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ABSTRACT

Transmission spectra contain a wealth of information about the atmospheres of transiting exoplanets. However, large thermal
and chemical gradients along the line of sight can lead to biased inferences in atmospheric retrievals. In order to determine
how far from the limb plane the atmosphere still impacts the transmission spectrum, we derive a new formula to estimate the
opening angle of a planet. This is the angle subtended by the atmospheric region that contributes to the observation along the
line of sight, as seen from the planet centre. We benchmark our formula with a 3D Monte Carlo radiative transfer code and we
define an opening angle suitable for the interpretation of JWST observations, assuming a 10-ppm noise floor. We find that the
opening angle is only a few degrees for planets cooler than ca. 500 Kelvins, while it can be as large as 25 degrees for (ultra-)hot
Jupiters and 50 degrees for hot Neptunes. Compared to previous works, our more robust approach leads to smaller estimates for
the opening angle across a wide range scale heights and planetary radii. Finally, we show that ultra-hot Jupiters have an opening
angle that is smaller than the angle over which the planet rotates during the transit. This allows for time-resolved transmission
spectroscopy observations that probe independent parts of the planetary limb during the first and second half of the transit.
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1 INTRODUCTION

Over the past two decades, transmission spectroscopy (e.g. Seager &
Sasselov 2000; Charbonneau et al. 2002; Snellen et al. 2008; Sing
et al. 2016; Nikolov et al. 2018) has been integral to the atmo-
spheric characterization of transiting exoplanets — constraining their
chemical abundances and temperature profiles. When an exoplanet
passes in front of its host star, a small fraction of the stellar photons
are absorbed and scattered by the planetary atmosphere. Because
the atmosphere’s opacity is wavelength dependent, measuring the
effective radius of the planet R.s(A) at different wavelengths results
in a transmission spectrum. The transmission spectrum is generally
expressed in terms of a depth 8(1) = Re(1)?/R?, with R, the radius
of the host star.

In order to physically interpret a transmission spectrum and
infer the properties of the underlying atmosphere, it is essential to
know what regions of the atmosphere are actually probed by the
observation. In 1D radiative-transfer models, it is possible to compute
a so-called transmission contribution function (TCF, Barstow et al.
2013; Molliere et al. 2019), which quantifies how substantially an
atmospheric layer contributes to the spectrum at a given wavelength.
The basic idea is to switch off (or perturb) the opacities layer by layer
and compute the resulting transit radius of the planet. The greater the
deviation from the original radius, the greater the contribution by the
associated layer. In this way, the TCF can be seen as the derivative
of the transmission with respect to pressure.
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Because exoplanet atmospheres are 3D, the atmospheric region
probed by transmission spectroscopy — henceforth called the ab-
sorption region —does not only extend along the altitude axis, but also
along the line of sight, perpendicular to the limb plane. 1D models
that are typically used to interpret observations ignore this dimension
(e.g. Line et al. 2013; Waldmann et al. 2015; Molliere et al. 2019).
However, a collection of recent works (Caldas et al. 2019; Lacy &
Burrows 2020; Pluriel et al. 2020, 2021) have shown that thermal
and chemical gradients between the dayside and nightside of tidally
locked gas giants can have a significant impact on their transmission
spectrum — for earlier studies that computed spectra from 3D models,
see Burrows et al. (2010) and Fortney et al. (2010). Therefore, it is
valuable to assess how far from the limb plane the atmosphere still
influences a planet’s transmission spectrum, and thus how stretched
the absorption region is along the line of sight. Essentially, we require
a TCF for the line-of-sight dimension.

The absorption region can be seen as a ‘resolution element’. If
the absorption region is compact, the transmission spectrum probes
a very specific part of the atmosphere, with its own temperature and
chemistry. On the other hand, if the absorption region is stretched
along the line of sight, the transmission spectrum is shaped by
the atmospheric structure across many different longitudes. In the
context of tidally locked planets, this has important implications.
Ultra-hot Jupiters (Arcangeli et al. 2018; Bell & Cowan 2018;
Parmentier et al. 2018), for example, rotate by tens of degrees
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during a transit, owing to their short orbital radii.! Hence, one can
expect observations to probe different longitudes at different orbital
phases (e.g. Bourrier et al. 2020; Ehrenreich et al. 2020; Hoeijmakers
et al. 2020; Borsa et al. 2021; Kesseli & Snellen 2021; Wardenier
et al. 2021). However, it is the resolution element that determines
how independent the measurements (of wind speeds, temperature,
and composition) at the various orbital phases are. The size of
the absorption region governs how much local information can be
retrieved from the transmission spectrum.

The goal of this work is to obtain an estimate for the extent
of the absorption region along the line of sight — and thus assess
the importance of accounting for this dimension when interpreting
observations. In Section 2, we briefly discuss work that has already
been done in this regard. In Section 3, we derive a new analytical
formula for the opening angle (i.e. the angular extent of the absorption
region along the line of sight) and we validate it using a Monte Carlo
radiative transfer code. In Section 4, we study the wavelength depen-
dence of the absorption region and the opening angle. In Section 5,
we assess how the opening angle behaves when an instrument noise
floor is assumed. Finally, we discuss the implications of this work in
Section 6, followed by a conclusion in Section 7.

