Faculteit

S Landbouwkundige en
piil Toegepaste Biologische
UNIVERSITEIT Wetenschappen 4
GENT A\ IFWMTE

Academiejaa?000—- 2001

Nonparametrical tests based on sample
space partitions

Niet-parametrisc he testen gebaseerd op
partities van de steekpr oefruimte

door
ir. OLIVIER THAS

Thesissubmittedn fulfillment of therequirementgor thedegree
of Doctor(Ph.D.)in Applied Biological Sciences

Proefschriftvoorgedragenot hetbekomenvande graadvan
Doctorin de ToegepastaBiologischeWetenschappen

op gezagvan
Rector:Prof. Dr. ir. J. WILLEMS

Decaan: Promotor:
Prof. Dr. ir. O. VAN CLEEMPUT Prof. Dr. J.P. OTTOY



voor Ingeboig



Copyright

The authorandthe promotorgive the authorizationto consultandto copy partsof this
work for personaliseonly. Any otheruseis limited by theLaws of Copyright. Permission
to reproduceary materialcontainedn this work shouldbe obtainedfrom theauthor

De auteuren de promotorgeven de toelatingdit werk voor consultatiebeschikbaate
stellenendelenervante kopiérenvoor persoonlijkgebruik. Elk andergebruikvalt onder
de beperkingervan hetauteursrechtn hetbijzondermetbetrekkingtot de verplichting
uitdrukkelijk debronte vermelderbij hetaanhalervanresultateruit dit werk.

Gent,april 2001

De promotor: De auteur:

Prof. Dr. J.P Ottoy ir. Olivier Thas






Dankwoord

Het schrijyenvan eendoctoraatsthesimagdanwel hetresultaavan eenheelindividua-
listischproceszijn, hetzouontegenspreklijk nooittot standgekomenkunnenzijn zonder
de hulp endesteunvananderenMijn doctoraais zeker nietverschillendn dit opzicht.
ledereerbedanlenis echterijnaonmogelijk,maardevoornaamstemwensik hiertochte
vernoemen.

Vooreerstwil ik mijn promotor Prof. Dr. J.P Ottoy, uitdrukkelijk bedanlen voor zijn
onafgebrokensteun. Hij heeftsteedsn mij geloofden me eengrotewetenschappelig
vrijheid gegeven. Door meregelmatigde mogelijkheidte biedennaarinternationalecon-
gresserte gaan of werkbezoeknaanbuitenlandseiniversiteiterte brengenhebik zeker
onmisbaresleutelideén opgedaareninteressanteiscussiegevoerddie tot hetvoorlig-
gendeonderzoeksresultabtjgedragerhebben.

With respecto theseworkingvisits, | defenitelyowe manythanksto Prof. Peter Diggle
(LancasterUniversity, UK) andto Prof. Joe RomandStanfod University, USA).

Ook wensik Prof. Marc Aerts (LUC) te bedanlenvoor zijn enthousiasmen interesse
die hij getoondheeftvoor mijn onderzoek.Aan de anderedocentervan het Mastersof
Sciencen BiostatisticgprogrammavanhetLUC kanhetook geendankwoordontbrelen;
hun inzet en enthousiasmdebbener immerstoe geleid dat de statistiek-microbemne
gebeterheeft.

Uiteraardzouik mijn inzetenoptimismeniet hebberkunnenhandh&enindiende sfeer
binnende Biomathgroepniet zo goedgewveestzou zijn. Daaromdankik iedereerdie
de sinds1995de revue aldaargepasseerts. Vande “oude garde”wil ik zeker Lieven,
Danry enHanshartelijk bedanlen. Van Lievenhebik waarschijnlijkhetmeestegeleerd
over de gastvrijheidbinnende assistentenjabDanry herinnerdeme er bijtijds aandat
deanderecollega’s jaarlijks mijn naamvergeten... enuit Hans’enepgieke woordemwloed
viel ook steedswat te leren. Onderde huidigecollega’s bevindt zich de meestfrequente
bezoeler van mijn voice-mail, voor wie zeker geenwoordje van dank mag ontbrelen;
zij heeftmeimmersgedurendele laatstezwaremaandervan hetschrijfwerkbeschermd



tegenonwetenddijdrovers.En, lastbut notleast,dankik nogAnnie, Ronry, RoosenViv
voor hungoedezorgen.

Na al dezeprofessionel@lankbetuigingernzijn we toe aande familie ende vriendendie
ik allenhartelijk dankvoor hunsteun begrip engezelligheid.
Eenbijzondemwoordjevandankwil ik richtentot mijn oudersdie steedsn mijn “studies”
zijn blijvengelovenendie mij ononderbrokngesteundhebbenMama,Papa,aangezien
ik denkdathetnu wel mijn laatstethesiszal zijn, ener dusgeendankwoordenals deze
meerzullenvolgen,wil ik jullie nogmaaldedanlenvoor jullie vriendschapenalle mo-
gelijkhedendie jullie in mijn eerste30 jarengeboderhebben.

Ik kanhetook niet nalatenmijn schoonouderte bedanlkenvoor hunvriendschapbegrip
envertrouwen.Het is immersniet alleendoor de lekkerewijn datdit werk tot standis
gekomen.

Ingebog, zonderjouw begrip, gedulden ondersteuningou hetme nooit geluktzijn! Je
geduldwasonbegrensdwanneeiik weereenstot diepin de nachtmoestdoorwerlen, je
begrip is onnavolgbaarvoor eenmandie een“onbegrijpelijk boek” aanhetschrijvenwas
enje steuntijdensde spreekvwoordelijke laatsteloodjeshebberhet me ongetwijfeldwat
lichter gemaakt.Woordenschietertekort om mijn danken bewvonderinguit te drukken;
aanjouw draagik graagdezethesisop.

Mortsel,april 2001

Olivier



Contents

1 Intr oduction

2 Intr oduction thr ough Examples
2.1 ChemicalConcentratioata. . . . .. ... ... ............
22 SingerData . . . .. ...
2.3 CultivarsData. . . . . . .. ..
24 GravityData. . . . . . . ...
25 SleepData. . . . . . . .
2.6 EthanolData . ... .. .. ... ... . . ... ...

2.7 SomeGeneraRemarks. . . . . . . . .. ...

3 A Formal Intr oduction
3.1 SomeBasicDefinitions . . . . . . .. .. ... .
3.2 StatisticalModels . . . . . . . ... .

3.3 ThreeGoodness-of-FiProblems. . . . . .. .. .. ... ........

4 SomeTestsfor Goodness-of-Fit
4.1 Pearsorsx?-test . . . . ...
4.2 EDF-BasedsOF-tests . . . . . .. . . .. it
4.3 SmMoothGOF-tests . . . . . . . . . .

10
12
15
17
18
19

23
23
24
28



4.4 A Link betweerSmoothTestsandthe AD Statistics. . . . . .. ... .. 65

The SSPTestfor Goodness-of-Fit 67
5.1 DirectedDivergence . . . . . . . . .. e 68
5.2 TheSSPTest:SimpleNull Hypothesis. . . . . .. ... ... ...... 74
5.3 TheSSP-Est:CompositeNull Hypothesis. . . . . .. ... .. ... .. 102
5.4 Generalizatiorof the SSPcTestto Divergence®f Order\ . . . . . . .. 116
55 Data-DrvenSSPTests . . . . . . . . . . .. .. . 124
5.6 An Extensionto MultivariateDistributions. . . . . ... ... ... ... 140
k-SampleSampleSpacePartition Test 143
6.1 Thek-SampleSSPtest . . . . . . ... . ... . ... .. . . . .. ... 144
6.2 TheData-DrvenSSPTest . . . . . . . .. . ... .. 162
6.3 PawerCharacteristics . . . . . . . . .. .. .. 165
6.4 TheDecompositiorof the SSPkcTestStatistic . . . . . ... ... ... 180
The SampleSpacePartition Testfor Independence 193
7.1 TheSSPTestfor Independence . . . . .. .. ... ... .. ...... 194
7.2 TheData-DrvenSSPrcTest . . . . . . . . .. .o i i i 208
7.3 PawerCharacteristics . . . . . . .. . ... .. 211
7.4 Examples. . . . . e 224
7.5 Generalizatiorof the SSPrcTestto Divergenceof orderA . . . . . . .. 224
7.6 An Extensionto Multivariatelndependence. . . . . . . ... ... ... 229
Conclusionsand Outlook 233
8.1 Conclusions. . . . . . . . .. 233
8.2 Outlook . . . . . . . 237
The Generalized Tukey-Lambda Family 241

Computations 245



Bibliography 247






Abbreviations

AD
AIC
BIC
CDF
CL
CONS
df
EDF
GOF
GQF

ii.d.
QS
KL
KS
LL
LR
PAIC
PF
PS
RR
v
SS
sSSP
Sw
TL

Anderson-Darling
Akaike’sinformationcriterion
Bayesiarinformationcriterion
cumulative distribution function
Chernof-Lehmann
completeorthonormalkystem
densityfunction
empiricaldistribution function
goodness-of-fit
generalizedjuadraticform
Hoeffding
identicallyandindependentlyistributed
interquadranstatistic
Kullback-Leibler
Kolmogoros-Smirnor

log-log

likelihoodratio

pseudo-AIC

Pearson-Fisher

Puri-Sen

Rao-Robson
randomvariable
samplespace
samplespacepartition
Shapiro-Wik

Tukey-Lambda






CHAPTER1

Introduction

This thesisis concernedvith probablyone of the oldestproblemsin statisticalscience:
Goodness-of-Fi{fGOF). One century ago, Pearson(1900) introducedthe well known
x2-statisticfor testingthe hypothesisthat a given samplehas arisenfrom a specified
distribution. At thattime, mary of thestatisticaimethodghatweredevelopedwerebased
on the assumptiorthat the dataare normally distributed. Also aroundthat time, Karl
Pearsonijn the courseof his “MathematicalContritutionsto the Theoryof Evolution”,
abandonedhe assumptiorthat biological populationsare normally distributed. As an
alternatve heintroduceda flexible systemof distributions,known asthe Pearsorcurves.
Now thattherewasanalternatveto thenormaldistribution, it wasof practicalimportance
to have aformal statisticaimethodto decidewhetherthedatapossiblycamefrom agiven
distribution or not. Statisticateststhataddresshistypeof problemsareGOFtests.Ever
since,theliteratureon thetopic haskepton growing, andmary otherstatisticaimethods
andtestshave beenpublished.

Today GOFtestsarestill averywidely appliedgroupof tests.In almostall popularsta-
tistical software, at leastsomeof themareimplemented.Even Pearsors original ques-
tion, “is thedatanormallydistributed?”,is by mary experimentakesearcherstill applied
regularly. The reasonmay be that moststatisticalmethodsthat areimplementedn the
commercialstatisticalsoftware,areonly valid underthe assumptiorof normality. Thus,
a researchewho wantsto do e.g. anindependensamples-tests,will first performa
GOFteston his datato assesshe normality assumptionOf coursetherearemary more
situationsin which a GOFtestformsthe solution,but thesewill be handledater
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Althoughnowadaysthe original Pearsony?-testis almostexclusively appliedto discrete
data,for which Pearsors teststatisticis calculatedasa “distance”betweerthe obsered
frequenciedn the sample,andthe expectedfrequenciesvhen the hypothesizedlistri-
bution would be the true underlyingdistribution, in earlierdaysit was also appliedto
continuouddataafterhaving discretizedhe obsenationsin cateyories,suchthatthe cor-
respondindgrequenciegouldbecomputedrom thedataandPearsors statisticbe calcu-
lated. In the formersetting,not mary problemsarise,but in the lattersituationof contin-
uousdata,mary questiongo be solvedremained:in how mary groupsmustthe databe
catgyorized,whereandhow mustthe groupboundariese placed?During the time that
mostof thesequestionaverebeingansweredn theliterature,other GOF statisticaltests
wereproposedspecificallyto handlecontinuousdatawithout having to discretizethem
first. Many of theseestsarebasednthe Empirical Distribution Function(EDF), e.g.the
well known Kolmogoros-Smirnov test(Kolmogoror, 1933;Smirnov, 1939). Of particular
interestfor this thesis,arethe EDF-basedeststhatarestill clearlyrelatedto the original
x2-test. Thesetestsarespecificallyconstructedor continuousdata,but they mayalsobe
consideredsaresultof Pearsors statisticsappliedto datathatarediscretizedaccording
to a very specificsystem.The Anderson-Darlingstatistic(AndersonandDarling, 1952)
is themostimportantexample.

Almostindependentlyf the previous mentionedevolution, (Neyman,1937)constructed
a GOFtestfor continuousdatawhich he called“smooth”. Two importantpropertiesare
associatedvith Neyman’s smoothtest: first, it is in somesenseoptimal, and second,
whenthe GOFnull hypothesiss rejected by studyingthe component®f theteststatistic
somefeaturef thedifferencebetweerthetrueandthehypothesizedlistribution maybe
distinguishede.g.themeansaredifferent,or the skewnessesaredifferent,...). For mary
yearstherehasnotbeenmuchscientificinterestin thesetype of tests,until the papershy
ThomasandPierce(1979),Kopecky andPierce(1979). Fundamentaih this type of tests
is thatthe hypothesizeéndthetrue, but unknownn distribution areembeddedn anexpo-
nentialfamily of distributions,indexed by an s-dimensionaparameterTheteststatistic
is correspondinglydecomposedhto s terms. The higherthe order s is taken, the more
distributionscanberepresentethy the family andthe moresensitve thetestbecomedo
a broaderangeof alternatves,but on the otherhand,the highers thelesspowerful the
testbecomedor low-orderalternatves. In orderto overcomethe problemof choosing
an appropriatevalue for s, Ledwina (1994) proposedo make the testdata-driven, i.e.
the order s is estimatedrom the data. The last5 yearsmary suchdata-drventestsare
developedandthey seemto have desirableproperties.

Up to now we only discussedhe oldest,original GOF problemof decidingwhetheror
not a given samplemay have beengeneratedy a specifieddistribution. This problem
is sometimeslsoknown asthe one-samplé&sOF problem. This is however not the only
GOF problem. Anotherimportantmemberis the 2-sampleGOF problem, wherethe
guestionis to testthe hypothesighattwo independensamplesomefrom the samepop-
ulation or have the samedistribution. Again testsbasedon both Pearsors y? statistic
and on EDF-basedstatisticsare constructed. Many of thesemethodsare very similar
to thoseusedfor the one-samplgroblem,e.g. oncemore a Kolmogoro/-Smirnos and
an Anderson-Darling(Scholzand Stephens1987) statisticexist, aswell as Neyman's



smoothtests(Eubank,LaRicciaandRosenstein]1987)andits data-drvenversions.
Thetestsnamedsofar for the 2-sampleproblemaremoreor lessomnikustests,i.e. they
aresensitve to almostall alternatvesto the null hypothesisSometime®neis especially
interestedn a specificalternatve, e.g. a shift in locationor a changein dispersiorbe-
tweenthe distribution. Probablythe bestknown testfor testinga location shift is the
classical-test(undertheassumptiorof normalityandequalityof variances)pr thenon-
parametridVlann-Whitney test(MannandWhitney, 1947;Wilcoxon, 1945).

Thenull hypothesiof equalityof £ distributionsis referredto asthe k-sampleproblem.
Most of the above mentionedtechniquesare extendedto this settingaswell. Among
the mostrecentmethods,only the data-drven 2-sampletest of Janic-Wibblewvskaand
Ledwina(2000)is notyetextended.

Yet anotherproblem,thatis nowadaysrecognizedasa GOF problem,is testingfor in-
dependencd,e. the null hypothesids that 2 variablesareindependentOriginally, this
type of questionwasaddressedh the context of regressiongvenassoonasin the be-
ginning of the 19th century It was Galton, who lived from 1822-1911 who invented
the correlationcoeficient which is todayknown asthe Pearsors productmomentcor-
relation coeficient, who discoveredthe relation betweencorrelationandregression.In
the early daystheindependencproblemwasstudiedcompletelyin the bivariatenormal
distribution. Underthis assumptionthefirst statisticaltestfor testingwhetheror notthe
correlationcoeficientis zerowasproposedy Fisher A generakestrictionof the useof
the Pearsorcorrelationcoeficientis thatit only measures: linear dependenceetween
thetwo variables andthustestsbasedon this measurarenot omnitus.
Oncethetestsfor the generalGOF problembeganto appearonestartedto seethe simi-
larity betweerboth problemsandanalogousmmnibustestsweredeveloped.Again, most
relevantto this thesisarethosemethodsthat are EDF-basedbut could be placedin the
frameawork of testingindependencéetweendiscretevariables. The testsof Hoeffding
(1948) and Blum, Kiefer and Rosenblat{1961) are suchexamples. Also smoothtests
(e.g.Koziol, 1979;Eubanket al., 1987)andtheir data-drivenversiongKallenbeg, Led-
winaandRafajlowicz, 1997;Kallenbeg andLedwina,1999)aredevelopedandwill turn
outto beimportantfor thework presentedh thisthesis.

Most of the methodsreferredto in the previous paragraphsre omnibus tests,i.e. the
testsaresensitve to almostall alternatvesto the null hypothesis.Althoughthis is con-
sideredto beadesirableproperty it alsodirectly impliesthatwhenthe null hypothesiss
rejected,still no answeris giventowardsthe reasorfor the rejection,i.e. whatthetrue
alternatve maybe. E.g. whenthe 2-samplenull hypothesiss rejectedjt maybemainly
causedy a differencein meansor a differencein dispersiongtc. Teststatisticsthatcan
be decomposeihto interpretablecomponentsnaybea solution.
Anotherimportantpropertyfrom a practicalpoint of view is thata testis nonparametric
(distribution-free). This meanghatits null distribution doesnot dependon the hypothe-
sized,nor on the true distribution. This makesthe calculationof the critical valuesand
the p-valuesmuchmoreeasier Many testshave this propertyasymptoticallyothershave
it evenfor finite samplesizes.

Althoughalreadymary testsexist with the above mentionedcharacteristicshereis still
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ongoingresearchn thisfield. Thereasorfor thisis thatwithin the mostgenerabmnibus
setting, exceptfor a few specificsimple null hypothesesthereis no Uniformly Most
Pawverful (UMP) testavailable. Hence for finite samplesizes,sometestswill have bet-
ter powersundersomealternatve hypothesesandotherswill have betterpowersunder
otheralternaties,but nonehasthe highestpower underall alternatves. This leavesthe
guestionopenfor a distribution-freeomnibus consistentestwith good“overall” power
properties.

Despitethe existenceof otherforms of GOF problems(e.g. the symmetryproblem),in
this work the attentionis restrictedto the threeabose mentionedhypothesesthe one-
samplethe k-sampleandthe independencproblem.We have constructeda new family
of nonparametriomnibus consistentestswhich areall basedon the sameprinciple of
repeatediypartitioningthe samplespace andapplying y2-teststo the contingeny tables
thatareinducedby the partitioning. By changingthe size of the samplespacepartition
(SSP)the power characteristicef thetestmay change Sincetheflexibility of letting the
SSPsizechooseby theuseris sometimesnterpretechsadisadwantagewe have proposed
adata-drvenversionaswell. In thisway a goodpartitionsizeis choserby thedata.The
testsarecloselyrelatedto testsof the Anderson-Darlingype, or, in somecasesmaybe
consideredasa generalizatiorof them. Moreover, the new testsalsopartially fill in the
gapbetweertheseAnderson-DarlingypetestsandNeyman’s smoothtests.

Thewhole classof testsis referredto asSampleSpacePartition tests(SSPtests).

In Chapter 2 thethreeaforementione@OF problemsareexplainedin aninformal way.
Simultaneouslyexamplesareintroduced.Theseexampleswill be usedlaterto illustrate
themethodghataredevelopedin this thesis.

Somebasicterminologyandnotation,aswell asaformal descriptiorof the GOF problem
aregivenin thebeginningof Chapter 3.

In Chapter 4 anoverview of theliteratureon testsfor the threeGOF problemsis given.
Sincethereis averyvastliteratureonthesubjectjt is definitelynotourintentionto give a
completesuney of all GOFmethodsWe have chosento presenthosetechniqueshatare
relevantfor themethodshataredevelopedn thiswork. Althoughthereexist exploratory
toolsto asses$OF in aninformal way (e.g. by meansof a graphicalexploration),the
literaturestudyis mainly limited to statisticaltests.A distinctionis madebetweerthree
typesof tests:y2-typetests EDF-basedestsandsmoothtests.

A new testfor theone-sampl&OF problemis developedin Chapter 5: the SSPtest. All
conceptsand principlesthat sere asthe cornerstonef all SSPtests,arefirst carefully
introduced.Next, the SSPtestis constructedandits asymptoticnull distributionis pro-
posed.A distinctionbetweena simpleanda compositenull distribution mustbe made.
The relation with the original Anderson-Darlingtest (Andersonand Darling, 1952) is
shavn. Apart from the moretheoreticaldiscussiorof the SSPtest,theresultsof a power
studyareshowvn aswell. Thisis especiallyof interestto understandhe behaiour of the
testwith finite samplesizes.Also the new testsareappliedto the datasetsintroducedn
Chapter2. Furthera data-drivenversionof the SSPtestis constructed.
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For the k-sampleproblem,a new SSPtestis presentedn Chapter 6. Sinceit is based
on the sameprinciplesasthosefor the one-sampl&SPtest,the constructiorcanbe kept

more concise. The SSPtestnow turnsout to be a rank test. Both its asymptoticand

its exactnull distribution arepresentedlIt is shovn thatthe k-sampleAnderson-Darling
statistic(Scholzand Stephens]1987)is a specialcaseof the SSPstatistic. Again a data-
drivenversionis constructed.Further in a limiting case,the SSPstatisticis shavn to

be a Neyman's smoothteststatistic(Eubanket al., 1987). A data-drvenversionin the

senseof Ledwina (1994), hasthe potentialof leadingto a generalizatiorof a recently
published2-sampledata-drvensmoothtestof Janic-WibblenskaandLedwina(2000)to

the k-sampleproblem. A decompositiorof the SSPteststatisticis given,which maybe

consideredo indicateanalternatve whenthe null hypothesids rejected.

The new testsare appliedto the examplesintroducedearlier anda power studyis pre-

sented.

In Chapter 7 the SSPtestfor independenceés presentedAgainit is basedon the same
centralideaof repeatedlyartitioningthe samplespace Sincethetestis againaranktest,

botha permutatiortestandatestbasednits asymptoticnull distribution areconsidered.
A relationwith the Anderson-Darlingestandthetestsof Hoeffding (1948),Blum et al.

(1961)is showvn. Also a data-drivenversionis defined. A power studyis includedto

comparethenew testswith classicaktests.

Most of thetheorythatis developedin this thesisis restrictedto univariaterandomvari-
ables. E.g. in Chapter5 the SSPone-sample5OF testmay be usedto testunivariate
normality. It is however alsobriefly indicatedhow the methodscanbe extendedto deal
with multivariatesituation,e.g. testingfor multivariatenormality.

Further the coreof the SSPstatisticss heremostlytakento bea Pearsony? statistic,but
mostof thetheoryremainsvalid whenthe corestatisticis replacedy anothememberof
thefamily of Pover DivergenceStatisticsof CressieandRead(1984). Also thisextension
is only briefly mentionedn therespectre chapters.

Althoughin Chapters, 6 and7 mary of the propertiesof the SSPstatisticsarediscussed
in arathertheoreticalay, we feelthattheimportanceof thework thatis presentedh this
thesis,is foundin the ideasthat lay beneathandits applicability to practicalproblems,
which is shovn hereby meansf examplesandextendedsimulationstudies.Moreover,
the“proofs” thatarepresentedh this thesisareactuallymeantassketchesof the proofs.
Even,in someinstancesheuristicproofsaregiven.

In the lastchapter(Chapter 8) relatedtopicsfor furtherresearchare presentedaswell
assomeconcludingremarks.
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CHAPTERZ2

ThreeGoodness-of-FiProblems:
IntroductionthroughExamples

The purposeof this chapteiis to give aninformal introductionto the threetypesof GOF
problemsthatwill be handledin the remainderof this thesis. This will not be achieved
by discussingthe threetypesin sequencebut ratherby introducingthe examplesone
after the other, andwhererelevantthe GOF problemswill be discussedn termsof the
respectie examples. Most of the examplessene asillustration to morethanonetype
of GOF problem. They will alsobeusedin the subsequenthaptergo illustratethe new
statisticaltestsproposedn this work.

While presentingheexamples someof themostclassicaktatisticaimethodswill already
be performedn orderto getatleastsomeinsightin the data.

2.1 Chemical Concentration Data

In a studyon the effect of environmentalpollutantson animals,Risebrough1972)gives

dataontheconcentratiorof severalchemicaldn theyolk lipids of pelicaneggs. Thedata
considerecherearethe PCB (polychlorinatedbipheryl) concentrationgor 65 Anacapa
birds. Thecompletedatais presentedn Table2.1. Theexamplewill bereferredto asthe

ChemicalConcentation Data.



8 Intr oduction thr ough Examples

Table2.1: Concentratiorof PCBin theyolk lipids of 65 pelicaneggs.
Concentration
452 184 115 315 139 177 214 356 166 246 177 289 175
324 260 188 208 109 204 89 320 256 138 198 191 193
305 203 396 250 230 214 46 256 204 150 218 261 143
132 175 236 220 212 119 144 147 171 216 232 216 164
199 236 237 206 87 205 122 173 216 296 316 229 185

In the original studythe meanPCB concentratiorin Anacapaeggswascomparedo the
meanconcentratiorin eggsof otherbirds, but herewe will not usethe datafor thatpur-
pose.Many researchersfterhaving collectedthis typeof data,wouldliketo make some
explorative summarie®f the data. Oneof thefirst quantitiesthatare often computedjs
the samplemeanof the obsenations,aswell asa, say 95% confidenceantenal for the
mean.Whenthis type of analysisis donewithin standardsoftware,or by handbasedon
formula’s presentedn mostbasicstatisticalhandbookdor researcherghe confidence
interval will mostprobablybe givenby

— S? S2
[X —t0.025;0—11/ —» X + to.025;n—11/ —
n n

where X and S? arethe samplemeanandthe samplevarianceof the n obsenations,
respectiely, andt 25,1 is the100(1—0.025)% = 97.5% percentileof at-distribution
with n — 1 degreesof freedom. For finite samplesizesthe coverageof this confidence
interval is howeveronly correctwhenthedataarenormallydistributed. Also, whenin the
original studythe datafor the Anacapabirdsis comparedo otherdata,a t-testmight be
used for which the sameassumptiorof normality mustbe satisfied.

One may make a point herethat the parametricconfidenceinterval of Equation2.1 is
not the only solution. Thereexist e.g. rank basedntervals aswell (e.g. Puri andSen,
1971), or bootstrapintervals (e.g. Efron and Tibshirani, 1993; Davison and Hinkley,
1997),for which no normalityassumptions neededIndeed thisis true,but on theother
hand,when the datais normally distributed, then the parametricinterval of Equation
2.1is the optimal interval, in the sensethat it is the most narrav interval amongall
unbiasedntervals. Furthermorepnemight arguethatwith the ChemicalConcentration
Data,thereis actuallynoneedfor testingnormalityaslong asthepurposés to constructa
confidencenterval of themean for with 65 obsenations by thecentrallimit theoremthe
distribution of the samplemeanmay have sufiiciently corvergedto a normaldistribition.
Indeed,this agumentmay hold in someoccasionsbut whenthe datais e.g. highly
skewed, 65 obsenationsmay still betoo small(BoosandHughes-Oler, 2000).

; (2.1)

Thus, a researchewill performfirst a testfor normality, e.g. a Kolmogoros-Smirnov
(Kolmogorov, 1933; Smirnov, 1939),0r a Shapiro-Wlk (ShapiroandWilk, 1965)test.
The testingproblemjust describeds the one-sampleGOF problem. More generally
thenull hypothesif theone-samplgroblemis
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Hy: thedataaredistributedaccordingto a specificdistribution.

At this point, we would like to draw the attentionto the meaningof specific In the ex-

ampleat handthe specificdistribution is a normaldistribution, but a normaldistribution

is characterizedy two parametersthe meany, andthe variances?. Sinceit is however
notknown a priori whatthetrue meanandvarianceare,it cannotbe specifiedn the null

hypothesisresultingin a null hypothesisvhich only statesthe form of the distribution.

Hencethenull distribution actuallycoversaninfinite numberof possiblenormaldistribu-

tions,which areall of the sameform. Sucha setof distributions,parameterizetty some
parameterss calleda parametridamily of distributions.

In practicethe one-sampleestis performedwith the unknovn meany andvariances?

replacedby their samplecounterpartsthe samplemean;: = X andthe samplevariance
62 = S2.

Whenthe parametersvould have beenknown a priori, the distribution thatis specified
underthe null hypothesisnvould have beenspecifiedcompletely In this case,the null
hypothesiss calleda simple null hypothesis Fromatheoreticapoint of view thisis the
mosteasysituation. When,on the otherhand,the parametersire unknovn andmustbe
estimatedrom thedatafirst, andthusonly a parametridamily is specifiedunderthenull
hypothesisthenthenull hypothesiss calleda compositenull hypothesis Thelattersit-
uationis whatoccursmostfrequentlyin practicalsituationsput the correspondingheory
is heavier, i.e. the null distributionsof the teststatisticsare often more difficult to find.
E.g. the Kolmogoros-Smirnor statisticis undera simple null hypothesigdistribution-
free,i.e. its null distribution doesnot dependon the distribution specifiedunderthe null
hypothesis.But whenonly a family is specified thenits null distribution dependsoth
on the parametridamily andon the parametershat mustbe estimated.For the present
exampleof testingnormality with unknovn meanand variance the null distribution is
givenby Lilliefors (1967).

The GOF of the chemicalconcentratiordatahasbeenanalyzedeforeby someauthors
(BestandRayner 1985;RaynerandBest,1989; ThomasandPierce, 1979).

A histogramof the datais shawvn in Figure2.1(a). On the samegrapha kerneldensity
estimatorof the densityis shavn aswell. The kerneldensityestimationwasperformed
with aGaussiarkernelwith abandwidthdeterminedy meansf theUnbiasedCrossval-
idation method(Silverman,1986; VenablesaandRipley, 1997). Especiallythe histogram
suggestshatthe distribution might bea bit skewed,but this mustbeinterpretedvith care
sincetheform of the histogramwhenbasednamoderatesamplesize,dependstrongly
onthebreakpoints(it is indeedpossibleto constructa histogramwhich doesnot suggest
skewnesgfigure not shown)). The skewnessndicationis not contradictedy thedensity
estimation.The box plot (Figure2.1(c)), however, shovs threeoutlierswith ratherhigh
PCBconcentrationsThis mayatleastpartially explain the skewedhistogramanddensity
estimate Apart from theseoutliers,theremaindeof thebox plotslooksvery symmetric.
Also the QQ-plot (Figure 2.1(b)) shavs the asymmetricform, but also hereit may be
causedy thethreeoutliers.

TheKolmogoros-Smirnov testgivesp = 0.0521, i.e. anearlynon-significantesultatthe
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Figure2.1: A histogramwith a densityestimation(a), the normal QQ-plot (b) andthe box plot (c) of the
ChemicalConcentratiorData.

traditional5% level of significance Neverthelessp = 0.0521 still shavs muchevidence
in the direction of nonnormality Thomasand Pierce(1979) performedan ordinary x?
testwith 8 and 10 equiprobablycells, both resultingin non-significance.On the other
hand,they also performeda Neyman's smoothtestwhich did give a significantresult.
Later BestandRayner(1985),RaynerandBest(1989)applieda similar smoothteston
the data,basedon components8 up to 6, which clearly shaved a significantdeviation
from normality. In particulay sinceespeciallytheir first componentvasratherhigh, they
concludedhatthedeparturdrom normality is dueto theasymmetryaroundthe mean.
Detailsonthetestsreferredto above, will begivenin subsequenthapters.

2.2 Singer Data

A similar GOFproblemariseswith the Singerdatasetwhichis usedby Cleveland(1993)
to illustrate Trellis graphs. The datasetconsistsof heightsof singersin the New York
Choral Society We only considerthe first group of 35 alto. The dataare presentedn
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Table2.2

Table2.2: Heights(in inches)of 35 Alto.
Height
65 62 68 67 67 63 67 66 63 72 62 61 66 64 60
61 66 66 66 62 70 65 64 63 65 69 61 66 65 61
63 64 67 66 68

Thusthe questionthat hasto answereds whetheror not the heightsof alto is normally
distributed. Figure 2.2 shavs the histogramwith kerneldensityestimate(a), the QQ-plot
(b), andthe box plot (c) of the data. Noneof thesegraphssuggestary severedeviation
from normality, especiallyconsideringhatthe datasetcontainsonly 35 obsenations.

(@) (b)
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expected normal quantile

height
6

Figure2.2: A histogramwith a densityestimation(a), the normal QQ-plot (b) andthe box plot (c) of the
SingerData.

We performedbothaKolmogoros-Smirnor test(with Lilliefors correction)anda Shapiro-
Wilk testonthedata,resultingin p = 0.309 andp = 0.379, respectiely. We alsoapplied
adata-drvensmoothtestof Inglot, Kallenbeg andLedwina(1997),Kallenbeg andLed-
wina (1997),which gave p = 0.410. Sincenoneof the p-valuesis small,in conclusion,
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theredoesnot seemto be muchevidenceagainsthe hypothesif normality.

2.3 Cultiv ars Data

The Cultivars Datasetis taken from Karpenstein-MacheniHonermeierand Hartmann
(1994),Karpenstein-Machaand Maschka(1996). It hasalsobeenanalyzedoy Piepho
(2000). This examplewill bereferredto asthe Cultivars Data.

The dataset containsthe yields (in tons per hectare)of two triticale cultivars: Alamo
andModus. Yields on both cultivarsareobtainedn 19 differentervironments.For each
ervironment,a fertility score(“Ackerzahl”(AZ)) wasrecorded.The dataare presented
in Table2.3.

Table2.3: Yields(in tonsperhectare)f two cultivars,andthefertility score(AZ) from 19 ervironments.
yield
Ervironment Alamo  Modus AZ
1 98.250 96.200 61
2 112.950 115.400 60
3 66.875 69.175 39
4 106.500 123.900 82
5 64.800 53.750 30
6
7
8
9

82.900 88.350 55
96.433 101.033 35
78.950 82.650 75
74.200 80.000 28

10 71.600 79.300 42
11 88.550 86.250 28
12 93.650 95.550 42
13 75.000 71.300 54
14 94.450 100.450 80
15 95.033 98.067 85
16 84.150 80.150 33
17 93.350 97.200 50
18 64.650 60.000 24
19 67.750 70.600 45

The aim of the studywasto assessf thereis a differencebetweenboth cultivars, and
to checkwhetheror not thereis an associatiorbetweenthe AZ-scoreandthe difference
in yield. Theformerquestionmay be solved by performinga paired¢-teston the paired
data. An assumptiorunderlyinga pairedi-testis that the differencebetweenthe yields
of the cultivarsis normally distributed. Again this is a one-samplésOF problemwith a
compositenull hypothesis.
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Piepho(2000) performeda Shapiro-Wik teston the differencein yields to assessor-
mality. Sincethe corresponding = 0.2548, the normality assumptionvas accepted.
A histogramwith a kerneldensityestimate the QQ-plotandthe box plot areshavn in
Figure 2.3, andthey seemto supportthe conclusion.Note that someirregularitiesmay
be obseredin the graphs but this is not uncommorbecaus®f the naturalvariability in
smallsamplegn = 19).
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Figure 2.3: An histogramwith a density estimation(a), the normal QQ-plot (b) and the box plot of the
CultivarsData.

The problemof assessingn associatiorbetweentwo variablesis the independence
problem. Let X andY denotethetwo variablesthenthe null hypothesiss

Hy: X andY areindependent

Piepho(2000) performedheretoa linear regressionof the yield differenceon the AzZ-
score. His analysisresultedin a significantslope(p = 0.0215) at the 5% level, soit
couldbeconcludedhatthereis asignificantlinearrelationbetweerthe AZ-scoreandthe
differencen cultivaryields. He alsodid somediagnosticontheregressiorfit, indicating
nodeviationfrom thelinearity assumptiorfresidualplots,anda comparisorwith amodel
which alsoincludeda quadraticterm for AZ), no evidenceagainstnormally distributed
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residuals(Shapiro-Wlk: p = 0.2548), and no deviation from the variance-constaryc
assumptior{residualplot).

Thus,atfirst sight,thereseemdo benocritiqueon hisanalysis Figure2.4shovsascatter
plot of theyield differenceagainsthe AZ-score.On the graphthe linear regressiorine
is indicated. Regressiondiagnosticsevealedhowever that obsenations4 and5 hada
Cook’s Distancegreaterthan 0.2 (14 out of the 19 obsenationshad Cook’s Distances
smallerthan 0.1). Also their DFITS valuesare the most extreme of all obsenations.
Thus, both obsenation could be consideredas influential outliers. (Seee.g. Belsgy,
Kuh andWelsch(1980), Cook andWeisbeg (1982)for a discussioron diagnosticsfor
influential outliers.) Therefore,we did the regressionagain,but on a reduceddataset
with obsenations4 and5 removed. Thedeletedobsenationsandthenew regressiorline
arealsoshown in Figure2.4. Now the p-valueassociateavith the testfor zero-slopds
p = 0.2335, which is clearly far larger thanthe original 0.0215. This analysisshovs
that the original conclusionis strongly dependenbn the presencéand the validity) of
thesenfluentialoutliers. Thelinearregressioranalysisdoesnot seemo berobustto this
phenomenonMoreover, the linear regressionwas alsoperformedby meansof a robust
regressionprocedurebasedon M -estimation(HeibeigerandBecker, 1992),which also
indicatedareductionin slopeestimateafterthetwo obsenationsweredeleted.

yield difference

30 40 50 60 70 80
AZ

Figure 2.4: A scatterplot of the yield differenceagainstthe AZ-score. The full line and the dashedine
representhe linear regressionline of the completeandthe outlierdeleteddataset, respectiely. The outliers
areindicatedby filled dots.

Apartfromtherobustnesgroblemstherecouldhave occurredtherdifficultiesthatmade
the analysidessstraightforvard. E.g. in mary occasionghe researchedoesnot known
beforehandvhattypeof dependencexistsbetweerthetwo variableghatheis studying.



2.4Gravity Data 15

In the presentexampletheredoesnot seemto be an indicationthat the dependencés

nonlinearthoughtheresearchedid nothave ary a priori knowledgeto supportary such
assumption.In this thesisthe methodsthat are studiedfor testingindependencareall

omnikustests.Omnilbus methodshave the characteristithatthey aresensitve to almost
all alternatvesto the null hypothesiof independencdt may however be expectedhat,
if in reality the dependences linear, anomnibustesthaslower power thanatestthatis

constructespecificallyfor testingalineardependencéatestof thelatterkind is calleda
directionaltest). Thus,omnibustestshave the advantagethatno a priori knowledgemust
be available,but on the otherhandthey have the disadantagethatthey oftenhave lower
power ascomparedo a directionaltestsif thetrue dependences the onefor which the
lattertestis directionalsensitve.

2.4 Gravity Data

The (American)National Bureauof Standarddn WashingtonDC conductedbetween
May 1934 andJuly 1935 eight seriesof experimentsto determinethe acceleratiordue
to gravity (g). All experimentsvereconductedat the sameplace(WashingtorDC). The
dataareshavn in Table2.4,andwill bereferredto asthe Gravity Data.

Table2.4: The Gravity datafor the 8 seriesof experiments The dataaregiven asdeviation from 9.8ms 2
in unitsof em.s—2.1073.

series
1 2 3 4 5 6 7 8
76 87 105 95 76 78 82 84
82 95 83 90 76 78 79 86
83 98 76 76 78 78 81 85
54 100 75 76 79 86 79 82
35 109 51 87 72 87 77 77
46 109 76 79 68 81 79 76
87 100 93 77 75 73 79 77
68 81 75 71 78 67 78 80

75 62 75 79 83
68 82 82 81
67 83 76 78
73 78
64 78

The datahave beenanalyzedeforeby e.g. Cressig1982),DavisonandHinkley (1997),
Rosenkrant£2000).

The questionthat may be of interesthereis whetherthe obsenationsfrom the 8 series
comefrom thesamdlistribution. If thiswould notbethecasehen,of coursetheNational
Bureauof Standardsvould not have found a standardnor a standardnethodto measure
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thegravity.

The questionraisedin the previous paragraphs the k-sample problem. Thusthe null
hypothesiss

Hy: theobsenationsfrom the & sampleshave the samedistribution.

Thereare mary alternatvesto the null hypothesispossible. Probablythe bestknown
alternatve is the locationshift alternatve. In this caseone only wantsto rejectthe null
hypothesisf themeangor themedianspf the k distributionsarenotequal. This specific
guestionwill bereferredto asthe k-samplelocation shift problem. In otheroccasions
oneonly wantsto rejectthe null hypothesidf the variancesarenot equal(the k-sample
dispersiorproblem).In this thesis however, mostof thetime themostgeneral-sample
problemwill be consideredthough,whenthe null hypothesiss rejectedn favour of the
omnitusalternatve,it would beniceto have amethodthatindicatesaswell whatthetrue
situationmaybe (e.g.rejectionis dueto alocationshift, or achangen dispersion).

The box plots for the Gravity Dataare shavn in Figure2.5. Most apparentthesebox
plotsshaw adifferencein dispersionthoughthis conclusiorbasecn avisualinspection
mustbe interpretedwith caresinceeachof the 8 samplescontainsonly between8 and
13 obsenations. QQ-plotsare presentedn Figure2.6. Although someof the QQ-plots
may seemto indicatesomedeviation from normality; it is hardto formulatea conclusion
basedn thevisualinspectionagainbecause¢he samplesarerathersmall. Kolmogorov-
Smirnor testsfor normality have beenperformedon eachof the 8 series:only for the 7th
seriesthe testgave a significantresult(p = 0.0451) (notethetwo outliersin Figure2.5
for series?).

Exceptfor the one-samplésOF questionfor all 8 series the specifick-samplequestion
thatwill be of interestin this thesisinvolvesonly the first andthe last series. Thusthe
problemis reducedo a2-sampleproblem.A typical solutionfor testingthenull hypothe-
sisagainsthelocationshift alternative is an F'-testin aclassicaANOVA, or equivalently
an unpairedt-test,for which however a normality anda variance-constarycassumption
musthold. Althoughfor bothseriesl and8 theKolomogora-Smirnor testsindicatedno
deviation from normality, it maystill be possiblethattheresidualsof the ANOVA model
are more informative towardsnonnormality(sincethe numberof residualsis 8+13=21
is larger thanthe numberof obsenationsusedfor the KS tests(8 and13), the power of
the formertestis expectedto be larger). The normality assumptiormay be assessetly
meansof a QQ-plot. Thisis presentedn Figure2.7,which now clearly shovs a system-
atic departurefrom normality. Moreover, Cook’s distance§Cook and Weisbeg, 1982)
werecalculatedthey indicatethat3 obsenationsareinfuentaloutliers. Thusthe p-value
of the F-test(p = 0.0175) maybe questionableAs analternatve approachWilcoxon’s
ranksumtestis appiedresultingin p = 0.1213. Thustheevidencein favour of alocation
shift is not corvincing. Further Mood'’s testis computedor comparingthe variancef
thetwo series.With p = 0.0171 it is concludedhatthe two samplesnostprobablyare
differentin scale.

Finally, we wouldlik e to mentionthatDavisonandHinkley (1997)conducted bootstrap



2.5SleepData 17

100
!

series

Figure2.5: Box plotsof the 8 seriesof gravity measurementssunitsin crs—2.10~3 from thereference
value9.8ms—2.

testto testthe k-samplelocationshift hypothesistaking the varianceheterogeneitynto
account(i.e. a bootstraptestfor the Behrens-Fisheproblem). They foundp = 0.030,
pointinginto the directionof alocationshift.

2.5 Sleep Data

Allison and Cicchetti(1976) publishedthe resultsfrom a study on the sleepbehaiour
of 62 mammals,in which they tried to relatethemto somepossiblecovariates. Here,
we consideronly threevariables: the brain weight (measuredn grams),the length of
the gestationperiod (measuredn days),and a cateyorical variableindexing the overall
exposureto danger(5 categyories). The dataon the selectedvariablesis reproducedn
Tables2.5and2.6. This examplewill bereferredto asthe SleepData.

A first questiorto beanswereds whetherthereis arelationbetweerthebrainweightand
the gestationor not. This requiresclearly a testfor independenceFigure2.8(a)shavs
a scattemplot of both variables.Inferencebasedon a classicallinear regressionanalysis
(solidline) is not valid sincetheresidualvarianceshavs non-constang Moreover, there
seemdo bea systematideparturdrom normality, which maybeto alarge extentdueto
the two mostextremeoutliers (African and Asian Elephant). A robustlinear regression
(dashedine), still shawvs a positive dependencehut to a muchlower extend, and still
shaving residualvarianceheterogeneity
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Figure2.6: QQ-plotsof the Gravity Data.Panels(a) up to (h) correspondo seriesl to 8, respectiely.

Thesecondjuestionthatneedgo beanswereds to assesary differencen brainweight

betweenthe 5 classesof dangerexposure. Figure 2.8(b) shavs the box plots. The

Kolmogoros-Smirnor testrevealsthat only the brain weights of the 5th dangerclass
may be consideredo be normally distributed (all p-values< 0.0001, exceptfor class
5, p > 0.5). Levenestestfor equality of variancesesultedin p = 0.007, indicatinga

strongsignificantdifferencebetweerthevariancesHence theassumption$or an F'-test
for equalityof meansarenotfulfilled. A Kruskal-Wallis testmaybeperformedput since
theformsof the 5 distributionsaredefinitely not equal,a rejectionof the null hypothesis
would not necessarilymply a differencein location,but ratherthe moregeneraklterna-
tive of a differencein stochasticordering. Kruskal-Wallis givesp = 0.0027. Thus,at

leastoneof thedistributionsis stochasticallyargeror smallerthanthe others.

2.6 Ethanol Data

Thedatapresentedh thissectionwhichwill bereferredto astheethanoldata, consistof

88 obsenationsof theconcentratiomf nitric oxidesin engineexhaustandtheequivalence
ratio, which is a measureof the richnessof the air-ethanolmix. The measurementare
madeon a singlecylinder automobiletestengine. Thedataareshavn in Figure?2.9.

Originally onewas interestedn the relation betweenboth variables;Simonof (1996)
usedthe datato illustratesmoothingmethods.Here,we only wantto testwhetheror not
thetwo variablesaredependentAlthoughonelook atthe scatterplotevealsimmediately
thatmostprobablythereis a relation(moreor lessquadratic) we includedthis example
mainlyto comparehetestthatwill beconstructedhn thisthesiswith othertestsof whichit

is generallyknown thatthey areinsensitve to non-monotonicelations.E.g. Spearmars
rank correlationtestresultsin p = 0.1873 indicating no dependenceKallenbeg and
Ledwina(1999) performedtheir V teston the samedata,andcalculateda p-valueof 0,
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Figure?2.7: QQ-plotof theresidualsof the ANOVA modelof the Gravity Data.

concludingthe expectedyery strongdependence.

2.7 Some General Remarks

The datasetspresentedn the previous sectionshad at leastone GOF problemthat has
to besolved. Althoughfor mostof theseproblemsit may seemthatwe providedalready
a solution (e.g. F'-tests,Kolmogoros-Smirnov, Kruskal-Wallis, t-testin least-squares
linearregression,..), we would like to stresshereoncemorethatin this thesisomnibus
testswill be discussed. For suchtestsit will not be necessarnto assesassumptions
andto subsequentlyook for a methodthat works underthe assessedssumptionge.qg.
normality, linearity of a dependence)With thelatter procedurenot only the problemof
multiplicity comesinto play, but alsothe dangerof endingup with a too stronglydata-
driven solution that might insufficiently guaranteehe generalizatiorof the conclusion
from the obsened patternin the sampleto the true structurein the population.Omnitus
testshave theadvantageof beingmoregenerallyapplicable(no prior knowledgeneeded).
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Figure2.8: (a) A scattemplot of thebrainweightagainsthegestation Thesolid andthedashedine represent
theleast-squarelinearregressiorandthe M-estimationrobustlinearregressioriines,respectiely. (b) Thebox
plots of the brain weight for eachof the 5 dangerexposureclassegthe datafor the African (danger=3)and
Asian(danger=4fElephantandfor man(danger=1jarenotshavn).
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Table2.5: TheSleepData.

species brainweight(g) gestationdays) dangerindex
African elephant 5712.00 645.00 3
African giantpouchedat 6.60 42.00 3
Arctic Fox 44.50 60.00 1
Arctic groundsquirrel 5.70 25.00 3
Asianelephant 4603.00 624.00 4
Baboon 179.50 180.00 4
Big brown bat .30 35.00 1
Braziliantapir 169.00 392.00 4
Cat 25.60 63.00 1
Chimpanzee 440.00 230.00 1
Chinchilla 6.40 112.00 4
Cow 423.00 281.00 5
Deserthedgehog 2.40 2
Donkey 419.00 365.00 5
EasterrAmericanmole 1.20 42.00 1
Echidna 25.00 28.00 2
Europearhedgehog 3.50 42.00 2
Galago 5.00 120.00 2
Genet 17.50 1
Giantarmadillo 81.00 1
Giraffe 680.00 400.00 5
Goat 115.00 148.00 5
Goldenhamster 1.00 16.00 2
Gorilla 406.00 252.00 1
Grayseal 325.00 310.00 1
Graywolf 119.50 63.00 1
Groundsquirrel 4.00 28.00 3
Guineapig 5.50 68.00 4
Horse 655.00 336.00 5
Jaguar 157.00 100.00 1
Kangaroo 56.00 33.00 4
Lessershort-tailedshrev 14 21.50 4
Little brown bat .25 50.00 1
Man 1320.00 267.00 1
Mole rat 3.00 30.00 1
Mountainbeaver 8.10 45.00 3
Mouse .40 19.00 3
Musk shrav .33 30.00 3
N. Americanopossum 6.30 12.00 1
Nine-bandedirmadillo 10.80 120.00 1
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Table2.6: TheSleepData(continued).

species brainweight(g) gestation(days) dangeltindex
Okapi 490.00 440.00 5
Owl monkey 15.50 140.00 2
Patasmonkey 115.00 170.00 4
Phanlanger 11.40 17.00 2
Pig 180.00 115.00 4
Rabbit 12.10 31.00 5
Raccoon 39.20 63.00 2
Rat 1.90 21.00 3
Redfox 50.40 52.00 1
Rhesusnonkey 179.00 164.00 2
Rockhyrax(Hetero.b) 12.30 225.00 2
Rockhyrax(Procaia hab) 21.00 225.00 3
Roedeer 98.20 150.00 5
Sheep 175.00 151.00 5
Slow loris 12.50 90.00 2
Starnosedmole 1.00 2
Tenrec 2.60 60.00 2
Treehyrax 12.30 200.00 3
Treeshrav 2.50 46.00 2
Vervet 58.00 210.00 4
Wateropossum 3.90 14.00 1
Yellow-belliedmarmot 17.00 38.00 1




CHAPTERS3

ThreeGoodness-of-FiProblems:a
Formalintroduction

In the introductory Chaptersl and 2 an informal definition of the problemwas given.
Here, in Section3.3 a formal definition of the GOF-problemwill be given, but first,
in Section3.1, somebasicterminology and notationis introducedandin Section3.2
the meaningof a statisticalmodelis explained. In the latter sectionalsothe distinction
betweerparametricahndnonparametricainodelsis explained. Sincesomeof theterms
that areintroducedin this sectionare basictermsof Probability Theory, we prefernot
to give all the definitionsin detail for thesecan be found in ary introductorybook on
ProbabilityTheory(e.g. Shorack2000).

3.1 Some Basic Definitions

Let X = (X4,...,X,)" beap-variaterandomvariable(rv) definedoverasamplespace
(SS)Sz = S. A realizationof X will bedenotedoy x, which takesvaluesin the sample
spaceS. X will becalledcontinuousor discreteif all its componentsX; (i = 1,... ,p)

arecontinuousr discreterv’'s, respectiely. If someof its componentarecontinuousand
theotherarediscretethen X is saidto be a mixed continuous-discreteandomvariable.
Throughoutthis thesisit is assumedhat the multivariatedistribution of X is properin

23
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the senseof Lauritzenand Wermuth (1989). If X is continuouswe will alsoassume
thatthe cumulative distribution funtion (CDF), which is denotedby F(x), is differen-
tiable. Hence the densityfunction (df) of X existsandis denotedby f,.(x). Moreover,
we follow theseauthorsin assuminghat the densityfunction of X is stricktly positive
over the the samplespaceS. Theseassumption®n countinuougvs aresummarizedn
AssumptionAl.

Assumption (Al).
The CDF of X is differentiable and the correspondingdf is stictly positive over the
samplespace

Sometimeghe indicesmay be expandedyesultingin €.9. fz,z,...,(.), Or equivalently
f12..p(.). In casethereis noconfusiorpossibletheindex mayevenbedropped Marginal
dfsandCDFsarenotatedsimilarly. Althoughfor discretervs thetermdensityfunctionis
oftenreplacedby probability function we will for the sale of generalityusethe former
termin bothoccasions.

If therv X is partitionedinto (X, X5), thenthe conditionaldf of X, given X is
denoteddy fy, |2, (x1|x2), SOMetimesf; 5 (.) for short. The notationfor the conditional
CDFis similar.

The sampleof n obsenations{X7,... , X,} will be denotedby S,. This notationis
usedfor boththe sampleof rvs X; asfor therealizedsamplej.e. the sampleof realized
valuesz; (i =1,...,n).

3.2 Statistical Models

In statisticaliteraturethetermstatisticalmodelcanhave severalinterpretationsgepend-
ing onthe contet. In this thesisthereis needfor aboutthe mostgeneraldefinition of a
statisticalmodel.

First,wewill giveabriefformaldescriptiorof a probabilityspacefrom whichimplicitly
the definition of a statisticalmodelfollows. Next, the distinction betweenparametric
andnonparametriecnodelsis explained,andabrief discussioron parameteestimationn
thesemodelsis given.

3.2.1 The Relation between a Statistical Model and a Proba-
bility Space

Formally, the CDF F, () is actuallyuniquelyrelatedto a specificallyconstructegroba-
bility law Pr by choosinganappropriater-algebrais onS. This probabilitylaw Pr, the
o-algebraB3 andthe samplespaceS form togetherthe probability space(S, B, Pr). We
will interpretthe latter mathematicabbjectin the sameway asLindsey (1996,p. 411):
in an experiment,a point x € S is chosenat randomaccordingto the law Pr. This
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processs calledthe underlyingdata genemting medanism It is alsoconsiderecasan
abstracformulationof a statisticalor probabilisticmodel The choserpoint determines
the outcomeof the experiment,E. For this E € B, Pr(FE) representshe probability of
E. In thisthesiswe will notusethe probability spaceexplicitely. Insteadwe will always
work on the level of distribution functionsanddensityfunctions The aim of this para-
graphis only to shav the relationbetweenboth andtheir relationto statisticalmodels.
A distribution is briefly denotedby F' whenthe CDFis F,(.). Furthef X ~ F isread
as“the rv X is distributedaccordingto F”, i.e. therv X obeys the probability law Pg
within (S, B, Pr), or, moreloosely X hasCDF Fj(.).

Thus, a statisticalmodelis basicallythe distribution thatgenerates samplethatcanbe
obsened. In mary contets, bothtermsarethereforeinterchangeable.
A few examplesaregivento illustratethe meaningof a statisticalmodel.

ExamMpPLE 3.1. The number(rv X) of bacteriaper unit of volumein the blood of
an animal cantypically be describedby a Poissondistribution. The probability space
(S, B, Pr) is obtainedby settingS = NandB = {{0},{1},...}. Then,eachx € S
clearly determineghe outcomeE = {z} € B, andthe probabilitylaw Pr(E) is the
Poissonprobability function,i.e. Pp(FE) = P[X =z] = G;# wherep > 0 is the
constanimean. O

ExAMPLE 3.2. Well known statisticalmodelsincludethe traditionallinear regression
models.Considerthe simplelinearregressiormodel

Yi=p+zif+e, (3.1)

(1 =1,...,n)whereu, 8 andtheexplanatoryvariablesx; aregiven,andthee; arei.i.d.
N(0,0?) for somegiven o. Basedon somepropertiesof the normal distribution, the
modelformulatedin Equation3.1 now becomes; ~ N(u + x;8,0%) (i = 1,... ,n).
Thus, at every z; at which an experimentis conductedresultingin Y;, this rv behaes
accordingheprobabilityspace S, B, Pr;), wherenow S =R, B = {]— 00, y] : y € S}.
Everypointy € S determinesiniquelytheeventE =] — oo, y] € B, andthe probability
law Pp;(E) = P[Y; € E] = F,, (y:), whereF,,(.) istheCDFof N (i + x; 3, 0%).

Thus, strictly the abose modelis only definedat the given designpoints x4, ... , z,,
althoughoneis oftenwilling to adopttheassumptiorthatthemodelremaingrueatinter-
mittentvaluesfor z;. A way to generalizéhe modelis to considerthe x; asrealizations
of arv X, thenthediscussionn theformerparagraphiemainsvalid, exceptthatthe prob-
ability law now becomesfunctionof z, i.e. Pr,(E) = P[Y € E|X = 2] = F,,(y|z),
whereF,|,(.) is theconditionalCDF of Y, givenz, N (u + x5, 0%).

This example can sene as well to illustrate a connectionbetweena statisticalmodel
and a deterministicmodel. Supposehato = 0 (actuallythe limit ¢ — 0), thenthe
normaldistribution N (0, o) becomesiegeneratei.e. the distribution reducego a point
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probabilityat 0. The modelin Equation3.1 now reducedo Y; = p + x;/3, in which no
stochastidermsoccurandwhich thereforecanbe calleddeterministic. O

3.2.2 Parametric versus Nonparametric Models

In the former sectionwe defineda statisticalmodelas a probability space(S, B, Pr),
which senesasthe datageneratingnechanismFroma practicalpoint of view the sam-
ple spaceS, which is the setof all possiblevaluesthat a realizationof X cantake, is
actuallydeterminedy the experimentaframewhich is known to the researcheprior to
thecollectionof the obsenations. Therefore without lossof generality we will suppose
thatthe samplespaces known, in both parametricand nonparametrienodels. Further
for all properdistributionsthatareconsideredn this thesisthe o-algebracanbe chosen
suchthatthe correspondingprobability law is a CDF, a probability functionor a product
of bothwhentherv is continuousdiscreteor mixedcontinuous-discreteespectiely. (In
ordernotto have to make the distinctionbetweerthesethreetypesof multivariatedistri-
butions,we will mostlyusetheterm CDF in all occasions.By this specificconstruction
of theo-algebrathe probabilitylaw is equivalentto the CDFE

Whatremainsunknownn at the startof the datacollectionor samplingis the probability
law, or equivalently the CDF Dependingon the degree of knowledgeaboutthe CDF,
threetypesof modelsaredistinguished.

e Fully specifiedparametric model. Here,the CDF is completelyspecified,e.qg.
in Examplel the modelis fully specifiedwheny is setto a known constant.In
Example3.2.1thisis obtainedwheny, 8 ando areknown constants.

e Parametric family of models. Sometime®nly the functionalform of the CDF is
known. This function still dependn a finite numberof parameterssay 6, that
take valuesin a set©® of permissiblevalues,which is calledthe parametespace.
Thusfor all @ € © the function definesindeeda properCDFE. The CDF andthe
correspondinglistribution arenow denotedas F,.(z; @) and Fy, respectiely. The
collectionof Fy for all 8 € ©, or the correspondingCDFs, is calleda parametric
family of models,indexedby 8. Thisis alsodenotedas Fo = {Fp : 8 € ©}.
Both the Examplesl and 3.2.1 are parametricfamilies, indexed by § = n and
0 = (1, 3, 0), respectiely.

e Nonparametric models. Whenoneis evennot willing to assumeary functional
form for the CDF, but only thata properCDF exists, the modelis callednonpara-
metric. Theclassof all properCDF's will bedenotedy 7 D Fo.

More formally, undercertainregularity conditions,ary CDF canbe uniquelyre-
constructedrom the setof all momentsyu; of whatever distribution. Hence,the
momentscanbe consideredsthe parameterslefiningthe model. For continuous
rvs this meanghatin generalaninfinite numberof parameterss needed For dis-
cretervs a finite numberof parametersnay be sufficient. Thus,a nonparametric
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modelcanbe seenasa specialcaseof a parametridamily. Neverthelesssinceits
genesiss motivatedby the absencef knowledgeon the datageneratingnecha-
nismin ary sensenonparametrienodelsareconceptuallycompletelydifferent.

Yetanothertype of modelsarethe semi-paametricmodels which arearea specialclass
of nonparametrienodels. Here,a part of the distribution is modelledasin a parametric
family, andtheremainingpartis left unspecifiecasin a nonparametrienodel. Thusstill
aninfinite numberof nuisanceparameterareinvolved.

ExAMPLE 3.3. Considethemodelin Equation3.1 of Example3.2.1,but supposeow
thatthe zero-meardistribution of ¢; is unknavn. This modelis called semiparametric.
O

3.2.3 Parameter Estimation: afew Remarks

Of all themodelsdefinedabove, it is only thefully specifiedparametrianodelthatdoes
notaskfor parameteestimation All othermodelshave aparametevectoré thatcontains
atleastoneparametethatmustbeestimatedrom the sample.The estimatorof 8 will be
denotedby 6, or by 6., whenits dependencen thesamplesizen mustbestressed.

In mary parametrionodelsthe researcheis interestedn only someof the parameters,
say~, containedn 8 = (v, v). Theremainingparameterg arereferredto asnuisance
parameters.In mary occasionsestimatesfor v canonly be calculatedsimultaneously
with thosefor thenuisanceparameters, which makesthe computationgenerallymore

heavy, and,moreimportantly mayreducethe efficiency of the~y-estimators.

EXAMPLE 3.4. Considerthe modelin Examplel. The parametridamily is the family

of all Poissordistributions,indexedby the parametey:, whichis themeanof the Poisson
distributedrv. If theresearcheis interestedn the meanconcentratiorof bacteriain the

blood of theanimal,hemustestimatey basednasampleof obsenations.Sincey is the

only parametein the model,no nuisanceparameteproblemsarise. |

ExAMPLE 3.5. Considerthe modelin 3.2.1. Supposethat the researcheneedsto
answerthe questionwhetherthereis a linear regressiornrelationshipor not. Thenheis
only interestedn the parameters3, but 3 canonly be estimatedsimultaneouslywith 1,
andfor performingat-testor for thecalculationof aconfidencenterval for 5 hewill also
needan estimatefor . Thusthe parameter = (i, o) may thenbe calleda nuisance
parameter O

For nonparametrienodelswe restrictthe discussiorhereto continuousvs becausehis
representsheworstcase Earlierit wasmentionedhatthe parameterectormay consist
of all momentsof the distribution. Otherinfinite-dimensionaparameterizationsay be
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considered.In general,however, mostof theseparameterslo not have alwaysa clear
interpretationto the researcherMoreover, from a practicalpoint of view, he canonly
be interestedn a finite numberof parameters.Hence,an infinite numberof nuisance
parameterstill remains. It is obvious that estimatingan infinite numberof parameters
is problematicwith only a finite sampleat hand. The samediscussiorholdsfor semi-
parametricmodelsin which all the parametersn the nonparametrigart are nuisance
parameters.

