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Abstract

We systematically study correlators of a generic conformal field theory with a global O(2) symmetry in a
sector of large global charge. We focus in particular on three- and four-point correlators with conserved cur-
rent insertions sandwiched between spinful excited states corresponding to phonons over the large-charge
vacuum. We also discuss loop corrections to the scaling dimensions and observe the presence of multiple
logarithms in even dimensions.
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1. Introduction

Working in sectors of large charge results in important simplifications [1-6]. In the case of
strongly coupled conformal field theories (CFTs), it allows in particular the calculation of the
conformal data, i.e. scaling dimensions and three-point function coefficients, which encode all
the relevant information for solving the theory.

In the existing literature, the main stress was put on the calculation of conformal dimen-
sions of large-charge operators [7—12], which were independently verified via lattice calcula-
tions [13—-16]. A number of (mostly three- and four-point) correlators have appeared scattered in
the literature [17-22]. In this note, we aim to close a gap in the literature by systematically col-
lecting three- and four-point correlators involving currents in the large charge sector of a generic
CFT in d dimensions with a global O(2) symmetry. We not only organize and express existing
results in a self-contained, consistent way and unified language, but go beyond the state of the
art by giving current correlators inserted not only between the scalar ground state at large charge
but between states with phonons, i.e. spinning states, representing excitations of the large-charge
ground state. While we do not directly use conformal symmetry to obtain our results, they are
consistent with the expected form of conformal correlators.

Technically, we make use of the fact that the effective field theory (EFT) at large charge
is to leading order a free theory, which allows us to perform explicit computations also for a
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strongly-coupled theory. The leading term in the EFT is fixed by scale invariance and receives
corrections subleading in Q from curvature terms. The quantum fluctuations arising from the
leading term in the EFT are of order Q°. We write the correlators as a sum of semiclassical terms
with non-negative Q scaling plus a quantum Q° correction, neglecting terms suppressed by neg-
ative powers of Q. Since in general the ground state is homogeneous, any non-trivial position
dependence in our correlators must be due to the quantum fluctuations. In odd dimensions, the
tree-level expressions do not have any Q° contribution, so all terms at this order are due to quan-
tum fluctuations and are universal. In even dimensions, the universal Q° term is replaced by a
0°%log Q term [20]. Studying the structure of the higher-order loop corrections we find in even
D logarithmic /-loop contributions of the form

1
A; D m<a0+allogQ+...+al(log Q)l). (L.

This result is especially relevant for applications in the context of resurgent asymptotics as in odd
dimensions, large-Q expansions are expected to be log-free transseries with non-perturbative
corrections related to worldline instantons [23,24].

In this note, we focus on the non-supersymmetric case with a single large-charge vacuum.
Correlators of supersymmetric theories with a moduli space must be approached differently and
have appeared in [25-34].

The plan of this paper is as follows. In Section 2, we review the basics of the O(2) sector at
large charge, focusing on canonical quantization. In Section 3, we instead turn to path-integral
methods, computing in Section 3.1 the basic two-point functions of the ground state (Q|Q) and
the one-phonon state ( 62’%2 | 61%1 ). In Section 3.2, we discuss loop corrections, in particular the
one- and two-loop corrections to the scaling dimensions of the primary operator correspond-
ing to the large-charge ground state. In Section 4, we present the main results of this paper,
namely correlators of the conserved currents J of the O(2) symmetry and 7 inserted between
one-phonon states. In Section 5 we give an overview of correlators in which a small-charge
state is inserted between large-charge states. These results have however already appeared in the
literature. We close in Section 6 with concluding remarks and an outlook. In Appendix A, we
collect properties and identities of the hyperspherical harmonics used throughout this paper. In
Appendix B, we give the form of conformal correlators due to the constraints of conformal invari-
ance. The Casimir energy of the fluctuations is computed in various dimensions in Appendix C.
In Appendix D, we give details of the loop calculations. Finally, in Appendix E, we give some
calculational details for the correlators appearing in Section 4.

2. The O(2) sector at large charge

In this section we collect some review material about the large-charge expansion for a generic
CFT with a global O(2) symmetry.

2.1. Effective field theory

We consider a CFT in D-dimensional flat space with an O (2) internal symmetry which can
generically be a subgroup of a larger global symmetry. In particular, consider the state |Q) gen-
erated by the scalar primary @€ with O(2) charge Q. Since flat space is conformally equivalent
to the cylinder R x SP~! we will work for future convenience in the cylinder frame. We are in-
terested in correlators of such primaries at long distances, which can be expressed on the cylinder
as



N. Dondi, I. Kalogerakis, R. Moser et al. Nuclear Physics B 983 (2022) 115928

(Q.00/Q. —00) = lim (Qle™""|Q). @D

There is strong indication [1,2,17] that as Q becomes very large, this correlator on the cylinder
has a description in terms of a weakly coupled EFT based on the coset model

SOMD+1,1H)xU 1 1/(D=1)
(D + ) x U , valid for energy scales —<KELu~ Qi,
SO(D) x U(D)p+uo R

R
2.2)

where R is the cylinder radius. The parameter u(Q) can be interpreted as the chemical potential
dual to the quantum number Q which is the fixed control parameter. The symmetry-breaking
pattern of this coset model is known as the conformal superfluid phase." The corresponding
EFT in Euclidean spacetime’ has been computed in terms of a Goldstone field y = —iput +
w(t,n) [2,17], where m(t,n) are the fluctuations over the fixed-charge ground state X® =
—iut. The result is

S=—c / dzdS$ (— oux 8“)()D/2 + curvature couplings, 2.3)
Rxsb-1

where ¢; an unknown Wilsonian coefficient which depends on the ultraviolet (UV) theory (i.e.
the starting CFTp) and dS = RP~!dQ. This is to be interpreted as an action for the fluctuation
7 (7, n) with cutoff A ~ p, so that a hierarchy is generated, and it is controlled by the dimension-
less ratio (Ru) >> 1. Every observable in the EFT is expressed as an expansion in inverse powers
of w. In particular, the ground-state action takes the form

§7 = (%) > o (R)P (2.4)
r=0

where the coefficients ¢« depend on ¢ and all other Wilsonian coefficients associated to cur-
vature terms. Other than the scaling behavior in the quantum number Q, there is a number of
universal predictions that do not depend on the Wilsonian parameters of the EFT [3,20,35].

We will now review the classical and quantum treatment of the action (2.3), from which we
will be able to compute some important CFT correlators and corrections to the scaling dimension
of the primary ©2.

2.2. Classical treatment

Neglecting curvature couplings and expanding to quadratic order in m(t, n), the EFT La-
grangian reads

b2 D(D—1)

L=—c1u? —icyuP'Dr +cip 5

.2 1 2 D-3
<7‘[ +ﬁ(8,n) )+O(M ).
2.5

The conjugate momentum to 7 is defined in the usual manner from the quadratic Lagrangian

! The state |Q) is not a superfluid state, as it is an eigenstate of the charge operator. More precisely one assumes that
the two-point function in Eq. (2.1) is dominated by a saddle corresponding to a superfluid state.
2 Our convention for Euclidean space is T =it, so thati d; = 9;.



N. Dondi, I. Kalogerakis, R. Moser et al. Nuclear Physics B 983 (2022) 115928

= ia;',c = DuP ' +ieyD(D — HuP 7. (2.6)
87 [jin
At leading order, this gives rise to the usual canonical Poisson brackets. We will for now neglect
interactions and study the spectrum of the quadratic Lagrangian.
The fields 7w and IT can be decomposed into a complete set of solutions of the equations of
motion (EOM) [3]:

illpt
c1QpRP-1D(D — 1)uP-2
%

1 < Aim g a,
+ E e Y (n) + —L_e®Y) (n) ),
Ve RPTTD(D — P2 S \ V2o " 2wy bm

n(t,n)=my—

2.7
Iy
QDRD—I

c1D(D — 1)uP-2 |o [
—i—i\/ 1 ( RD*I)M Z (—alm %g_w”ng(n)-}-aZm %ewﬂyﬁ*m(n)) ’

£L,m
2.8)

M(t,n) =c DpP~ ' +

D2 .
where ¢ and I are constant zero modes of the fields, Qp = FZ(HT//z) is the volume of the D — 1-

sphere and the Yy, are hyperspherical harmonics.” The dispersion relation for the oscillator
modes reads

_ [ee+D-2)
Ry = ~b-1 2.9)

Adding higher-curvature terms in the EFT will add subleading corrections in 1/Q to this expres-
sion, which will depend on the Wilsonian coefficients and are not universal.
The complex Fourier coefficients ay,, can be extracted as follows:

D(D — 1)uP-2
gy = \/C1 ;we RD)_“l /dS[n(r, ) 3. (Y}, (0)e™T) — 8.7 (z, )Y, (m)e® .

(2.10)

The canonical Poisson bracket between m and IT corresponds to the Fourier mode brackets

@em, @} = 800
The classical O(2) current and conserved charge are

8L
JH = , 0= /dSJT =1 DQp(Rw)P~! 4 1. 2.11)
80, x

The leading contribution to the charge comes from the homogeneous term (zero mode on the
sphere) corresponding to the ground state. This relates the EFT scale u to the ground state charge

Qo as

3 The index m is a vector with D — 2 components. For conventions and properties see Appendix A.
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1/(D-1)
_ Qo } _ 2.12)

H= |:6‘1DRD1§ZD
As mentioned in the previous section, the O (2) charge is our controlling parameter since AR ~
UR ~ Q(l)/ P~ and the validity of the EFT is controlled by 1/(nR). At leading order in the
fluctuations, the charge Q of a generic solution of the EOM depends only additively on the zero
mode ITy,

Q=Qo+T. 2.13)

Using the state-operator correspondence, we can compute the scaling dimension of the opera-
tor O from the cylinder Hamiltonian. A generic solution of the EOM corresponds to an operator
with scaling dimension

dAg 1 32A0 5
A=RE. 1 =A —II ——F1q1 R * s 2.14
oyl 0+8Q0 0+28Q08Q0 o+ e; Weay,, Aem (2.14)
zZ1lm
where we have defined
_ LAV
Ag=ci(D = DQp(uR)P + O((RWP?), 30, = ki
0

2a, | (2.15)

3000Q0 c1D(D—1)Qp(Ruw)P—2"
The quantity Ag corresponds to the leading (classical) contribution to the action in Eq. (2.4).
Note that the Hamiltonian H, for the x-field is shifted w.zz. the one for w as H, = H; + n Q.
Thus, for the fluctuation 7 the effective time evolution is generated by H, + nQ, as expected
for a superfluid Goldstone fluctuation.

2.3. Canonical quantization

Canonical quantization in the cylinder frame is obtained by t-slicing, associating a Hilbert
space Ffg to each fixed . This poses no conceptual problems since the cylinder is a direct
product of the time direction and a curved manifold. The mode coefficients in the decomposi-
tions (2.7) are promoted to field operators with non-vanishing commutators,

[0, o] =1, [aem ap, 1= St Smm- (2.16)

These are equivalent to the canonical equal-t commutator [ (t, n), [1(z,n")] = idgp-1(n, n’),
where 8¢p-1(n, n’) is the invariant delta function on SP=1. To build a representation of the
Heisenberg algebra we start with a vacuum | Q) which satisfies

aim |Q) =Tlo|Q) =0. (2.17)
As we are in finite volume, the O(2) charge is a well-defined operator acting on g as
= [asnEm=01+M.  @10)= 000} @.18)

The non-zero charge of the vacuum can be increased by acting with the mode ¢, which is the
only one carrying non-zero charge,

@ mol=—i,  [Qaml=1Q, a},]1=0. (2.19)

[=)}
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However, this does not lead to a degeneracy in the spectrum. Starting from the vacuum |Q) one
can obtain a state annihilated by ay,, with charge Qo + ¢ and scaling dimension Ay(Qg + q)4:

10+ q) = ™ |0) :exp[#/dé‘n(f,n)} 10). (2.20)

While these states are all annihilated by the ladder operators, since [ay;,, mo] = 0, they are not
zero modes of I1p. Thus, they do not represent degenerate vacua, but they have a gap

Ao(Qo +¢q) — Ap(Qo) ~q(Ru) . (2.21)

Since 7 is the only operator on which the O(2)-charge acts non-trivially, it has to be compact,
o ~ o + 2w 1, which implies that ¢ € Z. This shows that the states with charge Q¢ + ¢ live at
the EFT cutoff and will not be discussed any further.