2 PREVIOUS WORK

Caldas et al. (2019) used a geometrical argument to estimate what
portion of the atmosphere is probed along the line of sight. To this
end, they introduced the opening angle v . This is the angle (as seen
from the centre of the planet) subtended by the region that contributes
to the observation. The top panel of Fig. 1 illustrates how ¥ can be
computed. Firstly, one has to assume a minimum pressure Py, and
a maximum pressure Py, between which the atmospheric opacities
have a ‘measurable’ impact on the planet’s transmission spectrum
(analogous to the TCF). The opening angle can then be defined as

L) , (1)
Ry + 2(Piop)

with R, the planetary radius at Py, and z(Pyp) the altitude at
Pyop. Assuming an isothermal atmosphere with variable gravity, the
hydrostatic equation reads
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where H is the scale height at R,,. Solving this equation yields
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such that the opening angle becomes (Caldas et al. 2019)
H P
Y = 2 arccos [1—R—ln< bm)]. “4)
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This result demonstrates that the opening angle is mainly governed
by the ratio between the scale height and the radius of the planet.
The greater this ratio, the larger the opening angle and the greater
the importance of the line-of-sight dimension. Based on arguments
from the literature, Caldas et al. (2019) assumed (Py, Piop) = (1072,
1073) bar. They found that the opening angle of the hot Jupiter HD

"'Under the assumption of tidal locking, WASP-76b and WASP-121b (two
typical ultra-hot Jupiters) rotate by 31 and 35 degrees during their transit,
respectively. This includes the ingress and egress phase.
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(a) Single wavelength, single transit chord

g Pbot Ptap :

(b) Single wavelength, multiple transit chords

Figure 1. Cross section of a transiting exoplanet, with the host star on the left
and the observer on the right. The grey disc represents the planetary interior,
while the white annulus is the atmosphere of the planet. (A) For a stellar light
ray with a particular impact parameter R + z, (yellow arrow), the opening
angle ¥ can be computed from trigonometry, using the maximum pressure
Ppor and minimum pressure Py probed by the light ray. For pressures lower
than Py, the atmosphere’s impact on the transmission spectrum is negligible.
(B) In reality, the absorption region probed by the observation at a particular
wavelength is vertically extended, such that Py and Pyp do not lie along
the same transit chord. (C) The absorption regions associated with different
wavelengths lie at different altitudes. The values of the highest Pyo; and the
lowest Pyop can suggest a much larger opening angle than is truly the case.

209458 b can be expected to exceed 30 degrees, while that of the
sub-Neptune GJ 1214 b lies in the order of 45-50 degrees.
Although equation (4) provides a quick and simple estimate for
the opening angle, one downside is the assumption that the minimum
and maximum pressure probed by the observation are situated along
the same transit chord (top panel in Fig. 1). In this case, the triangle
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with Py, and Py as two of its vertices is right angled. However, if
we consider a particular wavelength, the absorption region does not
only stretch along the line of sight, but also in the vertical direction.
As shown in the middle panel of Fig. 1, the minimum and maximum
pressure contained in this absorption region do not lie along the same
transit chord. As a result, the opening angle that is found by plugging
Pyo and Py, into equation (4) is larger than the actual angular extent
of the absorption region. This effect is enhanced when we consider
multiple wavelengths. In a transmission spectrum, the effective radius
of the planet changes because the absorption region moves up and
down with wavelength. Consequently, the overall highest Py, and
the overall lowest Py, probed by the observation lie even further
apart compared to the single-wavelength case (because the pressures
are not probed by the same wavelength). This is illustrated in the
bottom panel of Fig. 1. Because Py, and Py lie on two different
transit chords, the opening angle is overestimated.

3 ANEW FORMULA FOR THE OPENING
ANGLE

In this section, we revisit the opening angle introduced by Caldas et al.
(2019) and we derive an alternative formula that does not contain P,
and Pyo. Up to equation (7), our approach is similar to the derivation
presented in Section A.2 from Caldas et al. (2019). However, the
authors do not explicitly solve for the opening angle of a uniform,
1D atmosphere, as we do in equation (10). Additionally, we use
a radiative-transfer code to validate the new formula and explicitly
reconstruct the absorption regions discussed in the previous sections.

3.1 Derivation

We consider an isothermal atmosphere with one absorbing species

and a transit chord at a height z; above the reference radius R,,. Under

the assumption of a uniform composition and a constant gravity, the

integrated optical depth 7 at position x is given by (Caldas et al. 2019,

Appendix A):

T(x,2) = /27T Ry H Oyt % g e/ ! + 1erf S

s &t P mo 2 2 2RPH ’

(&)

with 7 and x increasing in the direction towards the observer and x =
0 in the limb plane. Additionally, o, is the constant? cross section
of the considered species, x is its number fraction, n is the particle
number density at the reference radius, and H is the atmosphere’s
constant scale height. The derivation of equation (5) also requires
that |z,| < 2R, such that the altitude at position x can be written as z
~ z; + x/2R,, (Fortney 2005; Caldas et al. 2019). In other words, the
distance between the transit chord and the reference radius should
be much smaller than the reference radius itself.

