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A B S T R A C T 

Transmission spectra contain a wealth of information about the atmospheres of transiting exoplanets. Ho we ver, large thermal 
and chemical gradients along the line of sight can lead to biased inferences in atmospheric retrie v als. In order to determine 
how far from the limb plane the atmosphere still impacts the transmission spectrum, we derive a new formula to estimate the 
opening angle of a planet. This is the angle subtended by the atmospheric region that contributes to the observation along the 
line of sight, as seen from the planet centre. We benchmark our formula with a 3D Monte Carlo radiative transfer code and we 
define an opening angle suitable for the interpretation of JWST observations, assuming a 10-ppm noise floor. We find that the 
opening angle is only a few degrees for planets cooler than ca. 500 Kelvins, while it can be as large as 25 degrees for (ultra-)hot 
Jupiters and 50 degrees for hot Neptunes. Compared to previous works, our more robust approach leads to smaller estimates for 
the opening angle across a wide range scale heights and planetary radii. Finally, we show that ultra-hot Jupiters have an opening 

angle that is smaller than the angle o v er which the planet rotates during the transit. This allows for time-resolved transmission 

spectroscopy observations that probe independent parts of the planetary limb during the first and second half of the transit. 

K ey words: radiati ve transfer – methods: numerical – planets and satellites: atmospheres. 

1  I N T RO D U C T I O N  

Over the past two decades, transmission spectroscopy (e.g. Seager & 

Sasselov 2000 ; Charbonneau et al. 2002 ; Snellen et al. 2008 ; Sing 
et al. 2016 ; Nikolov et al. 2018 ) has been integral to the atmo- 
spheric characterization of transiting exoplanets – constraining their 
chemical abundances and temperature profiles. When an exoplanet 
passes in front of its host star, a small fraction of the stellar photons 
are absorbed and scattered by the planetary atmosphere. Because 
the atmosphere’s opacity is wavelength dependent, measuring the 
ef fecti ve radius of the planet R eff ( λ) at different wavelengths results 
in a transmission spectrum. The transmission spectrum is generally 
expressed in terms of a depth δ( λ) = R eff ( λ) 2 /R 

2 
� , with R � the radius 

of the host star. 
In order to physically interpret a transmission spectrum and 

infer the properties of the underlying atmosphere, it is essential to 
know what regions of the atmosphere are actually probed by the 
observ ation. In 1D radiati ve-transfer models, it is possible to compute 
a so-called transmission contribution function (TCF, Barstow et al. 
2013 ; Molli ̀ere et al. 2019 ), which quantifies how substantially an 
atmospheric layer contributes to the spectrum at a given wavelength. 
The basic idea is to switch off (or perturb) the opacities layer by layer 
and compute the resulting transit radius of the planet. The greater the 
deviation from the original radius, the greater the contribution by the 
associated layer. In this way, the TCF can be seen as the deri v ati ve 
of the transmission with respect to pressure. 

� E-mail: joost.wardenier@physics.ox.ac.uk 

Because exoplanet atmospheres are 3D, the atmospheric region 
probed by transmission spectroscopy − henceforth called the ab- 
sorption region – does not only extend along the altitude axis, but also 
along the line of sight, perpendicular to the limb plane. 1D models 
that are typically used to interpret observations ignore this dimension 
(e.g. Line et al. 2013 ; Waldmann et al. 2015 ; Molli ̀ere et al. 2019 ). 
Ho we ver, a collection of recent works (Caldas et al. 2019 ; Lacy & 

Burrows 2020 ; Pluriel et al. 2020 , 2021 ) have shown that thermal 
and chemical gradients between the dayside and nightside of tidally 
locked gas giants can have a significant impact on their transmission 
spectrum − for earlier studies that computed spectra from 3D models, 
see Burrows et al. ( 2010 ) and F ortne y et al. ( 2010 ). Therefore, it is 
valuable to assess how far from the limb plane the atmosphere still 
influences a planet’s transmission spectrum, and thus how stretched 
the absorption region is along the line of sight. Essentially, we require 
a TCF for the line-of-sight dimension. 

The absorption region can be seen as a ‘resolution element’. If 
the absorption region is compact, the transmission spectrum probes 
a very specific part of the atmosphere, with its own temperature and 
chemistry. On the other hand, if the absorption region is stretched 
along the line of sight, the transmission spectrum is shaped by 
the atmospheric structure across many different longitudes. In the 
context of tidally locked planets, this has important implications. 
Ultra-hot Jupiters (Arcangeli et al. 2018 ; Bell & Cowan 2018 ; 
Parmentier et al. 2018 ), for example, rotate by tens of degrees 

© 2021 The Author(s) 
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Figure 1. Cross section of a transiting exoplanet, with the host star on the left 
and the observer on the right. The grey disc represents the planetary interior, 
while the white annulus is the atmosphere of the planet. (A) For a stellar light 
ray with a particular impact parameter R + z t (yellow arrow), the opening 
angle ψ can be computed from trigonometry, using the maximum pressure 
P bot and minimum pressure P top probed by the light ray. For pressures lower 
than P bot , the atmosphere’s impact on the transmission spectrum is negligible. 
(B) In reality, the absorption region probed by the observation at a particular 
wav elength is v ertically e xtended, such that P bot and P top do not lie along 
the same transit chord. (C) The absorption regions associated with different 
wavelengths lie at different altitudes. The values of the highest P bot and the 
lowest P top can suggest a much larger opening angle than is truly the case. 
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uring a transit, owing to their short orbital radii. 1 Hence, one can
xpect observations to probe different longitudes at different orbital 
hases (e.g. Bourrier et al. 2020 ; Ehrenreich et al. 2020 ; Hoeijmakers
t al. 2020 ; Borsa et al. 2021 ; Kesseli & Snellen 2021 ; Wardenier
t al. 2021 ). Ho we ver, it is the resolution element that determines
ow independent the measurements (of wind speeds, temperature, 
nd composition) at the various orbital phases are. The size of
he absorption region governs how much local information can be 
etrieved from the transmission spectrum. 