3.3 Three Goodness-of-Fit Problems

In Chapter2 sometypical examplesweregivento illustratethreeimportantGOF Prob-
lems. Basically onewantsto apply a GOF methodwhen one hasto assessvhethera
givensampleof obsenationscomesfrom a distribution with somespecifiedcharacteris-
tics. This thesisis mainly focussedn statisticattestsfor GOF

3.3.1 The General Null Hypothesis

Fromthediscussionn Section3.2,everyproperCDF canbedenotedy Fy € Fo C Foo,
wherethe parameterectord € © maypossiblybeinfinite-dimensionalWe will further
assumehat the parameterizatiotis suchthat thereis a one-to-onemappingfrom © to
Fo. Then,thenull hypothesiss statedas

Hy: Fy € Go, (3.2)

where F, is the true, but unknovn CDF of rv X, andGy C Fo is a setof specified
CDFs.ThesetG; = Fo \ Go specifieghedistributionsunderthe alternatve hypothesis.
Sincethereis a one-to-oneamappingfrom © to Fg, the decompositionfg = Gy U G1
impliesa correspondinglecompositiorof © into the mutually exclusive subset®, and
O, respectiely. Hencethe null hypothesigormulatedin Equation3.2is equivalentto

Hy:0 €0, (3-3)

where@ is the parametewector of the true distribution £'. The symbol ' = F, will
be usedto denotethetrue, but unknovn CDF of therv X, i.e. the obsenationsat hand
area samplefrom this distribution, andfor the elementsof Gy, G = G, will be used.
Of coursejif F' is known, thereis no needarnymorefor a GOF method.Hence,we will
supposedhat in practicethe distribution F' is not completelyknown to the researcher
Furthermoreasaworking hypothesisve will supposéahatthe samplespacesssociated
with bothdistributionscoincide.

Assumption (A2).
Thedistributions F' and G are definedon the samesamplespaces.
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3.3.2 The Alternative Hypothesis

In the mostgeneralsetting,whenthe null hypothesids not true, one doesnot know in
whatsenseahetrue distribution F' deviatesfrom the specifieddistributionsin Gy. There-
fore, the alternatve hypothesisis just the complementof the null hypothesis,G; =
Fo \ Go. GOFtests,thatare constructedor this situation,andthat are thus sensitve
to all typesof deviation from the null hypothesisarecalledomnilustests Thepricethat
hasto bepayedfor this overall sensitvity is alossin powerfor somespecificalternatves
ascomparedo GOFteststhatareespeciallydesignedo detectdeviationsfrom H, in the
directionof thesespecificalternatves.

3.3.3 The One-sample GOF Problem: Simple and Composite
Null Hypotheses

The null hypothesisasgivenin Equation3.2 or 3.3 is generalin the sensethat the set
Go still canbe constructedn several ways. Whenthe obsenationson X representl
samplewhich is assumedo be generatedy one distribution, and when G, contains
just onedistribution, or at mosta parametridamily of distributions,indexed by a finite
dimensionalparameterthenthe null hypothesisn Equation3.2 is saidto be the one-
sampleproblemnull hypothesis.

Dependingon theform of G, two typesof null hypothesisaredistinguished.

e Simple Null Hypothesis. If Gy = {G4}, i.e. Gy containsonly oneelementthen
the correspondingull hypothesiss called simple This CDF canalsobe com-
pletely specifiedby one specific, possiblyinfinite dimensional parametewector
0. Thus,® = {00}

Thesimplenull hypothesiss oftenformulatedas

Hy: Fp(x) = Gg(x), (3.4)
forallz € S.

e Composite Null Hypothesis. If Gy, or equivalently ©g, containsmorethanone
elementwe will supposeahatG, = Ge, represents parametrictamily, indexed
by atleasta subvectorof 8 € ©q. In mary casesywhenthereis nothingassumean
theform of thetruedistribution F', © will beinfinite dimensionabndthe parame-
terizationof F" will behardto interpretby theresearchefThe specifiedparametric
family Ge,, on the otherhand,will often have anotherparameterizatiomvhich is
finite dimensionaknd hasa clearerinterpretation.In this case® is not a subset
of ©, but we will supposehat©, is a subsebf a parametespacesay®’, which
standsn aone-to-oneelationto ©. Then,®; = ©’\ .

ExAMPLE 3.6. In the classicalnull hypothesisfor GOF-testsfor normality,
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thereis nothingassumediboutthe true distribution £, and Gy, = Ge, is the set
of all possiblenormal distributions. Then, o = F.,, which hasa moments
parameterizatiorindexed by & = (61,...) where#; is the ith moment; © is
the setof all suchfd. The null parameteispace,on the otherhand,is definedas
O = {(u,0,03,04,...) : 3 = 0,0, = 30*,...}, whereu ando arethe mean
andthe standarddeviation, respectiely. The relationbetweerboth parameteriza-
tionsis givenby 0; = u, 6, = 02 + ©2, andés, . .. areuniquelydeterminedoy
ando. Thus®’ isthesetof all ¢ = (u, 0,03, ...). In thepresencontext, ;. ando
arenuisanceparameters. O

For notationalcomfortwe will notalwaysmake thedistinctionbetweer® and©’.

3.3.4 The k-sample GOF Problem

A classicalproblemin statisticsis testingthe equality of & distributions. Consideran
experimentin which datais independentlgollectedfrom & differentpopulationsthen,of
coursetheexperimentresultsin & independensamplesA frequentlyoccurringquestion
isthen:” dotheobsenationsfrom thesek sampleshave the samedistribution ? “. It is
referredto asthe k-sampleGOF problem.

Thereis aneedhereto make a distinctionbetweerthe £ samplesanddistributions.

Considerk samplesS,,, = {Xji,...,Xin,} of n; p-variateobsenations X;; (j =
1,...,n;; 1 = 1...,k). The correspondingsamplespacesare denotedby S; (i =
1,...,k). Thetrue CDF of the obserationsfrom the ith sampleis denotedby £, ; =
F;. As before,the distributionsmay be embeddedn a parametricfamily, indexed by a
paramete. An additionalindex i may thenbe usedto indicatethe correspondenci®
distribution .

Considerk independensamplesS,,, with correspondingEDFsF; (i = 1,... ,k). The
null hypothesiss

Hy: Fi(x) = Fy(x) = ... = Fi(x) = G(x) forall x € S andG € F, (3.5)

whereG denotegshe commonCDEF, which, in contrasto the GOF hypothesisliscussed
previously, mustnot be specified.Further S is the commonsamplespaceunderthe null
hypothesisTheexpressionG € F stresseshatthedistribution belonggo somespecified
classof distributions,which possiblyis the setF, of all properCDFs.

To seehow this hypothesidits into the generalGOF framework, a working variableY
is introduced. Y is definedas a discretevariablethat takesvaluesin {1, ...k} with
probabilitiesP[Y" =] = -+, indicatingthe correspondingample. The variable X is
augmentedvith Y, resultingin X, = (X,Y) in suchaway thatforall i = 1,... , k,
Xo,ij = (Xij,1). LetS;, denotethesamplespaceof theaugmentedv; thejoint CDF of
X, is denoteddy F;,,. Then,thedistribution of theaugmentedariableof theith sample
is simply F; = F;(z|y = i), i.e. the conditionaldistribution of X, giveny = i. The
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k-samplenull hypothesisn Equation3.5cannow beexpressedis
HO : Fry S g() - {Fry(a:ay) = FT(m)EL/(y)7 fOf a” (may) € Sry}a

wheregenerallythe commondistribution F,, = G is not specified. HenceGy typically
containsan infinite numberof distributions, reflectingthe nonparametrimatureof the
problem.

It mayalreadybe clearfrom thegeneralityof the null hypothesighattheremaybe mary
typesof alternatie hypotheses.

Themostgenerahlternatve hypothesids just the negationof Hy, i.e.
Hy:3i #],:B : FZ(CC) # Fj(.’B),FZ‘,Fj e F.

It isimportantto notethatit is still requiredthatall F; € 7 (i = 1,... , k). Thestatistical
problemrelatedto this hypothesiswill be calledthe generl k-sampleGOF problem,or
simply the k-sampleGOF problem. Teststhatareconstructedor testing H, againsthis
generahlternatie hypothesisarecalledomnitustests.

Probablythe mostdiscussed:-sampleproblemis the onerelatedto the translation-type
hypothesisvhich represents shift in location:

H,: Fi(x) =G(x + ;) foralli =1,...,kandnotall §; equal,andG € F,

where F is the samesetasspecifiedin Hy, andwherethe §; € R? quantifythe shift in
location. If onerestrictsF = {F : F(x) = Fy(x + 9),d € RP}, whereF; is some
specifiedCDF, thenthe null hypothesigs reducedo Hy : §; = 82 = ... = §; = 0, and
the alternative hypothesids thatat leasttwo §’s differ.

This settingwill bereferredto asthe k-sampldocationproblem.

Anotherimportantalternative hypothesiss givenby

Hy : Fi(z)=G((x— w)E; (x—p)) foralli=1,... ,k
andnotall ¥; equal,andG € F,
wherep; = Ef [X] andwheretheX; arep x p positive definitematrices.Especiallyin

the univariatecasewhereX; = o; € R, this alternatve hypothesigs well known. It is
calledthe k-samplescaleor dispersiomproblem.

3.3.5 The Independence Problem

The independenc@roblemis only definedin a multivariatesetting. Let the p-variate
rv under study be partitionedinto two componentsX and Y, which containp; and
p2 univariatervs, respectiely. The samplespaceis denotedby S;,,. Then, the null
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hypothesi®f independences
Hy: me € Gy = {me(may) = Fr(m)Fy(y) for all (may) € Sary}

whereF}, and F,, aregenerallynot further specified. Thus, it is clearthat this problem
asksagainfor anonparametrisolution.

The negationof the null hypothesisexpresseshatthereis sometype of dependencée-
tweenX andY'. It is for this mostgeneralsettingthatthe methodsn this thesiswill be
constructed.

Of coursetherearemary specifictypesof dependencéhatarein practiceof particular
interest.Joe(1997)givesa systematidreatmenibf typesof dependenceMost of them
arebestunderstoodn the bivariatecase(p = 2). We mentiontwo of them.

e Positive quadrant dependence
(X,Y) is positive quadrantependenif

PX >z,Y >y >P[X >z|P]Y >y forall z,y € Syy.

e Stochasticincreasingpositive dependence

Y is stochasticallyincreasingn X if forally € S, P[Y > y|X = z] increasesis
x increases.



CHAPTERA4

A Selectve Overview of Some
Testsfor Goodness-of-Fit

This chapteris mainly meantasa literature-aerview of someof the mostpopularGOF
tests.It is however not the intentionto be complete.Not only because full listing of all

publishedGOF testswith their mostimportantcharacteristicsvould fill at leasta book,
but alsobecausenot all GOF-testsarerelevantto the researchpresentedn this thesis.
Theselectionof the GOFtestspresentedhereis mainly basedon 4 criteria.

Teststhathave a practicalvalue.

Teststhatarewidely used.

Teststhathave goodpower characteristics.

Teststhatarein somesenseelatedto thetestthatis proposedn thisthesis.

In this thesis a centralrole is givento Pearsors x2-test,which canbe usedbothfor dis-
creteandcontinuousrariables. Thesemethodsarediscussedn Sectiond.1. In particulay
Pearsors testfor the one-samplgroblemarediscussed At the end of the sectionalso
Pearsors testfor independencen contingeng tablesis briefly given. In Section4.2 an
overview is givenof techniqueshatarebasecdn the empiricaldistribution function,and
in Sectiond.3smoothtestsareintroduced A comprehensie overview of mary GOFtests
is givenin D’Agostino andStephen$1986).

33
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4.1 Pearson’s y?-test

Probablythebestknown andoldestGOFtestis Pearsors y 2-test(Pearson1900). Origi-
nally, thistestwasconstructedor discretemodelsresultingfrom multinomial,Poissoror
product-multinomiakampling. For a simplenull hypothesidPearsors testis described
in Section4.1.1.Thecorrecttheoryfor acompositenull hypothesisvasfirst providedby
Fisher(1924). Thereforethis testis oftenreferredto asthe Pearson-Fishdest,whichis
treatedn Sectiord.1.3.

Althoughfor modelsfor continuousdatamary GOF-testaredevelopedtherehasalways
beena greatinterestin adaptingthe Pearsony 2-testto the continuouscase gventhough
mary of the GOF-testthat were specifically constructedor continuousvariableshave
in generalmuch higher powers. Pearsors testcanonly be appliedto continuousdata
after the datahasbeengroupedor categyorized which intuitively alreadysuggestghat
informationwill belost. Sincethe new methodsthat are developedand studiedin this
thesisare strongly relatedto a Pearsortestbasedon an alternative way of groupingor
catgyorizingthedata,thesemodifiedPearsorstestsfor groupeddatawill bediscussedh
detailin Sectiord.1.4.

Sincemostof thetestthatarediscussedn this sectioncanbeconsidere@sspecialcases
of a geneml quadrtic form (GQF) (Moore, 1977),we will give someimportantresults
for the GQFsaftertheintroductionto theoriginal Pearsorstatistic(Section4.1.1).1n this
way, the y2-type testscanbe discussedrery concisely Thetestswill alsobe placedin
their correcthistoricalcontext.

4.1.1 Pearson’s Original Formulation for Simple Null Hypothe-
ses

In the easiestase,Pearsors statisticis constructedor a simple null hypothesidn the

family of multinomial distributions M (4, ... ,m;n) for which n is known, and of
coursez _,m = 1. Thefamily Fg is thusindexedby = = (mq,... , 7). Thesim-
ple null hypothesids determinedoy © = {mq} = {(wo1,...,mox)}, for which also

Zf:l moi = 1 holds.Thus,
Hy : m = m.

Let X = (Xi,...,Xx) denotean obsenation from the multinomial distribution with
S ¥ | X; = n. Then,Pearsors teststatisticis givenby

X2 - P — 7L7T01

'M*

Nmw;

=1

X/”*”OZ i (4.1)

I
3
M*

i=1
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SinceunderH, the expectationof X is nmy, theteststatisticis oftengenericallyformu-
latedas

k

X2 = ;—iEi)Za 4.2)

whereO, andE; referto theobsenedandexpectedrequenciestespectrely. In his 1900
paper PearsorprovedthatunderH, X2 hasalimiting x; _,-distribution, providedthat
in eachof the k& cells the expectationsE [ X;] becomeinfinitely largeasn — oo. The
latter conditionmakesthe Pearsony2-testanasymptotictest. Laterin this section,some
remarkson exact GOF-testsaandtheir relationto Pearsors y-testwill begiven. We will
not give herea completerigourousproof, only a sketchthat may be useful for further
purposesThesketchis in theline of ReadandCressig1988,p.161).

Let P = X /n representhevectorof k probabilities andlet D, = diag(7o1, - - - , Tok)-
Thenthe Pearsoreststatisticin Equation4.1 canbewritten as

X3 = (Vn(P—m)) Dy (Vn (P —m))
= W;LD(;ana (43)

whereW,, = /n (P — ). In theproofit is first establishedhatif foralli = 1,... , k

E[X;] — oo asn — oo, underH, W,, corvergesweakly to a multivariate normal
distribution with mean0 and variance-ceariancematrix Dy — mo7,. Next, basedon

resultsfrom Rao(1973)andBishop, Fienbeg andHolland (1975)it is proventhat X2

in Equation4.3is a quadraticform of a multivariatenormalvariatewhich in the present
situationcorvergesin distributionto a y2-distributionwith £ — 1 degreesof freedom.

Up to now Pearsors resultsare obtainedfor a multinomial obsenation. Under certain
restrictions the resultsapply aswell for Poissonandfor product-multinomialsampling
(Bishopet al., 1975).

Pearsors testcanalso be obtainedin somedifferentways, e.g. asa scoretestwithin
the likelihood framework, or asa generalized/Vald test. Sincewithin the latter frame-
work mary otherhistoricallyinterestingy 2-typetestscanbe easilyconstructedit will be
presentedn the next section.

4.1.2 General Quadratic Forms

GeneralQuadraticForms were first introducedby Moore (1977). Supposehat the &
probabilitiesin 7 arethetrue probabilitiesof a multinomial, which may dependon a p-
vectorof unknavn parameters3, i.e. w(3) andW,,(8) = /n(P — w(3)). LetY bea
randomvariabletakingvaluesin Sy (#Sy > k) suchthatthereexists a mappingof the
probability spaceof Y on the probability spaceof the multinomial M (#r; 1). This may
be denotedby the k-vectorvaluedfunction(Y) = X, whereX ~ M (m;1). Then,
therealso exists a mapping¥ of a sampleSy,,, of n i.i.d. randomvariablesY” to the
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multinomial M (; n).

Further supposehatanestimator3 of 3 is of theform
\/ﬁ(/éﬂ _/8) = Lih(YTL) + 7, (44)
=

wherer, -2~ 0 andh(Y) is a R?- valuedfunction suchthat E [2(Y)|8,] = 0 and
E[R(Y)h(Y)'|Bo] = L, whereL is afinite p x p matrix. Then,the GQFis definedas

whereQ,, denotespossiblydata-dependelitx k symmetricnonnegativedefinitematrix.
First,basedn aresultof MooreandSpruill (1975)he showvs thatundermild conditions

W, (8) -% MVN(0,%),

whereX maybeofranks < k. Thusthemultivariatenormaldistributionmaybesingular

Next, Moore givesa generalform for the variance-ceariancematrix 3. Let A denote
thek x p matrixwith (7, j)th entry

87@
aB;’

Let .(Y') bethe k-vectorwith ith entry| [)(Y); = 1], andW(Y) = ¢(Y) — . TheX
canbedecomposeds

X=D,—nn'-C,
where

C =—ALA + AE[R(Y)W (V)] + E[W(Y)h(Y)] A

Moore’s mainresultcanbe summarizeasfollows. Supposell aforementioneéssump-
tionsaretrue. If rankX) = s < k andQ,, = X,, is a consistentestimatorof the
generalizednverseX— of X, then

M2 = Wa(BY QuWa(B) -5 2.

4.1.3 Pearson-Fisher Test for Composite Null Hypotheses

Often,the probabilitiesthatarespecifiedunderthe null hypothesisrestill dependingn
an unknowvn parameterector 3 thattakesvaluesin somep-dimensionaketR. These
nuisanceparametersieedthento be estimatedrom the sample. The setGy now repre-
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sentsa family of distributions, indexed by 3. The resultingcompositenull hypothesis
iS

H()iﬂ'EH(),

wherelly = {Wo(ﬂ) = (7T01(,B),... ,ng(ﬂ)) : Ef:l 7T0/L'(,B) =1,8€ 0y C R} Bo

denotegheindex of thetrue,but unknovn memberof 11 underHj.

An obvioussolutionto handlethe compositenull hypothesiss to calculatethetraditional
Pearsorteststatisticwith 7o replacedy 7y = mq (B), WhereB is aconsistentestricted
estimatorfor 3y. By “restricted” it is meantthat B € ©,. Sometimeshe notation
By is usedto indicatea restrictedestimator but for notationalcomfortwe will not use
this notationunlessit is needed.From the very beginning Pearsorarguedthat this was
the right solution and that the resulting test statistic hasthe sameyz ; limiting null
distribution asthe onefor the simplenull hypothesis.In the early 1920% Fisher(1922,
1924), however, proved that the numberof estimatedparametershouldbe substracted
from k — 1 to derive the correctnumberof degreesof freedom. Thusx} , , is the
correctasymptoticnull distribution. (This famouscontroversybetweerKarl Pearsorand
RonaldFisheris lively told by Box (1978).) Cochran(1952) providesan accounton the
early developmentf the y2-test. Becauseof the importantcontribution of Fisher this
testis oftenreferredto asthe Pearson-Fishdest.

Formally, the abose mentionedresultfor the Pearson-Fisheestis basedon somecon-

ditions on the estimator3, on the vectorfunction 7o (3) andon ©,. More specifically

the estimatomustbe bestasymptoticallynormal (BAN), i.e. consistentasymptotically
normally distributedand asymptoticallyefficient. The vectorfunctionand®, mustsat-
isfy the Birch (1964)regularity conditions,which arewithin the presentcontext clearly
statedin Bishopet al. (1975)andReadand Cressie(1988,p.164). Basicallythe Birch

regularity conditionsassurehefollowing asymptoticexpansion

B=pB+(AD;'A)T'A'D; (P —m(B)) + op(n~1/?), (4.5)
where A is asbefore.The conditionsalsoimply thatthe modelreally hasp parameters.

Within the presentontext it is mosteasyto arrive at the appropriatdeststatisticby ap-
plying Moore'sresultsfor GQFs.First, supposéhat/3 is estimatedy its restrictedmax-
imum lik elihoodestimator3, which satisfieghe expansionin Equation4.5. Further the

multinomial X canbearesultof the ¥ transformatiowith Y takingvaluesin {1,... , k}
of which the elementsrefer to multinomial classessuchthat > | 1[Y; = j] = X;
(G=1,...,k).

FromEquationd.5it is seenthath(Y) = (A'D_'A) ' A’D_ !, andconsequentlyl =
(A'D_'A)"'andC = A(A'D_'A) ' A’. Alsorank’X) = rank D, —mom)—C) =
k—1-p, andX~ = D3}, whichis consistentlyestimatecby D, (3)~". The GQF
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now becomes
XIZDF = Wn(B)IDﬂo (B)ian(B)a

andunderH,, Moore’s resultalsogives X 2 .. <, Xt_p_1- Thisis exactly the Pearson-
Fishertest.

4.1.4 Pearson’s Test for Grouped Contin uous Data

Despitethe availability of mary GOF-testespeciallydevelopedfor the analysisof con-
tinuousdata, both in the literatureandin mostof the statisticalsoftware, today mary
researcherstill apply Pearsors teston groupedcontinuousdata. One reasonfor this
may be the intuitively appealingnatureof Pearsors testandthefactthatit is very easy
to calculate.

Grouping Data

Pearson-typegestscanonly be appliedto continuousdataafter having groupedor cat-
egorizedthe original continuousdatain k& groups. The groupingis accomplishedy
consideringa partition [A] = {Aq,..., Ay} of the samplespaceS. Eachof the k ele-
mentsof thepartitionis calledacell. The cellsaredeterminedy the positionof thecell
boundariesn S. Eachpartitionimpliesa multinomialobseration X = (X1,... , Xx),
whereX; = #S, N A4; (i = 1,..., k), with probabilitiesundera null hypothesisqual
to

r0i(8) = /A 4Gy (=), (4.6)

1

(t=1,...,k)whereB € ©. Cellsthatareconstructedn this way arecalledfixedcells.
Supposdor themomentthat©, = {8y} (simplenull hypothesis).

Threequestionsareraisedwith this approach.

1. How mary groupsmustbe constructed?
2. Whereto placethe cell boundaries?

3. IsthePearsony2-teststill valid underthesecircumstances?

Theseareindeedimportantquestions Kempthorng1967),e.g. shovedthatwith differ-
entcell constructiongifferentconclusionsnaybe obtained.Fisher(1925)wasprobably
one of the first to give a theoreticallysoundrecommendationthe expectednumberof
obsenationsin eachcell shouldbe at least5 underthe simple null hypothesis.He ar-
guedthat underthesecircumstanceshe null distribution of the test statisticwould be
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sufficiently well approximatedby the asymptoticx7_, distribution. Basedon another
criterion Mann and Wald (1942) recommendedhat the cells mustbe chosensuchthat
all cells have equalprobability underthe null hypothesisj.e. for all i,57 = 1,... ,k
[a, dGa(z) = fAJ_ dGg(z). Cellsthatareconstructedn this way arecalledequipiob-
able cells Undertheseconditionsthey shovedthatthe Pearsortestis unbiased.Later,
Cohenand Sackravitz (1975) and Bednarskiand Ledwina (1978) shaved thatin most
casesPearsors testis biasedwhenappliedto an unequiprobablerouping. Mann and
Wald alsogive aformulato determineanappropriatenumberof equiprobableellsbased
on therequirementhata power of atleast1/2 shouldbe guaranteedor all alternaties
no closerthansomeA to theequiprobableull hypothesisindeed theintuitively appeal-
ing reasoninghatthe morecells areconstructedhe moreinformationfrom the original
sampleof continuousdatais retainedandthe higherthe power will be, is however not
always correct(Oosterhof, 1985) becausehe increaseof the numberof cells implies
bothanincreasdn the non-centralityparameteof the non-centraly2-distribution of the
teststatisticunderan alternatve hypothesisandanincreaseof the varianceof the lim-
iting centraly2-distribution under Hy. Whenever the secondmplication beatsthe first,
anincreasein power underpatrtition refinementss not guaranteedrnymore. Sincethe
publicationof the MannandWald paper mary morepaperson the choiceandthe num-
berof cellshave appearedln generalt is concludedhatthe Mann-Wald numberof cell
is too high (e.g. Quineand Robinson,1985) and may even reducethe power for some
specificalternatves. A comprehensie and practicalorientedsummarycanbe foundin
Moore (1986). In mostof the paperson the subjectthe authorsagreewith the initial
recommendationf equiprobableells, still it is importantto recognizethatsomeothers
have otherrecommendation¥allenbey, Oosterhof andSchriever (1985),for instance,
suggesthat for heary-tailed distributionsin the alternatve hypothesissmallercellsin
thetails mayresultin betterpower characteristics.

For a compositenull hypothesisthe boundarief equiprobablecells might dependon
theunknawvn parameted € 0. A typical solutionis to estimate3 andto subsequently
usethis estimatorto determinethe cell boundaries.An importantconsequencef this
approachs thatnow thecellsarerandomor data-dependerasapposedo thefixedcells.
Actually, randomcells are not restrictedto cells determinedby the estimatoy but may
moregenerallybe constructedis[A](S,) = {41(Sn), - - . , Ax(Sn)}. Thecell probabil-
ities arethengivenby

(B, 5,) = / G (),

A;(Sn)

andthey do not necessarilydeterminea multinomial distribution. Moreover, it is now to
beexpectedhatthis proceduravould loosesomeof its nonparametricaturein thesense
thatit may becomedependenbn the underlyingdistribution. Fortunately undersome
mild restrictions,it canbe shown thatthis is not the case:supposehatthe randomcell
boundariegorvergein probabilityto thecorrespondindpoundarie®f a setof fixedcells.
Then,thelimiting boundariesvill generallydependn 3. UndertheseconditionsMoore
andSpruill (1975)andPollard(1979)concludedhatary statisticthathasa limiting null
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distribution thatis not a function of 3, in the fixed-cellcase hasthe samedistribution
for any choiceof corverging randomcells. Thus, giventhe aforementionedonditions
ontherandomcell convergence for all statisticswith a limiting 2 distribution, it is not
necessann thesequeko make a distinctionbetweerfixedandrandomcells.

An interestingspecialcaseis the scale-locatiorfamily, and the normal distribution in
particular Watson(1959) shaved that for an equiprobablePearsortestthe resultsfor
fixedandrandomcell arethe same.

In the sectionon the GQFsa latentor hypothesizedandomvariableY” wasintroduced
suchthat(Y') ~ M(m;1). Whenthedatais continuoussay X ~ F, thenY = X and
thefunction is thevectorvaluedindicatorfunction

YY) = (Y € A],...,1[Y € Ay)).

Note that, dependingon the way the partition [A] is constructedy canbe a random
function and may possiblydependon the unknovn parameterd, € ©q whenthe null
hypothesigs composite.

Simple Null Hypothesis

First, notethat whenever a simple null hypothesids imposed thereis actuallyno need
for datadependentellswhenequiprobablesell areto be constructed.

Sincefor fixed cells the probabilitiescalculatedfrom Equation4.6 (with 3 = Gg) de-
termineuniquely a true multinomial distribution, the null distribution of Pearsors X2
statisticappliedto this settingis x7_,, andthusindependenbf the underlyingdistribu-
tion. From the previous discussiorit follows that the sameresultholdsfor corverging
randomcell boundaries.

Composite Null Hypothesis

For the compositenull hypothesisproblemthereis oneimportantadditionalissuethat
needssomemoreattention:the p-dimensionaparametef3, indexing the null hypothesis,
mustbeestimatedrom the data.How mustthey be estimatedandwill thisaffectthenull
distribution of theteststatistic?From Moore’s GQFsit is seenthat C, andthusalso:,
dependsexplicitly on the vectorfunction h which is specificfor eachtype of estimator
for 3. Here,thetwo mostfrequentlyusedestimatorawill beconsidered:

e Maximum Lik elihood estimator basedon groupeddata. Supposehatthe con-
tinuousdatais groupedirst, resultingin k& counts¥(Sy.,,) = X. Thentheparam-
eter 3 canbe estimatedn the sameway asfor the Pearson-Fisheestin Section
4.1.3,i.e. the maximumlikelihood estimator,é. Therefore,for fixed cells this
methodresultsin exactly the Pearson-Fishetest, which hasa limiting null dis-
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tribution Xi_p_l which is independenbf the underlyingdistribution. Hencethe
sametestappliesto the presensituation.

e Maximum Lik elihood estimator basedon ungrouped data. Whenthe original
continuousdatais available,a more naturalestimatoris of coursethe maximum
likelihoodestimator3 basedon the original sample. Craner (1954) shaved that
regularrestrictednmaximumlik elihoodestimatorsanbe written as

~ ol I’ _
ﬁ(5*ﬁ°>: ZJl nga;o PILiBu) 4 o, (1),

whereJ = J(8o) is theinformationmatrix with (4, j)th entry E [_%ggﬁh)]_
Thustheestimatoiis againclearlyof theform of Equationd.4. Supposéor themo-
mentthatall cellsarefixed. ThenC = AJ~' A and,providedthatJ — A’D_' A
is positive definite,rank(X) = k — 1. Thegeneralizednverseis givenby X~ =
D,, — C. A consistenestimatorfor 3~ is obtainedby replacingall 3, in theex-
pressiorfor ¥~ by the restrictedmaximumlik elihoodestimator3. The resulting

GQFwith @, =X is

Xin = WalB) (Dny(B) — ABI(B)AB) WaB), @)
or equialently

X = WalB) Dy (B)+ AB) ((B) ~ AB) Dr(B) AB)) ' AB) ) Wa(B).
(4.8)

And, underHo, X2,, % x2_,. This resultwasfirst givenby RaoandRobson
(1974)andwill be referredasthe Rao-Robsoriest. At thattime the testwasto

be seenasan improvementover the Chernof-Lehmann(CL) test(Chernof and
Lehmann,1954),which wassimply definedby X2, = W, (8)'W,(8), i.e. the
classicalPearsoneststatisticwith the unknavn paramete3 replacedby it maxi-
mum likelihoodestimator3 basedon the ungroupediata. Unfortunately the lim-

iting null distribution of X2, depend®n theunderlyingdistribution:

Xk p— 1+Z>‘ i)

wherethe Z; arei.i.d. standardnormalvariates,andthe )\; arethe roots of the
determinantaéquation(A’D, ' A) — (1—\)J| = 0 (notethat A’ D_ ' A actually
is the informationmatrix of the multinomial obtainedby the grouping). Sincethe
informationmatrix J explicitly depend®n the unknovn parametef3, andonthe
null model,the Chernof-Lehmannstatisticis not straightforwardto usein practice,
and,furthermorethis resultalsoimpliesthata differentnull distribution mayhold
for the statisticwhenappliedto randomcells. In a seriesof papersRoy (1956)and
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Watson(1957,1958,1959) studiedthe Chernof-Lehmannstatisticunderrandom
cells. They obsenedthatfor a scale-locatiorfamily, andthe normaldistribution
in particulay the cells canbe chosensuchthat the asymptoticnull distribution of
X2, loosesits dependencen 3y, thoughthe distributionis not a simpledistribu-
tion like e.g.the x 2 distribution. Therefore amongotherreasonsthe Roy-Watson
testis alsonot popularfor practicaluse. Tableswith percentaggointsfor this
distribution canbe foundin DahiyaandGurland(1972,1973). Yeta moreimpor-
tantreasorwhy the Rao-Robsonestis to be preferredoverthe Chernof-Lehmann
or the Roy-Watsontestis thaton averagethe power of the Rao-Robsorntestis the
highest. Also ascomparedo Pearson-Fishahe Rao-Robsorhasgenerallybet-
ter power characteristicsTheseconclusionshave mary timesbeenconfirmedby
meansof simulationstudiesin literature(for an overview, seee.g. Moore (1986)
andreferencegherein). Intuitively, this is easyto understandfirst, Rao-Robson
usesthe continuousdatato get an efficient estimatorof 3, and second,indepen-
dentof thenumberof parameterin 3, the maximalnumberof degreesof freedom
(k — 1) isretained.

4.1.5 A Generalization: the Power Divergence Statistics

Pearsors y2-statisticis notthe only statisticthatis appropriatefor testingH : = = m,
i.e. the one-sampleGOF problemfor a multinomial distribution. Otherwell known
statisticsare the likelihoodratio (LR) statistic,the Freeman-Tkey statistic, Neyman's
modified X2 statisticandthe modifiedlog-likelihood statistic. All thesestatisticshave
the samelimiting null distributionsandarethereforeoftenreferredto asy? statisticsin
general.

Cressieand Read(1984)introduceda generalizatiorof the abose mentionedstatistics.
They found a family of statistics,indexed by a real valuedparameter\. The family is
calledthe family of power divergencestatisticsandit is givenby

k A
2 X;
it = ——— X; ! -1
" AA+1) 12:: l{(nﬂm) }’

1

where,asbefore, X; (i = 1,... , k) aretheobsenedfrequenciesFor A = 0 and\ = —1,
thecorrespondingtatisticsaredefinedby continuity ThenA = 0 and\ = 1 givetheLR
andPearsors statistic,respectiely.

CressieandRead(1984)shovedthatundera simple H, andfor each\ € R,
onIt — 2nlt 2 0,

andthus

on -4 Xi_i-
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Whenthe null hypothesiss compositesay 7o (3) is known up to a p-dimensionahui-
sanceparametef3, thenthey definedthe power divergencestatistic2n/* asthe plug-in
estimatorfor whichunderH,

ix_d 2
2™ — X po1>

wheneerthe estimator3 is satisfiethe sameconditionsasthosestatedat the construc-
tion of the Pearson-Fishestatistic(Section4.1.4).

A power comparisonof someinterestingmembersof the family of power divergence
statisticsvasgivenby Read(1984)

4.1.6 Testing Independence between two Discrete Variables

In Sections4.1.1and4.1.3 Pearsors y2-testwas introducedfor GOF of a discreterv.
Only later it was shawvn how thesetechniquescould be appliedto continuousdataas
well. Pearsor(1900,1922)shavedthata similar statisticcanbe constructedor testing
independencbetweer? discretervs. Thistestwill bebriefly discussedhere.

Let X = (X11,--. , X1c, Xo1,- -, Xp1,- .- , Xpe) denoteanobsenationfrom a multi-
nomialdistribution of two crossclassifieddiscretervs, U andV, which aredefinedovera
samplespacewith r andc differentelementsrespectiely. Theprobabilitiesof the multi-
nomialdistribution aredenotedoy m;; (i = 1,... ,r;j = 1,... ,¢). Thenull hypothesis
of independencbetweerthetwo discretervsis

H017T,;j = ;. T j foralli = 1 ,T;j :1, ,C, (49)

wherer; andr ; arethe mamginal probabilitiesof the discretervs U andV, respectiely.
As thealternatve hypothesisthe negationof Hy is considered.

The null hypothesidn Equation4.9is compositeasboth maminal probabilitiesare un-
known, andmay be consideredsfinite dimensionahuisanceparametersThey maybe
estimatedrom the databy #;, = %25:1 X;;and7; = 130 | X;;. Thefollowing
Pearsorstatisticis easilyrecognizedo be of the sameform asEquatior4.2,

2 - c Xij Tl—ﬁ'i.ﬁ'.jQ
X2 o3y il 7

i=1j=1 td

UnderHo, X* 5 x2, ., (Fisher1922).

Roy andMitra (1956)shavedthattheabove resultshold in generaunderPoissonmulti-
nomialandindependeninultinomial sampling.

Again, Pearsors statisticmay be generalizedo the power divergencefamily of Cressie
andRead(1984).
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4.1.7 Some Remarks on Exact Pearson-type GOF-Tests

Oneway to assesshe practicalvalue of asymptotictestsis to comparethesetestswith
exacttestsfor finite samplesizesfor the samehypothesesThe asymptoticnull distribu-
tion is thus seenasan approximationto the null distribution of the exacttest. Tateand
Hyer (1973)comparedPearsors testwith an exact multinomial test,which is basedon
theorderingof the exactmultinomialprobabilities

1Tk ﬂ-g;
P[X = y] = n'H’Lilﬁ
of observingall possiblesampleconfigurationsy. The p-valueis given by the sum of
probabilitiesP[X = y| which are smallerthanthe probability P[X = ] of observing
the obsenedsamplex. He concludedhatthe x? approximationis ratherpoor. Radlav
and Alf (1975)and Horn (1977) argue that this comparisonmakes no sensebecause,
althoughboth testsaddresdo the sameGOF null hypothesisthey are constructen a
differentcriterionfor measuringhedeviation betweerthe obsenedandthehypothesized
frequencies.

Radlov andAlf (1975)proposecdhnalternatve exacttestfor whichit is appropriateo be
comparedwvith Pearsors test. Insteadof orderingmultinomial probabilitiesfor all pos-
sible sampleconfigurationgy, the corresponding\? statisticsarecalculatedandordered
andthusbothtestsarebasedn the samemeasureFor this exacttest,the y? approxima-
tion performsbetter

Many correctedversionsof Pearsors teststatisticareproposedn orderto obtainabetter
x2 approximation For a brief review, we referto CressieandRead(1989).

Also for the y2-testfor independenceetweentwo discretervs exacttestsareavailable.
The bestknown is probablyFishers exacttest(Fisher 1934). For a discussioron this
test,we referto Agresti(1990).

4.2 EDF-Based GOF-tests

A wide anddiversefamily of GOF-testds basedon the empirical distribution function
(EDF). First, somepropertiesof the EDF aresummarized Then,in Section4.2.2a gen-
eral framework for this type of statisticaltestsis described. Then, in the subsequent
sectionghe mostfrequentlyusedandsomehistoricallyimportanttestsarediscussed.

In generalit is known thatthe EDF-basedestsare more powerful thanthe Pearsony?-
typetests.
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4.2.1 The Empirical Distrib ution Function

An intuitively straightforvardapproacHor testingthe GOFnull hypothesisH : F, € Gy
is to find an appropriateestimatorfor the CDF F, andto comparethis estimatorwith
the family Gy basedon someappropriatemeasure. In this sectionprobablythe most
widely usedestimatorof F), is discussed.We will restrictthe discussiorto univariate
distributions. The extensionto multivariateCDFsis straightforward.

Supposehatthe sampleS,, containsthen obserations Xy, ... , X,,. TheCDF F' = F,
maybeestimatedy theempiricaldistribution function(EDF) F, ,, = F,,, whichis given
by

. numberof obsenations <
Fo(x) = =7

n

_ X [Xi<a] (4.10)

n

for x € S;. FromEquation4.10it may be seendirectlyghat7LFn(x) is distributedasa
binomial with parameterd’(z) andn. Then,of course,F},(z) is anunbiasedestimator
of F(z). Furthermorewhenn — oo, thecentrallimit theoremimpliesthat

Jn (Fn(a:) - F(m)) N0, F(z) (1 - F(z))).

Thusthe varianceof £, (x) is of order £, andthusthe estimatoris consistent. Evena
strongercorvergenceholds:

sup |F, () — F(:r)) £, 0asn — .

x
The definition of the EDF is easily extendedto multivariatedistributions. E.g. The bi-
variateCDF F,, is estimatedy

- "X <2Y; <
meyn(msy)22171 [ erzxj Zﬁy]a

where(X;,Y;) (¢ = 1,... ,n) constitutethe sampleS,,.

4.2.2 Statistical Tests: a Framework

Many of the EDF testsfit into a framework for statisticaltestsfor GOF asit wasintro-
ducedby Romano(1988,1989).

Recallthe hypothesediy : F € Gy andH; : F € G;. Let 6 beameasureon F,. 0
mustnot necessarilype a metric, it may even be non-symmetric.Let p be ametricor a
pseudometrion 7. Then,r is definedasa mappingfrom F., on G, suchthatfor all
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F € Foo 7(F) is smoothin F' and
F,7(F)) = inf p(F,Q).
p( 57-( )) (Jlélgo /}( R )

Thus,7(F) is consideredisa projectionof F' ontoG, (Figure4.1). Also, for all F' € Gy,
7(F) = F. Also notethatwhenthenull hypothesiss simple,i.e. Gy = {G}, thenfor all
F,7(F)=G.

Figure4.1: Themappingr(F) on Go canbe seenasa projection. The dashedine representshe shortest
“distance”betweenF’ andr(F') € Gg w.r.t. thepseudometrig.

Then,in general GOF-teststatisticsareof the form
Ty = 7n0 (Fn,T(Fn)) ,

wherer;, is a normalizingfactorsuchthat7,, hasa a non-dggeneratenull distribution,
andwhereF,, istheEDF

Actually Romanousedthis framework at first only with § beingthe supremundistance
over an appropriatevVapnik-Cern@enkisclassof sets(cfr. Kolmogoro/-Smirnor statis-
tic). With this particularchoice which still resultsin awide classof statisticshe shoved

the (asymptotic)validity of the bootstraptest(Romano,1988),andunderan invariance
implying null hypothesisecomparedhis bootstragestto thecorrespondingandomiza-
tion test(Romano,1989). The bootstraptesthasthe advantageof beingasymptotically
valid undervery weakassumption®n the true, underlyingdistribution F' (e.g. F' must
notbe continuous).

Later, Politis, RomanoandWolf (1999) shaved thatfor muchwealer conditionson §,

thebootstrags still avalid methodof testing.

Althoughwe will not furtherapply the bootstrapin this thesis,it is interestingto know

thatthe EDF-basedests,aswell asthe new teststhatareproposedn this work, fit into

Romanaos framework.
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4.2.3 Tests of the Kolmogor ov-Smirno v Type

A first classof testsorigins from the ideasof Kolmogoror (1933)and Smirnov (1939).
Two formsarediscussedhere:onefor the one-sampl@ndonefor the k-sampleproblem.
In generatestsof thistype arebasen a supremundistancaneasuréetweerthe EDF
of thetruedistribution andthe CDF of the hypothesizedlistribution.

The One-Sample Problem

First, considerthe simple null hypothesisH, : F(z) = G(z), for all x € S,. The
Kolmogoros-Smirnov (KS) test(Kolmogorov, 1933;Smirnov, 1939)is thengivenby

D, = \/H sup ﬁn(T) - G(T) )
€S,

which may be describedwithin Romanos original framework with (£}, (z)) = G(z),
7, = y/n andd is the supremunoperatoron the absolutedifference.

Kolmogoror (1933)hasproventhatthelimiting null distribution of D,, is givenby

oo

Fy(d)=1-2 (1) exp (~24%d%),

which clearlydoesnotdependon thedistribution G, nor on thetruedistribution F'. Thus
the Kolmogoror-Smirnov testis nonparametric.Critical valuesare however not easily
obtainedfrom thelimiting null distribution; tablesareprovidedby Massg (1951,1952),
Owen(1962).For moderatesamplesizes Stephen$1970)proposech modifiedstatistic

12 0.24
DgL—Dn(1+O—+O—>,

NG

for which he gave the uppertail critical valuesfor severalvaluesfor «.
TheKolmogoror-Smirnoy testis consistenagainstessentiallyary alternatve.

An overview of otherrelatedstatisticsaregivenby D’Agostino and Stephen$1986).

Whenthe null hypothesiss compositea similar teststatisticmay be used:

D, = \/H sup ﬁn(T) - G(T) )
z€S,

where(; = G . Althoughthis seemdo beanaturalextensionof thestatisticin thesimple
null hypothesiscase thereis however no generalasymptotictheory available. Critical
valuesmustbeestimatedy e.g.simulation.For thecasewvhereG is anormaldistribution
with unknavn meanand variance Lilliefors (1967) obtainedcritical values. Stephens
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(1974)proposeda modifiedstatisticfor testingnormalitywith unknovn parameters

0.01 0.85
DZL =D, (1_ —+—> s

vn n
for which critical valuesaregivenby Stephen$1974,1986).

Althoughthetestsdiscussedh this sectionarewidely known andvery frequentlyapplied
in daily statisticalpractice,it is often reported(e.g. Stephens1986)that its power is
inferior ascomparedo otherEDF-basedsOFtests.

The k-Sample Problem

Smirnor (1939)wasthe first to introducedthe KS testfor the 2-sampleproblem. Let

Fjn, (j = 1,2) denotethe EDF of samplej. The 2-sampleKS statisticis givenby

nin2
D, = max
N1 + Nz €S,

Its limiting null distributionis givenby (Kolmogoros, 1941;Smirnos, 1939,1948).

Fyony () — Fin, (@‘ :

(o]

Fy(d)=1— 22(—1)1+1 exp (—25%d?) .

Critical valuesfor smallsamplesizeshave beentalulatedby Massg (1951,1952),0wen
(1962).

Whenk > 2, severalextensionhave beenproposed An overview is givenby Hajekand
Sidak (1967). Somegeneralizatiorhave beenstudiedby Romano(1988), for which he
usedthe bootstrapto obtain critical values. We will only mentionone extensionhere.
Let X4,..., X, denotethecombinedsample(n = Z?Zl nj). This statisticis givenby
(ChangandFisz,1957;Fisz,1960;Dwass,1960)

i—1
. 1 2 .
Dy = Jmax . max |F(X;) — m ;an(Xi)l,

IR

whichis amaximumof k& — 1 independenKs statistics.Notethatthe original 2-sample
KS testof Smirnor (1939)is notaspecialcaseof the k-sampleKS testthatis givenhere.

4.2.4 Tests of the Cramér-von Mises and Ander son-Darling
Type

A wide classof testsis basedon the Cranervon Mises statistic, which hasits origin
in the work of Cranér (1928),von Mises(1931,1947). Later this testwasgeneralized
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by Andersonand Darling (1952,1954). Testswill be subsequentlydiscussedor the
threeGOF-problemsFor the one-sampl@ndthe k-sampleproblems Anderson-Darling
testswill begiven. For theindependenceroblem,a Craner-von Miseslike testwill be
discussed.

The One-Sample Problem

Firstthe simplenull hypothesiss considered.
AndersonandDarling (1952)introducedthe family of statistics

Ap=n /S m (ﬁn(m) - G(m))2 U (G(x)) dG(x), (4.11)

whereV > 0 is aweightfunction.If ¥ = 1, then A,, reducedo theoriginal Cranmérvon
Misesstatistic. Althoughmary choicesfor W areallowed, in literaturemainly the choice

1
U(u) = - (4.12)
is taken. Moreover, the test with this particular weight function is often called the
Anderson-DarlindAD) test.It seemssif almostnootherchoicesappeain literature.In
the remaindeof this thesiswe will restrictthe attentionto the weightfunctionin Equa-
tion 4.12,andtheresultingstatisticwill bereferredasthe Anderson-Darlingstatistic.For
general¥ it will becalledthe Anderson-Darlingamily of statistics.

It is againstraightforvardto seethatthe AD statisticfits into the Romanos framework.
Intuitively, thedifferencebetweerthe AD andtheKS measurdor thedeviation between
the EDF and G is thatthe latter looks over the completesamplespacefor the maximal
differencein absolutevalue,whereaghe formerintegratesthe differencesverthe com-
plete samplespace taking the weight function into account. The AD weight function
m upweighsthe differencesetweerthe EDF and G in thetails of the distri-
bution G. Thisis generallyconsideredo bethereasonwhy the AD testis overall more
powerful thanthe Cranérvon Misestest.

Theformulain Equatior4.11is howevernotcorvenientfor computation.Theequivalent
computatiorformulais

n

Ap=—n— % > (2= 1) (In(Z) + In(1 = Zni1-4)) (4.13)

i=1
whereZy <... < Z,) aretheorderstatisticsof thevariableZ = G(X).

Thelimiting null distribution may be foundby consideringhe empiricalprocess

)
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whichhascovariancefunctionpg (s, t) = (s(1—s)t(1—t))~*/2(sAt—st) (Andersorand
Darling,1952). Thesolutionof thecorrespondingntegral equatiorgivesimmediatelythe
limiting null distribution. In particular underH,, the AD statistichasasymptoticallythe
samedistribution as

ad 1
— z3, 4.14
;J(J‘i‘l) ’ (4.14)

wherethe Z; (j = 1,...) arei.i.d. standarchormal.

Critical valuesfrom this distribution have beentatulatedby Lewis (1961). A striking
obsenationis thatfor n > 3, the distribution of A,, is accuratelyapproximatedy its
asymptotidistribution. Percentiledrom theasymptoticnull distribution maybeapprox-
imatelyobtainedby fitting Pearsorcurves(SolomonandStephens]978).

TheAD testis consistenagainsessentiallyary alternatie. Pover studieshave indicated
thatthe power of the AD testis frequentlysuperiorto the power of the Cramérvon Mises
test.Both aregenerallymorepowerful thanthe KS test.

Whenthe null hypothesiss compositethe AD statistichecomes

A, =n / (Fn(w) _ G(x)) dG(z), (4.15)
S

G(x) (1 - G(x))

Whereé(m) = (. As with the KS test, the asymptotictheory becomesmuch more
complicatedas comparedo the simplenull hypothesiscase.In generalthe asymptotic
null distribution is equivalentto the distribution of

En: A Z3,
j=1

wherethe Z; (j = 1,...) arei.i.d. standarchormal,andwherethe coeficients\; are
the eigervaluesof anintegral equationin which the covariancefunction dependon the

distribution GG, the parameter® thatmustbe estimatedrom the data,andthe methodof

estimatiorof thesenuisancearametergDarling, 1955;Stephensl1 971,1976;Sukhatme,
1972).Thusthe A-coeficientsmustbe determinedor eachG.

Whenthe unknowvn parametersrethoseof location (e.g. mean)andof scale(e.g. vari-

ance),andwhenanappropriatenethodof estimationis used(e.g. maximumlik elihood),
thenthe null distribution of A,, doesnot dependon the unknovn parameters.Thus,in

thesesituationsthe null distributionsonly dependon the family G, testedandthe sam-
ple sizen. The normalandthe exponentialdistribution are well known examples,and
asymptotiaesultsareavailablefor them,aswell asmodificationgo theteststatisticsuch
that approximatepercentageointsfrom the exact null distributionsfor finite n canbe
calculatedeasily

Thenext theorenis asummanyof someresultsof Darling (1955),Durbin (1973),Stephens



4.2 EDF-BasedGOF-tests 51

(1971),Sukhatme(1972).

Theorem4.1 Under the compositenull hypothesisH, : F' € Go,, Wher Gg, is a
location-scalelamily, the A,, statisticcorvergesweaklyto

iAJZf,
j=1

whete the ZJZ arei.i.d. x7 variates,andwheee the ), are the eigervaluesof theiintegral
equation

1
Ah(x) :/ p(x,y)h(y)dy,
0
whete p is the covariancefunctiongivenby

p(s;t) = po(s,t) — d1(s)1(t) — pa2(s)d2(t),

wheee po(s,t) denotesthe covariancefunctionassociatedwvith the limiting null distri-

bution of the AD,, statisticundera simplenull hypothesisand wheie the functionse;

(¢ = 1, 2) dependon thefamily Ge, but noton the unknownlocationand scaleparame-
ters.

Whend is the normaldistribution wherethe meanandthe variancemustbe estimated,
Stepheng1976)givesthefirst tenlargesti-coeficientsaswell asthe uppertail percent-
age points for somevaluesof «. For moderatesamplesizesStepheng1986) givesa

modifiedstatistic
n

andthe correspondingercentag@oints. Also anapproximatiorformulafor the calcula-
tion of the p-valueis available (Pettit,1977).

Whentheunknowvn parametergrenotrestrictedo thoseof locationandscalee.g.when
a shapeparameteis involved asfor the gammadistribution, thenthe null distribution,
even the limiting null distribution, will still dependon the unknovn parameter(s).A
solutionto this problemis the half-samplemethod(Stephens] 978),but sincehalf of the
sampleis lost for testing,a severereductionin power may be expected.

Finally, notethatthe AD statisticmaybeinterpretedasa plug-in estimatorof the statisti-
calfunctional

A(F; G@)

/S (F(@) - Gol))” ¥ (Golw) dGalo)

= E [(P(X) = Go(X))* ¥ (Go(X))|
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Thus,the Anderson-Darlingstatisticsare closelyrelatedto (degenerate)/-statistics(see
e.g.Lee,1990).

The k-Sample Problem

Pettit(1976)proposedan AD-type testfor the 2-samplgproblem. The statisticis defined
as

dF,(z), (4.16)

~ ~ 2
A ni1Na / (Fl,nl (T) - F2,’ﬂ2 (T))
ning - S

n Fo(z) (1 — B, (3:))
whereF}, is the EDF of the combinedsamplej.e.
. 1 . .
F(@) = = (mFyn, (@) + 02 P () )
F, may be consideredas the estimatorof the commonCDF F' = G underthe null
hypothesis.
TheAD statisticin Equatior4.16 simplifiesto
n—1

1 M;n —nqt 2
Anlnz = Z ( : ) 3

ning i(n—1)

where M; is the numberof obsenationsof the first samplethat are lessthan or equal
to the ith smallestobsenation in the combinedsample. Thus, the 2-sampleAD test
is a rank test. Furthermorethe null hypothesisimplies an invarianceproperty under
the groupof m”!"r’w, permutation®of the obsenationsacrosswo sampleswith n; andng
obsenations.Thereforetheexactnull distribution for finite samplesizesmaybeobtained
by enumeratingall possiblevaluesof the teststatisticunderthe groupof permutations.
Pettit (1976) gives exact upperpercentagegoints for small samplesizes. He hasalso
proventhatthelimiting null distributionis exactly the sameasfor the one-samplésimple
null hypothesisAD testwhichis givenin Equation4.14.

Sincefor the one-sampleAD test(simplenull hypothesis)t is obsenedthatthe corver-
genceto theasymptotionull distributionis veryfast,it is moreor lessexpectedo holdin
thepresensituationaswell. Pettit(1976)proposedo useakind of standardizedtatistic

1.55
A‘fl]ﬂQ = (Anl‘ﬂz - 1)(1 + T) +1,

for which the exactexpectationandvarianceare equalto the asymptoticmeanandvari-
ance. This statisticmay be usedto enterthe table of critical valuesof the standardized
asymptoticnull distribution.
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A generalizatiorof the AD testto the k-samplecaseis given by Scholzand Stephens
(1987). Their statisticis

B k " <13‘Jn](x)—13‘n(m)>2 N
An = ];"j /s Fo(x) (1 - Fn(m‘)> o)

Let X(1) < ... < X(,) denotethe n. orderstatisticsof the combinedsample. The test
statisticsimplifiesto (supposinghattherearenoties)

whereM;; is thenumberof obsenationsin the jth samplethatlessthanor equalto X ;).
Notethatwhenk = 2 thethe k-samplestatisticreducego the 2-samplestatisticof Pettit
(1976). Again the statisticis a rank statistic,andthe null hypothesismplies a similar
groupinvariancepropertyasfor the 2-sampleproblem. The asymptoticnull distribution
of Ay, is thesameasthedistribution of

> 1
i

=0

wherethe Z7 (j = 1,...) arei.i.d. x* randomvariableswith k — 1 degreesof freedom.
ScholzandStephen$1987)suggesthatapproximateercentilesnaybe calculatedising
Pearsorcurves(Solomonand Stephens1978). A goodapproximatiorto the asymptotic
null distribution is obtainedby usinga standardizatiororrectionfor the exactmeanand
variance asit wasdonefor the 2-samplecase.

Thetestis consistentigainstessentiallyary alternatve.

The Independence Problem

Thetestpresentedh this sectionwasoriginally studiedby Hoeffding (1948).LaterBlum

et al. (1961)developeda moregeneratestfor testingindependenceetweenmmultivari-

atevariableswhich reducego Hoeffding’s testwhenappliedto independencéetween
univariatevariables.Moreover, in thelatterapproachheteststatisticis specified‘in the
spirit of” the Cramérvon Misesstatistic. Thereis alsoatrue Cramér-von Misesstatistic
for testingfor independencéDe Wet, 1980),but this is not includedhere. Hoeffding’'s
teststatisticis

A

. A 2 .
Bo =1 [ (Fryn@) = Fon(@)Byn(®)) dFryn(.0),
S
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Wherery,n is the EDF of the joint distribution of X andY. Note thatthe difference
with the true Cranmérvon Mises statisticis that herethe integral is takenw.r.t. the true
distributionin steadof thehypothesizediistributionreflectingindependenceBlum et al.

(1961)amguethatthetrue Cranérvon Misesstatisticwould be asymptoticallyequivalent
underthe null hypothesis.

Thestatlst|c » s gctuallythe plug-in estimatorof thefunctional

AFyiFeFy) = [ (Ffan) = Fo@)Fy )7 dFsy a.0)
= Ep, |(Faley) - F@)F,0)°)],

which measureshe discrepang betweerthe true andthe hypothesizediistribution (cfr.
Romanos framework). Notethatthe expectationin the latter equationis takenw.r.t. the
truedistribution, whereastypical Craner-von Misesfunctionalwould beanexpectation
w.r.t. the hypothesizediistribution.

Hoeffding (1948) provided a computationaformulafor B,, (actuallya slight modified
form) by recognizingthatit actuallyis a V-statisticbasedon a kernelof degree5. Blum
et al. (1961)proposecanothercomputationaformula,

B = L3S (NN~ BN ()

whereN; (), No(2), N3(i) and N4(i) arethe numberof obsenationsin theintersection
of S, with {(z,y) : 2z < X;,y <Y}, {(z,y) : 2 > X3,y <Y}, {(z,9) : z < X3,y >
Y;} and{(x,y) : x > X;,y > Y;}, respectiely (seeFigure4.2). Thus,the statisticcan
beinterpretedasa statisticproportionako theaverage pverall obsenations,of ameasure
of dependencia a2 x 2 contingeng table“centred”atanobsenation.

From the computationaformulait may alsobe seenthat B,, is a rank statistic. Since
thenull hypothesiof independencampliesa groupinvariancepropertyunderthe group
of all n! permutationf the obsenationson X (or, equivalently, on Y), the exact null
distribution canbeenumerated.

Intuitively, it may be seenthat the null distribution of B,, will be the sameasa true
Cramérvon Mises statistic,becausef,, becomesf, f, underH,. Under H,, B,, con-
vergesweaklyto therandomvariable

ZZ 4 2k2 Jk’

j=1k=1

wherethe Z;;, (j,k = 1,...) arei.i.d. standarchormal.
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L Y

Na(i) Na(i)

Figure4.2: lllustrationof anobseration (X;, Y;) implying a2 x 2 contingeny table.

4.3 Smooth GOF-tests

Neyman(1937)introducedthe smoothGOFtest,whichin its original formulationcould
only testsimple null hypothesesd, : F(z) = G(z), for all x € S,. In particular
Neymanarguedthatthe integral transformation alwayscanbe applied. Thereforehe
only constructedhe smoothtestfor testinguniformity. Fromatheoreticalpoint of view,
aninterestingoropertyof Neyman’'s smoothtestis asymptoticallylocally uniformly most
powerful symmetric,unbiasedandof sizea.

Since1937mary changedave beensuggestedo Neyman’s smoothtest. In this section
abrief overview of the moderninterpretatiorof this classof testsis given.

4.3.1 A General Form of Smooth Tests

Theconstructiorof smoothteststhatis givenin this sectionis mainly takenfrom Rayner
andBest(1989).

Theterm“smooth” refersto the characteristi¢hatthe distribution GG, which is specified

in thenull hypothesisandwhichmaydependnanuisancgaramete = (51, ... ,5;),
isimbeddedn afamily Fg of alternatvesFy whichvariessmoothlywith theparameters
01,...,0s. Thedensityof the sth orderalternative is givenby

fs(7:0,B8) = c(8,8) exp (Z Gihi(m,ﬂ)> 9(7; B), (4.17)
=1
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wherec(0, 3) is anormalizationconstantandwhere{/;(.,8)} (i = 1,... ,s) isacom-
pleteorthonormakystem(CONS)of functionsong. Thus,(i,5 =1,... , s)

/S hi(z, B)h; (x, B)g(x, B)dx = by,

whered;; is Kronecler'sdelta. Thelatterconditionof completeorthonormalityhasnotal-
waysbeenimposed.Thefirst contritutionsto smoothtestsfor compositenull hypotheses
(e.gKopecly andPierce, 1979; ThomasandPierce 1979)wereall basecbn moment-like
functionsh;(x) = z* which clearly do not possesshe orthonormalityrestriction. The
mainadwantage®f orthonormalunctionsarethat (1) the asymptotionull distribution of
the teststatisticturnsout to be a simple y2-distribution, whereador the otherfunctions
the null distributionsarefar more complicatedthat (2) the component®ften areeasily
interpretablethat(3) they have a standarchormallimit distribution, andthat(4) they are
asymptoticallyindependent.

Leth(X;B) = (hi(X;0),...,hs(X;08)).

FromEquationd.17it is immediatelyseenthatthe null hypothesids equivalentto
HO :0=0.

Sincethedf of the family of alternativesis explicitly given,likelihoodinferencemay be
applieddirectly. In particulay the scoretestis constructed.Let 3 denotethe maximum
likelihoodestimatorof the nuisancgparamete3. The maximumlik elihoodestimatorof
0 is givenby

whereX: is theestimatorof thevariance-cwariancematrix X of the with 3 replacecby
its maximumlik elihoodestimatorg.

1 dlngl’ dlng -t dlng
Y = E (I — CO\/g |:h, W:| Varg |: (9,8 CO\/g h, (9,8 s
wherel isthe s x s identity matrix. The scorestatisticis however only definedwhens:

is nonsingular In this case,underHy, S, LN Xg,q. For further purposest is more
cornvenientto write theteststatisticas

Sen =U'M U,
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whereM = n3 andU = n'/28.

Onewayto avoid theproblemof M beingsingularis to definea s x p matrix B = B([3),
which dependn 3, andwhich is chosersuchthat B’ M B is nonsingular Moreover,
it is alwayspossibleto constructa B suchthat BPM B = I for any p < s — ¢. Under
theseconditionsthe scorestatistichecomes

SS'TL

| 0'B(BMB) BU
(0 (0)

= V'V,

whereV = B’U. Thusthe scorestatisticsimply reducego a sumof p squareccompo-
nents,

whereV = n~1/2B’S"" | h(X;;8). Furthermore,V is asymptoticallymultivariate
normallydistributedwith asvariance-ceariancematrixthep x p identity matrix, imply-
ing thatthe p componentareasymptoticallyindependent.

By choosinganappropriateB andanappropriatesystemof completeorthonormafunc-
tions,thecomponentsnay have a desirablanterpretationLaterexampleswill begiven.

4.3.2 An Alternative Formulation of the Smooth Test

Someauthorspreferto useanothemparameterizatioof afamily of “smooth” alternatves
to thenull hypothesige.gBarton,1955,1956;Hamdan,1962,1964;KendallandStuart,
1973):

fs(x:0,8) = (1 + Z Oihi(x; ﬁ)) 9(z; B), (4.18)

i=1

whereg, 68 and{h(.; 3)} areasbefore. The null hypothesiss still H, : 8 = 0. This
family of alternatvesdoesnot altertheform of theteststatistic.

