true if and only if η̂ = τ̂ = λ̂ = 0.

If
√
d/2 = 0, then (A.3) gives (η̂, τ̂ , λ̂) = (η, τ, λ). If

√
d/2 6= kπ, for all k ∈ N0, we

can divide by tan
√
d/2 in (A.3). Using (A.9), this yields (A.8). The proof of the case

−4 < d̂ < 0 is analogous and even simpler, so it will be omitted. �

APPENDIX B. MAGNETIC FIELD

Throughout this section λ is assumed to be a real constant. The term λ(σ · t)δΣ

in (1.3) corresponds to the singular vector potential AΣ := λ(t1δΣ, t2δΣ) supported
on Σ. Note that this is just a formal expression–in fact, this term is reflected in the
transmission condition across Σ. We will introduce the magnetic field by the formula
BΣ = ∂1A2 − ∂2A1 = λ(∂1(t2δΣ) − ∂2(t1δΣ)), i.e. exactly in the same manner as in a
regular case. Here tiδΣ is the simple layer and the derivatives are understood in the
sense of distributions. Since (n1, n2) = (t2,−t1), we obtain

〈BΣ, ϕ〉D′(R2),D(R2) = −λ
(
〈n1δΣ, ∂1ϕ〉D′(R2),D(R2) + 〈n2δΣ, ∂2ϕ〉D′(R2),D(R2)

)
= −λ

∫
Σ
n · ∇ϕdσ = 〈λ∂nδΣ, ϕ〉D′(R2),D(R2),

for all ϕ ∈ D(R2), where ∂nδΣ stands for the double layer distribution, cf. [70].

Alternatively, thanks to the divergence theorem, we may write

〈BΣ, ϕ〉D′(R2),D(R2) = −λ
∫

Ω
∆ϕdx = 〈−λ∆(χΩ), ϕ〉D′(R2),D(R2).

If, for ε ∈ (0, β), we define the vector potential

Aε : R2 → R2, Aε(x) :=

{
λhε(p)t(xΣ) for x = xΣ + pn(xΣ) ∈ Σε,

0 for x ∈ R2 \ Σε.
(B.1)
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then the corresponding magnetic field Bε reads

Bε(x) = ∂1Aε,2(x)−∂2Aε,1(x) =

{
λhε(p)κ(s)
1+pκ(s) + λh′ε(p) for all x = γ(s) + pnγ(s) ∈ Σε,

0 for x ∈ R2 \ Σε,

(B.2)
and we have:

Proposition B.1. Let Aε, Bε be defined as in (B.1), (B.2). Then

(i) Aε −−→
ε→0

λtδΣ = AΣ in the sense of distributions,

(ii) Bε −−→
ε→0

λ∂nδΣ = BΣ in the sense of distributions.

Proof. Let γ be an arc-lenght parametrization of Σ, as in Section 3.1. In order to prove
(i), let ϕ ∈ D(R2). Thanks to (3.7),

lim
ε→0

∫
R2

Aε(x)ϕ(x) dx = lim
ε→0

∫
Σε

Aε(x)ϕ(x) dx

= lim
ε→0

∫ `

0

∫ ε

−ε
λhε(p)tγ(s)ϕ(γ(s) + pnγ(s))(1 + pκγ(s)) dpds

= lim
ε→0

∫ `

0

∫ 1

−1
λh(q)tγ(s)ϕ(γ(s) + εqnγ(s))(1 + εqκγ(s)) dqds

=

∫ `

0
λtγ(s)ϕ(γ(s))ds =

∫
Σ
λt(xΣ)ϕ(xΣ) dxΣ = 〈λtδΣ, ϕ〉D′(R2),D(R2).

The second assertion follows from (i) combined with the continuity of distribu-
tional derivatives with respect to the convergence on D′(R2). �

Note that the two-dimensional Dirac operator with the magnetic field associated
with the vector potential Aε is just E0,0,λ;ε. By Theorem 2.6, E0,0,λ;ε converges to D0,0,λ̂

in the strong resolvent sense, where λ̂ is always (except for the trivial case λ = 0)
different from λ. On the other hand, we have just shown that the formal limit of
E0,0,λ;ε is D0,0,λ.
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