The quantized quadratic Hamiltonian corresponding to the classical expression of the scaling
dimension in (2.14) can be written as the sum of a normal-ordered’ operator : H: and a vacuum
contribution,

1
D=R:H: + A1, where A :=§K>le (Rwy). (2.22)
Z1l.m

The vacuum contribution needs regulation and has physical consequences. This is computed in
various dimensions in Appendix C and first appeared in D =3 in [17] and D =4, 5, 6 in [20].
From the point of view of the large-charge expansion, the one-loop correction comes at order
O(QY%. This means that we need to keep track in the tree-level computation also of all the
curvature terms up to this order. For example in D = 3 we know that

Ao=d3p0%? +di Q" + 007, (2.23)

and, in general there will be [(D + 1)/27 terms with positive Q-scaling, each controlled by a
Wilsonian coefficient [1].

The commutators between D and the various modes show which ones generate excited states
when acting on the vacuum:

[D, agm] = —Rweapm, [D,a] 1= Rawa, (2.24)
3N 9% Ao

[D, o]l =—i—— —i——=-Tlj, [D, ] = 0. (2.25)
300 902

The Hilbert space # of the theory is described as the Fock space generated by states of the
form

T T
azlml e 'aﬂkmk|Q> (2.26)
with charge Q¢ and scaling dimension

k
A=Ag+ A1+ ) (Roy). (2.27)
i=1
These states are also known as superfluid phonon states in the literature. Some comments are in
order:

4 Ag = Ag(Q) is defined via equations (2.12) and (2.15).
5 Normal order refers to the vacuum |Q) where (Q|:H:|Q) = Ag/R.

7
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e From the CFTp perspective, these states correspond to primary operators with different quan-
tum numbers than @€ (corresponding to the vacuum |Q)) but same O (2) charge. The only
exception are states including at least one aIm which are descendants since their energy is
Rwi =1.

e The SO(D) part of the isometry group of the cylinder is realized in terms of some unitary
operator U on #p, under which the mode operators transform as

U(R)a,, U'(R) = Z D!, (R"Ya) ., ReSOD). (2.28)

mm

m/

This follows from the decomposition (2.7) and the properties of hyperspherical harmonics,

where D’i v 18 a finite-dimensional irrep of SO(D) (generalizing Wigner’s D-symbol in

D > 3).In the CFTp this is the group of Euclidean rotations, so that states aglml ... agkmk | Q)

will generically correspond to spinning primaries in the appropriate reducible representation.
e Not all phonon states can be described within the EFT. When the £-quantum number be-
comes too large, their contribution Rw, can compete with the leading A term, breaking the
large- O expansion. We have seen that Ay ~ QD/D=D pyt higher-curvature terms in (2.3)
will introduce lower order corrections up to Q'/(°=1_ Phonon states with comparable en-
ergy w; should be excluded from the EFT. This sets a cutoff for the £-quantum number as

Leutoft ™~ Ql/(Dil)- (2.29)

Operators with such high spin should be described by new coset models with more
complicated breaking pattern, resembling the ground states found in non-Abelian models
of [14,36,37]. Work in this direction has been carried out in [38,39].

It is worth stressing that the structure of the spectrum and the existence of the above-mentioned
charged spinning primaries is a direct prediction of the superfluid hypothesis for generic a O(2) —
CFTp. Canonical quantization is the appropriate framework for this discussion, but one will
expect corrections to scaling dimensions and the spectrum structure coming from interactions in
Eq. (2.5), corresponding to subleading terms in large Q. These are best discussed within a path
integral formulation, so that ordinary loop expansions techniques can be employed. This will be
the subject of the next section.

3. Path integral methods

An equivalent basis of the fixed-7 Hilbert space #( is given by the field/momentum eigen-
states

x@m)|x)=x@m|x), [(n) [TT) = Tl(n) |IT) . 3.D
Their bracket is fixed by the canonical commutation relations,
(x|TT) = ¢!/ 45xT1, (3.2)

Generically, the vacuum |Q) is a superposition of momentum eigenstates without the Ilp-
component:

|Q>:NQ/DH5(HO)WQ(H)|H>7 (3.3)
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where N is a normalization factor. In the limit of large separation, T — 00, correlators will
not depend on the specifics of the vacuum wave function ¥, which will only affect the overall
normalization. Without loss of generality, we can take W = 1. The overlap of |Q) with field
eigenstates is then given by
(10) = {NQ GXP{QDlTQszdSX} if x is c‘zonstant, (3.4)
otherwise

Generically, on a t-slice, the zero-modes of any field configuration can be separated by integrat-
ing on the sphere:

X0 =/dS)(. 3.5)
This bracket sets the correct boundary conditions for any correlators in the path integral represen-
tation of the form (Q]...|Q). These boundary conditions are a generalization of open boundary

condition on a segment in the special case of D = 1. We are mostly interested in correlators in
which the vacuum | Q) is inserted at large separation on the cylinder, namely at T = £o00. In this
case the details on the boundary conditions the vacuum imposes are irrelevant. We can now con-
struct path integrals for the norm of the states (2.26) which correspond to two-points functions
of the corresponding primaries in the CFTp at large cylinder-time separation.

3.1. Two-point functions

3.1.1. ( 0 |J|glgnl>correlator

Lomo
The vacuum correlator with cylinder times 1 > 71 can be written using (3.4) as follows:

17

(rp—11)
-22p

(Ole |Q)=|=NQ|2/DX6XP P dr/dsx = AT ).

DRD—I
7|

(3.6)

where we have introduced the notation 4A(tq, 72) for future convenience. This path integral can
be taken as the working definition of the correlator, without referring any more to the canonically
quantized picture and taking the EFT action (2.3) as a starting point.

The path integral can be computed as a saddle-point expansion around a field configuration

X @ (r, n) which is a solution to the minimization problem

T
sstai= [aras (<2 Yors fas(A e )" e
X = T —_ X X :
"0(3,00 d@rx)  QpRP-! .
T
The bulk EOM requires the (Euclidean) O (2) conserved current
9L D/2-1
%) =c1D(—=0,x0ux) dux=Ju 3.8)

to be divergence-free. The general solution compatible with the boundary conditions is the ho-

mogeneous configuration X%(‘L’, n) = —iput + mo [2], with my constant and the parameter
fixed by the boundary condition to
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D—-1 _ Q
QDRD—I ’

which we had already seen in Eq. (2.12). The action expansion for this ground-state fluctuation

c1Du 3.9)

x(t,n) = x@ (r,n) + 7 (t, n) is, to quadratic order,

— 1 1
§ =802+ ZD(D )/ /dS( 1)R2<ain)2)+c9(ul’—3>.

(3.10)

The boundary term eliminates the linear term in (2.5) and correspondingly the zero-mode terms
of (2.14), as expected. As we will see later, this ground state is a good starting point for a loop
expansion controlled by @ R. The normalization N is chosen such that the correlator takes the
form

A1), 1) = R2B0HAI+) oy {—?[Ao FA+. ]} 3.11)

which corresponds to the two-point function in R” normalized to unity. The correction A in-
troduced in (2.22) is the Casimir energy of the fluctuation 7 around the homogeneous ground

state x
In the state-operator correspondence, the reference states | Q) and ( Q| correspond to insertions
of scalar primaries at T = 3-00:

10) := 02(~00) |0), (0l:= (0] 02 (c0)", (3.12)

recalling that conjugation on the cylinder is ©2(z,n)" = 9~2(—t,n). The Weyl map to R?
can then be performed as

0 0 (e (ml e, 0 13
(0202 ())go = (- =) 0% )0l n))y. (13

3.1.2. (Ezm2 |£1m1 ) correlators
The next class of two-point functions we study are correlators of one-phonon states obtained

by acting with a single creation operator a}m on the vacuum |Q):

12)=a} 10), where 1€)=10). (3.14)

In canonical quantization, using the commutation relations of the ay,, and azm the two-point
function is found to be

= (Qlagym, e” ™" PIRG] 10) = A1, 72) e TSy, 1, Sy,

_ RAe—A(rz—rl)/R(Selezg

Q0 0
(szz |K1m1 )

(3.15)

mimyp»

where A is the conformal dimension that we have found in Eq. (2.27), consistently with the
general structure of a conformal two-point function on the cylinder given in Eq. (B.5).

This is true to quadratic order in the Hamiltonian, however we expect loop corrections to shift
the spectrum in a complicated way. It is convenient to formulate the correlator as a path integral.
This can be done in a straightforward manner by expressing ayg,, in terms of the fields as in
Eq. (2.10), so that one finds

10
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(00 )_ch(D—l)pLD*2
Lomy M eymy I ZRD—IW
AT, 1) Jim (0, = 3e) (0 +9:) (1" m)m (T, ), (3.16)

=1

dS(n2) / dSMD Y}, (12) Yem, (1)

where the two-point function of the Goldstone fluctuations is defined as

o / Drr(ta, n)(ty, ny) e S (3.17)
(0, n|Q, 1)

where S[m] is the action (3.10). As expected, the information about the spectrum is contained in
the full z-fluctuation two-point function. In this formalism, the result in Eq. (3.15) is found by
using the tree-level propagator, which on the cylinder reads

(m(r2, n2)m (71, m1)) =

(m (T2, n2)m (T, M1))

o0
Zzefwelrzfnl Yo (2)* Yo (1) _ T2 — T1|> . (3.18)

1
"~ ¢1D(D—1)(nR)P-2 (H ~ 2Rwy 2RQp

As discussed previously, the state | e%> defines a spin-£ symmetric and traceless tensor oper-
ator inserted in the infinite past on the cylinder,

12):=02, (~0)|0). (3.19)

The computation of ( [2%2 | K1%1 ) in canonical quantization is easily generalized to states with

more phonon excitations. For example, for two phonon excitations we get

0 _ ;o —(p—11)D/R T i
<e1m1)®<zqm3)>— (Qlacsmy@em, € Ayt Gy 1)

< 0
(L2m2)® (Eymily)

—(no—11) | we, +w,r
= AT, e (o) (5elez5m1mz5e;e’25m’,m;+5elz;5m1m;5e;ez5 | ) (3.20)

m'ma

For states with higher numbers of phonon excitations the energy is just corrected accordingly
and there is a sum over all possible permutations of Kronecker deltas. These states are primary
(as long as none of the ¢s is equal to one) but they will not be in irreducible representations like
the one-phonon states. For example in D = 3, by virtue of the Clebsch—-Gordan decomposition,
we have

t@l=t+)oU+l-2)@ - alt—1| (3.21)
3.2. Loop corrections
The perturbation theory for the EFT action (2.3) can be conveniently set up on the thermal

circle Sé x SP~1. One then recovers the original CFT predictions in the zero-temperature limit
B — oo. The fluctuations 7 can be decomposed into modes as

ﬁ .
w(em) =23 D Yem e T, Ty = (D" e (322)
neZ £=1,m

11
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where the notation for the m-type quantum numbers follows from the standard tree convention
for the hyperspherical harmonics, see Appendix A. We have also introduced the Matsubara fre-
quencies v, =27n/B.% On Sé x SP~1 there is a unique zero mode, which can be excluded as it
never appears in the derivative-only interactions.