When we integrate along the full transit chord, the total optical
depth becomes

T0(z0) = T(x = 00,2) = /27 RyH 0ot x 19 /™. (©)

This equation allows us to express the altitude associated with the
transit chord as a function of its total optical depth 7( (see also
Lecavelier des Etangs et al. 2008):

2(t0) = Hln (\/ 2TL’RpI'I Omol X }’10/1’0) . @)

%In reality, o moj is a function of pressure, temperature, and wavelength.

MNRAS 510, 620-629 (2022)

We now define B, the ratio between the optical depth at a certain
position x and the total optical depth associated with the transit
chord:

_ otz 1 l X
p=— ~2+ 2“(@) ’ ®

which is independent of z,. Inverting this equation yields

x(B) = /2R, H erf ' (28 — 1). 9)

Using equations (7) and (9), we can now compute the opening
angle associated with a transit-chord segment along which the optical
depth increases from a fraction g to a fraction (1 — ) of the total
optical depth 7¢:

B x(B)|
Y (79, B) = 2 arctan (7& n Zt(TO))

V/2R,H erf™'(1 —28)
= 2 arctan ,
Rp + Hln (\/m Omol X n()/T())

(10)

with B < 0.5. The argument of the inverse error function was
negated to get rid of the absolute-value symbols. To compute the
opening angle subtended by an absorption region (i.e. the region
of the atmosphere about which the transmission spectrum contains
information), one can set 1o = 0.56 (Lecavelier des Etangs et al.
2008). For a wide range of R,/H values, a transit chord with this
optical depth lies at an altitude z, such that a fully opaque disc with
radius R, + z, would give rise to the same transit depth as the planet.
About 43 per cent of the light is absorbed along a transit chord with
Top = 0.56.

3.2 Numerical verification

3.2.1 Atmospheric models and radiative transfer

To verify whether equation (10) produces the correct values for y
(given all the simplifying assumptions), we set up 1D isothermal
atmospheres for 27 combinations of scale height H € {10, 40, 90,
200, 450, 1000} km and planetary radius R, € {1, 2, 5, 10, 20}
Rearn. For each (H, R,) combination, we assume a constant gravity
g = 10 ms~2 and mean molecular weight i = 2.3 my. In accordance
with Caldas et al. (2019), we define the planetary radius to coincide
with P = 0.01 bar. The atmospheres have 100 vertical layers, over
which the pressure drops from P = 10 bar (bottom) to P = 10~% bar
(top). Additionally, the (equivalent) temperature of the atmospheres
follows from T = uHglkg, with kp the Boltzmann constant. The
particle number density at the reference radius, n, follows from the
ideal gas law.

In each model, we assume that there is one absorber with a constant
abundance and cross section, such that xome/To = 107243 cm™2
(corresponding to e.g. x = 10733, oo = 107213 ecm™2, and 7 =
0.56). These values are typical for an atmosphere with H,O and/or
CO at a solar abundance level (e.g. Venot & Agindez 2015; Line et al.
2021), but they could represent any chemical species — whichever
one turns out to be the dominant absorber. In Appendix A, we show
that the dependence of the opening angle on x o /7y is relatively
weak [because of the logarithm in equation (10)], so a rough estimate
suffices. On the other hand, changing the value of 8 has a much bigger
effect on the opening angle.

Once all atmospheric models have been obtained, we compute
their absorption regions. To this end, we use HIRES-CMCRT (Warde-
nier et al. 2021), a high-resolution version of the cloudy Monte Carlo
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Figure 2. 10-90 per cent and 1-99 per cent absorption regions for the grey
atmosphere with Ry = 10 Rgarmn and H = 1000 km, computed with HIRES-
MCRT. The limb of the planet is indicated by x = 0, while the yellow
arrow represents a stellar light ray crossing the atmosphere. The grey circles
represent isobars of 1, 10’2, 107*, 107°, and 108 bar (in reality, the
models have 100 pressure layers). The dashed lines show the opening angles
associated with both absorption regions. The atmosphere and the planet are
to scale in this figure.

radiative transfer code (CMCRT) developed by Lee et al. (2017,2019).
Since the opacity of the atmospheres is constant, their transmission
spectrum is flat and it suffices to compute the absorption region at
a single wavelength point. For the purposes of this work, we use
HIRES-MCRT as a 2D code, where we only illuminate the equatorial
plane of the planet. We initialize 10° photon packets with a random
impact parameter Ry + z¢ € (Rp + Zmin» Rp + Zmax), Where zpin <
0 and zp, > 0 are the altitudes at the bottom and the top of the
atmosphere, respectively. For each photon packet, we evaluate the
optical depth along its transit chord in a polar geometry, with 100
vertical levels and 128 longitude slices. That is,

Neells

70(z1) = XOmol Y niAX;, an

i=1

with n; the particle number density in the i-th atmospheric cell and
Ax; the distance the photon packet travels through this cell.