Insertingf, in Pearsors functional(Lancaster1969)
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resultsin

or — / (1+0'h(a: 8)) g(a; B)de — 1
Ss

S

= Zof..

j=1

Theparameter® canbe estimatedas(similar asin Eubanket al., 1987)

0;=— h(X;h),
i=1

S|~

Where,é is the maximumlik elihoodestimatorof 3. Theteststatisticbecomes

S
L = 030
j=1

4.3.3 Smooth Tests for the Three GOF Problems

In this sectionthe above theoryis appliedto the threeGOF problemsthat arediscussed
in thisthesis.

One Sample GOF Problem

For the one sampleproblemthe methodsdescribedabove canbe applieddirectly. Two
approachedor testingnormality with unknovn meanand variance(8 = (u,0)’) are
describedriefly next.

Thefirst oneis actuallydueto Lancastef1969). Within thegeneraframewvork of smooth
testsof Section4.3.1the Hermite polynomialsmay be used,after the obsenationsare

standardizeas Z; = % With thesepolynomialsit is seenimmediately
n Zei=1\iT

thaty" | h;(Zi; 8) = 0(j = 1,2)isimpliedby i = X andé = £ 37, (X; — X)”.
An evident choicefor B is thus a matrix with (r, s)th elementequalto 0,2, (v =
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3,...,8v=1,...,5). With this choice,B’M B = I, andtheteststatistichecomes
72
Ss;n = Z V; )
j=3

whereV is definedasbefore. Thefirst componenty, turnsout to bethe classicalthird
momenttestfor testingsymmetry(Gupta,1967).

Thesecondapproachresemblesnoretheoriginalformulationof thesmoothtest. Firstthe
obsenationsaretransformedccordingo 7; = G(X;; ,é). with thischoice theLegendre
polynomialsareappropriate This methodis generain the sensehatit canappliedto all
G. Thisis exactly whatis describedy Eubanket al. (1987).

Finally, we like to mentionthat ThomasandPierce(1979) proposedanothersmoothtest
for thecompositenull hypothesisvhich is basedn a modifiedscorestatistic.It consists
mainly in usingaranks — 1 matrix asan estimatorfor the singularmatrix M —*. This
procedurds very similar to the constructiorof the Rao-Robsorstatistic(Section4.1.4).
Thomasand Pierce(1979) did hover not use orthonormalpolynomials, but ratherthe
moment-like functions.

The k-Sample Problem

Let H(z) = Zle \jFj(z), where); = lim,_.o, 4. Thenthe original k-samplenull
hypothesiss equialentto Hy : Fi(z) = H(x);...; Fy(z) = H(x), forall z € S,
which may be consideredas & null hypothesedd.; : Fj(z) = H(z), forallz € S,
(j =1,...,k). Asin Eubanket al. (1987),eachdistribution f; maybeparameterizeds
in Equation4.18,whereg is replacedwith the df correspondingo the CDF H, andwith
parameter®; = (0;1,...,0;). For eachcorrespondingwull hypothesisH,.; a setof
components

Vi =023 m(H (X)),
=1

is calculatedwhere H = Z;?":l %LFJ ) andwhere{h;} arethe Legendrepolynqmials

(! = 1,....s). The ks components/; canbe combinedinto s components/;? =
k n; Y,

Zj:l TJVJZI

Eubanket al. (1987)shavedthat V; andV; arethe Kruskal-Wallis statisticandthe k-
samplegeneralizatiorof the Mood statistic,respectiely. More generally theteststatistic
is arankstatistic.
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The Independence Problem

We considerhereonly the caseof bivariateindependenceA small changeto the model
in Equatior4.17is neededWhenthe maminal distributions F, and F;, arenormaldistri-
butions,Kallenbeg et al. (1997)proposedo considethealternatves(basednasimilar
family introducedby Koziol (1979))

Jo(e) = -~ @) fy ) exp (Zgjhj (maum> n, <youy)> . @19)
z Oy x y

j=1

wherethepolynomials{’; } aretheHermitepolynomials andwhere(y.,, o,.) and(u,, oy)
arethemeanandthestandardieviationof f, and f,, respectiely. Thecorrespondings-
timatorsaredenoteddy (i, 6,) and(f,, &,). Theresultingscorestatisticis (originally
proposedy Koziol (1979))

e = S (A (S52)n (52)))

Jj=1

= > (v

j=1

Thefirst componenbf S, turnsout to be n timesthe squareof Pearsors correlation
coeficient(Kallenbeget al., 1997).

A more generalmethod consistsin taking first the maginal integral transformations
F,(X)andF,(Y). Thefamily of alternatvesis thensimilarto Equation4.19,

Jul@) = c(6) exp (Z 01y (Fu(2)h, <Fy<y>>) ., (4.20)

(Kallenbeg and Ledwina, 1999) wherethe {h;} are now Legendrepolynomials,and
wherec(0) is anormalizationconstantA furthergeneralizations obtainedby dropping
the restrictionthat the cross-productermsin Equation4.20 are symmetric. Then,the
family of alternatvesbecomes

fs(®) = c(8) exp (Z Zejkhj(Fm(w))hk(Fy(y))) : (4.21)

j=1k=1
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Writing R; andS; denoteherankof X; amongXs, ... , X,,, andof Y; amongyy,... ,Y,,
respectiely, theteststatistichbecomegKallenbeg andLedwina,1999)

s t 1 n Ri*l Si,l 2
e EE (S0 (5 (5

j=1k=1
Now, thefirst componentj, k) = (1, 1) is up to a multiplicative constanthe squareof
Spearmars rank correlationcoeficient. More generallythecomponentss; 4)., maybe
interpretedasestimatorof the gradecorrelationsbetween F;,(X))® and(F,(Y))!. The
componentshatarederivedin thisway areidenticalto thosethatareobtainedoy Eubank

et al. (1987),thoughthelatterarebasedn anotherfamily of alternatves

fo(@) =D Ohi(Fu(x))hi(Fy (),

=0 k=0

with ho(.) = 1. As for the k-sampleproblem,alsothis statisticis a rank statistic.

4.3.4 Data-Driven Smooth Tests

In theintroductionto the smoothtestsit wasmentionedhatNeyman(1937)shavedthat
his smoothtestis asymptoticallylocally uniformly mostpowerful symmetric,unbiased
andof size«. Althoughthis maylook like a desirableproperty thereis however anim-
portantcritique which is of practicalimportance.The optimality propertydoeshowever
only hold whenthetruedistribution F' belongsto thefamily of alternatveswhichis con-
structedn theprevioussectionsMoreover, thetestis only consistentvhen ' belongsto
thespecifiedamily of orders. Only in thelimiting casewhens — oo, thefamily equals
Foo, the setof all properdistributions. Indeed,in this casethe family of alternatvesis
stronglyrelatedto the orthogonakeriesestimatorof thetruedf f. Thislimiting situation
may be of theoreticainterest,but sincein practicethe samplesizen is alwaysfinite, the
maximalorders of thealternatvesis restrictedn somesensey n.

Apart from the problemthat a finite orders may imply that the true distribution is not
capturedoy thefamily, thereis the problemof dilution. E.g. supposehatin the2-sample
problemthe two distributions F; and F»> have the sameform but different means(cfr.
the locationshift problem). Whenthe smoothtestof Section4.3.3would be usedwith
s = 1, thenthistestis equivalentto the Kruskal-Wallis test,which is originally especially
designedfor the location shift problem. Among all GOF testsa high power may be
expectedhere. But, on the otherhand,whens is taken considerablylargerthanl, then
theeffectof thelocationshift becomesdiluted” in theteststatistic.More specifically the
secondcomponents Mood's testfor comparingvarianceswhichin the presenexample
behaesthe sameas underthe 2-samplenull hypothesisand thus doesnot enlage the
teststatisticin probability, but only increasedts variance. Thereforejn this example the
power of the smoothtestwith s > 1 is smallerascomparedo s = 1. In practice,when
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onewantsto apply an omnikus test,one doesnot know a priori in what sensethe true
distribution will deviate from the distribution specifiedin the null hypothesisandthus
theorders of asmoothtestmaybevery hardto be choserappropriatelyandit definitely
holdsa certainrisk w.r.t. the power.

A solutionto the problemof choosinganappropriaterders is givenby Ledwina(1994):
theorders is estimatedrom the data,i.e. the orderis data-drien. In shortthereasoning
is asfollows. Let 7o, denotethefamily of alternatvesof order;. Thentheset

{Fo., Fous--- } (4.22)

may be consideredas a sequencef families. If the true df f belongsto Fe,, thenof

coursealso f € Fo,, k > j. Fromthediscussionn the previous paragraphit is clear
thatin this situationit is bestto chooses = j, i.e. the family with the smallestorder
that containsthe true df f. The problemof choosingthe appropriateorder s may be
consideredasa modelselectionproblemwheres is the dimensionof the model. Since
the families Fo, areby constructionexponentialdistributions,an appropriateselection
ruleis e.g.the BayesiarinformationCriterion (BIC) of Schwartz(1978).Oncetheorder
is estimatedrom the data,saythe order .S is selectedthenthe original smoothtestof

orderS is appliedto thedata.

Originally, the data-driven smoothtestswere exactly basedon Schwartz’ selectionrule
(Ledwina, 1994),which is computationallyincorvenientbecauseahe maximizedlik eli-
hoodsmustbe calculatedor eachcandidatadimensions. Latera modifiedselectiorrule
was proposedKallenbeg and Ledwina, 1997), which is computationallysimpler All
data-drvensmoothteststhataredescribedn the remaindeof this sectionwill be based
onthis modifiedselectiorrule, thoughit will still bereferredto asSchwartzBIC.

In generathe modifiedselectiornrule selectsheorder
S=min{j;1<j<d:Sj,—jln(n) > S, —rin(n),r=1,... .d}, (4.23)

whered is the maximal order considered. (Note: in mostof the literature, the order
S selectedoy the modified selectionrule is denotedby S2.) Sinceon the onehandthe
maximalorderd is restrictedoy thesamplesize,andontheotherhandconsisteng against
essentiallyary alternatve (i.e. omnibus consisteng) is only guaranteedvhend — oo,

the maximalorderis madesamplesizedependensuchthatd = d,, — oo asn — oo in

somesense.

Oncethe order S is selected the test statisticbecomesSs.,, (testin Section4.3.1) or
Ts., (testin Section4.3.2). For all data-drvensmoothteststhathave beendefinedsimi-
larly, the following theoremhasbeenproven(Iinglot et al., 1997;Janic-Wbblewskaand
Ledwina,2000;Kallenbeg andLedwina,1999;Ledwina,1994).

Theorem4.2 Under Hg,

S 25 1andSs., - y3.
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Theimportanceof this propertyis thatthelimiting null distribution doesnotdependn d
andF.

In the following sectiondata-drventestsfor the threeGOF-problemswill bediscussed
briefly.

The One-Sample Problem

The data-drrenNeymansmoothtestfor simplenull hypothesesvasintroducedby Led-
wina (1994),but will not be further discussedhere. From a practicalpoint of view, the
compositenull hypothesids of moreimportance. The data-drven smoothtestfor this
problemwasgivenby Inglot et al. (1997).In Sectiord4.3.3it wasseerthattheestimation
of a g-dimensionahuisanceparameteresultsin alossof at leastq degreesof freedom
in thelimiting chi-squaredlistribution whenthe smoothtestsof RaynerandBest(1989)
areused.Inglot et al. (1997),however, usethe modifiedscoretestof ThomasandPierce
(1979)asthecoreof their smoothtest,which its asymptoticull distribution doesnotde-
pendon the estimationof the nuisanceparametersThis approacthassomeparallelism
with the GQF that eventuallyled to the RR statistic. For this data-drnven smoothtest
Theoremd.2 holds. Furthermoreconsisteng is provenfor essentiallyary alternatve.

Simulationstudiessuggestethatthe corvergenceof thenull distributiontowardsits lim-
iting distribution is ratherslow. In particular the selectionrule doesnot always select
S = 1 under Hy, asis shouldasymptoticallyaccordingto Theorem4.2. Thereforea
second-ordeapproximationis developed(Kallenbeg andLedwina,1995),which gives
agoodapproximatiorfor moderatesamplesizes.

Inglot et al. (1997)reportthattheir data-drivensmoothtestbasedon the Legendrepoly-
nomialshasgoodpower characteristicsWhentestingfor normality, the data-driventest
is even competitive with testswhich are specificallydesignedor testingfor normality;
e.g. the Shapiro-Wik test(ShapiroandWilk, 1965). Also for testingfor exponentiality
thesameconclusiorholdsw.r.t. Gini'stestfor exponentiality(Gail andGastwirth,1975).

The k-Sample Problem

In Section4.3.3a smoothtestfor the k-sampleproblemwasdescribed Eubanket al.,

1987).Until today to ourknowledge thereis no data-drvenversionof thistestavailable
for k > 2. For k = 2, on the other hand, recently Janic-Wbblewska and Ledwina
(2000) proposeda data-driven rank statistic. Their statisticis exactly the data-drven

version,basedon the modified Schwartz selectionrule, of the k-samplesmoothstatistic
of Eubanket al. (1987) (Legendrepolynomials). Theorem4.2 is proven aswell, and

a second-ordeapproximatiorof the asymptoticnull distribution is obtainedin a similar

way asin KallenbegandLedwina(1995),resultingin agoodapproximatiorfor moderate
samplesizes.

Supposéhatthe samplessizesof thetwo samplesaren; andns, with n; < njy, then,if
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1/9
ny — oo asn — oo andd,, = o (111?;1)) ),thentheirdata—dri/entestis consistent

againstessentiallyary alternatve.

Janic-WbblenskaandLedwina(2000)comparedheir testin a simulationstudy(n; =
nz = 50) with someothertestsfor the 2-sampleproblem(amongwhich the Wilcoxon’s
rank sum test (Wilcoxon, 1945) and Neuhaus’omnikus test (Neuhaus,1987)). They
concludedhattheirtesthasoverallgoodpower, alsounderalternatveswherelinearrank
testscompletelybreakdown.

The Independence Problem

The data-drvenrank testfor the independenceroblemis a straightforward application
of the generaimethodologypresentedn the previous sections.Only for the asymmetric
family (Equation4.21)a small adaptatioris needed.The two testsarediscussedriefly
here. Both testsarebasedon the smoothtestsdescribedn Section4.3.3with Legendre
polynomials.

First, for thesymmetricfamily of alternatves(Equation4.20)the modifiedselectiormay
beappliedexactly asexplainedabove. Thistestis referredto asthe TS2test(“T” referring
to theteststatistic,and“S2” to the modifiedselectiorrule).

Whenthe asymmetridamily is adoptedthe sequencef familiesof Equation4.22 must
be indexed by two indices: onereferringto the order of the Legendrepolynomialsfor
the X variable andthe otherreferringto the orderof the polynomialsfor theY” variable.
Thus,

{f@117f9127~7:@217f@225"'}7

whereFg_, is thefamily of alternatvesgivenin Equatiord.21(s,t = 1,...). Theorder
is now given by the pair (s, t), but the dimensionof the correspondingnodelis still a
scalar s + ¢, i.e. thetotal numberof parameters.Again the maximal order (d,,, d,)
depend®nn. Theselectionrule now becomes

(5,7) = min{1 <s,t<dn,Ssem— (s +1)In(n) > S ) — (i +7)In(n);
i j=1,...,dn}.

Theteststatisticis S(s 7)., Thetestwill bereferredto astheV test.

Kallenbeg andLedwina(1999)have provena slightly adaptedversionof Theorend.2,

in the sensethatnow under Hy, (S,7) - (1,1), andconsequenthysS g 1y, ,, 4, X3
whenever d,, corvergesappropriatelyto infinity. A simulationstudy revealedthat the
corvergenceis againratherslon. Therefore,a second-ordeapproximationusing the
argumentsof Kallenbeg and Ledwina (1995)was obtained,resultingin good approxi-
mations.Undercertainrestrictionson the corvergencerateof d,,, bothtestswereproven
to be consistenfagainstessentiallyarny alternatve. In an extensve simulationstudythe
TS2 andthe V testwere comparedo someothertestsfor independencéamongthem
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Hoeffding’s test(Blum et al., 1961;Hoeffding, 1948)). They usedd,, = 10 for n = 50

with the TS2test,andd,, = 2 for n = 50 with theV test. Theirgenerakonclusions that
both testsperformedwell for a wide rangeof alternatves. In particularthe data-drven
testsdid never shav a completebreakdown of the power, whereaghe othertestsdid for

at leastsomeof the alternatvesconsidered.Under alternatveswith lacking symmetry
theV testsgave betterresultsthanthe TS2test.

Some Final Remarks on Data-Driven Smooth Tests

One practicalproblemseemsstill to remainfor finite samplesizes: the choiceof d,,.
Though,e.g.Janic-WbblevskaandLedwina(2000)investigatedhe effect of thechoice
of d,, onthe power for moderatesamplesizesin a simulationstudies,andit turnedout
that for the alternatvesthat they consideredthe power remainedvery stableeven for
smallchoicesfor d,,.

Ontheotherhandit is expectedhatthepower of thedata-drizentestsmaybesmallwhen
d,, is chosentoo small whenone aimsto detect“high-frequeny” departuresrom the
null hypothesigwith “high-frequeng” it is meantthatonly the coeficientsof the higher
orderpolynomialsdiffer substantiallyfrom zero). A possiblesolutionto this problemis
to constructanalternatve sequencef exponentialfamiliesascomparedo the sequence
givenin Equatiord.22.E.g. sth orderalternatvesmaybeconstructeésa subfamily of a
tth (¢ > s) orderfamily Fo, with thet — s first coeficientsputto zero. A critiqueto this
approachs thatthe usermustspecifythe sequencéeforehandyhereagypically when
facingaomnibusproblemthe userdoesnot have aclueaboutthe true distribution.

4.4 A Link between Smooth Tests and the Ander son-
Darling Statistics

Durbin andKnott (1972)shaved aninterestingrelationbetweenstatisticsof the Craner
- von Misestype andthe smoothtests. In particularthey shaved thatthe A,, statistic
(Sectiond.2.4)for the one-samplgroblemfor simplenull hypothesismaybewrittenin
analternatve form

where

Zos == () imam»,

where{ P; } aretheLegendrepolynomialson L,[0, 1]. Thus,the A,, statisticmaynow be
seenasaweightedNeyman's smoothstatisticof infinite order, which is with the present
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notationS.;, = ZJ Thewelghts TG0 aresuchthatthe higherthe order of

theterm,theIowerthewelght|s
A similar propertyof the AD statisticin the compositenull hypothesicaseis studiedby
Durbin, Knott and Taylor (1975).

Forthe2-sampleAD statistic,Pettit(1976)gaveasimilarexpansiorof the A,,, ,,, statistic,

me T 2\ GG+ )

where

By —— <2j+1) ZP (n+1 )Z“

wherethe Z; (i = 1,...,n) areindicatorfunctions,beingonewhenthe ith obsena-
tion belongsto the 1stsample.Thus,the B; arejustlinearrank statistics.Furthermore,

ng
spectvely. Again the statisticmay be interpretedas a weightedsmoothtestfor the 2-
sampleproblem(Sectior4.3.3).

1/2 1/2 , i -
”—“) B; and (”*1 B, arethe standardizedilcoxon and Mood statistic,re-



CHAPTERS

The SampleSpacePartition Test
for Goodness-of-Fit

Thefirst type of SampleSpacePartition testthatis proposedn this work is specifically
constructedor the one-samplesOF problem. The directeddivergenceswhich arein-

troducedin Section5.1), however, will alsobe neededn the subsequenthapters.in

Sections.2and5.3thetestsaredevelopedfor the simpleandthecompositenull hypoth-
esis,respectrely. A generalizatioris givenin Section5.4. In Section5.5 a data-drven
testis constructedandfinally, in Section5.6 anextensionto multivariateobsenationsis
discussed.

Firstwe repeathe assumptionshatweregivenin Chapter3.

Assumption (Al).
The CDF of X is differentiable and the correspondingdf is stictly positive over the
samplespace

Assumption (A2).
Thedistributions F' and G are definedon the samesamplespaces.

Later AssumptionA2 will beloosenedSection5.1.2).

67
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5.1 Directed Divergence

In Section4.2.2a broadclassof EDF GOF testswasfitted into a framewvork which is
essentiallycharacterizethy ameasure for the discrepang betweerthetruedistribution
F, estimatecby F},, andthe hypothesizediistribution G. This measuremustnot neces-
sarily beametric,nor mustit evenbesymmetricin its alguments Oneinterestingchoice
for § is afunctionalbasedn adirectedinformationdivergence In Sectiond.1.5arelated
family of power divergencestatisticswas discussed.Thesedivergenceshowever, were
originally definedfor discretedistributions(CressieandRead,1984). In this sectionwe
will shav how this family of divergencesanbe usedfor the GOF settingfor continuous
variablesgventuallyleadingto a new statisticaltestfor GOF

5.1.1 Directed Divergence for Contin uous Distrib utions

Although mostof the discussiorin CressieandRead(1984)is aboutthe divergencefor
discretedistributions,they give briefly anindicationon how a continuousanaloguecould
be constructedHere,however, we preferto follow anothedine of thinking in whichthe
divergencebetweercontinuoudistributionsis definedstartingfrom the definition of the
divergencebetweendiscretedistributions. To make the link betweenboth more direct
we will statetheresultsfor the latter divergencefor discretizedcontinuoudistributions,
which, asin Section4.1.4,imply multinomialdistributions.

Let
[A] = {A1,..., A}

denotea partition of size c of the samplespaceS. As before,F' andG denotethe true
andthe postulateddistribution function of X, respectrely, for which AssumptionsAl
andA2 aresupposedo hold. Then,the fixed samplespacepartition (SSP)[A] implies
on both F' and G a multinomial distribution with probabilitiesPy [4;] = fAi dF and
P, [A;] = fAi dG (i =1,...,c), respectiely. Thisisillustratedin Figure5.1.

Definition 5.1 Thedirecteddivergenceof order A € R betweenF and GG, basedon the
sizec SSP[A] = {A., ..., A.} forwhichforalli = 1,... ,c: Py [4;] # 0, isdefinedas

SR Pr A\
MEF;G[A]) = ——— ) P[4, ) -1, 5.1
(F5GIIAD = 55y 2P| J[(PQ[M) ] (5.1)
wheethefunctionat A = 0, —1 is definedby continuity

This definitionis a straightforvardadaptatiorof thedefinitionof thedivergencebetween
two discrete(multinomial) distributions(CressieandRead,1984). Sometimesfor short,
thisdivergencewill bereferredto asthe discretedivergence
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Figure5.1: A partition[A] = {A1, A2, A3} of asamplespaceof aunivariatevariable andthe probabilities
w.r.t. thetrue (f) andthe postulatedg) distributions.

The conditionthat P, [A] # 0 for all A € [A] is assuredoy AssumptionAl that g is
strictly possitveon S.

A few importantnotesareherein place.

1. First,for A = 0 thedirecteddivergencebecomes

O(F; G| A]) pr[A [[ }

whichis aconstanmultiple of Kullback’'sinformationdivergencg Kullback,1959).
Anotherinterestingspecialmemberof thefamily is givenfor A = 1,

i (raa) = 53 Prm el

i=1
whichis clearlya Pearson-lik functional.

2. A secondmportantremarkis concerningthe asymmetryof the divergencein its
argumentsyhich makesthe divergencedefinitelynotametric. Only for A = 1 the
divergencebecomes metric,whichis known astheHellingeror Matusitadistance.

Cressieand Read(1984) shaved that I* (F'; G||[A]) is indeeda true information mea-
sureaccordingto the criteria of RathieandKannappar(1972). They alsoshavedthatit
satisfiessomeimportantproperties,of which the mostimportantto the presentext are
summarizedn thefollowing Corollary.
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Corollary 5.1 (CressieandRead,1984)

e Thedirecteddivergencebasedon SSP{A] is non-negatie, i.e. I (F; G|[[A]) > 0,
with equalityif andonlyif Py [A;] = P, [4;],i=1,... ,c

e Thedirecteddivergencebasedon SSP[A] satisfiesa mild symmetry condition
implying that the divergenceis unchangedif the ¢ partition elementsare takenin
anydifferentorder.

e Thedirecteddivergencebasedon SSP[A] satisfieshe following grouping prop-
erty: for any partition [A] = {44,..., A.} andanyderivedsizec — 1 partition
[B] = {A1,...,Ac 1 UAL, 1M (F;G||[B)]) < 1" (F; G||[4]), i.e. thedivergence
cannotincreaseif any classesare grouped. Thepartition [A] is sometimesalled
a refinementf partition [B], andthis propertyis also knownas the Refinement
Lemma (Whittaler, 1990).

Thedirecteddivergencebetweertwo continuoudistributionsis now defined.

Definition 5.2 Thedirecteddivergenceof order A € R between¥' andG is definedas

1N (F;G) = sup I (F; G|[A]), (5.2)
[A]
whele the suplemumis takenover all possiblesamplespacepartitionsof S.

This divergencewill sometimedereferredto asthe continuoudivergence
Theexistanceof the supremunfollows from theextendedDobrushintheorem(cfr. Whit-
taker, 1990),which stateghat

> (p __ 1 F@N | iade
sup (761D = 5y Kg(w)) 1] fle)dz.  (6.3)

Theright handsideof Equation5.3maybetakenasthepracticaldefinitionof thedirected
divergenceof order), I (F; G). Intuitively, Equation5.3 maybeunderstoodsfollows:
from the Refinement.emma(Corollary5.1)it is known thatthe directeddivergencein-
creasessthe partition becomesnorerefined. Thus,the supremuntanbe obtainedby
taking thelimit for infinitesimalsmall partition elementswhich eventuallyleadsto the
integral.

Defining the divergencebetweencontinuousdistributions as above, hasin generaltwo
importantadwantages.

e Thefirstimportantadvantages thattheoriginal definition,which actuallysaysthat
thedivergencebetweercontinuoudistributionsis a specialcase(limiting case)of
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thedivergencebetweerdiscretedistributions,directlyimpliesthatall propertiedor
the discretedivergencearestill valid for the continuousdivergence.More specifi-
cally, thefirst partof Corollary 5.1 still applies but cannow beformulatedas

Corollary 5.2 Thedirecteddivergenceis non-negatie, i.e. I* (F;G) > 0 with
equalityif andonlyif f(z) = g(x)forall z € S.

e Finally, sincethe continuousdivergenceis accordingto its definition a discrete
divergencew.r.t the mostextremerefinedpartition, the Refinement_emmanow
impliesimmediatelythefollowing corollary.

Corollary 5.3 For all partitions[A] of anysizec > 1,

I (FGJ|[A]) < 1 (F3G)

5.1.2 Directed Divergence Based on SSP in the GOF Setting

Corollary 5.2 actually saysthat the continuousdivergencebetweenF' andG is zeroif
andonly if the GOF null hypothesids true, otherwisethe divergenceis positve. And
Corollary 5.3 stateghat the continuousdivergenceis at leastaslarge asthe divergence
basednaSSPThus,for someapriori specified), it is sufficientto find only onepartition
[A] for whichI* (F; G||[A]) > 0 to concludethatG is not thetruedistribution of X. We
summarizethis straightforward resultin a Corollary for it is a centralargumentin the
constructiorof the proposedstatisticaltestin thisthesis.

Corollary 5.4 If, for some)\, there exists a SSP[A] of any sizec > 1 for which
I* (F;G||[A]) > 0, thenG and F are different.

In the previoussectionis wasassumedhatboth f andg aredefinedonacommonsample
space(AssumptionA2) on which they both arestrictly positve (AssumptionAl). This
assumptiorwasan importantelementto guaranteehat the discreteandthe continuous
divergencesxist (division by zerowasavoided). A few commentn this assumptionn
the GOF settingmaybein placehere.

¢ Thediscreteandthe continuouglivergenceareoftenseenasexpectationsw.r.t. Py
and f, respectrely. Obviously, the summationandintegrationin their definitions
areover the partition elementsof the samplespaceof f, andthe samplespaceof
f, respectiely. In atypical GOF setting,however, onedoesnot know a priori the
truedistribution f, and,therefore pnealsooftendoesnot know exactly thesample
spaceon which f is defined. Thisis clearly a problem. The distribution g, on the
otherhand,is completelyspecified(or at leastup to someestimableparameters),
andits samplespaces known aswell.
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e Supposé¢hatthesamplespacef is asubsebf thesamplespacef ¢, thenl” (F; G)
would remainunchangedf theintegral is calculatedover the samplespaceof g,
andalsol* (F; G||[A]) would remainunchangedy constructinghe partition [A]
onthelargersamplespace (For A = 0, thisis guaranteedy defining0In0 = 0 as
in Whittaker (1990).)

e Supposehatit would be allowedthatg is zeroon somesubsebf the samplespace
where f is strictly positive. Then!* (F;G) = +oo and SSPs[A] may be con-
structedfor which 1* (F; G||[A]) = +oo aswell. Theinfinitely largevaluesof the
divergencenly reflects(correcly)thefactthatthe samplespacesio not coincide
andthatthereforethe distributions f andg aredefinitely different. Thus,from the
point of view of the GOF problem this situationhasa clearinterpretation.

Althoughthelastremarkdoesnot seento introduceary problemsin a GOF setting,we
will notallow this situationsinceit will invalidatethesampledistributionsof thestatistics
thatareconstructedn the next sections.Thesituationdescribedn thesecondemark,on
the otherhand,will notchangetheresultsthataregivenin the next sections.Therefore,
in the remainderof this chapterwe will loosenthe assumptioron the commonsample
space:

Assumption (A2b).
Thesamplespaceon which F' is definedmustbe equalto the samplespaceon which G
is definedor at leastit mustbea subsebf thelatter.

In the remainderof this chapterthe samplespaceS refersto the extendedsamplespace
onwhich g is defined.

5.1.3 The Power Divergence Statistics

Themajorreasorwhy theinformationdivergencesasformulatedin theprevioussection,
cannotbe useddirectly in practiceis of coursethatthey generallycannotbe calculated,
becausehetruedistribution F' is notknown, otherwisethe GOF-problemwvould not exist
in thefirst place. Moreover, in the caseof a compositeGOF null hypothesisthe exact
membeliGy, is notknown. Thereforea sample-analogue boththediscreteandthecon-
tinuousdivergencecanbelookedfor asthe correspondingstimatoywhich subsequently
might be usedasateststatistic,takingthe samplingvariability into account.

Themoststraightfornardsolutionis to replacethe unknavn distributions F' andd (if the
null hypothesids composite)by their correspondingestimators.As an estimatorof F

we proposeto usethe empiricaldistribution function (EDF) F' = F},, which wasalready
introducedin Section4.2.1 asa consistenestimatorof F. When Gy belongsto some
parametridamily, thereis alsoneedfor an estimator As frequentlyusedin Chapter3,

this estimatoris givenby G = Gy, wheref denotessomeconsistenestimatorof 6.

Thedivergenceswhich aredefinedin Section5.1, arebasicallyreal-valuedfunctionsof
distributions. Suchfunctionsareoften calledfunctionals By replacingthe distributions
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by their estimatorsas describedn the previous paragrapha so-calledplug-in estima-
tor is obtained. In this way the functionalwith estimatorsplugged-infor the unknavn
distributionsbecomes function of the sample andthusit becomes statistic.

Discrete Divergence

The statisticbasedon the discretedirecteddivergencewasthe main topic of the Cressie
andRead(1984) paper Thesestatisticsweretreatedin detailin Section4.1.5;we will
only repeatthe mainresultshere,appliedto the grouped(by meansof SSP)continuous
datasetting.

Definition 5.3 Thepowerdivemgencestatisticof order A € R betweenF' and GG, based
onthesizec SSP[A] is definedas
N A
(Pf [Az']) a0
Pg [Ai] /

whee P [4;] = n~1#(A;NS,), andP, [A;] = P, [A,] for asimplenull hypothesigind
Py [A] = Py, [Ai] for a compositenull hypothesis.

(PG = 3555 Z

Notethati” (F; G||[A]) couldjustaswell bewritten asl* (Fn; Gyl [A]) . Notealsothat

by AssumptionsAl andA2b theestimategrobabilitiesP, [4;] (i = 1,... ,c) arealways
greaterthanzero.

It is shawn thatfor all \, conditionalof [ A],
2nl” (F; G|[A]) — 20l (F; G]|[A]) 2o,
which is Pearsors y2-statistic.Furthey underasimple Hy, for all ),

2l (F; GI|[A]) % X2,

For acompositenull hypothesisandp-vectorparameted replacedy its BAN-estimator
0 basedon the groupeddata(seeSection4.1.3for moredetailson BAN-estimators)the
asymptoticnull distributionis givenas

20l (F;G[A]) - %%, .

In the beginning of this chapterwe suggestedhat a statisticbasedon an information
divergencemay be a goodchoicefor the measured within Romanos framewvork. One
suchpossibilityis the discretepower divergencestatistic.
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Contin uous Divergence

Also in the continuousdirecteddivergencel* (F; G) the unknawn distributions canbe
replacedy estimatorsresultingin adivergencestatistic. Whenthedistributionsarecon-
tinuous,thenthe useof the plug-in estimatorseemshe mostnaturalchoiceto usein a
GOFtestbasedon the informationdivergence.Indeedthe useof the discretepower di-
vergencestatisticsdescribecabove only seemsa generalizatiorof the Pearsony 2-testfor
groupeddatafor whichin Sectiond.1.4it wasexplainedthatthisis definitelynotanopti-
mal choice.An importantdifferencebetweerthe continuousandthe discretedivergence
statisticis that for the continuouscasenot the CDF F', which is basicallya probabil-
ity, mustbe replacedby its estimatoy but ratherthat the density f must be replaced.
A good choiceis a kernelestimatorfhm with bandwidthh. In the casel = 1 (Pear
son’s functional) Bickel and Rosenblati(1973) shoved that sucha divergencestatistic
hasan asymptoticnormalnull distribution. More recently similar statistics(Rosenblatt
andWahlen,1992;Zheng,1997)werestudiedin the context of testingindependencee-
tweentwo continuousandomvariables.The major problemwith this approachs thatit
necessaril\bringsthe problemof bandwidthselectionalong; seee.g. Hall (1987)for a
detaileddiscussionWe will not continuein thisline.

At this point it may be interestingto remarkthat smoothtestsmay alsobe constructed
from Pearsors functional (Eubanket al., 1987). In Section4.3.2it was shavn that

the correspondingmoothstatisticis obtainedby substitutingf with an s-dimensional
exponentiaffamily. In this way the densitiesnustnot be estimatedoy meansof a kernel

densityestimatoy but ratherby replacingthe s parameterdy their maximumlik elihood

estimators.Omnikus consisteng is however lost, but may be obtainedagainby making

thetestdata-drven,andallowing s to grow unboundedlywith n asn — co.

5.2 The SSP Test: Simple Null Hypothesis

In this sectiona new SSP-baseGOFtestis constructedor the easiestase:the simple
null hypothesisH, : F(z) = G(z) for all z € S, whereG is thusa uniquelyspecified
CDF, andwherez is univariate.Further we will restrictthe power divergencego A = 1,
i.e. the Pearson-typelivergence which will bereferredto asthe (discrete) Pearsondi-
vemgence The correspondingtatisticis the (discrete)Pearsordivergencestatistic,or the
traditionalPearsorstatistic.Laterthe A-restrictionwill be droppedandthetestproposed
in this sectionwill begeneralized.

First,in Section5.2.1,anappropriate)-measures proposedIts plug-in estimatorwhich

will beusedto constructheteststatistic,is presentedh Section5.2.2. Thenext sectionis

devotedto adiscussiorontheteststatisticandits limiting null distribution, followedby a
studyaboutapproximatiormethodsfor boththe asymptoticandthe exact (finite sample)
null distribution. We endwith a small simulationstudyto showv the new testits power
characteristics.
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5.2.1 The Averaged Pearson Divergence

Startingfrom Corollary5.4onecouldthink of a GOFtestby constructingsomealgorithm
to searcha SSP[A] for which

I (F; G||[A]) > o. (5.4)

For eachSSP| A] theinequalitycanbeassesseby meanf astatistical-level testbased

on the Pearsorstatistic2ni (F; GJ|[A]). Oncesucha SSPis found, by Corollary 5.4 it
is concludedhatthe null hypothesiss rejected.This approactintroduceshowever some
difficulties. Sincethedecisionruleis basedn performingseveraltests this methodology
clearly introducesmultiplicity. Hence,the overall probability of makinga type | error
will belargerthana. Furthermorejn generalthe partitionsfor which Equation5.4 is
to be assessediill leadto Pearsortest statisticsthat may be dependentywhich makes
a correctionfor multiplicity possiblyratherdifficult (seee.g. Hsu, 1996). We want to
note here,however, that this point of criticism doesnot meanthat sucha methodis not
feasible butin thisthesiswe will notcontinuein thatline.

Oneway to overcomethe multiple testingproblemis of courseto constructa test(deci-
sion rule) which is basedon only a singleteststatistic. This teststatisticwill againbe
an estimatorof somemeasurdor the deviation from the null hypothesisput now this
measuravill combinetheinformationagainsthe null hypothesismongarepresentative
setof SSPs.In the remainderof this sectionthis measurds introduced,but first some
definitionsaregiven.

Definition 5.4 ConsiderP, , C S,, whee ¢ = #7P, . Then,a partition construc-
tion rule is an algorithm that uniquelydeterminesa SSP[A] as a functionof P ,, i.e.
[A](Pq,n). Further, definelP, ,, asthesetof all ¢g-sizedsubsample®, ,,, and A, ,, asthe
setof all correspondingSSPsThen,P, ,, is a partition determining subsampleset

Definition 5.4 senesasthe generaldefinition, andit allows for differenttypesof par
titions. In the presentchapter however, X is supposedo be univariate,suchthat it
is straightforvard to find a simple and appropriateconstructionrule and a correspond-
ing partition determiningsubsampleset. The following partition constructiorrule is the
onethatis usedin the remainderof this chapter The sampleS,, may be written as
Sn = {Xq),.-- X}, Wwhere X ;) denoteghe ith orderstatistic. Let b, andb,, denote
the lower andupperboundof the samplespaceS, respectiely.

Definition 5.5 Thepartition construction rule of a c-sizedSSPof the samplespaceS
of a univariaterv determinegartitions of theform

[A] = {]bl, X(“)] N Sa]X(il): X(zz)] ns,.. ']X(ic—1)7 bu] N S}, (55)

foranyl <i; <is <...<ic—1 <n.
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Hence Py = { Xy, .-+ » X} g = c— 1,andP._, ,, isthesetof all suchP.._1 .
Notethat#P. 1, = (.",). Also, for short,[A]p = [A](Py,n), and A = A, will be
used.Furthera, , = #A = #P._1 ». Let Sp denotethe samplespaceof P = P._1 »,
i.e.Sp ={(z1,...,2c_1) €S : foralli # j(i,j=1,... ,c—1),x; # z;}.

Considerary randompartition [A]», where? € P._, ,. Thenalsothe discretediver
gencd’ (F; G||[A]p) is arandomvariable whosedistributionis determinedy 7, which
in turnis determinedoy the distribution F' of its ¢ — 1 componentsAveragingthesedi-
vergencedoverall SSPdan A givesthe new measurgroposechere.

Definition 5.6 TheaveragedPearsondivergenceis definedas

A(F;G) =E; [IM(F; G|[A)(Pe=1,0))] - (5.6)

ThismeasureA . (F'; G) is of courseonly usefulif it measureshedeviationof ' from G
in somesenseThisis shaovn in thefollowing lemma.

Lemma5.1 Forall ¢ > 1
A(F;G) =0« Hyistrue
Proof. If Hy is true,then,following Corollary 5.1, for all [A] I* (F; G||[A]) = 0, and
henceA.(F;G) = 0.
If A(F;G)=0,i.e.

L (P AP) Py [A(P)) _
D e LA

whereFp,_, (P) = [[;Z, F(:). Then,
Ps [Ai(P)] = Py [As(P)] (5.7)

almosteverywhere.SincePy [.] andP, [.] aredifferencesf the form F(b) — F'(a) and
G(b)—G(a), respectiely, Equation5s.7is equivalentto F'(z) = G(x) almosteverywhere.
By thecontinuityof F' andG thismeanshat F'(z) = G(z) forallz € S. O

Thus,A.(F; G) seemsa valid choicefor the §-measure.In the next sectionits plug-in
estimatoiis discussedlt will beusedlaterto constructheteststatistic.
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5.2.2 The Averaged Pearson Divergence Statistic

Sincein Section5.1.3an estimatorof I' (F; G||[A]) wasgiven, andsinceA,.(F; G) is
only anexpectationof suchdivergencesanestimatorfor A.(F'; ) is easilyfoundas

A(F;G) = A(F;G)
Ex I (F;Gl[41p)]

/; i' (F; G||[Alp) dEw(P),

|

|

whereFr(P) is furthersimplified by theassumptiorthatall ¢ — 1 obsenationsin P are
i.i.d., but arerestrictedto bedifferent. Thus,

/ / L7£IJJ75] 1,..,c—1) (F: G4 ]._.[dF zi|h;)
B (n) > TFEaAp), 59

—V PePe i n

A(F;G)

|

whereh; = (z1,... ,z;-1) (h1 = 0), andwhereP = {z1,... ,2.—1} C S. A will be
referredto asthe Averaged PearsonDivergenceStatistic or simply the Averaged Pearson
Statistic

5.2.3 The Test Statistic and its Asymptotic Null Distrib ution

As ateststatisticwe propose
Tep = 20A(F;G) = 2nE; |I* (P GI|[A(Pe 1) | - (5.9)

An importantresultfor the constructiorof the statisticaltestis thelimiting null distribu-
tion of theteststatistic. Firsta specialcase(c = 2) is considerednext the generalresult
is given.

Special Case: ¢ =2

If ¢ = 2, thenthepartitiondeterminingsubsamplesetP, ., is justthesampleS,,, andthe
setsP{m may be replacedby the correspondingbsenationsX; (i = 1,... ,n). Thus,
the partitions[A](P},,,) maybereplacedby [A](X;) or simply [4];. For agivensample
a1, = n suchpartitionscanbe constructed.EachSSP[A]; consistsof two elements,
denotedby A;; =]b;, X;] and Az =] X, by].
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Theteststatisticis thengivenby
Ty = 20|t Xn:il (F; G||[A])
2n = n n v ’ 7

— o ll il ((ﬁ)f [Ai] — Py [Air])® n (Ps [Aiz] — Pg][Ai2])2>]

Pg [Ail] Pg [An

n L G(X)) 1— G(X,)
L (P(X) — G(X0))?
T MGG, (5.10)

It is interestingto note herethat there exists a very relatedstatistic. Supposethat in
Section5.2.1the AveragePearsorDivergencewould have beendefinedas

AC,a(FiG) = Eg [Il (F§ G”[A](Pcfl,n))} s
i.e. the expectationis w.r.t. the hypothesisedlistribution G underHy insteadof thetrue
distribution £. Then,thecorrespondingtatistic2nA. , would have been
A o(F; G) = 200, 4(F; G) = 2n / i (P GllAlp) dGp(P).  (5.11)
Sp

For the specialcasec = 2 theteststatistichAz,a basedon this alternatve definition
reducego

_ [ @) = G@)?
o [ G

which is identical to the Anderson-Darling(AD) test statistic (Andersonand Darling,

1952)which wasdiscussedn Section4.2.4. Thenull distribution of 75 ,, mayreadilybe

foundby proving thatunderH, it is asymptoticallyequialentto A,,, for which Anderson
andDarling (1952)presentedhe asymptoticnull distribution.

Theorem 5.1 UnderthesimpleGOF null hypothesisfor ¢ = 2,

d > 1 2
Ton -7
2 2S5

Jj=1

wheethe Z7 arei.i.d. x3-variates.

Proof.  Without loss of generallitywe will supposehat G is the CDF of a uniform
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distributionon [0, 1] (i.e. theintegral probability transformatioris applied).Let U, (t) =
Vn(F,(t) — t). Theteststatisticmaynow bewritten as(McCabeand Tremayne 1993;
ShorackandWellner, 1986,cfr. Ito stochastidntegral)

_ [P U e
Ty — /0 T dF ). (5.12)

The proof consistsn shaving thatthis stochastidéntegral convergesin distribution to

1 772
[y,
o t(1-1)
whereU (t) is aBrownianbridge. Thedistribution of A is exactly thelimiting null distri-
bution of the Anderson-Darlingstatistic(AndersorandDarling, 1952).

We provide herea sketch of the proof alongthe sameline ase.g. Pettit (1976),Scholz
andStepheng1987).For processe (t) andY (¢), let

|IX =Yl = sup |X(t) —Y(t)]
0<t<1

denotethe supremunmetric.

Accordingto the Pyke-Shorackheorem(Shorack2000,Theoreml0.1),|| \’/J% || 2
Up ()

0. Also || F, — t|| 2 0. Since;3— andF, (¢) areindependenthy Donsler'stheorem
andthe ContinuousMappingTheoremforany 0 < § < 1,

U p e, [0 U
A L U A e

(thisis the"central” portion of theintegral in Equation5.12). The proofis completedf
we canshaw thattheremaindeof theintegralin Equation5.12is negligible. Asin Scholz
and Stepheng1987)this may be accomplishedy invoking Theorem4.2 of Billingsley
(1968)andMarkov’sinequality O

In Sectiord.2.4it wasmentionedhatthe AD statisticbelonggo themorewidely defined
family

n /S (F‘(x) fG(x)>2\II(G(x))dG(x), (5.13)

which is known asthe Anderson-Darlingamily. We shov now thatthe 15 ,, statisticis
alsoamemberof this family.

Lemma 5.2 ThestatisticT ,, is a statisticof the Andeson-DarlingFamily.

Proof. First notethat 75 ,, hasasymptoticallythe samedistribution as (cfr. proof of
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Theorem5.1)

on /S i (P G[A](2)) dF (2).

ThestatisticTs ,, hasthesamdimiting distribution as

which is a statisticof the Anderson-Darlingamily with ¥(G(z)) = % m

O

Fromthe Anderson-Darlingveightfunctionthatis associateavith the 75 ,, statistic,one
may getsomeinsightin the behaiour of the statistic.In comparisonsnadebetweerthe
AD (¥(G(x)) = m andthe Crarrér - von Misesstatistic(¥ = 1) it is often
arguedthatthe AD statisticis moresensitve to deviationsin detail of the distribution G

for its weightfunctionis large in the tails. For the T, statisticthis argumentremains
valid; two new featurescometo it. First, in thetails g(x) is smallaswell, resultingin

an additionalincreasen the weight function. Second the weight functionis corrected
by afactor f (), beinglargein regionswheremary obsenationsareexpectedandsmall
in regionswhereonly a few obsenationsare expected. In particular the latter region

correspondso thetails of thetruedistribution. Thus,globally, % sernesasacorrection
factor upweighingin regionsof S wheremore”information” is expectedunder F' than
underG.

General Case

Theasymptoticnull distribution for generake > 1 is morecomplicatedhanin thec = 2
caseandwill bestatechereonly asapropositionwith anheuristicproof. In alatersection
it will beempiricallyshavn thatnull distribution of T, ,, indeedseemsdo corvergeto the
distribution thatis proposecere.

Beforewe give the Proposition first the teststatistic. ,, is written hereexplicetly in its
computationaform. The elementsof the partition [A](P) aredenotedby A;(P) (i =
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1,...,¢) (cfr. Equation5.5).

T = 2 Y 1 (FGAlR)
(0*1) PEPe—1,n
n <. (Pr AP - Py [4PY))’
EREAPR P> Py [4:(P)]

(cfl) PEP._1,, i=1

+

) - (-atxe )
(1-G(X(i.1))

Proposition5.1 For anyc > 1, underthe simpleGOF null hypothesis,

P 1
Tc,n B Z ZJ27
Jj=1

JG+1)
wheethe 77 arei.i.d. x;_, variates.

Heuristic Proof.  The reasonings basedon completeinduction. First, supposehe
propositionholdsfor T,._; ,, (c — 1 > 1), thenit will beshowvn thatit alsoholdsfor T ,,.

Any c-sizedpartitioncanbewritten as(cfr. Equation5.5)
[Alp = [AT P U{]z 1), bul},

where[AS 1] is a(c—1)-sizedpartitionof thesubspace&* =|b;, z;_ )| (seeFigure
5.2),andtheindicesof = areasbefore(Equation5.5). Let np bethe numberof obser
vationsin [A$71]p N S,,. For ary partition [A]» anotherassociategartition [A?]p is
definedas

[AZ]P = {A?,A%} = {]blax(icfﬂ}v}x(icfﬂvbu}}:

whichis a 2-sizedpartitionof S (seeFigure5.2). Accordingto Lancastes partitioning
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rule (Lancaster1969)theteststatistichasthe sameimiting distribution as

LY (ol (FGA%R) + 20l (R Gull42 1))

ne—
PEPc—1,n

wherei’ (F; G|I[AS]p) is only definedoverS¢—* € S, i.e.

2
Prldi]l  PylAd]
Prlss™']  PglssT]

-1 _ 1
D (FGAT ) = 5 BT
Ai€[AST P Py[S5™]
[AS P
[A]p A]_ A2 o0 o Acfl Ac
T(i1) T(ia) L(io—2)P(ic—1)
(@)
[A%]p A3 A3
:L.(ic—l)
(b)

Figure5.2: Decompositiorof [A] .

Also, still accordingo Lancasterfor each” andconditionallyonthecorresponding SR
asn — oo bothtermscorvergeto independent 2-distributedrandomvariables Thefirst
having 1, andthe secondhaving ¢ — 2 degreesof freedom. Further asn — oo thetest
statistichasthesamdimiting distributionas(provenby asimilartechniqueasin the proof
of Theoremb.1)

/ (2l (7 GlIA%R) + 2001 (F3 GIIAT Tp) ) dF (2(i) - - dF (2,
= [zl (PG Ap) )
+/SH 2n7>i1 (F;G|[AS Yp) dF(xyy) .- dF(z,_,))

_ /S<2ni1 (F;GH[AZ]p)—i—SiC_l) dF (¢ ,), (5.14)
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where
~1
Sic_ :/ / 2npl (F;GII[ASp) dF (2:,)) - - - dF (2, _y))-
S S

Conditionallyonarny z(. 1), np — coasn — oo, andsS;,_, isasymptoticallyequivalent
to the test statisticbasedon a (¢ — 1)-sized partition of which it is assumedhat the
propositionappliesto it. Thus,underHy, Te_1 5, 4, EJ 17 ]+1) , Wherethe V2
arei.i.d. x2_, variates.Thefirst termin the integrandumof Equat|0n5 1l4is aPearson
statisticappliedto a 2-sizedpartition. Thus, T ,, is underH, asymptoticallyequialent
to

1 — 1
/SQ’IH (F; GH [A2]7>) dF(CIL‘(i671)) + ]z:; m‘/}?, (515)

wherethe first termis the AD- statistic which is, by Theorem5.1, under Hy asymptot-
ically distributedas >-72 J(g+1) W?, wherethe W7 arei.i.d. xi-variates. Although
Lancastess Partitioning rule statesthatfor eachr(lcf thetermsin the integrandumof
Equation5.14 areindependentit doesnot imply that the two termsresultingfrom the
integral are still independentwe conjectureherethatin this particularcasethe inde-
pendencéolds, at leastin a first orderapproximation. Therefore,we proposethat the
limiting null distribution of T ,, becomes
o0

= 1
2

f —
=i+ =0+ —

wherethe 77 arei.i.d. x?_,-variates.

According to the completeinduction reasoning,it now only hasto be shovn that the
theoremholdsfor ¢ — 1 = 2, whichwasalreadyprovenin Theorenb.1. O

5.2.4 The SSPc Test

In Section5.2.3the asymptoticnull distribution of the teststatistic. ,, wasfound. The
next stepis to constructhestatisticaltest. Thetestwill becalledthe SSPdestin general,
wherethe”c" maybereplacedy anumberreferringto the sizeof the SSP

Lettq,c,n denotehe(1—«)-th percentileof thenull distributionof Tt ,,. Thenthea-level
SSPdestis definedas

¢a,c,n(8n) = 1if Tc,n > ta,c,n
¢a,c,n(8n) = 0if Tc,n < toz,c,n-

In theprevioussection however, nottheexactnull distributionfor ary finite n wasgiven,
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but only the asymptoticnull distribution. In this limiting case,t, . is the (1 — «)-th
percentileof the null distribution of T, , asn — oo, andthe correspondingasymp-
totic a-level testis denotedby ¢,,.. The power functionis given by S, ..(F1) =
Ef, [fa,c,n(Sn)] for alternatvesFy € Gi.

An importantpropertyfor a statisticaltestis consisteng againstsomeF}; # G, i.e.
Ba,en(F1) — 1 asn — oo. In the caseof GOFtestsit is from a practicalpoint of view
not sufficient to have consisteng againstonly oneor a few F; from theinfinitely large
setG,. More specifically a general-purpos&OF testsneedsto be consistentagainst
essentiallyary alternatve F; € G;. Suchtestsare calledomnilbustests. The following
theoremstateghatfor any ¢ > 2 the SSPdestis omnibusconsistent.

Theorem5.2 For any finite ¢ > 2 the SSPctestis consistentagainst essentiallyany
alternativeF; € G;.

Proof. For ¢ = 2 consisteng is easily shovn by consideringary fixed alternatve
F € Gy. Then,atleastin somesubset? € S F(z) # G(z),z € R. Hence

T, = LY é (X;) - G(X)))?

a.s.

7 /s G@) (1 — G(x)

> 0,

andthus,T5 ,, grows almostsurelyunboundedlywith ». This shows the consistenyg of
the SSP2-test.

For the decompositiorin Equation5.15it canbe seenthat 1. ,, consistsof 2 positive
terms;thefirstis a7 ,, term,which accordingto thefirst partof the proof grows almost
surelyunboundedlywith n. Thus,thesameholdsfor T ,,. UnderH,, ontheotherhand,
T¢.» hasa non-dgjenerateaisymptoticnull distribution from which afinite critical value
ta,c isfound. Thus,forary F' € Gi. fa,cn(F) — 1 asn — oo. O

5.2.5 Some Approximations of the Asymptotic Null Distrib u-
tion

Theasymptotianull distributionof T ,,, whichis givenin Section5.2.3,is noteasyto use
in practice.Thenull distributionsareweightedsumsof aninfinite numberof independent
x 2-distributed randomvariables which are specialcasesof the more generalquadmatic
forms for which e.g. Solomonand Stepheng1978) have showvn that their tails may
be excellently approximatedy meansof Pearson Curves(notethat especiallythe right
tail of the null distribution is of interestin the presenttestingsituation),which canbe
consideredas a flexible family of distributionsthat arefitted to the first four moments
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of the true asymptoticnull distribution. Also, recently LindsayandBasak(2000)argue
thatevenasmallsetof (low order)momentanaygive aratheraccurateapproximatiorin
thetails. Yet anotherapproximationmethod,which is usedbeforeby Stepheng1976),
is to find the parameters., b, andp in V(a,b,p) = a + bZ2, whereZ2 ~ x2, such
that the first three cumulantsof both distributions are equal. For V (a, b, p) theseare
w1 = E[V(a,b,p)] = a+ bp, pa = Var[V(a, b, p)] = 2b%p anduz = 8b>p.

Thus,for bothmethodghe cumulantsof the asymptotionull distribution mustbe known.
Thesemay easilybe calculatedrom the following corollary, which is a straightforvard
extensionfrom theresultsof AndersorandDarling (1952),SolomonandStephen$1978)
andfrom thenull distributionsthataregivenin Theorem5.1.

Corollary 5.5 Theith cumulanty; of theasymptotiawll distribution of 7. ,, is givenby

= temu 03 ()

which is ¢ — 1 timesthe correspondingcumulantof the asymptoticnull distribution of
T> .

Proof. For ¢ = 2 theexpressiorfor y; is givenby AndersonandDarling (1952). When
¢ > 2 theasymptoticnull distribution of T ,, is givenby (Proposition5.1)

> 2

G+

wherethe Y arei.i.d. x2_,-variates. By replacingeachY; by asumof ¢ — 1 i.i.d.
X%-distrimtedrandomvariablest?k (k=1,...,c—1),thenull distributionbecomes

>

j=1k=1

c—1

jj+1

Applying the expressionof the ith cumulantof a generalquadraticform (Solomonand
Stephens]1978)completeghis proof. O

Sincefor ¢ > 2 the cumulantsmay be calculatedrom thosefor ¢ = 2 by simply multi-
plying by ¢ — 1, it is sufficientto give the cumulantdor ¢ = 2. Theseareshavn in Table
5.1.

Table5.1: Thefirst four cumulantsor ¢ = 2.
51 M2 M3 Ha
1 0.5797 1.043 3.040

Sincefor ¢ = 2 /3, = —’;/—2 = 2.363 > 2 all /B; areout of the rangeof the pub-
lishedtables(Pearsorand Hartley, 1972),Pearsorcurvescannotbe used. The approach
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of Stepheng1976) may still be a way out. Using the cumulantsof the limiting null
distribution of T ,, (Corollary5.5), the solutionis easilyobtained:

a = c—1.6444
= 0.4498
p = 1.4326(c—1).

In table5.2 somecomparisongre madebetweerthe exactandthe approximatecritical
valuesof the asymptoticnull distribution of 7. ,,, for ¢ = 2 andc = 3. Theexactcritical
valuesare obtainedfrom Scholzand Stepheng1987). It seemghatthe approximations
work rathergoodfor ¢ = 2, butwhenc = 3, theapproximatioris alreadybad. For larger
valuesof ¢, theapproximatiorbecomegvenworse(resultsnot shavn).

Table5.2: Somecritical valuesof the null distribution of 7t ,,, obtainedirom the exactlimiting null distri-
bution andfrom theapproximatdimiting null distributionsbasecon 3 andon 4 cumulants Thelatterarebased
on 50000simulationruns.

to.os,2  to1o02 10053 t0.10,3
Exact 2492 1933 4.030 3.377

Approximate(3) 2.531 1.964 4.965 4.071
Approximate(4) 2.495 1.929 4.085 3.395

Of thetwo approximatiormethodsdescribedhbove, the Pearsorcurveshave the advan-
tagethatthey mimic the first 4 cumulantsof the true limiting distribution, whereaghe
othermethodds only basedn 3. Ontheotherhand,thelattermethodhasthe advantage
thatthe V' (a, b, p) variatecanbe useddirectly to obtainp-valuesaswell.

Herewe proposeanotherapproximationmethodwhich combinesboth advantages:the
first 4 cumulantsaarematchedo thoseof thetruelimiting null distribution, andp-values
may be calculated.The disadwantagehowever, is thatthe methodbasicallyusesa simu-
latedsamplefrom adistribution. Thedistribution is of theform

1
W(a,b,p.f) = a+bZ} + SVF,

whereZ; ~ x; andY? ~ x3%, andwherea, b, p and f aredeterminedsuchthatthefirst
4 cumulantof W (a, b, p, f) matchthoseof theasymptoticnull distributionof T, ,,. The
solutionis

a = 0.1919467416(c— 1)
b = 0.1274341352

p = 2.404852143(c—1)
f = 1.003186011(c—1).

In Table5.2 this approximatiormethodis comparedo the exactsolution. The approxi-
matedcritical valuesarerathercloseto the exactvalues.
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One might argue that if oneis preparedto use a stochasticapproximationas the one
that is suggestechere, one could just as well simulatethe first dominatingterms of
Py mZJQ (Z;iid. x2_,),sayj = 1,...4. Thishasbeendoneby Kac, Kiefer and
Wolfowitz (1955),but did notresultin satisfyingapproximations.

5.2.6 Null Distrib utions for Finite n

In theprevioussectiongnuchattentiorwasgivento theasymptotidoehaiour of theSSPc
test. Thismayof coursebe of interestfrom atheoreticapoint of view, whereasn aprac-
tical situationoneis alwaysconfrontedwith finite samplesizes.For adetailedtheoretical
study of the propertiesof the SSPctestfor finite n, statisticaltheoryis nowadayshow-
ever still not sufficiently developed.This alsoappliesto the calculationof the exactnull
distribution of T, ,, for finite n. Oftenthe corvergenceof theexactcritical valuesto those
calculatedrom the asymptoticnull distribution is ratherfast. Underthesecircumstances
theasymptoticesultsmay still be usedasanapproximation.

The corvergenceratefor the SSPcstatisticis empirically studiedlaterin this section but
first themethodologyof simulatingtheexactnull distribution is explainedbriefly. Finally
anapproximatiorfor finite samplesizeswill be considered.

Simulating the Exact Null Distrib ution

If thereis no theoreticalvaluablesolutionfor the approximationof the exact null dis-
tribution or the critical values,thenit is often still possibleto estimatethe exact null
distribution by meansof a Monte Carlo simulation.In generalhis procedureconsistan
generatingalargenumbersay N = 10000, of independensamplesS,, ; (i = 1,... ,N)
from the specifieddistribution G (by meansof a pseudorandomgenerator).Next, the
teststatisticis calculatedor eachsample Jeadingto N realizationg. ,, ; from the (sim-
ulated)exact null distribution of 7. ,,. An estimatecanthenbe obtainedfrom this large
samplefrom the null distribution. Also, an estimatefa,c,n of to,¢,n is calculatedasthe
(1 — «)-percentilefrom the EDF of {t.,.;}, i.e. the [n(1 — a) | th orderstatisticof the
sample{t.,i}. It is obviousthatthis critical valueis moreaccuratelyestimatedas N
becomedarger. An approximatg1 — ~)-confidencenterval maybecalculatedas

[{al,c,na tAau,c,n} )
where
o = [N(l —a) — 21—y Na(l — oa)—‘ and o, = [N(l —a)+ zi—yV/Na(l — oa)—‘ ,

wherez; ., isthe(1 — ) percentileof astandarchormaldistribution.
In thisthesisV = 10000 for all simulatednull distributions.

Figure 5.3 shawvs a histogramof the simulatedexact null distribution of T5 2o with the
estimated %-level critical valueindicated.
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Figure5.3: A histogramof the simulatedsxactnull distribution of T3, 20, basedbn N = 10000 simulations.
Theverticalline indicatesthe estimateof ¢g.05,2,20.

The simulatedexact null distribution may also be usedto obtain an estimatea of the
size of an a-level testwhich is basedon a critical value,say . This value may be
e.g. the asymptoticor an approximatecritical value. The estimatedsize is given by
& =n"#{teni  teni > toit). Notethata = Ba,c,n(G), i.e. the estimatedpower of
the a-level testunderthe null hypothesis.

An approximated5% confidencenterval of & maybecalculatecas

) al—a) a(l —a)
Q — 20.975 T,a-f-zo.g?s N |’

wherezg g75 is the 0.975percentileof a standarchormaldistribution.

