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Abstract

In the framework of Clifford analysis, a chain of harmonic and monogenic potentials in the
upper half of Euclidean space R™*! was recently constructed, including a higher dimensional
analogue of the logarithmic function in the complex plane. In this construction the distribu-
tional limits of these potentials at the boundary R™ are crucial. The remarkable relationship
between these distributional boundary values and four basic pseudodifferential operators linked
with the Dirac and Laplace operators is studied.

1 Introduction

In a recent paper [2] a generalization to Euclidean upper half-space RT“ was constructed of
the logarithmic function In z which is holomorphic in the upper half of the complex plane. This
construction was carried out in the framework of Clifford analysis, where the functions under con-
sideration take their values in the universal Clifford algebra R ;41 constructed over the Euclidean
space R™*1 equipped with a quadratic form of signature (0,m + 1). The concept of a higher di-
mensional holomorphic function, mostly called monogenic function, is expressed by means of a
generalized Cauchy—Riemann operator, which is a combination of the derivative with respect to
one of the real variables, say z(, and the so—called Dirac operator 0 in the remaining real variables

(ich Z9,...,Tm). The generalized Cauchy—Riemann operator D and its Clifford algebra conjugate
D linearize the Laplace operator, whence Clifford analysis may be seen as a refinement of harmonic
analysis.

The starting point of the construction of a higher dimensional monogenic logarithmic function,
was the fundamental solution of the generalized Cauchy—Riemann operator D, also called Cauchy
kernel, and its relation to the Poisson kernel and its harmonic conjugate in RTH. We then pro-
ceeded by induction in two directions, downstream by differentiation and upstream by primitivation,
yielding a doubly infinite chain of monogenic, and thus harmonic, potentials. This chain mimics
the well-known sequence of holomorphic potentials in C4 (see e.g. [13]):

L &, 1 1 k-1 (k—1)!

1, 1
EZ lnz—(1+§—|—...—|—E) —)...—)z(lnz—l)—>lnz—>;—>—;—>...—>(—1) .

Identifying the boundary of upper half-space with R™ 2 {(zg,z) € R™*! : 2y = 0}, the distri-
butional limits for zy — 0+ of those potentials were computed. They split up into two classes of
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distributions, which are linked by the Hilbert transform, one scalar—valued, the second one Clifford
vector—valued. They form two of the four families of Clifford distributions which were thoroughly
studied in a series of papers, see [6, 7, 3] and the references therein.

These distributional boundary values are really fundamental, since not only they are used in the
definition of the harmonic and monogenic potentials, but also uniquely determine the conjugate
harmonic potentials obtained by primitivation, thanks to the simple, but crucial, fact that a mono-
genic function in RTH vanishing at the boundary R™ indeed is zero. Whence the need to predict
the distributional boundary values when constructing the, at that moment unknown, upstream
potentials. To that end the distributional boundary values have to be identified in some way ab
initio, which is the aim of the present paper. It is shown that half of them may be recovered as
fundamental solutions of specific powers of the Dirac operator, and also half of them, but not the
missing ones, as fundamental solutions of specific powers of the Laplace operator. By introduc-
ing two new pseudodifferential operators, next to and related to the complex powers of the Dirac
and Laplace operators, the whole double infinite set of distributional boundary values may now
be identified as fundamental solutions of the four operators. As a remarkable demonstration of
symmetry, the distributional boundary values also can serve as convolution kernels for the corre-
sponding pseudodifferential operators of the same kind but with opposite exponent.

The organization of the paper is as follows. To make the paper self-contained we recall in
Section 2 the basics of Clifford algebra and Clifford analysis and in Section 3 the main results
of [2] on the conjugate harmonic and monogenic potentials in upper half-space RTH. The four
pseudodifferential operators needed for recovering all the distributional boundary values of these
harmonic potentials as fundamental solutions, are studied in four consecutive sections. Sections 4
and 6 are devoted to the complex powers of the Dirac and Laplace operator respectively and their
fundamental solutions. In Sections 5 and 7 the two new operators, also depending on a complex
parameter, and their fundamental solutions are studied. Section 8 contains some conclusions.

2 Basics of Clifford analysis

Clifford analysis (see e.g. [4]) is a function theory which offers a natural and elegant generalization
to higher dimension of holomorphic functions in the complex plane and refines harmonic analysis.
Let (eg,e1,--.,em) be the canonical orthonormal basis of Euclidean space R™*! equipped with a
quadratic form of signature (0,m + 1). Then the non—commutative multiplication in the universal
real Clifford algebra Rg ,,+1 is governed by the rule

eqeg + €egeq = —2043, a,=0,1,...,m

whence Rg 11 is generated additively by the elements eq = e, ...e;,, where A = {j1,...,jn} C
{0,...,m}, with 0 < j; < jo < --- < jn <m, and ey = 1. For an account on Clifford algebra we
refer to e.g. [14].

We identify the point (zg,21,...,%,) € R™T! with the Clifford—vector variable
T = xpeg + x1€1 + Tm€m = Tpeo + T

and the point (x1,...,x,,) € R™ with the Clifford—vector variable z. The introduction of spherical
co-ordinates z = rw, r = |z|, w € S™1, gives rise to the Clifford-vector valued locally integrable
function w, which is to be seen as the higher dimensional analogue of the signum~—distribution on
the real line; we will encounter w as one of the distributions discussed below.



