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Retract (-i) rationality and its necessary conditions 

expressed by unramified presheaves 

-Noether's problem of a finite group Gas an example 

南範彦

NORIHIKO MINAMI 

名古屋工業大学

NAGOYA INSTITUTE OF TECHNOLOGY* 

Abstract 

This is another short introduction to the author's study of the rationality problem, which centers the 
hierarchies of the form: lower rationality = higher ruledness. A particular emphasis is given for Noether's 
problem of a finite group G, where a technical difficult emerges because the relevant geometric object BG 
is not approximated by smooth proper varieties. The author's novelty here is a construction of the stable 
birational subsheaf for any unramified presheaf in the sense of Morel. This gives us a very strong necessary 
condition for retract (-i) rationality of smooth, not necessary proper, varieties over a perfect field. 

1 Introduction 

In this paper, all the schemes are defined over a圧竺］涵efield k. 

Recently, I have been working on the hierarchies of the hierarchy 

rational⇒ stable rational⇒ retract rational 

＝=:-separably unirational⇒ separably rationally connected 

in the framework of 

Lower rationality = Higher ruledness, 

which, for the first three of (1), take the following forms: 

Definition 1.1. For an-dimensional k-varietyりX,let us say: 

(i) X is (-i)-rational or (n -i)-ruled (O < i < n) 

if there exist an i-dimensional smooth pmper k-variety zi and a bimtional map 

An-, x Z'--> X. 

*nori@nitech.ac.Jp 

(1) 

1lBy a variety, we mean an integral k-scheme, which is separated and of finite type as in [sp18, Tag 020D] 

(2) 
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(ii) 

{iii) 

Xis stable~ or~ (0:::; i:::; n) 

if there exist N E Z::,n, an i-dimensional smooth proper k-variety Z'and a birational map 

AN-”X A”―’X zi --> _AN-n XX. 

X is retract (-i)-rational orretract (n -i)-ruled (O < i三n)

if there exist NE  Z:o:n, an i-dimensional smooth projective k-variety Z'and rational maps 

J: x --> AN-i x zi, 9: AN-, x z• --> x 

such that the composition 

gof:X-->X 

is defined,2) yielding an identity on a dense open subset of X. 

We now list up some basic properties of these hierarchies soon in Proposition 1.3, where we shall state 

(ii) and (iii) are invariant with respect to the following standard equivalence relation (see e.g. [CTS07, 

§1]): 

Definition 1.2. Two varieties of possibly different dimensions X and Y are said to be 

stable birational equivalent if for some natuml numbers r, s, X x幻 andY xか arebimtionally 

equivalent. 

Proposition 1.3. (i) When i = 0, those concepts p佗sentedin Definition 1.1 reduce to the usual classical 

concepts {mentioned in the first line of (1)). 

0-mtional = mtional; stable 0-mtional = stable mtional; 

retmct 0-mtional = retmct mtional. 

(ii) Each concept in Definition 1.1 is a hierarchy; i.e. for any O <::'. i S j <::'. n, 

(-i)-mtional⇒ (-j)-mtional; 

stable (-i)-mtional⇒ stable(―j)-mtional; 
retmct (-i)-mtional⇒ retmct(―j)-mtional. 

(iii) Concepts in Definition 1.1 define a hiemrchy of hiemrchies stated in above {ii}; i.e. for any O S i S n, 

(-i)-rational⇒ stable (-i)-rational⇒ retmct (-i)-rational 

(iv) For any O S i S n, stable (-i)-mtionality and retmct (-i)-mtionality are stable bimtional invariants 

in the sense of Definition 1. 2. 

Then we have the following problem as our technical motivation: 

Fundamental Problem 

Extend the following implications of the above hierarchies to some hierarchy expressed by some 

(sheaf cohomology theoretical) stably birational invariant□ : 
{ (-i)-rational};E鯰0⇒ {stable (-i)-rational};Ez~0 ⇒ {retract (-i)-rational};Ez~0 ⇒ □ 

2lThis means f and g are composable in the sense of [KS15, p.285, 1.4] [KM13, p.198, Crollary RC.11] 



71

When we restrict our attention to smooth and~ varieties, I presented one answer [M21] to 

the above problem by considering a hierarchical version of a recent nice paper of Kai-Otabe-Yamazaki 

[KOY21]. Amongst of all, I gave hierarchical interpretations of the famous hypersurface non rationality 

theorems of Totaro [T16] and Schreieder [S19l[S21a] in [M21]. 

However, [M21] is~ for some number theoretical applications like Noether's prob-

lem or the rationality problem of algebraic tori, because in these cases the relevant smooth varieties are 

NOT PROPER. 

Now, I shall report an alternative answer to the above problem, which is (at least theoretically) 

applicable even to such number theoretical problems because this alternative approach 

DOES NOT REQUIRE PROPERNESS. The key to this approach is Morel's theory of unramified sheaves 

which we shall review in the next section. 