3.2.2 Constructing absorption regions

In addition to equation (11), we also keep track of the optical depth
encountered by a photon packet as a function of position. Using
this information, we can reconstruct the absorption regions of the
atmosphere. For a given value of 8 (see equation 10), we define the
absorption region in two steps. Firstly, we select all transit chords
for which the total transmission e~ ™ ranges between § and 1 — .
Secondly, for each transit chord from the first step, we select the
segment along which the optical depth increases from S7¢ to (1 —
B)To. All segments together constitute the absorption region.’> We
compute absorption regions for § = 0.01 and g = 0.1, which will
be referred to as the 1-99 percent and 10-90 percent absorption
regions in the rest of this work.

Fig. 2 shows the absorption regions for the model with R, = 10
Rean and H = 1000 km. The 10-90 per cent region is fully contained
by the 1-99 per cent region, in agreement with the definition. Once

3For instance, when B = 0.1, the absorption region includes all transit chords
forwhich0.1 < e™™ < 0.9. Additionally, we only select the segment of every
transit chord where the optical depth increases from 10 per cent to 90 per cent
of its final value, such that the absorption region does not stretch all the way
to the (arbitrary) model boundaries. By construction, the absorption region is
symmetric about the limb plane in the limit of a 1D, uniform atmosphere.

All along the line of sight 623

the absorption regions are computed, their corresponding opening
angle ¥ ,s can be found geometrically (see Fig. 2):

Vaps = 2 arctan (i_) , (12)
2y

with X the average length of the segments in the absorption region and

y the average distance of the segments from the centre of the planet.

Equation (12) holds as long as the absorption region is symmetric

about the limb plane.

3.2.3 Comparing the formula to the model

Fig. 3 shows the opening angles computed from equation (12) for
each of the 27 atmospheric models. For both values of f, there
is a good agreement between the analytical opening angle from
equation (10) (colour map) and the opening angle inferred from
the absorption regions computed with the Monte Carlo code (values
in grey circles). It should be noted that the analytical opening angle
is only based on the transit chord with ¢ = 0.56, while the opening
angles associated with the absorption regions are based on all transit
chords with 8 < ¢™™ < 1 — B. This may explain slight differences
in Fig. 3 towards higher values of .

The trends in Fig. 3 are very similar to those in Fig. 2 from Caldas
etal. (2019). The value of the opening angle increases as a function of
the ratio H/R,,, which is in agreement with equation (4). Furthermore,
the plots illustrate how the value of § impacts the opening angle. For
the largest scale heights, the 1-99 per cent opening angles are a factor
~1.8 bigger than the 10-90 per cent opening angles. This is because
with increasing f, a longer segment of the transit chord is included in
the absorption region. In Section 5, we will investigate which value
of B yields a realistic estimate for the true opening angle of a planet.

4 THE WAVELENGTH DEPENDENCE OF THE
OPENING ANGLE

In reality, planet atmospheres do not have a constant opacity. In
this section, we examine how the opening angle changes when we
account for the fact that o, is a function of pressure, temperature,
and wavelength.

4.1 Atmospheric models and radiative transfer

We set up 27 atmospheric models with the same parameters as those
described in Section 3.2.1. This time, however, we assume a variable
gravity (g = 10 ms~2 at the reference radius), in accordance with
the formula from Caldas et al. (2019). Furthermore, we include the
chemical species Hy, He, H,0O, and CO, with number fractions xy» =
0.76, xue = 0.24, xmwo = 10733, and xco = 10733, Again, we
use HIRES-MCRT as a 2D code to compute the absorption regions
and transit spectra associated with the models. We account for the
opacities of H,O (Polyansky et al. 2018) and CO (Li et al. 2015),
taken from the ExoMol database (Tennyson et al. 2016, 2020),
as well the continuum due H,—H, and H,—He collision-induced
absorption (Borysow, Jgrgensen & Fu 2001; Borysow 2002; Gordon
et al. 2017). The radiative transfer is performed at high spectral
resolution (R = 500, 000), for 213 wavelength points near 2.34
micron (see Fig. 4). The rationale behind this approach is that at
high resolution, cross sections vary dramatically as a function of
wavelength — depending on whether X lies inside or outside a line
core. Therefore, modelling the atmospheric absorption around just a
number of line cores should already produce a spectrum that probes
many different atmospheric layers.

MNRAS 510, 620-629 (2022)
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Figure 3. Colour maps showing the opening angle from equation (10) as a function of scale height H and planetary radius Ry, for 8 = 0.1 (left-hand panel,
10-90 per cent absorption) and 8 = 0.01 (right-hand panel, 1-99 per cent absorption). Additionally, we used xomol/To = 1072*3 cm™2. In the region to the
right of the dotted lines, the approximation |z| < 2R,, starts to break down, and hence it was excluded from the map. The values in the grey circles denote the
opening angles (in degrees) that were geometrically calculated from the Monte Carlo radiative transfer.

Because the cross sections are no longer constant, we now evaluate
the optical depth along a transit chord as:

Neells Nispecies
T0(2;, A) = Z n; Ax; { Z on'mol,i._i()‘):| , (13)
i=1 j=1

with y; the number fraction of the j-th species and oo, ; its
cross section in the i-th atmospheric cell. Once the optical depth
is computed along all transit chords, the effective area Ag(A) of the
planet can be found from (Wardenier et al. 2021)

Acr(A) = Ao + Aannu<1 — e_’>

with A the projected area of the planetary interior and Ay, the area
of the atmospheric annulus. The angle brackets denote an average
over all photon packets with wavelength A.