At the heart of Clifford analysis lies the so—called Dirac operator
0= aJ;on + 61'161 + e awmem = 61‘060 +0

which squares to the negative Laplace operator: 92 = —A,,.1, while also 8 = —A,,. The
fundamental solution of the Dirac operator 0 is given by

1 T

|m+1

Ema(@) ==&
m

m+1
where 0,11 = % stands for the area of the unit sphere S™ in R™T!. We also introduce the
2

generalized Cauchy—Riemann operator
1_ 1 _
D = 5608 = 5(3350 + BOQ)

which, together with its Clifford algebra conjugate D = %(8950 —€p0), also decomposes the Laplace
operator: DD = DD = %Am_H.

A continuously differentiable function F(z), defined in an open region Q C R™*! and taking
values in the Clifford algebra Rg 41, is called (left—)monogenic if it satisfies in {2 the equation
DF = 0, which is equivalent with 0F = 0.

Singling out the basis vector ey, we can decompose the real Clifford algebra Rg 41 in terms
of the Clifford algebra Ry ., as Rgm+1 = Rom ® €Ro, . Similarly we decompose the considered
functions as

F(xg,z) = Fi(x0,2) + €0 F2(xo, z)

where F} and F take their values in the Clifford algebra Ry ,,; mimicking functions of a complex
variable, we will call F the real part and Fy the imaginary part of the function F.

We will extensively use two families of distributions in R™, which have been thoroughly studied
in [6, 7, 3]. The first family 7 = {T) : A € C} is very classical. It consists of the radial distributions

A
2

Tx=Fpr*=Fp (22 +...+22)
their action on a test function ¢ € S(R™) being given by

<Tk7 ¢> =0Om <Fp Ti7 E(O) [¢]>

with 4 = A+m—1. In the above expressions Fp ri stands for the classical ”finite part” distribution
on the real r-axis and ¥() is the scalar valued generalized spherical mean, defined on scalar valued

test functions ¢(z) by
=00 = — [ s dsie)

Om

This family 7 contains a.o. the fundamental solutions of the natural powers of the Laplace operator.
As convolution operators they give rise to the traditional Riesz potentials (see e.g. [12]). The
second family U = {Uy, : A € C} of distributions arises in a natural way by the action of the
Dirac operator @ on 7. The Uy—distributions thus are typical Clifford analysis constructs: they
are Clifford—vector valued, and they also arise as products of Th—distributions with the distribution

X

w = 757, mentioned above. The action of Uy on a test function ¢ € S(R™) is given by

(Ux, 8) = om(Fp ', 2W[¢])



with 4 = A4+m—1, and where the Clifford-vector valued generalized spherical mean X(!) is defined
on scalar valued test functions ¢(z) by

1

2= = [ wedsw)
Om Jgm—1

Typical examples in the U—family are the fundamental solutions of the Dirac operator and of its

odd natural powers.

The normalized distributions 73 and U} arise when removing the singularities of T and U
by dividing them by an appropriate Gamma-function showing the same simple poles. The scalar
Ty—distributions are defined by

m T
Ty =718 25—, A#—m -2
L (35%)
- (2.1)
T T AL)S), 1eN
= o m VT Am) olZ),
—m=2l = 5o (% T l) 0
while the Clifford—vector valued distributions U} are defined by
N Atmtl Uy
Uy=m = W, A#—m—21-1
o Bl (2.2)
Ul o1 = *6(z), 1eNg

- ST (I ) T

The normalized distributions 7% and Uy are holomorphic mappings from A € C to the space
S’(R™) of tempered distributions. As already mentioned they are intertwined by the action of the
Dirac operator; more generally they enjoy the following properties: for all A € C one has

. *x __ Am * . * * _ *
() 273 = 522 Ul 2 UX=Ugz =Ty,

)
(i) T; =AU 3 QUL =ULd=—2nT,,
(i) ATy =27ATE 5 AnUs = 2r(A— UL,

: 2% _ A+m * 277% _ A+m+1 *
(iv) rTy = 257 T o r°U5 = 2502 US|,

Of particular importance for the sequel are the convolution formulae for the 75— and Uj-
distributions; we list them in the following proposition and refer the reader to [3] for more de-
tails. Let us mention that the convolution of the distributions from both families is commutative
notwithstanding the Clifford vector character of the U5—distributions.

Proposition 2.1.

(i) For all (a, B) € C x C such that a # 25,5 € No, 8 # 2k, k € Ny and a+ 5+ m # 21,1 € Ny
the convolution T, * T} is the tempered distribution given by

m

T;*Tg:ﬂ'7



(ii) For (o, ) € Cx C such that a £ 25+ 1, B #2k, a+8# —m+2l+1, j,k,1 €Ny one has

+8+m—1
P

P (g

m

U(:*TE:TE*U;:ﬂ'7

(iii) For (a,8) € Cx C such that a« #2j+1, B#2k+1, a+8# —m+2l, j,k,1 €Ny one has
(-

T*
[ _ a+pB+m
T(=%=2)r(=54)

UpxUs=Upx Ul =m5t!

3 Harmonic and monogenic potentials in RZ}H

In this section we gather the most important results on harmonic and monogenic potentials in
upper half-space R+, which were established in [2].