2 Stable birational presheaf and unramified sheaf 

In search of an answer for our problem, we first note that, if a smooth variety Xis retract (-i)-rational, 

then there is a commutative diagram of the following form: 

idu 

U三二言二戸苓U,[ f 
xこどロニ：三立X
［ 

(3) 

idx 

where vertical arrows are smooth dense open inclusions. 

Then because of the stably birational invariant property which we shall state soon in Remark 2.3, the 

following concept of Asok-Morel [AMll] is clearly of fundainental importance for our purpose: 

Definition 2.1. ([AMll, Definition 6.1.1]) Let Smk be the category of smooth I.fi~ k-schemes. 
Then a presheaf 

M:Smk→C(= Sets, Groups,…）， 

is called birational if the following properties a詑 satisfied:

(BO) For any X E Smk with irreducible components Xa's, a E x(o), the obvious map 

S(X)→IT S(Xa) 
aEX(O) 

is a bijection; 

(Bl) For any XE  Smk and any everywhere dense open subscheme UC  X the restriction map 

S(X)→S(U) 

is a bijection. 

In fact, by applying a birational presheaf to (3), we immediately obtain the following easy, but very 

important, conclusion: 
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Theorem 2.2. If X is (-i)-retract rational, then, for any birational presheaf S, S(X) is a direct 

summand of S(Zりforsome smooth zi of dimension i. ロ

A birational presheaf is actually a stable birational Nisnevich sheaf I from the following remark: 

Remark 2.3. (i) ([AMll, Lemm.6.1.2] [MV99, §3, Proposition 1.4]) Any birational presheaf is auto-

matically a Nisnevich sheaf. 

(ii) ([KS15, p.330, Appendix A by Jean-Louis Colliot-Thelene]) Any birational presheaf Sis automatically 

stably birational invariant, thanks to a beautiful observation of Colliot-Thelene. 

Thus, we are urged to search after birational presheaves. For this purpose, we shall turn our attention 

to Morel's unramified presheaves, for which, Morel realized their essence lies in their values at the function 

fields k(X) and local rings Ox,x for x EXE Smk. However, Speck(X) and SpecOx,x do not belong to 

Smk, because they are not finite type k-schemes in general, Morel enlarged the domain of the definition 

of his presheaf S from Smk to the category of its pro-objects Pr(Smk) 3) (which contains Spec k(X) and 

Ox,x) as follows: 

Definition 2.4. ([M12, Definition 2.1, Remark 2.2]) An~ S of C (C = sets. groups, 

or abelian groups) on Smk (resp. on Sm朽） isa presheaf of S of C (C = sets. groups, or abelian groups) 
on Smk (resp. on Sm和）， whichwe uniquely extend to a presheaf on Pr(Smk) (resp. on Pr (Sm朽））
4) by the left K an extension 

S: Pr(Sm砂゚P→C (resp. S: Pr(Sm忙）op→C)

皿ふ→四S(Xa),

such that the following three conditions hold (Here, for an affine scheme Spec A E Pr(Smk), we have 

abbreviated S(SpecA) simply as S(A).): 

(VO) For any XE  Smk, the obvious map 

S(X)→ IT s（ふ）
aEX(D) 

is a bijection; 

(VI) For any X E Smk and any everywhere dense open subscheme Uc  X the restriction map 

S(X)→S(U) 

is injective; 

(U2) With (VO) at hand, let us suppose X E Smk is irreducible. Then the injective map 

S(X)→nxEX(l) 8 (CJ X,x) 

is a bijection, where nxEXC•lS (Ox,x) is computed in S(k(X)). 

3lStrictly speaking, Morel [M12, p.vi] considered the category Sm~ of essential smooth k-schemes rather than Pr(Smり
4lThis extension of Sallows us to define S(k(X)) and S(Ox,x) (x EX) for XE Smk, as desired. Furthermore, we can 
also define S(Rv) for a divisorial valuation v, which we shall define in the next section and which plays a very important 
role in this paper, and, more generally, S(Rv) for a valuation v with separable residue field,c(v) (in fact, this assumption 
is always satisfied under our perfect base field assumption by [M89, Theorem 26.3] [sp18, 030Y,030Z]) amongst of all 
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It should be noted that Morel's unramified presheaf itself is not (stably) birational yet, but there are 

a plenty of its examples as follows: 

Example 2.5. (i) ([M12, Remark 6.10] [K21a, Corollary 2.8]) Any 

strongly ぶ~G, i.e. U→ H知 (U,G)is A1 i invariant for n = 0, 1, is 
unramified. 