Convergence to the Limiting Null Distrib ution

Whenonly the limiting null distribution of a teststatisticis available, one often hopes
that the corvergenceis ratherfast, i.e. the critical valuest,, ., corvergesquickly to
ta,c- In this way onecanfor intermediatdarge datasets(e.g. n = 25) alreadyapply
the asymptotictest, and thus one only needsonetable of critical values. Moreover, in
that situationone can usethe approximationproposedn Section5.2.5to computethe
approximatep-values.Thisis thefirst reasorwhy the corvergencads studied.
Thesecondeasoris to assesshevalidity of Propositions.1which stateghe asymptotic
null distribution of the SSPcstatisticwith arbitrarySSPsizec.
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2-sizedsamplespacepartitions

For a wide rangeof samplesizes(from 20 to 1000)the critical valuestg o5 2., arees-
timatedand plottedin Figure 5.4, panel(a). The figure suggest<learly that the con-
vergenceis very slow. Only for large samplesizesthe critical value hassufiiciently ap-
proachedhe asymptoticvalue(the critical valueis the sameasfor the AD-test,andit is

obtainedfrom e.g. Stephen$1986,p.105)). Thus,for ¢ = 2 andmoderatesamplesizes
onecannotusethe asymptotionull distribution, but onemay usethe simulatedexactnull

distributioninstead.
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Figure5.4: Estimatedcritical valuesfo.og),g,n (a) andthe correspondingstimatecprobabilitiesof a typel
errorwhenthe asymptoticcritical valueto.os, 2 is used(b). Thehorizontalline indicatesthe asymptoticcritical
value(a) andthenominallevel of 5% (b).

It may be surprisingat first sight that the corvergenceis slow. Especiallysincein the
literatureon the Anderson-Darlingest, which hasthe samelimiting null distribution, it

hasmary timesbeenmentionedhatthe AD-statistichasa fastconverging null distribu-

tion (e.g. Lewis, 1961; Stephens1974; Pettit, 1976; Stephens1986). It may however
be understoodoy recognizingthat the asymptoticnull distribution of T.. ,, is basedon

the corvergenceof E},, which is the estimatorof the distribution with respecto which

the expectationin Equation5.6is taken,to G under H,, whereaghe Anderson-Darling
statisticcanbe seemasthe plug-in estimatorof

A, = 2nE, [I1 (F; G|I[A](X)] .

whichis anexpectationw.r.t. G for whichthereis noneedto bereplacedy anestimator
Thus,thelimiting null distribution of the SSP2statisticis basedn morecorvergencesas
the AD statistic. This may be a reasonwhy the corvergenceof the AD statisticis much
faster

The corvergencecanalsobe assessely usingthe simulatedexactdistributionsto esti-
matethe probability of makinga type | error whenthe asymptoticcritical value would
have beenused.With increasingsamplesizethis probability shouldcorvergeto . Fig-
ure 5.4, panel(b), shows theresultsfor ¢ = 2 (o = 0.05). This figure shavs the same
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slow corvergence put now the consequencef usingthe asymptoticcritical valuesmay
bemorerealisticallyquantified.lt seemghatevenfor n = 100 theactual« is still about
2% abovethenominallevel.

3-sizedsamplespacepartitions

For ¢ = 3, theresultsarepresentedn Figure5.5. They shav generallythe samepattern
asfor ¢ = 2. Neverthelessthe figure clearly shows that the estimatedexact critical
value corverge, thoughslowly, to the value calculatedfrom the proposedimiting null
distribution (similar corvergencebehaiour wasobtainedor othera-levelsandfor ¢ = 4
andc = 5 (resultsnot shown)). Thus,theresultsatleastconfirm Propositions. 1.

(@) (b)

0.25
I

probabilty of type | error

005 010 015 020
I I I

0.0
I

T T T T T T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000

Figure5.5: Estimatedcritical valuesfo.os.3,» (a) andthe correspondingstimatedprobabilitiesof atype |
errorwhentheasymptoticcritical valuetg.os,3 is used(b). Thehorizontalline indicatesthe asymptoticcritical
value(a) andthenominallevel of 5% (b).

An Interpolation Formula for Critical Values for Finite n

Althoughthe useof the simulatedexactnull distribution is agoodandcorrectmethodol-
ogy, it alsohassomedisadwantagedrom a practicalpoint of view. The mostimportant
is thatfor eachn a Monte Carlo simulationmustberun in orderto estimatethe critical

value. In this paragraphan easy-to-us@approximationis given. It is in theline of the
work of e.g. ScholzandStepheng1987).

For eacha we suggesto useaninterpolationformulaof theform

bl,a,c b2,a,c b3,a,c —2
\/ﬁ+ n 2 +o(n™),

wherethe parameters; , . (i = 1,2, 3) areestimatedrom aregressiorof the estimated
critical valuest,, . ,, from the simulatednull distributionsfrom the previous section,on
1 1 1
< and-=5.
"

n'n

fa,c,n = ta,c +

For o = 0.05 andc = 2, 3, 4 theestimatedparameterarepresentedn Table5.3.
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Table5.3: Theestimatecharametersf theinterpolationformulafor Za, ¢ . (c = 2,3, 4).
C bl,a,c b2,o¢,c b3,a,c
2 09045 22.18 1114
3 4335 41.06 6534
4 1.892 129.4 1792

As asmallvalidationexperimentthe exactnull distributionsof SSP2andSSP3aresim-

ulatedfor n = 25 andn = 75. Fromthesesimulatednull distributionsthe sizeof thetest,
whenbasedon the critical value obtainedfrom the interpolationformula, is estimated.
For ¢ = 2, theestimatedsizesare0.052and0.050for n = 25 andn = 75, respectiely.

Whenec = 3, the estimatedsizesfor n = 25 andn = 75 are0.056and0.050,respec-
tively, andwhenc = 4 the estimatedsizesare 0.046and 0.049, respectiely. Taking

into accountthat the estimationsare only basedon a regressionof 7 simulatedcritical

values,which areeachbasedon only 10000simulationruns,the validationsuggesthat
the proposednterpolationformulaemay resultin rathergoodapproximations.

5.2.7 Power Characteristics

This sectiongivesa discussioron the power of the SSPdest. Firstatheoreticaproperty
is given. Thenthemethodologyfor simulationstudieds explained ,andfinally theresults
of a simulationstudyarepresentedn which the powersof the SSPaestandsomeother
existing GOFtestsarecompared.

Some Asymptotic Power Characteristics

In Section5.2.4it wasshavn thatthe SSPctestis consistentj.e. for essentiallyall al-
ternatvesthe SSPctesthasa power tendingto 1 asthe samplesizen tendsto infinity.
Sincemary GOF testspossesshis property it is not possibleto comparetestson this
basis.Neyman(1937)proposedo considerasalternatve hypothesea sequencef dis-
tributions F,, thatcorvergesto G asn tendsto infinity. In thiswayit getsmoreandmore
difficult to discriminatethe alternatve from the null hypothesisasn increasesandasa
consequencdopr a suitablecorvergencerateof F;,, the asymptoticpower is keptaway
from 1. Thusundersucha sequencef alternatves differenttestsmay have different
asymptotigpowersandcanthereforebe compared.

Sincethe SSPdestis clearly constructedstartingfrom Pearsors statistics the sequence
thatis usedin the presentcontet is relatedto sequencesisedto assesshe asymptotic
power of Pearsors y? test,in the sensethatthe convergencerateis the same.Consider
thesequencef alternatves

fa(@) = g(x) + 0" 2e(), (5.16)
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wherec(.) is a continuousfunction suchthat for eachn > 1 the df f,, is a properdf
(AssumptiorAl). (Thus, [ c(x)dx = 0 (normalizatiorcondition)forall z € S, ¢(z) >
—g(z) (fn mustbepositive)) Let F,, denotethecorrespondingcDF.

Theorem 5.3 The SSP2test has the sameasymptoticpower as the AD testunder the
sequenc@givenin Equation5.16.

Proof. We give a sketchof a proof.
Considetthefollowing doublearray

X11 ~ Fi,whichis estimatedy £,
Xo1,X2 ~ Fy, whichis estimatedy Fb,

Xp1y.oo s Xon ~ F,, whichis estimatecby F),,,

(Thus,Fn is hereequalto F,n, which stresseshat the distribution F° dependonn as
well.) Notethatfor all z € S,

E {an(x)} = Fo(z) — G(a),
and
Var [Vi(Fun(x) — Fa@)] = Fu(2)(1 ~ Fu(a) — G()(1 — G()
asn — oo. Moreover, for eachz € S
Vit (Fun(@) = Fa(@)
_ 4, N(0,1
Ny e B

accordingto a consequencef the Berry-Esseerntheorem(seee.g. Corollary2.4.1. in
Lehmann1999).

Vo (2)

Lemmab.2 statesthat the SSP2statisticis asymptoticallyequivalentto the memberof
the Anderson-Darlindg=amily:

(an(aﬁ) - G(I))2 F(2)
”:”L G0 -G@) 9™

where f denoteshe df of the true distribution, which is herereplacedby the sequence

().
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ful(x) = g(x) +n~/2¢(x). Hence,

A

(o) (a0
Un :n/S G =C@) dG(z) +n n/s ( dG(z),

wherethe secondermmaybewritten as

Vit (Bune) ~ Fa(a)) )
n-1/2 ( () §
/s G(z)(1 - G(2)) () dG(x) (5.17)
VA (@) = Fa(@)) 06 o
n~1/2 . .
v /s G(z)(1 — G(x)) o) ¢ (5.18)
n—1/2 C?(x) c(w) x
’ /s G G@) o)) (5.19)

By recognizingthat V,,(z) is anempirical procesghatis closelyrelatedto a Brownian

bridge,onecanshaow (Donsler'stheoremandtheContinuousviappingTheorem(seee.g.

McCabeand Tremayne,1993)) that the stochastidntegrals of the first two terms(5.17

and 5.18) have asymptoticallyproperdistributions, and thus, n—'/2 times the integral

corvergesin probabiliyto zeroasn — oo. Thelastterm (5.19),whichis not stochastic,
alsocorvergesto zeroasn — oc.

Thus,

. 2

Fon(z) — G(x) .
an=n . <G<x><1 - G(x)? 4G =0

whichis the AD-statistic. O

An immediateconsequencis givenin thefollowing corollary.

Corollary 5.6 TheSSP2estandthe AD testhavethe samePitmaneficienciesw.r.t. all
othertests.

Methodology for Small Sample Power Studies

Sincethe SSPctestis consistenthe power of thetestis 1 for essentiallyall alternatves
wheneern isinfinitely large. Thisimportantpropertyis sharedwvith mary otheromnibus
GOFtests(seeChapterd). Two pointsof criticism arein placehere:first, infinitely large
samplesizesare not of practicalimportance,and second,on this basisconsistentests
cannotbe compared.Oneway out is to calculatethe Bahaduror Pitmanefficienciesfor

teststhathave to be comparedput againthis is a comparisorfor infinitely large sample
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sizes.For samplesizesthatare of practicalrelevance,power simulationstudiesmay be
performed.

In a power study Monte Carlo simulationsare run in which dataof any samplesizen
aresimulatedaccordingto a specifiedalternatve distributions. The generalalgorithmis
briefly statedbelon. Supposehatthepower 3, . »(F1) of the SSPdestis to beestimated
for samplesizen, alternatve distribution F; andlevel .

Algorithm:
First, seta countervariableCNT to zero. Thefollowing stepsarerepeatedV times.
1. Generatea sampleof sizen from distribution F; by meansof a pseudorandom
generatar
2. Apply the SSPdestto the sampleatthe a-level.
3. If the SSPdestresultsin a significantrejectionof H, atthe a-level, thenincrease

thecounterCNT by one.

The estimatedoower is then given by Ba,c,n(Fl) = CTNT Note that this is actuallyan
estimateof the probability 3, . », of abinomialvariable. Thus,for N Monte Carloruns,
anapproximated5% confidencenterval for the power canbe constructeds

3 ;)acn 17§acn ~ Bacnlfﬁacn
ﬁa,c,nzo.975\// — (N/[ — )afja,c,n+20_975\/ Gy (N sCy )

wherezg.g75 is the0.975percentileof a standarchormaldistribution.

The choiceof alternatves F; is often not obvious when an overall view of the perfor
manceof anomnikustestis to be obtained(seee.g. Hajek and Sidak, 1967;Lehmann,
1975;Kallenbeg andLedwina,1999). Indeed,omnibustestsaresensite to essentially
all alternatives,but noneof theomnibus GOF-testss optimal. This meanghatsometests
will have higherpower for somealternatve andothersmayhave higherpowersfor other
alternatves.Thus,in orderto geta goodoverview awide rangeof alternatvesshouldbe
includedin a simulationstudy Of course the alternatvesthatareincludedshouldalso
have somepracticalrelevance.

The power estimationof other statisticaltestsis similar. An immediateconsequencef
thedefinitionof thepower function 3, ,, of atestof sizea isthat 3, . (G) = «, i.e. fan
isthesizeof the a-level test.In practice however, mary testsareperformedwith approx-
imate a-level critical values,i.e. in the definition of the statisticaltestthe exact critical
valuet,, ,, is replacedwith anapproximationsayt,, ,, or event,. As aconsequencthe
power function, evaluatedin G, may be differentfrom « for somesamplesizesn. A
studyin which powersof severaltestsarecomparedo eachotheris only meaningfulif
all testsareindeedof size«. For all testsincludedin the power studiesin this thesis,
thesize 3, »(G) wasestimatedandif it wasobseredthatthe sizedifferedfrom «, the
critical valuesof the testwerereplacedby the correspondingpproximateexact critical
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valuesfayn asit wasdescribedn Section5.2.6.By constructionthesetestsareof sizea.
Theresultingestimatecpowversareknown assize-adjustegowers.

Yetanothempproactor comparinghe performancef GOFtestswasproposedy Mud-

holkar, Kollia, Lin andPatel(1991). The mainadwantage®f thismethodarethatit is fast
ascomparedo thetraditionalMonte Carlo simulationsandthatin onefiguretheresults
for a wide rangeof alternatvescanbe presentedvhich facilitatesthe interpretation.In

thenext paragraphhistechniquds explained.

Insteadof applyingthe GOF testto N realizationsof the alternatve Fi, it is only ap-
plied onceto onespecificallyconstructedsample which is calledthe ideal sample(e.g.
Andrewset al.,1972)or the profile of F3.

Definition 5.7 A profile P, of I} is a sampleof sizen constructedas

P, = {Flil(pl)a cee 7F171( n)}a
1—0.5

wheep; = (i=1,...,n).

n

The centralideais thata large value of the teststatisticcalculatedfor the profile corre-
spondgo ahighpower. In theoriginal papemMudholkaret al. (1991)suggesto calculate
theteststatisticfor the profilesof a family of alternatves Fj, indexedby two parameters
0 = (61,62), in which the distribution G is embedded.The correspondingorofile is
denotedby P, 9. Let¢(P, ¢) denotethis teststatistic. Two typesof graphscanbe con-
structed.

e The 3-dimensionaburface (6., 62, t(P,6)) may give a goodgeneraloverview of
therelative power in thefamily indexedby 6.

e The 3-dimensionakurfacemay be reducedo a 2-dimensionabraphin the plane
(61, 02) by plottingtheisotone whichis thesetof points(6, 62 ) for whicht(P, )
equalssomespecifiedconstant. The authorssuggesto take for this constantthe
critical valuefor the testat the a-level. Furthermorejn the sameplaneisotones
for morethanone GOFtestmay be plotted. Sincethe distribution G is embedded
in the family of alternatves,the plot of the isotonesmay be interpretedeasily be
startingfrom the point representing= and moving into a certaindirection. The
isotonethatis crossedirst correspondsnostlik ely with thetesthaving the largest
power. Of course the orderof isotonescrossednay differ from onedirectionto
another This producesa concisecomparisorof thesetests.

The Power Study for the SSPc-test

Simplenull hypothesedik e thosestudiedin this sectionare actuallynot muchof prac-
tical interestbecauset doesnot happentoo oftenthatoneknows G completely Most
frequentlyonly the form of G is known, i.e. G is afamily of distributions,resultingin a
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compositenull hypothesisThis interestingcaseis studiedlaterin Section5.3. Of course
mary of theresultswill berelatedto thosefor the simplenull hypothesis.

Thus, sincethe simple null hypothesissituationis not very importantfrom a practical
pointof view, only a smallpower studyis presentedhere.

Isotonesareconstructedor two familiesof alternatvesto thenormaldistribution G with
known meanandvariance.

e Tukey-Lambda family indexedby A = (A1, \2).
Thequantilefunction F, " is givenby

o (1ope 1
M N

Fi ' (p)

For a descriptionof the Tukey-Lambdafamily we referto AppendixA. We only

mentionherebriefly thatfor A = (0.1349, 0.1349) the Tukey-Lambdadistribution

is almostindistinguishabldrom a normal distribution with mean0 and variance
2.142. Also for A = (5.2, 5.2) thedistribution looks closelyto a normaldistribu-

tion (1 = 0, 02 = 0.00647).

For this family of alternatves,the distribution G' specifiedunderthe simple null

hypothesids the normaldistribution N (0, 2.142).

e Mixtur eof normal distrib utions indexedby 8 = (¢, ) (alsoreferredto asacon-
taminated normal distrib ution).
Mixtures of normaldistributionscanbe constructedn mary ways. Here,we con-
sidermixtureswith densities

folo) = (1 =960+ 7 (5557

wherey is the densityof a standarchormaldistribution asspecifiedin Hy. § = 0
and~ = 0 givesthedistribution G.

Theinterpretatiorof theparameters ands is cleat + is thefractionor probability
massof the distribution thatis contaminatedvith a normaldistribution with mean
¢ andstandarddeviation 0.001. Figure5.6 showvs two examplesof a contaminated
normaldistribution.

Table5.4: critical valuesat the 5%-level for n = 20 andn = 50 for the GOF testsfor (simple)normality
usedin thisthesis.

n SSP2 SSP3 SSP4 AD KS
20 3.960 9.102 16.948 2.492 1.358
50 3.253 5.943 9.023 2.492 1.358

Theisotonesareconstructedor n = 20 andn = 50. All testsareperformedata = 0.05.
ThreeSSPctestsare considered:SSP2,SSP3and SSP4.The SSPctestsare compared
to someotherGOFtestsfor simplenull hypothesesAnderson-Darling AD) (Anderson
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(a) (b)

Figure 5.6: Two examplesof a contaminatechormal distribution with § = 0.2 andy = 0.2 (a), and
6 = 1.25 andy = 0.1 (b).

andDarling, 1952)andKolmogoro/-Smirnor (KS) (Kolmogoror, 1933;Smirnov, 1939)
(herethe modified statisticof Stepheng1970)is used). Thesetestsare generallywell
known andcanthereforesene asbenchmarksn the comparisonThey areall discussed
in Sectionst.2and4.3. Thecritical valuesaregivenin Table5.4. Later, in the simulation
studyfor a compositenull hypothesismore testswill be considered.The critical val-
uesof the SSPctestsare obtainedfrom the simulatednull distributions,basedon 10000
simulationruns.

Briefly, the AD testis in generathe EDF testwith the bestoverall power characteristics,
andthe KS testis probablyone of the mostfrequentlyusedGOF tests,althoughit is
frequentlyshowvn thatit hasratherlow powerto mary alternatves(e.g. Stephens]986).

The resultsfor the Tukey-Lambdafamily of alternatvesandthe family of mixturesare
shavn in Figure5.7 andFigure5.8,respectiely. To give animpressiorof themagnitude
of the powers, for a selectionof alternaties, the powers are estimatedoy meansof a
simulationstudybasecon 10000runs. Theresultsareshovn in Tables5.5and5.6for the
Tukey-Lambdafamily andthe contaminatechormalfamily, respectiely.

Discussion

Tukey-Lambda: First, notethatall curvesareclosedaround\y = (0.1349, 0.1349), and
thatthecurvesarecloserto Ay asn increase$rom 20to 50. Thisreflectsthe consisteng
propertyof all tests. The bestway to discussthe isotonesis to startfrom the point A
representinghenull hypothesisandto movealongcertaindirections.Theorderin which
theisotonesof thedifferenttestsarecrosseds anindicationof the orderof the power of
thesetests.

e Thedirectionalongthediagonaltowardshighervaluesof A\; and\, representsill
symmetricdistributions,startingfrom unimodaldistributionswith continuoudails
(A1 = A2 < 1), overU-shapedistributionswith truncatedails (1 < A\ = X2 <
2), to unimodaldistributionswith truncatedails (\; = A2 > 2). In thisdirection
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Tableb.5: Theestimatechowersfor somealternatves of the Tukey-Lambdafamily, basedon 10000simula-
tion runs. Themeanandthevarianceof thedistributionsarealsogiven.

n A\ A2 mean variance power
SSP2 SSP3 SSP4 AD KS

20 -0.2 -0.2 0 742 0.684 0.636 0.592 0.543 0.116
20 1 1 0 0.333 0.001 0.333 0.268 0.698 0.298
20 15 15 0 0.157 0.003 1.000 0.948 1.000 1.000
20 09 2 -0.193 0.213 0.010 0.889 0.721 1.000 1.000
20 2 0 0.666 1.30 0.098 0.258 0.230 0.885 1.000
50 -0.2 -0.2 0 742 0926 0.931 0.928 0.828 0.201
50 0.7 0.7 0 0.57 0.271 0.995 0.974 0.996 0.714
50 -02 O 0.25 6.29 0.820 0.826 0.830 0.590 0.147
50 05 O 0.333 1.97 0.337 0.590 0.635 0.929 1.000
50 03 1 -0.296 0.788 0.321 0.895 0.884 0.999 1.000

Table5.6: The estimatedbowersfor somealternaties of the contaminatedhormalfamily, basedon 10000
simulationruns. Themeanandthe varianceof thedistributionsarealsogiven.

n ) v mean variance power
SSP2 SSP3 SSP4 AD KS

20 O 0.2 0 0.79 0.024 0.716 0.767 0.044 0.148
20 O 0.6 0 0.40 0.142 1.000 1.000 0.737 0.919
20 2 0.2 040 145 0.477 0.770 0.795 0.546 0.334
50 O 0.2 0 0.79 0.047 0.950 0.981 0.156 0.315
50 0 03 O 0.65 0.370 1.000 1.000 0.669 0.836
50 0.18 0.18 0.03 0.83 0.039 0.915 0.967 0.129 0.279

the AD testis the mostpowerful for bothn = 20 andn = 50. The seconchighest
power is obtainedby the KS testwhenn = 20, andby SSP3whenn = 50. This
featureis clearly seerwhencomparingFigures5.7 (a) and(b): the contourof the
KS testdoesnot shrimpasmuchasthoseof the othertestswhenn increasegrom
20to 50. Especiallythe contoursof the SSPctestsseemto shrimpextensiely by
the samplesizeincrease.The orderin power amongthe SSPctestsin ascending
orderis SSP2-SSP4-SSP3.

Notethatfor thesesymmetricdistributionsthe meanis alwaysequalto 0, which is
alsothe meanunderthe null hypothesisthevariance pntheotherhand,varies.

e Thedirectionalongthe diagonaltowardsnegative valuesof A; and )\, alsorepre-
sentssymmetricunimodaldistributionswith continuougailswhichbecomeneavier
as\; = )\, decreasesTheisotonesshaw in this directionthatnow the SSPdests
aremore powerful. This is alsoclearly seenfrom the estimatedpowersin Table
5.5. TheKS testis leastsensitve.

e Theisotonesof the SSP3and SSP4testshown for n = 20 aratherinsensitve be-
haviour in the directionsof A; ~ 0 and \, positive,and X2 ~ 0 and \; positive.
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Theseformer direction representslistributionsthat are similar to the exponential
and x?2 distributions. The latter direction representslistributions with the same
shapeput with thetails to theleft. This insensitvenesgjuickly reducessubstanti-
vally asn increases.

Contaminated Normal: Figure5.8 shavs mainly the half-planedeterminedy positive

valuesof ¢, sincethe plot is symmetricaroundd = 0. For negative valuesof ~ the
distribution is not defined. The null hypothesisis given by (4,v) = (0,0) (standard
normaldistribution). All contoursin both Figure5.8 (a) and (b) shav the sameshape,
which makesthe discussioreasier The only differencebetweenn = 20 andn = 50 is

thattheisotonesarecloserto the point representing?, for the highersamplesize. Two

directionsof alternatvesarediscussedhext (notethatactuallyall pointsfor which~ = 0

representdy, sothatthe correspondinglirectionmustnotbediscussed).

e Thedirectionfrom (0, 0) to (0, cc) representsnixturesof two normaldistributions
with mean0; the higherthe value of ~ the morethe standardhormaldistribution
is contaminatedvith a normaldistribution with standarddeviation 0.001,resulting
in a zero-meamormal distribution with reducedvariance. The isotonesthat are
crossedirst whenmoving in this direction,arethoseof SSP4andSSP3jndicating
thatthey give the highestpowers. Next, theisotonesof KS, AD arecrossed.The
lowestpower is obtainedwith the SSP2est.

e Along the directionfrom (0,0) to (4,0.4) the meanincreasesand the variance
decreasesAgain first the isotonesof SSP4and SSP3are crossednext thoseof
SSP2andAD (their orderswitchedsomeavherein aroundthis direction, but they
staycloseto eachother). The KS testgivesthe lowestpower.

SomeGeneralConclusions

Obviously noneof thetestshave overallthe highestpower. Aimostunderall alternatves,
the SSP2testhasthe lowestpower amongthe SSPctests.Furthermoreits power is also
oftensmallerthanthepowerof the AD test,exceptfor \; = A2 < 0intheTL family. All
SSPctestsare more powerful thanthe KS test,exceptundera few specificalternatves.
Underthemixturealternatves,the SSP3andthe SSP4testshave by farthe highestpower
amongall testsconsidered.
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Figure5.7: Theisotonedor the Tukey-Lambdafamily of alternaties, for n. = 20 (a) andn = 50 (b). The
diagonaldashedine indicatesthe symmetricdistributions(A\1 = A3).
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Figure5.8: Theisotonedor thefamily of mixturedistributions,for n = 20 (a)andn = 50 (b).



102 The SSPTestfor Goodness-of-Fit

5.3 The SSP-Test: Composite Null Hypothesis

In theprevioussectionthe SSPdestwasconstructedor asimplenull hypothesisn which
thedistribution G wascompletelyspecified.In practice however, this situationdoesnot
occuroften. Of moreinterestis the situationin which a researchehasto testwhether
a samplecomesfrom a particularfamily of distributions, denotedby Gy = Ge, with

memberg7y, i.e. afunctionalform of Gy is assumedbut the parameter® arestill to be
determinedThemostclassicakxample whichis still of substantialmportanceis testing

for normality: in this example@ = (11, o) andGy(z) = [ —— exp <71M>.

2mo 2 o2

Again,asfor thesimplenull hypothesicasewewill suppose: is univariate.Thetestwill
be constructechasedon Pearson-typelivergences.Later the testwill be generalizedo
the power divergencefamily andto a multivariatesetting. The compositenull hypothesis
is

HO : FT S g@o'

In the previous sectionthe testwas constructedstartingfrom the AveragedPearsorDi-
vergenceandthe correspondingstatistic. Sincenow Gy is not completelyspecifiedthis
statisticneedgo be changedirst. Next, the teststatisticis proposed.Sinceevenfor the
Anderson-Darlingstatisticthereis no analyticalsolutionfor the null distribution, it is ex-
pectedthatfor general the null distribution of the SSPbasedstatisticis complicatedas
well. Finally someresultsfrom a power studyaregiven.

5.3.1 The Averaged Pearson Divergence Statistic

In Section5.2.2the AveragedPearsorDivergenceStatisticof orderc wasdefinedas

Ad(F;G) = —

~1

- >, TEC)AlR), (5.20)

c—1n PePo_1.n
whereP = {X1,... ,Xc-1} C Sn, andwherei’ (F; G||[A]p) is theplug-in estimator
of I (F;G||[A]p), i.e. F isreplacecby F' = F,,. If the null hypothesiss composite,
not only F' is unknown, but alsothe parametei® that determinesy. The estimation
of & may be seenasin the generalframeavork of Romano(1988,1989) (Section4.2.2),
where@ is chosensuchthatamongall distributionsin Ge,, Gy is the closestto Fwirt.
somepseudometripp on F.. As in Section4.1.4it may be expectedthat the choice
of p will determinethe statisticalpropertiesof the statisticin which estimatorof Gy is
plugged-in.Here,we will consideronly the maximumlikelihoodestimatord of 8. The
correspondinglistribution G, may alsobe denotedby G or Gy. The AveragedPearson
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DivergenceStatisticis now still givenby Equation5.20,but with the plug-in estimator

(P GlAlp) =1" (F5Gl1AlR) -

5.3.2 The Test Statistic and its Asymptotic Null Distrib ution

The test statisticwhich was given in Section5.2.3 (Equation5.9) essentiallyremains
unchangedexceptthatnow the extendeddefinition of the AveragedPearsorDivergence
Statisticis used resultingin

T., = 2nA.(F;G) = 2nE; {|1 (F GllA] (Pc,l,n)} . (5.21)

In thenext sectiontheasymptotiaull distributionfor ¢ = 2 is shawvn to bethesameasfor
the AD statistic.Evenfor thelatterthereis nofull analyticsolutionavailable. Whenthe
distribution G is thenormaldistribution with unknavn meanandvariance Durbinet al.
(1975), Stepheng1976) have given approximations.For generalc the null distribution
will beevenmorecomplicated Only a generaldiscussioris given.

Special Case: ¢ =2

Whenc = 2 we now show thatthe T ,, andthe AD statisticA,, have asymptoticallythe
samenull distribution.

Theorem5.4 Supposehat thefinite dimensionahuisanceparameter@ = (64,... ,0,)
is estimatedy a consistenestimatord, thenundera compositenull hypothesis,

TZ,n - An L 07
and,

oo

d 2

Ton == 3 N7
i=1

whee the 7; are i.i.d. standad normal, and whee the ); are solutionsto the same
integral equationasfor the correspondingAD statistic.

Proof. LetG(z) = G(x). Similar calculationsasin Section5.2.3 shav that (cfr.
Equation5.10)

T2,n =

dF(x).

| (Vi@ - Ge))
s Gx)(1—G(x))
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The AD statisticfor acompositenull hypothesisvasgivenin Equation4.15. In orderto
prove thatthe differencebetweerboth statisticsconvergein probabilityto zero,a Taylor
seriesexpansionof G5 aboutthetrue parametewalued is performed,

Gy(x) = Go(a) + (8 79)'%@) +0, <(éa)’ (éa)) .

Then,

\/7_1
Tan=dn = /s< G
\/ﬁ
G

A N 2
+(o-0) /S (ﬁ(é(@ ~G@)) g, 99@) o)
TR, (5.22)

Under Hy, thefirst termin equation5.22 corvergesin probability to zero by the same
argumentasusedin the proof of Theoremb.1. The secondermconsistof p terms

: (V@) @) oy 1
(6 - Qi)[s o0 —cw) 9 " %@

dGe (T),

(i = 1,...,p), of which, by the consisteng assumptioron the estimatord,, the factor
6,—0; > 0. Undercertainregularity conditionson Gy (seeAndersorandDarling, 1952,

for details)theintegral | (‘/28(;1):;(3)) %ﬁ’f(m)qe%x) dGy(z) isagainamemberf the

Anderson-Darlingamily of statistics,which have a proper non-degyenerateasymptotic
null distribution. Thus,by Slutsky’s theoremall p termscorvergein probabilityto zero.
Finally, by the sameargumentsalsoR,, - 0.

Thesecondartof thetheoremfollowsimmediatelyfrom thefirst partandfrom Theorem
4.1. O

In contrasto the resultsundera simplenull hypothesisthe asymptoticnull distribution
of A,, is muchmore complicatedundera compositenull hypothesis.This wasalready
commentediponin Sectiond.2.4. Becausef theidenticalasymptoticnull distributions
of the AD statisticandthe SSP2statistic,the problemsarisingfrom the estimationof the
unknown parameteré applyto bothstatistics We repeatherethemostimportantspecific
problemg(Stephens]976,1986)(seealsoSection4.2.4for amoredetaileddiscussion).

¢ In generathenull distributionof A,, will dependonthedistribution G4 testedthe
parameter® estimatedthe methodof estimationandthe samplesizen. Evenfor
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largen (asymptotically)hesedependencieapply.

e Whenthe unknonvn parameterarethoseof location(e.g. mean)andof scale(e.g.
variance),andwhenan appropriatenethodof estimationis used(e.g. maximum
likelihood),thenthe null distribution of A,, doesnot dependon the unknown pa-
rameters.

General Case

The asymptoticnull distribution of T, ,, (¢ > 2) is expectedto be far more difficult to
find asin the simplestcaseof ¢ = 2. In this sectionwe will only shawv whatkind of
complicationsareinvolved. The asymptoticnull distribution itself is not given. In alater
sectionexactnull distributionsaresimulated providing a practicalsolutionfor applying
thetest.

Onecouldthink of extendingthetheoryfor T ,, to T, ,, in the sameway asit wasdone
underasimplenull hypothesigcfr. Propositions.1). There,anheuristicproof by means
of completeinductionwasgiven, which waslaterempirically confirmedin a simulation
study Basically the completeinductionargumentis equivalentto the decompositiorof
T... Thedecompositioiis achiezedby consideringhestatisticasa (¢ — 1)-fold integral,
of which the integrandumis a Pearsony? statisticon the obsered frequencieghatare
inducedby a c-sizedSSR overthe spaceS» of SSPdeterminingsubsampleets.Condi-
tionally on any SSP Lancastes partitioningrule appliedto the Pearsorstatisticresults
in ¢ — 1 asymptoticallyindependenPearsorstatistics,eachwith 1 degreeof freedom.
The asymptotidndependenceascrucialto arrive at the proposedimiting distribution.
In the presentaseof a compositenull hypothesisthis independencis however lost, for
all termsdependon the completesampleby the imputationof the estimatord into Gy.
Hence,it maybe expectedthatthe asymptoticnull distribution will generallydependon
themethodof estimationrandonthetrue parametewalued aswell.

Note that thereis much analogywith the problemsof applying a Pearsony? testto
groupedcontinuousdata, discussedn Section4.1.4 (herethe groupingis inducedby
the SSP).Thereit wasseenthatusinga maximumlikelihood estimatord, basedon the
originalungroupediata,notonly ledto alossof p degreesof freedom butit alsostochas-
tically increasedhelimiting null distribution with aweightedsumof p i.i.d. x3-variates
(cfr. Chernof-Lehmannstatistic). It is expectedthat theseissuesalsocomeinto play
in the asymptoticnull distribution of 1. ,,, eventuallyleadingto a complicatedimiting
distribution.

Onemightalsotry to overcomesomeof thedifficultiesby changinghe Pearsorstatistics
in the T, ,, statisticto Rao-Robsorstatistics,for thesestill have asymptoticallya x2_,
distribution asit is the caseundera simplenull aswell.
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5.3.3 Approximation of the Null Distrib ution

Sincewe only have the asymptoticnull distribution of 75 ,,, we well restrictthe approxi-
mationsto this caseaswell. Furthermorethelimiting distribution depend®on G andthe
nuisancearametershathave to beestimatedWewill considethereonly thenormaldis-
tribution with unknavn meanandvariance.Thefirst 10 A; coeficientsareapproximated
andtabulatedby Durbin et al. (1975),Stepheng1976).

As in Section5.2.5an approximationof the limiting null distribution is needed.Based
onthe momentggivenin Stepheng1976),it is seenthat Pearsorcurvescannotbe used.
The four-momentstochasticapproximationis usedoncemore. Thus, W (a, b, p, f) =

a+bZ§+%Yf2, whereZ} ~ x;, Y} ~ x7 andthecoeficientsa, b, p and f aredetermined
to matchthefirst 4 momentsf thetruelimiting null distribution. The solutionis

a = 0.1485987138

b = 0.07645034415

p = 3.081193646

f = 0.0002859431225.

The exact asymptoticcritical valuesat the 5% andthe 10% level are0.751and0.632,
respectiely. The correspondingpproximationsare 0.757 and 0.636,which arerather
closeapproximationsin thefollowing sectionthe corvergences studied.

5.3.4 Convergence to the Limiting Null Distrib ution

In this sectionthe validity of the asymptoticnull distribution of 7% ,,, which was stated
in Theorem5.4, is assessedh a similar way asin Section5.2.6,i.e. for a rangeof

samplesizesthe exactnull distributionsaresimulatedunderthe null hypothesighere:a
standarchormaldistribution; 10000simulationruns)andthe 1 — « percentileis usedas
the estimatorof the a-level critical valuet, 2 ,,. Only o = 0.05 is considerechere. At

the sametime, the obsened corvergenceratewill tell us whetheror not the asymptotic
null distribution may be usedin practice. Sincein the simple null hypothesiscasethe

corvergencenvasveryslow, it maybeexpectedo beevenworsewhenthenull hypothesis
is composite.

Figure5.9shav theestimatedtritical values andtheestimatedizeswhentheasymptotic
critical valuewould have beenused. As with the SSPctestfor simplenull hypotheses,
the corvergenceis very slow, andthusthe asymptoticcritical valuesdo not seemto have
muchpracticalvalue. Still, theresultsconfirm Theorenb.4.
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Figure 5.9: Resultsfrom the simulatedexact null distributions of T3 » undera compositenull hypothesis:
(a)theestimatectritical values,and(b) the estimatedizeswhenthe asymptoticcritical valuewould have been
used.

5.3.5 Power Characteristics

In Sectionb.2.7resultswerepresented@oncerninghepower of the SSP2estfor asimple
null hypothesis.It wasamguedthatthoseresultswere not of muchpracticalvaluesince
simpleGOF null hypothesiglo not occuroften. Compositenull hypothesispn the other
hand,arefrequentlyencounteredn mary situations. As for all power studiesfor GOF
teststhe mainproblemis to make a choiceamongtheinfinite numberof alternatvesthat
canbeconsideredHere,| restrictecthe power studyto the compositenull hypothesis

Hy : I istheCDF of anormaldistribution,

andthe alternatvesconsideredare the sameasthoseusedto assesshe SSPctestfor a
simplenull hypothesigSection5.2.7): the Tukey-Lambdafamily andthe contaminated
normal family of alternatves. Again a qualitatve comparisoramonga setof selected
testsis basedon theisotonesandfor a few alternatvespowersareestimatedby means
of Monte Carlo simulations.Beforetheresultsaregiven, the next paragraptbriefly de-
scribesheotherteststhatareincludedin this power study

Some Other GOF Tests for Normality

For amoredetaileddiscussioronthetestsmentionedn this paragraphwe referto Chap-
ter4.

Probablythe bestknown testfor normalityis the Shapiro-Wik (SW) test(originally de-
velopedby ShapiroandWilk, 1965),which belongsto a classof testscalledregression
tests Many extensionsandmodificationshave beenproposedver the years;a detailed
overview is given by D’Agostino (1986). The SW testusedin this thesisis a modifi-
cation proposedby Weisbeg and Binham (1975),which is ascomparedo the original
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formulationof Shapiro-Wik easietto calculate.The SWtestsaregenerallyrecognizeds
the overall mostpowerfultestsfor normality. Critical valuesareobtainedirom Stephens
(1986)(seeTable5.7).

Table5.7: Critical valuesatthe 5%-level for n. = 20 andn = 50 for the GOFtestsfor (compositenormality
usedin this thesis.KL3 up to KL10 denotethe data-diwven smoothtestof Kallenbeg andLedwinaof order3
upto 10.

n SSP2 SSP3 SSP4 AD KS RR SW K
20 0.989 4.759 11.037 0.752 0.895 10.628 1.924 6.453
50 0.915 2.813 5.604 0.752 0.895 15.206 2.297 6.424
n  KL3 KL4 KL5 KL6 KL7 KL8 KL9 KL10
20 2998 3.598 5.093 6.183 6.992 7.430 8.222 8.780
50 3.521 4.926 6.607 7.126 8.244 9.154 9.859 10.805

Amongthe EDFtests(seeSectiord.2)the Anderson-Darlingestis generallyacceptedo
bethemostpowerful. In thepresensituationof acompositenull hypothesisthemodified
statistic(Stephens1976,1986)

0.75 2.25
AT = A, (14 =2 222
n n

is used.Critical valuesareobtainedfrom Stephen$1976,1986)andgivenin Table5.7.

Althoughit is arguedthaty2-typetests which areappliedto groupeddata,aredefinitely
notaspowerful asteststhatarespecificallyconstructedor continuousdata,we included
herethe Rao-RobsonRR) (Rao and Robson,1974) test. This testwas describedin
Sectiond.1.4.Sincetheperformancef atestwhichis basedn groupeddatamaydepend
to a large extenton the numberof (equiprobablexlassesa differentnumberof classes
is usedfor samplef sizen = 20 (k = 6 classespndn = 50 (k = 9 classes).These
numbersverecalculatedrom asimplerule proposedy MannandWald (1942). Critical
valueswerecalculatedrom the simulatedexactnull distribution for n = 20 andn = 50
(50000simulationruns). Thesevaluesareshovn in Table5.7.

The D’Agostino-Pearsori test(D’Agostino andPearson1973)is actuallynot anom-

nibustestbecauset is only sensitve to deviationsfrom /3; = 0 andg2 = 3 (/5 and

(2 arethestandardize®rd and4th momentyrespectiely). Neverthelesst is experienced
asrathersensitve to mary alternatvesto the normaldistribution. The critical values
wereobtainedfrom the simulatedexact null distribution for n = 20 andn = 50 (50000
simulationruns). They areshowvn in Table5.7.

Recentlythere hasbeena renaved interestin smoothtests,especiallyin data-drven
smoothtests. Very good power resultswere obtainedby a data-drven smoothtestthat
was proposedoy (Inglot et al., 1997; Kallenbeg and Ledwina, 1997), This testis in
detaildiscussedh Sectiord.3.3andis includedin this power studywith amaximalorder
of d,, = 10 for bothn = 20 andn = 50. It will bereferredto theKL test. Its critical
valueswerecalculatedrom the simulatedexactnull distribution for n = 20 andn = 50
(50000simulationruns). Thesevaluesareshowvn in Table5.7.
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Finally the Kolmogoros-Smirnor (KS) test (Kolmogoras, 1933; Smirnov, 1939; Lil-

liefors, 1967; Stephens1974)is included. Althoughit is generallyknown that this test
hasratherpoorpower characteristicst is includedheremerelyasanhistoricalcuriosity.
Themodifiedstatisticof Stepheng1974)is used,

0.01 0385
\/ﬁ n
Critical valuesaretakenfrom (Stephens]974,1986)andshovnin Table5.7.

D™ =D,(1—

n

).

The Power Study

Tukey-Lambda: Theisotonesare presentedn Figure5.10,and somepower estimates
areshovn in Table5.8.

e The symmetricdistributions are situatedalongthe diagonal(A\; = \;). Starting
from the quasi-normaldistribution A\; = Ay = 0.1349 towardsnegative values
for A1, A2 Figure5.10(a) shows clearly thatthe powersincreasevery rapidly and
thattheisotoneday very closetogethemwhich makesthetestsrathersimilarin this
direction. Amongthe SSPteststhepowersincreasdrom SSP4over SSP3o SSP2.
The SSP2testhasslightly lower powersthanthe AD test. The SW testhasthe
highestpower in this direction. Thesefeaturesshaw for bothn = 20 andn = 50.

Sincethe skewnessis exactly zerofor symmetricdistributions,the power of the K
testis ratherlow, but still increasingbecausencreasing\; = A, corresponds$o
increasingkurtosis.

For n = 50 theisotonef theK testshav anL-shapedegion (goingfrom (1, co)
over (2.4,2.4) to (oo, 1)) of lower power. This region correspond$o memberof
the TL family with zeroskewness.

e Again startingfrom the quasi-normaltlistribution, but now moving alongpositive
valuesfor \; = )., therearemoredifferencesobsened betweerthe 9 tests. The
firstisotonethatis crossedt theoneof the AD test,resultingin the highestpowers
in this direction.

The isotonesof the KL testin Figure5.10(b) (n = 50) shov aninterestingfea-

ture in the direction of positive A1, \o. It seemghat the isotonescorverge only

very slowly to the diagonalwhich representsymmetricdistributions with trun-

catedtails. A possiblereasoris thatin theorythe KL testis only consistentf the

orderd, tendsto infinity with increasingn, whichis in practicehowever not pos-
sible(here,d,, = 10 for bothn = 20 andn = 50). At largevaluesfor A; = X5 the

TL distribution hastruncatedails, which is indeeda featurethatis only described
by high ordermoments.

Also for n = 50, theK testshows a particularbehaiour. In a small rangeabout
A1 = A2 = 2t givesthe highestpowers,but on the otherhand,for high positive
valuesof \1, \s its isotoneis theonebut lastto becrossed.
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¢ In thedirectionalong); =~ 0 and\; positive (distributionsthataresimilar to the
exponentialandy?), all testsarerathersensitve. Again, amongthe SSPteststhe
SSP2testis the mostpowerful, but still lesspowerful thanthe AD testandthe SW
test. Now eventhe KL testis morepowerful thanthe SSPtests.By the symmetry
of the Tukey-Lambdafamily, the sameis seenin the directionof A\; ~ 0 and ),
positive.

Tableb.8: Theestimatechowersfor somealternaties of the Tukey-Lambdafamily, basecbn 10000simula-
tion runs.
n A1 A2 power

SSP2 SSP3 SSP4 AD KS RR SW K KL
20 -05 -05 0.622 0500 0.409 0.635 0.566 0.556 0.674 0.623 0.588

20 1 1 0.064 0.061 0.064 0.156 0.090 0.094 0.081 0.095 0.006
20 15 15 0.083 0.081 0.080 0.200 0.105 0.128 0.096 0.156 0.007
20 15 2 0.061 0.065 0.067 0.193 0.092 0.117 0.094 0.141 0.009
20 2 0 0.565 0.409 0.299 0.739 0.532 0.566 0.754 0.518 0.627
20 5 10 0538 0.442 0.346 0.691 0.647 0563 0.621 0.338 0.413
20 6 6 0.225 0.186 0.140 0.290 0.295 0.251 0.210 0.084 0.079
20 9 9 0.749 0.787 0.720 0.829 0.803 0.784 0.747 0.382 0.347

50 -05 -05 0939 0935 0.909 0.944 0.893 0.909 0.954 0.915 0.880

50 15 15 0477 0.440 0.384 0.694 0.324 0425 0.613 0.846 0.008

50 2 0 0911 0.876 0.806 0.960 0.808 0.874 0.979 0.830 0.934

50 3 3 0.083 0.092 0.090 0.185 0.087 0.130 0.099 0.316 0.002

50 5 5 0.173 0.239 0.213 0.250 0.231 0.186 0.110 0.002 0.007

50 5 9 0.899 0.917 0.901 0.939 0.923 0.886 0.887 0.517 0.684

50 1 8 0.219 0.203 0.165 0.410 0.178 0.216 0.303 0.549 0.008
4 8.5

0.834 0.825 0.759 0.903 0.878 0.722 0.821 0.378 0.646

Contaminated Normal: The isotonesare presentedn Figure 5.11, and somepower
estimatesreshavn in Table5.9.

¢ In the direction from (0,0) to (0, 00) first the isotonesof SSP4and SSP3are
crossedjndicatingthe highestpowersfor thesetwo tests,bothwhenn = 20 and
n = 50. Thiswasalsoobsenedin the caseof a simplenull hypothesis.

e The SSP4and SSP3testsremainthe mostpowerful testswhenmoving in the di-
rectionfrom (0, 0) to (4, 0.4), bothwhenn = 20 andn = 50.

Some Conclusions

Theisotonesaswell asthe estimatecpowersresultingfrom the smallpower studiescon-
firm thefindingsandconclusionghatarefoundin theliterature:the AD testandthe SW
testhave goodoverall power. The momentbasedK testdoesundermary of the alter
nativesin the Tukey-Lambdafamily ratherwell, which is becauséoththe 3rd andthe
4th momentare highly variablewith the A; and A\ parameteréindexing the family. On
the otherhand,mary authors(e.g. Stephens]1974)have reportedthatthe KS testoften
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Table5.9: The estimatechowversfor somealternaties of the contaminatedormalfamily, basedon 10000
simulationruns.
n 4 ¥ power

SSP2 SSP3 SSP4 AD KS RR SW K KL

a
o
=

5 038 0.993 1.000 1.000 0.997 0.993 0.999 0.990 0.541 0.632
0.4 1.000 1.000 1.000 1.000 1.000 0.999 1.000 0.938 0.054
50 35 0.1 0.754 0.821 0.804 0.784 0.550 0.470 0.844 0431 0.663

20 0 0.2 0.215 0.769 0.781 0.261 0.325 0.270 0.223 0.133 0.114
20 0 0.7 1.000 1.000 1.000 1.000 1.000 1.000 0.997 0.823 0.780
20 2 04 0.683 0991 0.991 0.857 0.810 0.845 0.797 0.230 0.132
20 4 0.4 0948 0.996 0.996 0.990 0.949 0.881 0.972 0.624 0.021
50 0 0.2 0513 0986 0.990 0580 0.706 0.757 0.415 0.173 0.130
50 0 0.6 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.875 0.820

.2

3

resultsin low powersascomparedo otherEDF testsase.g.the AD test. Thisis alsoseen
from the presenstudy A similar conclusionholdsfor the RR testin the Tukey-Lambda
family. In the contaminatechormal family, however, the RR testperformsrathergood
on average. The data-drven KL test,which is nowvadaysoften consideredo be a very
sensiblechoice,did not performwell, especiallynot undersymmetricalternatveswith

bothtails truncated Possiblythe solutionmaybeto increasehe maximalorderd,, .

In both familiesof alternatvesstudied,the SSP2test,which is thoughrathersimilar to
the AD test,did performalwayslessthanthe AD test.Also ascomparedo theothertests
it is oneof theworst. In the Tukey-Lambdafamily, the higherorderSSPtests(SSP3and
SSP4havein generakvenlower powersthanthe SSP2est.In the contaminatechormal
family, ontheotherhand,boththe SSP3andthe SSP4testhave by farthehighestpowers,
andin mary situationgthe differencewith the bestnon-SSRestis extremelylarge. Thus
the choiceof the SSPsizec seems/eryimportant.
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Figure5.10: Theisotonegor the Tukey-Lambdafamily of alternatves, for n = 20 (a)andn = 50 (b). The
diagonaldashedine indicatesthe symmetricdistributions(\; = A3).
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5.3.6 Examples

In chapter2 somedatasetsvereintroduced.ln someof themonewasinterestedo know
whetherthedataarenormallydistributedor not (compositenull hypothesis)Theseanal-
ysisarenow performed.All critical valuesandp-valuesarederived from simulatednull
distributions(10000simulationruns).

Whenever tied obsenationsoccurred,they were untied by randomization(Hajek and
Sidak, 1967). This is definitely not the bestway to dealwith ties, for differentpersons
may endup with differentvaluesfor the teststatistic. However, from a theoreticalpoint
of view, all propertiegemainvalid.

EXAMPLE 5.1. Gravity Data

In Chapter2 it wasseenthatwith the Kolmogoro/-Smirnov testonly the 7nd serieswas
determinedas not normally distributed (p = 0.0451). Here,we performthe SSPctest,
with ¢ = 2,3 andc = 4, onthe 8 series.Theresultsarepresentedn Table5.10. As with
the KS test,only for the 7nd seriesthe null hypothesif normality is rejectedwith all
threepartitionsizes.Thep-valuesareall smallerthan0.0451 whichis the p-valueof the
KS test.Notealsothethe p-valueof the SSPdestsincreasesc increasesThis suggests
thatthereare caseqe.g. the samedistribution asfor the 7nd series,but with a smaller
samplewherefor asmallpartitionsizea significantresultmaybefound, but for larger ¢
thesignificancedisappearsThus,this stressesheimportanceof choosinganappropriate
c whenthe samplesizeis moderate.

Table5.10: Resultsof the SSPctest(c = 2,3 andc = 4) onthe Gravity data. The estimatecp-valuesare
presentedbetweerbraclets.

c series

1 2 3 4
2 0.382(0.721) 0.412(0.569) 0.511(0.377) 0.584(0.277)
3 1.150(0.669) 1.203(0.656) 3.455(0.159) 1.694(0.450)
4 2.224(0.640) 2.280(0.661) 7.244(0.171) 3.029(0.493)
c series

5 6 7 8
2 0.693(0.264) 0.384(0.640) 3.525(0.001) 0.544(0.291)
3 1.715(0.444) 0.843(0.846) 9.061(0.020) 1.248(0.638)
4 2.977(0.501) 1.354(0.885) 15.054(0.044) 1.948(0.760)

EXAMPLE 5.2. The Chemical Concentration Data
Theresultsof the SSPaest,with ¢ = 2, 3 andc = 4 areshowvn in Table5.11.

Noneof the SSPtestsresultedn a corvincingrejectionof thenull hypothesisin Section
2.1theresultsof someother GOF testswerementioned.Most of themindicateda non-
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Table5.11: Resultsof the SSP2 SSP3andthe SSP4teston the ChemicalConcentratiorData. .

¢ T, p-value
2 0710 0.110
3 1.850 0.178
4 3.056 0.290

significantdeviation from normality aswell, thoughwith p-valuesonly slightly greater
than0.05. Only a smoothtestof BestandRayner(1985)gave a significantresult,in the
meanwhilesuggestinghat mostprobablythe true distribution is too skew to be normal.
From the simulationstudyin Section5.3.5it wasindeedconcludedthat the SSPtests
performedratherbadin the Tukey-Lambdafamily of alternatves, which includesskew
alternatvesto the normaldistribution aswell. O

ExaMPLE 5.3. The Singer Data

In Section2.2 a Kolmogoro/-Smirnov, a Shapiro-Wk and a data-driven smoothtest
(KL) wereperformedonthe Singerdata.All testshadp-valuesaround0.3- 0.4,andthus
normalitywasconcluded.

Table 5.12 shows the resultsof the SSPctest(c = 2,3 andc = 4). Theresultsof the
SSP2test(p = 0.375) is in theline of the classicaltests,but whenlarger partition sizes
areused(c = 3, 4), oneimmediatelynoticesthe extremelargevaluesfor theteststatistic
which correspondo p-valuessmallerthan0.0001. Thus,boththe SSP3andthe SSP4test
rejectthe null hypothesis.

A reasortfor this tremendouglifferencebetweenthe SSP2test(andthe classicaltests)
on the one hand,andthe SSP3andthe SSP4teston the otherhand, might be that the
dataactually shovs somebimodality. This featurewas however not recognizedn the
exploratoryanalysighatwaspresentedn Section2.2 (Figure2.2,panel(a)), evennotin
thekerneldensityestimate. Thereasorfor this might bethatthe methodused(Gaussian
kernelwith a bandwidthdeterminedy meansof the UnbiasedCrossValidationmethod
(Silverman,1986; Venablesand Ripley, 1997)) did not selecta good bandwidthin the
sensethat the datawastoo much smoothed.Of course,sincethe datasetontainsonly
35 obsenations,bumpsin the densityare often flattenedby smoothing.In Figure5.12
anotherkerneldensityestimatoiis used:a Gaussiarkernelwith bandwidthmanuallyset
to 2.75. Now the densitysuggessomebimodallity. (Note thatthis methodis definitely
not to be recommendedsinceby settingthe bandwidthsuficiently small, bimodallity
will shaw in all datasets.)

Sincefrom the simulationstudyin Section5.3.5it wasconcludedhatthe SSP3andthe
SSP4estareespeciallyhighly sensitve to contaminatedhormaldistribution, i.e. mixture
distributions shawving in extreme casesbimodallity, this may the reasonherefor their
extremesignificantresult.

|
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Table5.12: Resultsof the SSPdest(c = 2, 3 ande = 4) onthe Singerdata.
c Ten p-value
2 0452 0.374
3 306.883 <0.0001
4 951.133 <0.0001

frequency

J L

T T T T T T T 1
58 60 62 64 66 68 70 72

height

Figure5.12: A histogramanda Gaussiarkerneldensityestimate(bandwidth= 2.75)of the SingerData.

5.4 Generalization of the SSPc Test to Divergences
of Order A\

In Section5.1 the DirectedDivergenceof order A, andthe correspondind®aver Diver-

genceStatisticof CressieandRead(1984)weredefinedanddiscussedLater, in Section
5.2, whenfirst the rationalefor the SSPctestwas given, the constructionof the SSPc
testwascompletelyrestrictedto the Pearson-typélivergencefor which A = 1. For this

specificcase the AveragedPearsorDivergenceandtherelatedAveragedPearsoriver-

genceStatistic(Sections5.2.1and5.2.2) were defined. In this sectionthe SSPctestis

generalizedo the completefamily of directeddivergences.First, somedefinitionsare
given. Then,the order A SSP2testis constructedandits null distribution is given, and
finally the SSP2testis extendedo the SSPdestfor arbitrary \.
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5.4.1 Some Definitions

Definition 5.8 Theaverageddivergenceof order X is definedas
AR (F;G) = Ef [N (F Gl[A(Pe-1,0)] -

This measureA ) (F; G) is againonly usefulif it measureshedeviation of £ from G in
somesenseThisis shovn in thefollowing lemma,whichis theanalogueof Lemma5.1.

Lemmab.3 Forall¢ > 1,and)\ € R

AXMNF;G) =0 < H,istrue.

Proof. If Hj is true,then,following Corollary 5.1, for all [A] I* (F’; G|/[A]) = 0, and
henceA) (F;G) = 0.
Theproofof “=" is similar to the proof of Lemma5.1; only hereA) (F; G) = 0 implies

(WW@@?A

P, apy) AP0

1 (&
MM D) /sp Z} Pridi(P)

whichfor every A implies,asin the proof of Lemmab.1,

Py [Ai(P)] = Py [Ai(P)]
almosteverywhere Theremaindeiof the proof remainsunchanged. O

The usefulnes®f the extensionto arbitrary A doesnot only arisefrom Lemmab.3, but
alsofrom the generalphilosophyof Romanaos framework for GOF tests(Section4.2.2).
Thereit is suggestedhat the choicefor a certainGOF testis partly determinecby the
choicefor a measurgpseudo-metricy that measureshe deviation of ' from G. A2
represents family of suchmeasures = 4, ., indexed by both ¢ and . By changing
A from 1 to e.g. O, the pseudo-metriés changedrom typical Pearsoniartio a measure
basedn the Kullback-Leiblerdivergence.

With the samenotationasin Section5.2.2,the definition of the AveragedPearsorDi-
vergenceStatistic(Equation5.8)is now extendedto the Averaged DivergenceStatisticof
order A, givenby

1

Ge—1,n

ANF:G) = > HFEC)Al). (5.23)

Pepc—l,n

whichis justthe plug-in estimatorof A} (F; G). Notethatthe statisticcanbe bothinter-
pretedin termsof a simplenull hypothesiqasits definitionin Section5.2.2)asin terms
of acompositenull hypothesiqasits definitionin Section5.3.1).
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5.4.2 The SSPc-test of order A and its Distrib ution under a
Simple Null

Theteststatisticis obviously generalizedo
T2, = 20ANF; G) = 20 [1* (F; GI|[A)(Peei )] - (5.24)

Its asymptoticnull distribution is first derived for the specialcasec = 2. Only simple
null hypothesesreconsideredhere,butit will beapparenthatit maybeextendedo the
compositenull hypothesisase.

Special Case: ¢ =2

For ¢ = 2, recallthat,asin Section5.2.3,the partitiondeterminingsubsampleetP; ., is
justthesamples,,, andthesetsP}m may bereplacedy thecorrespondingbsenations
X; (i =1,...,n). Thus,thepartitions[A](P},,,) maybereplacedby [A](X;) or simply
[A];. For agivensamplea:,, = n suchpartitionscanbe constructed. EachSSP[A];
consistof two elementsdenotedby A;; = [b;, X;] and A;2 =] X;, by]. Then,whenthe
null hypothesigs simple,theteststatisticreducego

A
T2 ,n

2n [1 > E el

1 — 1 N
- ﬁ;”mﬂ) {F(X")

~ A
1—F(X3) L
1-G(Xy) ’
When) = 0 or A = —1, T3\, is definedby continuity. Since\ = 0 is aninteresting

specialcase(basedon the KdlIback—Leiblerdivergenceandthe relatedlikelihoodratio
statistic),we give the statistichereexplicitly:

+(1 = F(X;))

19, = % > on <13“(X4) In gg?; + (1= F(X;))In %)

1 —F(Xz) 1-F(X) F(XZ) F(X;)
1-G(Xy) G(X;)

which clearly is basedon the log likelihood ratio statisticsappliedto the multinomial
distributionsthatarisefrom the SSPYA|(X;) (i = 1,... ,n).

Il
S|
g
Y
E
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An importantandvery interestingpropertyof the statisticsTéf,n is thatfor each their
asymptotiull distributionis the sameasfor the AD statistic,andthusindependenof ).

Theorem5.5 Undera simpleH,, for eath A € R,
T2>:n o T21,n o 0,

and
4 — 1
> ;J(JH) !

wheethe 77 arei.i.d. x7 variates.

Proof.  The proof is basedon von Mises calculus(von Mises, 1947) and influence
functions(for arecentaccountseeSerfling,1980;vanderVaart,1998).

TheteststatisticTQn maybelookeduponasaplug-inestimatoiof thefunctional2n A} (F; G),
ie.

TZ):n = 2nAY(F; G) = Zn/

[ P (B GlIAIG) ) dF )

A Taylorlike expansionof A} (E,; (), basedon Hadamardierivativesis
B(FiG) = AYFiG)+ [ IR Fi6) (day) — dF () dy
S

+% /S /5 IF3 (y, 2 F; G) (an(y) - dF(y)) <dﬁ"(2) N dF(Z)> vz
2 (5.25)

wheretheinfluencefunctions/ F* andI F3' aregivenby

IFMy; F;G) = %A%((l—e)F—i—eéy;G)
e=0
d
IFMy, 2z F;G) = d—VIFf(y;(lf“/)F+”/5z;G) :
~=0

whered, = d,(z) =y < z]andé, =d.(z) =1 [z < z].

It is straightforvardto shav thatunder Hy the first orderinfluencefunctionis zerofor
ary A, i.e. IF{(y; F;G) = 0. Also thefirst termin Equation5.25vanishesunder Hy
(Lemmab.3). After somecumbersomalgebrait is shovn thatthe secondrderinfluence
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functionbecomesunderH,,

v~ [ Gu GEDE. —G@)
LI R e ety

= —In(l — min(G(y),G(2))) — In(max(G(y), G(z))) — 1,

dG(z)

whichis independentf A. Thus,underH, theteststatisticTén hasunderH, thesame
limiting distribution as

LSS IR X5 FiG) (5.26)

i=1 j=1

Vi

% Z (—In(1 — min(G(X;), G(X;))) — In(max(G(X;), G(X;))) — 1)

n

—n — % 2(22 — 1) (h’l(X(z)) + ln(l - X(n—i—l—i))) 3 (527)

i=1

|

whereX ;) < ... < X(,) aretheorderstatisticsof S,,.
FromEquation5.27it is concludedhatfor any A thestatisticTZ’\’n hasasymptoticallythe

samenull distribution asthe AD statistic(cfr. Equation4.13),providedthatnR,, —— 0.
Thelatterconditionmaybe easilychecled. This provesthefirst partof thetheorem.The
secondoartfollows now immediatelyfrom Theorens.1. O

Forthe SSPdestwith A = 1 it wasobsenedthatthe corvergenceof thenull distribution

to its limiting distribution is very slow (Section5.2.6). The samebehaiour is to be

expectedhereaswell. Moreover, for finite n theexactnull distributionswill still depend
on \. Thischaracteristiés motivatedby recognizingthatthe SSPcstatisticis theaverage
of the power divergencestatisticsappliedto the groupeddataresultingfrom all ¢c-sized
partitionsin A. Conditionalon a partitionthe correspondingpower divergencestatistic
cornvergesweaklyto a x2-distribution, irrespectve of )\ (CressieandRead,1984),but for

finite n the exactnull distributionsmay be quietdifferentfor variousvaluesof A (Read,
1984). This propertywill be propagatedo the SSPcstatistic. The practicalsolutionis

thusto usethe A-specificsimulatedexactnull distribution.