The goal of this work is to obtain an estimate for the extent
f the absorption region along the line of sight – and thus assess
he importance of accounting for this dimension when interpreting 
bservations. In Section 2, we briefly discuss work that has already 
een done in this regard. In Section 3, we derive a new analytical
ormula for the opening angle (i.e. the angular extent of the absorption
egion along the line of sight) and we validate it using a Monte Carlo
adiative transfer code. In Section 4, we study the wavelength depen- 
ence of the absorption region and the opening angle. In Section 5,
e assess how the opening angle behaves when an instrument noise 
oor is assumed. Finally, we discuss the implications of this work in
ection 6, followed by a conclusion in Section 7. 

 P R E V I O U S  WO R K  

aldas et al. ( 2019 ) used a geometrical argument to estimate what
ortion of the atmosphere is probed along the line of sight. To this
nd, they introduced the opening angle ψ . This is the angle (as seen
rom the centre of the planet) subtended by the region that contributes
o the observation. The top panel of Fig. 1 illustrates how ψ can be
omputed. Firstly, one has to assume a minimum pressure P top and 
 maximum pressure P bot between which the atmospheric opacities 
ave a ‘measurable’ impact on the planet’s transmission spectrum 

analogous to the TCF). The opening angle can then be defined as 

 ≡ 2 arccos 

(
R p 

R p + z( P top ) 

)
, (1) 

ith R p the planetary radius at P bot and z( P top ) the altitude at
 top . Assuming an isothermal atmosphere with variable gravity, the 
ydrostatic equation reads ∫ P top 

P bot 

d P 

P 

= −
∫ z( P top ) 

0 

d z 

H 

(
R p 

R p + z 

)2 

, (2) 

here H is the scale height at R p . Solving this equation yields 

( P top ) = 

R p 

1 − H 

R p 
ln 

(
P bot 
P top 

) − R p , (3) 

uch that the opening angle becomes (Caldas et al. 2019 ) 

 ≡ 2 arccos 

[
1 − H 

R p 
ln 

(
P bot 

P top 

)]
. (4) 

his result demonstrates that the opening angle is mainly go v erned
y the ratio between the scale height and the radius of the planet.
he greater this ratio, the larger the opening angle and the greater

he importance of the line-of-sight dimension. Based on arguments 
rom the literature, Caldas et al. ( 2019 ) assumed ( P bot , P top ) = (10 −2 ,
0 −5 ) bar. They found that the opening angle of the hot Jupiter HD
 Under the assumption of tidal locking, WASP-76b and WASP-121b (two 
ypical ultra-hot Jupiters) rotate by 31 and 35 degrees during their transit, 
espectively. This includes the ingress and egress phase. 

s

t  

a
t  
09458 b can be expected to exceed 30 degrees, while that of the
ub-Neptune GJ 1214 b lies in the order of 45–50 degrees. 

Although equation (4) provides a quick and simple estimate for 
he opening angle, one downside is the assumption that the minimum
nd maximum pressure probed by the observation are situated along 
he same transit chord (top panel in Fig. 1 ). In this case, the triangle
MNRAS 510, 620–629 (2022) 
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ith P top and P bot as two of its vertices is right angled. Ho we ver, if
e consider a particular wavelength, the absorption region does not
nly stretch along the line of sight, but also in the vertical direction.
s shown in the middle panel of Fig. 1 , the minimum and maximum
ressure contained in this absorption region do not lie along the same
ransit chord. As a result, the opening angle that is found by plugging
 bot and P top into equation (4) is larger than the actual angular extent
f the absorption region. This effect is enhanced when we consider
ultiple wavelengths. In a transmission spectrum, the ef fecti ve radius

f the planet changes because the absorption region moves up and
own with wavelength. Consequently, the overall highest P bot and
he o v erall lo west P top probed by the observ ation lie e ven further
part compared to the single-wavelength case (because the pressures
re not probed by the same wavelength). This is illustrated in the
ottom panel of Fig. 1 . Because P top and P bot lie on two different
ransit chords, the opening angle is o v erestimated. 

 A  N E W  F O R M U L A  F O R  T H E  O P E N I N G  

N G L E  

n this section, we revisit the opening angle introduced by Caldas et al.
 2019 ) and we derive an alternative formula that does not contain P top 

nd P bot . Up to equation (7), our approach is similar to the deri v ation
resented in Section A.2 from Caldas et al. ( 2019 ). Ho we ver, the
uthors do not explicitly solve for the opening angle of a uniform,
D atmosphere, as we do in equation (10). Additionally, we use
 radiative-transfer code to validate the new formula and explicitly
econstruct the absorption regions discussed in the previous sections.