(ii) Consequently, familiar酎 invariantNisnevich sheaves with transfer are unramified. In fact, these are 

special cases of (i), because, by [MVW06, Theorem 13.8], any酎 invariantNisnevich sheaf of abelian 

groups with transfer F is ~酎~,i.e.U → H似 (U,F)is酎 invariantfor any n E花O・

Deglise [D06, Proposition 6.9] [D11, Theoreme 3.7] showed an A1 invariant Nisnevich sheaves of 

abelian groups with transfer Fis essentially equivalent to Rost's cycle module [R96]. Rost's cycle module 

is a data of the following form: 

M=（払：五→Ab*，｛が： M＊(F)→止(F)I finite extension EC Fin五｝，

{8v: M.(F)→M.(1,,(v)) Iv, a geometric discrete valuation on Flk E Fe}), 

and the desiredぶ invariantNisnevich sheaf of abelian groups with transfer is given by the associated 

Rost Chow groups with coefficients in the given cycle module M: 

U →A0(U,M,) := Ker (EBxEU(oJ Mふ(x))~〶yEU(l) 叫（面）））， (4) 

where u(c) is the set of codimension c schematic points of U. While we only consider the degree O part in 

(4), the higher degree parts also emerges as the Bloch-Ogus [B074] type theorem for Rost's cycle modules 

[R96, Theorem (6.1), Corollary (6.5)], which gives us a conceptual transparent description of AP(X, M.) 

when X is a smooth k-variety: 

炉(X,M』 ~H似(X,Mふ

where M. is the Zariski sheaf given by (4). 

For instance, starting with the Galois cohomology as Rost's cycle module 

(5) 

(H如(-,μ)，｛が｝，｛叫）， whereμ is either μ笠いl)or!Q)/Z(i-1)＝四ばいl)with (n,chark) = 1 [R96, 

p.335, Remark (1.11)] [AB17, 3.2], we obtain (the geometric version of) the unramified cohomology as 

follows: 

H~r(X,µ) = A0 (X, (Hi(-,μ),{¢*}, {8v})) e,, Hiar (X, H~t(µ)). 

Again, see [R96] [M05a, 2.2] [ABl 7, 3] for more details including the notation. 

(iii) ([F20l[F21al[F21b]) The concept of Rost's cycle module was generalized by Feld [F20] to his 

Milnor-Witt cycle modules. Whereas Rost's cycle module admits a graded action of the Milnor K-

theory K;:1 [M70], Feld's Milnor-Witt cycle module admits a graded action of the Morel's Milnor-Witt 

K-theory K:;1w [M12, Definition 3.1], so that the Rost cycle module is a special case of the Milnor-Witt 

cycle module with the action of 1) E K轡Vequal to 0. (Recall K;:1町（n)竺 K;:1[M12, Remark 3.2].) 
For any Milnor-Witt cycle module Mand any smooth k-scheme X, just like the case of Rost's cycle 

module, a Z-graded pair { F/:, Wn : F',此→ (Fぎ）ー1}nEZ are produced so that the Z-graded Zariski 
sheaves of abelian groups { Fぎ｝nEZare of the form 

｛いF夜(U)：＝ A° (U,M, —□ +〈n〉）竺 H》ar (U, Mu,n), 
AP(X,M, —flx/k+ 〈n〉）竺 H昇 (X,Mx,n)
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making { F/:r, Wn : F,此→ (Fぎ）＿1}nEZ into a ~ [F20, Corollary 8.5] [F21a, Theorem 
4.1.7], i.e. a pair {Mゎ叫｝nEZof a Z-graded strictly A 1-invariant Nisnevich sheaf of abelian groups M. on 

Smk and the~ Wn : Mn-1→(M→-1. See [F20l[F21al[F21b] for more details including 
the notation. 

Consequently, each F/:r is~ by (i). 

(iv) ([S20, Theorem 0.2] [K21b, Corollary 1.17]) So far, all of our unramified sheaves have been A1-

invariant. However, Saito [S20, Theorem 0.2] and Koizumi [K21b, Corollary 1.17] showed ~es 

in the sense of [KSY16], which are not necessarily A1-invariant, are also unramified. Examples of reci-

procity sheaves include A1-invariant Nisnevich sheaves with transfer treated in (i), smooth commutative 

algebraic groups over k, e.g. the additive group Ga, the modules of absolute Kahler differentials Oi, and 

de Rh=-Witt differentials W:国， aswas observed by Riilling [KSY16, Appendix]. 

3 Geometric valuation and Stable birational Nisnevich sheaf 

In order to convert such rich unramified presheaves into stable birational Nisnevich sheaves, let us 

review some basic of the higher rank valuation theory, because many number theorists might be used 

only to those valuations whose valuation rings are Ifil!k..l discrete valuation rings. 

• Given a valuation v : K→r U { +oo} on a field K to a totally ordered commutative group r (and 
the extra greatest element +oo), we obtain the following familiar algebraic objects (see e.g. [ZS60b, 

p.34, VI, §8] [B72, VI, §3, Definition 1, Proposition 2] [M89, §10]): 

-The~ Rv := {x E K I v(x) 2'. O}, which is a local ring with the maximal ideal 

叫：＝ ｛x EK  I v(x) > O} and the~ 1,,(v) := Rv/m叫

-The~fv :=v(K*）'°"'K* /(Ru)*, which is a totally ordered commutative group. 