Beforeproceedingo the generalcase a few notes which follow from the proof of The-
orem5.5,maybein placehere.Fromequations.24it may be seenthatthe statistic73,,
is anexpectationfunctional. Plug-inestimatorsof suchestimatoranay be considereds
V-statistics(von Mises,1947; Lee, 1990). Here,however, the theoryof V-statisticswas
notappliedbecausef thecompleity of the (asymmetrickernelthatfollowsfrom Equa-
tion 5.24. Instead we madeimmediateuseof the von Misescalculus,which eventually
hasled to anasymptoticequivalencewith Equation5.26,which now shows a V-statistic
with a propersymmetrickernelof degree2. Sincethe statisticwasdirectly recognized
asthe AD statistic,no furtherstepshadto be madeto solve thelimiting null distribution.
Though,if proceededrom Equation5.24,it would have turnedout that the V-statistic
shaws a first order degenerag. By the equivalencerelation betweenV-statisticswith
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first orderdegenerag and stochastigprocessegseee.g. De Wet and Randles,1984),
onewould immediatelyendup with the sameintegral equationof AndersonandDarling
(1952).

Yetanotherconsequencis thatthe asymptoticdistribution of Tﬁn underary fixedalter
native, for which thedegenerag vanishesis normal.

General Case

Thegeneralizatiorio arbitrary but finite ¢ involvesthe sameconjectureasin Proposition
5.5. Thereforewe statetheresultinglimiting distribution herealsoonly asa proposition.
In the next sectionits validity is empiricallyassessed.

Proposition5.2 For anyc > 1 andany ), underthe simpleGOF null hypothesis,

oo

1
T'c)\ni> 7Z27
’ ;J(wrl) !

wheethe 77 arei.i.d. x7_, variates.

Heuristic Proof. By Theorem5.5 the asymptoticnull distribution of Tﬁn doesnot
dependon A andis thus exactly the sameasthe limiting null distribution of 75 ,,. We
now proceedasin Proposition5.1,where\ = 1. The completeinductionreasoninghat
wasinvokedthere,implied that,conditionallyon ary SSRthe statisticmaybewritten as
anintegral of ¢ — 1 asymptoticallyindependenPearsorstatistics. From an asymptotic
expansionof the power divergencestatisticusedby CressieandRead(1984,p. 442),it
follows thatthe asymptoticindependenceontinuouso hold for arbitrary A. This would
leave theremainingstepsunchanged. O

5.4.3 Convergence to the Limiting Distrib ution

In this sectionthe cornvergenceof the null distribution of Tén is empiricallyinvestigated.
When A = 1 this is donealreadyin Sections5.2.6 and 5.3.4 for the simple and the

compositenull hypothesicaserespectiely.

Herewe will consideronly the distribution of 177, and 1% ,, for a wide rangeof sample
sizes.Theexactnull distributionsareestimatedy meansof 10000simulationruns. The

resultsarepresentedn Figures5.13and5.14for ¢ = 2 andc = 3, respectiely.

Fromthe figuresit is concludecthatthe corvergenceto the asymptoticcritical valueis
muchfasterascomparedo the Pearsoniarstatistic,for bothc¢ = 2 andfor ¢ = 3. An
explanationfor the SSPsizesgreaterthan 2 might be found in the following. In the
outline of the proof of Propositions.1 and5.2thelimiting null distribution resultsfrom
a decompositiorof power divergencestatisticsof order1 andarbitrary A, respectiely.
Although asymptoticallythe decompositionis indeedcorrectfor arbitrary A, an exact
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decompositiorior finite samplesizesonly occursif A = 0 (thelikelihoodratio statistic).
In this senseonemay expectthatthe I, statisticcorvergesfasterthan,,

@ (b)

critical value
3.0

0 200 400 600 800 1000 0 200 400 600 800 1000

Figure5.13: Resultsrom the simulatedexactnull distributions of T3, underasimplenull hypothesis{(a)
the estimatedcritical values,and (b) the estimatedsizeswhenthe asymptotlccrltlcal valuewould have been
used.

(@) (b)
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Figure5.14: Resultsfrom the simulatedexactnull distributions of T3, underasimplenull hypothesis{(a)
the estimatedcritical values,and (b) the estimatedsizeswhenthe asymptotlccrltlcal valuewould have been
used.

5.4.4 A Small Simulation Study

When\ = 0, the poNerdivergencestatistici1 (F; G||[A]) is the likelihood-ratio(LR)
GOFtestfor a multinomial distribution. A small simulationstudyis performedto com-
parethe powersof the SSPctestsof ordersA = 1 (Pearsoniaror P-type)and\ = 0
(LR-type). The critical valuesof the latter testare approximatedy simulatingthe null
distributions(10000simulationruns). For estimatingthe powers,the simulationsarerun
underexactly the sameconditionsasin Section5.3.5.
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Results

Theresultsareshovnin Tabless.13and5.14for the Tukey-Lambdaandthecontaminated
normalfamilies,respectiely.

Table 5.13: The estimatedpowersof SSPctestsof order A = 1 andA = 0 for somealternaties of the
Tukey-Lambdafamily, basedbn 10000simulationruns.

n )\1 )\2 A=1 A=0

SSP2 SSP3 SSP4 SSP2 SSP3 SSP4
20 -0.5 -0.5 0.622 0.500 0.409 0.667 0.665 0.645
20 1 1 0.064 0.061 0.064 0.129 0.117 0.117
20 15 15 0.083 0.081 0.080 0.147 0.143 0.148
20 15 2 0.061 0.065 0.067 0.142 0.136 0.136

20 2 0 0565 0.409 0.299 0.738 0.686 0.649
20 5 10 0.538 0.442 0.346 0.685 0.694 0.686
20 6 6 0.225 0.186 0.140 0.309 0.356 0.363
20 9 9 0.749 0.787 0.720 0.851 0.910 0.915

50 -05 -05 0.939 0.935 0.909 1.000 1.000 1.000

50 15 15 0477 0.440 0.384 0.569 0.549 0.506
50 2 0 0911 0.876 0.806 0.997 0.996 0.993
50 3 3 0.083 0.092 0.090 0.131 0.121 0.104
50 5 5 0.173 0.239 0.213 0.283 0.347 0.342
50 5 9 0.899 0.917 0.901 0.942 0.948 0.944
50 1 8 0.219 0.203 0.165 0.368 0.354 0.317
50 4 85 0.834 0.825 0.759 0.876 0.862 0.845

Table5.14: The estimatedpowersof SSPctestsof order A = 1 andA = 0 for somealternaties of the
contaminatedhormalfamily, basecbn 10000simulationruns.

n é y A=1 A=0
SSP2 SSP3 SSP4 SSP2 SSP3 SSP4

20 0 0.2 0.215 0.769 0.781 0.276 0.520 0.582
20 0 0.7 1.000 1.000 1.000 1.000 1.000 1.000
20 2 04 0.683 0.991 0.991 0.745 0.917 0.940
50 0 0.2 0513 0.986 0.990 0.593 0.877 0.911
50 0 0.6 1.000 1.000 1.000 1.000 1.000 1.000

50 35 01 0.754 0.821 0.804 0.837 0.782 0.737

The resultsobtainedunderthe Tukey-Lambdafamily of alternatvesare very clearin

suggestinghatthetestsof the LR-typeareconsistentlymorepowerful thanthetestsof the
P-type.In someoccasionshe power advantagemaybeaslargeas10%. This conclusion
holdsfor all threepartition sizesc = 2,3 andc = 4. Moreover, whencomparingthe
resultsof this sectionwith the estimatedoowersof other GOF teststhat were computed
underthe sameTL-alternatves(Table 5.8) and of which mary outperformedhe SSPc
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(P-type)test, it may now be concludedthat the powers of the LR-type SSPctestare
muchcloserto thepowersof the AD andSW tests which wereoverallthe mostpowerful
tests.Evenin somecircumstancethe LR-type SSPdestsdid better(e.g. large valuesof
A1 = A9, i.e. unimodaldensitieswith bothtails truncated).

Underthe contaminatechormal alternatives, only the SSP2LR-type testhasa higher
power thanthe correspondindP-type.Whenthepartitionsizeis larger, the LR-type seem
to have a slightly smallerpower. Theselarger partition sizesresultedunderthe contam-
inatednormalalternatvesto extremelylarge powersascomparedo othertests(Section
5.3.5).Eventhepowersof the LR-typearestill muchhigherthanthoseof the othertests.

Conclusion

In generalthe powersof the SSPctestsdependon the order . This wasexpectedsince
thecoreof thestatistic,thepower divergencestatisticof order )\, alsohasasfinite sample
power functionthatdependon ) (CressieandRead,1984; Read,1984). It is expected
that other choicesof A might resultin still higher powersand othersin lower powers
underdifferentalternatves.

For the TL-family with the LR-type SSPctestspowerscomparablgo the AD and SW
testswerefound.

5.5 Data-Driven SSP Tests

In the previous sectionsthe SSPctestwasintroduced. Actually a whole family of tests
wasconstructedindexed by the order or the partition sizec, which hadto be choserby

theuser This may be consideredsa propertythatmakesthe SSPmethodologyflexible

in the sensahatby choosingan appropriatepartition size c the researchecanmalke the

testmore sensitve towardsalternatveswhich he is particularly interestedn. Indeed,
in Section5.3.5it wasclearly illustratedthat the power of the SSPctestdid dependto

a sometimedarge extent on the partition sizec. E.g. whena researchers especially
interestedin detectinga small contaminationin a samplefrom a normal distribution,

he might wantto take ¢ = 3 or ¢ = 4, but whenhe is merelyinterestedn detecting
asymmetryin the distribution thena betterchoicewould be ¢ = 2. From anotherpoint

of view, though,this degreeof freedommay be considerecsa weaknessindeed mary

researcherareignorantw.r.t. possiblealternatvesandthey will apply a GOFtestasa
true omnitustest,i.e. whenthe distribution is not equalto the specifieddistribution G

thenthey wantto detectit, whatever the true distribution is. In this situationit would be
extremelyuncomfortablyandundesirabléf onestill hadto make a choicefor c.

Fromatheoreticalpoint of view, however, ary ¢ resultsin a consistentest. This means
thatif the samplesizewould beinfinitely large,any SSPaestwould have a power equal
to 1 againstessentiallyary fixed alternatve, andthusthereis no differencebetweenthe
choicedor ¢ anymore.Of coursethis propertyhasno practicaimeaningsinceall samples
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arefinite.

In this sectiona solutionto the problemof choosingan appropriate: will begiven. The

ideais to estimatec from the dataitself, by meansof someSchwartz-like selectionrule

(Schwartz, 1978). Sucha procedurds called data-driven: the datasuggestghe right

choicefor ¢ accordingto somecriterion. Ledwina(1994)introducedthis methodology
for selectingthe numberof componentsn Neyman's smoothGOF test(seeSection4.3

for anoverview). Notethatsuchatest(KL testof Kallenbeg andLedwina(1997))was
alreadyincludedin the Monte Carloexperimentsn Section5.3.5.Beforecontinuingtwo

importantdifferencewith the data-drvenNeyman's smoothtestarebriefly discussed.

o A first importantdifferenceis the formal framework in which the selectionrule is
defined.Ledwina(1994)proposedo usea Schwartz (1978)selectionrule, which
is aruleto find theright membeiin (or, dimensiorof) anexponentiafamily. When
the exponentialfamily is parameterizewvith a s dimensionaparametep, the set-
ting of someof the component®f 6 to zerois equivalentto constructingan em-
beddedower-dimensionakxponentialfamily of distributionsor models.Whenall
componentsiresetto zero,theresultingmodelis the model G specifiedunderthe
GOF null hypothesis. The selectionrule itself is essentiallyselectingthe small-
estdimensionS thatmaximizeshe maximumlog-likelihoodreducedy a penalty
whichis proportionalto thedimensiorandthelogarithmof the samplesizen, over
all modelsof dimensiomot greatetthank, i.e.

S:min{j,l <j<k:L;= llgaéckﬁt},
<t<k

wherel; = supg. {1, In fp:(X;)} — 1t Inn, wherefy: (X;) is thedensity eval-
uatedin obsenation X, of the t-dimensionakxponentialfamily. The data-drven
testis thenbasicallya scoretestwithin the S-dimensionakxponentialfamily. For
practicalpurposeXKallenbeg and Ledwina (1997) note that the maximizedlog-
likelihoodin the selectionrule may be replacedby the likelihoodratio statisticof
Hy : 6° = 0 againstH; : 6° # 0 in theexponentialfamily.

The SSPctest,on the otherhand,is not constructedvithin the likelihood frame-
work of anexponentiafamily. Therewasevenno needat all to assumeor param-
eterizea family fy of distributions. Thereforeit would not be straightforwardto

apply Schwartz’s selectionrule, which is explicitly basedon the likelihoodof the
exponentialfamily.

e A centralideain Neyman's framework is that his exponentialfamily essentially
includesall continuoudistributionsasthedimensionalitygoesto infinity. If, how-
ever, thedimensionis keptfinite, thenit is notguaranteedhatthetruedistribution
F is embeddedn the family, andthenthe scoretest,andthusalsothe data-drven
test,is not necessarilyconsistent.Moreover, in practiceit is infeasibleto usethe
infinite dimensionalexponentialmodel. To overcomethis problemLedwinapro-
posedo make the maximaldimensionk samplesizedependentk = d,,, whered,,
increasesvith n accordingto somespecifiedrateto guarantee€onsisteny.
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As will becomeclearin the following sectionsthe data-driven SSPtestthat will
be constructechere,doesnot suffer from this dravback. Sincefor every ¢ > 2
the correspondingSPdestis consistentt will be easyto show thatalsothe data-
driven SSPtestis consistentwhatever the choicefor the maximal partition size.
Thus,by makingthe SSPdestdata-drvenit is only hopedto improvethe power of
thetestandto make it simplerfor userswho areignorantto specificalternatves.

5.,5.1 The Selection Rule

First we will introducethe selectionrule thatwill be usedto build the data-drven SSP
test. Sincethe rule is not clearly relatedto a likelihood of an exponentialmodel, one
might arguethatthe scaleon which the penaltyis appliedis incorrectto give meaningful
results.In anheuristicexplanationit will beshavn thatthis scaleis relevant. Moreover, it
will turn out thatfor the validity of the data-drven SSPtest,oneis very freein choosing
apenalty evenon completelydifferentscalesasSchwartz’ BIC penalty

The Selection Rule

Definition 5.9 ThesetI" of Permissible Orders or Permissible Partition Sizesis a set
of valuesfor the partition sizec that maybe selectecby the selectionrule. It is further
supposedhat #I is finite andthatall partition sizesc € I" are finite aswell.

Definition 5.10 TheMinimal Order ¢,, or Minimal Partition Sizec,, is the smallest
partition sizethat maybeselectedi.e. ¢,;, = minT".

Definition 5.11 TheSSPSelectionRule, which selectghe“right” partition sizeC,, is
givenby

C,, = ArgMaxcr [T, — 2(c — 1) Ina,], (5.28)
where2(c¢ — 1) In a, is calledthe penalty.

Notethatthe selectedbrder C,, is arandomvariable. Further specialcasesncludethe
Bayesiarinformation Criterion (BIC) (Schwartz,1978)whena,, = n'/2, andAkaike’s
InformationCriterion (AIC) (Akaike,1973,1974)whena,, = e. Many otherchoicesfor
a,, arepossible,seee.g. Hannanand Quinn (1979),Haughton,Haughtonandlzenman
(1990).

An Heuristic Construction of the Selection Rule

To seewhy the penaltytermin theselectiorruleis ontheright scalew.r.t. T.. ,, whene.qg.
the BIC is used,we give a brief informal overview of the constructionof the selection
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rule.

Insteadof consideringan exponentialmodelfor the true continuousdistribution f, asit

is donefor the constructionof Neyman’s test,we will constructan exponentialworking
modeffor eachpartition[A]p = [A](P._1,,). Foragivenpartition[A]p = {A41,... , A.},
theworking modelis givenby (seee.g.Kopeck/ andPierce, 1979)

fo.s() = go(x)exp Y sl [x € Aj] — K (o) ¢, (5.29)

where# is thevectorof nuisanceparametersyhich areto beestimatedn caseof acom-
positenull hypothesisandwhere¢ = (¢1,...,¢.1)’ is the vectorof parametershat
modelthedeviation betweerthe multinomialdistribution implied by [A]» underH, and
the multinomial underthe true distribution f. K (¢) is the normalizationconstant.It is
importantto notethat¢ = 0 correspondso the original GOF null hypothesisandthat
underthis hypothesisk (¢) = 0.

Further the parameterizationf the working modelis suchthatsettingd < ¢ — 1 com-
ponentsof ¢ equalto zero, the resultingembeddednodel is the working model that
corresponds$o ac — d sizedSSP

When 6 is known, the scoretestfor testingHy : ¢ = 0 is simply Pearsors y? test
(Kopecky andPierce, 1979,usedthis modelto illustratethat Pearsors y? testis actually
alsoa smoothtest). Moreover, evenwhenthe null hypothesiss compositethe SSPdest
statisticis justthe averageof all thesePearsony? statisticswith thenuisanceparameters
6 replacedby their restrictedmaximumlik elihood estimatorsd. The log-likelihood of
theworking modelin Equation5.29is givenby

n

n c—1
10,918,) = > Ingo(z:) + > | Y o5l [z € Aj] - K(o) | - (5.30)
i=1 i=1 \j=1

It is easyto seenow thatthereis an estimationorthogonalitybetweernthe parameter®

and¢ in theworkingmodel,whichimpliesherethatfor ary partition[A]» theestimators
6 arethe sameand, furthermore thattheseestimatorsarealsothe sameasthe restricted
maximumlik elihoodestimatorsn thedistribution g (cfr. thefirst termin Equation5.30).

In the presentcontext a selectionrule will be appliedto the working model, still for a
givenpartition[A]p, in orderto determinehow mary of the component®f ¢ maybeset
equalto zero,sayd componentsareto be setto zero. Then,the selectiondimensionis
¢ — d, which correspondgxactly to a multinomial distribution implied by a ¢ — d sized
SSP

Typically Schwartz’s selectionrule discriminatesnodelsbasedon the orderingof (d =
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1,...,c—1)

Ly = sup {Z In fg’qu(Xi)} - %(c —d)Inn, (5.31)

0,94 | i=1

where ¢ denotesthe ¢ vectorwith d componentsestrictedto zero. The supremum
in Equation5.31is the log-likelihoodof the working model, evaluatedat the maximum
likelihoodestimator® and¢?, i.e.

sup {Zln f9,¢d(Xi>} =1(6, "[S).

0,6 \i=1

Sincethelog-likelihood!(8, 0|S,,), which correspondso ¢ = 0 (andthusalso¢ = 0),
is the samefor every d, it may be subtractedrom £, without changingthe order Also
multiplying the log-likelihoodtermsandthe penaltyin £, by 2 will not alterthe order
Thenew L, thenbecomes

La=2[U(6,6"S,) - 1(8,015,)| — (¢~ d)Inn,

where2 |1(6, ¢%|S,) — (0, 0|Sn)} is the log likelihood ratio statisticfor testing Hy :
¢? = 0 againstH; : ¢¢ # 0, in theworking model. This teststatisticis in the notation
usedthroughoutthisthesisdenotectisi0 (f: 9llAlp(c=a—1,n))- Thus,

La=1"(£;91[Alp(e—drm) — (¢ — d) Inn.

All whatis presented/etin this sectionis basedon one SSP[A]p. The SSPcstatistic
T..., however, is basednall suche-sizedpartitions[A]p € A._1,, (ac—1,n = FAc—1,n
suchpartitions).A dimensiorreductionfrom c to ¢ — d will imply anchangeof a._1 ,, to
ac.—q—1,n» Samplespacepartitions. Note thatthis changecorrespondso the multiplicity
of choosingd out of c component®f ¢ to be setto zero.

For the constructiorof the data-drventest,we will supposea commonright dimension
for all working modelsthatcanbe constructedThereforeit seemsappropriateo usethe
averageLy of all a.—q—1,, StatisticsCy, resultingin

Lq= Tco,dy, — (¢ —d)Inn.

n

SinceunderH, all power divergencestatisticsof order A; and )\, corvergeto eachother
in probability (CressieandRead,1984),or, asa consequencesinceall 72 , = have the
samelimiting null distribution, it is aguedherethatall membersof thefamily of SSPc
statisticof order\ actuallymeasuraleviationsfrom H, onasimilar scale.Thereforejt

seemgeasonabléo allow the applicationof a BIC-lik e penaltyto all thesemembers.
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5.5.2 The Test Statistic and its Asymptotic Null Distrib ution

Theteststatisticof thedata-drven SSPtestis givenby

TCn,n-

The asymptoticdistribution of the statisticTc¢,, ,, undera simplenull hypothesidss now
derivedin two steps.

Theorem5.6 LetI' bea setof permissibleorders. Let ¢,,, denotethe Minimal Partition
Size Supposehata,, — co asn — oo. Then,underH,

p
Cn 7 Cm

asn — o0.

Proof.

PlCh#cm] = ), PlCh=d.

cel\{em}

Next we make useof the characteristichat a selectedorderequalto ¢ implies that the
orderc beatstheminimal orderc,,, andhencel, , — 2(c — 1) Ina, > 1¢,, n — 2(cm —
1)Inay. Letd= (¢ —1) — (¢, — 1). Then,

PCh#eml < > Pllen—2(c—1)Ina,
cel\{cm}
> Tc,m,n - Q(Cm - 1) ln an]

< > PlTen— Tepn >2dInay)]
cel\{em}

< Y Pl..>2dna,,
ceT\{cm}

wherein the laststepwe madeuseof thefactthat7,,, , > 0. Let u., = E; [T¢,»] and
ven = Var, [T. »]. Then,we continueby subtractingu, », takingthe absolutevalueand
applyingChebychg’sinequality
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PICh # cm] < Z PT.n — pten > 2dIna, — e )

ceT\{cm}
< Z PHTc,n - ﬂc,n‘ > 2dna, — Nc,n]
cel\{em}
< X Yein . (5.32)

2
e\ e} (2dIna, — pe,n)
asn — oo we know from Corollary5.5that i, — (¢ — 1) andthatv,, — (¢ —1)o
(Var, [15,,] — o asn — o00). o isfinite andc is assumedo befinite. Furthermords was
assumedhata,, — oo asn — oc. Henceeachtermin Equation5.32corvergesto zero.
Since#I is finite, only afinite numberof termsappeatin Equation5.32. Thus,we have

P[Cy # ¢m] — 0

asn — oo, which provesthetheorem. g

Next the asymptoticnull distributionis given. In will be clearfrom the“proof” thatwill
be given, thatits validity dependson the validity of Proposition5.1. For this reasonwe
statetheasymptotionull distribution of T¢,, ,, in theformatof a propositionaswell.

Proposition5.3 LetI" bea setof permissibleorders. Letc,,, denotetheMinimal Partition
Size Supposehata,, — oo asn — oo. Under Hy,

d = 1 2
TCn,n > . Z
; jG+1 7

wheethe Z? arei.i.d. x2 , variates.

Proof. We proceedasin Inglot et al. (1997).Under H,, for all z € S,

P[TCn,n S T] - P[TCn,n S xZ, Cn - Cm] + P[TCn,n S xZ, Cn 7é Cm]
PlI,,,n <z]P[Ch =cm|+PlIlc, n <z ,Cph#cml,

where,by Theorem5.6, the lastterm tendsto zero,andP[C,, = ¢,,,] — 1 asn — oo.
Thus,by Propositions.1,the propositionfollows. O

5.5.3 The Data-Driven SSP test

Thedata-drvenSSPdestwill bereferredto asthe SSPddest. The notationthatis used
hereis adoptedrom Section5.2.4.
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The a-level SSPddest¢, r (S, ), basedon the setI’ of permissibleorders,is defined
as

Qboz,F,n(Sn) = 1if TCn,n > ta,Cn,n

¢a,F,n(8n) = 0Oif TCn,n < ta,C'n,na
where(,, is the selectedrderbasedon a SSPselectiorrule. Notethatthe critical value
ta,c, n IS alsoarandomvariable.lts distribution depend®n thesetI’, on thenull distri-
butionsof the 7. ,, with ¢ € I' andon the probabilitiesof selectingary ¢ fromI'. Thus

thetestis clearly dependingon the selectionrule aswell, althoughthis is not explicitly
shawn in thenotation.

The power functionis now definedas 8. r »(F1) = Ey, [¢a,r,n(Sn)]. Then, G rn(G)
givesthesizeof the SSPddest.

SinceasymptoticallyP[C), = ¢,,] — 1, thecritical valueof theasymptoticSSPddestis
simply theconstant,, ,, -

Thefollowing theoremis amoregenerakesult.

Theorem5.7 The a-level SSPddest ¢, r,, basedon the setl’ of permissibleorders,
with minimalorder ¢,,, is similar and of sizea..

Proof. For everyproperG € Gy,

/3DL7F7TL(G) = Eg [d)oz,r,n(sn)}
= Z Eg [¢Q,F,'n(8'n)|on = C] Pg [Cn = C]

cel

= Z Pg [TC,W > ta,c,n] Pg [Cn = C]
cel

= Zan [Cn = (]

cel

= O‘Z Py [Cr = ]
cel
= «

In thesecalculationghedefinitionof ¢, ¢ »,

Py [Ten > taen] = a,

is used. O

Sincefor ary ¢ > 2 the SSPctestwasprovento be consistentit is easyto extendthe
resultto the SSPddest.

Theorem 5.8 For any setI” of permissiblepartition sizes,and any selectionrule satis-
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fying the conditionsthat are givenin Theoem5.6, the SSPddestis consistentagainst
essentiallyanyalternativeF; € G;.

Proof. Asn — oo, Theorenb.6givesthatunderH, C,, L em. Consequentlyfor the
critical valuethatis usedin the SSPddestholdst,, ¢, » 2, ta,c,» Whichis thesmallest
amongall possibleasymptoticcritical valuest,, . (¢ € T'). Since,furthermore the SSPc
testfor ¢ = ¢,, is consistentthe SSPddestwill beconsistenaswell. O

5.5.4 Null Distrib utions for Finite n

In Section5.2.6it wasclearlyillustratedthatthe convergenceof the null distribution of
T..n to its limiting null distributionsis very slow. It was concludedthat for practical
purposeshe null distribution could be bettersimulatedor approximatedy othermeans,
ratherthanusingthe asymptoticnull distribution. It is obvious thatthis agumentswill
still hold for the SSPddest.

In this sectionyet anothercorvergenceis empirically studied. In Theorem5.6 it was
proventhat,underH,, the selectedrderC,, corvergesto the minimal orderc,,, asn —
oco. The speedof this corvergenceis assessetierein a small Monte Carlo simulation
experimentin which the probabilitiesP, [C,, = ¢] for all ¢ € T" areestimatedpasedon
10000simulationruns.

Threetypesof penaltyare includedin the experiment,two of which are well known

penalties:a BIC-like criterion (a,, = n'/2) anda doublelogarithmiccriterion (Hannan
andQuinn, 1979)(a, = (Inn)'/?). Theformerwill bereferredto asBIC andthe latter
asLL. Thethird penaltyis introducedasan alternatve to the AIC criterion,which does
not have the propertya,, — oo asn — oo, and which thereforedoesnot apply to

the conditionsof the theoryof the data-drven SSPtestwhich is presentedn this work.

Thealternatve to the AIC criterion,which will bereferredto asthe pseudo-AIC(pAIC)

criterion, is constructeguchthatthe meanof 2 In a,, overthe samplesizesn = 20 upto

n = 100 is equalto 2, which s the constanwalueof thetrue AIC criterion. The choice
for therangen = 20 upto n = 100 is ratherarbitrary but it is thoughtof to reflecta
rangeof samplesizesthatoccuroftenin practice.Of courseotherchoicesarepossibleas
well. This conditionresultsin a,, = {22

Fromthe comparisorof thethreepenaltieqFigure5.15)it cannow alreadybe concluded
thatthe selectiorrule basedon the BIC criterionwill fasterselectsmallerpartitionsizes
asthe samplesizegrows, because:!/? increasesasterwith n ascomparedo (Inn)'/?

and%. The pseudo-AlCcriterionwill bein betweerthetwo others.

Simulationswere performedfor threesamplesizes:n = 20, n = 50 andn = 100.
The setof permissiblepartition sizeswastakento beT" = {2, 3,4} in afirst seriesof
simulations,andT” = {2,3,4,5} in a secondseries. All simulationswererun undera
simplenull hypothesiguniform distribution).

Theresultsare presentedn Table5.15. Theseresultsclearly confirm the effect of the
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penalty

o

0 50 100 150

Figure5.15: TheBIC (dots),pAIC (crossespndLL (triangles)penalties2a,, asa function of the sample
sizen. Theverticaldashedinesindicatethe boundsof the rangeof samplesizesusedto determinethe pAIC
penalty

penaltyonthe speedf thecorvergenceof theselectedrderto ¢,,. Theresultsalsosug-
gestthatincreasinghesetl’ = {2,3,4}to" = {2, 3,4, 5} slowsdown thecorvergence.
In generalfor moderatesamplesizes(say n < 100), it is clearthatfor all penaltieshe
corvergenceis too slow to usethe asymptoticnull distribution which is givenin Propo-
sition 5.3. Thus,animportantpracticalconsequencis thatfor applyingthe SSPddest
one shouldhave approximationge.g. simulatednull distributions,...) of the exactnull

distributionsof all SSPdeststatisticscorrespondingo the partitionsizesin I

5.5.5 Example

ExaMPLE 5.4. Singer Data

Of the examplesthat were analyzedin Section5.3.6,only the Singerdatais analyzed
further hereby meansof the datadriven SSPtestfor it wasclearfrom theresultsof the
SSP2,SSP3and SSP4test that the choice of ¢ may be very important. Indeed,with

¢ = 2 it would have beenconcludedthat the heightsare normally distributed, whereas
the othertwo testsgave extremesmall p-values. The setof permissablerdersis taken
asT' = {2,3,4}, andall threethe penalties(BIC, LL andpAIC) are considered.They

all selectedhelargestpartitionsizein T, i.e. ¢ = 4. Thusalsothe data-drventestgives
p < 0.0001 andit is concludedagainthat the heightsof the singersare not normally
distributed. O
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Table 5.15: Resultsfrom a Monte Carlo simulationstudy to assesshe corvergenceof C,, to the mini-
mal orderc,, = 2. For eachpenaltyandeachsamplesize,the first andthe secondine shav the estimated
probabilitiesthatC,, = cwhenl’ = {2, 3,4}, andl’ = {2, 3,4, 5}, respectiely.
selectedpartitionsizec
penalty n 2 3 4 5
BIC 20 0.784 0.006 0.210 —
0.745 0.005 0.004 0.246
50 0.978 0.002 0.020 —
0.967 0.001 0.001 0.031
100 0.996 0.001 0.003 —
pAIC 20 0.447 0.008 0.545 —
0.384 0.011 0.005 0.600
50 0.757 0.010 0.233 —
0.715 0.008 0.004 0.273
100 0.916 0.020 0.064 —
LL 20 0.220 0.005 0.775 —
0.186 0.005 0.003 0.806
50 0.466 0.008 0.526 —
0.395 0.008 0.004 0.593
100 0.729 0.018 0.253 —

5.5.6 Power Characteristics

Although,the power of the SSPdestwasstudiedin previoussectionsunderbothsimple
andcompositenull hypothesesyewill hererestricttheresultsto compositenull hypothe-
sesbecausdor practicalpurposeghisis the mostimportanttype of hypothesisTo make

theresultsthatwill be presentedhn this sectioneasilycomparablavith theresultsfor the

SSPc,Anderson-Darling Kolmogoros-Smirnovy, Shapiro-Wlk, Rao-Robsonmoments
K, andthedata-drvenKallenbeg-Ledwinatests the samenull (normaldistribution) and
alternatve distributions (Tukey-Lambdafamily, and a family of mixturesof 2 normal
distributions)will be considerechereagain. Thus,for moredetailson thesefamilies of

alternatves, the constructionof the isotonesandthe simulationconditions,we refer to

Section5.3.5.

Theisotonef the SSPddestsareconstructedn asomevhatdifferentway because¢here
is notjustonecritical value.Indeed thecritical valuedepend®n the partitionsizethatis
selectedy theselectiorrule. In thenotationof Sections.3.5,theisotonesf adata-drven
testareactuallythoseof ¢(P, g) — tac(Pag)ims wherec(P, ) istheorderthatis selected
for profile P, 4. The constanto which theisotonesof the data-drventestscorrespond,
is zero,which is thethresholdfor significanceatthe a-level for whatever selectecrder
Theisotonesarepresentedh Figuress.16and5.17for the Tukey-Lambdafamily andthe
family of mixturedistributions,respectiely.

Tukey-Lambda: Powersareestimatedinderthe sameconditionsasthe SSPdest(com-
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positenull) in Section5.3.5. Theresultsareshavn in Table5.16 (the powersof the SSPc
testsarecopiedfrom Table5.8).

In generalthe isotonesshav that the SSPdd-BICtest coincidealmostexactly with the

isotonesof the SSP2test. The sameholdsfor the SSPdd-LLandthe SSP4tests. Since,
for the TL-family, the highestpowersamongthe SSPctestare thoseof the SSP2test,
andthe lowestarethoseof the SSP4test, it is expectedthatthe data-drventestwith the

BIC-like penaltyresultsin higherpowersthanthetestwith theLL penalty It isimportant
to remarkherethat coincidingisotonesdoesnot necessarilymeanthat the powersare
exactly the same. It is only the order of isotonesthat are crossedwhen moving from

the point representinghe null hypothesis,nto a certaindirection of alternatves, that

approximatelycorrespondso the orderof the powers. For n = 50 theresultsfrom the

simulationexperimentarevery clear:the estimategowersof the SSPdd-LLandSSPdd-
BIC testarealmostexactly equalto thoseof the SSP4and SSP2test,respectiely. For

n = 20 the sameconclusionstill holdsfor the SSPdd-LL/ SSP4tests but the estimated
powersof the SSPdd-BlCandthe SSP2testsometimediffer little, but still the relative

orderof the powersis retained.

The pAIC penaltygiven almostthe sameresultsasthe LL penaltywhenn = 20. For
the larger samplesize (n = 50), the power of the SSPdd-pAlCtestbecomedarger as
comparedo the SSPdd-LLtest. In somecasest haseven a larger power thanthe test
basedontheBIC criterion.

Only in theregion (A1, A2) € [8,10] x [4,7] (n = 20) thereis a distinction between
the isotonesof the SSP2andthe SSPdd-BICtests: the isotoneof the SSPdd-BICtest
follows alongthe left handside the isotoneof the SSP2test, but then, aboutthe point

(A1, A2) = (8,7), theisotoneof thedata-driventeststartsturningbackto theright, almost
enclosinganareain the A-plane. This areacorrespondso a sub-family of memberghat

resultin a muchlower power of the SSPdd-BlCQestascomparedo the SSP2test. This

canalsobeconcludedrom Table5.16(entryn = 20, (A1, A2) = (9, 5)).

With respectto the TL-family of alternatves, the generalconclusionis that the data-
driventestwhich is basedon the BIC-lik e criterion hassuperiorpower ascomparedo
the SSPdd-LLtest. Thesesuperiorpowersarevery closeto thoseof the SSP2estwhich
is for thewhole TL-family (A € [—2, 10] x [—2, 10]) thebestamongthe SSPdests.

Contaminated Normal: Powersare estimatedunderthe sameconditionsasthe SSPc
test(compositenull) in Section5.3.5. Theresultsareshovn in Table5.17 (the powersof
the SSPdestsarecopiedfrom Table5.9).

In the contaminatechormalfamily it hasbeenclearly shavn thatthe SSP3andthe SSP4
testoutperformedhe SSP2est(Section5.3.5). Whereasn the TL-family theisotoneof
the SSPdd-BlCtestwerealmostindistinguishablérom thoseof the SSP2test,they are
now virtually identicalto the isotonesof the SSP3andthe SSP4test. Also theisotones
of the SSPdd-LLtestalmostcoincideeverywherewith thoseof the SSP3andthe SSP4
tests.

Similar asfor the TL-family, the pAIC criterion resultsin powers comparableo those
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Table5.16: Theestimatechaversfor somealternaties of the Tukey-Lambdafamily, basecbn 10000simu-
lationruns.
n A1 A power

SSP2 SSP3 SSP4 dd-BIC dd-LL dd-pAIC
20 -05 -05 0.622 0.500 0.409 0.521 0.409 0.410

20 1 1 0.064 0.061 0.064 0.092 0.064 0.064
20 15 15 0.083 0.081 0.080 0.103 0.080 0.080
20 15 2 0.061 0.065 0.067 0.092 0.067 0.067
20 2 0 0565 0.409 0.299 0418 0.299 0.299
20 5 10 0.538 0.442 0.346 0.383 0.346 0.346
20 6 6 0.225 0.186 0.140 0.204 0.137 0.137
20 9 9 0.749 0.787 0.720 0.774 0.720 0.720
20 9 5 0.567 0.464 0.353 0.436 0.353 0.353

50 -05 -0.5 0.939 0.935 0.909 0.939 0.910 0.920

50 15 15 0477 0440 0.384 0.478 0.384 0.433
50 2 0 0911 0.876 0.806 0.911 0.806 0.866
50 3 3 0.083 0.092 0.090 0.092 0.090 0.111
50 5 5 0.173 0.239 0.213 0.188 0.215 0.240
50 5 9 0.899 0.917 0.901 0.899 0.901 0.916
50 1 8 0.219 0.203 0.165 0.221 0.165 0.225
50 4 8.5 0.834 0.825 0.759 0.840 0.761 0.820

of the SSPdd-LLand SSP4testswhenn = 20. Whenn = 50, the SSPdd-pAlCtest
becomesnorepowerful.

Some General Conclusions

Theisotonesandthe estimategowersunderthe Tukey-Lambdaandthe mixturefamilies
of alternatves,suggessomemoregeneralconclusions First, it seemghatthe BIC-like
criterion succeededathergoodin selectingthe modelresultingin the high powers: in
the TL-family it wasthe simplermodelwith ¢ = 2, andin the mixture modelit wasone
of the more complex modelswith ¢ = 3 or ¢ = 4. The LL-penalty, on the otherhand,
selectedunderboth families of alternatvesthe more complex modelswith ¢ = 3 and
¢ = 4, whichfor the TL-family resultedin lower powers.

Underthe null hypothesist was alreadyobsened (Section5.5.4) that the LL-penalty
resultedn aslower corvergenceof theselectedrderto theminimal partitionsize,which
is ¢, = 2 here.The simulationspresentedn this sectionnow alsosuggesthatthe LL-
penaltyhasstill atendeng to selectthehigherordermodelsunderalternatve hypotheses
and for moderatesamplesizesof n = 20 andn = 50, even whenthe smallersized
partitionsgive betterresults. Thus, althoughasymptoticallyboth penaltieswould select
theminimal partitionsize, it seemthatwith moderatesamplesizes, the BIC-like penalty
deseresourfavour. Nonethelessyewouldlik e to remarkthat,possibly alternatvesmay
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Table5.17: Theestimatedhowersfor somealternatves of the contaminatechormalfamily, basecon 10000
simulationruns.
n M A2 power

SSP2 SSP3 SSP4 dd-BIC dd-LL dd-pAIC

20 O 0.2 0.215 0.769 0.781 0.800 0.781 0.784
20 O 0.7 1.000 1.000 1.000 1.000 1.000 1.000
20 2 0.4 0.683 0.991 0.991 0.991 0.991 0.991
20 4 0.4 0948 0.996 0.996 0.997 0.996 0.996
50 O 0.2 0.513 0.986 0.990 0.984 0.990 0.990
50 O 0.6 1.000 1.000 1.000 1.000 1.000 1.000
50 1.25 0.38 0.993 1.000 1.000 1.000 1.000 1.000
50 3 0.4 1.000 1.000 1.000 1.000 1.000 1.000

50 35 0.1 0.754 0.821 0.804 0.825 0.810 0.836

beconstructedinderwhichthe SSPdd-LLtesthashigherpowerthanthe SSPdd-BIQest.
Finally, Kallenbeg andLedwina(1997)alsoconcludethatthe BIC selectionrule gives
in generathebestresultsfor their data-drvenNeyman's smoothtest.

In this thesisalso a new alternatve penalty pAIC, which is constructedon heuristic
grounds,is proposed. Sincewith this penaltythe corvergenceof C,, to ¢, underthe
null hypothesids alsoslower ascomparedo the BIC criterion, it still selectsfor small
samplesizes(n = 20) frequentlythelarger partitionsizes resultingunderthe TL-family
to relative low powers,and underthe mixture family to ratherhigh powers. But when
n = 50, the criterion succeeddo selectmore frequentlythe bettersmall partitionsas
well, which makesis a betterchoicethanthe LL penalty But still betterresultsareob-
tainedwith the BIC penalty
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5.6 An Extension to Multiv ariate Distrib utions

Up to now we restrictedhediscussiorio aunivariaterv X. In this sectiorwe will briefly
shav how the SSPGOF test may be extendedfor testingwhetheror not a sampleof
multivariateobsenationscomefrom a distribution G. This sectionis only meantasan
introductionto thetopic. We therefordimit usto the simplemultivariatenull hypothesis.
Firstsomegenerakcomplicationsareillustratedon the Cranérvon Misesstatistic.

5.6.1 The Cramér-von Mises Statistic for Multiv ariate GOF

In generathereis definitelynotasmuchwritten aboutthe multivariateGOF problemasit

is abouttheunivariatesituation.Oneof the mostcitedresearcheri this areais probably
Mardia(seeMardia,1980,for anoverview).

Many of the methodsfor testingunivariate GOF that have beendiscussedn Chapter4

canbe extendedto the multivariatesetting. Sincethe Cramér-von Mises statisticis the
onewhich is mostcloselyrelatedto the SSPstatistic,we commentherebriefly uponthe
complicationghatareencounteredbr atleastsomeof themmaybeapplicableto the SSP
settingaswell.

In the univariatecasethe limiting null distribution of the Cramérvon Mises statisticis
found by recognizingthatthe statisticis the integral of a squaredcempiricalprocessfor
which aweakcornvergenceto a GaussiarprocesgBrownianbridge)holds. Theintegral
equatiorbasedn the covariancefunctionof thelatterprocesgieldsthe coeficientsthat
determinethe asymptoticnull distribution. The p-dimensionalmultivariateanaloguds
simply of theform (Csrgo, 1986)

[z,

wheret is a p-dimensionaltime” parameterand Z,, is a p-dimensionakempirical pro-
cess,basedon the multivariateEDF. Although this generalizatioriooks ratherstraight-
forward and simple, and althoughthere even exists a weak corvergenceof Z, to a
p-dimensionalGaussiarprocessDurbin, 1973; Neuhaus,1976), the resultingintegral
equationis very comple, suchthatthe statisticis only of theoreticalinterest. An addi-
tional problem,even whenthe null hypothesidss simple, is thatthe distribution G' can-
not be uniquelyeliminated. Indeed,sincethe multivariateintegral transformatioris not
unique thetestis notinvariantunderthe null hypothesigKoziol, 1986).

Actually the SSPstatisticsare specialcasesof the Anderson-Darlingfamily of statis-
tics, which aregeneralizationsf the Cramér-von Misesstatisticby introducinga weight
function. This clearly evencomplicategshe matterfurther.
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5.6.2 A SSP Test for Multiv ariate GOF

Despitethe expectedproblemsmentionedin the previous section,we will shav here
thatwith a certaintype of SSPgheresultingstatisticmay have a simpleasymptoticnull
distribution. Our attentionis limited to the bivariate case,but extensionsto arbitrary
dimensionalitywill be obvious.

Let £ andG denoterespectiely the true andthe hypothesizedCDF of the bivariaterv
Z = (X,Y).

Translatingthe Cramérvon Mises statisticof the previous sectionto a SSPtestin the
sameway asit wasdonein the beginning of this chapterwould resultin

T = 2mE; I (F GI|[A1(2))]

where[4](Z) is a SSPdetermineddy Z anda partition constructiorrule. This rule is
simply

[A1(Z) = {1b7, X]x]oy, YT, 167, X]x]Y, 0], 1X 0] <oy, Y], 1X, 0] <Y, 0]

i.e. a2 x 2 partition“centred”at Z. Both the SSPstatisticandthe Cramérvon Mises
statisticusethe samepartitions,asit wasthe casein the univariatesetting.
Thisis however not exactly theway we will proceed.

The problemwith the above describedorocedurds that the resultingempiricalprocess
needsa 2-dimensionaindex parameterandthatgenerallyno uniqguemultivariateintegral
transformatiorexists. This problemis overcomeby consideringonly partitionsthatresult
in anempiricalprocesghatis indexed by only a onedimensionaparametewhich hasa
one-to-oneelationwith Z.

Onesuchsolutionis

[A)(Z) = {[bf . X[x[b} . Fy (Fo (X)) 82\ [, X [x[bf, Fy ™ (Fu (X))},

(therolesof X andY maybeexchanged)Whenbothunivariateintegral transformations
areappliedon X andY’, the partitionbecomes

[4](2) = [A](U) = {[0, U], [0, 1]* \ [0, UT*},

whereU = F,(X). LetalsoV = F,(Y). Thusthe partition is now in its copula
representation.
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Sincethepartitionhasonly size2, theteststatisticnow becomes

RN R )
"ong RI0UPIO P[0T

i=

Lo (\/ﬁ (FUU(UZ-, Ui) = Guu (Ui, Ui)>>2

n i—1 Guv(Uia UL) (1 - Guv(Ui; Uz))

Thelatterrepresentatiodoesessentiallynot differ from the SSP2statisticin the univari-
atesetting(cfr. Equation5.10). Sinceboth agumentg(U; andU;) in £, andG,, are
equal,we may write the distributionsas F'(U;) andG(U;), respectiely. Moreover, the
latter CDF is inversible,i.e. G—1(s) is uniquelydetermined|t is straightforwardnow to
recognizethatthe empiricalprocess

Un(s) = v/ (F(G™'(s)) — s)

is under Hy a Gaussianprocesswith the covariancefunction of a Brownian bridge.
Hence,from herethereis no differenceanymore from the SSP2statistic,and thus s
its asymptoticnull distribution the sameasfor the SSP2statisticin the univariatesetting
(Theoremb.1).

5.6.3 Extension of the Multiv ariate SSP Test to Larger SSPs

An easyway to allow for larger partition sizesis to constructfirst a 2-sizedpartition as
explainedin the previoussection say[A](Z;), andthento construciagainsucha 2-sized
partitionwithin thesubsef0, U;]? of the copulasamplespace;centred”at Z; for which
X; < X;. Largerpartitionsmay be constructedy recursvely applyingthis procedure.
Let P C S containingc — 1 differentbivariateobsenationson Z, andlet a._; ,, denote
the numberof suchsetsP thatcanbe constructed As before,P._; ,, denoteghe setof
thea._1 ,, setsP. Notethatit is only the X componentor its integral transformedv U,
thatdetermineghe SSP Thusthe c-sizedpartitionis givenby

[A](P) = {[0, Uiy}, [0, Uiy I\ [0, Uiyl - -+ 10,1\ [0, Ui )1}

whereU;, y denotethei th orderstatisticof thesampleof U obsenations(k = 1,... ,c—
1). ThemultivariateSSPcstatisticbecomes

2n

Gc—1,n

Ty = S (FGAIP).

PePc—1,n

By therecursveway in which the partitionsareconstructedit is obviousthatits asymp-
totic null distribution will bethe sameasthe onethatis proposedor the univariateSSPc
statistic(Propositions.1).



CHAPTERG

k-SampleSampleSpacePartition
Test

In Section3.3.4a brief introductionto the k-sampleGOF problemwasgiven. The null
hypothesiss

Hy: Fi(x) = Fa(z) =... = Fi(x) = G(z) forallz € S, andG € F. (6.1)

We assumehatx is acontinuousv andthatAssumptionAl holdsfor all distributions F;
(¢ =1,...,k)anddistribution G. Furthermorethe samplespaceS = S, is supposedo
becommonfor all memberf F. ThisreplacesAssumptionA2 (or A2b) in theprevious
chapter

Assumption (A2c).
All distributions F; (i = 1,... , k) anddistribution G are definedon a commonsample
spacesS.

In thegeneralk-sampleproblemthe alternatie hypothesiss givenasthe negationof the
null hypothesisThus,

HlEIz;éj,scFl(:c) #F](CII),EFJ e F.

We will restrictthis chapterto aunivariaterv « = .
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SincetherearenofurtherrestrictiondmposednthesetF, thealternative hypothesisnay

be considerechonparametricThetestmustbe constructeduchthatits null distribution

doesnotdependn G € F. Teststhatareconstructedor thistypeof hypothesisarevery

usefulin practice becausehe researchemustnot have ary prior knowledgeaboutthe

family of distributionsto which the distributionsbelong.Sincethe alternatve hypothesis
is just a negationof Hy, the testsmustbe sensitie to a very wide classof alternatves,

i.e. thetestsmustbeanomnikustests.

Thetestwill be constructedn a similar way asthe SSPcGOF test(Section6.1). Thus,
first the appropriateDirected Divergenceis proposedthenthe AveragePearsorDiver

genceandtherelatedAveragePearsorbivergenceStatisticaregiven. Theteststatisticof

thek-sampletestthatis proposeds basedn this statistic.Its null distributionis obtained
andits sensitvity towardssomefamiliesof alternativesis investigatedn a smallsimula-
tion study In Section6.2 a data-drvenversionis proposed Finally, a decompositiorof

theteststatisticis studiedin Section6.4.

6.1 The k-Sample SSP test

6.1.1 The Directed Divergence

Wewill show thatthereis noneedto redefinethedirecteddivergenceof CressieandRead
(1984),asit wasgivenin Section5.1.

ConsideradiscreterandomvariableY’, definedover a samplespaceS, = {1,2,... ,k}

andwith probabilitiesP[Y" = i] = =, wheren, is the numberof obsenationsin the

ith sampleS,,,, andn = 2?:1 n; is the total numberof obsenations. n; is considered
hereasa constantj.e. the samplesizesn; arefixedby design. Thisrv Y may now be

considerea@sanindicatorvariable,indicatingthe samplei. Thenthejoint distribution of

X andY maybe constructeds

fﬂvy(xvy) = fmly(I‘y)fy(y)7

or, in the presentontext, in amoreappropriatenotation

Foy(@, ) = fory (2]0) £, (D),

wheref, (i) = P[Y" = i] = 2 andwheretheconditionaldf f, (z|i) = fi(z). Thelatter
densityis the densityof the distribution of the obsenationof the ith sample.The CDFs
may be constructedrom thesedfs.

Sinceunderthenull hypothesisall f,, (z|i) areequal(i = 1,... , k), thejoint distribu-
tion of X andY becomes

Gay(,1) = gm\y@“)fy@) = g () fy (),
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whereg, = g is thecommondf of X underH,.

Thedirecteddivergenceof order\ € R betweent,, andG,, (Definition5.2andEqua-
tion 5.3)now becomes

, 1< Fay(.0)\ .
I (F;G) m;/& [<m> — 1| fay(z,i)dx

e, [(42) - e
S L) e e

In asimilar way asin Section5.1 the directeddivergencecanalsobe basedon asizec
samplespacepartition [A] = {A;,..., A.}. In particular the SSP|[A] is a partition of
thesamplespacesS,.. Therefore pnthesamplespaceof thejoint distribution of X andY,
whichis givenby S, = S, x S, ary partition[A] uniquelyimpliesa ck sizedpartition
[B] whichis givenby

I

[B] = [AlxS,
= {Ar x {1}, Ay x {2}, Ay x {k}, Ag x {1},..., Ac x {k}}.

letBj, = A; x {i} (j =1,...,¢i=1,...,k). Figure6.1shawvstherelationbetween
bothtypesof partitions.

A ] Ay ] As

' ' Sw
B : By : B3y

f f Say =Sa;y=1
Bia : Bas : Baa

‘ ‘ S{L‘2 = S"L'; y = 2
By Bay, Bay

‘ ‘ Smk = LL’; y = k

Figure6.1: lilustrationof therelationbetweerthe SSP[A] (with ¢ = 3) andthe SSP[B].



146 k-SampleSampleSpacePartition Test

Thediscretedivergencebecomes

N e g (A1 X {111
MFGA]) = m;;%ym X{Z}]Km) _11

k& n; [ %Pfi [Bji] ’ -|

- >\+1 z;; B }[<m) 71J

c

k
n
- /\—|—1 anzpfl
i=1 Jj=1

(i) ) e

Sincethe divergenceghat are presentedbove arejust a resultof the applicationof the
definitions,which aregivenin Section5.1,all propertieghataregivenin thatsectionstill
apply. More specifically Corollary5.4is alteredto the present:-sampleproblem.

Corollary 6.1 If, for some )\, there exists a SSP[A] of any sizec¢ > 1 for which
I (F; G||[A]) > 0, thenat leasttwo distributions F; and F; (i # j) are different.

In thebeginningof this sectionarandomvariableY” wasintroduced It wasbasicallyused
to constructthe divergences.From the final expressionf the divergenceqEquations
6.2 and6.3), it is seenthatthe divergencesonly dependon distributions of the random
variableX. Thefactor”* is to beinterpretecasa designrelatedfactor

6.1.2 The Power Divergence Statistic

Thedirecteddivergencestatistic(CressieandRead,1984),basedn a c-sizedSSP[ 4], is
now givenby

_ g | (PeiBad)" ]

whereP;, [Bji] = n; '#(B;i N S,,) andP, [A;] = n1#(A; NS,,). Theformerproba-
bility estimatoiis computedby makinguseof only theobsenationsin theith sample.The
latter estimatoy on the otherhand,is basedon the combinedsampleS,,. If all n; — oo,
thenall the probability estimatorsareconsistent.

Note thata SSP[A] may be constructedsuchthat, for someA € [A], P, [A] = 0. This
would make the directeddivergencestatisticinfinitely large. In the remainderof this
sectionsuchpartitionsare excluded. In Section6.1.4the problemis discussedn more
detail.

CressieandRead(1984)shavedthatfor power divergencestatisticsof ary order\, and
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conditionalonary SSP[A], thefollowing corvergenceholdsunderH:
o™ (F; G|[1A]) - 2nl" (F; G[[[A]) - 0.

The power divergencestatisticof order1 is simply a Pearsony? statistic:

k P, [B;;] —F
oni' (F3GIIA]) = Y Hy AT

- " j=1 Py [Aj]
. . 2

Sy (2Py, [Byi] - 2P, [4)])
=n —

i=1 j=1 %Pg [Aj]

. 2

i (Pr., Byl — 2P 14)])
=n —

i=1 j=1 Py [Aj]

More speciﬁcallyZni1 (F; G||[A]) is the Pearsorstatisticfor testingthe null hypothesis
thatthe multinomial distributions,with probabilitiesPy, [B;;], which areimplied by the

SSP[4], arethe samewithin eachstratum: (independenmultinomial sampling). The

statisticis however indistinguishabldrom the statisticfor testingthe null hypothesisof

independencén a ¢ x k contingeng table, which is inducedby the SSP[A]. In both

casesunderthecorrespondinguull hypothesis,

1 d
20l (F; G|I[A]) == X{e_1)(k_1)»

andthusalso,for arny A, underH,

AN d
201" (F; GI[A]) == X{e—1)(k-1)-

In the next sectionsonly A\ = 1, which corresponds$o the Pearson-lik statistic,is further
considered.Thereasorfor doingthis is mainly thatit will giveimmediaterelationships
betweerthetestthatis developedhereandAnderson-Darlingypetests.

6.1.3 The Averaged Pearson Divergence

Boththecontinuousandthediscretedivergenceareappropriatelymeasuringhedeviation
from the k-samplenull hypothesisput the latter divergenceis only definedfor a given
SSP The advantagethough,of the discretedivergenceis thatit canbe easilyandnon-
parametricallyestimatedy meanf its plug-in estimatorthepowerdivergencestatistic.
In orderto retainthe advantageof having a straightforward plug-in estimatoron the one
hand,andto overcomehedisadwantageof having to specifya SSRPa new functional(the
AveragedPearsorDivergenceA.(F'; )) is constructedisthe averageof all discretedi-
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vergencedbasedn SSPf sizec. Thiswasalsodonein Section5.2.1for theone-sample
GOF-hypothesis.

The definition (Definition 5.6) of the AveragedPearsorDivergenceremainsessentially
unchanged:

A(F;G) = Ef [I' (F;G|[A](Pe-1,n)] - (6.4)

wherenow thePartition ConstructionRule the Partition DeterminingSubsampl&etand
the setP._; ,, aremosteasily definedon the samplespaceS,. More specifically they
aredefinedexactly asin Section5.2.1 (Definition 5.5). Thusfor all P._; ,, € Pc_15,
Pe_1,n C Sy, theresultingSSP[A](P.—_1 ,,) arepartitionsof S,,. Thereasorfor defining
themlike this is thatary partition [A](P._1,,) = [4], thatis constructedn this way,
uniquelyimplies a SSP[B] of the samplespaceS,,. Furthermorethe expectationin
Equation6.4is takenw.r.t. thetruejoint distribution £, of therv X andtheconstructed
rvy.

Lemmab.1remainsunchangedThus
A (F;G) =0« Hyistrue (6.5)

andthe next stepis to find anestimatorof A.(F'; G) thatcanbeusedin the construction
of ateststatistic.

6.1.4 The Averaged Pearson Divergence Statistic

TheAveragedPearsomivergenceStatisticis definedastheplug-inestimatoof A (F; G).
Sincein the presentcontext the commondistribution G is alsounknown, it mustbe re-

placedby its plug-in estimatoraswell. In particularthe probabilitiesP, [A;] mustbe

estimatedwhich is easierthanestimatingG itself.

AC(F;G) = Fé
[ G| Alp )]
= / it F;
Sp

G||[A]p) dFp,_,(P),
whereF’p,_, isthedistribution of P._ ,, w.r.t. thetruejoint distribution of X andY".
Thereis however a problemwith the above definition of A.(F; Q). Thereare (o= )
subsets? € IP._; ,, which containthe largestobserationfrom S,, andwhich may thus

berepresentetly

—~

P={X) X(ia)r- -+ Xgo2)r Xtn) }»

wherel < iy <iz <...i._2 < nandwhereX < ... < X(,) aretheorderstatistics
of the combinedsampleS,,. The cth elementof the correspondingpartition [A]» is
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Ae =X (), bu] andthusP, [A.] = 0. Sincethis probability estimatoris in thenominator
of I* (F; GH[A]p), A.(F;G) becomesnfinity with probability one. This problemis
solvedby changingthe partition constructiorrule suchthatthe largestobsenationis not
allowedin P.

Leth,, = ((.l'l,il), ey ($m,1,im,1)) (hl = 0), andlet [A](Tl, . ,Zchl) = [A]p
Sinceall obsenationsareindependenthe statistichecomes

c—1

k k
AdFa) = Y .0) / i (F:GlAL) [T dEury (@omlim . hon)AE, (i i),

i1=1 ie_1=1 m=1

= 7 > (P GlAN G- - 20,0))

c—1/ 1<j1<...<je—1<n
1 A1
= - Y. T (FEGIAR), (6.6)
c—1,n PPy 1 m
whereP = {z1,...,z..1} C S,. It is veryinterestingto notethatthereis actually

nodifferencein thecalculationof A, (F; ) whentheexpectatiorin Equation6.4would
have beentakenw.r.t. thecommondistribution G, which alsomustbe estimatedrom the
data,andwhich eventuallyalsowould resultin Equation6.6.

6.1.5 The Test Statistic and its Asymptotic Null Distrib ution
Theteststatistichasedn c-sizedSSPds givenby
Thom = 208, (F; G) = 2nE, [ll (F G*||[A](7Dc,1,n))} , (6.7)

whichis 2n timesthe averageof the directeddivergenceof orderl, overall ¢ sizedSSPs
that canbe constructedaccordingto the constructiorrule. Now the term SSPkewill be
usedto referto this teststatistic.

Sincethe teststatisticis very similar to the SSPctest statisticfor the one-samplésOF
hypothesisijt is expectedthat the asymptoticnull distribution is also similar. First the
specialcasec = 2 is discussedFor arbitrary but finite ¢, theasymptoticnull distribution
may be constructedy usingsimilar agumentsasthosethatled to the distribution of the
SSPcstatistic.

Special Case: ¢ =2

If ¢ = 2, thenthe partition determiningsubsamplesetPy,, is just the sampleS,, with
the largestobsenation deleted andthe setsPi'm may be replacedby the corresponding
orderstatisticsX ;) (i = 1,... ,n — 1). Thus,the partitions[A](P}.,,) maybereplaced
by [A](X () or simply [A];. For agivensamplea;,, = n — 1 suchpartitionscanbe
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constructed EachSSP[A]; impliesa SSP[B]; of the samplespaceS.;,, which consists
of 2k elements:

[Bl; = {Bi11, ... , Biik, Bi21, - .., Biai},

WhereBﬂj :]bl,X(L)] X {]} andBigj :]X(Z),bu] X {]} (j =1,... ,k)

Beforeanexplicit formulaof theteststatisticis given,somemorenotationis introduced.
Let R; denotetherank of X; amongthe obsenationin the combinedsampleS,,, andlet
R; ;) denotetherankof X; amongthe obsenrationin the jth sampleS,,, .

Theteststatisticis thengivenby

Tkon = 2”[

i=1 m=1 j=1 9
| el ok <Rt<m> _ &) ((1 Rz<m>) (1 Rl))
= Nom m : n + Nom, . n
n—1 ; ;1 n (1)
1 otk 1 (nRz(m) — nmRz)2
T on1 Z nm  Riln—R;) (6.8)

which is up to a multiplicative factor "+ exactly the computationaformula of the -
sampleAnderson-Darlingeststatistic(Darling, 1957;Pettit, 1976;ScholzandStephens,
1987). Whenthe distributionsare continuousthe probability of the occurrencef tiesis
zero,andthe computationaformulareducego

k . 2
Z 1 (nRZ(m) mm) ’ 6.9)

which is alsogivenin Scholzand Stepheng1987),up to the factor -=+. Thenull dis-
tributionof 7}, » ,, is thereforethe sameasfor the k-sampleAD teststatistic(seeSection
4.2.4),againupthetheaforementionediactor Since-5 — 1 asn — oo, theasymptotic
null distributionsareexactly the same.
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Theorem 6.1 (Scdolzand Stephens]987)Underthe geneial k-samplenull hypothesis,
asn; — oo (1 =1,...,k),

(o]

d 1 2
Tk,Z,n—_> . Z',
; jG+1

wheethe 77 arei.i.d. x;_,-variates.

It is alreadyobvious now thatthe SSPkctestfor the k-sampleproblemwill be a gener
alizationof the Anderson-Darlingest. Althoughthe SSPapproachhatis proposechere
for the k-sampleproblemseemscompletelyanalogueasfor the one-samplésOF prob-
lem, the SSPdeststatisticwasdefinitelynotageneralizatiorof the AD statistic,because
the expectationin the averagedPearsordivergenceis taken w.r.t. the true distribution
F insteadof the distribution G asit is the casewith the AD test. In the presentontext
though,asnotedbefore,it doesnot malke a differencewhetherF or G is takenassoonas
thesedistributionsarereplacedby their plug-in estimatorswhich is neededo build the
teststatistic.