.1 Deri v ation 

e consider an isothermal atmosphere with one absorbing species
nd a transit chord at a height z t abo v e the reference radius R p . Under
he assumption of a uniform composition and a constant gravity, the
ntegrated optical depth τ at position x is given by (Caldas et al. 2019 ,
ppendix A): 

( x, z t ) = 

√ 

2 πR p H σmol χ n 0 e 
−z t /H 

[ 

1 

2 
+ 

1 

2 
erf 

( 

x √ 

2 R p H 

) ] 

, 

(5

ith τ and x increasing in the direction towards the observer and x =
 in the limb plane. Additionally, σ mol is the constant 2 cross section
f the considered species, χ is its number fraction, n 0 is the particle
umber density at the reference radius, and H is the atmosphere’s
onstant scale height. The deri v ation of equation (5) also requires
hat | z t | � 2 R p , such that the altitude at position x can be written as z

z t + x /2 R p (F ortne y 2005 ; Caldas et al. 2019 ). In other words, the
istance between the transit chord and the reference radius should
e much smaller than the reference radius itself. 
When we integrate along the full transit chord, the total optical

epth becomes 

0 ( z t ) ≡ τ ( x → ∞ , z t ) = 

√ 

2 πR p H σmol χ n 0 e 
−z t /H . (6) 

his equation allows us to express the altitude associated with the
ransit chord as a function of its total optical depth τ 0 (see also
ecavelier des Etangs et al. 2008 ): 

 t ( τ0 ) = H ln 

(√ 

2 πR p H σmol χ n 0 /τ0 

)
. (7) 
 In reality, σmol is a function of pressure, temperature, and wavelength. 

 

t  

n  
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e now define β, the ratio between the optical depth at a certain
osition x and the total optical depth associated with the transit
hord: 

( x ) ≡ τ ( x , z t ) 

τ0 ( z t ) 
= 

1 

2 
+ 

1 

2 
erf 

( 

x √ 

2 R p H 

) 

, (8) 

hich is independent of z t . Inverting this equation yields 

( β) = 

√ 

2 R p H erf −1 (2 β − 1) . (9) 

Using equations (7) and (9), we can now compute the opening
ngle associated with a transit-chord segment along which the optical
epth increases from a fraction β to a fraction (1 − β) of the total
ptical depth τ 0 : 

( τ0 , β) = 2 arctan 

( | x( β) | 
R p + z t ( τ0 ) 

)

= 2 arctan 

( √ 

2 R p H erf −1 (1 − 2 β) 

R p + H ln 
(√ 

2 πR p H σmol χ n 0 /τ0 

)
) 

, 

(10) 

ith β < 0.5. The argument of the inverse error function was
egated to get rid of the absolute-value symbols. To compute the
pening angle subtended by an absorption region (i.e. the region
f the atmosphere about which the transmission spectrum contains
nformation), one can set τ 0 = 0.56 (Lecavelier des Etangs et al.
008 ). For a wide range of R p / H values, a transit chord with this
ptical depth lies at an altitude z t such that a fully opaque disc with
adius R p + z t would give rise to the same transit depth as the planet.
bout 43 per cent of the light is absorbed along a transit chord with
0 = 0.56. 

.2 Numerical verification 

.2.1 Atmospheric models and radiative transfer 

o verify whether equation (10) produces the correct values for ψ 

given all the simplifying assumptions), we set up 1D isothermal
tmospheres for 27 combinations of scale height H ∈ { 10, 40, 90,
00, 450, 1000 } km and planetary radius R p ∈ { 1, 2, 5, 10, 20 }
 Earth . For each ( H , R p ) combination, we assume a constant gravity
 = 10 m s −2 and mean molecular weight μ = 2.3 m H . In accordance
ith Caldas et al. ( 2019 ), we define the planetary radius to coincide
ith P = 0.01 bar. The atmospheres have 100 vertical layers, over
hich the pressure drops from P = 10 bar (bottom) to P = 10 −8 bar

top). Additionally, the (equi v alent) temperature of the atmospheres
ollows from T = μHg / k B , with k B the Boltzmann constant. The
article number density at the reference radius, n 0 , follows from the
deal gas law. 

In each model, we assume that there is one absorber with a constant
bundance and cross section, such that χσ mol / τ 0 = 10 −24.3 cm 

−2 

corresponding to e.g. χ = 10 −3.3 , σ mol = 10 −21.3 cm 

−2 , and τ 0 =
.56). These values are typical for an atmosphere with H 2 O and/or
O at a solar abundance level (e.g. Venot & Ag ́undez 2015 ; Line et al.
021 ), but they could represent any chemical species – whichever
ne turns out to be the dominant absorber. In Appendix A, we show
hat the dependence of the opening angle on χσ mol / τ 0 is relatively
eak [because of the logarithm in equation (10)], so a rough estimate

uffices. On the other hand, changing the value of β has a much bigger
ffect on the opening angle. 