(14)

2’

4.2 Results

The bottom panel of Fig. 4 shows the 10-90 percent and 1-
99 percent opening angles obtained for the model with R, = 10
Rean and H = 450 km (solid curves). These were computed from the
absorption regions using equation (12). Because of the wavelength
dependence of the opacities, the opening angle is no longer constant
and tends to acquire its highest values inside a line core. This
may seem counter intuitive, because according to equation (10),
the opening angle is a monotonically decreasing function of o o).
However, the solid curves show the opening angle associated with
absorption regions that have the same values of 7 (i.e. 7o ~ 0.56),
regardless of the wavelength. Consider two wavelengths A; and A,
with opacities o(P4) > 0,(P4) at a certain pressure P,. If the
absorption region of A, lies around P4, the absorption region of A;
will lie around some pressure Pg < P4, higher up in the atmosphere.
To compute the opening angle at 1, we must hence plug o (P3p) —
which is potentially smaller than o,(P4) — into equation (10).

MNRAS 510, 620-629 (2022)

The dotted curves in the same panel show the result of evaluating
the Caldas et al. (2019) formula (equation 4) using the highest
pressure (Ppy) and the lowest pressure (Py,) contained by the
absorption region at a particular wavelength (see middle panel of
Fig. 4). As illustrated in the middle panel of Fig. 1, this leads to an
overestimation of the opening angle, because Py, and Py, do not lie
on the same transit chord. Alternatively, if one applies equation (4)
to every individual transit chord in the absorption region and takes
an average (dashed curves), the Caldas et al. (2019) formula and the
radiative-transfer model agree very well. This result demonstrates
that Py, and Py, should not be chosen by looking at the 79 ~ 0.56
level corresponding to the lowest and highest opacity values in the
considered bandpass.

As far as the other models are concerned, we note that for all
atmospheres with H < 200 km, the standard deviation in the opening
angle with wavelength is 10 to 15 percent of the mean value. For
models with H = 450 km and large planetary radii, the relative spread
drops to 7 per cent. Atmospheres with the largest scale height exhibit
a very small spread in their opening angle with wavelength, below
2 per cent.

5 OPENING ANGLES AND INSTRUMENT
NOISE

In order to make a final, proper comparison between the Caldas
et al. (2019) formula (equation 4) and our newly derived formula
for the opening angle (equation 10), we need to determine what
value of B is appropriate when estimating the opening angle of an
atmosphere. After all, picking a larger value for g results in larger
values for the opening angle ¥/(t, §). As discussed in the Section 2,
the opening angle should be defined such that the opacities outside the
corresponding absorption region do not have a ‘measurable’ impact
on the transmission spectrum of the planet. Strictly speaking, this
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Figure 4. Radiative-transfer output for the model with R, = 10 Rgamm
and H = 450 km. Top: the transmission spectrum, featuring H,O and CO
absorption lines. Middle: the pressures contained by the 10-90 per cent and
1-99 per cent absorption regions as a function of wavelength. Bottom: the
10-90 per cent and 1-99 per cent opening angles as a function of wavelength.
The solid curves were obtained using the method described in Section 3.2.2.
The dashed curves show the output of the Caldas et al. (2019) formula when
the Ppor and Pyop of individual transit chords are plugged into the formula,
while the dotted curves illustrate what happens when the Pypo; and Pyop, of the
full absorption region are used (as depicted in the middle panel of Fig. 1).
The latter leads to an overestimation of the opening angle.

means that the opening angle is not just dependent on the atmospheric
structure, but also on the telescope or instrument through which the
planet is observed. In this section, we will assume an instrument noise
floor of 10 ppm, roughly comparable to that of JWST (Beichman et al.
2014; Schlawin et al. 2021).

5.1 Atmospheric models and radiative transfer

For each model from Section 4.1, we now seek to determine the
number of longitude slices to which an observation with a 10-ppm
noise floor is actually sensitive. Unlike Lacy & Burrows (2020),
we do not switch off the opacities of individual longitude slices
(see Section 6.1 for further discussion). Instead, for each model,
we calculate 31 new spectra, where we only preserve the opacities

All along the line of sight 625

6 longitude slices 12 longitude slices

18 longitude slices

W

24 longitude slices

N>

Figure 5. The equatorial plane of four model atmospheres, where we only
preserve the opacities within a certain angle from the terminator (red area).
The opacities of the other longitude slices are set to zero (white area). The
yellow arrows represent stellar light rays pointing towards the observer. ¥ is
the angular width of the atmosphere.

inside the 2n longitude slices that are closest to the terminator (with
n =1, 2, 3,..., 31). The opacities in all the other slices are set to
zero. Fig. 5 shows what the equatorial plane of the planet looks
like when different numbers of longitude slices* are ‘activated’.
Of course, the spectra of the models should converge to the true
spectrum of the planet (i.e. n = 32) as n increases. To obtain the final
transmission spectra, we assume a stellar radius of one solar radius.
Once all spectra are computed, we determine the difference between
the wavelength-averaged transit depth of the 31 models and that of
the full atmosphere (n = 32). We then define the opening angle (in
degrees) as the smallest value of (360/64)n for which this difference
lies below 1075,