The starting point is the Cauchy kernel of Clifford analysis, i.e. the fundamental solution of the
generalized Cauchy—Riemann operator D:

1 am 1 wg—egx
‘xlm-ﬁ—l

C—l($05£) = Ot ‘$|m+1 - Omt1

which may be decomposed in terms of the traditional Poisson kernels in RTH:

1 1
C_i(zg,2) = 514—1(550,2) + 5%3—1(170,@

where, also mentioning the usual notations, for zg > 0,

2 )
A-1(z0,2) = P(wo,2) = KHW
2 z
B_i(zg,z) = To,x) = ——— ————
1( 0 7) Q( 0 ) Om+1 |x|m+1
Their distributional limits for g — 0+ are given by
2
a—i(z) = lim A_y(xo,z) = 6(z) = —T2,
zo—0+ Om
2
b_ = lim B_ = H = - ur
1(z) LJim B1(z0,2) (z) ooy U
where the distribution
2 . 2 fid
H(z)=-— v, =—Pv——
Om+1 Omt1 |z[mt!

with Pv standing for the ”principal value” distribution in R™, is the convolution kernel of the
Hilbert transform # in R™ (see e.g. [10]). Note also that both distributional boundary values are
linked by this Hilbert transform:

’H[a,l] = H[(S] :H*52H2b71
H[H] = H+xH = 6 = a_

since H? = 1.



The first in the sequence of so—called downstream potentials is the function C_, defined by

50_1 =C_5= 114_2 + 16703_2
2 2
Clearly it is monogenic in RTH, since DC_y = DDC_; = iAm_HC’_l = 0. The definition itself
of C_y(xp,x) implies that it shows the monogenic potential (or primitive) C_;(zg,z) and the
conjugate harmonic potentials A_o (g, z) and egB_2(xo,z). The distributional limits for o — 0+
of these harmonic potentials are given by

. 2 1 T,
a—z(z) = limg, o4 Az(w0,z) = P— Fp|£‘m+1 = _0m+1T—m_1
. 2m
b_a(z) = limg, 04 B-2(z0,2) = —0§ = — [

Proceeding in the same manner, the sequence of downstream monogenic potentials in RTH is

defined by

Cp1=DC_,=DC_js1=...=D"C_y, k=1,2,...
where each monogenic potential decomposes into two conjugate harmonic potentials:
C_po1 = %A_k_l + %%B_k_l, k=1,2,...
with, for k£ odd, say k =20 — 1,
Ay = 024, = -92%9B_, = ... = -9*""'B,4
{ By = 0By = —02729A_, = ... = 94,
while for k even, say k = 2/,
Ay = 92A, = -279B, = ... = ¥4,
{ Boy1 = By = —02719A, = ... = 0B,
Their distributional limits for £y — 0+ are given by
a_s = (0 H = _225—11—‘7(;1?:;1) T* o orin

m+20—1
= (=12 tee—1n (=3 !
™

m2+1 Fp T’m+2£71

F(m+2€)
— 20—15 _ 920—1 2 *
b—% = (_Q) 0=2 m—20+2 U7m72€+1
T 2
and ( +2€)
(™
Y/ 20 2
a9y = 076=2 Tl Y,
T2
(m+2€+1>
_ 20 _ 24 2 *
b—2€—1 = Q H = -2 m—20+1 —m—2¢
T 2

= (-1 t2f2e -1 (3 1

m2+1 Fp T‘m+2£ w

They show the following properties.



Lemma 3.1. One has for j,k=1,2,...

. -0 -9
(i) a_y b_p_1 a_p_2

(ZZ) H [a_k] = b_k, H [b_k] = a_r

(111) a_j * a_p = a_j_jp41
a_jxb_p=b_jxa_p=b_j_q
b,j * b,k =0—j—k+1-

Let us have a look at the so—called upstream potentials. To start with the fundamental solution
of the Laplace operator A,,;1 in R™*!, sometimes called Green’s function, and here denoted by
%Ao(mo,@a is given by

1 1 1 1
5140(3307&) = -

m— 1oy |x|/m !

Its conjugate harmonic in RTH, in the sense of [4], is

Bolo,z) = —> “”Fm<x|> (3.1)

Omt1 |Z|™ Zg

where

v m—1 m 1
Fm(v):/ =R (m m.mﬂ;_vz)
0o 1+ m

with o F} a standard hypergeometric function (see e.g. [11]). Taking into account that

+oo m—1 m

n v (g

Fm(+OO) :/ Ml d77 = 7(713»1
o (1+m)7 2 T'("5)

expression (3.1) leads to the following distributional limit

1 =z 11
b - 1' B = —_—— = - — *
0(&) CEOE)I(%Jr O(l‘07§) o |§|m T om —m+1
while Ag(zo, z) itself shows the distributional limit
2 1 1 2 1
= lim A =— =— T
ao(g) wogrol+ 0(1'0,&) m—1 Omt1 p |£|m—1 m—1 Oma1 —m—+1

It is readily seen that DAy = DegBy = C_1. So Ag(wg,z) and eyBy(xg,z) are conjugate harmonic
potentials (or primitives), with respect to the operator D, of the Cauchy kernel C_; (g, z) in RTH.
Putting Co(z9,x) = %Ao(ajo,g)—l—%%Bo(m‘o,@), it follows that also DCy(z,z) = C_1(z0,x), which
implies that Cq(xo,z) is a monogenic potential (or primitive) of the Cauchy kernel C_;(xg, ) in
RTH. Their distributional boundary values are intimately related, as shown in the following
lemma.

Lemma 3.2. One has
(i) —0ap=b_1=H; —0bp=a_1=9
(ii) H[ao] = bo;  H [bo] = ao



Remark 3.1. In the upper half of the complex plane the function In(z) is a holomorphic potential
(or primitive) of the Cauchy kernel % and its real and imaginary components are the fundamental
solution In|z| of the Laplace operator, and its conjugate harmonic iarg(z) respectively. By sim-
ilarity we could say that Co(zo,z) = %Ao(xo,g) + %%Bo(xo7g), being a monogenic potential of
the Cauchy kernel C_i(xo,z) and the sum of the fundamental solution Ag(xo,x) of the Laplace
operator and its conjugate harmonic €gBo(xo, ), is a monogenic logarithmic function in the upper
half-space RT'H.