Once all atmospheric models have been obtained, we compute
heir absorption regions. To this end, we use HIRES-CMCRT (Warde-
ier et al. 2021 ), a high-resolution version of the cloudy Monte Carlo
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Figure 2. 10–90 per cent and 1–99 per cent absorption regions for the grey 
atmosphere with R p = 10 R Earth and H = 1000 km, computed with HIRES- 
MCRT . The limb of the planet is indicated by x = 0, while the yellow 

arrow represents a stellar light ray crossing the atmosphere. The grey circles 
represent isobars of 1, 10 −2 , 10 −4 , 10 −6 , and 10 −8 bar (in reality, the 
models have 100 pressure layers). The dashed lines show the opening angles 
associated with both absorption regions. The atmosphere and the planet are 
to scale in this figure. 
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adiative transfer code ( CMCRT ) developed by Lee et al. ( 2017 , 2019 ).
ince the opacity of the atmospheres is constant, their transmission 
pectrum is flat and it suffices to compute the absorption region at
 single wavelength point. For the purposes of this work, we use
IRES-MCRT as a 2D code, where we only illuminate the equatorial 
lane of the planet. We initialize 10 5 photon packets with a random
mpact parameter R p + z t ∈ ( R p + z min , R p + z max ), where z min <

 and z max > 0 are the altitudes at the bottom and the top of the
tmosphere, respectiv ely. F or each photon packet, we e v aluate the
ptical depth along its transit chord in a polar geometry, with 100
 ertical lev els and 128 longitude slices. That is, 

0 ( z t ) = χσmol 

N cells ∑ 

i= 1 

n i �x i , (11) 

ith n i the particle number density in the i -th atmospheric cell and
 x i the distance the photon packet travels through this cell. 

.2.2 Constructing absorption regions 

n addition to equation (11), we also keep track of the optical depth
ncountered by a photon packet as a function of position. Using 
his information, we can reconstruct the absorption regions of the 
tmosphere. For a gi ven v alue of β (see equation 10), we define the
bsorption region in two steps. Firstly, we select all transit chords 
or which the total transmission e −τ0 ranges between β and 1 – β.
econdly, for each transit chord from the first step, we select the
egment along which the optical depth increases from βτ 0 to (1 –
) τ 0 . All segments together constitute the absorption region. 3 We 
ompute absorption regions for β = 0.01 and β = 0.1, which will 
e referred to as the 1–99 per cent and 10–90 per cent absorption
egions in the rest of this work. 

Fig. 2 shows the absorption regions for the model with R p = 10
 Earth and H = 1000 km. The 10–90 per cent region is fully contained
y the 1–99 per cent region, in agreement with the definition. Once
 For instance, when β = 0.1, the absorption region includes all transit chords 
or which 0 . 1 < e −τ0 < 0 . 9. Additionally, we only select the segment of every 
ransit chord where the optical depth increases from 10 per cent to 90 per cent 
f its final value, such that the absorption region does not stretch all the way 
o the (arbitrary) model boundaries. By construction, the absorption region is 
ymmetric about the limb plane in the limit of a 1D, uniform atmosphere. 

e  

r  

m  

h
w
c
n  

m

he absorption regions are computed, their corresponding opening 
ngle ψ abs can be found geometrically (see Fig. 2 ): 

 abs = 2 arctan 

(
x̄ 

2 ̄y 

)
, (12) 

ith ̄x the average length of the segments in the absorption region and
¯ the average distance of the segments from the centre of the planet.
quation (12) holds as long as the absorption region is symmetric
bout the limb plane. 

.2.3 Comparing the formula to the model 

ig. 3 shows the opening angles computed from equation (12) for
ach of the 27 atmospheric models. For both values of β, there
s a good agreement between the analytical opening angle from 

quation (10) (colour map) and the opening angle inferred from 

he absorption regions computed with the Monte Carlo code (values 
n grey circles). It should be noted that the analytical opening angle
s only based on the transit chord with τ 0 = 0.56, while the opening
ngles associated with the absorption regions are based on all transit
hords with β < e −τ0 < 1 − β. This may explain slight differences
n Fig. 3 towards higher values of ψ . 

The trends in Fig. 3 are very similar to those in Fig. 2 from Caldas
t al. ( 2019 ). The value of the opening angle increases as a function of
he ratio H / R p , which is in agreement with equation (4). Furthermore,
he plots illustrate how the value of β impacts the opening angle. For
he largest scale heights, the 1–99 per cent opening angles are a factor

1.8 bigger than the 10–90 per cent opening angles. This is because
ith increasing β, a longer segment of the transit chord is included in

he absorption region. In Section 5, we will investigate which value
f β yields a realistic estimate for the true opening angle of a planet.

 T H E  WAV E L E N G T H  DEPENDENCE  O F  T H E  

P E N I N G  A N G L E  

n reality, planet atmospheres do not have a constant opacity. In
his section, we examine how the opening angle changes when we
ccount for the fact that σ mol is a function of pressure, temperature,
nd wavelength. 

.1 Atmospheric models and radiati v e transfer 

e set up 27 atmospheric models with the same parameters as those
escribed in Section 3.2.1. This time, ho we ver, we assume a variable
ravity ( g = 10 m s −2 at the reference radius), in accordance with
he formula from Caldas et al. ( 2019 ). Furthermore, we include the
hemical species H 2 , He, H 2 O, and CO, with number fractions χH2 =
.76, χHe = 0.24, χH2O = 10 −3.3 , and χCO = 10 −3.3 . Again, we
se HIRES-MCRT as a 2D code to compute the absorption regions
nd transit spectra associated with the models. We account for the
pacities of H 2 O (Polyansky et al. 2018 ) and CO (Li et al. 2015 ),
aken from the ExoMol database (Tennyson et al. 2016 , 2020 ),
s well the continuum due H 2 –H 2 and H 2 –He collision-induced
bsorption (Borysow, Jørgensen & Fu 2001 ; Borysow 2002 ; Gordon
t al. 2017 ). The radiative transfer is performed at high spectral
esolution ( R = 500, 000), for 213 wavelength points near 2.34
icron (see Fig. 4 ). The rationale behind this approach is that at