5.2 Results

The top panel of Fig. 6 depicts the transmission spectra of the
models with R, = 10 Ry and H = 1000 km. As more longitude
slices are activated in the models, the transit depth of the planet
increases. At some point, however, the atmospheric width is such
that the spectrum can no longer be distinguished from the spectrum
of the full atmosphere. The bottom panel of Fig. 6 shows the
wavelength-averaged difference between the transit depths of the
models (orange markers) and the full atmosphere. For this particular
combination of planetary radius and scale height, the opening angle
is 35 degrees, because models with a larger atmospheric width
cannot be distinguished from the full atmosphere above the 10 ppm
level. Because of the stochastic nature of the Monte Carlo code, the
simulations also have their own noise floor (below 1 ppm), which is
why the curve in the bottom panel does not continue to decrease.
The circles in Fig. 7 show the 10-ppm opening angles obtained for
all the 27 models considered in this work. For all atmospheres with a

4Each longitude slice has an angular width of 360/128 & 2.8 degrees.
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Figure 6. Radiative-transfer output for the atmosphere with R, = 10 Rgartn
and H = 1000 km. Top: transmission spectra for models with a different
number of activated longitude slices and, therefore, a different atmospheric
width. Bottom: the wavelength-averaged difference between the transit depth
of the models (orange markers) and the transit depth of the full atmosphere,
in which none of the opacities are set to zero.
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Figure 7. Opening angles as a function of scale height and planetary radius.
The circles contain the opening angles found from the method described
in Section 5.1, where we assume a 10-ppm noise floor. The colour map in
the background shows the 1-99 per cent opening angles (averaged over all
wavelengths from Section 4) and was obtained from interpolation. Contour
lines are shown in white.
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scale height H < 90 km, the opening angle is smaller than 6 degrees,
because the difference between the spectrum of the n = 1 model and
that of the full atmosphere is already smaller than 10 ppm. In other
words, given a noise floor of 10 ppm, one cannot distinguish between
the full planet atmosphere and a model with an atmospheric width of
only 6 degrees. Therefore, if we want to make a comparison between
the opening angles found from the absorption regions (Section 4)
and those based on the 10-ppm noise floor (this section), we need to
focus on the atmospheres with the largest scale heights and planetary
radii — see the top right-hand corner of Fig. 7.

For R > 5 Rgyrn and H > 200 km, the opening angles corresponding
to the 1-99 percent absorption regions are in relatively close
agreement with the opening angles obtained from the 10-ppm noise
floor. On the other hand, the 10-90 percent opening angles (not
shown in the figure) are too small to match these values. Based on the
models presented here, this suggests that § = 0.01 is an appropriate
value to plug into equation (10) when making an estimate of an
atmosphere’s opening angle — at least when R > 5 Rg,qy and H >
200 km. This is also the regime where most planets with currently
known radii and scale heights reside (Caldas et al. 2019). For smaller
planetary radii, the 10-ppm opening angles are smaller than those
derived from the 1-99 per cent absorption region. Hence, the latter
can be seen as an upper limit.

6 DISCUSSION

6.1 Comparison to previous works

In this work, we derived a formula for the opening angle as a function
of opacity and optical depth, instead of the bottom pressure Py, and
top pressure Py, probed by a transit observation. This approach is
advantageous, because it can be hard to pick values for Py, and Pyop
such that they lie on the same transit chord. As shown in Fig. 4, the
Caldas et al. (2019) formula (equation 4) is correct when applied to
a single transit chord. However, when the maximum and minimum
pressure probed across a bandpass are plugged into the formula, the
opening angle can be strongly overestimated. This is demonstrated
in Fig. 8. The discrepancy is biggest for planets with small radii and
large scale heights.

In contrast to our study, Lacy & Burrows (2020) did find a good
agreement between their computed opening angles and the Caldas
et al. (2019) formula (see their Fig. 4). Using a 3D radiative-transfer
model, the authors applied the same technique as Molliere et al.
(2019) to compute the TCF as a function of longitude. That is, instead
of perturbing the opacities across different altitudes, they set the
opacities of individual longitude slices® equal to zero, and evaluated
the difference between the resulting spectrum and the spectrum of the
full atmosphere. However, from their work, it is not clear how many
longitude slices the authors used, what threshold® (noise floor) they
assumed, and how this impacted their results. After all, by lowering
the noise floor (i.e. increasing the sensitivity of the instrument), one
can always obtain larger values for the opening angle (see Fig. 6).

STechnical note (private communication): Lacy & Burrows (2020) rotated
their 3D grid such that its poles coincided with the substellar and antistellar
point of the planet. In this way, the latitude slices effectively take on the role
of longitude slices, with the benefit that they are equally thick across the entire
atmospheric annulus (i.e. there is no singularity at the geographical poles).
Lacy & Burrows (2020) refer to a ‘non-zero change in the transit spectrum’,
which suggests an arbitrarily low noise floor.
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Figure 8. Opening angles as a function of scale height and planetary radius.
The circles contain the 1-99 per cent opening angles found for all 27 models
considered in this work (Section 4). The colour map in the background shows
the opening angles that follow from the Caldas et al. (2019) formula, assuming
(Pvot> Prop) = (1072, 1075) bar. Contour lines are shown in white dashes.