Inspired by the above mentioned properties, the construction of the sequence of upstream har-
monic and monogenic potentials in RT‘H is continued as follows. Putting

{ Ai(zo,z) = ao(-) * Ao(zo,-)(z) = bo(-)* Bo(zo,-)
Bi(wg,z) = ao(-) * Bo(zo,-)(z) = bo(-)* Ao(zo,")
it is verified that DA_; = DegB_1 = Cy, whence A;(xg,x) and Bj(x¢, ) are conjugate harmonic
potentials in RTH of the function Cy(xg,z). It then follows at once that
1 1
Ci(zo,z) = §A1($o,£) + 56031(90072)

is a monogenic potential in RTH of Cy. The distributional limits for g — 0+ of the conjugate
harmonic potentials A; and Bj are given by

{ a1(z) = limgoos A1(zo,2) = ao(-) *ao(-)(z) = bo(-) *bo(-)(z)

bi(z) = lmg o4 Bi(zo,2) = ao(-) xbo()(z) = bo(-)*ao(-)(z)

Making use of the calculation rules for the convolution of the T*— and U*~distributions (see Section
2, Proposition 2.1), these distributional boundary values are explicitly given by

- 1101 1 1 1
ai1\x = —_— _—
H Tomm—2 —mt2 Om m — 2 |z 2

1 1 1 1 2 T
b = —= * - _ L
1) T Omy1m — 1 |z[m1

T Omirm—1
They show the following properties.
Lemma 3.3.

(i) —Qay = by, —0b1 = ag

(ii) Hla1] = b1, H[b1] = a1

The conjugate harmonic potentials A;(xg,z) and Bj(xo,z) have been determined explicitly:

2 1 1 x
Ai(zo,z) = F, 2()

m—1 oy |zm=2 " 2o

2 2 1
By(zo,z) = xok p (1) z
Om+1 |z|™ T Oms1 m—1 |x|m—1

Proceeding in a similar way, it is verified that the functions As(xg,z) and Bs(xg,x) defined by

{ Az(zo,z) = ao(-) * Ai(xo,-)(x) = bo(-) * Bi(xo,-)(x)
Ba(zo,2) = ao(-) * Bi(wo,-)(x) = bo(-) * A1(zo,")(2)



are conjugate harmonic potentials in R’ of the function Ci (g, z). It follows that
1 1_
Ca(z0,2) = §A2($0,£) + 56032(50071)

is a monogenic potential in RTH of C.The distributional limits for o — 0+ are given by

{ as(z
bo (E)

which may be calculated explicitly to be

1 1 1

= —— CZ—M<
a:(2) m(m—1)(m—3) omt1 B

~

= limgyso4 Ao(wo,2) = ao*ar(z) = b * bi(x)

limg, 04 Ba(zo,2) = ap*bi(z) = bo*ai(z)

and 1 L
ba(z) = —U s

- ﬁa m— 2
They show the following properties.
Lemma 3.4.
(i) —Qaz = by, —0by = a;
(ii) H[az] = b2, H [ba] = az

The conjugate harmonic potentials As(zg,z) and Ba(xg,z) were also explicitly determined:

2 1 o |z 2 1 1 1
A = F _ — —
2(%0,2) m—1omeq |zjm2" " 2 (xo m—1m—3op4 |2|m3
1 zlz|? T m—-3 1 T T
By (zo,2) = g ,L F, (||> - —— Fm—2 (||>
Tmt1 |zl o m—10om41 |zl o
For general k =1,2,3, ..., the following functions in RTH are defined recursively, the convolu-
tions being taken in the variable x € R™:
Ap(zo,2) = aoxAp—1 = a1 xAp_o = ... = ap_1* Ay
= bO*Bk—l = bl *Bk_g = ... = bk—l *BO
Bk(l‘o,g) = ao*Bk_l = a1 *Bk_g = ... = Qkg—-1 *BO
= bo * Ak,1 = b1 * Ak,Q = ... = bk,1 * AO

and 1 )
Cr(zg,2) = iAk(l'Oa&) + §%Bk($07§)
It may be verified that Ag(zo,z) and By(xo,x) are conjugate harmonic potentials of Cy_1(xg, )

in RT“, while C(xo, z) is a monogenic potential of the same Cj_1(z,2) in RTH. Their distri-
butional boundary values for zg — 0+ are given by the recurrence relations

ap(z) = ap*ax—1 = A1 *Ak—2 = ... = Ak_1 *xag
= bo*b}g,1 = bl*bk,Q = ... = bk,1*50

b(z) = ao*xbr—1 = a1%by_2 = ... = ag—1 *by
bo*xap_1 = by*xax_o = ... = by_1%*aqg



for which the following explicit formulae my be deduced:

m—2k—1
o 1oremeEey
azk = 92k+1 mt2ktl —m+2k+1
Vi
m—2k
. 1 (™) .
G2k—1 = o5p mimm o Lomi2k
T2
m—2k
T S Gl B
2k = 92k+1 _mi2ktD —m42k+1
VI —

m—2k+1
b = ,LM *
2k—1 — 22k m+2k+1 —m+2k
T pl

These distributional limits show the following properties.
Lemma 3.5. One has for k=1,2,...:

(i) —Oay = bp_1; —0br, = ar—1

(ii) Hlag] = b_1 x a = br; H[bg) =b_1 *x by = ax

4 Powers of the Dirac operator

The complex power of the Dirac operator @ was already introduced in [9] and further studied in
[3]. Tt is a convolution operator defined by