The propagator in mode space can be computed from the quadratic part of the action:

1 1 1
1Pl ) = - 8,/5/—1|m|6,/. 323
(TTnem T om) ClD(D—l)(/LR)D_zﬂz V,%‘FCU% n,—n e (=1) m,—m ( )
=Dy

The zero mode does not mix with the other modes and has (mgmg) = constant, and cannot be
corrected at any order in perturbation theory because all vertices contain derivatives of the fields.
For generic spacetime dimension D the EFT action has all possible k-point vertices

o
S =Y uP*s®. (3.24)
k=3

The two-loop corrections to the @€ primary scaling dimension, A,, is computed via diagrams
involving only three-point and four-point vertices:

3
s<3>—— \D(D —1)(D — 2)/dt / dSn{ +—1ﬁ(8 i) } (3.25)
SD 1
s@ ———ch(D— (D — 2)/dr/d$ 4(8%)4
24 RYD-1)""
SD 1
4o (D=3 72(0;m)* + (D — 3)7 (3.26)
E— i T — JT .
R2\D—1
The corrections to the partition function are then computed as
1
log Z =log Zg — uP=* (sW), + 5 =65 5By | (3.27)

where we indicated with (. ..), connected contractions only. Since propagators scale as ~ >~ 2 it
D
is clear that both contributions enter at order =2 ~ Q™ D-T modulo Q°log Q powers. Following

the same counting, an £-loop diagram produces the term

(=D

AD Q_ D—1

in the A expansion. In what follows we will concentrate on the two-loop partition function (3.27).

(3.28)

3.2.1. Tadpole (sub)diagrams are vanishing
One can easily verify that in the two-loop contribution A, all tadpole-type diagrams vanish
identically. More generally, no vertex appearing in (3.24) can generate non-vanishing tadpole

subdiagrams. This guarantees the ground state x & (t, n) introduced in Section 3.1.1 to be stable
under quantum corrections. This is a direct consequence of the SO (D) x O (2)ghife Symmetry.

6 Standard references for thermal field theory methods are [40,41].
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A semi-diagrammatic proof of this statement goes as follows. Any tadpole sub-diagram is
generated by contractions from a vertex with an odd number of legs, (S*~1) _ for some k € N.
By SO(D) invariance, the quantum-corrected propagator is (7 ¢m Tu/¢'m’) X 8 —m’. Generically,
each term will contain k pairs Y Y* and one unpaired Y:

(SH=Dy5 3" ASYem Yerm Y m, - Yo Yiim, - (3.29)
M.mLkep

The sum ), Yy, Y}, is a constant, see Appendix A. So

> / ASYem Yeym Y, - Youmi Yim, Z / dSYe, =0. (3.30)
m’mlmksl) 1 SD 1
This holds since the O(2) shift symmetry guarantees that the zero mode £ = 0 never appears in
perturbation theory. When derivatives on the hyperspherical harmonics Yy, are present, the same
argument applies if one uses the identities in Eq. (A.7).

3.2.2. One-loop scaling dimension A1 and regularization
Let us briefly review the computation of the one-loop scaling dimension A for the primary
©%.0n Sé x SP=1 this is computed as

3
A _—ﬁllm —logZy =~ ZMZ(RW), (3.31)
€>0

where the Matsubara sum has been performed as in Appendix D. It coincides with the expression
found in Eq. (2.22). We indicated with M, the degeneracy of the £-th eigenvalue A; of Agp-1, see
Eq. (A.4). The sum appearing above is obviously divergent and needs regularization. For future
convenience we introduce the regularization

. C — w2 /A2
E(S)=A11_1)1100§M2(Rwe)36 wtfh, (332)
>

The one-loop scaling dimension reads Ay = 12(1) and is computed in detail in Appendix C
for various spacetime dimensions. The use of a momentum-dependent regulator is natural. Our
controlling parameter is the charge Q, which is used to define the EFT UV scale, via AR ~ uR ~
Q/®P=1 'which cuts the phonon states running in internal lines as discussed in Eq. (2.29).

3.2.3. Two-loop scaling dimension Aj

In this section we compute the two-loop correction to the scaling dimension Aj. In higher-
loop computations, the regularization procedure needs to take into account also the Matsubara
modes. This is because the derivative couplings lead to sums of the form

ZZ i (3.33)

vz oVt wf

in which the Matsubara sum is divergent. A convenient choice [42] is a regularization procedure
which is linear,

13
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Reg |:Z Z [af(n, )+ ,Bg(n,ﬂ)]:| =aReg |:Z Zf(n, 6):|

neZ £>0 neZ £>0

+ BReg {Z Zg(n,z)], (3.34)

neZ >0

symmetric under n <> —n, and m-independent. We use a smooth cutoff regularization [43,44]
which now involves also the thermal circle:

Reg [Z > fa e)} =33 fn e it/ (3.35)

neZ ¢>0 neZ >0

The zero temperature limit for these regulated sums is then taken with 8 — oo keeping (RA)
fixed, and will eventually produce regulated sums of the type (3.32). Usual Feynman-integral
methods can be used on S é x SP=1 and the contribution from the quartic action is found to be

@, <abD-2) |3 6(D —3) B _
S =15 t—m +({D—-DH(D-3) .

(3.36)

We indicate with square dots spatial derivatives d; acting on the corresponding legs, while white
dots stand for time derivatives 9. In this pictorial notation we have suppressed the permutations
of these derivatives on the legs, which need to be included as independent Wick contractions. In
Appendix D we provide separate computations for each contribution and find

2
i (D —2) R )
D—4 ,o(4)y _ _ P B
uo{ST) e = 8c1D(D — 1)Qp(uR)P (ﬂ) {(D Y [ ne Me}

2
—4 [Z Dnew%Mg:| } (3.37)

nt

where each sum is regulated by Eq. (3.35). Performing the Matsubara sum in the § — oo limit
we find the contribution to the scaling dimension coming from the quartic vertices,

_ (D-2) (AR)?
8¢ D(D — 1)Qp(uR)P 4

The contributions coming from the 4-point vertices are purely 2-loop and are

2
3By — 1 p2ep 102D — 22 6
(§75 e = =3 D7D = D7D 2){@+R2(D—1)@
9
R _1)2 @] 33

where again each graph stands for all permutations of different derivatives on the internal legs.
As discussed in Section 3.2.1, there are no tadpole contractions.

A = {(D —-3) »(0)% — 2(1)2} . (3.38)

14
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Each graph is computed separately in Appendix D. We can express the final result in a com-
pletely symmetrized form as:

2D=6 ;g3 gB3)y _ _ ( 2 <' > 2:
(S 8% Q R
M ¢ 12¢;D(D — DHQp(nR)P \ B nag+np+n.=0

XY Dugty Dty Dnct Sttt
Lalple

2.2 .2 2 .
X 2vna Vi, Vi = Vng Vi Vn, [v”a (we), + @, )" + (cyclic perm.)]

1 .
+ Ev,%a (w%b + a)%C — a)%a)2 + (cyclic perm.)

— Vn, Vny, [a)z — (a)%a — w%b)2] + (cyclic perm.) } (3.40)

The symmetric structure Sg,¢, ¢, is defined in Appendix D in Eq. (D.22). The symbol Ay, ¢,¢. €n-
forces the SO (D) quantum numbers €, £5, £, to satisfy a triangle inequality, which corresponds
to momentum conservation on P!

1 if [y — £y <l <Up+ 2 d l.—48,—¢ ,
By =1 - I Lal Ste by baand e = La = £y even (3.41)
0 otherwise.
The corresponding contribution to the scaling dimension can be obtained in the 8 — oo limit,
computing the Matsubara sums along the same lines as before. The end result for the two-loop
scaling dimension for the operator © € reads

Ay = ! (RA)2(D—2)[2D—4+(D—5)E(0)]Z(O)
2= 16c:D(D — DQp(uR)P | 6x

- BN p a2 a -y s
JT
D-2 2 (20)
— T[(D —2)(ZQR)+6Z(0)ZR) +2X(—1DHX?B)) — (5D —-16)X(1)" — 8% ] ,
(3.42)
where £ is a sum which cannot be readily reduced to a combination of X(s) sums:
2= 3" Supe Aegtye, P26 B (3.43)

wq, +wp, +wq,
Loyl la + (9 + le

This new sum above can be regulated and computed, but for the present work we limit ourselves
to noting that it has two divergent regimes: when £, ~ £;, > 1 it grows as X(1), and when
Ly ~ Ly~ L > 11t grows as X(2). The former corresponds to a degenerate triangle described
by three integers £, 5, ., while the latter corresponds to an equilateral triangle. These are the
discrete versions of different collinear divergences in ordinary loop integrals.

When D is even, the result (3.42) has the structure

1
Ay D 7QD/(D_1) (ao + a1log QO + aa(log Q)2> (3.44)
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and a (non-universal) Q°log Q? term appears. This result is expected to generalize to any loop
I, where a term (1)’ is expected to appear. Thus, in general, we expect in even D to have an
[-loop contribution of the form

1
A;D T <a0+a1 log Q + ... + oy (log Q)l). (3.45)

This result is especially relevant for applications in the context of resurgent asymptotics. In odd
dimensions, large-Q expansions are expected to be log-free transseries with non-perturbative
corrections related to worldline instantons [23,24]. This is an important simplification with re-
spect to transseries which contain logarithm terms, which can be been found as consequence of
quasi-zero mode integration in quantum mechanics problems [45—47]. It would be interesting to
investigate whether a similar phenomenon is behind the appearance of Q°log Q terms in even-D
large- O expansions.

4. Correlators with current insertions

The advantage of working with an EFT at large charge is that the physics at the fixed point
is captured by a free theory. We are therefore able to explicitly compute three- and four-point
functions for a strongly coupled system using only the operator algebra (2.16).

This section contains one of the main results of this paper, namely three- and pour-point
correlators with current insertions between spinful large-charge primaries @ eQm' A handful of
these correlators have already appeared in the literature in the scalar case £ =0 [17,18,21,22].
Even though we do not use conformal invariance to compute the correlators, we find that our
results respect as expected the structure of conformal correlators on the cylinder in the limit
of large separation collected in Appendix B. Note that our results have to be understood as
an expansion in Q and contain only the classical contribution plus the leading-order quantum
correction.

4.1. Conserved currents and Ward identities in the EFT

The classical conserved currents in the model (2.3) are
Ju=e1D(=d,x 3" )P* " a,x, .1
T =1 { D=0, 90 P71 0,00 8,0 + 810 (= 8,0 9072 (42)

Their integrals are related to the conserved charges of R¢ as already discussed in Section 2.2.

On the cylinder, the currents are expanded in fluctuations around x% (t, n) up to quadratic
order as

Fe=—i—2 {l—i—l—(D—l)J%——(D 20 -1 [ﬁ2+7(a’”) }+O(uﬁ3)},
D 2 )

QpRDP-1 2u? R2(D -1
(4.3a)
0 1 i (D=2). 3
Ji=———1—0; — 0; @ , 4.3b
G RD {MR 7T+M R 70w+ (M ) (4.3b)
Ag D. DD-DTJ., (D=3)@mn) 3
T, =— 1 —7 - ), 4.3
QDRD{ +l/.L7T 2 [n + RD — 1) +O(/L ) (4.3¢)
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T Dot 1 D o PP +(’)( *3) (4.3d)
;= — — T+ ——TOT :
T R [ uRD— 17T T R H

Aok D. DD-D[., (@) 3
0= QDRD(D—I){1+ PR W) [” +R2(D—1)}+O(M )
Ao 1 D

T QoRD R (D 1)

{oram+0(u)}, @30

where A;; is the metric on the D — 1-sphere. Homogeneity of X® guarantees that 77; = T;; =0
at leading order in the fluctuations.

The above expressions were calculated using only the leading term in the effective ac-
tion (2.3). As observed before, this gives rise to contributions of O (QO), while the effect of
the sub-leading curvature terms on the fluctuations is suppressed at large charge.

We will discuss correlators of these currents in the canonically quantized setting of Section 2,
which is sufficient for leading-order results. Integrating J; or 77 over spatial slices gives rise to
the charge operators D and @. When inserted at time t they measure the scaling dimension and
the O (2)-charge of any operator insertion contained in the half-cylinder (z, —oo) x SP~!. This
fact is expressed by the Ward identities

(@) []0i(zi,n)) = ZQ, ]‘[m(rl,n) (4.4)
(D@ [[Oi(xini)) = ZA H@(r,, ni)). (4.5)

These identities hold order by order in a loop expansion and can be used to constrain correlators
with insertions of the currents in Eq. (4.3).