igh resolution, cross sections vary dramatically as a function of 
avelength – depending on whether λ lies inside or outside a line 

ore. Therefore, modelling the atmospheric absorption around just a 
umber of line cores should already produce a spectrum that probes
any different atmospheric layers. 
MNRAS 510, 620–629 (2022) 
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Figure 3. Colour maps showing the opening angle from equation (10) as a function of scale height H and planetary radius R p , for β = 0.1 (left-hand panel, 
10–90 per cent absorption) and β = 0.01 (right-hand panel, 1–99 per cent absorption). Additionally, we used χσmol / τ 0 = 10 −24.3 cm 

−2 . In the region to the 
right of the dotted lines, the approximation | z t | � 2 R p starts to break down, and hence it was excluded from the map. The values in the grey circles denote the 
opening angles (in degrees) that were geometrically calculated from the Monte Carlo radiative transfer. 
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Because the cross sections are no longer constant, we now evaluate
he optical depth along a transit chord as: 

0 ( z t , λ) = 

N cells ∑ 

i= 1 

n i �x i 

[ N species ∑ 

j= 1 

χj σmol ,i,j ( λ) 

]
, (13) 

ith χ j the number fraction of the j -th species and σ mol, i , j its
ross section in the i -th atmospheric cell. Once the optical depth
s computed along all transit chords, the ef fecti ve area A eff ( λ) of the
lanet can be found from (Wardenier et al. 2021 ) 

 eff ( λ) = A 0 + A annu 

〈
1 − e −τ

〉∣∣
λ
, (14) 

ith A 0 the projected area of the planetary interior and A annu the area
f the atmospheric annulus. The angle brackets denote an average
 v er all photon packets with wavelength λ. 

.2 Results 

he bottom panel of Fig. 4 shows the 10–90 per cent and 1–
9 per cent opening angles obtained for the model with R p = 10
 Earth and H = 450 km (solid curves). These were computed from the
bsorption regions using equation (12). Because of the wavelength
ependence of the opacities, the opening angle is no longer constant
nd tends to acquire its highest values inside a line core. This
ay seem counter intuitive, because according to equation (10),

he opening angle is a monotonically decreasing function of σ mol .
o we ver, the solid curves show the opening angle associated with

bsorption regions that have the same values of τ 0 (i.e. τ 0 ∼ 0.56),
egardless of the wavelength. Consider two wavelengths λ1 and λ2 

ith opacities σ 1 ( P A ) > σ 2 ( P A ) at a certain pressure P A . If the
bsorption region of λ2 lies around P A , the absorption region of λ1 

ill lie around some pressure P B < P A , higher up in the atmosphere.
o compute the opening angle at λ1 , we must hence plug σ 1 ( P B ) –
hich is potentially smaller than σ 2 ( P A ) – into equation (10). 
NRAS 510, 620–629 (2022) 
The dotted curves in the same panel show the result of e v aluating
he Caldas et al. ( 2019 ) formula (equation 4) using the highest
ressure ( P bot ) and the lowest pressure ( P top ) contained by the
bsorption region at a particular wavelength (see middle panel of
ig. 4 ). As illustrated in the middle panel of Fig. 1 , this leads to an
 v erestimation of the opening angle, because P bot and P top do not lie
n the same transit chord. Alternatively, if one applies equation (4)
o every individual transit chord in the absorption region and takes
n average (dashed curves), the Caldas et al. ( 2019 ) formula and the
adiative-transfer model agree very well. This result demonstrates
hat P top and P bot should not be chosen by looking at the τ 0 ∼ 0.56
evel corresponding to the lowest and highest opacity values in the
onsidered bandpass. 

As far as the other models are concerned, we note that for all
tmospheres with H ≤ 200 km, the standard deviation in the opening
ngle with wavelength is 10 to 15 per cent of the mean value. For
odels with H = 450 km and large planetary radii, the relative spread

rops to 7 per cent. Atmospheres with the largest scale height exhibit
 very small spread in their opening angle with wavelength, below
 per cent. 

 O P E N I N G  A N G L E S  A N D  I NSTRU MENT  

OI SE  

n order to make a final, proper comparison between the Caldas
t al. ( 2019 ) formula (equation 4) and our newly derived formula
or the opening angle (equation 10), we need to determine what
alue of β is appropriate when estimating the opening angle of an
tmosphere. After all, picking a larger value for β results in larger
alues for the opening angle ψ( τ 0 , β). As discussed in the Section 2,
he opening angle should be defined such that the opacities outside the
orresponding absorption region do not have a ‘measurable’ impact
n the transmission spectrum of the planet. Strictly speaking, this
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Figure 4. Radiative-transfer output for the model with R p = 10 R Earth 

and H = 450 km. Top: the transmission spectrum, featuring H 2 O and CO 

absorption lines. Middle: the pressures contained by the 10–90 per cent and 
1–99 per cent absorption regions as a function of wavelength. Bottom: the 
10–90 per cent and 1–99 per cent opening angles as a function of wavelength. 
The solid curves were obtained using the method described in Section 3.2.2. 
The dashed curves show the output of the Caldas et al. ( 2019 ) formula when 
the P bot and P top of individual transit chords are plugged into the formula, 
while the dotted curves illustrate what happens when the P bot and P top of the 
full absorption region are used (as depicted in the middle panel of Fig. 1 ). 
The latter leads to an o v erestimation of the opening angle. 
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preserve the opacities within a certain angle from the terminator (red area). 
The opacities of the other longitude slices are set to zero (white area). The 
yello w arro ws represent stellar light rays pointing to wards the observer. ψ is 
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eans that the opening angle is not just dependent on the atmospheric
tructure, but also on the telescope or instrument through which the 
lanet is observed. In this section, we will assume an instrument noise
oor of 10 ppm, roughly comparable to that of JWST (Beichman et al.
014 ; Schlawin et al. 2021 ). 