From these, we have the following numerical invariants of a valuation v : 

- ([ZS60b, p.50, VI, §10] [V06, p.485, Definition]) The rational rank of vis defined by rat.rank(v) := 

dimQ (fv露 Q)； 

- ([ZS60b, p.39, VI, §10; p.9, VI, §3, Definition 1; p.40, VI, §10, Theorem 15] [V06, p.482, Definition, 

Corollary; p.483, Proposition 1.8; p.484, lines 3-5]) ~, denoted by rank(v), is defined 

by the maximal length r E Z2'.o of either one of the following three chains: 

* 0 = r r <;;; r r-1 <;;;... <;;; r 1 <;;; r。=rv,a chain of~ of the totally ordered 

commutative group r v・ 5) 

＊凡＝凡こ凡ー1<;;;..・<;;;R1 <;;; R。=K,a chain of local rings, which are actually valuation 
rings over Rv =凡 isthe valuation ring of v, of K. 

＊叫＝柘 ;2Pr-1 ;2 ・ ・ ・ ;2 Pi ;2 Po = 0, a chain of prime ideals of Rv・

In particular, rank(v) is the Krull dimension of凡：

rank(v) = dim瓜

5l([ZS60b, p.40,VI, §10] [V06, p.481-482, Definition]) A subgroup Hof a totally ordered commutative group A is called 
isolated if any a E A with O ::; a ::; h E H is contained in H : a E H. 
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- Between the above numerical invariants, the following inequality holds ([B72, p.438, VI, §10.2, 

Corollary, Proposition 4]): 

rank(v) :::; rat.rank(v). (6) 

When几 isfinitely generated, if the equality rank(v) = rat.rank(v) holds in (6), thenいisdiscrete 
in the sense of [ZS60b, p.48, -3rd line] [V06, p.484, Definition], i.e. r v竺 zrat.rank(v)as totally 
ordered commutative groups, where zrat.rank(v) is given the lexicographical order. 

• Suppose K is a field extension of its subfield k, then a valuation v : K →「u{+(X)｝is called a 

valuation of K庄， ifv(k*) = 0 [V06, p.481, 1.1]. 

- When R is a subring of K and mv n R = p c R, we say v has a~­

When a local ring (S, ms) with kc Sc Frac(S) = K has ms as the center of v, its 
local uniformization problem [Z40] [V06] [NS16] asks us to find a local blowing up [NS16, §2] of 

(S, ms) with respect to v 

(S,ms)→ (R,m叫（→ （Rv,m』) (7) 

such that (R, m幻isa regular local ring. Local uniformization may be regarded as a local version of 

the resolution of singularities, and was proved affirmatively when the base field k is characteristic 

0 by Zariski [Z40]. However, it is still unsolved for the positive characteristic case char k > 0 just 

as the resolution of singularities problem. 

- Given a valuation v : K→ru{+(X)｝of K/k, we have a couple of field extensions: 

K/k, 1,,(v)/k, 

for which let us consider their transcendental degrees: 

tr.degkK, tr.degい(v).

The latter is called the dimension of v ([ZS60b, p.34, VI, §8] [V06, p.494]), and denoted by 

dim(v) := tr.deg研 (v).

(8) 

(9) 

• ([A56al[ZS60b, p.331, Appendix 2, Proposition 2; p.335, Appendix 2, Proposition 3] [B72, p.439, VI, 

§10.3, Corollary 1]) For any valuation v of K/k, the following~ holds: 

rat.rank(v) + dim(v) ：：：：： tr.degkK (10) 

When K/k is a finitely generated field extension, if the eq叫 ityrat.rank(v) + dim(v) = tr.degkK 

holds in Abhyankar's ineq叫 ity(10), then v is called an Abhyankar valuation on K/k. 

Generalizing and building upon earlier works of Zariski [Z40] and Abhyankar [A56b], Knaf-Kuhlmann 

[KK05, p.835, Theorem 1.1] (see also Temkin [T13, p.114, Theorem 5.5.2] and Cutkosky [C21, Theo— 

rem 1.3] for improvements) proved a local uniformization theorem (7) for an Abhyankar valuation v 

whose residue field "'(v) is separable. 6) 

6lThis邸 sumptionis automatically satisfied in our perfect b邸 efield k case [M89, Theorem 26.3] [sp18, 030Y,030Z] 
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• For a valuation v on K/k, we have the following inequality from (6) and Abhyankar's inequality (10): 

rnnk(v) + dim(v) :c; tr.degkK (11) 

When K /k is a finitely generated field extension, if the equality rank(v) + dim(v) = tr.degkK holds 
in (11), then vis called a~ on K/k in some motivic literature (e.g. [R96, p.328, 

3rd and 4th paragraphs] for the rank 1 case and [MOS, p.53, 2nd paragraph] for arbitrary rank cases). 

If v is a geometric valuation of K/k, then v is of course Abhyankar. Furthermore，い isnot only 
finitely generated, but also discrete: r v竺 zrat.rank(v)as totally ordered commutative groups, where 
zrat.rank(v) is given the lexicographical order (for a direct proof of this fact, see [ZS60b, p.90, VI §14, 

Corollary]). 