Anotherinterestingoropertyof the SSP2eststatisticis thatit is arankteststatistic This
is clearly seenfrom Equation6.8. Theteststatisticis only function of the rankingof the
obsenations,but not of the valuesof the obsenationsthemseles.

The General Case

Sinceanimportantstepthatallowsthegeneralizatiomf thedistributionof T}, 5 ,, t0 T} ¢ p,
is only statedasa conjecturetheresultingasymptoticnull distribution for arbitraryc is
statedbnly asaproposition andasketchof theproofis given. In alatersectionits validity
will beempiricallyinvestigated.

Proposition6.1 For anyfinite ¢ > 1, underthe geneml k-samplenull hypothesisas
n; —oo(i=1,...,k),

d = 1 2
T' c,n 7Z'7
he Z AA+1)77
Jj=1
2% e 2 ,
wheethe Z7 arei.i.d. x{,_,)_,)-variates.

Heuristic Proof. Theproofis alongthesamedine asthe (heuristic)proof of Proposition
5.1,andis thusaccomplishedby completeinduction.

Supposehe theoremholdsfor Ty .—1,, (c — 1 > 1), thenit will be shavn thatit also
holdsfor T, ¢ .



152 k-SampleSampleSpacePartition Test

Any c-sizedpartition [A] of S,, canbewritten as
[Alp = [AS P U {Jgi._y), bul},

whereP = {z@,),... ;26 } (1 < i1 < ... <i.—1 < n), morespecifically theorder
statisticsaredefinedonthe commonsampleS,,. Further asin Theorenb.1,[AS ! p isa
(c—1)-sizedpartitionof thesubspace& ! =]y, z(;,_,)] C S.. Letnp bethenumberof

obsenationsin [A$™]p N S,,. For ary partition[A]p anotherassociategartition[A?]»
is definedas

[AQ]P = {A% A%} = {]bla ‘T(icfl)]v ]‘T/(ic,l)a bu]}a
whichis a 2-sizedpartitionof S,.

Both partitions|A]» and[A?]» uniquelyinducepartitionsof the extendedsamplespace
Say- First, [A]p inducesthe (¢ — 1)k-sizedpartition

[Blp =[BT 'p U {J@ (i y)s bul} X Sy

This is schematicallyshavn in Figure 6.2. The partition [4%]p inducesthe 2k-sized
partition

B’]p = [A%]p x S,
whichis illustratedin Figure6.3.

In Section6.1.2it wasshown that, for ary partition [A]» the statistic2ni’ (F;G||[A]lp)

is actuallyPearsors statisticfor testingindependenca a k x ¢ contingeng table.In the
sameway, it is now easilychecledthat power divergencestatistichasedon the partition
[A$™1]p is the Pearsorstatisticfor testingindependencén ak x (¢ — 1) table. And,

similarly, oni’' (F; G||[A?]p) is the Pearsorstatisticfor independencen ak x 2 table.
Accordingto Lancastess partitioningrule (Lancaster1969),conditionallyon [A] » these
two statisticsare asymptoticallyindependentanddistributed aSX%k,l) (—2) andxi ,,

respectiely. Applying Lancastess partitioningrule to all partitions[A]» (P € Pc—_1,»),

theteststatisticbecomes

1 o .
Them = > (20l (F5Gl1A%p) + 2npl (Fu GlllAZ YIp))

de=lin pep

wherenp = n;,_, is still the numberof obsenationsin [A¢~1]p N S, andwhere F;
andG; indicatethat thesedistributions arerestrictedto the subspaces¢—! =]b;, z;,_,]
(or St x Sy).
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[As']»
[Alp| A1 | A °o oo Ac_1| Ac | Se
L(iy) L(ig) Llic_y) T(ic_1)
[BS e
Bi11 | B2 Be—1,1 Ber | Say
Bi> | Baa Be—1,3 Bea | Sz,
Ble| | . o | Say
Biy | Bag Be—1,4 Bex | Suy,

Figure6.2: Thedecompositiorf [A]» andtheassociatedecompositiorf [ B] . In particular therelation
betweenAS 1]p and[BS ] p isillustrated.

Theteststatistic, 1}, . », maybewritten as

1 n—1 ) 1 .
— Y |2l (BG4 ) ——— Y 2npl (FaGlAS )
e = Ge=2mi,_, PeSi,_,
1 n—1 ¥
— > <2n' (FGl[A%;. ) +Tk,c71,mm), (6.10)

te—1=c—1
whereTy .—1,n, , isthe SSPk(c-1ptatisticappliedto the subspacé‘gfl, andwhere
SZ‘671 = {Q c Pcfl,n : VX] S Q : X]‘ S XZ'C71}.

Sincen;, , —— 0o asn — oo, conditionallyon X;__,), Th.c—1,n,,_, iSasymptotically
equivalentto the teststatistichasedon a (¢ — 1)-sizedpartition of which it is assumed

oo

thatthetheoremappliesto it. Thus,underHo, Tx.c—1,n;__, 4, > me , where
ther2 arei.i.d. X%k_l)(c_2) variates.Thus,T}, .., hasunderH, asymptoticallythesame
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[A%]p A? A2 S,
l Llic_1)
B} B2 | Sz,
Bi, B2 | S,
[B]p Say
B, B2 | Su,

Figure6.3: Thedecompositiorf [A]» andtheassociatedecompositiorf [B] . In particulay therelation
between A2%]p and[B?]p isillustrated.

distribution as
1 2 o0
E 2n| F G||[A7]

1(:11 1

wherethefirsttermis asymptoticallyequivalentto the k-sampleAnderson-Darlingtatis-
tic (Scholzand Stephens;1987), which is under Hy, by Theorem6.1, asymptotically
distributedas 3% | 45 W7, wherethe W7 arei.i.d. xj_,-variates.Although Lan-
caster$ Partitioning rule statesthat for eacha:(l _,) thetermsbetweenthe bracletsin
Equation6.10 areindependentit doesnot imply that the two termsresultingfrom the
sumarestill independentwe conjectureherethatin this particularcasetheindependence
still holds,atleastin afirst orderapproximation.Therefore we proposehatthelimiting
null distribution of 7}, ., becomes
o

= 1 2 _ 1 2
YoV ZUH)ZJ--,

W2 =
J (4 J
=G+ =i+ =

5 . 9 .
wherether arei.i.d. X(kil)(cfl)-vanates.

According to the completeinduction reasoningjt now only hasto be showvn that the
propositionholdsfor ¢ — 1 = 2, whichwasalreadyprovenin Theorem6.1. O

Sincethe limiting null distribution of the SSPkctestis exactly the sameasfor the SSPc
testfor theone-sampl& OF problem exceptthatthenumberof degreesof freedomof the
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x2-variatesnow alsodependon k, the sameapproximationsnay be considered.They
will bediscussedn thenext section.

6.1.6 An Approximation to the Asymptotic Null Distrib ution

Sincetheasymptotimull distributionis of the sameform asin the caseof theone-sample
GOFtest(weightedsumof y squaredvariates)the samemethodof approximatiormay
be consideredSection5.2.5). Thecoeficientsof therv W (a, b,p, f) = a+bZ] + %YfQ
whereZ? andY? arei.i.d. x*-variateswith p and f degreesof freedom,respectiely,
aredeterminedsuchthatthefirst four momentsareequalto the correspondingnoments
of theasymptoticnull distribution. Heretothe lattermomentsmustbe known. Theseare

givenin thefollowing corollary, which s a straightforvardextensionof Corollary5.5.

Corollary 6.2 Theith cumulanty; of the asymptotionull distribution of T}, . ,, is given
by

i = (k= 1)(e =12 =11y (ﬁ> ’

whichis (k — 1)(c — 1) timesthe correspondingumulantof theasymptotiaull distribu-
tionof 75 2 5.

Thus,
a = 0.1919467416(c—1)(k — 1)
b = 0.1274341352
p = 2.404852143(c— 1)(k — 1)
f = 1.003186011(c— 1)(k — 1).

In Table6.1 boththe (exact) asymptoticandthe approximatedasymptoticcritical values
areshovn for k = 2,3 andc = 2, 3, 4, all atthea: = 0.05 level.

6.1.7 The SSPkc Test

The a-level SSPkdest¢q, k... (S, ) for the k-sampleproblemis definedas

Qsa,k,c,n(sn) = 1if Tk,c,n > ta,k,c,n
¢a,k,c,n(8n) 0if Tk,c,n < ta,k,c,nu
wheretq .c.n is the (1 — «)-th percentileof the exact null distribution of T}, . ,,. The

asymptoticnull distribution which is givenin the previous sectiononly givesasymptotic
percentiles, .. Usingtq i, asacritical valueinsteadof the exactpercentiles, ¢ n,
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definesthe asymptotictest¢, .. In Section6.1.8the corvergenceof the exactto the
asymptoticpercentileswill be assessedIn Section6.1.8it will be shovn how exact
critical valuesmaybe computed.

Thepowerfunctionfor analternatve f; = f,,,1isgivenby B4 k.c.n = Ef, [@a,k,c,n(Sn)]-

Theorem 6.2 For anyfinite ¢ > 2 and anyfinite &, the SSPkdestis consistentgainst
essentiallyanyalternative providedthatn; — ocoforalli =1,... , k.

Proof. Thetheoremis provenin exactly the sameway as Theorem5.2. In the proof it
is supposedhatthe the SSP2test(c = 2) is consistentwhich is provenby Scholzand
Stepheng1987). O

6.1.8 Permutation Test

In Section5.2.6 a straightforvard solutionto estimatecritical valuest,, . ,, to usefor
the SSPcGOF testwas given by simulatingthe exact null distribution. In this section
it will be shavn thata permutationtestcanbe constructedput first the constructionof
permutatiortestswill bediscussedn general.

Permutation and Randomization Tests

The ideabehindpermutatiortestsdatesbackfrom Fisher(1935). Here, the notationof
Hoeffding (1952)is moreor lessused.

Considerthe samplespacesS,, of therv X, which may representa completesampleof

obsenationsaswell. Let H beafinite groupof transformationg of S,, ontoitself. Let

m denotethe numberof transformationsn H. Further assumehatthe null hypothesis
implies that the distribution of X is invariantunderthe transformationsn H, i.e. for

every h € H, h(X) and X have the samedistribution underH,. Thus,conditionallyon

X, eachh(X) hasequalprobability L.

LetT(X) beateststatisticfor testingH,. Let

TOX) <TO(X) < ... <TM™(X) (6.11)

bethe orderedvaluesof T'(h(X)) ash variesin H. Conditionallyonthe sampleX, the
permutationdistribution of 7'(X) is completelygiven by the seriesin Equation6.11,in
whichto eachT®)(X) (i = 1,... ,m) the probability L is assigned.Thus,in general
thepermutatiordistributionis a conditionaldistribution, whereagshe asymptoticaistribu-
tionswhich aretypically givenin this thesisareall unconditionaldistributions. Sincethe
SSPkdeststatisticis arankstatisticandsincethe parentdistributionsof theobsenations
areassumedo be continuousthe conditionalandthe unconditionahull distributionsco-
incide (e.g. PuriandSen,1971). For a givennominalsignificancdevel «, theinteger k



6.1 The k-SampleSSPtest 157

is definedas
k=m— |ma],

where|ma| denoteghelargestintegerlessthanor equalto ma. Let M *(X) denotethe
numberof valuesT (X) (i = 1,... ,m) thataregreatethanT *) (X).

The a-level permutatiortestis definedas

ba(X) = 1if T(X)>TH(X)
ba(X) = 0if T(X)<TW(X).

An essentiadifferencewith traditionaltestsis that the critical valuesare randomvari-
ables.More specifically they areestimatedrom the sampleat hand.

The next corollary shawvs thatthe o permutationtesthasnot necessarilysize . In par
ticular, the testis often conserative. The larger m, the lessconserative the testwill
be.

Corollary 6.3 Thesizeof the a-level permutationtestis at mosta.

Proof. Firstnotethat

> ¢alh(X)) = M*(X) < [mal.

heH

Then,underH,,

lma)] > E, [Zaﬁa(h(X))]
heH
= > Eyléa(X)]
heH
= mE, [¢a(X)].

Hence thesizeis E; [, (X)] < [ma]/m < a. O

Onesolutionto make the permutationtestof size « is to extendits definitionto a ran-
domizationtest. Thiswasoriginally suggestetty EdenandYates(1933)andthenPitman
(1937a,1937¢,1937b). A recenttreatmentof the subjectcanbe foundin textbooksby
e.g. Edgington(1995)andManly (1997).

Let M°(X) denotethe numberof values7®(X) (i = 1,...,m) that are equalto
T™*)(X). The a-level randomizatiortestis definedas

ba(X) = 1iT(X)>TH(X)
Pa(X) = AX)ifT(X)=T"(X)
bal(X 0if T(X) < T® (X),
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where

ma — M+ (X)
AX) = —— 7/

(X) MO(X)
Corollary 6.4 Thea-levelrandomizationestis of sizea.

Proof. Firstnotethat

D da(h(X)) = MT(X) + AX)M°(X) = ma.

heH
Then,underHy,
ma = E, lz ¢a(h(X))]
heH
= D E[6a(X)]
heH

= mEy[¢a(X)].

Hencethesizeis E; [¢o(X)] = a. O

Thus,whatever the samplesize,the sizeof therandomizatiortestis alwaysequalto the
nominalsignificancdevel «.. Moreover, this resultdoesnot dependon the true distribu-
tion G underthe null hypothesisandthereforethetestis distribution-free. Thusthis test
is similarandof sizea.

In practice,whenm is large, it may be computationally(almost) unfeasibleto calcu-
lateall A(X). In theseoccasionsa Monte Carlo approximationmay be performedby
consideringonly arandomlychosersubsebf m’ < m transformationg from H.

The SSPkc Permutation Test

Basicallyonly oneconditionmustbefulfilled in orderto constructa permutatiortest:the
null hypothesisnustimply thatthedistribution G is invariantunderagroup’ of transfor
mations.Here,for the generalk-sampleproblem thetransformationg arepermutations
of theobsenationsover the k samplesindeed thenull hypothesisaysthatthe & distri-
butionsareequal,andtherefore pbsenationsareinterchangeablbetweersamplesThis
is treateds detailin HajekandSidak (1967).

In particular let the combinedsampleS,, be orderedsuchthatthe first n; elementsare
thoseof the 1stsample,the next n, elementghoseof the 2nd sample,etc. Let h(S,,)
beapermutatiorof theobsenationin S,,. Thefirst n; elementsareconsideredo bethe
element®f the 1sttransformedamplethenext ny elementshoseof the2ndtransformed
sample etc. Therearen! suchpermutationshut sinceall the obsenationsareassumed
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to beindependenthe orderof the obsenationswithin a sampleis of noimportanceand
thusH mustonly containthe

n!
I,
i=1 T

transformationshatresultin differentsampleconfigurations.

m =

In Section6.1.5it hasbeenshowvn thatthe SSPkdeststatisticis arankstatistic. Therefore,
the computationof the m teststatisticsT,Efgm (¢ = 1,...,m) mustbe doneonly once
for eachsamplesize n. But still, whenn is ratherlarge, this may be unfeasible,in
which casea Monte Carlo approximationmay be in place. E.g. whenn = 12 and
k = 2,3 or4, thenm = 924, 34650 and 369600, respectiely. But whenn = 24, then

m = 2704156, 9465511770 and2308743493056, respectiely.

The propertiesof permutationand randomizatiortestswhich are givenin the previous
section,applydirectly to the SSPkepermutatiorandSSPkaandomizatiortests.

6.1.9 Convergence to the Limiting Null Distrib ution

Monte Carlo approximationgo someexact critical valuesfor the SSPk2,SSPk3and
SSPk4testsat the o« = 0.05 level aregiven here,for n = 12,24 andn = 48, andfor
k = 2 andk = 3. Theapproximatiorarebasedn 10000simulationruns. Theresultsare
shavn in Table6.1. To make a comparisorwith the asymptoticcritical valuespossible,
thesevaluesarementionedn thetableaswell. Moreover, next to eachestimatedexact
critical value,the estimatedexact level, whenthe asymptoticcritical valuewould have
beenused,s given.

Table 6.1: Approximatedexact critical values(a = 0.05) of the SSPk2,SSPk3and SSPkatests, for the
2-sampleandthe 3-sampleproblemwith n = 12,24 andn = 48. Theentriesatn = oo arethe critical
valuesderied from the asymptoticnull distributions. Also the approximatedasymptoticcritical valuesare
shavn. Betweerbraclets, theestimatedxactlevel, whentheasymptoticcritical valueswould have beenused,
is shawvn.

k n SSP2 SSP3 SSP4
2 12 2.548(0.055) 4.099(0.047) 5.199(0.040)
24 2.529(0.052) 4.118(0.051) 5.572(0.048)
48 2.492(0.050) 4.184(0.053) 5.679(0.054)

o) 2.492 4111 5.585

oo (approx.) 2.489 4.093 5.526
3 12 3.969(0.040) 7.033(0.051) 9.438(0.041)
24 3.984(0.044) 6.985(0.050) 9.440(0.041)
48 4.095(0.047) 6.931(0.048) 9.511(0.047)

00 4111 6.985 9.656

oo (approx.) 4.093 6.891 9.491
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The resultssuggesthat the convergenceto the limiting distribution is ratherfastwhen
comparedo the convergencerateof the SSPdest(Section5.2.6). Thelattercorvergence
wasvery slow, evenfor ¢ = 2, despitehefastcornvergenceof thecorresponding\D test.
Pettit(1976)for the2-sampleAnderson-Darlindest,andScholzandStephen$1987)for
the k-sampleAD test,alsoobsened a fastconvergence.Both testsare specialcaseof
the presentSSPkctest(c = 2). An importantreasonwhy the corvergences reasonably
fasthereas comparedto the one-sampleGOF problem, is that for the GOF problem
the calculationof the SSPcteststatisticrequiredone additionalestimator” for the true
distribution F', while the AD testmadeuseof the givendistribution G, andthus,under

Hy, the convergenceof the SSPctestrestedon one additional F' SNy corvergence.
Here, on the other hand,both the SSPkcandthe AD test statisticsrely on exactly the
samecorvergences.

Notice thatwhena = 0.05 the useof the asymptoticcritical valuesgivesrathergood
results;thetestsarebiasedby at mostabout1%.

Finally, it is worth notingthat,atleastunderthe currentsimulationconditions the sizeof

thetestsevenwould have beencloserto the nominallevel if the approximateasymptotic
critical valueswould have beenused.

6.1.10 Ties

It wasarguedbeforethatthe assumptiorof continuedistributionsimpliesthatthe prob-
ability of the occurrencef tiesis zero,andthatthereforethereis no needto discusshe
topic, at leastfrom a theoreticalpoint of view. In practice, however, measurementare
madewith only a finite accurag often leadingto tied obsenations. In this sectionwe
commentbriefly on threeaspectof the occurrenceof ties: the teststatistic7}, . ,,, the
asymptoticnull distribution andthe exact (permutationalpull distribution.

Whenc¢ = 2 theteststatisticis givenin Equation6.8, which wasunderthe no-tiesas-
sumptionsimplified to Equation6.9. It is actuallythe formerformulawhich takesties

into account.Also for generak: the proposedeststatistic(Equation6.7) is preparedor

tied obsenations,thoughthereis anadditionalcomplicationin this generalcase.When
e.g.c = 3 thentwo obsenationsdeterminea SSPIf, however, thesetwo obsenationsare
tied, thenactuallyonly a 2-sizedpartitionis constructedThis problemmaybe overcome
by changingthe partitionconstructiorrule accordingly

Thereasorwhy the statisticaccountqaturallyfor tiesis thatit is basicallya plug-in es-
timatorof afunctional. Suchstatisticshandletiesin away thatis directly implied by the

definition of the EDF usedas plug-in estimatorof the true CDF. Sincein our case the

EDF evaluatedin z is just the numberof obsenationsin the samplethat arenot greater
thanz, dividedby n, therankof atied obsenation X; equalshenumberof obsenations
in the samplethat arenot greaterthan X;. Thusthe obsenationsin a groupof tied ob-

senationswill all getthe samerank, which is therank of the largestobsenationin that
group.Oftenthedefinitionof the EDF is changedo handleties. In particulartheaverage
of theleft andtheright limit of the ordinaryEDF might be used.This alternatve defini-
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tion leadsto mid-ranks. Mid-ranksare often encountereéindrecommendedLehmann,
1975).

In this work the asymptoticdistribution of 7}, . ,, is derivedunderthe assumptiorof con-
tinuousdistribution, andthuswith probability oneno ties occur Whenthe assumption
is howeverwealenedto allow alsofor discretedistributionsoneshouldtake tiesinto ac-
count.A solutionfor theasymptoticnull distribution maybe obtainedby proceedingn a
similar way asScholzand Stepheng1987). It is however expectedthatthelimiting dis-
tributionwill dependbnthetruecommondistribution G throughG(G~(u)) (u € [0, 1]).

Also the permutatiorlaw for finite samplesizeswill change.Sincethe permutationdis-
tribution is essentiallya distribution, conditionalon the sample the presencef tieswill
have aninfluenceon thedistribution, especiallywhenthe samplesizeis small.

6.1.11 Examples

All SSPkdeststhatareperformedhere,arebasedon critical valuesthat have beenesti-
matedfrom the simulatednull distributions (10000simulationruns). Whenthe sample
sizesn; (j = 1,... , k) arenotall equal(unbalanced)thenthe null distribution is sim-
ulatedtaking the unbalancednesisito accountby consideringpermutationswhich are
restrictedto resultin sampleswith n; (j = 1,... , k) obsenations.

ExAMPLE 6.1. Gravity Data

It is of particularinterestto testwhetherthe distribution of the obsenationsin the first
sampleis the sameasthe distribution of the obsenationsin the last sample. Thesetwo
samplesorrespondo thefirst (in time) andthelastserief measurementst’ simportant
to stresghatoneis not only interestedn a differencein mean. Thusa traditionalt-test
would not suffice, anda testfor the 2-sampleGOF problemis needed.

The SSP2dest,with ¢ = 2,3 andc = 4 is appliedto thedata. Theresultsareshovn in
Table6.2. Thetableshavsthecritical valuesat o = 0.05 aswell. In thefirst serieshere
are8 obsenationsandin thelastserieshereare13.

For eachof the consideredsSPsizesc, it is concludedthat the distributionsare signifi-
cantly differentat the 5% level of significance.The boxplotin Figure2.5 suggestghat
thedifferencemaybedueto botha differencein meanandin variance.

Table6.2: Theresultsof the SSPkaeston the Gravity data.Betweerbracletsthe p-valueis given. Also the
critical valuesareshawn.

c 12,21 10.05,2,¢,21
2 2.634(0.043) 2.498
3 4.868(0.029) 4273
4 6.699(0.008) 5.457
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ExXAMPLE 6.2. Sleepdata

The 62 animalsareclassifiedinto 5 differentclasse®of exposureto danger The number
of obsenationsin the 5 classesare 19, 14, 10, 10, and9. Oneof the questionghatis

of interestis whetheror not thereis a differencein the distributionsof the brain weight
betweerthe5 classe®f exposureto danger

Theresultsaregivenin Table6.3.

Table6.3: Theresultsof the SSPkaeston the Sleepdata. Betweenbracletsthe p-valueis given. Also the
critical valuesareshawn.

c t5,c,62 t0.05,5,¢,62

29,6,

2 10.332(0.001) 6.727
3 17.066(0.002) 12.172
4 22.405(0.005) 16.980

Thus,for all threeSSPsizesonemay concludethatthe brain weight of animalsthatare
exposeddifferentlyto dangeynotall comefrom the samedistribution. O

Note that the p-valuesof the SSPkctestson the Gravity Data decreases c increases,
whereador the SleepDatathe oppositetrendis detectedThisillustratestheimportance
of agoodchoicefor c.

6.2 The Data-Driven SSP Test

Althoughfor ary finite ¢ the SSPkdestis consistentjt may be expectedthatwith finite
samplesizes,undercertainalternatvesthe powerwill behigherfor smallvaluesof ¢, but
lower underotheralternatives(this will beillustratedin a simulationstudy laterin this
chapter).By makingthetestdata-drien,it is hopedthata"good” choicefor ¢ w.r.t. the
power is madeby the dataitself.

In generalmostof thetheorygivenin Section5.5remainsvalid. In fact,thefew changes
thatmustbe made,areall imposedby the changein the selectionrule, which is a con-
sequencef the differencein the numberof degreesof freedomof the y2-variatesin the
limiting null distribution.

Definition 6.1 TheSSPSelectionRule, which selectghe partition sizeC,, outof theset
I" of permissibleorders, is givenby

C,, = ArgMaxcr [Tk e.n — 2(k —1)(c — 1) Ina,], (6.12)

where2(k — 1)(c — 1) lna,, is the penalty
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6.2.1 The Test Statistic and its Asymptotic Null Distrib ution
Theteststatisticis givenby

Tk,Cn,n-

Theasymptoticnull distribution of the statisticT}, ¢,, » is givenin thefollowing theorem
andproposition.

Theorem 6.3 LetT" bea setof permissibleorders. Let ¢,,, denotethe Minimal Partition
Size Supposehata,, — co asn — oo. Then,under H

p
Cn > Cm

asn — o0.

Proof. The proofis almostexactly the sameasthe proof of Theorem5.6, with ¢ — 1
andc,, — 1 changedo (k — 1)(¢ — 1) and(k — 1)(c,,, — 1), respectiely. Further the
asymptoticneanandvarianceof theteststatisticnow alsodependon k, giving

Eg [Then] —
Var [Ty,cn] — (k—1)(c—1)oasn — oo,

whereo is the asymptoticstandarddeviation of 7}, » ,, underHy, i.e. Vary [} 2., —
o < o0 asn — 0.

Sincek andall ¢ € T areassumedinite, andsinceo is alsofinite, exactly the same
argumentsasthoseusedin the proof of Theoremb.6 apply, by which thistheoremis also
proven. (|

Proposition6.2 LetI" beasetof permissibleorders. Letc,,, denotetheMinimal Partition
Size Supposehata,, — co asn — co. Then,under Hy,

I~ 1
Th,Con — E — 73,
o HiG+ D
2 e 2 ,
wheethe 77 arei.i.d. x(j_,),._1 varates.

Cm,

Proof. The proofis exactly the sameasthe proof of Proposition5.3, exceptthat now
Theorem6.3andProposition6.1 areneedednsteadof Theorenmb.6 andPropositions. 1,
respectiely. |
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6.2.2 The Data-Driven SSP Test

The k-sampledata-driven SSPkdestwill againbereferredto asthe SSPddest.

Thea-level SSPddesté, i r,»(S»), basednthesetl of permissibleorders,is defined
as

¢a,k,F,n(Sn) = 1if Tk,Cn,n > ta,k,Cn,n
GakTn(Sn) = 0if Tk cpn <tak,con

whereC,, is theselectedrderbasedna SSPselectiorrule.

Thefollowing two resultsareessentiallythe sameasTheorems.7 and5.8. Their proofs
mustonly beadaptedo the presennhotationby introducingk.

Theorem 6.4 Thea-level k-sampleSSPddestbasedon thesetl” of permissibleorders,
with minimal order ¢,,, and basedon a selectiorrule for which a,, — co asn — oc, is
similar and of sizea.

Theorem 6.5 For any setI’ of permissiblepartition sizes,and any selectionrule, the
k-sampleSSPddestis consistentgainstessentiallyany alternative

6.2.3 The SSPdd Permutation Test

Sincethe null hypothesiof coursestill implies the invarianceof the distribution of S,
underthe group of transformationsH, the SSPddtest may also be implementedas a
permutatiortest. This methodgivesexactresultsfor finite n, but asnotedearlier, thefea-
sibility of the enumeratiorof all permutationslecreasegapidly with increasingsample
sizen, in which casea Monte Carloapproximatiormustbe considered.

Whenall permutationsvould beenumeratedhenalsotheexactprobabilitiesP, [C,, = ¢],
for finite n, could be computed. A Monte Carlo approximation(10000runs)to these
calculationsis doneherein orderto comparethe penaltiesa,, = n!/? (BIC, Schwartz
(1978)),a,, = (Inn)'/2 (LL, HannanandQuinn (1979))anda,, = 22 (pAIC) for the
setof permissiblepartitionsizesI’ = {2, 3, 4}, with minimal partitionsizec,, = 2, and
for samplesizesn = 12,24 andn = 48. Theresultsfor k = 2 andk = 3 areshavn in
Table6.4.

Whenk = 2, theresultssuggestasit wasfor the SSPddtestfor the one-sampleGOF
problem,thatthe convergenceto the minimal orderis fasterwith the BIC penaltyaswith

the two otherpenalties.The slowestcorvergenceis obtainedwith the LL penalty When
k = 3, however, the corvergenceis with all penaltiesratherfast,at leastfor the sample
sizesconsideredere.
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Table6.4: TheestimatedxactprobabilitiesP, [Cr, = .

k=2 k=3
penalty n ¢=2 ¢=3 ¢=4 ¢c=2 ¢=3 c=4
BIC 12 0.994 0.006 0.000 0.995 0.005 0.000
24 0.999 0.001 0.000 0.993 0.007 0.000
48 1.000 0.000 0.000 1.000 0.000 0.000
LL 12 0.308 0.023 0.669 0.996 0.004 0.000
24 0.661 0.062 0.277 0.994 0.006 0.000
48 0.814 0.055 0.131 0.832 0.083 0.085
pAIC 12 0.748 0.097 0.155 0.796 0.128 0.076
24 0.896 0.071 0.033 0.974 0.022 0.004
48 0.954 0.034 0.012 0.986 0.012 0.002

6.2.4 Examples

EXAMPLE 6.3. Gravity data

Seriesl and8 areagaincomparedbput this time with the SSPddest. The setof permiss-
ableordersis takento beT" = {2, 3,4}. TheBIC criterionresultedin ¢,, = 2, andthus
t2.c0n = l22n = 2.634 (p = 0.043). Boththe pAIC andthe LL basedpenalty onthe
otherhand,gavec, =4 andts ., »n = t2.4n = 6.699 (p = 0.008).

In conclusion the threedata-drventestsindicatea significantdifferencein distribution
betweerseriesl andseriess. O

EXAMPLE 6.4. Sleepdata

With thepenaltieBIC andpAIC the2-sizedpartitionwasselectedresultingin s ., » =
ts52n = 10.332 (p = 0.001). ThelLL criterionledto ¢, = 3, andthusts .., , = t5 3.0 =
17.066 (p = 0.002). O

6.3 Power Characteristics

The power of boththe SSPkctestandthe SSPddestare comparedo someothertests.
Isotoneswill be presentedirst to givenan overall view of the relative sensitvity of the
differenttests. In a secondphase for someinterestingalternatves powerswill be esti-
matedin a smallsimulationstudy Alternativesfor £ = 2 andfor k£ = 3 areconsidered.
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6.3.1 Other Tests for the k-sample problem

Whenk = 2, probablythe bestknown testis the Kolmogorov-Smirnov (KS) test,which

wasdiscussedn Section4.2.3. This testis includedin the presentstudy althoughit is

generallyknown thatthis consistenbmnibustestdoesnot have very goodpower charac-
teristics(e.g. Stephens1986). For arbitrary k, mary extensiongo the KS testexist (see
Hajek and Sidak, 1967, for an overview). The KS statisticwhich is consideredn this

studyis givenby (ChangandFisz,1957;Fisz,1960;Dwass,1960)

j—1
. 1 J .
Dip = Fo (X)) — — Z Fi. (X))
b = 0 1, (X0 = Sl 2 ki (X0)

Thesecondestthatis includedis theKruskal-W allis (KW) test(Kruskal,1952;Kruskal
andWallis, 1952),whichis equivalentto the Wilcoxon/ Mann-Whitney test(Wilcoxon,
1945; Mann and Whitney, 1947)whenk = 2. This testis however not omnitus con-
sistent,but still it is includedhere,mainly becauseof its popularity The testis most
often usedfor the k-samplelocation shift problem,for which it is only of size« if the
k populationsE; (: = 1,..., k) areof the sameshape(i.e. all cumulantsof ordertwo
andhigherareequal).If thelatterconditiondoesnot hold, thenthe sizeof thetest,under
the hypothesisof no location shift, may be larger thanthe nominallevel o. Within the
framework of the generalk-sampleproblemthis meanghatthe KW testis alsosensitve
to alternatvesdifferentfrom alocationshift. For thisreasorthetestis alsoconsidered.

The Anderson-Darling (AD) k-sampletest(Pettit, 1976; Scholzand Stephens1987)
is automaticallyincludedis this study sincethis testis a specialcaseof the SSPkctest
(c=2).

Althoughthroughouthisthesistherehasfrequentlybeenmadereferenceo adata-driven
Neyman-typetestof Janic-Wibblevskaand Ledwina (2000), the testis not includedin
the simulationstudybecausét hasbeenpublishedonly afterthe simulationstudythatis
presentedh this sectionwascompleted.

The exact (permutation)distributionsof all thesetestsare simulated(10000runs). The
critical valuesaregivenin Table6.5.

Table6.5: Critical valuesatthe 5%-level for n = 24 andn = 48 for the k-sampletestsusedin this thesis.

n k SSP2 SSP3 SSP4 KS KW

24 2 2529 4118 5572 0.500 3.853
3 3.984 6.985 9.440 0.625 5.780

48 2 2493 4.184 5679 0.375 3.757
3 4.095 6.931 9511 0.438 5.857
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6.3.2 The Alternatives

As with the one-sampleéGOF problem,thereare an infinite numberof alternatves of
which the small samplepropertiescould be studied. Threefamilies of alternatvesare
consideredor bothk = 2 andk = 3. Thefirst type of alternatvesaresuchthatfor all
F; (i = 1,...,k) themeansareequal,but the distributionsmay differ in all othermo-
ments(scale skewnesskurtosis,...). Thesecondamily consistsof contaminatedhormal
distributions,andthethird family is a scale-locatioriamily of normaldistributions.

For thefirst type,the Tukey-Lambda(TL) family is usedin thefollowing way. In contrast
to the useof this family in the power studyof the SSPtestfor the one-samplé&sOF null
hypothesisherek distributionsmustbe specifiedunderthe alternatve hypothesisAll &
distributions aretakento be membersof the TL family, but only the kth distribution is
differentfrom thefirst &k — 1 distributions. Thesefirst &k — 1 distributionsarezero-mean
normaldistributions(A\; = Ay = 0.1349). Thefamily of alternatiesis thenindexedby
A = (A1, A2) whichrefersto the kth TL distribution. Sincethe meanof a TL distributed
rv changesith A, a correctionis neededLet W, aTL distributedrv,

UM -1 (1-U)* -1
W)\ - Al - )\2 )

whereU ~ U(0, 1), thentherv X from the kth distribution F}, is givenby

Xy =Wy —E[W)] + pu,

wherey is the meanof thefirst £ — 1 distribution; herep = 0 for the (quasi)normal
distribution A = (0.1349, 0.1349).

The contaminatediormal (mixture distribution) alternatvesalsoconsistof £ — 1 equal
distributions, which are all standardhormal,and1 parameterizedlistribution, which is
supposedo bethe kth distribution. Thedensityof the 2-parametefamily is givenby

r—90
folo) = (L= )96 + 29 (5557
whereg is the densityof thefirst £ — 1 standarchormaldistributions. The parametery
correspondo thefractionor probabilitymassof thedistributionthatis contaminatedvith
anormaldistribution with meand andstandardieviation 0.001.

As with thetwo formerfamilies,the scale-locatioriamily is alsousedto simulateoneof
the k samples.Theremainingk — 1 samplesare standarchormal. As before,let g(z)
denotethe df of a standardhormaldistribution, thenthe distribution f(z), indexed by
0 = (u,0), isthedf of arv X ~ N(u,0?), or equivalently

o) =g ().




168

k-SampleSampleSpacePartition Test

6.3.3 Results

Table6.6: Theestimateghowersfor somealternatiesof the Tukey-Lambdafamily in the 2-sampleproblem,
basedn 10000simulationruns. Thefirst distribution is anormaldistribution (A = (0.1349, 0.1349)).

n

A1 A2 power
SSP2 SSP3 SSP4 dd-BIC dd-LL dd-pAIC KS KW

24
24
24
24
24
24
24
24
24
48
48
48
48
48
48
48
48

1 1 0.153 0.313 0.360 0.154 0.363 0.361 0.100 0.065
15 15 0309 0.614 0.676 0.318 0.676 0.673 0.196 0.081
3 3 0.730 0.952 0.963 0.742 0.963 0.964 0.479 0.108
6 6 0.935 0.997 0.999 0.948 0.999 0.999 0.635 0.123
2 0 0.080 0.137 0.164 0.081 0.165 0.165 0.063 0.062
4 0 0.104 0.169 0.208 0.105 0.209 0.213 0.088 0.079
4 15 0533 0.846 0.885 0.544 0.885 0.882 0.340 0.089
-1 -1 0.154 0.326 0.379 0.157 0.380 0.377 0.116 0.064
15 175 0.334 0.662 0.717 0.345 0.717 0.715 0.220 0.068
1 1 0.506 0.744 0.810 0.506 0.811 0.757 0.206 0.071
15 15 0870 0.974 0.986 0.780 0.986 0.978 0.565 0.072

3 1.000 1.000 1.000 1.000 1.000 1.000 0.958 0.093
0 0.162 0.292 0.373 0.162 0.373 0.340 0.123 0.068
0 0.215 0.404 0.490 0.215 0.490 0.450 0.149 0.057
15 0.991 1.000 1.000 0.991 1.000 1.000 0.849 0.078
-1 0.531 0.750 0.807 0.531 0.807 0.757 0.209 0.054
15 175 0917 0.984 0.988 0.917 0.988 0.985 0.597 0.084

3
2
4
4
-1

Tukey-Lambda
The isotonesfor the TL family of alternatvesare shavn in Figures6.4 and6.5. The
estimatecgpowersareshown in Tables6.6 and6.7.

In generalthe estimatedoowersconfirm the relative positionsof the isotones.First the
k = 2 caseis discussed.

Moving away from the point A\; = A2 = 0.1349, representinghe null hypothesis,
alongthediagonatowardslargerA-values(symmetricdistributionswith increasing
kurtosis),the first isotonesthat are crossedarethoseof the data-drven SSPtests
basedon the LL andthe pAIC criteria, andthe SSP24test. The SSPdd-LLtest
evenhasaslightly higherpower, especiallywhenn = 48. Thepower of theSSP24
testis almostindistinguishabldrom the LL basedtests. Whenn = 24 alsothe
SSPdd-pAlCestbehaesvery similarly. With both samplesizesthe orderof the
powersof the SSP2destsis SSP24> SSP23> SSP22whereespeciallythelatter
hasa far lower power. The power of the BIC baseddata-drventestwasestimated
alittle bit higherthanthe power of the SSP22est,especiallywhenn = 24. Recall
that the SSP22testis exactly equivalentto the 2-sampleAnderson-Darlingtest.
The referencetestsKS and KW resultedclearly in much smallerpowers. The
formeralwayshadlargerpowers,which wasasexpectedsinceit is anomnitustest,
whereagheKW testis essentiallyatestfor the k-sampldocationshift problemand
in the presensimulationstudythe meanwaskeptconstant.

In the other direction along the diagonal,into the direction of alternatves with
heavier tails, moreor lessthe samebehaviour is obsened.
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Table6.7: Theestimatechowersfor somealternatvesof the Tukey-Lambdafamily in the 3-sampleproblem,
basedbn 10000simulationruns. Thefirst two distributionsarenormaldistributions (A = (0.1349, 0.1349)).

n A1 A2 power
SSP2 SSP3 SSP4 dd-BIC dd-LL dd-pAIC KS KW

24 1 1 0.103 0.147 0.192 0.103 0.196 0.154 0.032 0.058
24 15 15 0.163 0.259 0.371 0.163 0.372 0.292 0.040 0.069
24 3 3 0.259 0.579 0.769 0.259 0.769 0.681 0.104 0.085
24 5 5 0.340 0.786 0.935 0.340 0.935 0.896 0.146 0.095
24 2 0 0.078 0.091 0.119 0.078 0.120 0.102 0.026 0.052
24 4 0 0.090 0.117 0.147 0.090 0.150 0.126 0.036 0.061
24 4 1.5 0.223 0.449 0.623 0.223 0.623 0.525 0.076 0.081
24 4 -1 0.956 0.982 0.991 0.956 0.991 0.981 0.897 0.787
24 4 -2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.997
24 -1 -1 0.115 0.195 0.242 0.115 0.246 0.199 0.047 0.056
24 15 175 0.154 0.294 0413 0.154 0.414 0.333 0.039 0.058
48 1 1 0.193 0.354 0.511 0.193 0.508 0.306 0.078 0.049
48 2 2 0.646 0.935 0.973 0.646 0.973 0.917 0.431 0.066
48 3 3 0.894 0.990 0.998 0.894 0.998 0.990 0.741 0.080
48 6 6 0.999 1.000 1.000 0.999 1.000 1.000 0.968 0.084
48 2 0 0.125 0.170 0.239 0.125 0.237 0.150 0.091 0.066
48 4 0 0.138 0.212 0.310 0.138 0.304 0.187 0.096 0.061
48 6 0 0.140 0.237 0.340 0.140 0.342 0.211 0.094 0.064
48 10 0 0.141 0.234 0.345 0.141 0.341 0.207 0.107 0.065
48 4 1 0.513 0.848 0.924 0.513 0.924 0.820 0.311 0.063
48 2 -1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.969
48 -1 -1 0.327 0.511 0.626 0.327 0.625 0.463 0.186 0.081
48 15 1.75 0.475 0.808 0.906 0.475 0.905 0.784 0.294 0.071

The isotonesdo not give muchinformation alongthe the A2 = 0 line towards
the point A = (+00,0) (exponentialdistribution). The correspondingestimated
powers,however, indicatethatthe highestpowersareobtainedwith thedata-drven
SSPtestbasedon the LL andthe pAIC criteria, andthe SSP24test. Further as
in the diagonaldirection,amongthe SSP2ceststhe orderis SSP24> SSP23>
SSP22.The latter hasshavs the samepatternasthe SSPdd-BICtest. Again the
KW andtheKS performtheworst.

Next, thek = 3 caseis discussed.

Along the diagonalin the A-plane,towardslarge positive A-values,the isotones
of the LL baseddata-drven SSPtestandthe SSP34testare crossedirst. Thisis

confirmedby the estimatedpowers. Whenn = 24 the power of the SSPdd-pAIC
testis alwaysin betweenthoseof the SSPdd-LLandthe SSP33tests,but when

n = 48 the SSP33estis a bit morepowerful thanthe pAIC basedest. The SSP22
test,andthis alsothe AD test,is alwayslesspowerful thanthe otherSSPtests.The

KS andthe KW testsagainhave thelowestpowers.

In the otherdirectionalongthe diagonal,againmoreor lessthe samebehaiour is
obsened.

Whenmoving from the null point A = (0.1349, 0.1349) towardsthe exponential
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Table6.8: Theestimatechowersfor somealternaties of the mixture family in the 2-sampleproblem based
on 10000simulationruns. Thefirst distribution is a standarchormaldistribution (6 = v = 0).

n

0 o power
SSP2 SSP3 SSP4 dd-BIC dd-LL dd-pAIC KS KW

24
24
24
24
24
24
24
48
48
48
48
48
48
48
48

0.6 0.199 0473 0.594 0.208 0.594 0.590 0.230 0.067
0.7 0.328 0.676 0.774 0.360 0.774 0.775 0.311 0.067
0.85 0.604 0.919 0.953 0.690 0.953 0.953 0.508 0.097
0.6 0.302 0.470 0.563 0.306 0.565 0.565 0.322 0.182
0.8 0.601 0.841 0.914 0.626 0.914 0.912 0.593 0.270
0.5 0.495 0.555 0.578 0.495 0.581 0.578 0.480 0.451
. 0.798 0.840 0.838 0.798 0.840 0.851 0.750 0.745
0.5 0.322 0.618 0.738 0.322 0.738 0.720 0.364 0.072
0.6 0.553 0.848 0.923 0.553 0.923 0.922 0.563 0.078
0.8 0.960 0.997 0.998 0.960 0.998 0.998 0.938 0.080
0.5 0.443 0.650 0.790 0.443 0.790 0.760 0.545 0.208
0.4 0.463 0.550 0.610 0.463 0.610 0.570 0.508 0.372
0.6 0.853 0.917 0.938 0.853 0.938 0.933 0.907 0.697
0.4 0.823 0.853 0.882 0.823 0.885 0.865 0.705 0.710
0.6 0.993 0.997 0.998 0.993 0.998 0.997 0.990 0.977

o NP OO
o
o]

point A = (+oc, 0), the powersof all testsremainsmall, but oncemorethe SSP34
andthe LL baseddata-driventestsperformedbest. Whenn = 48, the SSPdd-LL
testresultedn the highestpowers,followedby the SSP34or theKS test. Then,the
SSP33andthe pAIC follow, andfinally, the lowestpoweris obtainedwith the KW

test.

Contaminated Normal
The isotonesof the mixture alternatvesare presentedn Figures6.6 and6.7. The esti-
matedpowersareshavn in Tables6.8and6.9.

Firstthe 2-sampleproblemis discussed.

Whend§ = 0, i.e. a mixture of two equalmeannormaldistributions, the highest
powersaregenerallyobtainedwith theLL andthepAIC basedlata-driventestsand

the SSP24test. The next highestpower resultedfrom the SSP23est,followed by

the SSPdd-BlCandthe SSP22tests. The latter two have almostindistinguishable
powerswhenn = 48, whenn = 24, the BIC criterion resultedin slightly higher
powers. The power of the KS testis a bit lower than the power of the SSP22
test, exceptfor very small valuesof ~. Finally, the power of the KW testbroke

completelydown, which is dueto the constang of the meanunderthe mixture

alternatve with § = 0.

In the situationwhered # 0, thenthe meansf the two samplediffer, andthusit
maybe expectedhatthe KW testperformsatleastbetterascomparedo thed = 0
case.Indeedthis is seenboth from the estimatecpowersasfrom the isotonesput
still it hasthe lowestpowversamongthe testscomparedn this study exceptwhen
0 is very large. The besttestsarethe SSPdd-pAIC SSPdd-LLandthe SSP24est.
The next besttestis the SSP23test, followed by the SSP22test, which behares
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Table

6.9: Theestimatechowersfor somealternatves of the mixture family in the 3-sampleproblem based

on 10000simulationruns. Thefirst two distributionsarestandardhormaldistributions(d = v = 0).

n

é ¥ power
SSP2 SSP3 SSP4 dd-BIC dd-LL dd-pAIC KS KW

24
24
24

0 08 0.223 0.492 0.656 0.223 0.656 0.616 0.122 0.073
1 08 0.643 0.742 0.800 0.643 0.800 0.742 0.637 0.523
15 0.7 0.694 0.716 0.737 0.694 0.742 0.725 0.616 0.615
15 08 0.837 0.862 0.885 0.837 0.886 0.861 0.799 0.758
25 0.7 0810 0.832 0.843 0.810 0.847 0.840 0.655 0.727

0.4 0.335 0.345 0.363 0.335 0.373 0.353 0.182 0.280

0.8 0.935 0.943 0.952 0.935 0.955 0.945 0.862 0.887

0.6 0.298 0.566 0.746 0.298 0.746 0.594 0.329 0.061

0.7 0.431 0.775 0.909 0.431 0.908 0.800 0.490 0.069
. 0.901 0.995 0.999 0.901 0.999 0.999 0.908 0.085
0.6 0.676 0.746 0.826 0.676 0.824 0.720 0.745 0.564
0.8 0945 0.974 0.986 0.945 0.986 0.966 0.972 0.824
0.4 0584 0.615 0.661 0.584 0.668 0.601 0.460 0.474
05 0.789 0.814 0.859 0.789 0.852 0.799 0.726 0.683
0.6 0.789 0.814 0.859 0.789 0.853 0.799 0.726 0.683

WNNRPPFPOOOWW
o
©

almostexactly the sameasthe data-drventestbasedon the BIC criterion when
n = 48. For the smallersamplesize,sometimeghe SSPdd-BICoutperformshe
SSP2Xlightly.

In generalwhend # 0, the power differencesaresmallerthenwhend = 0.

Next, the 3-sampleproblemis discussed.

Wheno = 0, theLL baseddata-drvenSSPtestandthe SSP34testresultedin the
highestpowers, followed by the pAIC baseddata-drventestandthe SSP33test.
A further power decreaseccurredbetweenthe SSP33andthe SSP32test. The
latter hasagaina power equalto the power of the SSPdd-BICtest. The KS test
performedonly slightly lessthanthe SSP32test. Extremelow powerswereagain
obtainedwith the KW test.

In the§ # 0 casethe conclusionsaaremoreor lessthe sameasin the two-sample
case. The LL baseddata-drven testperformsoverall the best,immediatelyfol-
lowedby the SSP34SSP33&andthe SSPdd-pAlQests.The SSP32andthe SSPdd-
BIC testare equivalentoncemore, and the lowest powers are obtainedwith the
KS andthe KW tests. But all powersarevery closeto eachother, which is also
obseredfrom theisotones.

Location-Scale
Figures6.8 and 6.9 presenthe resultsof the scale-locatiorfamily of alternatves. The
estimatecpowersareshavn in Tables6.10and6.11.

As expectedthe powerswhenk = 2 aregenerallyhigherascomparedo k = 3.
For mostof the® = (i, o) valuesthe SSPdd-LLtestis the mostpowerful, often almost
equivalentto the SSPk4test. The factthatthe SSPdd-LLtestmimicsthe SSPbhasedest
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Table6.10: Theestimatecpowersfor somealternatves of thescale-locatioriamily in the 2-sampleproblem,
basedn 10000simulationruns. Thefirst distribution is a standarchormaldistribution (. = 0,0 = 1).

n uw o power
SSP2 SSP3 SSP4 dd-BIC dd-LL dd-pAIC KS KW
24 0 3 0.236 0457 0.532 0.243 0.533 0.531 0.144 0.077
24 0 4 0349 0.659 0.727 0.359 0.727 0.724 0.216 0.077
24 0 6 0535 0.857 0.904 0.547 0.904 0.902 0.325 0.100
24 1 1 0.622 0.613 0.579 0.622 0.608 0.636 0.452 0.645
24 1 2 0392 0452 0.475 0.393 0.482 0.490 0.306 0.328
24 1 4 0423 0.720 0.764 0.428 0.764 0.765 0.295 0.165
24 1 6 0571 0.872 0.907 0.585 0.907 0.904 0.369 0.117
24 2 1 0996 0.997 0.992 0.996 0.994 0.996 0.975 0.995
24 2 4 0.629 0.806 0.834 0.639 0.835 0.834 0.548 0.361
48 0 2 0325 0492 0.546 0.325 0.550 0.500 0.152 0.069
48 0 3 0.722 0.891 0.925 0.722 0.925 0.892 0.348 0.072
48 0 4 0918 0.981 0.987 0.918 0.987 0.982 0.541 0.068
48 0.75 1 0.707 0.673 0.648 0.707 0.684 0.709 0.560 0.727
48 0.75 2 0597 0.712 0.746 0.597 0.748 0.718 0.475 0.349
48 1 1 0911 0.897 0.880 0.911 0.903 0.911 0.789 0.919
48 1 2 0.757 0.806 0.823 0.757 0.828 0.810 0.649 0.569
48 1 3 0.853 0.948 0.964 0.853 0.964 0.950 0.647 0.345
48 15 3 0941 00975 0.982 0.941 0.983 0.975 0.852 0.592

with ¢ = 4 hasbeenencountered few timesbefore,even for the onesampleproblem.
Only underthecircumstancesf alocationshift with amild changen scale(e.g. (1, o) =
(1, 1)) the SSPk2estshaws the highestpower amongthe SSPkdests.This behaiour is
seenn boththeestimategowersandin theisotonesUndertheseconditionsit isthe BIC
or the pAIC criterion that outperformsthe LL penalty Yet anotherfeatureunderthese
conditionsthatappeargrom theisotonesandthatis confirmedby the estimatechowers,
is thatonly herethe KW testis morepowerful thanthe KS test,which is not surprising
for the KW testis indeedspecificallysensitve to locationshiftswhentheformsof the k
distributionsareequal.For all othervaluesof 8 boththe KW andthe KS testarefarless
powerful thanthe SSPbasedests.

ThepAIC penaltydid on averageonly abit lessthantheLL penalty andasmentionedn
thepreviousparagraphit did betterunderalocationshift alternatve.

In generalit may be concludedrom this small simulationstudythatthe LL baseddata-
driven SSPtestis a goodchoice.Whenoneexpectsa locationshift but whenoneis still
interestedn the generalk-samplealternatve aswell, the pAIC penaltyis alsoa good
choice.

6.3.4 Conclusion

Threefamiliesof alternatveswereempirically investigatedywhich suggessomegeneral
conclusions.

First,wewouldlik eto remarkthatalthoughunderthethreefamiliesveryfrequentlythe 2-
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Table6.11: Theestimatechaversfor somealternatiesof thescale-locatioriamily in the3-sampleproblem,
basedn 10000simulationruns. Thefirst two distributionsarestandardormaldistributions(u = 0,0 = 1).

n pu o power
SSP2 SSP3 SSP4 dd-BIC dd-LL dd-pAIC KS KW
24 0 8 0.346 0.680 0.780 0.346 0.780 0.694 0.156 0.072
24 0 12 0.429 0.800 0.883 0.429 0.883 0.813 0.192 0.080
24 2 1 0.968 0.953 0.944 0.968 0.954 0.970 0.871 0.969
24 2 10 0.458 0.807 0.878 0.458 0.878 0.811 0.246 0.098
24 4 5 0.734 0.827 0.856 0.734 0.858 0.829 0.592 0.517
24 4 10 0.573 0.837 0.908 0.573 0.908 0.842 0.346 0.189
24 4 25 0555 0934 0.974 0.555 0.974 0.940 0.281 0.122
48 0 3 0.448 0.668 0.770 0.448 0.768 0.623 0.234 0.059
48 0 5 0.813 0.947 0.975 0.813 0.975 0.929 0.482 0.083
48 0 10 0.991 0.997 0.999 0.991 0.999 0.997 0.785 0.088
48 1 1 0.783 0.746 0.753 0.783 0.777 0.783 0.654 0.793
48 1 3 0632 0.774 0.844 0.632 0.837 0.735 0.469 0.251
48 1 5 0.868 0.956 0.975 0.868 0.975 0.941 0.580 0.153
48 2 5 0915 0.977 0.990 0.915 0.990 0.967 0.763 0.343

sizedSSPbasedestperformedwvorstamongthe SSPtestsandthe 4-sizedtestperformed
best theredoesnotseemo atheoreticallysupportecargumentthatallows usto conclude
that the SSPk2testwill alwaysresultsin the lowestpowers. This remarkmakesus a
bit precautiousw.r.t. to a recommendatiomf a certainpenalty In particular most of
the simulationresultssuggesthatthe LL criterion givesthe bestpowers,andthe same
simulationsalsoshaw thatoftenthe SSPdd-LLtestis very similar to the SSPk4test. The
latter characteristiavas alsoseenin the simulationstudy of Chapter5. Moreover, it is
alsoobsenedthatthe LL criterionoftenstill selects”,, = 4 whena smallerc would be
a betterchoice. Undersuchcircumstanceshe pAIC criterion, which shavs generallya
fastercorvergenceof C,, thanLL, frequentlyselectsa smallerpartition sizeresultingin
a higherpower. On the otherhand,whenthe SSPk4testis the mostpowerful, the pAIC
penaltyleadsto powersthatareonly alittle bit smallerthanthosewith theLL criterion.

The above discussiorbringsusto the conclusionthatboththe LL andthe pAIC criteria
seemgoodchoices.

Generally the SSP-basedtiestsresultin greaterpowersthanthe KS andthe KW tests.
Only underalocationshift alternatve the power of the KW testis slightly greater
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Figure6.4: Theisotonesfor the Tukey-Lambdafamily of alternatves, for k = 2 (a)andk = 3 (b), both
with n = 24 obserations.Thefirst k — 1 distributionsarenormaldistributions A = (0.1349, 0.1349).
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Figure 6.5: Theisotonesfor the Tukey-Lambdafamily of alternatves, for k = 2 (a)andk = 3 (b), both
with n = 48 obsenrations.Thefirst k — 1 distributionsarenormaldistributions A = (0.1349, 0.1349).
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Figure 6.6: Theisotonesfor the mixture family of alternaties, for k = 2 (a) andk = 3 (b), both with
n = 24 obserations.Thefirst & — 1 distributionsarestandarchormaldistributions(é = v = 0).
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6.4 The Decomposition of the SSPkc Test Statistic

The practicaladvantage®f non-parametriomnibustestsare obvious: first, its null dis-
tribution doesnot dependon the true distributions,and second becausef the omnibus
sensitvity, thetestmay beappliedto detectwhateser deviation from the null hypothesis.
Thus, by the latter characteristicthe researchemustnot have ary prior knowledgeon
possibledeviations. But, on the otherhand,the samepropertyhasled to a criticism that
generallyappliesto mary omnibustests:whensuchatestrejectsthe null hypothesisthe
researcheactuallyonly knows thatthe k samplesdo not comefrom the samedistribu-
tion, but the testdoesnot give anindicationin whatsensehe distributionsdiffer. E.g. all
distributionsmay be of the sameform, but may differin meanor in variance.

For the one-samplé&sOF problem,Neyman(1937)constructedh smoothtestby embed-
ding the hypothesizediistribution G in a parametriqexponential)family of continuous
alternative distributions Fj, indexed by an s-dimensionahuisanceparametef). Thetest
statistic,which is a scorestatisticwithin the exponentialfamily, is a sumof s indepen-
dentcomponentsandeachcomponentelatesto justoneof the s parametersin this way,
whenthe GOF null hypothesids rejectedby Neyman's test, large componentsndicate
that the correspondingparametersare probablynon-zeroin the true distribution. This
Neyman's smoothtestis however only consistenif the true distribution is embeddedn
thefamily of alternatves.Furthermoreif thisis indeedthecase Neyman(1937)shoved
that the testis locally uniformly mostpowerful. Despitethis optimality property the
abosre mentionedembedding-requiremelig generallyonly guaranteedss — oo, but
of coursethis is not feasiblein practice.A ratherrecentsolutionis to make the smooth
testdata-driven (Ledwina, 1994), but still the dimensions = s,, mustgrow with » in
orderto have consisteng. For the 2-sampleproblem,the data-drvenversionis recently
developedby Janic-WbblevskaandLedwina(2000).

A generalizatiorof the constructiorof teststatisticsassumsof componentss given by
Eubanket al. (1987). They have shovn that Pearsors ¢?-measurewhich is twice the
directed(continuousyivergenceof orderl (Equation5.3),

=Y (FG) = / AU LSa VA
RO T )
canbe decomposedhto an infinite numberof components:? (i = 1,...), which can
easily be estimatedfrom the data. The teststatisticis thenthe correspondingsum of
estimateccomponents:? (detailsaregivenin Section4.3.2). Of course only a limited
numberof componentssay s, arecomputed. The interpretationof the componentsie-
pendson the choiceof a completeorthonormalsystem(CONS)of polynomials. When,
e.g.,the systemof Legendrepolynomialsis taken,the samecomponentasthoseof the
Neyman's smoothteststatisticarefound. With this choice,thefirst two componentgor
the k-sampleproblemarethe Kruskal-Wallis statisticandthe Mood statistic. The former
is arankstatisticwhich is often usedto testagainsta shift in location,andthe latteris a
statisticusedfor detectinga changein scale. With this in mind, whenerer by meansof
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sucha smoothtest,whetherdata-drivenor not, the k-samplenull hypothesiss rejected,
a closeexaminationof the separatecomponentsnay reveal someof the featureswith
respecto which the distributionsdiffer. The above mentionedcomponentsrethoseof
Janic-WbblenskaandLedwina(2000)data-drventeststatisticaswell.

Most of the abose mentionedpropertieshold more generallyfor other GOF problems,
but in theremaindetrof this sectionthe discussioris restrictedto the k-sampleproblem.
Sometimeseferencewill be madeto the data-drventestof Janic-WobblevskaandLed-
wina (2000),whichis howeveronly constructedor the 2-samplegoroblem.

Theaim of this sectionis to decompos¢he SSPkdeststatisticinto interpretablecompo-
nents.Furthermoreit will be shavn thatthe above mentionedstatisticsmay be obtained
in alimiting case.Again, asbefore,we will usethetermsdiscreteandcontinuousiver-
genceto referto the divergencebasedon a SSPandthe supremunof sucha divergence,
respectiely.

6.4.1 The Decomposition of the Averaged Pearson Discrete
Divergence

The Pearsortiscretedivergenceis thedirecteddivergenceof orderl, basedn a SSP

The partition constructionrule and the partition determiningsubsamplesetare exactly
the sameasthosedefinedpreviously for the k-sampleproblem.Usingthe samenotation
asin Section6.1.3,theaveragedPearsortivergences givenby (Equation6.4)

Ac(F;G) = Ef [Il (F§G||[A](Pc—l,n))]
B 1 kK ¢ (%Pfj [Bij] _ 7?_7,ng [Ai])z
= S ;; P A : (6.13)

wherefor notationalcomfortthe dependencen P._ ,, of the elementf the partitions
[A](Pe—1,n) and[B](Pe.—1,s) is dropped.

LetQ = Q(P._1,,) beac x k matrixwith (4, j)th entry ¢;; equalto
nl/2 %Pfj [Bij] B %Pg [A;]
Y:ijg [AZ]

b

(i =1,...,¢j = 1,...,k). ThePearsordivergencel' (F;G||[A](P.—1,)) is then
equalto 1 timesthe sumof squaredentriesof Q, which may be written astr [QQ].
Thus, A (F;G) = 5-E; [tr [QQ']].

Next, we considera decompositiorof the Pearsordivergence similarto decompositions
proposedy Lancaste(1949,1953).Let {v;} (i = 1,... , ¢) bescoresassignedo thec
rows of the contingeng tableinducedby thepartition[B](P.—1 ). Let R = R(Pe—1,5)
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beac x c orthonormaimatrix with onthefirst row theentries

vj = Pg [Aj]’
( =1,...,¢). Theotherrowsareconstructedby orthogonalityconditions.Let {h;_1 (v)}
(i=1,...,c) beasetof orthonormapolynomialsin v € {vy,... ,v.}, associateavith

the probabilitiesP, [A;], andsuchthatho(v;) = 1 (j = 1,...,¢). Then,theentryr;;
maybegivenby (i, =1,... ,¢)

rij = hio1(vi)y/ Py [4;]-

Indeed,R constructedn thisway is an orthonormaimatrix,

C

D rirmg =Y b1 (V) hn-1(v;)Py [A;] = Sim,
j=1

Jj=1
(l,m=1,...,c)whered,, is Kronecler'sdelta.
Notethatanimportantpropertyof the orthonormamatrix R is that
tr[(RQ)(RQ)'] = r[R'RQQ'| = r[QQ'],
or, equivalently, the sumof squarecdentriesof RQ is equalto the sumof squarecdentries
of Q.