4.2. (ezgnz [J] 51%1 ) correlators

We first compute the correlator of two spinning primaries (9 ~010) = %m | Q) inserted at times
71, T2 With an insertion of J, (7, x) attime 71 <7 < .7 To leadlng order one finds

Q

J(z.mOf, )= i RPT

( szz { ’AAQ“FRCU[Z (tls 7"2) (Sllﬁzam]mz

R, /g, w,
2D Ay

Ag+R
+ Axgi ko, (.21 1) (D= DD =22

B BiYZ;mz(n)aiYe]ml(n)]
R%(D — Dwy,wy, ’

I:Yl*zmz (n)Yﬁlml (n) 4.6)

(0.2 Ji(t.mog, )

. O(D—=2) Ap+R wy
=lmmg+RZ§2< L2 T) w—ZYg*zm(n)a,-Yelml(n)—(l«>2>* NN

For later convenience we have introduced

7 Recall that in the special case £ = 1 the operator @ ZQm is not a primary, but a descendant.
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Ao+ Ray, (T1, T2) = A(T1, 1) e BTV,
(4.8)

’A’iT (| 1) = e~ M2(@—1)/R=A1(t—1)/R

This generalizes (71, T2) = #a (71, T2) defined by the two-point function (Q|Q) in Eq. (3.6).
The £ = 0 case of the J; correlator appeared first in [17].

If we integrate J; over the sphere, we obtain the conserved charge, so the integral over the

three-point function with a J; is fixed by the Ward identity (4.4), giving us a consistency check:

f dS(m) (0,2 Te(t.m)O2,, ) = —i Q An g Roy, (71, 72) 8¢, 68mums.- 4.9)

Let us examine the structure of the J; correlator. The current is a sum of a classical piece and
quantum corrections, see Eq. (4.3a). The classical part is homogeneous and, by charge conserva-
tion, time-independent. It follows that the classical contribution to the three-point function must
be proportional to the two-point function

< zzian 51%1 > = AAg+Ray, (T1: 72) 8¢,0,8mm, - (4.10)

The quantum piece will in general give a contribution that has the same tensor structure as the
left-hand side (LHS) and since it is not homogeneous, can be decomposed into spherical harmon-
ics. Moreover, as we have seen above, by charge conservation its integral must vanish.

In the same way, the classical piece of J; is zero (see Eq. (4.3b)), so we only have the inhomo-
geneous quantum contribution in the J; correlator. The separation into a homogeneous classical
part and a space-dependent quantum contribution applies to any physical observable.

The special case of £; = 0 corresponds to the (scalar) ground state |Q) and Ward identities
guarantee that (Q|J;| Q) = 0 to all orders.

From the above relations one can extract the corresponding operator product expansion (OPE)
coefficient:

00 _ (0,21 @mOL) 0

o — - , @.11)

C 0,
o7 Je - D—1
b ©,008) @R

These correlators can also be computed for higher-phonon states. For example, for two-
phonon states we have

Q

0] _ .
o) iy ) = =T g gt A ey 51 72)

< 0
(£2m2)®(Lym))

{ (531525m|mz§€’1£’25m’1m’2 + 8614’ amlmzsﬁ/ ZZSm’ m2>
0; Y[m/ (n)o;Y Z/ : (n)
R2(D — 1)&)5/20)2/1
3 Y(Zlml(n)a / / (")
b ] 12y4 szm’
R-(D — l)a)g/za)gl 1 1
0 Y gy (W), Y, ()
R2(D — 1)‘0132‘"6’1
R. /g, wy¢ 0i Yo, m, (n)3;Y, g (n)
220 [Yelml(n)YZ;mz n) — — 2m2 ]5% S, |1 (412)

(T (@ —wpy) R2(D — 1wy, wy,

+ Qb [ Yoy Y () —

(D-=2)(D-1[ R jogoy
]szll(smzml

2D Ay e(f_fl)(we’l _wzé)

R _/jwy wy,
2 *
e [Yem @Y, 1) —

6(7_71)(“’41_‘”@’2)

R
We, Wy}

*
+ (f—fl)(wyl —we,) [Yg/lm/l (n)YEﬂ"Z (n) - ] 5/2618’"/2”’1
e

18



N. Dondi, I. Kalogerakis, R. Moser et al. Nuclear Physics B 983 (2022) 115928

In the computations above we have neglected the linear terms in the fluctuation &, which
appears in the various conserved charges in Eq. (4.3). These terms cannot be neglected if we
consider matrix elements between states with different number of phonons. For example, for
correlators between the ground state and one-phonon states one finds the following leading-order
expression:

_ OD—-1) |Qp Rwy A
(070 s &)= =5 o\ 35 A Aagre (172 | D) Yo, @.13)

9 RQp
" QpRP-1\ 2D AgRwy

_ A
(0= QJi(r.m] 2) AAng((n,mr) 8; Yem(n). (4.14)

The same holds for all the correlators with insertions of 7' or J. We will omit this special case in
what follows as it represents a straightforward modification to the formulas presented there.

4.3. (52%2 |JJ|£1%1 ) correlators

We next compute the correlators with two insertions of J,, at cylinder times 7 < v’ between
insertions of (9£Qm at 71 and 15 such that 7 > T > 1’ > 17. Two insertions of J; result in

_ 0?
(O Je (e m 1o m)OL, ) = = Ao, (112 72) Srezs Ststabmms
D

D=1 e (D+26-2) D,
1+—7 =t R, T T na !
x{ + 2D A, ;e Wy ) ; (m-n)

+{ AR () 1 | 7) At L LU <_ Yy W Yeymy (1)

Ag+Rawy, 2QpR2P-2p Ao e~ (T,

D—2)19iYem (n)d; Y}, (n)
ED - 1;[ (Dl " 5 szi?’;’;z — Yoy, (WY}, (n)]) +(@m e, n/))}, (4.15)
where we have introduced the Gegenbauer polynomials C f / 2_1, defined in Eq. (A.15). The £ =0
case of this correlator has appeared first in [21].

Integrating this result over the sphere centered at the insertion point (t, n) gives again the
conserved charge as in the Ward identity (4.4) and hence must eliminate the t-dependence, again
providing a consistency check of our result:

/dS(n) <(9;2§121,(r, n)J.(x', 002, ) ——i0 (0,2 J.('.n)02, ). (4.16)
The remaining components of the J J correlators read
(O Je (T )i (' n)O2 ) =0, (4.17)
2
-0 : ot ’ 0 _ AQ+Ra)[ Q
<(9@2,,,2Jz (r,m)J;(z',n )(951m1> = AAQ-‘FRLU[T (T, 21 7) m

_|'L’—'[/‘Ll)[ (D+2€ _2) D _

Z e 1

|:8i8/j Rwy (D-2)Q2p C€2 (n-n) 86201 0maym,
¢

19



N. Dondi, I. Kalogerakis, R. Moser et al. Nuclear Physics B 983 (2022) 115928

8,5, () 0; Ve, m, () .2 0y ()0 Yoy @) | @)
TR Jope, e TR Jogop

For the last correlator the tree-level contribution vanishes, but it is not symmetry protected so
that subleading corrections may appear.
In the special case of £; = 0 these correlators reduce to

0
(O 2T (t,n) ], (', n)OL) = — A(11, T2) QpRD-1)?
(D-1 ety (D +20=2) D /
X[Q+ 2u 2 e ”WC; (n'n)]’ @19

14

(079 (r,n)J;(r',n)O2)

b,
ATy, D+2¢—-2)C/} -n
_ Q (Tl T2) _ 8'8/-2( ) ¢ _(l’f n)’ (4.20)
2uQp(D — 1)RZD—1 "7 (D —2)QpagelT'lox
(O I (t,n)Ji(z',n)02) =0. 4.21)

The mixed correlator J; J; vanishes exactly on the homogeneous ground state associated to 9 <
by rotational invariance. It is straightforward to show that these correlators satisfy the Ward
identity (4.4) by integrating over the sphere insertion of J.

4.4. (62%2 |T|(1%1) correlators

Now we compute correlators with an insertion of the stress-energy tensor 7 at cylinder time

T with spinning operators (95Qm at 71, T such © > t > 71. The insertion of the T;; component
leads to

Ap+Rawy 1
(04,2, Tecz. 08, )= AA3+Rw§f(n,rz|r>m{mo+m>5w]8mzml

(D —3) 9 zz,,,2<n)a,»lvemn)}}_ 42

Qp
+7RJW[<D— DYl (DY e O = ™ R,

For insertions at large separation 11, 70 — 00 and £, = £1, the three-point function does not de-
pend on the 7-slice of the T insertion, see also Appendix B. Moreover, integrating this result over
the sphere insertion point n eliminates the 7-dependence according to the Ward identity (4.4):

1
/dS(n)< lLymy 'L"L’(T n)0[1m1> - ‘A)AQ-FRCUZ(TI’ T2) E(AO + Al + Rwlz) 8[1528m1m2~
(4.23)
Correlators involving the other components of the stress-energy tensor read
<(9[2,%2Tﬂ(r, n)(9@Q]m]>

AQ+RLL)(2

1 wy
=AAQ+R%<TI,TZ|T>QTD[/ Loy Yo, ) — (lez>*], (4.24)
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Ag+Raoy 1
<(952,,,2T” (t, n)(9€1m1> AAQ-FR(UZZ (1, 2| 7) m

{hif [ (Ao + A1) 8€2€| 8n12m1

— DY, (1) Yy, () —

. QpR . Jwg g, ((D aiYg*2m2(n) aiyilml(n)>:|
2 Rz(x)gla)gz
3G Yy, M) 0 jyYeym, (1)

R2a)gl we,

+ R /w¢,we, 2p } 4.25)

Note that an insertion of the trace of the energy-momentum tensor Ty, + h'/ T} j vanishes on
any phonon state by conformal invariance. We find the expression

( fzﬂlzh” Tij (z, n)(921m1>

AQ+Ra)52

= AAQ+RWZ (Tl (%] | ‘C) (D - 1) (AO + A1)8€2Z18m2m]

1
(D — I)SZDRD{

QpR /e, W, ) gzm (n) 0; Yflml(n)
+ T (D = DY, )Yy, (1) — (D — 3 ;2%% ) . (4.26)
which sums to zero with (4.22). For £1 = €, = 0 one finds the expressions
_ Ap+ A
(O CTer (1,m)09) = — A(T1, ) apRD (4.27)
(07T (1, m)02) =0, (4.28)
A(T], A A
(© 0Tt myeQ) = 2 Bot AL, (4.29)

(D—-1) QpRP
The three-point function with a single insertion of 77; vanishes by rotational symmetry. More-

over, since the ground state is homogeneous, the correlator with an insertion 7;; can only be
proportional to the sphere metric.

4.5. |TT|Zlm ) correlators

(fzrrlz

We next compute the correlators with two insertions of the stress-energy tensor at T > t’
between spinning operators (QZQm at 71, 7 such that 7o > 7 > t/ > 71. There is a total of six
correlators. These read

Ao+Rw Ao
<(9€2’Q”2 T (3, n)T”(T n )(951m1> ‘A’Ag-i-waz( 1,72 7) W
D

D o (D+20—2) Dy
H:AO+2A1+EXK:€ I” leeRwZTCKZ ("'n/)i|8€|225m1m2

D

+ RV Wy, W, |:Y€*2m2 (n)yzlml (n/) e(r—r o + Yf*zmz (n/)Yll’"l (n) e_(f_r )wl2:| }
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Ao+R ¢, QDAQR /W, W,
+{ EAAQ+R(U€ (r17T2|T) 292 R2D

((D — 1) Yoy, W)Y, ()

(D =3) 0¥y () 0i Y}, () o
S (D-1D R2wy, wy, ) + <(f’") < (t,n )) . (4.30)

This correlator is symmetric under (t, 1) <> (t/, n). The £ = 0 special case of this correlator has
already appeared in [22].