• A rank 1 geometric valuation v is nothing but a rational rank 1 Abyankar valuation, and was called a 

prime divisor [ZS60b, p.88 VI, §14; p.89, VI, §14, Theorem 31], but is also called a divisorial valuation 

in many recent literature. For the rest, I shall mostly use this terminology "divisorial valuation" for 

the sake of brevity. 

Now, we are ready to state my answer to the fundamental problem stated in §1: 

My answer -Stable birational Nisnevich subsheaf Ssb of a birational sheaf S 、
Theorem and Definition 3.1. (i) Given an unramified sheaf Son Smk, let us set 

ふ (K/k):= n v, divisorial S(Rv) 
valuation of K/k 

for any finitely generated field extension K/k. Then the correspondence 

U ←Ssb(U) := Ssb(k(U)/k) = n v, divisorial S(Rv) 
valuation of k(U)/k 

（こ S(U):= nsv~-~：ご誓uvXal瓜悶゜二雰f)S(Rサ＝ nXEU(1)S(Ou,x) C S(K(U)）） 

(12) 

defines a birational subsheaf Ssb of an unramified sheaf S on Smk which we call the 

stable birational subsheaf Ssb of an unramfied sheaf S because Sゅ isby definition a birational sheaf 

(which immediately implies Sゅ isactually staby birational invariant by [KS15, p.330, Appendix A 

by Jean-Louis Colliot-The]もne]as was recalled in Remark 2.3 (ii)). 

(ii) For any smooth proper k-scheme X, 

Ssb(X) = S(X). 

Consequently, any unr皿 ifiedsheaf S is stably birational invariant among smooth proper k-schemes. 

From Theorem 2.2 and the above Theorem and Definition 3.1, we immediately obtain the following; 

Corollary 3.2. If X is (-i)-retract rational, then S叫X)is a direct summand of Ssb(Zi) for some 

smooth zi of dimension i. ロ
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Since 7) 

(H~r (k(Zi)/k,µ魯~)).b C Hもal(k(Zi)/k, μ客点） （1 <::: m <:: +oo), 

the classical Tate's thoerem (formally a conjecture of Grothendieck) [872, p.119, §4, Th. 28] (see also 

[AGV73, Expose xiv 3]) about the cohomological dimension and Corollary 3.2 imply: 

＼
 Corollary 3.3. When (char k,p) = l, if 

(H~r (k(X)/k,µ拿~)tb f O (1 :Sヨm:S十oo)

for some 

J > i + cdp(k), 

then X is not retract (-i)-rational. 

ノ

Corollary 3.4. When k = C, if 

(Hふ.(k(X)/k,μ芦点））sbヂ 〇 （1 <;ヨm<; +oo) 

for some 

，
 

.n“ ＞
 
.
J
 

then X is not retract (-i)-rational. 

Remark 3.5. (i) I believe the above Theorem and Definition 3.1, which is applicable to arbitrary smooth, 

not necessary proper, k-scheme is the most conceptually transparent result along the line of [CT95] (whose 

philosophy might go back to [G68] which deals with Brauer Groups). 

(ii) Notice that we do not impose any properness assumption on X in our Corollary 3.2, Corollary 3.3 

and Corollary 3.4. In fact, with such properness assumption on X, they were already obtained in [M21] 

by considering a hierarchical version of a recent nice paper of Kai-Otabe-Yamazaki [KOY21]. 

(iii) When the unramified sheaf Sis provided by a Rost cycle module M, i.e. when S(X) = A0(X, M), Ssb 

was already defined by Merkurjev [MOS, p.56, 2.2] and an intimately related claim [MOS, p.61, Proposition 

2.15] was already stated [MOS, p.56, 2.2; p.61, Proposition 2.15]. This was also considered by Kahn-Ngan 

[KN14, Definition 6.1], but be aware that different notations are used for this case: 

A以(-,M)= M(-)nr = A似(-,M)
、マ、一｀マ、

our notation Merkurjev's notation Kahn-Ngan's notation 

(iv) Stably birational invariance of an unramified sheaf among smooth proper k-schemes, claimed in 

Theorem and Definition 2.2 (ii), was proved for Rost's cycle modules mentioned in Example 2.5 (ii) by 

Rost [R96, Corollary (12.10)], and for Feld's Milnor-Witt cycle modules mentioned in Example 2.5 (iii) 

by Feld [F21a, Theorem 5.3.1]. However, from these approaches which stick only to smooth and proper 

k-schemes, we can never deduce Corollary 3.2 which is valid for arbitrary smooth k-schemes. 

7l We warn the readers that our (H出(k(Z;)/k,μ覧）） issimply denoted by H出(k(Z')/k,μ腐） in some literature 
sb 

like [S21b]. Also, in some literature, including the original literature [CT089], all the rank 1 discrete valuations are used 
to define the unramified cohomology. Of course, the unramified cohomology so defined is a possibly strict subgroup of the 
unramificd cohomology of our sense (sec [S2lb, Remark 4.4] for this point), but, our Corollary 3.3 and Corollary 3.4 arc 
also applicable to such unramified cohomologies, as a matter of course 
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In fact, when a presheaf of some general class of presheaves, including unramified presheaves, is given, 

then its stably birational invariance for smooth proper varieties is already known to Colliot-Thelene 

[CT95, Proposition 2.1.S(e)] [KS15, p.330, Appendix A by Jean-Louis Colliot-Thelene]. 