1 4 i™r 28T mtp . 1 — eimn Qu (Mmtptl .
QU’[] = QN5 * [] = 26 7(n73 ) —m—u - 26 Snf;HQ»l ) U—m—p, * []
m™ 2 T 2
2o 1 [leemr(ng) 1o (mi)

2 r(_%) a 2 F(—%) w]*[.} (4.1)

7['7% p |£|M+m

In particular for integer values of the parameter p, the convolution kernel 9#0 is given by

22kr ( m—+42k )

2k 2 *
Q 5 m—2k —m—2k
T 2
(4.2)
22k+11‘\ (m+2k+2)
82k+15 _ 2 *
= - m—2k —m—2k—1
T 2

Note that for k& € Ny the above expressions (4.2) are in accordance with the definitions (2.1) and
(2.2). Moreover, if the dimension m is odd, also all negative integer powers of the Dirac operator
are defined by (4.2). However, if the dimension m is even, the expressions (4.2) are no longer valid
for k = =% —n, with n = 0,1,2,... in the case of 0%%6 and n = 1,2,... in the case of 9?**14.
Summarizing, 9" is defined for all u € C, except for 4 = —m, —m —1,—m — 2, ... when m is even.
We will define 9" for those exceptional parameter values further on. First we prove the following
fundamental property.

Proposition 4.1. For p,v € C when m s odd or for u,v € C such that pu, v and p+ v are
different from —m,—m —1,—m — 2,... when m is even, one has

0" % 9”6 = "6

10



Proof
Using definition (4.1) for "0 and 9”49, the convolution at the left-hand side decomposes into four
terms. They are respectively given by

1T (%92 mtptv
1+8 1+6 2,u+uﬂ_%r< 2 )T*
2 2 ﬂ_m,;u ﬂ_m;u —_m—pu—v
for the first one,
i el m+tputv+1
1 +e 1- 2u+l/ 7'('% P ( 2 ) U*
9 9 e 7T7n—21/+1 —m—p—v
for the second,
i 1 m+u+y+1
_ 1—¢e™F 1+ 6™ 2H+V z ( ) U*
9 9 i 2;4+1 = —m—p—v
for the third, and
_ AT _ iy M‘H’
Lo 1™ oy D)
2 2 R i

for the fourth. The sum of the first and the fourth term thus equals
r ()

i (ptv)
1 + € 2;L+1/ T*
2 7T_m ; v —m—pu—v

while the sum of the second and the third term equals

i m—+p+v+1
1-é (utv) oty r (7) -
2 ﬂ_rn ;L2 v+1 —_m—pu—vr
The sum of the latter two expressions is exactly 9*7"4. O

Corollary 4.1. For yu € C when m is odd or for uy € C\{£m,+tm £ 1,£m £ 2,...} when m is
even, one has

Mo« Ho=46
Now we put for 1 € C when m is odd or for p € C\{m, m + 1,m +2,...} when m is even
_ lemmeamiT (EE) 1 — emimn 27K (ML)
Q ) m+;L T—m-‘,—p - 9 m4pt1 U—m—&-u
™ iy 2

and in particular for k € Z when m is odd or for k € Z\{§ 4+ n,n =0,1,2,...} when m is even

m—2k
b AT(m)
2k — 22k m+2k —m+2k
™
m—2k
E _ 1 F( 2 ) U*
2k+1  — 22k+1 m+2k+2 —m+2k+1
T 2

Then Corollary 4.1 implies that, for p € C when m is odd or for p € C\{£m,+m+t1,+m=+2,...}
when m is even, E,, = 9"¢ is the fundamental solution of the operator 9":

ME, =0"*E,=9¢
This is in accordance with a result in [3].

It is also clear that, in the case where the dimension m is even, once the fundamental solutions
Epyn of ™™, n =0,1,2,... are known, we can use these expressions for defining the operators
97" " n=0,1,2,.... To that end we recall a result of [3].

11



Proposition 4.2. If the dimension m is even, forn =0,1,2,..., the fundamental solution E,, i,
of the operator 8™ is given by

Epioj = (p2jlnr+qo5) T i=0.1.2
Em+2j+1 = (P2j+1 Inr+ Q2j+1) U2*j+1 T
where the constants p, and q, satisfy the recurrence relations
B 1
p23+2 - 2] I 2 p2]+1 .
1 1 7=0,1,2,...
q2j+2 = m (C]2j+1 - mpzj-i-l)
and
1
P2j+1 = *%sz
1 1 i=0,1,2,...
q2j+1 = “or (Q2j - mpzj)
1
with starting values py = ~omiom and qo = 0.
Now putting, for m even and n =0,1,2,..., 9" "8 = E,1n, and hence
o =0 6% ] = B [

we indeed have
QiminE—m—n _ Qfmf’n(s *Qm+n6 _ Em+n " Qern(; =4

So the operator 9"[.] eventually is defined for all 4 € C, and there holds in distributional sense
MNE]=0"[07") =06, peC

or, at the level of the operators: 9"9™# = 1.