Ag+Ray, Ao
<(952,,,2Tz](1' m)Tin (', n )0[1m1> ‘A’AQ+Rw4 (T, 2l 7) m
D

D _jrv (D+20—2) b
{[A0+2A1+E;e Ie f““@Ra)ch; (n-n/)]hijhknagzgl(smml

DQp
+ TRV Wi, Wy (Yfzmz(n)yﬁlnﬂ (n )e(r ey + Yfzmz(n )Yeim (n)e” (= )wzz) hi hkn}

QpAgR  Jwg, wg aiYS  (n)d ;Yo m (1)
1 Y6 |: L lomy J 1mi +YZ;,,,2(")Yelml(n)hij

2(D — 1) Q3 R2D RY(D — 1) w¢, wy,
0, ) i Ve ()
R2(D — l)a)gl(,z)gz

AQ+Rw/52
+ { AAQ+R% (t1, 2| 7)

h,»,-] hin + ((@m i) o (o, kn))}. 431)

-0 ;o 0 Ag+Rawy AoD
(00,2, T (6. Ty (7. 1)OL,, ) = = ANC o (01,22 ) 2( B R

e~ (D 420 -2) Dy (1) 3\, ()
0; 3. Z ( )C; (n 'n/) 822215m2m| + @zmz —
Roy (D —-2)Qp R Jagmge T
2,7}
+

£y @) 3 Ye i, (1)

—
R Jwg,wp,e "0

} . (4.32)

This correlator is symmetric under (z, n,i) < (t/,n’, j).

Ag+Ray AoD 1
<(9(2m2Tn (7, ")Tn(f n )(921m1> 'A’AQ+RwZ (T, 2] 7) 2Q)p R2D (D-1)
o, (D+20=2) D ¢ (n")0;Ye,m, ()
. - ( 2 ) fzfﬂz
{ 8126:6 z—(D ~2)Qp Cy (" n )8fzf| mam; + wy, Tty

b Yeym, (' _ f—
_ €2mz(n) 4 (n ) + (D 1) [ a)lz Yezmz( )a Y[lml(n) (1 PN 2)*] } (433)

a)ﬁz 7(1 oy, D

Since T7; vanishes on the ground-state solution, the correlator solely receives a second-order
contribution from the linear terms and the quadratic term of T;;. Moving to the combination
T:; Tji one finds

Ag+Ray AoD hjk
((%zszT,(r n)Tji (7, n)(9£1m1> Aags roy, (121 D) 30ty s
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_ D_ "0;Ye,m, (1)
| et (DH26=2) By @ty Yiym, ™) i Yeym,
{31 Xe:e ¢ —(D Yo CZ (n-n )5£2€|8m2m1 + we, (r e,

[or Yom @) 8YE,, 1) (D-D [or "
— CUE; ! 17(‘[ t/):;l’l + D [ 62 Y[zmz(n)a Yﬁlml(n) (1 (—)2) :|} (434)

Again, besides the linear terms only the quadratic term of T7; contributes at second order. In

addition, the correlator <(9 JTri(t,m) h/k(n’)T]k(t n')0o, m1> differs by a minus sign from

the previous correlator with an insertion of T;;(t’, n’), as imposed by conformal invariance.

0 Ag+Rwy Ao h,’j
(O Ter (T (WO, ) = = Al Lo (1172 17) i Doh
D

I

/ D+2¢-2) D_4
25 ke D 2D ) L
4

(D-2)Q2p
+£RW Y:  (n)Y, (=t 4 y* Y —(1—1"wy,
60 | Yoy, (1) imy (0)e + Yy, )Yt m, (n)e
Aop+Rw A()R /Wy, Wy
—AA5+Rwﬁ2(T1,T2|T) T R;D 2h,,{Y@zmz(nml,,,l(n)
(D 3) a £2m2 (n) aiyelml (n)
(D — 1)2 Rza)@lwgz
Ag+Ray, , AR . Jwg w,

— A

Ezmz(n )a Yﬁlml (n ):I

T, T2 | T
AQ+Rwe,(] 217) (D—I)Rwelwzzz

ZQDRZD ! hij[Yl;kzmz(n/)Yelml(n/)

8(1 gzmz(n)a/)Yllml( )
(D —1)R? we, We,y

} . (4.35)

This correlator is not symmetric in (z, r) <> (7, n’), however, by conformal invariance, the cor-
relator <(922er Tye (T, R)RY (n)T;; (7', ”/)(9@Q1m1> is symmetric in (7, n) < (z/, n’).

One can check directly that the above correlators satisfy the Ward identity for 77, insertions
in Eq. (4.4). For example, for two insertions of 77, one finds

/dS(n)< lomy Tre(z.m) T (7, n>(9£l’”1>

1
:—E(A0+A1+Rw52)<(922m2 Toe(e',n)O2 m1> (4.36)

In the special case £ = 0, the above correlators simplify as follows:

A
(O CTer (v m)Ter (¢, 0)09) = AT1, 1) Qz—lgw[Ao +2A,
D+20-2) Doy
+3 Z o gy PEED ¢ (n-n/)], (4.37)
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Ay hijhin
Q3 R0 (D —1)?
D Rwy (D+2C-2)
+Eze|r—t’\wl D -2

(O™ 9T (t, n) Tin (', 0)09) = A(11, 12) |:Ao—|—2A1

D_
C/ (n-n/)], (4.38)

<(9*QTT,-(r,n)TTj(z’,n/)@Q>

A(T1, 72) AgD e T (D20 —2) Dy
Dy C? 1), (439
2(D— 1)2Q2 R2D 1% Roy p_p C¢ (m). (439

(O 9T (r,m)Ter (7, ) O2)

A R AnD ’ D 24_2 —
= A DIBD o e PR B g a0)

2 ! 4
2(D — 1)Q3 R?P D-2
(070 (e. mTiu(e',n)0)
A(T1,12) AgD hj oy (D+20—=2) D_
_ AT ) B0Dhjk S fr—vio, D26 —2) )c; ‘o), (@41
2(D — 1)2Q% R?P - D-2

(O’QTn(f,n)Tij(r’,n/)@Q>= — A(11, T2) [A0+2A1

0
Q3 R2D (D 1)

D+20—2) D_
ZRQ)( el ¢ ; 5 )C; 1(n~n’):|. (4.42)

The £1 = €> = 0 correlator with insertions of T;;T;; was computed in the macroscopic limit
R — oo in [22].
4.6

. (Ezm2 |TJ|Z p ) correlators

We now consider correlators with one insertion of the stress-energy tensor and one inser-
tion of the O(2)-current respectively at times T > t’ between spinning operators OeQm at 71, 0
such that we have the ordering 7o > t > t’ > 11. There are six correlators involving the various
components which can be computed as follows:

Ap+Rwy 0
<(9£2m2T” (t,m)Jo (', n )0E1n11> —i 'A’AQ-i-Rw;z2 (71,2 [ 7) 2Q, R2D-1
D_ )i Ye,m, (1)
—|t—1 \a) (D + 20 — 2) 12) 1 - a) lzmz(n ) Lym
{ di Z ‘ (D-2)Qp CZ (n-n )5@2513,,,2,,,1 + we, (r )y,

T Y, ()Y, () o0
— wlz 2m_2(r )y, +< / 2Y52m2(n) 9:Ye,m, (n) — (1 (_)2)*) . (443)

T;; vanishes on the ground state and hence the quadratic contributions only come from the linear
terms and the quadratic term of 7;;. The combination J; T, instead leads to

. Ag+R 0
( 22 g T (7, n)Ole]> i AR o (71, 10 5ot
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Z D+ D_ " 0:;Ye,m, (n)
. —|t—1|wy¢ ( 2t - 2) [2) Z szz(n ) Limy
[822{18’”2’"] il.e (D—-2)Qp CF men) wg, T,

0 Yy ) Yem (') (D —=2) (] *
_ ’ZZ 2 f(t T + D ( i Yezmz(n)a Yom(n) — (1< 2) >:| (4.44)

This correlator is related to the previous one. From the expansions in Eq. (4.3) it is clear that this
has to be the case.

_ . Ag+R oD —1)
<(9€2ranTTT(f’")Jr('C/,”/)Ongm]>: 1 AA§+RZ?( 1, T2 | ‘[) WR4/(1)220)(1
Y5 oy )Yy, () N Y5 oy, Y0, () N Z Rawp e T=1o0 (D 420 —2) L -n')
T—Tor, ooy ~ Ryopon, (D-22p
(D_2)|: * , , gzmz(n)atyélml(n)]
— |y, Y,
D oy () Ve, 01) = R2(D — Dy, wy,
2 1 < Ao+ Ay ) 5
T DD | 20 \Ryarag ) e omm
1 (D—3)0i Y, (n)0;Yem (n)
—((D-DY/) Y, 272 . (445
+2(( VYo, W)Yo m, (n) — DD Rronon, (4.45)

Here, the quadratic term from J; vanishes after integration over n’, whereas the quadratic term
from T;, remains finite after integration over n. This is so because it has to correct the energy by
Rwy,, in accordance with the Ward identities (4.4).

Ap+R g, Q 1
(00,2, T @)y 1)OE,,, ) = =i ANe g (01,72 | ) TP N

e lT=loe (D420 -2) D4 9" R n")0; Y, m, (n)
0;0; Z Cez (n-n) 8020, 8mym; + — —1 ’I
RC()@ (D — 2)QD R /_wflwlz e(l’ T )a)g2
. 0¥}, () Y,y ()
R Jw¢ oy, e~ 1=y

Both 77; and J; vanish on the ground state and hence the only quadratic contribution comes from
the two linear terms.

}. (4.46)

Ap+Rawy Q
<(9€2m2Tll(7’- mJ(t'.n )(9€1m1> Z‘A’AQ+sz2 (T, 121 7) QpR2D-1

(Ag+ A)) 1 e (D+26-2) L
Ihij[m(sfzflgmzml + EZe " rlwlszmciz (1) 80,0, 8mym,

R,/CU[ZCUZZ ( szz(n/)Yelml(n) n Yg;mz(n)YZ]ml(n/)

(T, e~ (T,

D-2
+[1+( - )]Ye*zmz(n)Yglml(n)

[1 i (D _2)]8 Yﬁ*zmz(n) i Yeym, (n) )] I R oy wy, 8(iYﬁ*zmz(") a]')Yelml(n)

. (4.47)
D (D — 1) R2wy¢, wy, (D—-1) R2wy, wy,
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This correlator is related to the 7'J correlator in Eq. (4.45) due to the fact that hiT; j=—Ttz,
which holds by virtue of conformal invariance.

. Ao+Rwy 0 hjk
( fzsz (t,m)Tji(z',n")O; m1> i AAQJerZz(tl, 1) SR T D=1
"9;Y, (n)
e— (D+2¢—-2) , wey szz(n )i Ye m,
{8 Z we D29, Cg (n-n ) 8036, Omamy + o o,
Yelm‘(n ) di szz( n) (D-2) | @ty .
N a)zz —(r )we, + D |: Y@2m2(l’l) i Y(]m] (n) —(1<2) :| . (4.48)

This correlator is proportional to /i since the quadratic term in the expansion of T'j; only ap-
pears at cubic order in the correlator. This is no longer the case once one includes higher-order
corrections.

In the special case £ =0 the T'J correlators simplify significantly:

<(9_QT,i(r,n)Jt(r/,n’)(9Q>

Q A(T1, 12) Z (r—tyy (D F20=2)
= —_— e e

D_
7 /
2 2 D1 5 C;/ (n-n), (449

4
<(9—QJ,~ (r,n)TT,(t/,n/)0Q>
Q%(Tl,fz) 5 Ze_(r_r/)we (D+2¢—-2) b_y ,

¢ 'mon)), (450
Y e p_p Co (m). (430

D—1
(0,2, T e e (. 0)02,, ) =i A7) 2D D

ZQDRZD—I

_ (D +20—2) 2(Ao+Ay)
{Zsze (t—1")we D3 CE (n’n/)—i-mslzﬁlamzml , (4.51)

(04,2, Ti . n)08,,, )

Q A1, ©2) (D+215—2)C2 "o n)
_lz(D 1)92 R2D-1 0 JZ e(t— r’)ngwE’ (4.52)
-0 0 .QA(TIJ'Z)
<(9@2szij(‘L',n)Jr(r’,n/)0€1m1>:—zW .
(Ao + Ay _ ’ (D+2¢-2)
x[i _Z (t— t)weR 5 CZ (n.n/) . (4.53)

<(9€_2rQ”2Ji (r.m)Tj (7', "/)051m1>

QAT ) hj Z(D+2z—2)cf‘l(n.n’)

=1 2Q2 R2D-1(D - 1) D-2 et (454

The correlators J; T;; and T;; J; in the special case £; = Zz = 0 has appeared in the macroscopic
limit R — oo in [22].
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5. Heavy-light-heavy correlators

The EFT for the large-Q sector of the O(2) CFT can also be used to compute correlators
with insertion of small charge (spinning) primaries @9 with ¢ < Q. In this case, the small-
charge operators act as probes around the same large-charge saddle studied before. For the sake
of completeness, we review the computation for some of these correlators which have appeared
in [17,18,21].