Main ingredients of the pr-oaf of Theorem and Definition 3.1:. 

The following two ingredients are the essence to my proof: 

• Morel's argument which he used to prove [M12, Theorem 2.11, Lemma 2.12] that an unrarnified sheaf 

is determined by its values on the function fields and the valuation rings of divisorial valuations. s) 

enjoying certain訟 ioms,which Morel calls unramified datum. 

• My own local uniformization theorem for general geometric valuations, which is, unlike the general 

theorems of Knaf-Kuhlmann [KK05, p.835, Theorem 1.1], Temkin [T13, p.114, Theorem 5.5.2] and 

Cutkosky [C21, Theorem 1.3] for Abhyankar valuations, only valid for geometric valuations, but 

produces a better smooth model needed for our proof (actually, only the rank 2 case of my local 

uniformization theorem for geometric valuations is needed for this purpose). 

口

4 Applications 

Since I [M21] knew Corollary 3.2, Corollary 3.3 and Corollary 3.4 when the I'..RQEIB assumption is 

imposed, by considering a hierarchical version of a recent nice paper of Kai-Otabe-Yamazaki [KOY21], I 

gave some applications of Corollary 3.4 to the case of hypersurfaces, which are smooth and I'..RQEIB, in 

[M21] to give hierarchical interpretations of the famous hypersurface non rationality theorems of Totaro 

[T16] and Schreieder [S19l[S21a]. 

However, our Corollary 3.2, Corollary 3.3 and Corollary 3.4 do not impose any such proper assumption. 

Thus, we may apply them to number theoretical problems like Noether's problem and the rationality 

problem of algebraic tori. 

For applications to the Noether's problem for k = C, consult various examples of Noether's problem 

summarized nicely in Hoshi's RIMS K6kyuroku surveys [H14l[H20] (see also [HKY20]). 

In these references, whenever you encounter an example of X such that 9) 

H;T(C(X)／C,A)c/ 0, i EN, 

you can instantaneously upgrade the conclusion from merely "non retract rational" to "non retract (-i)-

rational", and you are prompted to the next level question: 

| Is X (-（n+ 1)）-rational? | 
So, don't leave the scene immediately simply because X is found to be non retract rational! 

We shall come back to the rationality problem of algebraic tori elsewhere. 

The details will be put in ArXiv soon. 

8) Although Morel [M12, §2] stated general (rank 1) discrete valuation rings in his formulation, his argument indicates 
that it is enough to consider only divisorial valuations. 
9lrn these literature, like the original literature [CT089], all the rank 1 discrete valuations are used to define the unramified 
eohomology. Of course, if the unramified cohomology so defined is non zero, then the unramified cohomology of our sense 
must be non zero too 



79

References 

[A56a] Shreeram Abhyankar, On the valuations centered in a local domain, Amer. J. Math. 78 (1956), 

321-348. 

[A56b] Shreeram Abhyankar, Local uniformization on algebraic surfaces over ground fields of character-

istic pヂ0,Ann. of Math. 63 (1956), 491-526. 

[AGV73] M. Artin, A. Grothendieck, J.-L. Verdier avec la participation de N. Bourbaki, P. Deligne, 

B. Saint-Donat, Theorie des Topos et Cohomologie Etale des Schemas. Seminaire de Geometrie 

Algebrique du Bois-Marie 1963-1964 (SGA 4): Tome 3, Lecture Notes in Mathematics, Vol. 305. 

Springer-Verlag, Berlin-New York, 1973. vi+640 pp. 

[AM11] Aravind Asok, Fabien Morel, Smooth varieties up to A.1-homotopy and algebraic h-cobordisms, 

Adv. Math. 227 (2011), no. 5, 1990-2058. 

[ABl 7] Asher Auel, Marcello Bernardara, Cycles, derived categories, and mtionality, Surveys on recent 

developments in algebraic geometry, 199-266, Proc. Sympos. Pure Math., 95, Amer. Math. Soc., 

Providence, RI, 2017. 

[B074] Spencer Bloch, Arthur Ogus, Gersten's conjecture and the homology of schemes, Ann. Sci. Ecole 

Norm. Sup. (4) 7 (1974), 181-201. 

[B72] Nicolas Bourbaki, Elements of mathematics. Commutative algebra, Translated from the French. 

Hermann, Paris; Addison-Wesley Publishing Co., Reading, Mass., 1972. xxiv+625 pp. 

[CT95] Jean-Louis Colliot-The]らne, Birational invariants, purity and the Gersten conjecture, K-theory 

and algebraic geometry: connections with quadratic forms and division algebras (Santa Barbara, 

CA, 1992), 1-64, Proc. Sympos. Pure Math., 58, Part 1, Amer. Math. Soc., Providence, RI, 1995. 