.1 Atmospheric models and radiati v e transfer 

or each model from Section 4.1, we now seek to determine the
umber of longitude slices to which an observation with a 10-ppm 

oise floor is actually sensitive. Unlike Lacy & Burrows ( 2020 ),
e do not switch off the opacities of individual longitude slices

see Section 6.1 for further discussion). Instead, for each model, 
e calculate 31 new spectra, where we only preserve the opacities 
nside the 2 n longitude slices that are closest to the terminator (with
 = 1, 2, 3,..., 31). The opacities in all the other slices are set to
ero. Fig. 5 shows what the equatorial plane of the planet looks
ike when different numbers of longitude slices 4 are ‘acti v ated’.
f course, the spectra of the models should converge to the true

pectrum of the planet (i.e. n = 32) as n increases. To obtain the final
ransmission spectra, we assume a stellar radius of one solar radius.
nce all spectra are computed, we determine the difference between 

he wa velength-a veraged transit depth of the 31 models and that of
he full atmosphere ( n = 32). We then define the opening angle (in
egrees) as the smallest value of (360/64) n for which this difference
ies below 10 −5 . 

.2 Results 

he top panel of Fig. 6 depicts the transmission spectra of the
odels with R p = 10 R Earth and H = 1000 km. As more longitude

lices are acti v ated in the models, the transit depth of the planet
ncreases. At some point, ho we ver, the atmospheric width is such
hat the spectrum can no longer be distinguished from the spectrum
f the full atmosphere. The bottom panel of Fig. 6 shows the
a velength-a veraged difference between the transit depths of the 
odels (orange markers) and the full atmosphere. For this particular 

ombination of planetary radius and scale height, the opening angle 
s 35 degrees, because models with a larger atmospheric width 
annot be distinguished from the full atmosphere abo v e the 10 ppm
evel. Because of the stochastic nature of the Monte Carlo code, the
imulations also have their own noise floor (below 1 ppm), which is
hy the curve in the bottom panel does not continue to decrease. 
The circles in Fig. 7 show the 10-ppm opening angles obtained for

ll the 27 models considered in this work. For all atmospheres with a
MNRAS 510, 620–629 (2022) 
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Figure 6. Radiative-transfer output for the atmosphere with R p = 10 R Earth 

and H = 1000 km. Top: transmission spectra for models with a different 
number of acti v ated longitude slices and, therefore, a different atmospheric 
width. Bottom: the wa velength-a veraged difference between the transit depth 
of the models (orange markers) and the transit depth of the full atmosphere, 
in which none of the opacities are set to zero. 

Figure 7. Opening angles as a function of scale height and planetary radius. 
The circles contain the opening angles found from the method described 
in Section 5.1, where we assume a 10-ppm noise floor. The colour map in 
the background shows the 1–99 per cent opening angles (averaged over all 
wavelengths from Section 4) and was obtained from interpolation. Contour 
lines are shown in white. 
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cale height H ≤ 90 km, the opening angle is smaller than 6 degrees,
ecause the difference between the spectrum of the n = 1 model and
hat of the full atmosphere is already smaller than 10 ppm. In other
ords, given a noise floor of 10 ppm, one cannot distinguish between

he full planet atmosphere and a model with an atmospheric width of
nly 6 degrees. Therefore, if we want to make a comparison between
he opening angles found from the absorption regions (Section 4)
nd those based on the 10-ppm noise floor (this section), we need to
ocus on the atmospheres with the largest scale heights and planetary
adii – see the top right-hand corner of Fig. 7 . 

For R ≥ 5 R Earth and H ≥ 200 km, the opening angles corresponding
o the 1–99 per cent absorption regions are in relatively close
greement with the opening angles obtained from the 10-ppm noise
oor. On the other hand, the 10–90 per cent opening angles (not
hown in the figure) are too small to match these values. Based on the
odels presented here, this suggests that β = 0.01 is an appropriate

alue to plug into equation (10) when making an estimate of an
tmosphere’s opening angle − at least when R ≥ 5 R Earth and H ≥
00 km. This is also the regime where most planets with currently
nown radii and scale heights reside (Caldas et al. 2019 ). For smaller
lanetary radii, the 10-ppm opening angles are smaller than those
erived from the 1–99 per cent absorption region. Hence, the latter
an be seen as an upper limit. 