The starting observation is that in the EFT every operator must be written in terms of the
Goldstone field. Matching the quantum numbers, an operator of charge g, dimension A that
transforms in a representation of spin ¢ which at leading order in the charge Q must take the
form®

;A —€ i
ol =k<Al}LqUW~~W tm vy X - Dy x (D))ATEE X 5.1
and for simplicity
52

where k(Al)l q is a charge-independent Wilsonian coefficient which cannot be determined in the
EFT. UZ;n'“w is the change of basis to spherical tensors given in Eq. (B.1).

5.1. The (@é%;qu;A(%lel) correlator

We first want to compute the correlator

(0,27 ()01 (1. n)O2,, (1)), (53)
where
[(9—‘7;A(r,n)]T — 972 (=1, n). (5.4)

From general symmetry considerations the classical (homogeneous) contribution to the three-
point function must have the form

((9;252—‘1 (1)) O92 (1., n,) (9€lel (1))

(tp—7¢) (te—11)
A —wy, (13—11) ,—A —A
=C01q.q.000:00mmye 0T m Ao TR TR (55)

which is consistent with the general formula for three-point functions given in Eq. (B.8). By
dimensional analysis we can extract a factor of R® from the three-point coefficient, which is
coming from the insertion of O%:4:

A AA A
R™"C514.4.0=C0+q.4.0° (5.6)

We want to reproduce this result from a semiclassical large-charge expansion of the path integral.
The difference with respect to the saddle that we have studied so far is that the insertion of an
operator of charge g introduces a source term in the action and changes the EOM that now read

8 The next term in the large-charge expansion must take the form k(Az)q (0 )()A_2 (R+.. .)eiq X where we have ne-
glected higher-order terms necessary to obtain a Weyl-invariant quantity.

27



N. Dondi, I. Kalogerakis, R. Moser et al. Nuclear Physics B 983 (2022) 115928

_ — 8y 0

v " - __%%¥

JH=vV 8s igd(t —1:)0(n —n;) JH (T 00, n1) = —5—

m ;18(311)() «/E ) BRg(QSZ .
JH (1) = o0, np) = L

(5.7)

On general grounds the solution of this partial differential equation can be written as a sum of the
homogeneous solution 7 (in the sense of PDE, i.e. for ¢ = 0) and a particular solution gp(z, n).
Based on the form of the equation the particular solution is basically identical to the propagator,
except that the boundary conditions will alter the form of the / = 0 term:

x(z.,n)= —ipt +n(z,n) +qp(z,n), (5.8)

where

Lo QT (5.9)

At 1y — —o0 and 1 — 00, the effect of the source appears only in the normalization of the
fields, which take the same form as in the unperturbed case of Eq. (2.7). So we can identify

(0|0i2M2 (Oo)=<1ZQ2;Z =(Q +qlaem, (5.10)
0, (=00 10) = elm.>=a§1mllQ>- (5.11)

We can now compute the correlator (in the limit of large separations), at least to leading order:

(0 gzmz 1(0) O (1, m L)@glml(n)):(Q+qlae2m2(fz)(9q (n,nc)ahmz(rl)lm

1
= C(A,)ql’l’ e (O + g| aZZmz(Tz)etqn(rc,nc)Jrzq P(rc,nc)aézmz(l.l) |0) +
(1) A
“+w,
= (R — 28020, 8mm) Ano ity (@721 T) ... (5.12)

More in general if we insert an operator in a representation of spin £ we find

1
(RWACR,,

R (bama; £, m|€imy)

JA T
(0 + 6]|a£2m2(921m (Tc, nC)a€1m| Q) =

Aigj‘gi‘"z (1,7 T) +... (5.13)
where (€omo; £,m|€ymy) is the appropriate Clebsch—Gordan coefficient. The quantum correc-
tions to the above expressions are given in [18].

If we specialize the above general result to £1 = £, = 0, we have the correlator of (DZ,;A
inserted between two large-charge scalars. By charge conservation one of the scalars must have
charge —(Q — ¢, and by rotational invariance only insertions of £ = 0 operators can lead to non-
vanishing results:

A A, ) _ A
(Q +4107, (e, )| Q) oxSpopie™ 20T M) = B A 0¥ (11, 73 | ) g0
(5.14)

This correlator has been presented originally in [17,20]. The final result is that the three-point
coefficient is given by
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m(”c)Ylm(nc)
2 Zém -

~Ree 4|4l (5.15)

5 =CiL (R™ | 1-
Ora.a.C (Ri) c1D(D — 1)(Rpu)P—2

For D = 3 the first correction is only suppressed by a factor of & ~ +/Q and is dominant. It is
computable for example via dimensional regularization, or in zeta function regularization using
the fact that

) Yo @) Ym(me) 1~ Me /D —1Rggn-1(1/2)

— = (5.16)
wy Qp wy Qp
L,m £
In D = 3, the OPE coefficient reads [20]
2
~ A q-v 127
C4 x(0)2 | 140.0164523 x ——— + ... | + (5.17)
0+4.9.0 NZo)
5.2. The (0,2 0~204202, ) correlator
As a slight generalization we compute the four-point correlator
(0,247 (1) QU2 (74, mg) OF 2 (1o, me) O, (1)) (5.18)

with g4 ~ g, < Q. Computations of four-point functions of this form have first appeared in [18].
The EOM are closely related to the ones of the three-point function with a single scalar insertion:

igad(t — 14)8(n —ngq) n igc8(t —1)8(n —n.)

VIt =

NG N ’
86 (0 +qa+
JH (oo, n) = —O(QRDZdQ qC),
(5.19)
" % Q
I (mee.m = 4prg-
To leading order, the correlator is
(D (Al)
o- c A A 0@ Ag+Ac ~Aangq ¢+qe -
((szm 1 gt of Oy} = (Ri) " W‘Seﬂlammle (2o
> e—AQ+qd+qc (IZEIC)—AQHL-((IR (')_AQ(TC;II) +... (5.20)
Setting ¢ = g, = —qg the correlator becomes
0 A A 0
((9[2,"2(9 89T Ofim,)
(1) 2
ICA 4l @) 900 (gt ()
— (Rp)*2 e 7750 QT 5, o Spamy + .. (5.21)

R2A

The next-to-leading order of this correlator has appeared in [18].

29



N. Dondi, I. Kalogerakis, R. Moser et al. Nuclear Physics B 983 (2022) 115928

6. Conclusions

In this note, we have systematically collected three- and four-point correlators of a CFT with a
global O(2) symmetry using the large-charge expansion. We have studied in particular correla-
tors with current insertions of J and 7' sandwiched between either the scalar large-charge ground
state or higher phonon states with spin. The correlators involving spinning states constitute the
main result of this article as in the literature, chiefly correlators involving the scalar ground state
have appeared to date. We mostly focus on one-phonon excitations but also give selected corre-
lators involving two phonons. The form of the correlators generalizes readily to higher-phonon
excitations.

The general structure of our correlators contains contributions with positive Q-scaling com-
ing from the tree-level EFT Lagrangian plus quantum corrections starting at order Q° which are
independent of the Wilsonian coefficients in odd dimensions. A non-trivial position dependence
in our correlators must always be due to the quantum corrections since the ground state is homo-
geneous. While we have used the large-charge EFT description in our computations and have not
made use directly of conformal invariance, the correlators have the form of conformal correlators
on the cylinder at large separation, see Appendix B.

We have also studied higher-order loop corrections to the scaling dimension of @€ and
. . . . . _(=Hb
found that in even dimensions, the /-loop corrections contain terms of the form Q™ DT (Olo +

arlog Q + ... + a;(log Q) ) The appearance of the log-terms distinguishes the loop corrections
from the tree-level contributions.

We have furthermore collected H-L—. ..—H correlators in which operators with a parametri-
cally small charge g are inserted between large-charge operators. While in the cylinder picture
it is easily argued that H-L—. .. —H correlators lie within the validity of the EFT, the same is not
a priori clear for correlators involving more than two heavy operators. In the former case, the
EFT correlators in the cylinder picture are constructed by having two heavy states at the in- and
out spatial slices, with the possible addition of conserved currents or small charge operators with
much smaller scaling dimensions, whose insertions can be thought of as small perturbations of
the heavy states. The EFT might in principle break down very close to the insertions of the small
charge operators, but actually accurately captures the behavior. As discussed in [48], if one in-
stead includes another heavy operator in between the in- and out states, this state can then no
longer be considered as small perturbations of the heavy states. At first sight, the EFT description
seems no longer justified, at least in the cylinder frame. Each heavy operator with Q > 1 creates
a superfluid state around its insertion point. By charge conservation, the three-point function de-
scribes the transition between three different superfluids and is now associated to a new classical
trajectory in the path integral. However, the key observation is that also in this case the radial
field is locally gapped around all the superfluid states and hence its corresponding modes are
not excited by the new classical profile. It is thus possible to compute n-point functions of large
charge operators with H-H-H insertions within the EFT. The result for the three-point function
was obtained using a numerical solution in [48]. In this note, we have not dealt with this type of
correlator, but it might be of interest to study such correlators involving phonon states.

The results we have presented here hold for the O(2) model in D dimensions at large charge
or the homogeneous O (2) sector of a CFT with a larger global symmetry group. Once we want
to discuss the full non-Abelian structure, things become more complicated. The first observation
is that the correct quantity to fix is not a set of charges, but a representation. The immediate gen-
eralization of the O (2) case, i.e. studying the homogeneous sector [3] corresponds to fixing the
completely symmetric representation. Other representations can be obtained in two ways: by ex-
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citing type-II Goldstones [49-51] that are charged under the global symmetry or by starting from
an inhomogeneous ground state corresponding to a different saddle point. The two approaches
must give the same result in the appropriate limit, but have their own technical complications.
Type-II Goldstones contribute at order 1/u [3]. For this reason they do not play a role in the
computations in the present work, but in order to be studied consistently they require the addi-
tion of new subleading terms to the EFT [1]. The inhomogeneous saddle is to date only known
for the simple case of the O(4) model and an analytic expression is available only in a special
limit [14]. Moreover, since it breaks the SO (D) rotational invariance that we have used inten-
sively in our present computations, one expects that computing correlation functions using both
the tree-level and the quantum corrections will be more technically challenging. We leave this
class of problems for future investigation.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal rela-
tionships that could have appeared to influence the work reported in this paper.

Data availability

No data was used for the research described in the article.
Acknowledgements

We would like to thank Gabriel Cuomo, Simeon Hellerman, Vito Pellizzani and Donald
Youmans for enlightening discussions.

The work of N.D., RM. and S.R. is supported by the Swiss National Science Founda-
tion under grant number 200021 192137. D.O. acknowledges partial support by the NCCR
51NF40-141869 “The Mathematics of Physics” (SwissMAP).

Appendix A. Hyperspherical harmonics and their properties
In this appendix we collect some useful formulas related to spherical harmonics in D dimen-

sions, see also [52].
The hyperspherical harmonic Yy, is an eigenfunction of the Laplacian on §P~!