5 A new operator

Recalling the following distributional boundary values of the conjugate harmonic potentials studied
in [2]

1 F(mEZk) .
agp—1 = ﬁ TQWC T7m+2k? ke Z, 2k <m
s
1 F(mek)
b2k = WW%‘H im+2k+17 k GZ, 2k <m
T 2

it becomes clear, in view of the results in Section 4, that these distributional boundary values are
nothing but fundamental solutions of appropriate integer powers of the Dirac operator. We have
indeed, for integer k such that 2k < m, that

ask—1 =  FEop = 9%
bk = —Eap = -9 216
showing that at the same time they are also distributions resulting from the action of the opposite

integer powers of the Dirac operator on the delta distribution.
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It also becomes clear that the other distributional boundary values as; and boir_1 cannot be
expressed in a similar way as fundamental solutions of integer powers of the Dirac operator. Whence
the need for a new operator, depending upon a complex parameter p, the fundamental solutions
of which correspond to those distributional boundary values asx and bog_1. Taking into account
the Hilbert pair relationship between the distributional boundary values, we define to that end the
operator #H by

FH[.]=0"H *[.]

where the convolution kernel 9" H is given by

1— efm 28T (MFH) - 1 4 eime 2nT (et

— — —nt1
2 7Tm2u m— ;l, 2 71_m 2;L+

)Uim#

0"H =

The notation for this new kernel is motivated by the fact that, as shown by a straightforward
calculation, it may indeed be obtained as 0" H = 9§ * H. In particular for integer values of the
parameter u, the convolution kernel 9" H reduces to

F(m+2k+1)
2k _ 2k *
Q H = -2 m—2k+1 —m—2k

T 2

2k ) (5.1)

82k+1H _ 22k+1r s ) *
1% - W —m—2k—1

T 2

with 2k # —m — 1,—m — 3,... when m is odd. Note that for u = 0 the operator °H reduces to
the Hilbert transform, while for x4 = 1 the so—called Hilbert—Dirac operator (see [8]) is obtained:

1 1 F ;1) *
ML= (-Am)H] = 9H = [] = 2= 52 Ty # (]
More generally, we also have for integer k such that 2k # —m — 1,—m — 3, ... when m is odd,
2k+1fH[.] :Q2k+lH* [.]= (—Am)’”%[.]

Summarizing, the operator #H is defined for all complex values of the parameter p except for
w=—-m,—m—1,—m — 2, ... when m is odd. We will use the same method as above, via the
fundamental solutions, to define #H for those exceptional values.

Proposition 5.1. For u,v € C when m is even or for u,v € C such that pu, v and pu + v are
different from —m,—m —1,—m — 2,... when m is odd, one has

QMH*QVH:QIH-VH
Proof
The proof is similar to that of Proposition 4.1. O

Corollary 5.1. For u € C when m is even or for p € C\{£m,tm £ 1,+m £2,...} when m is
odd, one has
MH*x"H=4§

Now we put for u € C when m is even or for p € C\{m,m +1,m +2,...} when m is odd

loemmaner ()

m.+,u 7m+p,
2 T 2 T

1+ eimn 27K (ML)

— *# *
- Q 7n+2u+1 Ufm+p,

13



and in particular for integer values of the parameter u

1 I (m=2k+1 m+1 '
Fy, = ——%7(,“22,6“ ) ok, k#F —5— +n,n=0,1,...when m is odd
2 et 2
1 r m—2k—1 . m—1 '
Fopi1 = 92k 1 ( m+22k+1 ) S miokils K F - +n,n=0,1,...when m is odd
m 2

Then Corollary 5.1 implies that for 4 € C when m is even or for p € C\{£m, £m=+1,+m=+2,...}

when m is odd
FHIE,) = 0"H  F, = §

expressing the fact that F, = 0" H is the fundamental solution of the operator 9" for the allowed
values of . So it becomes clear that, in the case where the dimension m is odd, if we succeed in
establishing the fundamental solutions Fy,, ;,,,n = 0,1,2, ... of the corresponding operators ™+ "H,
we can use these expressions for defining the operators =™ "H. We first prove that E, and F),
form a Hilbert pair.

Proposition 5.2. For € C\{m,m +1,m+2,...} one has
H[Eu} =F

Proof
For the allowed values of 1 we consecutively have

HIE) ="H[E,)=H*E,=H*9 "§=0"+xH=0"H=F,
O

Now we determine the fundamental solutions F,,,1,,n = 0,1,2,... when the dimension m is odd.
The general expression for 9™ being no longer valid in that case, this needs a specific approach,
which is similar to the one used for determining the fundamental solutions E,, 1, of 9~ " when
m was even.

Proposition 5.3. If the dimension m is odd, then, forn = 0,1,2,..., the fundamental solution
of ™TH s given by
Fryoy = (p2jlnr+qoy) T35 C0.1.9
j=0,1,2,...
Frioje1 = (p2j+1lnr +qoj41) Uz

with the same constants (py, qn) as in Proposition 4.2

Proof
We have to prove that ™*"H[Fy,,,] = 6 or ™" H % Fy,,,, = 6, or still 91" x F,,,,,, = H, which
will be satisfied if 0F, 1, = Finyn—1. If n is even, say n = 2j, we have

X .
OF o5 = P2y g T5; + (p2j Inr + q25) OT5; = p2;Us; 1 + 2j(paj Inr + g25) Us;_4

from which it follows that the following recurrence relations should hold

1
{p2j+2j(J2j = -1 b2 = 27]92]'_1
or
2jp2; = Dp2j—1 D T
q2; 2] (QZ]—I 2] pgj_l)

14



If n is odd, say n = 2j 4+ 1, we have

:I: * *
OFmi2j41 = P2j+1 5 Uzjpa (p2j+11In7 + q2541) U554
27( * *
= TPy o % T5; = 2m(p2j1 In7 + q2j41) 155

leading to the recurrence relations

1
2T ) - .
—————P2jt1 — 27241 = Q2j P2j+1 or P2
m+ 2j or 1 1
—27pajy1 = DPaj q425+1 “on (Q2j Y Y p2j)