[CTHK97] Jean-Louis Colliot-Thelene, Raymond T. Hoobler, Bruno Kahn, The Bloch-Ogus-Gabber the-

orem, Algebraic K-theory (Toronto, ON, 1996), 31-94, Fields Inst. Commun., 16, Amer. Math. Soc., 

Providence, RI, 1997. 

[CT089] Jean-Louis Colliot-Thelene, Manuel Ojanguren, Varietes unirationnelles non mtionnelles: au-

dela de l'exemple d'Artin et Mumford, Invent. Math. 97 (1989), no. 1, 141-158. 

[CTS07] Jean-Louis Colliot-Thelene, Jean-Jacques Sansuc, The rationality problem for fields of invari-

ants under linear algebraic groups (with special regards to the Brauer group). Algebraic groups and 

homogeneous spaces, 113-186, Tata Inst. Fund. Res. Stud. Math., 19, Tata Inst. Fund. Res., Mumbai, 

2007. 

[C21] Steven Dale Cutkosky, Local Uniformization of Abhyankar Valuations, Michigan Math. J. Advance 

Publication 1-33, 2021. 

[D06] Fr碑 ricDeglise，乃ansfertssur les groupes de Chow a coefficients, Math. Z. 252 (2006), no. 2, 

315-343. 

[D11] Frederic Deglise, Modules homotopiques, Doc. Math. 16 (2011), 411-455. 

[F20] Niels Feld, Feld, Niels (F-GREN-IF} Milnor-Witt cycle modules, J. Pure Appl. Algebra 224 (2020), 

no. 7, 106298, 44 pp. 

[F21a] Niels Feld, Morel homotopy modules and Milnor-Witt cycle modules, Doc. Math. 26 (2021), 

617-659. 



80

[F21b] Niels Feld, Milnor-Witt homotopy sheaves and Mo叫 generalizedtransfers, Adv. Math. 393 (2021), 

Paper No. 108094. 

[G68] Alexander Grothendieck, Le groupe de Brauer. I, Algもbresd'Azumaya et interpretations diverses; 

Le groupe de Brauer. II. Theorie cohomologique, Dix exposes sur la cohomologie des schemas; Le 

groupe de Brauer. III. Exemples et complements, Dix exposes sur la cohomologie des schemas, Adv. 

Stud. Pure Math. 46-188, North-Holland, Amsterdam, 1968. 

[H14] Akinari Hoshi, Rationality problem for quasi-monomial actions, Algebraic number theory and 

related topics 2012, 203-227, RIMS K6kyuroku Bessatsu B51, Res. Inst. Math. Sci. (RIMS), Kyoto, 

(2014). 

[H20] Akinari Hoshi, Noether's problem and rationality problem for multiplicative invariant fields: a 

survey, Algebraic number theory and related topics 2016, 29-53, RIMS K6kyuroku Bessatsu B77, 

Res. Inst. Math. Sci. (RIMS), Kyoto, (2020). 

[HKY20] Akinari Hoshi, Ming-chang Kang, Aiichi Yamasaki, Degree three unramified cohomology groups 

and Noether's problem for groups of order 243, Journal of Algebra 544 (2020) 262-301. 

[KM13] Nikita A. Karpenko, Alexander S. Merkurjev, ~ Annales Sc. Ec. Norm. 

Sup. 46 (2013), no. 1, 175-214. 

[KN14] Bruno Kahn, Nguyen Thi Kim Ngan, Sur l'espace classifiant d'un groupe algebrique lineaire, I, 

J. Math. Pures Appl. (9) 102 (2014), no. 5, 972-1013. 

[KSY16] Bruno Kahn, Shuji Saito, Takao Yamazaki, ~ With two appendices by Kay 

Riilling, Compos. Math. 152 (2016), no. 9, 1851-1898. 

[KS15] Bruno Kahn, Ramdorai Sujatha, Birational geometry and localisation of categories. With appen-

dices by Jean-Louis Colliot-Thelもneand Ofer Gabber, Doc. Math. 2015, Extra vol.: Alexander S. 

Merkurjev's sixtieth birthday, 277-334 

[KOY21] Wataru Kai, Shusuke Otabe, Takao Yamazaki, Unramified logarithmic Hodge-Witt cohomology 

and lP'1-invariance, arXiv:2105.07433. 

[KK05] Hagen Knaf, Franz-Viktor Kuhlmann, Abhyankar places admit local uniformization in any char-

acteristic, Ann. Sci. Ecole Norm. Sup. (4) 38 (2005), no. 6, 833-846. 

[K21a] Junnosuke Koizumi, Zeroth A1-homology of smooth proper varieties, arXiv:2101.04951. 

[K21b] Junnosuke Koizumi, Steinberg symbols and reciprocity sheaves, arXiv:2108.04163. 