—Agp-1 Yy () =L+ D —2)Yem(n), (A.1)
where £ =0, 1, ... and m is a vector of D — 2 components satisfying
IZ>2mi2my>---2mp_3 = |mp_sl. (A.2)

The lowest component m p_» is associated to the standard SO (3) quantum number. This is the
only component that can have a negative sign. We denote with m* the vector with the sign of
mp—_p flipped. This appears in the conjugation property

Yo = (=1)"P=2 Y. (A.3)
The eigenvalue does not depend on m, and it appears with multiplicity

_ (D+2U-)T(D+L—-2)

M. = T+ DD — 1) &4)

31



N. Dondi, I. Kalogerakis, R. Moser et al. Nuclear Physics B 983 (2022) 115928

Since the Laplacian is self-adjoint, the Yy, form an orthonormal basis for L2(S b _1)

Yem, Yom) = / dQY e (W)Y, (1) = S¢0 Sy - (A.5)

sD—-1

We defined the rescaled versions of the volume element on the sphere and of the eigenvalues of
the Laplacian

, (+D-2)

ds = RP7ldg, = . A6
Wy (D — 1)R2 ( )
Some useful identities obtained by summing over the indices m are
* M,
D Y)Y, ) = —, (A7)
Qp
m
D Yim(m) 0¥, (n) =0, (A.8)
m
* M@ 2
Zaiykm(n) 0;Y,,(n)= Q—D(sz) hij(n), (A.9)
m

where Qp = Fz(”TD//ZZ) is the volume of the D — 1 sphere. Sums involving the eigenvalues w; can

be written in term of the sum (3.32)

I(s) __tCplSPThH
S * —_ —
%wmamnwm = ok = DR (A.10)
where the A-independent part of X(s) is related to the sphere zeta-function [44].
¢G5 | SP7H = Trsl(— Agn-1)']. (A.11)

In the special case of s = 1 we recover the Casimir energy of a free scalar computed in
Appendix C

> o) ¥y ) = =) = 22 (A12)
T T QR T QpR '
£,m
Similarly, sums featuring open derivative indexes can be computed
(s +2) £Cp+1] 8P
* - A .
Zijwz 0 Yo () 0y () = = —p=hij = v gy i (A.13)
and in this case, for s = —1
1 N RX(1) 2RA
> o di¥en(m) 9, ¥, (m) = —===hij = == hij (A.14)

l,m

In loop computations we will make use of properties of the Gegenbauer polynomials, defined
from the hyperspherical harmonics as follows

_ (-2

- D+2-2

D/2—1

C, (n-n) Z Yo, ()Y (). (A.15)
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Monomials can be decomposed in terms of Gegenbauer polynomials

L

(2-1+¢-2 -
=5 'y T ( +se)—() ) (A.16)
s=0

In addition, the Gegenbauer polynomials satisfy an addition property of the form

min({g,£p)
D/2—1 D/2—1 D/2—1
P mnye) P ey = Y (ki) € ), (A.17)
k=0

where the coefficients (k|¢,£;) are given by the expression

T(Cq + 0y + 1 — 2K)

I(2=1)° Tty + € — 2%+ D —2)

F(2+k—1)TUa+l,—k+D-DT (La—k+2 1) (6 —k+2 —1)
Pk + D (a+ 0y —k+ D)ty —k+ D.T(E, —k+1) '

D
(k[latp) = <3 —1-2k+4, +£,,>

(A.18)

This is an SO (D) generalization of angular momentum addition in D = 3.
Appendix B. Constraints from conformal symmetry

Conformal invariance strongly constrains the form of the correlators. In order to use the
state-operator correspondence we have been working in the cylinder frame in the limit of large
separation, where two of the insertions are taken to be at T = F00. For spinful operators, it is
moreover most convenient to work in the spherical tensor basis.

An object transforming in an irreducible representation of SO (D) is in the standard basis
in Cartesian coordinates represented by a completely symmetric traceless tensor 7,,. ,,. In the
spherical basis, the same object is labeled by a pair £, m. To pass from one basis to the other we
use the operator UV1""¢ p,,, . written as the integral on the unit sphere

UV 4 :kD,/g/dQn‘” Y, (n), (B.1)

where kp ¢ is a normalization obtained by requiring that U squares to one,

(U 12 = 8110, - - - gy (UVT ) UHLHE = 1 (B.2)

which reads

2_€F(§+e)
Qp ar (%)’

kpe= (B.3)

The simplest non-trivial example is a vector V,, in D = 3, which is mapped to Vj,, with
components

Vl,fl _%(Vl‘FlVZ)
Vio | = V3 . (B.4)
Vi S Vi=iV)
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The two-point function of two primary operators is non-vanishing only if they have the same
dimension A, and they transform in conjugate representations. On the cylinder, in the limit 75 —
71 > | we have, up to an arbitrary normalization

(0,52 (12, 1) 0L 2 (2, my)) = e AR () = ATy, 1) IE - (n2), (B.5)

where we have used that in the large-separation limit the unit vector in the direction of the sepa-
ration between the two insertions is

— ©/R _ ,71/R
X e n) —e n| 11—+
J n. (B.6)

S lx =yl len/Rny —en1/Rpy|

Here I,fm-1 is the intertwiner between the two representations.
Similarly, the three-point function of scalar primaries is fixed up to a constant. From the flat

space form

Cie2
g — 24260 [y — ey [PA2Ie x — sy [PAet”

(0% (x2) O ()0 (x1)) = (B.7)

where Ajjjx = A; + Aj — A, we find that in the limit of large separation 712 — F00 on the
cylinder the result does not depend on the scaling dimension of the middle operator A,

(OF2295AQNA) — Cpppe™ PP AT = 412 (1), 1 | ) Ciea. (B.8)
The correlator becomes independent of 7 in the special case where A; = Ay = A
(02;A0C01iA> N Clc2e*A(T2*Tl)/R — fA’A(Tl , -52) C1C2 . (Bg)

The result is similar for the four-point function of scalar operators, which depends on the cross
ratios
Sk Ak/3-Ai—A;
ij :
i<j

(02 (x2)0° ()0 (x) O (x1)) = f( (B.10)

X2cXc'1 XZCXC’I)
X2 Xel  X21X¢c!

In the large-separation limit on the cylinder it can be rewritten in terms of the function #A(tq, 72)
(0> ()0 ()0 (0" (x1)) = ™R Ve MW £ —rm-w)
= AV (.2 | T) fe(@' —T.n-0). (B.11)

For correlators involving spinful operators, the scalar part remains the same as above and is
supplemented by an appropriate tensor structure [53,54]. For example, in the case of a scalar—
scalar—spin-£ correlator one needs to multiply by (V@5 . )¢, where

V(,’jk)_ |xki||xkj|< Xki Xkj ) (B.12)
|xi | Ixeil?  lxgl? )’

and 7 is an auxiliary vector which squares to zero, t2 =0, to ensure the tracelessness of V@75
This object has a particularly simple expression as a spherical tensor. First we observe that
Uvt-Yt .. is antisymmetric and traceless by construction, so we do not need to subtract any
traces and just need to compute one integral

tm

VIO = ghtte g, v G0y 0 = kw/dm;m(n)(n AN

1 a1 2o — | [2xii 16 ( |xij [2xki — |xii 12k
=_— i
kep o 1xij 1kl €Lk 1€ "\ o 1P — 1 |2k |

). (B.13)
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In the limit of large separation, if we write x; = Re™/Rp,, Xj= Re™/RBuy, x4 = Re"/Rn, we
find that
y 1
v — Y}, (n)(l +0 (e—“z—”/R)), (B.14)
¢.D

as expected from representation theory.
Appendix C. Casimir energy in various dimensions

The Casimir energy for the EFT on R x SP~! gives the first correction to the scaling dimension
of the primary @€ as follows

Vi€ +D=-2). (C.1)

1 o0
Al=——Sm
! 2«/0—1; ¢

The EFT can describe only phonon states ag |Q) with £ < A, where A ~ Ru ~ Qﬁ which

provides a natural regularization procedure for Eq. (C.1). We can regulate it employing a smooth
cutoff [44]

$(1/2) = Zdeg 5 (OVEE + D — 2)e~tFD=2)/A%, (C.2)
=1

This regulated sum can be computed as an asymptotic series for A — oo as follows. First, note

that for large £ the summand of the original series can be expanded in powers of 1/¢ starting at
ED_I

deg(O)Ve(E + D —2) =% > ar(DyePk. (C.3)
k=1

The regulated sum can then be split as follows

o0

2
> " deg()\/E(l + D = 2)e " HPTIINT = By + Bigg + eonv.s (C4
£=0

where we defined
ad D+1 i
Leony. = (deg(ﬁ) L+ D—2)— Z ak(D)ED_k> oD/,
=0 k=1

e—Z(/H-D—Z)/Az’ (C.5)

| o=

oo
z:log =ap+1(D) Z
£=0

00 D
_ _ _ 2
iy, = Z (Zak(D)ED k) e L(l+D-2)/A )

=0 \k=I

Let us discuss these three sums separately. By construction, the ¥¢ony. term contains a convergent
series

D+1
deg(O)Ve(+D—2) = > ax(D}P*~0 <i) as € — oo. (C.6)
k=1

EZ

35



N. Dondi, I. Kalogerakis, R. Moser et al. Nuclear Physics B 983 (2022) 115928

Table 1
Relevant values for the sums in (C.5) in different spacetime dimension D. We
indicate with Ay ypjy, the universal contribution to the scaling dimension.

D div. lconst. Zlog conv. Aq ,univ.

3 -1 0 -0.01509  —0.09372 x Q°
9 1(y 1

4 -5 —g (5 +loga) 0.1106 - ozlogQ

5 -3 0 -0.1035  —0.1079 x Q°
18553 1(y 1

6  —3990 —z (5 +1ogA) 0.1990  —gzlogQ

T i 0 0.1684  —0.1130 x Q°
534983 981 (v 981

8 -3 —55 (5 +logA) 02655 ~ 7168077 log O

9 BBEL 0 02203 —0.1153 x Q°
10420037 22 (y

10 —13i%%0  —1o5 (5 +logA) 03192 —5pglogQ
277116003 0

1 - HHS0 02641 —0.1163 x Q

This means that no further regulation is needed and X¢ony, = const. + O (1/A). The Xjo, term is
only present when D is even. This is due to the fact that the coefficients a; (D) satisfy

axyk < (D =2k +1), VkeN, (C7

while ayi1 does not have zeroes for any integer dimension D > 2 for all k£ € N. This term leads
to a log A first found in this context in [20]. The asymptotic expansion of this term for A — oo
can be found by a straightforward application of the Euler—Maclaurin formula

o0
Z le—uub—z)mz N/ o X(+D— —2)/A? + le—(D—l)/A2
£ 2

(=1 0
00 2k—1
Z By (0 le—x(x+D—2)/A2 (C.8)
GO ¥

%(J/—HogA )+0a/n).

This term produces the following term in the 1-loop scaling dimension in even dimension
ap+1

2(D-1)+D -1 log 2

As this cannot be corrected by any other classical or loop correction, it is a universal prediction

that is independent of the details of the underlying strongly-coupled CFT, depending only on its

global symmetry group.

In odd dimensions the universal term is instead proportional to Q° and is computed from the
terms (Xdiv. + Zconv.) |const.- The term Xg;y. contains also positive powers of the cutoff A which
can be absorbed into the Wilsonian coefficients ¢;. Using a symmetry-preserving regulator will
always guarantee that to be the case. In the present case, to estimate which powers are going to
appear one can use

o
1 1
ZEQE—Z(Z+D—2)/A2 ~ 51—1 ((X _2’_ ) Aa+1 + Zak(d)l\a k (Clo)
£=0 k=1

A1 |D =even 2 (C9)
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valid for « € N, with coefficients a; (o) computable order by order. For example, one finds

Zaiv| = gﬁ - % +0 (A*l) , (C.11)
Zdiv. D=4=%A4+%A2_29_()+O<A_1>’ (C.12)
Taiv. DZS=%A%?A3—%+O(A*‘), (C.13)
Saiv. D=6:%A6+25_4A4+éA2_%+0< ) (C.14)

The relevant contributions to the conformal dimensions A are summarized in Table 1 for differ-
ent spacetime dimensions D.