6.2 Implications of this study

The fact that we find smaller opening angles compared to Caldas
et al. (2019) and Lacy & Burrows (2020) does not mean that 3D
modelling becomes less important in the context of retrievals. We
find opening angles in the order of 20-25 degrees for (ultra-)hot
Jupiters, and this is still a big number compared to the angle over
which thermal and chemical gradients can occur. Caldas et al. (2019),
Pluriel et al. (2020, 2021), and Wardenier et al. (2021), for example,
present models in which the transition from dayside to nightside
chemistry spans less than 10 degrees. Hence, these variations should
still be taken into account when interpreting observational data. For
cooler planets with smaller opening angles and gradients that are less
steep, 1D modelling may be adequate.

In general, when dealing with variations along the line of sight, it
will not be necessary for retrieval models to account for the full 360-
degree structure of the atmosphere. Instead, it suffices to have a model
that is as wide as the opening angle in the dimension orthogonal to the
limb plane. Any opacities outside the opening angle have a negligible
effect on the transmission spectrum of the planet.

As discussed in the introduction, absorption regions can be inter-
preted as (spatial) resolution elements. In the context of tidally locked
gas giants, a smaller opening angle allows for (more) independent
measurements in and around the equatorial plane of the planet.
Fig. 9 shows the rotation angle of a planet as a function of its
equilibrium temperature T, and the effective temperature Teg of
the host star, assuming it is tidally locked (see Appendix B for the
relevant equations). The rotation angle is the angle over which the
planet rotates during its transit. Given a certain planet radius, there
exists a curve connecting all (T¢q, Tefr) points for which the rotation
angle of the planet is equal to its opening angle. To the right of this
curve, the rotation angle is larger than the opening angle. As shown
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Figure 9. The angle over which a tidally locked planet rotates during its
transit, plotted as a function of its equilibrium temperature 7eq (assuming
zero albedo and full heat redistribution) and the effective temperature Tefs of
the host star. The white bullets show all systems for which the stellar radius
and the semi-major axis of the planet orbit are currently known (data acquired
from https://www.astro.keele.ac.uk/jkt/tepcat/; South-
worth 2011). The red and yellow curves show for which (Teq, Tefr) the planet’s
rotation angle is equal to the opening angle. Here, we assume two different
planet radii (one Jupiter radius and one Neptune radius), and two different
values for B (see equation 10). To the right of the curves, the rotation angle
is larger than the opening angle.

inFig. 9, the curve shifts to higher T¢ values when the planet radius is
smaller (red versus yellow). The selected value of 8 impacts the curve
in a similar way (solid versus dashed). According to Fig. 9, however,
ultra-hot Jupiters such as WASP-76b, WASP-121b, and KELT-9b all
have rotation angles that are larger than their (1-99 per cent) opening
angles. In the equatorial plane, this means that the transit observation
probes a completely different atmospheric region at the start of the
transit than at the end of the transit. Consequently, measurements
of the equatorial jet speed (Showman & Polvani 2011; Louden &
Wheatley 2015) at the start and the end of the transit can be expected
to be fully independent. Such observations would allow for further
insights into the atmospheric circulation of (ultra-)hot Jupiters.

7 CONCLUSION
We summarize our most important findings below:

(i) We derived and validated a new formula for the opening angle
(equation 10) in the limit of a uniform atmosphere with constant
gravity. It does not depend on Py, and Pyp, the maximum and
minimum pressure probed by the transmission spectrum. Instead,
the formula depends on the product o 01 X /T, With o e the constant
cross section of the considered species and x its number fraction. 7
is the total optical depth of a transit chord that crosses the absorption
region (typically, 7o = 0.56).

(ii) The opening angles of the absorption regions computed with
our Monte Carlo radiative transfer code (HIRES-MCRT) agree with the
new formula (equation 10) in the limit of a grey, uniform atmosphere
with constant gravity.

(iii)) When we account for the pressure, temperature, and wave-
length dependence of the cross sections, we find that the opening
angle acquires its maximum value inside a line core.
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(iv) The Caldas et al. (2019) formula (equation 4) results in
an overestimation of the opening angle when Py, and Py, of an
absorption region are used. However, when the formula is applied
to individual transit chords, it matches the angular extent of the
absorption regions very closely.

(v) The B parameter in equation (10) governs what segment of the
transit chord is subtended by the opening angle. Based on the models
presented in this work, we find that 8 = 0.01 is a good default choice.
The resulting opening angle is the 1-99 per cent opening angle, which
corresponds to segment along which the optical depth increases from
1 per cent to 99 per cent of 7.

(vi) When we take instrument noise into account (assuming a
noise floor of 10 ppm), we find that the opening angle is only bigger
than a few degrees for hot planets, with a scale height larger than
100 km.