[M89] Hideyuki Matsumura, Commutative ring theory, Translated from the Japanese by M. Reid. Second 

edition. Cambridge Studies in Advanced Mathematics, 8. Cambridge University Press, Cambridge, 

1989. xiv+320 pp. 

[MVW06] Carlo Mazza, Vladimir Voevodsky, Charles Weibel, Lecture Notes on Motivic Cohomology, 

Clay Mathematics Monographs, Volume 2, AMS-Clay, 2006, 232pp. 

[M08] Alexander Merkurjev, Unramified elements in cycle modules, J. Lond. Math. Soc. (2) 78 (2008), 

no. 1, 51-64. 

[M70] John Milnor, Algebraic K-theory and quadratic forms, Invent. Math. 9 (1970), 318-344. 



81

[M21] Norihiko Minami, On the nonexistence of the hiemchy structure : lower mtionality = higher 

ruledness, and very geneml hypersurfaces as examples, RIMS K6kyuroku No.2199, 09, 7pp, Sep, 

2021. 

[MV99] Fabien Morel and Vladimir Voevodsky,紀 -homotopytheory of schemes, I. H. E. S Pub!. Math., 

90, (1999), 45-143 (2001). 

[M05a] Fabien Morel, Milnor's conjecture on quadmtic forms and mod 2 motivic complexes, Rend. Sem. 

Mat. Univ. Padova 114 (2005), 63-101. 

[M12] Fabien Morel, A.1-algebmic topology over a field. Lecture Notes in Mathematics, 2052. Springer, 

Heidelberg, 2012. x+259 pp. 

[NS16] Josnei Novacoski, Mark Spivakovsk, On the local uniformization problem, Algebra, logic and 

number theory, 231-238, Banach Center Pub!., 108, Polish Acad. Sci. Inst. Math., Warsaw, 2016. 

[R96] Markus Rost, Chow groups with coefficients, Doc. Math. 1 (1996), No. 16, 319-393. 

[S20] Shuji Saito, Purity of reciprocity sheaves, Adv. Math. 366 (2020), 107067, 70 pp. 

[S84a] David J. Saltman, Retmct mtional fields and cyclic Galois extensions, Israel J. Math. 47 (1984), 

no. 2-3, 165-215. 

[S84b] David J. Saltman, Noether's problem over an algebmically closed field, Invent. Math. 77 (1984), 

no. 1, 71-84. 

[S85] David J. Saltman, The Bmuer group and the center of generic matrices J. Algebra 97 (1985), no. 

1, 53-67. 

[S19] Stefan Schreieder, Stably i汀 ationalhypersurfaces of small slopes, J. Amer. Math. Soc. 32 (2019), 

no. 4, 1171-1199. 

[S21a] Stefan Schreieder, Torsion orders of Pano hypersurfaces, Algebra Number Theory 15 (2021), no. 

1, 241-270. 

[S21b] Stefan Schreieder, Unmmified cohomology, algebmic cycles and mtionality, 47pp, 

https:/ /arxiv.org/pdf/2106.01057.pdf 

[S72] Stephen S. Shatz, Profinite groups, arithmetic, and geometry. Annals of Mathematics Studies, No. 

67. Princeton University Press, Princeton, N.J.; University of Tokyo Press, Tokyo, 1972. x+252 pp. 

[spl8] The Stacks Project Authors, Stacks Project, https:/ /stacks.math.columbia.edu, 2018. 

[S83] Richard G. Swan, Noether's problem in Galois theory, Emmy Noether in Bryn Mawr (Bryn Mawr, 

Pa., 1982), 21--40, Springer, New York-Berlin, 1983. 

[T13] Michael Temkin, Insepamble local uniformization, J. Algebra 373 (2013), 65-119. 

[T16] Burt Totaro, Hypersurfaces that are not stably mtional, J. Amer. Math. Soc. 29 (2016), no. 3, 

883-891. 

[V06] Michel Vaquie, Valuations and local uniformization, Singularity theory and its applications, 

477-527, Adv. Stud. Pure Math., 43, Math. Soc. Japan, Tokyo, 2006. 

[VSFOO] Vladimir Voevodsky, Andrei Suslin, Eric M. Friedlander, Cycles, tmnsfers, and motivic homology 

theories, Annals of Mathematics Studies, 143. Princeton University Press, Princeton, NJ, 2000. 

vi+254 pp. 



82

[Z40] Oscar Zariski, Local uniformization on algebraic varieties, Ann. of Math. 41 (1940), 852-896. 

[ZS60a] Oscar Zariski, Pierre Samuel, Commutative algebra. Vol. I. With the cooperation of I. S. Cohen. 

Corrected reprinting of the 1958 edition. Graduate Texts in Mathematics, No. 28. Springer-Verlag, 

New York-Heidelberg-Berlin, 1975. xi+329 pp. 

[ZS60b] Oscar Zariski, Pierre S狙nuel,Commutative algebra. Vol. II. Reprint of the 1960 edition. Graduate 

Texts in Mathematics, Vol. 29. Springer-Verlag, New York-Heidelberg, 1975. x+414 pp. 