Here,we take the samepolynomialsasthoseusedby Best(1995). Thefirst two aregiven
by(j=1,...,¢0

ho(Uj) = 1
Vj— W
M) = =
7
wherep = (((Pe—1,n) = 35, 0P [Aj] andv = v(Pe—1,n) = 305, v7Py [4j]. Let
Hn3 = ,U/S(,Pcfl,n) = Z;:l U?Pg [AJ] and/‘él = M4(,Pcfl,n) = 25:1 ’U;'lpg [A]] The
third polynomialis givenby
ha(v;) = 1)21/2 (’UJQ- — bibyvj + b3)

whereb; = (v — /1,2)71/2, by = pz — pv, by = b2bop — v andby = py + bib3v + b2 —
Qb%bg,u,g + 2b31/ — 2b%b2b3,u
Further we considerfor everyP._; ,, € P._1 », thescoresy; =5 (j =1,...,0).
tr [QQ'] is now decomposethto c — 1 componentsLet r; betheith row of R. Then,the

componentsiregiven by the sumof squaref 7Q (i = 1,... ,¢). It is easilychecled
thatall entriesof ] Q areexactly zero,thereforeonly ¢c—1 possiblynon-zerccomponents



6.4 The Decompositionof the SSPkcTest Statistic 183

remain.The correspondinglecompositiorof A.(F; G) is
AF;G) = AD(F;G) 4 ... + ALY(F; Q).

Theentriesof r,Q ( = 1,... , k) are

(&) 1./_ /j/
n1/2 Z _(7Pfﬂw [BZJ} .
i=1

/i 1/7,u2)

Thefirst componentf the averagedPearsordivergences thus

2
k c .
AW(F;G) = %Ef 3 (Z _1_7“2)% [Bij]) . (6.14)

X - n;
=1 \i=1 y/ Z (v —p

It maybeinterestingo notethatfor thisfirst componentstill apropertysimilarto Lemma
5.1applies.

Lemma6.1

AM(F;G) =0 < Hyistrue
Proof. If Hy is true,thenaccordingto Lemma6.5, A (F'; G) = 0. SinceA.(F;G) >
AY(F; @), alsoA) (F;G) = 0.

WhenAﬁl)(F; G)=0,thenforalll =1,... |k,

Zipfry [Bi] = Z“szy [Bal ,
=1

=1

almosteverywhere.The substitutionof i = Y7, iP, [A;] andPy, [By] = 2Py, [Bj]
givesforall [ =1,... ,k,

Y P [Bal = Y iPy [Ad],
=1 =1
almosteverywhereHenceforalll = 1,... ,k,andforalli =1, ... ,¢,
Py, [Bu] = Py [Ai],

almosteverywhere Theremaindeiof the proofis similarto the proof of Lemma5.1. [
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6.4.2 The Decomposition of the Test Statistic

TheteststatisticT}, ., , wasobtainedastheplug-inestimatorf 2nA.(F'; G). In asimilar
way the componentélj,gz of the teststatisticarethe plug-in estimatorof the compo-

nentsZnAcl)(F, G), resultingin

c—1
Teen =Y Titu
i=1

Thefirst components givenby (cfr. Equation6.14)

~

a
c=Ln pep. =1

1 (P

o S (2;1 z’ﬁ’fj By (P)] — i(P))
- 2 o(P) — 20P) |

QAc—
c—1,n PePo_1.n

whereag,en = #Pe1,n, i(P) = 30y iPy [Ai(P)], andi(P) = 327, 1Py [Ai(P)].

In the sameway as the first componenis determinedbasedon the polynomial /5 (.)
the secondcomponents now calculatedfor notationalcomfortthe dependencen P is
suppressed),

2

T, = > Z \/—Z ( — B (i - ﬂ)) Py, [Bij]

Ge=Lm ni (n o2 (o)
PePe—1,n j=1 #(,LM_VZ_%)

wherejiz = fi3(P) = 3°¢_, 3P, [A;(P)] andjiy = jis(P) = 3

Both statisticsareof theform

—Ex; PP\
2 Z( Var[ PP )

PGIPC 1,n J=1

1 4Py [Ai(P)].

1=

Beforewe gointo theinterpretatiorof the componentsa limiting caseis discussedThis
will helpusto understandhe componentbetter
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6.4.3 The Decomposition in a Limiting Case

The Decomposition

Considethelimiting casewhereP._1 , = Pp_1n = {Sn\{z(n)} }, Suchthat#P, _; , =
1, anda partition constructingule suchthatthe only partitionthatis formedis equalto

[A] = {Jbi, 2], ]2 (1), 2@ - - ]2 (1), bul b

wherezyy, ... , z(,) aretheorderstatisticg(seealsoFigure6.10).
Undertheseconditionswe will shaw thattheresultingTy, ,, ,, andits componentsrewell
known statistics.

X; '
B ' By
By Bwn
By . Baa
Bu i Be
By ' DBso
Be1 - Bga

ju——
N+

Figure6.10: Thefigureillustratesthelimiting partitionconstructedrom P = {X(1y,... , X(n_1)} (here
k=2,n1 =ng =3).

Lemma6.2 If P = {X(,... , X}, then
21 (F; G|[[A]p) == ¢*(F; G).

Proof.  Without loss of generalitywe supposethat X ~ UJ0,1]. Considera tri-
angulararray X,,1, ... X,,,, andlet [4],, denotethe corresponding:-sized SSPwith
elementsA,; (i = 1,...,n). The sizeof a partition elementis given by its norm
[[Ani|| = Xoniz1) — Xn) WhereX,,; is theith orderstatisticof the X,1,... , Xp,
(Xn(0) = 0and X,,(,11) = 1). Thus, || A,;]| is theith uniform spacingD,,;. According
to the definition of ¢*(F; G) = 2I* (F;G) (Definition 5.2) and the refinementemma
(Corollary 5.1) the proposedcorvergencewould hold if the maximal partition element
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sizecorvergesin probabilityto zero.

max ||Ankl] = max Dy
1<k<n+1 1<k<n+1
N 0,
wherethelaststepis founde.g.in Shorack(2000,p.330). O

Thefollowing Corollary now followsimmediately

Corollary 6.5 If P = S,,, then,asn — oc,

2A,(F;G) — ¢2(F; Q).

With thechoiceof v; = j, it is fairly easyto show thatthepolynomialshi(%) (t=1,...)
corvergein probability to the correspondind egendrepolynomialsasn — oo. Hence,
the sum of the squaredelementsof n~/2r/Q (i = 2,...) corvergein probability to
corresponding:?-termsin the decompositiorof ¢*(F; G) (Eubanket al., 1987,p.822).
Thus,thedecompositiorof 2A,, (F'; G) is asymptoticallyequivalentto thedecomposition
of *(F; G).

Thea? in thedecompositiorof ¢?(F; G) aretypically estimatedy their plug-in estima-
torsa?. Also the averagedPearsordivergencefor the k-sampleproblemis estimatedy
its plug-in estimatoiin orderto constructheteststatisticT}, . ,. Evenfor finite n. it is seen
almostdirectly thatthe estimateccomponents.a? areexactly equalto thecorresponding

T,Ezfm Indeed sincethepartitionboundsaretheorderstatisticsthe probabilitiesP, [A;]
and Py, [B;;] are simply estimatedby P, [4;] = % andPy, [Bj;] = =, respectiely,

the equivalencefollows immediately Thus, the first term T,Elrzn is the Kruskal-Wallis
teststatistic(Kruskal, 1952; Kruskal and Wallis, 1952)for the k-samplelocation shift
problem,

k 2
12 _ n+1
T _ S n (- 6.16

kmn = n(n+1) P " ( 2 > ’ (6.16)

whereR; is theaveragerankof then; obsenationsof theith sampleamongthen pooled
sampleobsenations. Thereis anothemway of looking at the Kruskal-\WAllis teststatistic
thatmight be of interestlaterin thistext. Let S;; be scoresassignedo the obsenations.
ThesescoresaredefinedasS;; = m iff X;5 € A j=1,... ,k5i=1,... ,nj;m =
1,...,c. Sinceherec = n, S;; = R(X;;), i.e. therankof obsenation X;; amongthen
obsenationsin the pooledsample. The Kruskal-Wallis statisticcanthenbewritten as

; = a2
E;:l nj (Sj - S)
52 ’

(6.17)
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whereS; is the averageof the scoresin the jth sample,and? is the samplevariance
of the scoresin the pooledsample.Substitutingthe scoreswith theranks,andthus S =

R = "T“ andé? = % resultsimmediatelyin the well known form of the statistic
(Equation6.16). In classicalAnalysis-of-\ariance(ANOVA) terms,the denominatoiof

Equation6.17is the between-grousum of squaresSST, andthe nominatoris the total

sumof squaresSSTot dividedby n. Thus,with this notation,the statisticmay be written

as

SST
"Ssht’

whichis of theform of the F'-statisticin ANOVA for testingthe hypothesiof equalityof
means.

The seconderm becomeghe generalizedMood’s statisticfor the k-samplescaleprob-
lem,

7@ 180

knn = (= 1)(n+ 1)(n—2)(n +2) :

y n (M _ i(n— 1)(n+1))2,

1

where

nj

_ 1 n-+1 2
M i —
= (ro ")

J i=1

This discussiorresultsin thefollowing Proposition.

Proposition 6.3 Under Hy, T, andn >

n — OQ.

2 havethe samdimiting distribution as

zlz

A Comment on a Data-Driven Version of T}, ,, »

Let Ty n,n;s bethedecompositiorof T}, ,, », truncatedafterthe s-th term,i.e.

S
i
Tinmis = 2 Thine
i=1

Then,in alittle differentway asin Section6.2, but ratherin the senseof the construction
of the data-drven Neyman's smoothtests(Janic-Wbblewvskaand Ledwina, 2000), the
orders canbeestimatedrom the dataas

S, = mins:1<s<d(ni),Tkmnns—2s(k —1)Ina, > Tinnr —2r(k — 1) Ina,,
1<r<d(n)],
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whered(n;) = o ((n1/Inn,)'/?), anda, is asbefore. The data-drventeststatisticis
Tk,n,n;Sn-

Whenk = 2, thisteststatisticis exactly the statisticof Janic-WbblewskaandLedwina
(2000). Whenk > 2, their Theoremsl and2 may possiblybe extended. We statethe
generalizatiorhereonly asa conjecture.lt remainsto be provenfor a suitablesequence
of maximalordersd(n;).

Conjecture6.1 Under Hy, for a suitable sequencel(n,) for which d(n;) — oo as
ny — o0
S, = 1

d 2
Tk,n,n;Sn —  Xk—1-

Conjecture 6.2 For a suitablesequencel(n;) for which d(n;) — oo asn; — oo, the
data-driventestbasedon T}, ,, ».s,, IS consistentgainstessentiallyanyalternative

6.4.4 The Interpretation of the Components of 7} .,

In the previous sectionit was shavn thatin the limiting casethe componentf 7y, ,, ,
have the sameclear interpretationas for a Neyman's smoothtest basedon Legendre
polynomials. Omnilus consisteng of the testsbasedon the truncatedstatistic Ty, », n;s
or the data-drvenversionT} ,, ».s, is only guaranteedvhens — oo or d(nq) — oo,
respectiely (consisteng of thedata-drnvenversionis only provenfor k = 2). The SSPkc
test,onthe otherhand,which hasa decompositiorinto ¢ — 1 terms,is consistenfor ary
finite ¢ > 2. Thereforethe SSPkctestmay have the advantagethatarny departurérom
thenull hypothesiss obsenedin thec — 1 componentsThepartitionsizec maybeseen
astheresolutionof thedecompositionE.g.,whenc = 2, thec — 1 = 1 components of
coursethe teststatisticitself, andsincethe SSPk2testis consistentary departureérom
thenull hypothesisnustbereflectedn thisonecomponentThus,in thiscasepnecannot
gainary informationfrom studyingthe“component”.c = 2 is thelowestresolution.
Increasinghepartitionsizewith oneunit (¢ = 3), resultsin adecompositiorinto 2 terms.
Thefirst (Equation6.15) canbe interpretedasthe averageover all partitions[A](P), of
statisticshatmeasure changeof locationbetweent samplef ¢ scoreq1, ... ,¢) (ties
allowed). Eachsuchstatisticis of theform

k

i,
n » [Bij (P)]
2\& JEeP) 2P

. = &2
S n; (8- 5)

2 9

(6.18)

g
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wherethe scoresS;; of the obsenations X;; arestill suchthat S;; = m iff X;; €

An (G =1,... ki =1,...,n), butnowm = 1,...,c with ¢ < n. Hence,the

statisticis still nSSS—S.gt, but now it looks asif it is basedon tied obsenationssuchthat
only ¢ differentvaluesare distinguishable. It is however not the traditional Kruskal-

Wallis statisticadjustedor ties. The maindifferenceis thatin thelatter statisticthetied

obsenationsget a scoreassignedwhich is their midrank, which would in the present
situationresultin ¢ midranksbetweenl andn, whereaghe scoresn Equation6.18are
alwaysl1, 2, ..., ¢, regardlesf therelative rankingof the obsenationswithin eachSSP
element4,, (m = 1,...,¢). Further note alsothat the numberof tiesis completely
determineddy c. Thehigherc, thelesstieswill occur andin thelimiting caseP._,,, =

Pp,—1,n, therearenotiesarymore(with probabilityone).

Thus,in conclusionthefirst termis especiallysensitve to the stochastiorderingof the

k samples.

For the secondermin the decompositiorof T}, . ,, a similar algumentcanbe built, such
thatit maybeconcludedhatthesecondermhastheinterpretatiorof anaveragemeasure
(averagedbverall partitions[A](P)) of adifferencen dispersiorbetweerthe k samples.

In generatlthe effect of increasingthe partition size/ resolutione, is twofold. First, the
numberof termsin the decompositiorincreases.When eachterm can be relatedto a
differentfeatureof the distributions(e.g. location,dispersionskaewness,...), morecom-
ponentsmeanthat more aspectsf the differencesamongthe k distributions may be
distinguished. Second,it hasbeenshavn that eachcomponentis an averageof rank
statisticsandthatthe numberof tiesdecreaseasc increasesAs the numberof tiesde-
creasestheseranktestsbecomemoreandmoresensitive to specificdeviationsfrom the
generalk-samplenull hypothesisThisis alsoclearlyaresolutioneffect.

6.4.5 A Small Simulation Study

In orderto geta view on how the componentselateto eachother, on average,under
certainalternatves,a small simulationstudyis included. Actually the interpretationof
the componentsareclearfrom the theoreticaldiscussiorin the previous section,but one
guestionremains. Sinceeachcomponenis basicallyan averageof rank statistics(e.g.
Kruskal-Wallis) calculatecon highly tied data(only ¢ differentvalues,rrespectve of the
numberof obsenations),it is not clearto whatextendthe effect of ties might reducethe
resolutionor the specificity of the correspondingtatistic. It is hopedthat by averaging
over all possiblec-sizedpartitionssomeresolutionis gainedback.

Only the k = 2 samplesituationis analyzedwith 20 and40 obsenations(balancedle-
signs).Thefirst sampleis takenfrom a standarchormaldistribution, andthe secondrom
a normal distribution with meany, and standarddeviation one (shift in mean),or from
a normal distribution with meanzero and standarddeviation o (changein dispersion).
Eachanalysisis basedon 1000 simulationruns. Both the SSP3andthe SSP4statistic
are decomposedopnly the first two componentsare further considered. From the two
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componentd’") andT}”) , thequantity
(1)
_ Tk,c,n
T

is computed.After the 10000simulationrunsthe averageF’ valueis calculated which
is denotedby F', aswell asthe relative fraction f of F valuesthataregreaterthanone,
i.e. anestimateof the probability of obtaininga first componenthatis greaterthanthe
second.Theresultsarepresentedn Table6.12.

Theresultssuggesthatarelative comparisorof thefirst andthe seconccomponentnay
give someinsightinto thedeviation from the null hypothesisin generalwhenthediffer-
encein meanincreasesthe probabilitythatthe first components greatethanthesecond
increasegaswell. Thisis seerfor bothsamplesizesandfor both SSPsizes.The opposite
is seenwhenthe differencein variancesncreasesFurther ' and f changefasterwith
1 ando whenthe samplesizesarelarger, andwhenthe SSPsizeis greater Thelatteris
relatedto theresolution,.e. thelargerthe SSPsizec, thelessties,andthe morespecific
the componentsare. The reasonfor this phenomenotis possiblythat, whenc = 3, the
first componenhasthe desiredinterpretation thoughwith a small resolution,whereas
the secondcomponenis moreto be interpretedasa restterm which thusalso contains
informationon e.g. skawness kurtosis. This is to be expectedbecauseéhe SSP3testis
omnikus consistentwhich implies that any deviation from the null hypothesiss to be
found in the teststatistic. Whenc = 4, it is obsenedthat f becomeamore extreme
(largewheny > 0 andsmallwheno > 1), which,accordingo our reasoningis because
now the third componenmainly takesover therole of restterm. The first two getmore
specialized.

6.4.6 Examples

ExAMPLE 6.5. Gravity Data:

In Sections6.1.11and6.2.4the SSPkcandits data-drven versionwere appliedto the
Gravity data. All SSPtestsrevealedthatthe 2 distributions (seriesl and8) aresignifi-
cantlydifferentatthe 5% level.

For ¢ = 2,3 andc = 4 thedecomposition®f the SSPkcstatisticsarecalculatedandthe
resultsarepresentedn Table6.13.

For bothc = 3 andc = 4 thefirst two componentsrealmostequal. Whence = 4 the
third components alsocalculatecandseemso be muchsmallerascomparedo thefirst
two. This suggestshatthe differencein distributionsmay be attributedto a differencein

meanaswell asadifferencen scale.

An informal guidelinethatmayshaw usefulis to usefor eachcomponenthecritical value
of thenull distribution of 7}, . , with ¢ = 1 asabenchmarksalue.In thepresentexample

with ¢ = 4, T,ﬁl) and T,Ez) are both greaterthan 2.498 (the estimatedexact critical

7C7’n 7C7’n
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Table6.12: Theaveragefractionof thefirst overtheseconccomponenandtheestimatecprobabilitythatthe

formeris greaterthanthelatterarepresentedor boththe SSP2andthe SSP3testin the 2-samplecase.Sample

sizesof n = 20 andn = 40 arestudied.

no o W c=3 c=4

f) 0 F
20 1 0 35 1.33 35 1.77
0.5 64 2.64 77 3.49

1 84 5.32 87 8.04
2 99 11.31

2 0 30 1.06 26 1.05
3 25 1.02
4 26 0.91 14 0.61
5 14 0.64
40 1 O 35 1.18
05 71 3.41
1 96 9.62
2 0 20 0.86 18 0.63
4 6 052 26 0.35

Table6.13: The SSPkcstatisticsandtheir componentgc = 2, 3 andc = 4) for the Gravity Data.

¢ Tlg,lc),n Tlg?c),n TIESC) n Tk‘:‘%”
2 2634 - - 2.634
3 2627 2241 - 4.868
4 2656 2993 1.050 6.699

value). Moreover, the secondcomponenincreasess ¢ is changedrom 3 to 4, which
may be due to the increasein resolution(the secondterm becomesmore specifically
sensitve to differencesn scale). Thusboth a differencein locationandin scalemay be
thereasorfor therejectionof Hy, but sinceparticularlythe seconccomponenshaveda
strongincreasavhenc waschangedrom ¢ = 3 to ¢ = 4, wesuggesthatthedifferencen

scaleis moreimportant.Recallthatin Section?2.4adifferencen scalewasalsoconcluded
(Mood'stest).

Finally, notethatthealsoboxplotin Figure2.5confirmsaverylargedifferencen variance
betweerthemeasuremenis seriesl andseries8. Also thedifferencen meands among
all pairwisedifferencesut one,thelargest. O

EXAMPLE 6.6. SleepData:
In Sections.1.11and6.2.4the SSPkcandthe SSPddestswereperformedon the Sleep
Data,andall of themshavedthatatleast2 distributionsof the brainweightaredifferent.

In Table6.14the component®f the SSPkcstatisticare presentedor ¢ = 2,3 andc =
4. Thefirst componentis clearly greaterthanthe othercomponents Moreover, TV

k,e,n
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increasesvith ¢ (cfr. resolution),andit is greaterthan6.727(the estimatedexactcritical
valueof T » ,,) whereaghe othercomponentsio not exceedit. Theresultssuggesthat
the differencein brain weight betweenthe 5 cateyoriesof exposureto dangermay be
attributedto a differencein averagebrain weight. This conclusionis supportedoy the
boxplotin Figure2.8 (b), althoughthe graphalsoshows big differencesn dispersion.

Table6.14: The SSPkcstatisticsandtheir componentgc = 2, 3 ande = 4) for the SleepData.

c Tk,c,n TIE 1c) n TIE ,20), n Tlggc) n

2 10.332 - - 10.332
3 12.383 4.683 - 17.066
4 13.454 4.364 4.587 22.405

6.4.7 Other Decompositions

Thedecompositiorthatis constructedn Section6.4.1startedwith theconstructiorof the

cxkmatrix@Q = Q(P._1,,), forwhichA.(F; G) = £ E[tr [QQ']]. Thedecomposition
into ¢ — 1 componentavas then obtainedby introducinga ¢ x ¢ orthonormalmatrix

R which post-multipliedwith @ resultsin tr [(RQ)(RQ)'] = tr[QQ’]. Similarly a

k x k orthonormaimatrix .S maybeconstructedywhich pre-multipliedwith Q givesagain
tr[(@S)(QS)] =tr[Q'Q] = tr[QQ’], andthusarethe k sumsof ¢ squaredtlementof

thecolumnsof QS alsocomponentén thesamesenseasbefore.

In orderto have nice interpretablecomponentsthe polynomialsin S may be indicator
functionsarrangedn S by the orthonormalityconditionin sucha way thatthey make

contrastdbetweerthe & samples.As a result,the componentwill give informationon

which samplesarethe mostdifferent.



CHAPTERY

The SampleSpacePartition Test
for Independence

A formal definition of the hypothesiof independencéasbeengivenin Section3.3.5.
Althoughmostof the methodghatwill be describedn this chapterareeasilyextendable
to generalp-variateindependenceanostof this chaptemwill befocussedn bivariatein-
dependencdn this situation,the null hypothesif independencbetweerrvs X andY’,
for whichthenotationX L Y of Dawid (1979)is used,s givenby

Ho: Fpy(z,y) = Fp(x)Fy(y)forall (z,y) € Syy, OF
Ho : foy(z,y) = folz)fy(y) forall (z,y) € Suy,

whereS,,, is the samplespaceof (X,Y’) andwherewhereF,, is thetrue joint CDF of
v Z = (X,Y),andF,(z) andFy (y) arethe univariatemarminal CDFsof X andY’, re-
spectvely. f.y, f. andf, aredefinedanalogouslyThe correspondingamplespacesire
denotedby S, = Suy, S» andS,, respectrely. The sampleof n bivariateobsenations
is denotedby S,,, andthe samplef the univariateobsenationsof X andY aredenoted
by S7 andSY, respectiely. AssumptionAl is assumedo hold for the distribution F,,.
Thejoint distribution underthe null hypothesiswill bedenotedoy G = Gy (9 = gay)-
In thetwo previouschaptergherewasa needfor anassumptioron therelationbetween
the samplespacen which £ andG aredefined(cfr. AssumptionsA2, A2b andA2c).
Here, on the otherhand, by the constructionof the distribution G, it is guaranteedhat
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both F' andG aredefinedon the samesamplespaces.
Themostgeneralalternatve will be consideredi.e. H; is justthe negationof Hy (om-
nibusalternatve).

As for thetwo previous GOF problems an SSP-basetestwill be constructedFirst, the

appropriateDirected Divergenceand the correspondingAveragedPearsorDivergence
arediscussedthenthe AveragedPearsorDivergenceStatistics,on which the SSPtest
statisticwill be constructed.Its null distribution will be determinedanda data-drizen
versionis proposedAt theendof this chapterthe poweris investigatedn asmallpower

study Finally an extensionto componentwiséndependence a multivariatesettingis

discussed.

7.1 The SSP Test for Independence

7.1.1 The Directed Divergence

In Section6.1.1ladirecteddivergenceof order\ wasproposedor the k-sampleproblem.
It wasconstructedy introducinga working variableY with a multinomial distribution.
It wasshown thatthe k-samplenull hypothesigeducedo the conditionof independence
betweenthe working variable Y andthe discretizedvariableof interest, X. Both the
continuousandthe discretedirecteddivergencewere thenconstructedaccordingly For
the latter divergence however, a rule hadto be definedsuchthat a partition [A] of the
samplespaceS, of the univariatevariable X uniquely inducesa partition [B] of the
samplespaceS,,, of thebivariatevariable(X,Y).

In the presensituation,the bivariateindependenceonditionis stateddirectly in thenull
hypothesis.Thus, the continuousdirecteddivergenceof order\ € R betweenF,, and

G, becomes
f A
wy _

A
ool {< ?ﬂm) .

The correspondinglirecteddivergenceof order A\ basedon a SSP(discretedivergence)
canbe definedfor very generalpartitionsof S,,,, but herewe will restrictthe SSPsto
rectangular partitions.

ME;G)

Definition 7.1 Theelements3; = B;,;, ofarectangularr X ¢ partition [B] of S, are
givenby A7 x AY ,whee A7 and A} aretheelement®far andc sizedpartition [A”]
and[AY] of S; andS,, respectivelyi; = 1,... 192 =1,...,0).
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For arectangular- x ¢ partition[B] thediscretedivergenceof order\ is givenby

- _ Py, [B)\
NEEB) = e ZJZ o0 By (P o) _1]
A
= Ps., [Bij]

Theimportanceof the discretedivergenceis thatit is sufiicient to find onepartition [ B]
for which I* (F; G||[B]) > 0 to concludethat X andY aredependentThis is statedin
thefollowing corollary.

Corollary 7.1 If, for some), there existsa SSP|B] of anysizer x ¢ (r, ¢ > 1) for which
I* (F;G||[B]) > 0, thenX andY aredependent.

7.1.2 The Power Divergence Statistic

The power divergencestatisticcorrespondindo thediscretedivergencentroducedn the
previoussectionis

N A
PGB 5 = 3 P B K%Zﬁsijﬁm) 1], 7.2

i=1 j=1

wherePy,  [Bij] = n~'#(Bi; N Sy), Py, [AT] = n™'#(AF N SY) and Py, [AY] =

n=t#(AY N SY).

As in thepreviouschapterapartitionmaybeconstructedor which thepowerdivergence
statistichecomesdnfinitely large. Thisproblemwill bediscussedh detailin Section7.1.4.
Theresultsthataregivenin this sectiondo not hold for suchpatrtitions.

In the presentsituation,eachr x ¢ SSP[B] inducesa r x c contingeng table { N;; }
(i=1,...,m5=1,...,c),where
Nij = #(BU N Sn)

Thus,the power divergencestatisticof Equation7.2is the power divergencestatisticfor
testingindependencén the » x ¢ contingeng table inducedby the SSP[B]. Special
casef the power divergencestatisticinclude the Pearson(A = 1) andthe likelihood
ratio (A — 0) statistic.

Cressieand Read(1984) shaved thatfor ary A, andconditionalon the SSP[B], under
Hy,

2ni” (F; G||[B)) — 20l (F;G|[B]) -0,
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andthus,

AN d
20l (F5 GIIB)) -5 X2 1y -

In thefollowing sectionsve will consideronly A = 1, for which the statistichbecomes

fuy [Bis) — Pr. [AF] Py, [AY] :
onl’ (F;G[B]) —nzz< b, A7 Py, [A7] ) :

i=1 j=1

Thepowerdivergencestatisticmaybeinterpretedas2n timestheplug-in estimatorof the
discretedivergence Fromtheasymptotionull distribution, conditionalona SSP[B], it is
seenmmediatelythatit is abiasedestimator(E, [27;?'\ (F; G| [B])} — (r—=1)(c—1)as
n — 00). But, ontheotherhandthe a-level testbasedon the power divergencestatistic
is consistent. Thus, wheneaver I (F; G||[B]) > 0, the power of the correspondindest
tendsto oneasn tendsto infinity.

The conditionI* (F; G||[B]) > 0 of Corollary 7.1 canthusbe assesselly applyingthe
correspondingstatisticaltest. But sincethe samecorollaryimplies that one hasto keep
onlooking until a SSPis foundfor which it canbe concludedhatthediscretedivergence
is differentfrom zero,the problemof multiplicity comesinto play. Onesolutionto over-
comethe multiple testingproblemit to combinethe discretedivergenced” (F; G||[B])
into onesinglenew functional,andthento look for anappropriatdeststatisticrelatedto
this functional. This is discussedh the next sections.

7.1.3 The Averaged Pearson Divergence

As for the one-samplé&s OF andthe k-sampleGOF problem the averagedPearsordiver-

genceis the meanof a setof directeddivergencesasedon representatie SSPs.These
SSPsaredeterminedoy the partition constructiorrule (Definition 5.5) andthe partition
determiningsubsampleset(Definition 5.4). In contrastto the previous two GOF prob-
lems,thereis herenot necessarilya one-to-onerelationbetweerthe numberof obsena-
tions(g) in thesetsP, ,, € P,,,, andthe partitionsizer x c. Thisis illustratedin Figure
7.1wheretwo waysof constructinga 2 x 3 SSParepresentedIn panel(a) only ¢ = 2

obsenationsareused,andin panel(b) ¢ = 3 obsenationsareneededBoth construction
rulesarevalid. Thereforethe notationsP, ., Py n, Aqn andag,, areextendedto Py,

Py Ay, andags,, respectiely. Theexactrelationbetween; and(r, c) is givenby the
partltlon constructlorrule.

Thus, as before,the SSP[B|(P,;,) is a random,data-dependengartition, and conse-
quently its distribution depend®n the distribution of the obsenations.
TheaveragedPearsomlivergences now definedastheaverageof all directeddivergences
of order1, overall possibler x ¢ SSPsn theset.A}:7,, accordingto thetruedistribution
F,, of theobsenations.
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@ (b)
Y Y
' Bi1 Biy Bis ' B11 Bia B3
By By Baz B31 Bas Baz
X X

Figure?.l: Two 2 x 3 partitionsareshavn. The dashedinesrepresenthe partitionboundariesThefilled
andthe hollow dotsrepresenthe obserationsthat are usedor not usedfor the constructionof the partition,
respectiely.

Definition 7.2 TheAveragedPearsonDivergenceis definedas

AT,C(F; G) - Ef [Il (F’GH[B]('P;’TCL))] .

Therelevanceof theaveragedPearsomlivergenceor theindependencproblemis stated
in thefollowing lemma.

Lemma7.1 Forall r,c (r,c > 1)

Ae(F;G)=0s XY,

Proof. Theproofis completelyanalogougo the proof of Lemmab.1. O

In the next sectiontherelatedstatisticis discussed.

7.1.4 The Averaged Pearson Divergence Statistic

The AveragedPearsorDivergenceStatisticis definedasthe plug-in estimatorof the Av-
eragedPearsoivergence Let [B]p denote B](P¢). Then,

q,n

Aro(F;G) = Ano(FG)

- /5 i' (F;G||[Blp) dip (P).

A further reductionof the statistictowardsa computationaformula is possibleif the
partitionconstructiorrule is specified.To illustratethe effect of the constructiorrule, we
give heretwo differentrulesfor the caser = ¢ = 2. Therectangulapartitionsthatare
constructedy bothrulesuseoneobsenationfor splitting the samplespaceS,. andone
for S,. Therulesdiffer in therelationbetweerthesetwo obsenations.
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e A bivariateobsenation Z, = (X;, Y;) maybe usedto split both samplespacesn

the sameway as partitionswere constructedor the SSPcone- sampleest. Thus
(A7) = {Jbf, Xl ]Xi, 3]} and [AY] = {]b}, Yi],]¥;, b4]}, and PTY, = S, \
{Z(n),,Z(n)y} where Z;), and Z;,, arethe blvarlatecomponent wiseorder
statistics,accordingto the X andthe Y componentrespectiely (seee.gBarnett,
1976, for detailson mutivariateorderings). The largestobsenationsmay not be
usedfor it makesthe statisticA infinitely large. A similar problemoccurredin
the k-sampleSSPkcstatisticaswell. The resultingpartition may be denotedby

[B](X;,Y;). Hence,

Ave(F;G) L i' (F; G(B) (& 9)) dEuy (2, )

3 L (FLGIIBI (X6, Vi)

The secondmethodmakesuseof two obsenations,Z; and Z;. Of thefirst obser
vationthe X -componentetermineshe partition| A”] and,similarly, of thesecond
obsenationthe Y components usedto build the [AY] partition. Now the statistic
becomes

Beetrs@) = [ [ GBIz 20) dh )iy 2)
- /./ (P3G [B)(z.9)) dFs (2)dF, ()

n—1ln—1

_ G:IFEZZ)WFGWW 1Y)

i=1 j=1

Whenr or ¢ aregreaterthan2, the two methodsarereadily extended.Thefirst usesthe
minimal numberof obsenationsto constructhe partitions[A”] and[AY]. In particulay
q = r A c — 1 obsenationsareneededj.e. supposdhatr > ¢, thenr — 1 obsenations
areneededo constructher elementf the[A*] partition,andof theser elementspnly
the ¢ — 1 first obsenationsare usedto deliver the Y componenfor the [AY] partition.
Also, in orderto avoid AW(F; @) to becomadnfinitely large,the obsenationsZ,, and
Z ), arenotallowedin the partitiondeterminingsubsampleet. In theremaindeof this
chapterthis partitionconstructiorrule will beused.

For the secondmethod,(r — 1) 4+ (¢ — 1) obsenationareneeded.This first » — 1 to
construcf A*] andthec — 1 remainingobsenationsfor the [AY] partition.
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7.1.5 The Test Statistic and its Asymptotic Null Distrib ution

Theteststatisticis givenby
Tren = 27LAT70(F; G).

Thus,theteststatisticis clearly a rank statistic. Indeed the statisticdependn the data
only throughthe probability estimatorsPy,  [B;;], Py, [A?] and Py, [AY], which only
dependntherelative rankingof theobsenationsbecausghepartitionelementsarecon-
structedontheobsenationsthemseles. Thus,thetestthatwill beconstructedrom 7. . ,

will be a nonparametri¢estin the sensehatits null distribution doesnot dependon the
truedistribution £, F, .

Furthermorethe null hypothesisof independencémplies a group of permutationaun-
der which the distribution of (X,Y) is invariant, and thus the (conditional)exact null

distribution canbe enumerated.This will be discussedater. First, the asymptoticnull

distributionwill begiven.

Throughoutthis chapterit is assumedhatthe distribution £, is continuouswhichim-
plies that no ties occurwith probability one. If, however, in practicea sampleshould
containties, dueto e.g. roundingoff, thensomechangesnight be necessaryBasically
theseadaptationaresimilar to thosefor the SSPkaest,for which abrief discussiorwas
givenin Section6.1.10.

Special Case: r=c¢=2

Considerthe casewherer = ¢ = 2 andq = 1, thenthe partition constructiorrule says
that each2 x 2 partition is centred aboutone obsenation. The obsenationswith the
highestrank amongthe X - andthe Y -variablescannotusedas centre. Thus, the sets
Pm € ]P’ arer ={Zy,...,Z,_q} (d = 10r2, dependingn the bivariateranking
of theX andthey componentsof Z). Lettheelementof [B],, = [B]p,, bedenoted
by Bni;. Thecorrespondinglementsf the SSPf S, andS, aredenotedby A7, . and
AY . respectiely (i = 1,2;j = 1, 2). Thentheteststatistichecomes

mj?

2
n—d 2 ( fJ:y BT’”‘]] wa [A’rn’L] Pf’y l:A,Tynj:I)

Ban = nfdZZ

m=11i,j=1 lsfz [A%.i] Pfy [AZW‘]
~ N N 2
1 n—d {\/E(Fzy(zmaym) - Fz(Tm)Fy(ym))}

n—d mzzl Fx(;[;m)ﬁy(ym) (1 — Fx(xm)) (1 - Fu(ym))




200 The SampleSpacePartition Testfor Independence

Theorem7.1 Under Hy, asn — oo,

wheethe Z;, (j, k = 1,...) arei.i.d. standad normalvariates.

Proof. Throughouthewholeproof,it is assumedhat H is true.

Let U(s,t) ((s,t) € [0,1]?) be a Brownian bridge (separableGaussiarprocess)with
“time” paramete(s, t). Then,for (s,t), (u,v) € [0, 1]?,

E[U(s,t)] = 0
(

Cov[U(s,t),U(u,v)] = (sAu—su)(tAv—tv).

Thefirst partof the proof consistsof shawing thatTs » ,, corvergesin distributionto

U2
// U
o s(1—s)t 1—t)

We will usetechniqueghathave beenusedby e.g. Kiefer (1959),Pettit (1976),Rosen-
blatt (1952),ScholzandStepheng1987).

TheteststatisticTs » ,, maybewritten as

Vie(s, ) Lo
Too.n = _ _ > _ dE()dE) (1),

where
Va(s.1) = v (B (F (), Fy (1) = B (9)Fr(0))

Whereﬁ andFt areEDFsof the sampleof uniform distributed obsenationswhich are

obtainedby the integral transformations = F,(z) andt = F,(y). Further the set
Aps ={s€1[0,1]: 0 < Fy(s) < 1}.

The processV,, (s, t) is a Gaussiarprocesswith asymptoticallythe samemomentsas

U(s,t). Thisis seerby (1) notingthat

Fuy(Fy M (s), Fy (D) = Fa(s,t),

whereF}, is the EDF of the copulaassociateavith F,,, and(2) by writing (Blum et al.,
1961)

Fy(s)Fy(t) = sEy(t) + tFL(s) — st + Op(n™1),
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which is basedon the consisteng of the estimators. Then, by methodsof Pyke and
Shorack(1968)andBillingsley (1968,theoremy.2)

Tyom - T. (7.3)

(The corvergenceis obtainedin two steps:first the cornvergenceof the centralpart,i.e.
over A, s andA,,; is establishedandthenit is shovn thattheremainingpartis negligible.)

Theremaindeof theproofis acombinatiorof resultsfrom AndersorandDarling (1952),
Blum et al. (1961).We give a sketchof the proof.

Letk(s, t,u,v) beacontinuoudunctionin [0, 1]* (possiblenotcontinuousatthecorners;
detailsontheexactconditionsaregivenby AndersorandDarling (1952))whichis square
integrablein (s, t), (u,v) and((s, t), (u,v)). Thenit canbe expresseds

k(s t,u,v) = Z A fi(s,t) fi(u,v),

j=1

where{f;(s.t)} ((s,t) € [0, 1]?) isasystenof orthonormafunctionsw.r.t. theLebesgue
measuren [0, 1)%, i.e.

/01 /01 /01 /01 fi(s,t) f(u, v)dsdtdudv = 6;;,

whered;; is Kronecler'sdelta(i,j = 1,...). Let X; )bel i.d. standard
normalvariates We definetheprocess7 (s, t =372 \/_fj s, t . It simmediately
checledthatZ(s, t) |saGau35|arproces§0rWhlchforaIIs t,u,v e [O 1], E[Z(s,t)] =

0 andCov [Z(s,t), Z(u,v)] = k(s,t,u,v).

Whenk(s, t,u,v) = (s(s — 1)t(t — Du(u — Do — 1)) "2 (s Au— su)(t Av — to),
it followsimmediatelythat Z (s, t) is the samestochastigprocessas

(s(s — D)t(t — 1)) Y2 U(s, ).

1ol
T = dsdt
/O/Os(sflttfl)s

1 01
/ Z2 (s,t)dsdt
0

S
j=1

Sincek(s, t, u, v) is expressedsaninfinite seriesw.r.t. aorthonormakystemthe \; and
the f;(s, t) canbe found asthe eigervaluesandthe eigenfunctionsrespectiely, of the

Thus,

o
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integral equation

/1 /1 k(s,t,u,v)f(s,t)dsdt = \f(u,v). (7.4)
o Jo
Sincek(.) is separablei.e. k(s, t,u,v) = k'(s,u)k’(t,v), where

K (s,u) = (s(1 — s)u(l — u))71/2 (s ANu— su),

theintegral equatiorreducedo the productof two identicalintegral equation®f theform

o1
| ¥ s =,

0
which is exactly the integral equationthat has beensolved by Andersonand Darling
(1952),andwhich givesfor theeigervaluesthe solutions(k = 1,...)

- 1
TR+ k)

And thusthe eigervalues); of theintegral equationof Equation7.4 aregivenby

1

Aj = Aw =N = m
(k,1=1,...). Thiscompleteghe proof. O

A well known relatedstatisticis Blum et al. (1961),Hoeffding (1948)

1 1
B, = / / U2(s,t)dFyy (5. 1),
0 0

whichis a statisticin the spirit of the Craner - von Misesstatistics.

The General Case

Proposition 7.1 For any finite r,¢ > 1, underthe null hypothesiof independenceas
n — 0o,

o

oo
d 1 2
T, —>E E —_— X7
ren T 2 2 G R )

Wheletheka (j,k = 1,...) arei.i.d. x? distributedvariateswith (r — 1)(c— 1) degrees
of freedom.
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Heuristic Proof. The prooffor the generalcaseis basedon a partitioningrule of Lan-
caster(1949)for the Pearsorstatisticfor independenci anr x ¢ contingeng table.

Consider(B]p € Ay, Let

[BY)p = {{Bi;}, {Ur<iBu;}, {Ui<jBur}, {Uk<ii<j Br}} ,
(i=2,...,m15=2,...,c) beasequencef 2 x 2 partitionsof the subsetsS¥’ C S,,,.

ThecorrespondingubsampleareS% = S,, N S¥ with samplesizesn;.

Conditional on the SSP[B]p the statistics2n,; ;1 (F G|[Bilp) (i = 2,...,1;j =
2,...,c) areasymptoticallyindependenfLancaster1949). Moreover, still accordingto
Lancasteir(1949)the following decompositiorhasasymptoticallythe samedistribution

as2nl’ (F:G||[Blp),
ZZQW (F;G||[B¥]p).
1=2 j=2
Thus,theteststatisticT;. . ,, hasasymptoticallythe samedistribution as
— > ZZQn” (F;G||[B¥]p).
PeP;;i 2j=2

Thesameargumentghathave ledto thecornvergencen Equation7.3maynow beapplied
to eachof the (r — 1)(c — 1) asymptoticallyindependentermsof the decomposition
separatelyresultingin arv T with asymptoticallythe samedistribution as7. .. ,,,

UZ (Sk. (i)t (i
/ / Z]( ks(z]) kt(])) d31---d3qsdt1"'dtQt7
ka(ig) (1 = Ska(i) Jhe (ig) (1 — thy (i)

i= 23 2
(7.5)

wherethe U;;(., .) areindependenBrownian bridgesindexed by 2-dimensionaltime”
parametersandwherek;(ij) andk,(ij) arefunctionstakingvaluesin1,... ,¢; < g and
1,...,¢ < g, which determinethe indicesof s andt, respectiely, in accordancavith
the partitionconstructiorrule andthe obsenationsin the partitiondeterminingsubsetP.
Eachtermin the integrandumof Equation?7.5 hasthe sameform asthe integrandumof
Equation7.3. Thus,asin the proof of Theorem7.1,eachprocess

Uij (Sk, (i) tha(ig))
V81 (i) (1 = ko) e (i) (1 = o))

Vij (Skq (i) s the(ig)) =
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maybereplacedy its expansion

VL](SK (i4)» tkt(zy Z \/ fm Sks zy)atkt 'L])) ij,ms

m=1

wherethe X;; ,, arei.i.d. standardhormalvariates,andwhere),, and f,,(.,.) arethe
eigenvaluesandeigenfunctionsf theintegral Equation7.4. Thus,theexpansiorbecomes
(index m expandedo k, [)

fkl Sks(ig)» tkt(m))
Vig (ki) the (i) = D D Xijht-
== VE(E+ DI+ 1)

Then,

1 1 r ¢
T = / .. / Vz? (Sk (i) tkt(z]))d«gl .dsg dty .. .dtg,
0 0

T c oo oo 1
- < Z k(k+ 1)1 + 1)Xi239’“>

1 2
=22 R DI 1)

k=11=1

I
(]
i\
(]

where X7, = 377, >, X7 4y, i-€. asumof (r — 1)(c — 1) i.i.d. squaredstandard
normalvariates.Thus, X7, arei.i.d. X%’f—l)(c—l)' This completeghe proof. O

The asymptoticnull distribution of T;. . ,, is againa weightedsumof x2-distributedrvs,
andthusa generalquadraticform in the senseof Solomonand Stepheng1978). Hence,
the sametype of approximationsas beforemay be consideredfor which oneneedsthe
cumulantsThesearegivenin thefollowing corollary.

Corollary 7.2 Theith cumulantof the asymptotiaull distribution of T, . ,, is givenby

zl 1 '
o= eSS (i)

j=1 k=1

Proof. Theproofis analogueo theproofof Corollary5.5. O
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7.1.6 The SSPrc Test

Thea-level SSPraest¢q,r c,» (Sn) for theindependencproblemis definedas

¢a7"'707" (S‘n) = 1 If T’r',c,n > ta,r,c,n
¢a,r,c,n(sn) =0 If T‘T,C,n S ta,r,c,na
wheretq rc,n is the (1 — a)th percentileof the exact null distribution of 7, . ,,. The

percentileg,, . . denotethoseof the asymptoticnull distribution, andthe corresponding
asymptotidestis denoteddy ¢ r.c(Sp)-

Theorem 7.2 For anyfiniter, ¢ > 2, the SSPc testis consistenagainstessentiallyany
alternative

Proof. Firstconsisteng of the SSP22estis proven.

Supposehatthetrue CDF F,, (x,y) # F,(x)F,(y) for atleastone(z,y) € S.,, then,
by the continuity of the CDF,

2

n Fo(2)(1 = Fo(2))Fy (y)(1 — Fy(y))
Hence,T5 2 ,, grows unboundedlwith », andthusthe SSP2Zestis consistent.

Theextensionto the SSPrdestis straightforward. Considerthe sameasymptoticdecom-
positionasin the proof of Proposition7.1. Fromthatdecompositiorit is seerthatT’, .. ,,
may bewrittenasasumof 15 » ,, and(r — 1)(c — 1) — 1 otherpositive statistics.Since,
accordingto thefirst partof the proof, 1% » ,, grows almostsurelyunboundedlywith n,
theT;. ., statisticwill grow unboundedhaswell. Hence the SSPrctestis consistenas
well. O

7.1.7 The SSPrc Permutation Test

The statisticT;. . ,, is clearly a rank statisticsinceit only dependson the datathrough
the rankingsof the obsenations: a rankingof the n obsenations{z;}, arankingof the
n obsenations{y; }, anda “ranking” of the obsenations{z;} relative to the rankingof
obsenations{y;}. Concerningthe latter ranking, the null hypothesisof independence
impliesthatary rankingof theobsenations{z;} relatveto therankingof {y;} is equally
likely. More specifically conditionalon the obseneddataS,, = {(z1,v1),.-. (Zn,¥n)},
ary transformedsampleR,, = {(z1,¥:,),--- , (zn, ¥, )}, whereiq, ... ,i, isapermu-
tation of 1,...n, hasan equalconditionalprobability underthe null hypothesis.More
formally, the null hypothesismplies thatthe distribution G = F; F), is invariantunder
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thegroup’ of transformationg of S,, ontoitself,

H={h:h(S,) ={(®1,%i),---, (Tn,Vi,)} whereiy,... iy isapermutatiorof 1,...n},

and#H = n!. Thus,conditionalon S,,, andunderHy, for ary h € H,

PQ [(leyl) = ('T17yi1)’ s ’(Xnyyn) = (Tnayu” = i (7.7)

n!
Notethatin Equation7.7theobsenationsmaybereplacedy theircomponentwiseanks.

Let T'(S,) denotethe SSPraeststatisticbasedon the bivariateobsenationsin S,,. Let
TO(R(S,)) < ... <TM(R(S,))

be the orderedvaluesof T'(h(S,,)) ash variesin H. Then, conditionallyon S, the
valuesof T)(.) representhe exact conditionaldistribution of Ty.c.n. The conditional
distribution coincidewith the unconditionalexactdistribution becausehe teststatisticis
arank statisticandbecausét is assumedhatthe distribution F,, is continuous.Thus,
especiallyfor large but finite samplesizesn, whenthe null distribution of T, .. ,, is esti-
matedby meansf Monte Carlosimulation,theresultingestimateof the null distribution
is bothan estimateof the conditionalexact permutationdistribution andof the uncondi-
tional distribution. Corollary 6.3 s still applicablejndicatingthatthe permutatiortestis
conserative. To overcomethis problem,arandomizatiortestmay be definedin exactly
thesameway asexplainedin Section6.1.8.

7.1.8 Convergence to the Limiting Distrib ution

The convergences studiedherefor two purposesFirst, a fastcorvergencewould mean
that that the asymptoticnull distribution is an appropriateapproximationfor moderate
samplesizes.Secondthevalidity of Proposition7.1 mustbe assessedmpirically.

Exactcritical valuest,, ., areestimatedy meansf MonteCarlosimulationatnominal
level o = 0.05, for partitionsizes2 x 2, 3 x 3 and4 x 4, andfor samplesizesn =
10, 20, 50, 100, 500 and 1000. All estimationsarebasedon 10000simulationruns. The
resultsare presentedn Table 7.1. The correspondingapproximateasymptoticcritical
valuest,, . . arealsogiven. For eachestimatedexact critical value, the estimatedexact
levelif theasymptoticcritical valuewould have beenused,is mentionedaswell.

The estimationshow thatthe convergenceis very slow for all threepartitionsizes.Thus
theasymptoticnull distributionis not of muchpracticalvalue.

Theresultsfor the3 x 3 andthe4 x 4 partitionsconfirmthe proposechull distributions
of Proposition7.1.
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Table 7.1: Approximatedexact critical values(a = 0.05) of the SSP22,SSP33and SSP44testswith
n = 10,20, 50, 100,500 andn = 1000. The entriesatn = oc arethe approximatedasymptoticcritical
values.Betweenbraclets, the estimatedxactlevel, whenthe asymptoticcritical valuewould have beenused,
is shavn.

n 2 X2 3X3 4 x4
10 2.505(0.135) 7.820(0.335) 14.792(0.527)
20 2.383(0.127) 7.536(0.303) 14.664(0.515)
50 2.242(0.108) 7.002(0.230) 14.391(0.448)
100 2.122(0.089)
500 1.920(0.072) 6.473(0.127)
1000 1.800(0.048) 5.660(0.055)
00 1.823 5.551 11.237

7.1.9 Examples

All critical valuesand p-valuesare estimatedrom the simulatedexact null distribution
(10000simulationruns).

EXAMPLE 7.1. Cultivars data
A key questionfor the Cultivarsdatawaswhetheror not thereis a relationbetweerthe
differencen yieldsbetweerthetwo cultivarsandthe covariateAZ.

SSPrdestsarehereperformedwith r x ¢ setto 2 x 2, 3 x 3 and4 x 4. Theresults,asas
well asthecritical valuesfor n = 19 arepresentedn Table7.2. Whenthe partition size
is 2 x 2, the SSPrdestresultedn asignificantdependencatthe5% level. For thelarger
partitionsizesnon-significantesultsareobtained.This examplestressetheimportance
of choosinganappropriateartitionsize.

Table 7.2: Theresultsof the SSPrcteston the Cultivars data. Betweenbracletsthe p-valueis given. Also
thecritical valuesareshawn.

rXc tr.e,19 t0.05,r,c,19
2x2 2.804(0.0251)  2.445
3x3 7.135(0.0661)  7.391
4x4 13.0530.191) 15.267

ExAMPLE 7.2. Sleepdata

Onewantsto assesshe dependencéetweenthe variables“brain weight” and “gesta-
tion”. Sincethe scatterplot of the data(Figure 2.8) clearly shoved heteroscedasticity
suchthatevenallinearity assumptiormay be questioneda nonparametriapproactmay
bedesirable.
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SSPratestsarehereperformedwith » x ¢ setto 2 x 2, 3 x 3 and4 x 4. Theresults,as
aswell asthecritical valuesfor n = 58 arepresentedn Table7.3. For all partitionsizes
consideredthe SSPrdestresultedn ahighly significantdependencatthe 5% level.

Table7.3: Theresultsof the SSPrcteston the Sleepdata. Betweenbracletsthe p-valueis given. Also the
critical valuesareshavn.

X tr.c,58 t0.05,r,c,58
2x2  16.596(< 0.0001)  2.212
3x3 31.051(<0.0001)  6.959
4x4 44.394(< 0.0001) 14.328

ExampPLE 7.3. Ethanol Data

Visually thereis seena clearquadraticrelationbetweemitric oxide andthe equivalence
ratio. The resultsof the SSPrctestswith partition sizesaregivenin Table7.4. All tests
resultin highly significantdependence.

Table7.4: Theresultsof the SSPrateston the Ethanoldata. Betweerbracletsthe p-valueis given. Also the
critical valuesareshawn.

X tr c,88 t0.05,r,c,88
2x2 16.663(< 0.0001) _ 2.082
3x3 41.381(< 0.0001) 6.808
4 x4 66.955(< 0.0001) 14.377

7.2 The Data-Driven SSPrc Test

The reasondor constructinga data-drven versionof the SSPrctestarevery similar to
thosementionedfor the SSPtestfor the general GOF problemand for the k-sample
problem. Firstit is importantto realizethatit is not neededo make the testconsistent
sinceTheorem?.2 guaranteethatfor ary choiceof the partitionsizer x ¢ the SSPraest
is consistentBut, if the partitionsizeis chosertoo largeascomparedo thedependence
structurebetweenX andY’, then,dueto the increaseof the varianceof the teststatistic
asaconsequencef thelargenumberof degreesof freedom((r — 1)(c — 1)), the power
will belowerthanthe powerthatwould have beenattainedwhena smallerpartitionsize
wouldhavebeenchoseni.e. thedilution effect. Also, atoolow partitionsizemightresult
in ateststatisticthatis not assensitve to the dependencstructurebetweenX andY as
atestbasecdbn alargerpartitionsizewould have been.
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7.2.1 The Selection Rule

Most of the theory on data-drven SSPbasedteststhat is givenin Section5.5 remains
valid in the presentsituation. Only the resultsthat arerelatedto the selectionrule must
be changedaccordingly

Thedefinitionof thepermissiblepartitionsizesmustbe changedalightly, andwill depend
onthedefinition of the minimal partition size,which alsoneedgo be altered.

Definition 7.3 ThesetI" of Permissible Partition Sizesis a setof partition sizes(r, ¢)
that maybe selectedoy the selectionrule. It is further supposedhat #I is finite, all r
andc are finite, andthatit containsits minimal partition size

Definition 7.4 TheMinimal Partition Size(ry,, ¢,,) ofasetl’ = {(r1,c1),... (¢, s¢) €
N2 ¢t > 1} is definedas follows. LetT', andT". denotethe setsof valuesr andcin T,
respectivelyThen,r,, = minI", and¢,, = minT.. It is alsothethe smallestpartition
sizethat maybe selectedy theselectiorrule.

Definition 7.5 TheSSPSelectionRule, which selectgheright partition sizeR,, x C,,,
is givenby

(R, Cpn) = AlgMax.cyer [Tre.n — 2(r — 1)(c — 1) Inay],

whee 2(r — 1)(c — 1) Ina,, is calledthe penalty.

7.2.2 The Test Statistic and its Asymptotic Null Distrib ution
Theteststatisticof thedata-drvenSSPrdestis givenby
TRn,Cmn-

Thustheteststatisticis still arankstatistic.

Theorem7.3 LetT" be a setof permissiblepartition sizesandlet (ry,, ¢,,) € T' denote
theminimalpartition size Supposehata,, — oo asn — co. Then,underHy,

(Rna Cn) L’ (Tma Cm)a

asn — oo.

Proof. Theproofis similarto theproofof Theorenb.6. We only indicatethedifferences.
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Theproofis startedwith the equality

P[(Rn; Cn) 7é (Tmacm” = Z P[(Rna Cn) = (Ta C)] .
(T:C)GF\{(TWL:Cm)}

In the remaindeof the proof, only the differentnumberof degreesof freedomof the x2
variatesnustbeconsideredThus(c — 1) and(c,, — 1) in theproof of Theoremb.6 must
bechangedo (r — 1)(c— 1) and(r,, — 1)(c,, — 1), respectiely, andd is now definedas
d=(r—-1)(c—1)— (rm —1)(em — 1). WhenChebychg’'sinequalityis used themean
Wren = Eg [Tr.cn] andthevariancey, ., = Var, [T} . ] areneeded.From Corollary
7.2it is known thatbothremainfinite asn — oo, asneededo completetheproof. [

Proposition7.2 LetI" bea setof permissiblgartition sizesandlet (r,,,, ¢,,,) € I denote
theminimal partition size Supposéhata,, — oo asn — oo. Under Hy,

(oo} [ee] 1

d 2
T n% "—X',‘7
R,,Ch, ;;](]—Fl)k(k—Fl) ik

wheethe X7 areii.d. x, _;),, 1) variates.

Proof. The proofis exactly the sameasthe proof of Proposition5.3, exceptthat now
Theorem7.3andProposition7.1 areneedednsteadof Theoremb.6 andPropositionb.1,
respectiely. O

7.2.3 The Data-Driven SSP Test

Thedata-drvenversionof the SSPraestwill bereferredto asthe SSPddest.
Thea-level SSPddesto,, 1, (Sy,) is definedas

¢a,F,n(Sn) = 1if TRn,Cmn > ta,RmCmn
Ga,rn(Sn) = 0if Tr, con < ta,Ru.Cons

where(R,,, C,,) is the partitionsizeselectedy the selectiorrule.

Theorem 7.4 TheSSPddestbasedonthesetI’ of permissiblepartition sizesjncluding
theminimalpartition size(r,,, ¢, ), andbasedon a selectiorrule for which a,, — o as
n — 00, is asymptoticallysimilar and of sizea.

Proof. The proofis completelysimilar to the proof of Theorem5.7. Only the notation
mustbe changedo the presensetting. O

The reasonwhy the SSPddtestis only asymptoticallysimilar and of size « is essen-
tially the sameasfor the SSPrctest: for finite n the exact null distribution of the rank
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statisticis discrete. The definition of quantilest, makesthatfor the testdefinedabove
Eg [0a,r,n(Sn)] < o, i.e. theSSPddestis conserative. By randomizingthe data-drien
testits sizebecomesqualto « for all finite n aswell.

Theorem 7.5 For any setI’ of permissiblepartition sizes,and any selectionrule for
which a,, — 0o asn — oo, the SSPddestis consistenggainstessentiallyany alterna-
tive.

Proof. Theproofis analogueo the proofof Theorembs.8. O

7.3 Power Characteristics

In this sectionthe power of boththe SSPrcfor several partition sizesr x ¢, andof the
SSPddestwill becomparedo the power of someothertests.

7.3.1 Other Tests for the Independence Problem

Whenthe SSP22testfor independencevas constructed Section7.1.5) it was already
mentionedhatthe 75 » ,, statisticis closelyrelatedto Hoeffding's (H) testfor indepen-
dence(Hoeffiding, 1948),which is omnikus consistent.The relationis mosteasilyseen
whenthe formulationof Hoeffding's statisticof Blum et al. (1961)is studied.Both the

SSP2ZandHoeffding’s statisticmay be interpretedasthe meanof a measurdor depen-
dencein a 2 x 2 contingeng table, wherethe meanis calculatedover all obsenation-

centred2 x 2 tables. The measure®nly differ in whetheror not a weight function is

incorporated. Anotherway of looking at relation betweenboth testsis that the SSP22
statisticis relatedto Hoeffding's statistic,like an Anderson-Darlingstatisticis relatedto

a von Mises (von Mises, 1947) statistic. More detailson Hoeffding's testare givenin

Sectiord.2.4.

A testwhichis aspecialcaseof thePuri and Sen(PuriandSen,1971)ranktestfor inde-
pendencevill beconsideredgswell. Thistestis basednthe Spearmamankcorrelation.
Themainreasorto includethis testis thatit is very easyto applyin practice,.e. thetest
statisticis easyto calculateandit hasa simple null distribution. Moreover, this testis
includedin publishedsimulationstudiesbefore(Kallenbeg andLedwina,1999)aswell
asin papergeportingsomeARE'’s (Ledwina, 1986; PuriandSen,1971). This testwill
bereferredto asPS.It is consistentgainsthe classof all continuoudistributionswith
amonotonedependence.

Yet anotherwell known measurefor dependencés the quadrantstatistic (Blomqvist,
1950),alsoknown asthe samplecoeficient of medialcorrelation.Basedon this statistic
againa PuriandSenstatistic(PuriandSen,1971)canbe constructedHereit is however
preferredto usethe asymptoticallyequivalentinterdir ection quadrant statistic (IQS)
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(Gieserand Randles,1997), which is also a simple function of the quadrantstatistic,
becaus&ieserandRandleg1997)reportedthatin smallsampleghe QS testperformed
betterthanthe PuriandSenversion.

Finally, two recentdata-driven smoothtestsof Kallenbeg andLedwina(1999)arein-
cluded: TS2 andV. Thesetestsareof particularinterestbecausehey arebotha smooth
andadata-drventestswhichis basedon SchwartzBIC criterion. Detailson thetestsare
givenin Sectiond.3.4.1In brief, bothtestsaredata-drvenscoretestswithin abivariateex-
ponentiallyfamily in which eachtermis relatedto agradecorrelationbetween F (X))"
and(F,(Y))*, wherer ands specifytheorder TheT'S2 andtheV only differ w.r.t the
orders(r, s). Theformertestis restrictecto symmetricorders,.e. r = s, while thelatter
hasno suchrestriction.

7.3.2 The Alternatives

The problemof choosingalternatvesto considerin the simulationstudyis even larger
thanit wasfor thegeneralGOF andthe k-sampleproblems.This problemis recognized
mary timesin theliterature(e.g. HajekandSidak, 196 7;Kallenbeg andLedwina, 1999;
Lehmann,1975). One reasonis of coursethat for a simulation study for comparing
testsfor independenceyivariatedistributionsmustbe used.Thusnot only two mamginal
distributions,but alsoaninfinite numberof possibletypesof dependenceustbechosen.
Sincethe SSPbasedtestsare nonparametridn the sensethat their propertiesdo not
dependon the maminal distributions F, and F,, it would for instancebe meaningful
to considercopulas (bivariatedistributionswith fixed uniform maminal distributions)in
which several dependencstructurescanbe studied. An extensive overview of copulas
hasbeengiven by Joe(1997). Althoughit seemsa very sensiblesolution, our concern
is that, from a practicalpoint of view, thesealternaties do not always reflect clearly
equivalentsituationsthatoccurin statisticalpractice.E.g. considera uniform distributed
X variableandconditionallyonx anormaldistributedY” variablewith aconditionalmean
thatvarieslinearly with = (cfr. a classicallinear regression).This seemsa very simple
andmeaningfulsituation,but eventhis exampledoesnot fit easilyinto a simplecopula
family, andwhenthe conditionalmeanis e.g.a quadratidunctionof X, thenit becomes
evenharderto fit it into acopula.Thereforewe will notusecopulasasalternatves.

To our opinion, a moresensibleway of constructingbivariatedistributionsfor studying
the power of testsfor independencas to build the distribution by factorizingthe distri-

butionas Fy (z,y) = Fy(x)Fy . (y|r). Thus,first the mamginal distribution of X must
bespecifiedandnext the conditionaldistributionof Y given X . In thisway mary depen-
dencestructuresanbeconstructedn averyflexible mannerIn particulartheconditional
meanandthe conditionalvarianceof Y given X maybecompletelyspecifiedasanarbi-

trary simpleor complex function, whatever the form (e.g. normal,lognormal,...) of the
conditionalandmauginal distribution.