 DI SCUSSI ON  

.1 Comparison to previous works 

n this work, we derived a formula for the opening angle as a function
f opacity and optical depth, instead of the bottom pressure P bot and
op pressure P top probed by a transit observation. This approach is
dvantageous, because it can be hard to pick values for P bot and P top 

uch that they lie on the same transit chord. As shown in Fig. 4 , the
aldas et al. ( 2019 ) formula (equation 4) is correct when applied to
 single transit chord. Ho we ver, when the maximum and minimum
ressure probed across a bandpass are plugged into the formula, the
pening angle can be strongly o v erestimated. This is demonstrated
n Fig. 8 . The discrepancy is biggest for planets with small radii and
arge scale heights. 

In contrast to our study, Lacy & Burrows ( 2020 ) did find a good
greement between their computed opening angles and the Caldas
t al. ( 2019 ) formula (see their Fig. 4 ). Using a 3D radiative-transfer
odel, the authors applied the same technique as Molli ̀ere et al.

 2019 ) to compute the TCF as a function of longitude. That is, instead
f perturbing the opacities across different altitudes, they set the
pacities of individual longitude slices 5 equal to zero, and evaluated
he difference between the resulting spectrum and the spectrum of the
ull atmosphere. Ho we ver, from their work, it is not clear how many
ongitude slices the authors used, what threshold 6 (noise floor) they
ssumed, and how this impacted their results. After all, by lowering
he noise floor (i.e. increasing the sensitivity of the instrument), one
an al w ays obtain larger values for the opening angle (see Fig. 6 ). 
 Technical note (pri v ate communication): Lacy & Burro ws ( 2020 ) rotated 
heir 3D grid such that its poles coincided with the substellar and antistellar 
oint of the planet. In this way, the latitude slices ef fecti vely take on the role 
f longitude slices, with the benefit that they are equally thick across the entire 
tmospheric annulus (i.e. there is no singularity at the geographical poles). 
 Lacy & Burrows ( 2020 ) refer to a ‘non-zero change in the transit spectrum’, 
hich suggests an arbitrarily low noise floor. 
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Figure 8. Opening angles as a function of scale height and planetary radius. 
The circles contain the 1–99 per cent opening angles found for all 27 models 
considered in this work (Section 4). The colour map in the background shows 
the opening angles that follow from the Caldas et al. ( 2019 ) formula, assuming 
( P bot , P top ) = (10 −2 , 10 −5 ) bar. Contour lines are shown in white dashes. 
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Figure 9. The angle o v er which a tidally locked planet rotates during its 
transit, plotted as a function of its equilibrium temperature T eq (assuming 
zero albedo and full heat redistribution) and the ef fecti ve temperature T eff of 
the host star. The white bullets show all systems for which the stellar radius 
and the semi-major axis of the planet orbit are currently known (data acquired 
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worth 2011 ). The red and yellow curves show for which ( T eq , T eff ) the planet’s 
rotation angle is equal to the opening angle. Here, we assume two different 
planet radii (one Jupiter radius and one Neptune radius), and two different 
values for β (see equation 10). To the right of the curves, the rotation angle 
is larger than the opening angle. 
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.2 Implications of this study 

he fact that we find smaller opening angles compared to Caldas
t al. ( 2019 ) and Lacy & Burrows ( 2020 ) does not mean that 3D
odelling becomes less important in the context of retrie v als. We
nd opening angles in the order of 20–25 degrees for (ultra-)hot
upiters, and this is still a big number compared to the angle o v er
hich thermal and chemical gradients can occur. Caldas et al. ( 2019 ),
luriel et al. ( 2020 , 2021 ), and Wardenier et al. ( 2021 ), for example,
resent models in which the transition from dayside to nightside 
hemistry spans less than 10 degrees. Hence, these variations should 
till be taken into account when interpreting observational data. For 
ooler planets with smaller opening angles and gradients that are less
teep, 1D modelling may be adequate. 

In general, when dealing with variations along the line of sight, it
ill not be necessary for retrie v al models to account for the full 360-
egree structure of the atmosphere. Instead, it suffices to have a model 
hat is as wide as the opening angle in the dimension orthogonal to the
imb plane. Any opacities outside the opening angle have a negligible 
ffect on the transmission spectrum of the planet. 

As discussed in the introduction, absorption regions can be inter- 
reted as (spatial) resolution elements. In the context of tidally locked 
as giants, a smaller opening angle allows for (more) independent 
easurements in and around the equatorial plane of the planet. 
ig. 9 shows the rotation angle of a planet as a function of its
quilibrium temperature T eq and the ef fecti ve temperature T eff of
he host star, assuming it is tidally locked (see Appendix B for the
ele v ant equations). The rotation angle is the angle o v er which the
lanet rotates during its transit. Given a certain planet radius, there 
xists a curve connecting all ( T eq , T eff ) points for which the rotation
ngle of the planet is equal to its opening angle. To the right of this
urve, the rotation angle is larger than the opening angle. As shown
n Fig. 9 , the curve shifts to higher T eq values when the planet radius is
maller (red versus yellow). The selected value of β impacts the curve 
n a similar way (solid versus dashed). According to Fig. 9 , ho we ver,
ltra-hot Jupiters such as W ASP-76b, W ASP-121b, and KEL T -9b all
ave rotation angles that are larger than their (1–99 per cent) opening
ngles. In the equatorial plane , this means that the transit observation
robes a completely different atmospheric region at the start of the
ransit than at the end of the transit. Consequently, measurements 
f the equatorial jet speed (Showman & Polvani 2011 ; Louden &
heatley 2015 ) at the start and the end of the transit can be expected

o be fully independent. Such observations would allow for further 
nsights into the atmospheric circulation of (ultra-)hot Jupiters. 