(vii) For ultra-hot Jupiters, the typical angle over which the planet
rotates during the transit is larger than the opening angle. This implies
that measurements of the equatorial jet speed at the start and the end
of the transit are fully independent.
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APPENDIX A: THE OPENING ANGLE AS A
FUNCTION OF THE CROSS-SECTION

Fig. Al illustrates the dependence of the analytical opening angle
from equation (10) on the assumed (constant) cross section and
abundance of the absorbing species.
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Figure Al. Plot of the analytical opening angle (equation 10) as a function
of xomol/To, for planets with a radius of 10 Rgarn. The figure shows the
angles for three different scale heights and two values of . Here, § = 0.1
corresponds to the 10-90 per cent absorption region, while 8 = 0.01 gives
rise to the 1-99 percent absorption region. The grey vertical line denotes
the value of xomel/To that is used in this work. Also, we assume a constant
gravity ¢ = 10 ms~2 and mean molecular weight 1 = 2.3 my.

€202 U2JBIN G| UO Josn ulag Yoyjolqigsieelisioniun Aq $90S1¥9/029/1/015/910IMe/Seluw/woo dno-ojwepese//:sdiy Wwoly papeojumoq


http://dx.doi.org/10.3847/2041-8213/aab272
http://dx.doi.org/10.1093/mnras/sts686
http://dx.doi.org/10.1086/679566
http://dx.doi.org/10.3847/2041-8213/aabcc8
http://dx.doi.org/10.1051/0004-6361/202039344
http://dx.doi.org/10.1051/0004-6361:20020555
http://dx.doi.org/10.1016/S0022-4073(00)00023-6
http://dx.doi.org/10.1051/0004-6361/201936640
http://dx.doi.org/ 10.1088/0004-637X/719/1/341
http://dx.doi.org/10.1051/0004-6361/201834384
http://dx.doi.org/10.1086/338770
http://dx.doi.org/10.1038/s41586-020-2107-1
http://dx.doi.org/ 10.1088/0004-637X/709/2/1396
http://dx.doi.org/ 10.1111/j.1365-2966.2005.09587.x
http://dx.doi.org/10.1016/j.jqsrt.2017.06.038
http://dx.doi.org/10.1051/0004-6361/202037437
http://dx.doi.org/10.3847/2041-8213/abe047
http://dx.doi.org/10.3847/1538-4357/abc01c
http://dx.doi.org/10.1051/0004-6361:200809388
http://dx.doi.org/10.1093/mnras/stz1418
http://dx.doi.org/10.1051/0004-6361/201629804
http://dx.doi.org/10.1088/0067-0049/216/1/15
http://dx.doi.org/10.1088/0004-637X/775/2/137
http://dx.doi.org/10.1038/s41586-021-03912-6
http://dx.doi.org/10.1088/2041-8205/814/2/L24
http://dx.doi.org/10.1051/0004-6361/201935470
http://dx.doi.org/10.1038/s41586-018-0101-7
http://dx.doi.org/10.1051/0004-6361/201833059
https://arxiv.org/abs/2110.09080
http://dx.doi.org/10.1051/0004-6361/202037678
http://dx.doi.org/10.1093/mnras/sty1877
http://dx.doi.org/10.1086/309088
http://dx.doi.org/10.1088/0004-637X/738/1/71
http://dx.doi.org/10.1038/nature16068
http://dx.doi.org/10.1051/0004-6361:200809762
http://dx.doi.org/10.1111/j.1365-2966.2011.19399.x
http://dx.doi.org/10.1016/j.jms.2016.05.002
http://dx.doi.org/10.1016/j.jqsrt.2020.107228
http://dx.doi.org/10.1007/s10686-014-9406-1
http://dx.doi.org/10.1088/0004-637X/802/2/107
http://dx.doi.org/10.1093/mnras/stab1797
art/stab3432_fA1.eps

APPENDIX B: EQUATIONS BEHIND FIGURE 9

InFig. 9, we plotted the planet rotation angle (assuming tidal locking)
as a function of its equilibrium temperature 7., and the effective
temperature T.g of the host star. In this appendix, we briefly present
the equations behind the colour map and the curves that indicate
where the rotation angle is equal to the opening angle.

For a tidally locked planet, the rotation angle v is given by

Yot = 2 arcsin (R,/a), (B1)

with R, the radius of the host star and a the semi-major axis. Because
equation (B1) does not contain the planet radius, it gives the rotation
angle between the middle of the ingress and the middle of the egress.

Assuming zero albedo and full heat redistribution, the equilibrium
temperature of the planet is

Teq = Tt V R*/za' (B2)

Solving for R,/a and plugging the result into equation (B1) yields
. 2
Vot = 2 arcsin [Z(Teq /Tert) } . (B3)

Also, this means that the effective temperature of the host star can
be written as

TerWa) = Tog [ /510 (Vi /2) /2 (B4)

To compute where the rotation angle is equal to the opening angle,
we take three steps. First, we choose a planet radius R,. Next, we
use equation (10) to compute the opening angle ¥/ qpeq as a a function
of Teq. The opening angle depends on the equilibrium temperature
through the scale height H. Furthermore, we assume the same
parameter values as in Section 3.2. That is, g = 10 ms2, pu =23
my, and y 0 pot/To = 10723 cm~2. Finally, we use equation (B4) to
compute Tett(Yrrot = WOpen)-

This paper has been typeset from a TeX/IATEX file prepared by the author.
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