More specifically in this power study the obsenations(X;,Y;) (¢ = 1,...,n) of the
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alternatveswill be constructedisingthefollowing regressiomrmodel:

Yi = pu(Xi) + o(Xi)es, (7.8)

wheree; (1 = 1,...,n) arei.i.d. distributedrandomvariableswith CDF F, andwhich

are independenbf the X;. The meanand the varianceof ¢ are always zero and one,
respectiely. Further u(.) is the conditionalmeanof Y given X, andthefactoro(.) has
in theregressiormodeltheinterpretatiorof the conditionalstandardieviationof Y given

X. Althoughthedistribution F, may be chosenarbitrarily, it is restrictedin the present
studyto the standarchormaldistribution.

With theregressiommodelof Equation?.8therearestill aninfinite numberof alternatves
possible.We madea selectionof alternatvesreflectingseveraltypesof dependencéhat
possegracticalrelevance.Hereis anoverview of thealternatves.

e Linear Regression
Themostsimpletypeof dependencthatis studiedhereis aclassicalinearregres-
sionmodelwith normalresidualsandwith homoscedastigariancesThus,

wXi) = /X
O'(Xi) = 1.

(1 valuesin therangebetweerQ and1.5 areconsidered.
e Quadratic Regression

Similarto thelinearregressiorcasethe conditionalmeanmaybea quadratidunc-
tion of X. The conditionalvarianceis still keptconstantThus,

w(Xi) = [oX?
O'(X,L') = 1.

For 3, therange0-5is studied.
e Cubic Regression

The cubic regressionthat is simulatedactually looks a non-linearmonotonicre-
gressiorrelation. The conditionalvarianceis still keptconstantThus,

w(X;) = BsX;
O'(X,L') = 1.

For 33 therange0-2is studied.

e SinusoidalRegression
As anexampleof a highly non-lineardependencstructurea periodicfunctionfor
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1 is considered.

w(Xi) = ¢sin(X;)
O'(X,L') = 1.

e Constant-meanHeteroscedasticity
Dependencés of coursenot only establishedy a non-constantonditionalmean
function. Anothertypeof dependencmaybeconstructedby lettingtheconditional
varianceof Y varywith . In regressiortermsthisis oftencalledheteroscedasticity
or heterogeneityThe heteroscedasticitig specifiedas

wXi) = 0

o(Xi) 1+“/M7

n

whereR(X;) istherankof X; amongtheobsenationsin thesampleS;, andwhere
n is thesamplesize. In the simulationstudy~ is variedbetweer0 and10.

e Linear Regressionwith Heteroscedasticity
A combinationof the linear regressiormodelandthe heteroscedasticitynodelis
considered.

wXi) = /X
R(X;
U(Xi) =1 +,\/ (n >7

wheres; = 1. In thesimulationstudy~ is variedbetweerD and10.

7.3.3 Results

All power estimationsare basedon 10000 Monte Carlo simulationruns. Powers are
estimatedat « = 0.05 andfor samplesizesn = 20 andn = 50. The critical valuesare
obtainedfrom simulatednull distributions,basedon 50000simulationruns. Theresults
areall presentecsgraphs.

The resultsfor the linear, quadraticand cubic regressionmodelsare shovn in Figures
7.2,7.4and7.6, respectiely, for n = 20, andFigures7.3,7.5and7.7, respectiely for
n = 50. The estimatedoowersof the sinusoidalregressiormodelsareshavn in Figure
7.8(n = 20) andFigure7.9 (n = 50). Theresultsof the varianceheterogeneitynodels
withoutandwith thelinearregressiorcomponentarepresentedh Figures7.10and7.12,
respectiely, for n = 20, andin Figures7.11and7.13,respectiely for n = 50.

Linear Regression

For the linear regressionmodelsthe simulationssuggesthat high powers are obtained
with the PStest,which is basedon Spearmarsrankcorrelationcoeficient. SinceSpear
man’s rank correlationcoeficientis known to be sensitve to monotonedependencésee
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Figure7.2: Estimatedpowersfor the linearregressiormodel(n = 20). Panel(a) shavs the SSP22SSP33
and SSP44teststogetherwith the othertests,and panel(b) shavs theseothertestswith the data-diven SSP
tests.

e.g. Joe,1997,for anoverview of its properties) of which the linear regressiormodels
form a specialcase.Also Hoeffding’s H testis amongthe testswith the highestpowers.
Almostindistinguishabldérom thelattertest,is the SSP22est,of whichit wasmentioned
alreadythatit is closelyrelatedto theH test,exceptthatan Anderson-Darlingypeweight
functionis incorporated.Thus,underthe presensimulationconditionsthe weightfunc-
tion doesnotseemnto have a substantiainfluence.Amongthe SSPraests the SSP22est
is the mostpowerful, followedby the SSP33andthe SSP44est,which have lower pow-
ers(at mosta differenceof moreor less10% whenn = 20). The differencesbetween
the SSPrctestsbecomesmallerasthe samplesizen increases Whenn = 50 thereis
virtually almostno differencebetweenrall testsbut the IQS andthe data-drvenTS2and
V tests.Thelattertwo testshave a slightly lower power thanthe SSP44est. The lowest
poweris obtainedwith thelQS test,whichis only basednthequadranstatisticof which
it isindeedknown thatin caseof amonotonedependencstructuret is lesssensitve than
the Spearmamank correlationcoeficient. Whenn = 50 thedifferencebetweerthe TS2,
V andlQStestsdecreaseslearly.

All three SSPddtestsperformratherwell, especiallythosebasedon the pAIC andthe
BIC criterion,which have powersthatarevirtually equalto thoseof the SSP22est. The
LL-basedtesthaspowersnearto the powersof the SSP44est.

Thepowersof all testsincreaseasthelinearregressiorparametep; increases.

Quadratic Regression

Under the quadraticregressionmodel alternatvesthe highestpowers are given by the
(asymmetric)data-drvenrank test,V, which is slightly betterthanthe SSP44test. Es-
peciallywhenn = 50 the differencebetweenboth testsbecomevery small. After the
SSP44est,the SSP33andthe SSP22have the highestpowersamongthe SSPraests. It

may alsobeinterestingto notethatthe differencebetweerthe SSP44andthe SSP33est
is smallerthanthe differencebetweerthe SSP33andthe SSP22est. Shaving the same
patternasthe SSP22test, but with a lower power (about10% at mostin this study),is



216 The SampleSpacePartition Testfor Independence

(a) (b)

0.8
L
0.8
L

0.4 0.6
me\\
< ¥K
0.6
M\«

AN
AN

o7 dd-BIC o PS
_—8 dd-LL QS
® dd-pAlc  TS2
H X V

SSP22 o PS
SSP33 2~ 1QS
SSP44 + TS2
H X V

0.2
I

0.2

L

| ‘\
BEDH

1 *xm<o
1 *xm<o

0.0
0.0

T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.0 0.1 0.2 0.3 0.4 0.5 0.6
betal betal

Figure7.3: Estimatedpowersfor thelinearregressiormodel(n = 50). Panel(a) shavs the SSP22SSP33
and SSP44teststogetherwith the othertests,and panel(b) shavs theseothertestswith the data-diven SSP
tests.

the H test. Thus,in this case the incorporationof the weight function seemso have a
power advantage.The powersof boththe PSandthe IQS testare extremelylow; their
powersbroke down completely Whenn = 20, the TS2testshows the samebehaiour.
It is remarkablehatthe data-drventestsof Kallenbeg andLedwina(1999),TS2andV,
whichbothbelongto thesamefamily of scorestatisticspehae asdifferentlyasobsened
here. The TS2testis even basedon a choiceof Legendrepolynomialsof orderl up to
order10,whereagheV testsmayat mostcontainLegendrepolynomialsof order2. But,
ontheotherhand,theV testmay selectlegendrepolynomialsof differentorderto form
atermof thescorestatistic(i.e. asymmetric)whereador TS2testLegendrepolynomials
usedto form atermmustbeof equalorder In thepresensituation this clearlyshovsthat
a quadraticregressionrmodel alternatye is clearly a so-callednonsymmetricalternatve
(terminologyusedby Kallenbeg andLedwina,1999). Note thatin their paper they did
not discusssuchan extremenonsymmetricalternatve for which the lowestordersym-
metricgradecorrelation,i.e. thegradecorrelationCov [F,;(X), F,,(Y')], is aslow asit is
here.lt is alsothis smallgradecorrelationwhich makesthatthe power of the PSandIQS
testareextremelylow.

Amongthe data-drven SSPtests,againthe pAIC penaltycorrespondso the bestSSPdd
test;its poweris evenhigherthanthatof the SSP44est,but still abit lowerthatthe power
of theV test.Only a small power differenceexistswith the LL-basedtest;whenn = 50
this differencebecomesvennegligible. The power of the SSPdd BIC testis similar to
the power of the SSP22est.

All powers, except thosethat broke down completely (PS and IQS), increaseas the
guadratiaegressiorcoeficient 3, increases.

Cubic Regression

Beforediscussinghe resultsof the cubic regressionmodel, it is worth mentioningthat
the cubic modelbasicallystill resultsin a monotonedependencéetweenX andY’, but
for valuesof X in theneighbourhooaf zerothis dependences virtually absent.
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Figure 7.4: Estimatedpowersfor the quadraticregressionmodel (n = 20). Panel(a) shavs the SSP22,
SSP33andSSP44eststogethemwith the othertests,andpanel(b) shavs theseothertestswith the data-drven
SSPtests.

In generalthe sameconclusionsasfor the linear regressionmodel alternatves may be
stated,exceptthat now, especiallywhenn = 50, the SSPrcandthe SSPddestsclearly
have higherpowersthanthe othertests.

SinusoidalRegression

As with the quadratiaegressiommodel,the sinusoidaregressiormodelalternatveshave

a very low gradecorrelationCov [F,(X), F,,(Y)], resultingin low powersfor the PS
and QS tests. Whenn = 50, however, the IQS testshasa power of about20%, but

wheng¢ > 2 it doesnot seemto increasearymorewith ¢. Also, aswith the quadratic
regressiormodelalternatve, the TS2testshovsacompletepowerbreakdavn. And, more
surprisinglyat first sight, eventhe power of the V testis extremelylow. This resultmay
be explainedby theinappropriatenessf the low-orderLegendrepolynomialsto capture
adependencstructurewith akind of periodicity.

Whenn = 20, alsothe SSP22testhasvery low power. The H testshovs againthe

samepatternasthe SSP22test, both with n = 20 andn = 50, but now with slightly

higherpowersasthe SSP22test. With both samplesizesconsideredthe SSP44testhas
definitely the highestpower amongall testsstudied. The behaiour of the SSP33estis

in betweerthe othertwo SSPraests.

BoththepAIC andthelLL basedSSPddestshave goodpower characteristicdyut notas
goodasthe SSP44est.Whenthe BIC penaltyis used the SSPddesthassimilar powers
asthe SSP22est;whenn = 20 its power is slightly higherthanthe power of the SSP22
test.

In generalthe powersincreaseas¢ increases.

Constant-meanHeteroscedasticity

For thevarianceheterogeneitynodelswith constanimean,the TS2,PSandthe QS test
have almostno power, notincreasingwith v. Whenn = 20, alsothe SSP22andthe H
testhave very low power. Whenn = 50, their powersarestill very poor, by now they
shaw at leasta smallincreasewith v. The power of the H testis generallya bit higher
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Figure 7.5: Estimatedpowersfor the quadraticregressionmodel (n = 50). Panel(a) shaws the SSP22,
SSP33andSSP44eststogethemwith the othertests,andpanel(b) shavs theseothertestswith the data-drven
SSPtests.

thanthe power of the SSP22est. The bestpower is definitely obtainedwith the V test.
Bothwhenn = 20 andn = 50, thepower of the SSP44estis only a bit smaller(atmost
about2% and10% for n = 20 andn = 50, respectrely). The power of the SSP33estis
somavherein betweerthoseof the SSP44andthe SSP22est.

Thepower of thedata-drvenSSPtestsis rathergoodwhenthepAlC andthelLL penalties
areused;the formerresultsin betterpowersthanthe latterwhenn = 20, andthe other
wayaroundwhenn = 50. Theirpowersarein betweerthoseof theSSP44ndthe SSP33
tests.Whenthe BIC penaltyis used,powerscomparableasthoseof the SSP22testare
obtained.

Exceptfor thosetestsof which the power breaksdown completely the power increases
with increasingy.

Linear Regressionwith Heteroscedasticity

Finally theresultsof thelinearregressiormodelwith varianceheterogeneitys discussed.
Note thatwhen~ = 0, the powersarethe sameasfor the variancehomogeneitylinear
regressionmodel alternatveswith 5, = 1 and3; = 0.5 for n = 20 andn = 50,
respectiely. Whenn = 20, in generalall testsshav the samebehaiour: decreasing
power as+y increasesMoreover, the powersshav the sameorderingasfor the variance
homogeneitylinear regressiormodel. Only the V testshavs a deviating behaiour: its
power startsincreasingagainwhen~ becomedargerthan4. Whenn = 50, the power
increasevenstartsassoonas~y exceedsl. For thislargersamplesize,alsothe powersof
the SSP44SSP33SSPdd-pAlCandthe SSPdd-LLtestsshow this pattern but underthe
conditionsusedin this simulationstudythey never exceededhe power of the V testfor
largey. Whenn = 50, the powersof the SSP22andthe SSPdd-BlCQestsstartlevelling
off for largervaluesof v, sothatthereis at leastno completebreakdevn of their powers.
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Figure7.6: Estimatedpowersfor the cubicregressiormodel(n = 20). Panel(a) shavs the SSP22SSP33
and SSP44teststogetherwith the othertests,and panel(b) shavs theseothertestswith the data-diven SSP
tests.

7.3.4 Conclusions

Underall alternatvesconsideredn the simulationstudy noneof the SSPrcand SSPdd
testsshaved a completepower breakdown, exceptin smallsamplesfor the SSP22and
SSPdd BIC testsunderthe constanimeanvarianceheterogeneitynodel.In generalthe
SSP22testis amongthe SSPrcteststhe more powerful whena monotonicdependence
relationis present(e.g. linear and cubic regression). The testis even almostindistin-
guishablefrom the PStestbasedon the Spearmars rank correlationcoeficient. When
the relationshipbetweenthe variablesis morecomplex (e.g. quadratic sinusoidal,vari-
anceheterogeneity)he SSP44estis clearly betterthenthosebasedon smallerpartition
sizes.In somecasest is outperformeddy theV test(e.g. quadraticandvariancehetero-
geneitymodels) but thedifferencein poweris neverlarge.

Differentpenaltiesn the SSPddstatisticsclearly resultin differentbehaviour. In all sim-
ulationsthe BIC criterion madethe data-drven SSPtestlook very similar to the SSP22
test,andtheuseof theLL criterionresultedn atestsimilarto the SSP44est. ThepAIC
penalty whichis proposedn this work, doesnot seemto have the propertyof following
onespecificSSPrctestclosely In particular it switchesmore often from partition size
thanthe othertwo, suchthatit doesnot stick to a partition sizewhenthe corresponding
SSPraestshowvs alower power. This seemgo make the SSPdd-pAlGestagoodchoice,
atleastunderthe alternatvesstudiedhere.
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7.4 Examples

For all examplegthe setof permissabl@rdersis
['={(22).(2,3),(3,2),(3,3),(3,4).(2,4), (4,3), (4,2), (4,4)}. (7.9)

andall threethe penaltieBIC, pAIC andLL areused.

EXAMPLE 7.4. Cultivars data

In Section7.1.9it wasseenthatonly the SSP22estgave a significantresultsat the 5%
level. Thusa“wrong” choiceof r x ¢ would not have revealedthe dependencbetween
theyield differenceandthe AZ covariate.

Both the BIC andthe pAIC criterion selectedhe 2 x 2. ThelLL criterion, on the other
hand selectedhelargestpartitionsizeconsidered4 x 4). Thuswith boththeformertwo
SSPddests,a significantdependences concludedbut with thelattertest(LL criterion)
no dependenceould have beenconcluded.

Note that this agreeswith the conclusiondrom the simulationstudy Thereit wasseen
that for the linear regressionmodel alternatves (from Figure 2.4 it may be seenthat
thereis moreor lessa linearrelationbetweerthe two variables)the SSP44testhadthe
lowestpower amongthe SSPrctests(in Section7.1.9the SSP44testresultedindeedin
thehighestp-value)andthatthel L-baseddata-drventestbehaessimilarly asthe SSP44
test. O

EXAMPLE 7.5. Ethanol data

In Section7.1.9all threeSSPrctestsindicateda highly significantdependencéetween
the nitric oxide concentratiorandthe equivalenceratio. All threepenaltiesselectedhe
4 x 4 partitionsize.

It is interestingo seethateventhe BIC criterionselectedhelargestpartitionsize. In the
simulationstudyit wasobsenedthough,thatthe power of the BIC-basedestwasalmost
the sameasthe power of the SSP22test, suggestinghatthe criterion frequentlyselects
the 2 x 2 partition size. Here, on the otherhand,alsowith the BIC penaltythe 4 x 4
partition sizeis selected.This might indicatethatthe SSP44statisticis extremelylarge
relatively to the SSP2Xstatistic. O

7.5 Generalization of the SSPrc Test to Divergences
of order A\

In Section5.4 the one-sample&sSPcstatisticwasgeneralizedo a SSPcstatisticof order
A, where\ refersto the order of the power divergencestatisticwhich is the core of all
SSPbasedstatistics. Thus,a similar extensionmaybe consideredere.
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Firsttheaveragedivergenceof order)\ andthecorrespondingtatisticaredefined.These
will functionasthebasisfor theteststatistic,for whichits asymptotionull distributionis
proposedn thesimplestcase(r = ¢ = 2). Finally a smallsimulationstudyis performed
to compareheresultsof the Pearsoniamvith the LR-type SSPraest.

7.5.1 Some Definitions

Thedirecteddivergenceof order A for theindependencproblemwasdefinedin Section
7.1.1. By introducingthe data-dependent x c sizedSSP[Blp = [B](P,,) andtak-
ing the expectationw.r.t. the true distribution F', the averageddivergenceof order \ is
obtained.

Definition 7.6 TheAveragedDivergenceof order A is definedas
AL (F;G) = Ef I (F: G| [BI(Py7))] -
Theusefulnesof A} (F; G) asa measureof the deviation of F from G follows from

thefollowing result,whichis anextensionof Lemma7.1,andwhich s provenin exactly
the sameway.

Lemma7.2 Forany\ € R,

A}.(F;G) =0« Hyistrue.

The AveragedDivergenceof order )\ is estimatedy its plug-in estimatorAQ (F;G), the
AveragedivergenceStatisticof order ),

RFiG) = = Y TR a|B)).

q,n
T PePyn

7.5.2 The SSPrc Test of order A and its Null Distrib ution

Theteststatisticis simply 722, ,, = 2nA) (F; G).
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When2 x 2 theteststatisticreducedo

mn=M$Wmme

14

— n B (XY | | =ttt
n_lz )\+1 J( i L) <FTX1)Fy(YL

. A
I ) - 1- F (Xz K _
(1 = Fay (X3, Y3)) ( FXE, (Y)> l]

N

Ts 2., is a plug-in estimatorof a functional. Henceits asymptoticnull distribution may
be found by von-Misescalculus. However, for two reasonghe calculationsare more
difficult thanin Chapter5. First, bivariatedistributions are involved, and second the
independencéypothesisis basicallya compositenull hypothesisin the sensethat G
dependson the databy G(z,y) = F.(z)F,(y). The former problemintroducesonly
somemorecumbersomalgebrawhereaghelattercomplicationinvokessomeadditional
convergence®f £, andFy, whichmaybehandledby the methodsof Billingsley (1968),
Pyke and Shorack(1968). After ratherlong calculationst may be shavn thatfor ary A,
T2’\727n hasasymptoticallythe samenull distribution asthe V -statistic

zl - :r (6,2] - TE( )Fy(y))
V ﬂZZ// wmm ) @),

i=1 j=1

whered, = 6.(z,y) = | [z, < 2,2, < y| wherez = (z,, z,). V,, is notdependingon
A anymore,and,moreover, it hasthe samekernelasthe Pearsoniais SPrcstatistic. Thus
its limiting null distributionis alsothe same.This is statedn thefollowing result,which
will bereferredto ratherasa propositionfor we did notincludethe whole proof here.

Proposition 7.3 Under Hy, for eath ) € R,

and

wheethe 7 arei.i.d. xi variates.

Whenr andc aregreaterthan2, Proposition7.3 may be extendedto arbitrary partition
sizesin a similar way asbefore. Without proof we conjecturethe following proposition,
whichwill beempiricallyassesseth thenext section.



7.5 Generalization of the SSPrc Testto Divergencef order A 227

Proposition 7.4 Under Hy, for each A € R,

LN

r,cyn r,c,n’
and
d o0 o0 1
T — — 7%
e jz:;kz::l](j-f-l)k(k—i-l) gk’

2 o ,
wheethe 7}, arei.i.d. x{,_,)._,) variates.

7.5.3 Convergence to the Limiting Distrib ution

Thelimiting null distributionsof 7. ,, (i.e. A = 0), with 2 x 2 and3 x 3 partitions,are
empiricallyassesselly meansof Monte Carlosimulations(10000simulationruns). The
resultsarepresentedh Table7.5. For moderatesamplesizes thecorvergencds too slow
to usethe (approximatelrsymptoticcritical values. The corvergenceis only a little bit
fasterascomparedo the corresponding’earsoniamstatistics(A = 1).

Note thatthe estimatectritical valuesof the SSP33estseemto corvergeto the asymp-
totic valueswhich werederived from Proposition7.4. Thusthe resultsconfirmthe pro-
posedimiting null distribution.

Table7.5: Estimatedcritical valuesof 772, ,, basedl0000simulationruns,for 2 x 2 and3 x 3 partitions.

Betweenbracletsthe estimatedsize of the testwhenthe approximatedritical valueis used,is mentioned On
theline indicatedwith n = oo, theapproximatedisymptoticcritical valueis given.

n Partition size

2x2 3x3

20 2.621(0.177) 7.361(0.297)
50 2.181(0.103) 6.732(0.188)
100 2.040(0.078) 6.491(0.146)
500 1.825(0.051) 6.255(0.120)
1000 1.824(0.052) 5.587(0.056)
00 1.823 5.551

7.5.4 A Small Simulation Study

It is againexpectedthatthe smallsamplepower characteristicef the SSPraestof order
A dependo someextenton A. A ratherextensie power studywaspresentedn Section
7.3 for the PearsoniarsSPrctest(A = 1). Underthe samealternatvesfor the linear
andquadraticregressiormodelsthe powersof the SSPrctestof order A = 0 (LR-type)
are estimated.Samplespacepartitionsof sizes2 x 2, 3 x 3 and4 x 4 areconsidered.
Also the threedata-drventestsareincluded,with T' asin Equation7.9. All powersare
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estimatedbasedon 10000simulationruns. The critical valuesof the testswere taken
from the simulatedexact(permutationalhull distribution (50000runs).

Results

Theresultsarepresentedn Figures7.14and7.15for thelinearandquadraticregression
modelsrespectiely.
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Figure 7.14: Estimatedpowers of the Pearsoniarand the LR-type testsfor the linear regressionmodel.
Panels(a) and (b) shav the SSPrcandthe SSPddtests,respectiely, for n = 20, and panels(c) and(d) for
n = 50.

Both figuresshav thatwith the non data-drven SSPrctests,thereare not muchdiffer-
encebsenedbetweerthe Pearsoniamndthe LR-typetests.In particular the ordering
amongthe SSP22 SSP33and SSP44testsis the same.For the data-drventests,on the
otherhand, more differencesoccur, especiallyin the orderingamongthe BIC, LL and
pAIC basedests. This may look strangeat first sight for the SSPrctestsdid not shav
mustdifferencesat all betweenthe P- andthe LR-type. Neverthelessthe reasonmight
be dueto a differentbehaiour of thethe asymmetricSSPraests(r # ¢), which maybe
selectedby the SSPddests.
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Figure 7.15: Estimatedpowersof the Pearsoniamndthe LR-type testsfor the quadraticregressionrmodel.
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n = 50.

In generathedifferencebetweerthe P- andthe LR-type SSPtestsseemsiotto beasbig
aswith the one-sample&sSPtests, thoughpossiblyothervaluesof A may resultin larger
differences.

7.6 An Extension to Multiv ariate Independence

In this sectionit is indicatedhow the SSPrctestfor bivariateindependencés extended
to a SSPtestfor joint or mutualindependenceetweerp > 2 rvs. Let £, denotethe
joint CDF, andlet F; (j = 1,...,p) denotethe univariate CDFs of the corresponding
componentsn Z = (X,...,X,). Thecomponent®f anobsenation Z; aredenoted
by X1; ... Xp:. The samplespaceof the multivariaterv is S = S, andthoseof the
component®f Z aredenotedby S; (j = 1,... ,p). Thenull hypothesiss

Hy : Fl...p(z) = Fl(fEl)FZ(fEZ) .. .Fp(Ip) forall Z ¢ S..
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By G the CDF of Z under H, is denoted. As the alternatve hypothesiswe take the
complemenbdf Hy.

Firstit is explainedhow partitionsare constructedn the p dimensionalsamplespace,
thenthe SSP22statisticis extendedto 27 partitions. Basedon theseresultsone could
think of afurtherextensionto arbitraryr; x ra x ... x r, sizedpartitions.

7.6.1 Partitions in a p-Dimensional Sample Space

In Definition 7. 1rectangulapartitionsof sizer x ¢ of a2-dimensionasamplespacevere
defined.This definitionis readilyextendedo ary x 13 x ... x r}, partitionof S..

Definition 7.7 TheelementsB; = B;,i,...i, (i1 = 1,... ,r13i0 = 1,... ,7125... jip =
1,...,rp) ofarectangularry X r2 X ... X rp, partition [B] of S, aregivenbyAill X
A7 x ... x A7, whee the A{j are the elementsof an r; sizedpartition [A47] of S;
G=1,....p;i1=1,...,r15...5ip=1,...,p).

As in the bivariatecase partitionsare data-dependergiccordingto a partition construc-
tion rule. Basicallythisrule remainsunaltered Only somenotationneedgo beextended.
ThesetsP;c andP¢ becomeP, " "'* andP,; ", respectiely, whereq is thenumber
of obsenationsin P whichis determinedy the partitionsizeandthe partition construc-
tionrule. ag’; """ denoteshe cardinallity of g, "7,

Thesmallesipartitionsizein p dimensiongs 2%, i.e.r; = ro = ... = r, = 2. Forsuch
partitionsonly oneobsenationin P is needed.The correspondingSPstatisticwill be

representetly SSPP.

7.6.2 The SSP2P Test for Independence

Theteststatisticis
1wty
Tor p =2 I (F;G|[A)(Z)),
=25 31 (PG 4)(20)
wherethe sampleof obsenationsZ; areorderedsuchthatZ,, 4.1, ... , Z, aretheonly

obsenationsof which at leastonecomponents the component-wiseith orderstatistic,
andthusd < p. Thestatisticfurtherreducego

Lot (va (B2 - T2 X))

n—di P F5(X50) (1 - Fj(in)>

Top n o=

Its null distribution is a straightforward extensionof the bivariatecase.
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Theorem 7.6 Under Hy, asn — oo,

Y —Z2 o
2 n—> Z Z Hk 1Jk ]k+1) J1s---5Jp

Jji=1 Jp=1
wheethe7;, ;i (ji,--.,jp =1,...) arei.i.d. standad normalvariates.
Proof. We only give a sketchof the proof for it is completelysimilar to the proof of
Theorem7.1.

Basicallythefirst stepis to shav thatthe statisticTs» ,, corvergesweaklyto

U?(s1,---
/ / U o 8p) =L dsy .. .dsp,
[Ty sk(1 - Sk)
whereU(s1, ... , sp) is a separablésaussiarprocesswith a p-dimensionaltime” pa-

rameter(sq,. .. , s,). Thispartof theproofis a straightfornardextensionof themethod
in the proof of Theorem7.1.

Also the secondpart, in which the integral equationis solved for which it is recognized
thatits solutionis the p-fold productof solutionsof the 1-dimensionaBrownianbridge,
is completelysimilar. O
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CHAPTERS

ConclusionsandOutlook

8.1 Conclusions

In this work a new flexible methodologyfor constructinggoodness-of-fitestshasbeen
proposedand appliedto threespecific GOF problems. The methodis basedon (1) re-
peatedlypartitioning the samplespaceaccordingto a data-drven partition construction
rule, subsequently?) calculatingfor eachpartitiona power divergencestatistic,and, fi-
nally, (3) averagingthesestatisticsinto a new statistic,which is calledthe samplespace
partition (SSP)teststatistic.

The conclusionsare presentedn threesubsectionsIn the first the construction of the
testsis briefly discussed.Next, somelinks with othertestsare shavn, andfinally an
overview of the conclusionon the power characteristicsis given.

8.1.1 Construction of a New Family of Tests

In its mostgeneralsettinga whole family of new teststatisticshasbeenproposed.This
family is characterizedby two parametersthe size of the samplespacepartitions,and
theorder\ of the power divergencestatistic.Most of theresultsthatarepresentedn this
thesisare however givenfor A = 1, which correspondso the Pearsorstatistic. For the
one-samplandtheindependencproblem theextensiongo othervaluesof A have been
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discussedseelater). Whentherandomvariable,on which the obsenationsaremade,is
univariate the SSPsizeis simplyc > 2. Whenthisrandomvariableis bivariate partitions
of sizer andc may be constructedor both componentseparatelyThe productof these
two partitionsresultsin arectangulaSSPof sizer x ¢. Thisoccurswith the SSPtestfor
(bivariate)independence.

The power of the SSPtestsdependson A aswell ason the partition size. In particular
the power may be high with a small partition sizeunderonealternatve, andlow under
anothemlternatve. This characteristibasbeenshovn mary timesthroughouthisthesis,
in both the simulationstudiesandthe examples. Thusthe choiceof the partition sizeis
very important. Sincethe SSPtestis originally designedas an omnikus test, which is
in practicemostoftenappliedin situationswheretheresearchehasno prior knowledge
onthetrue alternatve to the null hypothesisjt is mostdifficult to choosethe “optimal”
partitionsize. Thereforea data-drvenversionhasbeendeveloped.Basedon a selection
rule,thedata-drvenSSPtestselectapartitionsizeoutof aprespecifiedetof permissible
partition sizes. With this approachpnly this setmustbe chosenby the researcherin
contrastto mary otherdata-drven (smooth)tests,thereis no needhereto make the set
large. Indeed,it hasbeenproventhatthe data-drven SSPtestis consistentvhatever the
contentof theset.

Theresultingtestsaredistribution-freeandomnibusconsisteng is established.

Mostof thetheoryandresultsin thethesishave beenobtainedor univariateobsenations.
Therehave beenextensiongo multivariateobsenationsproposedor theone-sampleand
theindependencproblem.

8.1.2 Links with Other Tests

Many interestindinks with othertestsfor GOF exist:

e The SSPstatistic(A\ = 1,c¢ = 2) for the one-sampleproblem belongsto the
Anderson-Darlingfamily of statisticswith a specificweight function. For SSP
sizesc > 2, the SSPstatisticis a generalizatiorof the Anderson-Darlingstatistics.
The AD testis asymptoticallyalsoa smoothtest;a similarlink of the SSPtestwith
smoothtestsis thusto be expected.

e Many smoothtestshave the desirableproperty of being decomposablénto in-
terpretablecomponents.Typically for smoothomnitus test statisticsis that they
expandinto an infinite numberof terms, or at leastin theory this expansionis
establishedasymptotically With finite samplesizes,on the other hand,the user
generallyhasto choosea finite-lengthsequencef componentdor which it is not
guaranteedhatit makessensedor the dataat hand,for the exponentialmodelthat
correspondso theselecteccomponenimaynot containthetruedistribution. Thus,
awrongchoicemay possiblyresultin highly insensitve statistics.

It hasbeenshavnthatthe SSPstatisticis alsodecomposablimto interpretableom-
ponentsln thisthesisthis hasbeenworkedoutin detailfor the k-sampleproblem,
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wherethe SSPstatisticbasedon ¢-sized SSPsis decomposedhto ¢ — 1 compo-
nents.Sincethetestis consistentywhatever thevalueof ¢, it is very likely thatany

departurdrom Hj is capturedn atleastoneof the componentslt hasbeenshovn

thatthe first coupleof componentsrevery closelyrelatedto the Kruskal-Wallis

andthe Mood statistic,and that the componentsnay be interpretedaccordingly
Theusefulnesfiasbeernillustratedby meansf a smallsimulationstudy andsome
examples.

In alimiting situationwherec = n we have shown thatthe resultingSSPstatis-
tic is exactly equivalentto a well known smoothstatistic. This shedsa light on a
differencebetweerthe data-drvenversionsof the SSPtestandthe smoothtestsof

Neyman'skind. The data-drventestsof the lattertyperesultsin atruncatedseries
(truncationpoint is estimatedrom the data);ary informationthat was contained
in the componentsafter the truncationpoint is lost completely The data-drven
SSPtestresults,atfirst sight, alsoin a seriesof which its lengthis determinecby

the dataaswell, but actuallya decreasén partition sizewill mainly causeonly a

rearrangemerdf theinformationinto a smallernumberof terms.

In conclusion the SSPstatisticsfill in a gapbetweerthe traditionalsmoothtestsandthe
EDF-basednderson-Darlingests.

8.1.3 Power Characteristics

For the three GOF problemssimulation studieshave beenperformedto estimatethe
power, undermary alternatves, of the SSPtests,their data-driven versions,and some
traditionaltests. Typical for omnibustestsis that sometestsperformbetteron someal-

ternatives,andotherperformbetteron otheralternatves. We give herea brief summary
of the conclusions.The conclusionsareall for the testsbasedon the power divergence
statisticof order\ = 1.

e One-sampleProblem
The null hypothesidgs that F' is a normaldistribution (unknovn meanand vari-
ance).
The resultshave shavn clearly the importanceof the choiceof ¢. Undersome
alternatvesthe SSP2testperformsthe bestamongthe SSPtests(e.g. skew alter
natives), whereasunderother alternatves, it performsworse(e.g. contaminated
normal). It is furthermoreconcludedthatthe BIC andtheLL criteria selectvery
frequentlyc = 2 andc = 4, respectiely, evenif their choiceis not the bestone.
Thusthey resembledloselythe SSP2andthe SSP4test,respectrely. Only in very
extremeoccasions deviation from this behaiour hasbeenobsened. The pAIC
criterion, on the otherhand,seemanoreflexible, i.e. it switchesfasterto the best
choicefor ¢, but its power is oftenonly slightly smallerthanthe bestchoice.
Exceptfor the contaminatechormal alternatves, wherethe SSP3and the SSP4
testperformextremelywell, the SSPbasedestsareworsethanthe classicaltests
(Kolmogoror-Smirnov, Shapiro-Wik, Anderson-Darling,..).
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e k-sampleProblem

In the simulationstudy k. = 2 andk = 3 have beenconsidered.The k-sample
Kolmogora/-Smirnor andthe Kruskal-Wallis testshave beenincludedasreference.
Generallythe SSP4testis the mostpowerful, closely followed by the SSP3test.
The SSP2testhasin generalfar lower powers, thoughstill higher as compared
to the two classicaltests. Again the BIC andthe LL criteria consistentlyselect
¢ = 2 andc = 4, respectrely. Undermostof the alternatves,the pAIC criterion
selectse = 4 aswell, generallyresultingthoughin a slightly smallerpower than
theLL basedest,but ontheotherhand,in the few situationswherethe SSP2test
performsbetterthan the testsbasedon higher partition sizes,the pAIC criterion
selectoftenc = 2, whereagheLL criterionsticksto ¢ = 4. Thus,in conclusion,
the data-drventestbasedon the LL criterionis very frequentlythe bestchoice,
but its power may decreassererely undersomealternatveswheresmall partition
sizesarethe best.Whenlarge partitionsizesarethe bestchoice theuseof pAIC is
only abit lesspowerful andhasin additionthe advantageof retaininghigh powers
underalternativesfor which smallpartitionsizesarebest.

IndependenceProblem

Many alternatves have beeninvestigated:linear, quadraticand cubic regression
dependencea sinusoidalregressiondependenceandtwo varianceheterogeneity
dependencies.

Only undermonotonicrelationsthe SSP22testis the most powerful. Whenthe
dependencstructureis more comple, the larger partition sizesresultin higher
powers.

Again the BIC andthe LL criterion shov the tendeng to selectsmall andlarge
partition sizes,respectiely, andthereforetheir powers are very similar to those
of the SSP22andthe SSP44test,respectiely. The pAIC criterion doesnot share
this property Its poweris underall alternatvesstudiesalmostalwaysonly slightly
smallerthanthe optimal SSPrdest.

In comparisorto othertests the SSPtestsarevery powerful underall alternatves
studied;only the TS2andtheV testof Kallenbeg andLedwina(1999)performa
bit betterundera few alternatves.

In generathe SSPtestsarepowerful omnibusteststhatarevery competitive to classical
tests. Moreover, undermary alternatvesinvestigatedn the simulationstudy the SSP
testsgivesmuch betterresults. In addition, the power of the SSPtestsdoesnot break
down often,which makesthe SSPtestsa goodchoicefor typical omnibusapplications.
Overallwe recommendhe data-drven SSPtestbasedn the pAIC criterion.

For the one-sampleand the independenc@roblem,a small simulationstudy hasbeen
performedto study the power of the SSPtestswhen A = 0 is used. Generallyit is
concludedhatthechoiceof A hasaninfluenceon the smallsamplepower characteristics
of the SSPtests. In particular for the one-samplgroblem,an overall power increase
is obsened. For the independencgroblemthe power is ratherinvariantto the choice
betweerboth \'s.
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8.2 Outlook

Themethodologyhathasbeenproposedn thisstudylookspromisingfor futureresearch.
We male herea distinctionbetweerfurther researchhatfollows immediatelyfrom this
thesisin the sensethat they are actually alreadyproposedhere, but not worked out in
detail. This kind of work basicallyconsistsof filling in the gaps. This will be discussed
first. Next, moreindirectfurtherresearchs briefly commentedipon.

8.2.1 Filling in the Gaps
Multiv ariate Obser vations

Thethreechapterson thethree GOF problemshandledin this work all startin the same
way: first the DirectedDivergenceof order A hasbeendefined,next the corresponding
statistichasbeenincorporatednto the AveragedPearsorDivergence. In this stepwe
haverestricted\ to bel,i.e. thePearsoniagase Moreoverin the samesteptheattention
hasbeenreducedo univariatevariables.Only in the chapteron the one-sampleandon
the independenceroblemthe multivariate extensionhas beendiscussed.From these
extensionst is, though,clearthatalsothe k-sampleSSPtestmight be easilyextendable
to multivariatesituations.Thisis afirst gapthatmaybefilled.

Further the discussioron the multivariateSSPtestshasbeenlimited to the construction
of theteststatisticandits asymptoticnull distribution. It would beinterestingto perform
simulationstudiesto comparethe multivariateSSPteststo other, classicatests.

Arbitrar y A

The k-sampleSSPtestis alsothe only onefor which no extensionto arbitrary A hasbeen
given. We believe, though,that an extensionis possiblein exactly the sameway ashas
beendonefor the othertwo GOF problems.

Decomposition of the Test Statistic

The decompositiorof the SSPtest statistichasonly beenmentionedin the chapteron
the SSPtestfor the k-sampleproblem. Thereit hasbeenappliedto decomposehe test
statisticinto ¢ — 1 terms,eachhaving aninterpretatiorin termsof how the k distributions
differ (e.g. in location,in scale,...). It hasalsobeenbriefly mentionedthat a similar
decompositioris possibleto decomposehe statisticinto £ — 1 componentsvhich may
seneto indicatewhich of the k distributionsdiffer. This hashowever notbeentreatedn
detail.

The one-samplé&SPtestandthe SSPtestfor independencenay be decomposedswell.
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Theformerinto ¢— 1 terms,andthesecondn (r —1)(¢— 1) componentsFurtherresearch
is neededo geta morepreciseinsightin theinterpretabilityof thecomponents.

Formal Proof of SSP Statistic with Arbitrar y Partition Size

Finally, thevalidity of theasymptotimull distributionsof the SSPtestshasedn partition
sizesgreaterthan2 (or 2 x 2) arestill constructedon a conjecture. Neverthelessjn

simulationstudiest hasbeenconfirmedthatthenull distributionsindeedcorvergeto the
proposedasymptotiocnull distributions. Fromatheoreticapoint of view it would benice
to proof the conjecture. On the other hand, the simulationexperimentshave indicated
thatthe convergenceis very slow, even for small partition sizes. Thus, the asymptotic
null distribution is not of muchpracticalvalue.

8.2.2 Further Research
The SSP Test for Discontin uous Distrib utions

Throughoutthe completework we have assumedhat the distributions (£ and G) are
continuous,andthat, consequentlyno ties occur It would definitely be interestingto
extendthe SSPtestto situationswhereF' or GG arediscontinuousor evendiscrete.

An SSP Test more Closely Related to the Ander son-Darling Test

Thesimulationexperimentshow thatthe corvergenceto theasymptotionull distribution
is extremelyslow for the one-sampleSSPtest,evenfor the smallestpartition size. The
Anderson-Darlingest,on the otherhand,shavs anextremelyfastcorverging null distri-
bution. We have suggestethata reasormight befoundin the differencein definition of
bothstatistics. TheAnderson-Darlingtatisticis definedasaplug-inexpectationw.r.t. the
hypothesizedistribution G, whichis completelyknown undera simplenull hypothesis,

g, [I' (5 GllAIX)]

where[A](X) is arandom2-sizedsamplespacepartition, centredat X. The Pearsonian
SSPstatisticis definedasa plug-in expectationof the samestatistic,but w.r.t. thetrue
distribution F'. Sincethe latteris unknawn, it is replacedby its estimator/’. Hencean
additionalcorvergences involved,andmay causethe slow corvergence.

The aforementionediifferencein definitionis afirst difference. A seconds the general-
izationto arbitrarysamplespacepartitionsizec. Thusthe SSPstatisticis

Es [I' (5611
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where[A]p, is the data-dependersamplespacepartition, basedon P. C S,, througha
partitionconstructiorrule.
It would beinterestingto studythe classof relatedstatisticsdefinedas

E, [I" (736141,

It is expectedthatthe convergencemay be muchfaster suchthat perhapghe asymptotic
null distribution may be used. This would make the testeasierto applyin practice.Fur
ther, its power characteristicsnay be substantiallydifferentfrom thoseof the SSPtest
constructedn this work.

A Lack-of-Fit Test

In this thesiswe formulatedthe one-sampleéSOF problemmerelyin termsof distribu-
tions, althoughin Chapter3 the relation betweena distribution and a statisticalmodel
wasexplained.In caseonewantsto assess$o quality of thefit of a statisticalmodel,the
term“lack-of-fit" is oftenpreferredover GOF

A straightforwardexampleis simplelinearregressiorwith i.i.d. normaldistributederror
terms.This modelis clearlyequivalentto a specificatiorof a bivariatedistribution with 3
estimableparametersThusa SSPGOFtestmaybeconstructedor this specificproblem,
thoughby the complexity of thecompositenull hypothesi{ H: thesimplelinearregres-
sionmodelsuitsthe data)we mayexpectthatthe samplingdistribution of theteststatistic
will notbe easyto find. Still we think thatit is possibleto usesomeof the conceptsof
repeatedlyconstructingsamplespacepartitionsin the developmentof a lack-of-fit test,
for it hasaclearlink with GOF problems.
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APPENDIXA

The Generalizedl'ukey-Lambda
Family

Thegeneralizedukey-Lambda(TL) family wasstudiedn detailby Freimer Mudholkar,
Kollia andLin (1988).ConsidertherandomvariablesX, », which aredefinedas

- UM -1 (1-U)2-1
X)\l,/\2 = F)\l}AQ (U) = bW - Ao ) (Al)

whereU ~ U(0,1) and A, A2 € R, andwhich arefor A\; = 0 and )\, = 0 defined
by continuity The family of distributionsthatis definedin this way, is the TL-family,
indexedby A = (A1, \2). Thefamily includesa wide variety of distributions: symmetric
and asymmetric,infinite and truncatedtails, unimodal, U- and J-shapedistributions.
Many commonlyuseddistributionsareextremelywell approximatedy memberof this
family.

EquationA.1 immediatelygivesthe inverseCDF (quantilefunction) at a probability p,
alsoindexedby A = (A1, A2), i.e.

A A
_ pr—1 (I-p)—1
F ! = - )
,\1,,\2(17) ¥ bW

Thefamily (approximatelyjncludesthefollowing well known distributionsasmembers.
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e Normal distribution. The TL-distribution with A\; = Xy = 0.1349 is approxi-
matelya normaldistribution with mean0 andstandarddeviation 1.46357. When
standardizeatheir distributionsonly differ by a maximumof 0.00108at aboutthe
27thandthe 73rdpercentiles.

Themembewith A\; = A\, = 5.2 agreegatherwell in 3rd and4rd momentwith a
normaldistribution, but it hashigh truncatedails.

e Exponential distribution. For A\; = 400 and A; = 0, the TL-distribution is
exactly anexponentialdistribution.

e Uniform distrib ution. Theuniform distribution is exactly equivalentto the mem-
berswith A\; = A2 =1 and\; = A2 = 2.

¢ Logistic distrib ution. By continuitythe TL-family is alsodefinedat A\; = A\ = 0.
This membercorrespondso thelogistic distribution.

More generallythe membersf the family areclassifiednto 5 cateyories.

e Classl: \1 <1, <1
Thisis therichestclassof distributionsthatagreewell with distributionsthatoccur
oftenin practice. All membershave unimodaldensitiesand infinitely long tails.
Someexamplesareshowvn in FigureA.1.

e Classll: A\ > 1, < 1
This classconsistof distributionsthataresimilar in shapeto the exponentialand
x? distributions. The exponentialdistributionis containedn this class(\; = +o0,
A2 = 0). Someexamplesareshovn in FigureA.2.

e Classlll : 1 <A\ <2, 1< A3 <2
The memberdn this classhave U-shapediensitiesandbothtails truncated.Some
examplesareshavn in FigureA.3.

e ClasslV:i A\ >2,1< XA <2
Themembersn thisclassarecharacterizetdy bimodaldistributionswith onemode
andoneantimodewith bothtails truncated An exampleis shovn in FigureA.4.

e ClassV: A1 > 2,y >2
In this classthe membershave unimodaldensitieswith bothtails truncated.Some
examplesareshowvn in FigureA.5.

Further memberdor which A; = A, areall symmetricdistributions. Moving in orthog-
onaldirectionsaway from this diagonal increasinglyasymmetridistributionsarefound.
However, memberghataresituatedon a curve goingthrough\; = A\ = 2.4 andcon-
vemgingto thepointsA = (oo, 1) andX = (1, o) have alsozeroskewness.

Startingfrom the quasi-normamemberA = (0.1349, 0.1349) andmoving alongtheline
of symmetrythedistributionsbecomemoreandmoreheary-tailedas\; = A, decreases,
andthetail weightsdecreaseas\; = )\, increasesThekurtosisincreaseas\; = Ag
increases.
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Figure A.1: Threeexamplesof TL class| densities:(a) \1 = Az = 0.5, (b)) A1 = A2 = —0.5 and(c)
A1 = 0.2, A2 = 0.8.
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FigureA.2: Two examplesof TL classll densities(a) \; = 1.5, A2 = 0.2 and(b) \; = 4, Az = —0.2.
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FigureA.5: Two examplesof TL classV densities{a) A\1 = A2 = 4 and(b) A\; = 2, A2 = 6.



APPENDIXB

Computations

All computationghathave beendonein this thesisare performedwith S-plus2000Pro-
fessionalEdition for Windows, Releasel. S-plusis anflexible object-orientegprogram-
ming andanalysisenvironmentfor statisticalpurposes.It hasmary build in commands
for data-handlingcalculationandstatisticaldata-analysisDespitethe mary build-in sta-
tistical functions,only a few of the methodsthat were neededaredirectly availablein
S-plus:Pearsors y? test,Kolmogoro/-Smirnov testandKruskal-Wallis test. For all other
testswe wrote S-plusfunctionsoursehes. For validationpurposesgachtestwassimu-
lated underits specificnull hypothesisandthe estimatectritical valueswere compared
to thoseobtainedirom theliterature.

The new teststhat were proposedn this work areall basedon repeatedlyconstructing
samplespacepartitionsandcalculatingfor eachpartitiona Pearsony? statistic.Sincethe
numberof partition quickly increasesvith the numberof obsenations,andsinceS-plus
is generallyinefficient with its memorymanagementhe computationtime of the SSP
basedestswould have beenratherhighwhenthey would have beenimplementedlirectly
in S-plus. To overcomethis practicaldravback,the computationof the SSPbasedest
statisticsis implementedn the C programminganguage.The codeis compiledto a dll
file, which is subsequentlyinked to S-plus. In this way, the testsare all availablein
S-plus,but theheary computationgreefficiently doneby thelinkeddll code.
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Samenatting

Reedsmeerdan100jaarwordendooronderzoekrsstatistischéoetsenvoor aanpassing
(Goodness-of-i) toegepast Waarschijnlijkde meestgekendezijn dezevoor hettoetsen
of eensteekproetiit eennormaledistributie komt. Het belangvandezevraagkomtvoor-
namelijk voort uit de ruime beschikbaarheidan statistischetechnielen die gebaseerd
zijn opde normaliteits\eronderstellingmaarook toetsenvoor exponentialiteiten unifor-
miciteit kennenin bepaaldaevetenschappehun toepassing.Dergelijke vraagstellingen
wordenhet“ één-steekprogbrobleem”genoemdone-samplgroblen). In hetalgemeen
stelt de nulhypothesealat de werkelijke, maarongelendedistributie F' behoorttot een
vooropgesteldéamilie vandistributiesGy € Go, géindexeerddoor de parametef. Te-
genwoordigwordenook nog anderestatistischevraagstellingerals bijzondergeval van
de bovenstaanddypotheseébeschouwdwe vernoemerer hier twee, die eveneensen
heelgroottoepassingsdomelrestrijken:

e het“meerdere-steekproenprobleem”(k-sampleproblen), waarbijmenwenstna
te gaanof k steekproeenuit eenzelfdedistributie afkomstigzijn ;

o het“onafhanlelijkheidsprobleerh(independencproblen), waarbijmenwenstna
te gaanof decomponenteraneenmultivariatevariabeleonafhanlelijk zijn.

Dikwijls vertonerndestatistisch@oetsernvoor dehogervermeldeprobleemstellingerele
overeenlomsten.

Niettegenstaander reedsveletoetserbestaarvoor de drie aanpassingsproblemesiijft
erintensiefonderzoelnaarnieuween“betere” methoderplaatsvindenOok hetvoorlig-
genddoctoraatsonderzoddaderthierin. Eenbelangrijke drijfv eervoor verderonderzoek
wordt gevormd door het ontbrelen van eenoptimalestatistischeomnibus toetsvoor het
aanpassingsprobleemjaardoorde deur openblijft voor eenzoektochtnaareentoets
die algemeerkrachtigis t.0.v. de meestrelevantealternati@en, of tochtenminstegeen
algeheelerliesvankrachtvertoontt.o.v. realistischealternatieen.



In dit werk wordt eennieuwe methodologievoorgestelddie toepasbaars op continu
verdeeldedata. De methodels gebaseerap het herhaaldelijkconstruerervan partities
van de steekproefruimteiederepartitie induceerteendiscretisatievan de data,waarop
verwlgenseenPearsony? toetsuitgevoerdwordt. De voorgesteldeteststatistiekis het
gemiddeldevandezePearsony? statistielen.

De methodologiewerd eerstontwikkeld voor het één-steekproeprobleem,verwlgens
voorhetmeerdere-steekproefprobleentenslottevoorhetonafhanklijkheidsprobleem.
Deze drie ontwikkelingsstadigkomen overeenmet drie belangrijkstehoofdstuklen in
dezethesis.

De eervoudigstesituatieis het é&n-steekproefprobleemAan de handhiervan werd de
basisgelegd waarook deandergweeaanpassingsproblemep steunen.

Eigenlijk werd eenfamilie van test statistielen 1. ,, geconstrueerd.De familie wordt
geindexeerddoor de grootte(c) van de partities. De overeenlomstigetestenwordende
SSPctestengenoemd.Vooreerstwerd er gezochtnhaarde nuldistributie van de teststa-
tistiek. Hiertoedienter eenonderscheidyemaaktte wordentusseneeneervoudigeen
eensamengesteldeulhypothese Wanneerc = 2 werd er aangetoondlat de asympto-
tischedistributie van T ,, ondereeneervoudigenulhypothesalezelfdeis als dezevan
de Anderson-Darling AndersonandDarling, 1952) statistiek. Dezelaatstestaatbekend
alseenomnikustestdie algemeereengoedekrachtbezit. Ook voor ¢ > 2 werdereen
asymptotischauldistributie voorgesteld In eensimulatiestudieverdenbeidedistributies
bevestigd,maartevenswerdbesloterdatde corvergentiete traagverlooptom deasymp-
totischedistributie in de praktijk te kunnengebruiken. Als alternatiefwerd voorgesteld
om ofwel te werken met de gesimuleerdexactenuldistributie, ofwel gebruikte maken
vanbenaderingsformulegor de bereleningvandekritischewaarden Dezelaatsteblij-
kenredelijk accuratevaarderte genereren.

Zoalsvoorvele GOFtestenis asymptotischauldistributie ondereensamengesteldeul-
hypotheseniet eervoudig. Enkelein heteervoudigstegeval (¢ = 2) werddezebekomen
voorT; ,,. Weeromis hetdezelfdealsvoorde Anderson-Darlingstatistiek enverlooptde
corvergentiete traagom bruikbaarte zijn. Voor ¢ > 2 werd de asymptotischauldistri-
butie niet gevonden maardit beletuiteraardniet de testte gebruilena.d.h.v eenMonte
Carlo benaderingzan de exactenuldistributie. Voor alle SSPctestenwerd de omnitus
consistentidbewezen.

Er werd eensimulatiestudiauitgevoerdom de krachtvan de SSPctesten(metc = 2,3
enc = 4) te vergelijken met de krachtvan andereveel gebruikteklassiele GOF tes-
ten (0.a. Kolmogoro/-Smirnov, Anderson-Darling.Shapiro-Wlk, en eenmeerrecente
data-gedreen geleidelijke test (smoothtes) van Kallenbeg and Ledwina (1997)). De
distributie die onderde nulhypothesgespecificeerdverd, wasde normaledistributie met
ongelendgemiddeldesn variantie. Uit dezeuitgebreidestudiewerd geconcludeerdat
voor scheve alternatieen (bv. exponentéle distributie) de SSPctestenminderkrachtig
zijn danbv. de Anderson-Darlingest. Onderdemelijke alternati&enblijkt ook dekracht
af te nememaarmate: groterwordt. Wanneerechtergecontamineerdeormaledistribu-
ties, die de neigingtot eenbimodaliteitvertonen beschouwdvorden,werd vastgesteld
dat de SSP3en de SSP4testheelveel krachtigerzijn danalle anderetestendie in de
studieopgenomerwerden. Tevensillustreertdit het belangvan eengoedekeuzevoor



de partitiegroottec, wat in de praktijk eenprobleemsteltdaarmenmeestahiet weetin
welke zin dewerkelijke distributie afwijkt vandevooropgesteldeAls oplossinghiervoor
werdeendata-gedreenversievande SSPdestgeconstrueerd.

Bij eendata-gedreen SSPcestwordt de partitiegroottec bepaalddoorde datazelf, aan
dehandvaneenselectiergel, welke veelovereenlomstvertoontmethetBIC (Schwartz,
1978).NaasteenBIC-gebaseerdeegel, werdenook tweeanderecriteriavoorgesteld:het
LL-criterium (HannanandQuinn,1979)eneencriteriumdatveelovereenlomstvertoont
met het AIC van Akaike (1973,1974). Eensimulatiestudigoont dat voornamelijkde
BIC-gebaseerd&SPtesterin slaagteenc te selecteremlie aanleidinggeefttot eengrote
kracht.

Tenslottewerdentweeveralgemeningemoorgesteld.In eeneersteveralgemeningvordt
de Pearsony? statistiekvervangendoor de power divergentiestatistiekvanorder\ € R
(CressieandRead,1984).Voor A = 1 wordtterugde Pearsorstatistiekbekomenenvoor
A = 0 delikelihood-ratiostatistiek.We hebberbenvezendande asymptotischauldistri-
butie niet wijzigt onderde keuzevan ); voor eindigesteekproefgroottajaarentgen,is
het gedragwel afhanlelijk van \. In eenkleine simulatiestudiaverdende SSPctesten
vanorderA = 1 enordeX = 0 metelkaarvergelelen. Er werd geconcludeerdat de
laatstetestietskrachtigeris dande eerste zelfsin die matedathetverschilin krachtmet
klassiele GOFtestenonderscheve alternati@energ klein gewordenis.
Eentweedeveralgemenings naarhet multivariategeval. Hiervoor hebbenwe beknopt
aangetoondoe dezeveralgemeningnogelijk is zonderhierdoorextra complicatieste
induceren.

Verwlgenswerd de SSPstatistiekaangepastoor het meerdere-steekpragenprobleem
(k steekproeen). Voor ¢ = 2 blijkt de SSPstatistiekidentiekte zijn aande Anderson-
Darling statistiekvoor het meerdere-steekproen probleem(Pettit, 1976; Scholzand
Stephens]987),zodatnuldistributie onmiddellijk volgt. Eenbelangrijkverschilt.o.v. de
SSPstatistiekvoor hetéén-steekprogbrobleemis datde statistieknu eenrank statistiek
is, wat toelaatde testals eenpermutatieteste beschouwenDe uitbreidingnaargrotere
partities(c > 1) gebeurizoalsvoorheenenkannu dusbeschouwdvordenalseenveral-
gemeningvande Anderson-Darlingstatistiek. Consistentiaverd voor alle SSPkctesten
bewvezen. Ook werd eendata-gedreen versiegeconstrueerd.Uit eensimulatiestudie
werd besloterdatvoor vele alternati®ende SSPkaestervoor ¢ > 2 krachtigerzijn dan
voor ¢ = 2. Tevenszijn de SSPkctestenen de data-gedreenversiesin hetalgemeen
krachtigerdan de klassiele Kolmogoro/-Smirnov en de Kruskal-Wallis test. In tegen-
stellingtot deresultateruit hetéen-steekprogbrobleemwerd hier waagenomerdathet
LL-criterium tot hogerekrachtenleidt danhetBIC criterium.

Om de interpreteerbaarheidij het verwerpernvan de nulhypothesde bevorderenwerd
eendecompositievan de SSPKkcstatistiekin ¢ — 1 componentervoorgesteld.De eerste
tweecomponentenzijn sterkverwantmetrespectigelijk de Kruskal-Wallis ende Mood
statistiek. Wanneerer slechtstwee steekproeen vergelijken moetenworden(k = 2),
werd er eeninteressantdéink gevondenmet de geleidelijke testvan Janic-Wbblewvska
andLedwina(2000)in hetlimiet geval ¢ = n. Steunendp dit verbanddenlkenwe dat
hetmogelijkis detestvanJanic-WibblewvskaandLedwina(2000)uit te breidennaarhet
algemeneneerdere-steekproenprobleem(k > 2).



Tenslottewerd eenSSPtestontwikkeld voor het onafhanlelijkheidsprobleem Aarvan-
kelijk werd de methodegeconstrueergoor hettoetsenvan bivariateonafhanlelijkheid.
De steekproefruimténeeftnu dustwee dimensieszodateen partitie ervan opgebouwd
kan wordendoor eerstvan iederedimensieafzonderlijkeenpartitie te maken (stel met
groottesr enc) om verwlgensde partitie van de bivariatesteekproefruimteée bekomen
alshetproductvandetweeunivariate.De groottevaneendemelijke partitieis dusr x ¢
endeovereenlbmstigestatistiekwordt als SSPragenoteerd.

Voorr = ¢ = 2 werdde asymptotischeuldistributie bewezenen voor groterepartities
werdeendistributie voorgestelddie in eensimulatie-eperimentbevestigdwerd. De sta-
tistiek is terugeenrankstatistiek.Om de keuzevanr enc te vereenoudigen,werdeen
data-gedreenversiein dezebivariatecontext geconstrueerd.

In eenuitgebreidesimulatiestudieverdende SSPraestenvergelelenmetenkeleandere
testenvoor onafhanlelijkheid (0.a. eentestgebaseerdp de Spearmamank correlatie,
Hoeffding’s omnikus test(Blum et al., 1961; Hoeffding, 1948) en twee recentedata-
gedrevengeleidelijke testen(Kallenbeg andLedwina,1999)). Hieruit werd besloterdat
de SSPrdestenin hetalgemeerheelkrachtigzijn endathunkrachtin grotemateafhangt
vande keuzevanr enc. De data-gedreenversiesbrengenhier eengoedeoplossing;
voornamelijkhetBIC enhetpAIC criteriumselectereweelaleengoedepartitiegrootte.
Ook hier werdentwee uitbreidingenbesprolen: eenuitbreidingnaarpower divergentie
statistielenorder A € R eneenuitbreidingnaarpaarsgeijze onafhanlelijkheid tussen
decomponenteraneenmultivariatevariabele.

Samengeat kunnende SSPtestenop drie maniereningepastwordenin de bestaande
literatuur

¢ In hetveralgemeendgeval, is de SSPstatistiekdie gebaseerds discretiserervan
dedata,waarnan degeinduceerdéabeleenpowerdivergentiestatistiekvanorde
(bv. eenPearsony? statistiek)berelendwordt. Dit vertoontveelgelijkenismetde
oudstemaniervan GOFtesten.Om informatieverlieste voorkomenwordenmeer
derediscretisatiebeschouwanwordenderesulterendstatistielengecombineerd
tot één nieuweteststatistiek. We hebbervastgesteldlat veel eigenschappenan
detoepassinganeenPearson? testop gediscretiseerddataoverdraagbaazijn
opdeSSPtest.

e Eenbelangrijkverbands er metde Anderson-Darlingstatistiek.Door de patrtitie-
grootteniette beperlentot 2, kande SSPcstatistiekin dezezin alseenveralgeme-
ning vanAnderson-Darlinggezienworden.

e In eenlimietgeval (¢ = n) hebbenwe aangetoondiatde SSPctestequialentis
meteengeleidelijke test. Ook de decompositiezan de SSPcstatistiekin interpre-
teerbarecomponenteiis eentypischetechniekbij geleidelijke testen.

DusdeSSPdestvult eenleemtein tusserdeklassiele geleidelijketesterendeAnderson-
Darling testen.Bij dezelaatstetwee statistielen wordt de informatietegende nulhypo-
theseverdeeldover eenoneindig aantalcomponentendaarwaar bij de SSPstatistie-
kendeinformatieover eenbeperktaantalinterpreteerbareomponentewerdeeldwordt.



Voornamelijkbij eindigesteekproefgroottelijkt dit eenoplossingte zijn die vanuiteen
praktijk-georénteerdénvalshoekwaardeol is.
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