 C O N C L U S I O N  

e summarize our most important findings below: 

(i) We derived and validated a new formula for the opening angle
equation 10) in the limit of a uniform atmosphere with constant
ravity. It does not depend on P bot and P top , the maximum and
inimum pressure probed by the transmission spectrum. Instead, 

he formula depends on the product σ mol χ / τ 0 , with σ mol the constant
ross section of the considered species and χ its number fraction. τ 0 

s the total optical depth of a transit chord that crosses the absorption
egion (typically, τ 0 = 0.56). 

(ii) The opening angles of the absorption regions computed with 
ur Monte Carlo radiative transfer code ( HIRES-MCRT ) agree with the
ew formula (equation 10) in the limit of a grey, uniform atmosphere
ith constant gravity. 
(iii) When we account for the pressure, temperature, and wave- 

ength dependence of the cross sections, we find that the opening
ngle acquires its maximum value inside a line core. 
MNRAS 510, 620–629 (2022) 
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Figure A1. Plot of the analytical opening angle (equation 10) as a function 
of χσmol / τ 0 , for planets with a radius of 10 R Earth . The figure shows the 
angles for three different scale heights and two values of β. Here, β = 0.1 
corresponds to the 10–90 per cent absorption region, while β = 0.01 gives 
rise to the 1–99 per cent absorption region. The grey vertical line denotes 
the value of χσmol / τ 0 that is used in this work. Also, we assume a constant 
gravity g = 10 m s −2 and mean molecular weight μ = 2.3 m H . 
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(iv) The Caldas et al. ( 2019 ) formula (equation 4) results in
n o v erestimation of the opening angle when P bot and P top of an
bsorption region are used. Ho we ver, when the formula is applied
o individual transit chords, it matches the angular extent of the
bsorption regions very closely. 

(v) The β parameter in equation (10) go v erns what se gment of the
ransit chord is subtended by the opening angle. Based on the models
resented in this work, we find that β = 0.01 is a good default choice.
he resulting opening angle is the 1–99 per cent opening angle, which
orresponds to segment along which the optical depth increases from
 per cent to 99 per cent of τ 0 . 
(vi) When we take instrument noise into account (assuming a

oise floor of 10 ppm), we find that the opening angle is only bigger
han a few degrees for hot planets, with a scale height larger than
00 km. 
(vii) For ultra-hot Jupiters, the typical angle o v er which the planet

otates during the transit is larger than the opening angle. This implies
hat measurements of the equatorial jet speed at the start and the end
f the transit are fully independent. 
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PPENDI X  A :  T H E  O P E N I N G  A N G L E  A S  A  

U N C T I O N  O F  T H E  CROSS-SECTION  

ig. A1 illustrates the dependence of the analytical opening angle
rom equation (10) on the assumed (constant) cross section and
bundance of the absorbing species. 
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PPEN D IX  B:  E QUAT I O N S  B E H I N D  F I G U R E  9  

n Fig. 9 , we plotted the planet rotation angle (assuming tidal locking)
s a function of its equilibrium temperature T eq and the ef fecti ve
emperature T eff of the host star. In this appendix, we briefly present
he equations behind the colour map and the curves that indicate 
here the rotation angle is equal to the opening angle. 
For a tidally locked planet, the rotation angle ψ rot is given by 

 rot = 2 arcsin 
(
R � /a 

)
, (B1) 

ith R � the radius of the host star and a the semi-major axis. Because
quation (B1) does not contain the planet radius, it gives the rotation
ngle between the middle of the ingress and the middle of the egress.

Assuming zero albedo and full heat redistribution, the equilibrium 

emperature of the planet is 

 eq = T eff 

√ 

R � / 2 a . (B2) 

olving for R � / a and plugging the result into equation (B1) yields 

 rot = 2 arcsin 
[ 
2 
(
T eq /T eff 

)2 
] 
. (B3) 

lso, this means that the ef fecti ve temperature of the host star can
e written as 

 eff ( ψ rot ) = T eq 

/ 

√ 

sin 
(
ψ rot / 2 

)
/ 2 (B4) 

To compute where the rotation angle is equal to the opening angle,
e take three steps. First, we choose a planet radius R p . Next, we
se equation (10) to compute the opening angle ψ open as a a function
f T eq . The opening angle depends on the equilibrium temperature 
hrough the scale height H . Furthermore, we assume the same 
arameter values as in Section 3.2. That is, g = 10 m s −2 , μ = 2.3
 H , and χσ mol / τ 0 = 10 −24.3 cm 

−2 . Finally, we use equation (B4) to
ompute T eff ( ψ rot = ψ open ). 
his paper has been typeset from a T E 

X/L 

A T E 

X file prepared by the author. 

MNRAS 510, 620–629 (2022) 

5064 by U
niversitaetsbibliothek Bern user on 15 M

arch 2023


	1
	2 PREVIOUS WORK
	3 A NEW FORMULA FOR THE OPENING ANGLE
	4 THE WAVELENGTH DEPENDENCE OF THE OPENING ANGLE
	5 OPENING ANGLES AND INSTRUMENT NOISE
	6 DISCUSSION
	7 CONCLUSION
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY
	REFERENCES
	APPENDIX A: THE OPENING ANGLE AS A FUNCTION OF THE CROSS-SECTION
	APPENDIX B: EQUATIONS BEHIND FIGURE 9