So putting for m odd and n =0,1,2,..., 9" "H = F,,1,, and hence
T[] =0T H x [ ] = Frgn % [ 1]

we indeed have
,man[F_m_n} _ Q—m—nH *Qm+nH =4

Eventually the operator #H is defined for all p € C, and there holds in distributional sense
FH[F, = PH[FH] =0
or, at the level of operators: #H~"H = 1.
Now we expect the distributional boundary values

1 F(Mk—l)
G2k = @ im+2k+17 ke Z, 2k+1<m
m 2

T 92k+1

1 D=
b2k:71 = _ﬁw —m+2k> kEZ, 2k—1<m

to be fundamental solutions of #H for specific values of u. This is indeed the case since
as, = —Foyp = —9*'H, keZ, 2k+1<m
bok—1 = Fa = 9%, keZ, 2k—1<m

We conclude that all distributional boundary values of the sequence of conjugate harmonic poten-
tials of Section 3 are fundamental solutions of 9" and #H for specific integer values of p.

6 Powers of the Laplace operator

For complex powers of the Laplace operator the standard definition (see [12]) reads (—A,,)?[.] =
(—A,,)P6 * [.], where the convolution kernel (—A,,)?d is given by

(—Am)’s = 22,@P(m+226> *

m—23 7’!7172,3
2

Whence apparently (—A,,)? is defined for all complex values of the parameter 3, except for

j— m m m
577577?717757 PR
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In particular for integer values k of the parameter 3, except for k = —73, 7mT+27 7mT+4’ ... in
case the dimension m is even, we have, also in view of 4.2,
k 2k I (mEQk) * 2k
(Am)"0 =27 — == 17, 5, =070 (6.1)
T 2

which is in accordance with the factorization of the Laplace operator by the Dirac operator. In
case the dimension m is odd, we have, also in view of 5.1,

(m+§k+1 )
m722k71

T
(_Am)kJr%(; — 92k+1 okl = Fany: g (6.2)

™

for integer k, except for — 7kl —mt3 . mES

R i
By a straightforward calculation, similar to the one in the proof of Proposition 4.1, the following
fundamental property is proven.

Proposition 6.1. For a, 3 € C such that o, 8 and a+ 8 are different from -5 —n,n=0,1,2,...

one has
(=A% % (=A)P6 = (=A,,) 18

Corollary 6.1. For 3 € C\{£%, :l:mT“,:I:mTH7 ...} one has

(AP0 % (—A,) P =06

Now putting for g € C\{7%, mT”, mTH,...}

F (m—QB)

_ _ 2 %

K,B = (_Am) ﬂ5 =2 A m+23 —m+283
Vs

and in particular for integer k

1 T m—2k
Kp = (=An)7"% = o 75"132%) 2k 2k < m when m is even
| 1 T m—2k—1
Kipr = (—A)F38 = 53T ( "‘“22’*'“ ) S mioke1s 2k <m —1 when m is odd
T2

(6.3)
the above Corollary 6.1 implies that
2 4
(~AnV (Kl =3, BeC\g £T = 20 )
2 2 2
which expresses the fact that Kg = (—A,,,) 7§ is the fundamental solution of the operator (—A,,)?

for B € C\{+%, +m42 tmtd 3

We still need to define the operator (—A,,)? for 8 = — 5, = 7”;2, —%, ... and the fundamental
solution Ky for § = 7, mTJrQ, mT+47 .... Keeping in mind the formulae (6.1) and (6.2), which we
still want to remain valid, we put, for n =0,1,2,...

(i) when m is odd:

(_Am)_%_né = Qimian = Frton = (p2n Inr + qon) 13,
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and K%+n = Fm-&-Qn;

(ii) when m is even:

m

(—AR) 276 =0"""""0 = Emion = (P2n In7 + q2) T3,
and Km i, = Epion.
We then indeed have
(i) for m odd
(—An) T [Kpyn] = 0" " H 5 Koy = 0™ " H # Frpi = 6
(ii) for m even

(7Am)%+n [K%+n] _ Q7n+2n5 % K%+n _ Q7n+2n5 " Em+2n -4

which eventually leads to
(*Am)%ﬂl(*AM)i%in =1

Note that for natural powers of the Laplace operator, the above fundamental solutions are in
accordance with the results of [1], where also the closed form of the coefficients pa,, and ga,,n =
0,1,2,... can be found.

7 A second new operator

The conclusion of Sections 4 and 5 was that all distributional boundary values of the sequence of
conjugate harmonic potentials studied in [2], and recalled in Section 3, are fundamental solutions of
the operators 9" and #H for specific integer values of the parameter . Wondering if they are also
fundamental solutions of the operator (—A,,)? for some specific values of the complex parameter
B, we indeed find that, in view of (6.3),

1 F(mfékfl)

@2k T oak EEEIEE D2kl = Ky = —(=An)7hE0, 2k+1<m
1 T m—2k .
A2k—1 - 2Tk ( 7nf2k ) —m+2k = Kk = (7Am)7k57 Qk <m
T 2

To recover the distributional boundary values bog, and bog—1 as fundamental solutions of powers
of the Laplace operator, apparently a new operator has to come into play again. Bearing in mind
that the distributional boundary values are forming Hilbert pairs , we define the operator 2L by