Appendix D. Details of the loop computations

The subleading terms in the large-Q expansion involve contribution from loop corrections
arising from the EFT. The perturbation theory is set up on S }3 x §P~1 and in this Appendix we
summarize the relevant technology for 2-loop computations.

D.1. Matsubara sums

Summations over Matsubara frequencies can be performed using the formula

Zf 2mn ﬂ/ (f(lk)+f(—’k))+o(e—ﬁ), (D.1)

neZ

where corrections are neglected in the 8 — oo limit.
There are three relevant Matsubara sums appearing in our loop computations. These are read-
ily computed using the formula above and result in

B
> Due,=5—. (D.2)
2wy,
Na
Z Dnaﬁa Dnbib = E |:L + le 5 ! 3 D.3)
i 2 Ly, wg | 0f+ (wp, +wg,)
B 1
Dy Dy, e, Duye D4
Z n na;_n n nply = 4 wéawéhwé Wy +wZ +Cl)£b

where the propagator is D¢, = (”30 + a)%a)_l. Related sums with powers of wj,,, wy, at the
numerator can be expressed in terms of the sums above using the linearity property of the smooth
regularization (3.34). This is analog to the reduction to scalar master integrals in multi-loop
computations [55,56]. Due to the derivative interactions, this reduction procedure may produce
a divergent Matsubara sum. In our smooth cutoff regularization these are computed as follows in
the limit 8 — oo
@rng)?
1 N Ze‘/ﬂTzﬂ—A+O(ﬁ‘l)+... (D.5)
5 2/

ng
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D.2. Kinematic vertex factors

In perturbation theory on SP~! one needs to compute vertex factors proportional to mul-
tiple integrals of hyperspherical harmonics Yy,,. In the diagram arising from the four-point
vertex (3.36) one finds

T03(1’2’3’4): [ YZ|m1Y221n2YZ3m3YZ4m4a (D6)
sDh-1

TZB(I’ 29 374’) = / Yllmlyﬁzmz an63m3 a] Y€4m4v (D7)
§sD-1

T1.2.3.9) = [ 80Yum,90Yims 8 Yo 8 Yeams (D.8)
sD—-1

These integrals are rather non-trivial in general, but in loop diagrams it is sufficient to compute
their contraction in the m-type indices using (A.7):

08 RD—I
> 1% ~a.b.—b)=~—My,My,. (D.9)
mg,mp D

290 RP-! )‘Kb
Z T%%(a, —a, b, —b) = My, My, —2 (D.10)
= Qb R
> 1*%a.b,—a,—b) =0, (D.11)
Mmg,mp

RP-1 Ao, Ae

T*%a, —a, b, —b) = My My, —2 =0 D.12

m(;% (a,—a ) apy MeMe Ty o (D.12)
. RP-1 1 Ao Mg

T*%a, b, —a, —b) = — My My, —2 L D.13

mzmb (@b, =a,—b) =~ 5 Me, Me, 25 5 (D.13)

Pure two-loop topologies appear in diagrams with three-point vertices (3.39). In that case the
following structures appear:

T99(1,2, 34, 5,6) = / Yoo Yems Yeums / Yeum Yesme Yegme. (D.14)
SD—I SD—I

T23(1a273|4’5’6)= f YE|m|Y£2m2YZ3m3 / Y£4m48iY£5m58iY£6mﬁa (D15)
SD—I SD—I

T49(1,2, 34, 5,6) = / Yoo 8 Yeums 8 Yeums / Yeums 0 Yosms 9 ¥egmgs  (D.16)
SD—] SD—l

with Ay eigenvalue of —A gp—1. The last two structures can be expressed in terms of the first one
via integration-by-parts relations

1
T49(1,2,3,4,5,6) = ZEM g, — )\gl}{,\gﬁ + s —Ag4}TOD(1, 2.3,4,5,6), (D.17)
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1
729(1,2,3,4,5,6) = 5{“6 +des — )»134}T03(1, 2,3,4,5,6). (D.18)

The expression for 7% is not as simple as its flat space counterpart, due to the fact that mo-
mentum conservation on SP~! is replaced by SO (D)-angular momentum addition. Its m-index
contraction can be computed using the properties of Gegenbauer polynomials summarized in
Appendix A

Z Toa(abc|abc):1 R2D=2 (D420, —2)(D + 2, —2)

Z .
ma,mp.me 3(D-2)Qp (D +20.+2)
min(€q€p)
X Z (k1€alp) 80.—e,—0y+2k + (2 perm. in £,€pL.), (D.19)
k=0

where the permutations in £,, £, £, are included to make the permutation symmetry manifest,
and correspond to the different ways of applying the Gegenbauer addition formula (A.17). The
summation appearing above can be computed as

min(Cg,€p) (D+2. =)' (e + 1)
D (kllaly) St,—tuty 12k = Deytye, D _ )2
rar 2r (£ —1)"It.+D—2)

{0 (s 25 (i 222 (e 2
F(e+1) r(fe+1) r(%e+1) (gt )

where we introduced the notation £, = €, + €5 — £, and the symbol A imposing a triangle
inequality

, (D.20)

1 if|lp — L, <L <L b4 d ¢.—4,—¢ s
AZHZ;,EC:{ if [£p al c b +4&, an c a b even (D.21)

0 otherwise.

Putting these result together and using that A is a fully symmetric symbol, one finds

Z Toa(a,b,c |a,b,c)

Mamphtc
R*P=2 (D420, —2)(D +2£, — 2)(D +2¢. — 2)

“(D-2)Qp 2r(D — DI (2 - 1)?

(e 252) (5 22 (S 2 (e 20
r (eazbz? + 1) r (ZcZub + 1) r ((bzca + 1) r (€a+€2b+ec + %)
R2D—2

~0-2ap

Statptes  (D.22)
where we defined the fully symmetric structure S¢,¢,¢. Which appears in Eq. (3.40).
This is useful to get fully symmetric amplitudes in intermediate steps. Sums involving the A

symbol are computed as
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oo min({,¥€p)

Z Degtyee flar lh )=y D [(las by, b+ Lty —2k)

talpte= tat=1 =0
o0
— > St f (La. L 0), (D.23)
Lalp=1

where the second term comes from the exclusion of the £, = 0 term. In particular, some sums
involving S¢,¢,¢. can be computed as follows

o0
Z Dty Seaepe, = (D —2) ZM&, My, — ZMZ , (D.24)
Lalple=1 Z alh
o
Z Degtye. Stgtpt. @0, = (D —2) ZMz My, we, — ZMz wy, |, (D.25)
Lalplo=1 | taty
Z AZalebzc Slugbecw%‘? = 2(D - 2) Z lea Mebw%,,' (D26)
Lalple=1 Lalp

D.3. Graphs for Ay

Using the notation of the previous section, the graphs appearing in the 4-point vertex contri-
bution of A, evaluate to

2
<:X:> =8 (%) Z T49(1,2,3,4) x (3 contractions)
{ni,ti,m;}

D.27)
D +1C2RP3 [ZD N MT
= neAgVLg )
D-1 'BQD nt
B\2
-8 (E) Z wny @, T*2(1,2,3,4) x (3 contractions)
o {ni.tim;} (D.28)
C“R"”™-
= ZDM)%M[:| |:Z Dnzv,%:| ,
BLp |: nt nt

2 4
CX) = (%) Z 85 n; |:1_[ vni:| 799(1,2,3,4) x (3 contractions)
{ni ti,m;} i=1

CZRD—3 2
_ ZDnZV,%ME .

BLp ”

=3
(D.29)

Similarly, the graphs appearing using three-point vertices give
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B 3 (X ni=0)Q2;n=0) ¢
()55 [ ]ra2asse
i=1

{niti,mi} {nj,C;,m;}

x (6 contractions) (D.30)

C3R2D—5
=6——— 22 )2 D,,¢,D S
- ﬂ ng n;, n nala Pnplp ncec Lalples
ng+np+n.=0 Lalple

8 3 (X ni=0) X n;j=0)
@ ::32 (E) Z Z anvnzvn3vn4Tza(ls 2,3,4,5,6)

{nitimi} {n;.£j,m;}
x (6 contractions)
C3R2D-5 (D.31)

= —67 Z Vrzlg Vny, Vi,

ng+np+ne=0

2 2 2
X Z Dna[a Dnb(b Dn‘;@p (a)ZC + w[;, - wfa)S(aKth’
Lalple

B 3 (3 ni=0) (Zj n;=0) |
@ -7 (E) YooY e T*(1,2,3,4,5,6)
{ni ¢

iy {nj,Lj,m;)

X (6 contractions)

C3R2D-5
= T Z Z Dye, Duyey Dne.Se e,
ng+np+ne=0~L,lpl,

X [21),%“ (a)%r + a)%b — a)%a) —4vp, vy, (a)%C + a)%a — a)%b)] (a)gr + a)%b — a)gﬂ).
(D.32)

Appendix E. Methods and details for the computations in Section 4
E.1. Computing the (O~ 2T, 02) correlator

Using the property of |Q) as a vacuum (2.17), the field decomposition in terms of creation
and annihilation operators (2.7) and the expansions of 7 and Q in Eq. (4.3) one can compute the
tree level results for the correlators in (4). We demonstrate the computation of (9~ 27T;,92)

((9*QTH(r,n)(99> =

Ao < ‘1+ _ Db <(D—1)'2 D=3 A +—(D 3) 3 (r 0; ))‘ >
“woa, \CM T T T RO T RO )19

(E.1)

We ignore the total derivative term for now and show later that it vanishes. Setting A =
c12pRP~ID(D — 1)uP~? we find up to quadratic order in the fields

(09T (1, n)09)
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% [, [1+-D~ D e P, H 0
== I—nT — - - — ——nAm
RDPQp m 2u? RYX(D —1) @
Ao G} zno /2D /_w,
Z_RDQD<Q€ : D|:1+l_|: Z [mYlm(n)_alelm(n)>]
D(D —1) QD
+ 2M2 Z lewl/[almal/ /Ylm(n)Yl/m’(n)'i'alma;/ Y[m(n)Y;/6 /(n):|
m’ l’
2
ll_[() Qp CUI
O AV A Z\/ — aimYim(n) + alelm(n)]
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Terms linear in the a;,,,-operators and terms directly proportional to I1g are directly zero and can
be ignored. We have
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The sum over the product of spherical harmonics is evaluated in Appendlx D.
We still need to show that the total derivative term vanishes

A, 1) O (Ym0, )

4RD_1 ml wj

Ag
RDQ 21 202

(QI 9 (n(r, n) d;m(z, n)) |0) = —

A1, 12) 113'9; Mg

4RD-1 a)12 Za)l QD
(E4)
Putting everything together, the final result is
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(@—QT,,(I, n)O Q> = — AT, T) A};)DLQADI e (M’H) . (E.5)

-0

0
Pt Tr:Trr (9€1m1 ) correlator

E.2. Computing the (O
We compute the correlator <(9;2%2 Ter (T, )Ty (T, x/)(9£m1 > We use the expansion of 77 in

terms of the Goldstone field in (4.3) and the explicit form of the leading order energy density
c1(D — DHuP = Aog/(RPQp). Expanded to second order we have

A2 A2 D2
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The correlator becomes
AZ
(Qlagym, Tr (7, n) T (7, n/)azlml Q)= RT(S)lzDeiw((Qin) AT, 72) Smyma Bty
- A7(2)13—2<Q|a (. mr (' n)a |0)
R2PQ2 12 Coma AT )y
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Aj D (D —3) R
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_ DG 22 (Qlaezmz[(D — (', n') + BDO-D (9;m(z',n)) ]aelml |0). (E.7)

The last two terms are equivalent, already appear in the <(9;2 ngn(‘L’, ”)(913Q1m1> correlator and

are computed as follows (where A = AogDR™! ,u_z)
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In the above computation we have used that
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where Y, 9; (Y,m () 9V}, (n)) =0
The Laplacian acting on the hyperspherical harmonics is easily evaluated using (2.9):
—AY) (n) =11+ D —-2)Y}, (n) = R*(D — l)wl Y (n). (E.10)
We are left with computing a single term,
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After appropriately evaluating the sums appearing in these expressions the total correlator be-
comes
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