L) = (~Am) H * ]
where the convolution kernel (—A,,)?H is given by

T (m+2ﬁ+1)
2 *
(_Am)ﬂH = —26 W —m—2p3

The notation for this second new kernel is motivated by the fact that, as shown by a straight-
forward calculation, it may indeed be obtained as the convolution (—A,,)?H = (=A,,)%6 = H.
Apparently the operator AL is defined for all complex values of the parameter 3 except for
B=-mt _—nn=012...
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Note the particular cases for integer k:

k 2k ]_"(m-i-%k-‘rl) * m+1 m+3
(=Ap)"H = =228 ———2—>" U o, k# —m=, —m2 . (m odd)
T 2
k+1 2k+1 F(m+3k+2) * m+2 m+4
(—Ap)T2H = -2 ——= U k1 k# —mE=, M2 .. (m even)
T 2

It follows that

2

2
A E = 9 ez, k#—mE2 —mE - (m even)

{ (-AFH = 8**H, keZ, k#-mtl _mi3 - (;modd)
(_
or, at the level of the operators: *£ = 2*7{ and kag = g2k

Proposition 7.1. For a, € C such that o, 5 and o + 5 are different from —’"TH —-n, n =
0,1,2,..., one has
(=Ap)*H % (AP H = (—A,)* 5

Proof
The proof is similar to the one of Proposition 4.1. O

Corollary 7.1. For 8 € (C\{imT‘H +n,n=0,1,2,...} one has (—=A,,)°H % (=A,,)"PH = 6.

Putting, for # € C\{Z +n,n=0,1,2,...},

Lp = (fAm)*BH: ,2—/3@ *

m+226+1 —m+20
and in particular for integer k
T (w)
— —2k 2 *
Ly = 270 —omm = Ulppor, 2k<m+1
T 2
T (m72k)
—2k+1 2 *
Livy = 2 —mmis Ulmpoky, 2k <m
v 2

Corollary 7.1 implies that

1
BLILg) = 6, BeCHi@g—imn:QLZ”}

expressing the fact that Lg = (—A,,) PH is the fundamental solution of the operator °L for
peC\{£21 +n,n=0,1,2,,...}.

Proposition 7.2. For 3 € C\{™* n=0,1,2,...} one has H[Kg] = Lg.

Proof
For the allowed values of 3 we consecutively have

H[Kg) = H[Ks) = H+ Kg = H+(=A,,) 70 = (=A,,)PH = Lg
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Now we define the operator 2L for 8 = —mT“ —n,n=20,1,2,... and the fundamental solution
Lg for g = mTH+n,n:O,1,2,...:
(i) if m is odd, we put

m+1

(=An)" 2 "H=0"""""""H = Fpiomi1 = Pens1 07+ goni1) Usni1

and Lm,;—l+n = I'm+2n+15
(ii) if m is even, we put

m+1

(_Am)_ 2

TMH =9 = Epgong1 = D201 07 + @) Usngq

and Lmgr = Emgontr.
In this way the properties (7.1) are preserved for the exceptional values of 8, and moreover

m41 m41 m4l
2 2 2

(L y,] = LA T H] = 8

or

(1#08) (508) =

As expected the distributional boundary values b, are indeed recovered from the fundamental
solutions of the operator 7L, since

bow = —Eoppr = —Lypyi, 2k<m
bor—1 = Fop = Ly, 2k<m+1

8 Conclusion

In this paper we have shown that the distributional boundary values for xy — 0+ of the sequence
of conjugate harmonic potentials in upper half-space RTH ={zpeg+x: 2 € R™, a9 > 0}, can be
expressed as fundamental solutions of specific powers of four operators: the standard operators 9"
and (—A,,)? and the two newly introduced operators #H and #£. The extension of the definition
of those four operators to the exceptional values of the complex parameters p and S for which the
operators were not defined initially, was crucial for this purpose. The unifying character of the
families of Clifford distributions 7* and U* in this is remarkable.

For specific values of the complex parameters  and 3, the four operators studied are intercon-
nected. Since these relationships are fundamental we recall them here. For integer k one has for
the corresponding convolution kernels

(-A)k = 9% (-A)H = §*FH

(—A,)k+Es = 9*t'g (“A)HEH = 9%tls

The apparent symmetries in these formulae strengthen the idea that, like the Dirac or delta—
distribution ¢, also the Hilbert kernel H really is a fundamental distribution, more or less a coun-
terpart to the pointly supported 9.

The above formulae also generalize the well-known fact that the composition of the two Clifford
vector operators 0 and H equals the scalar operator square root of the Laplacian (—Am)%:

1

(—An)26 = 0H
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This also leads to the well-known scalar factorization of the Laplace operator in terms of pseudo-
differential operators: —A,, = (—A,,)2(—A.,)2, next to its vector factorization, used by P.A.M.
Dirac under matrix disguise: —A,, = 9 9. The fact that the Laplace operator may be factorized
in two completely different ways is explained by the fact that both the convolution of two T™*—
distributions — to which family (—A,,)? belongs — and the convolution of two U*~distributions
— to which family 9 belongs — result into a T*—distribution. On the contrary, vector valued oper-
ators, such as 9 and H, only have one factorization based on the convolution of a T*—distribution

with a U*—distribution, as shown in the following remarkable formulae:
96 = (—An)?H H=(-A,)%6

Finally note that each of the fundamental solutions of the four operators studied in this paper, or,
in other words, each of the distributional boundary values of the conjugate harmonic potentials
studied in [2], may be used as a convolution kernel to define an operator of the same kind but with
opposite parameter value:

oME, = o and E,«[.] = 07"[.]

O'HF, = 6§ and F,x[.] = "FH[.]
(-An)PKg = 6 and Kgx[.] = (—=An)7"[.]

(-An)PHL; = ¢ and Lgx[.] = 7AL[.]
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