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CHAPTER1

Introduction

This thesisis concernedwith probablyoneof theoldestproblemsin statisticalscience:
Goodness-of-Fit(GOF). One centuryago, Pearson(1900) introducedthe well known��� -statistic for testingthe hypothesisthat a given samplehasarisenfrom a specified
distribution. At thattime,many of thestatisticalmethodsthatweredeveloped,werebased
on the assumptionthat the dataare normally distributed. Also aroundthat time, Karl
Pearson,in the courseof his “MathematicalContributionsto the Theoryof Evolution”,
abandonedthe assumptionthat biological populationsarenormally distributed. As an
alternativeheintroduceda flexible systemof distributions,known asthePearsoncurves.
Now thattherewasanalternativeto thenormaldistribution,it wasof practicalimportance
to haveaformalstatisticalmethodto decidewhetherthedatapossiblycamefrom agiven
distributionor not. Statisticalteststhataddressthis typeof problems,areGOFtests.Ever
since,theliteratureon thetopic haskepton growing, andmany otherstatisticalmethods
andtestshavebeenpublished.

Today, GOFtestsarestill a very widely appliedgroupof tests.In almostall popularsta-
tistical software,at leastsomeof themareimplemented.EvenPearson’s original ques-
tion, “is thedatanormallydistributed?”,is by many experimentalresearchersstill applied
regularly. The reasonmay be that moststatisticalmethodsthat areimplementedin the
commercialstatisticalsoftware,areonly valid undertheassumptionof normality. Thus,
a researcherwho wantsto do e.g. an independentsamples� -tests,will first performa
GOFteston his datato assessthenormalityassumption.Of coursetherearemany more
situationsin whicha GOFtestformsthesolution,but thesewill behandledlater.
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2 Intr oduction

Althoughnowadaystheoriginal Pearson��� -testis almostexclusively appliedto discrete
data,for which Pearson’s teststatisticis calculatedasa “distance”betweentheobserved
frequenciesin the sample,and the expectedfrequencieswhen the hypothesizeddistri-
bution would be the true underlyingdistribution, in earlierdaysit wasalsoappliedto
continuousdataafterhaving discretizedtheobservationsin categories,suchthat thecor-
respondingfrequenciescouldbecomputedfrom thedataandPearson’sstatisticbecalcu-
lated.In theformersetting,not many problemsarise,but in thelattersituationof contin-
uousdata,many questionsto besolvedremained:in how many groupsmustthedatabe
categorized,whereandhow mustthegroupboundariesbeplaced?During thetime that
mostof thesequestionswerebeingansweredin theliterature,otherGOFstatisticaltests
wereproposed,specificallyto handlecontinuousdatawithout having to discretizethem
first. Many of thesetestsarebasedontheEmpiricalDistributionFunction(EDF),e.g.the
well knownKolmogorov-Smirnov test(Kolmogorov,1933;Smirnov, 1939).Of particular
interestfor this thesis,aretheEDF-basedteststhatarestill clearlyrelatedto theoriginal��� -test.Thesetestsarespecificallyconstructedfor continuousdata,but they mayalsobe
consideredasaresultof Pearson’sstatisticsappliedto datathatarediscretizedaccording
to a very specificsystem.TheAnderson-Darlingstatistic(AndersonandDarling, 1952)
is themostimportantexample.
Almost independentlyof thepreviousmentionedevolution, (Neyman,1937)constructed
a GOFtestfor continuousdatawhich hecalled“smooth”. Two importantpropertiesare
associatedwith Neyman’s smoothtest: first, it is in somesenseoptimal, and second,
whentheGOFnull hypothesisis rejected,by studyingthecomponentsof theteststatistic
somefeaturesof thedifferencebetweenthetrueandthehypothesizeddistributionmaybe
distinguished(e.g.themeansaredifferent,or theskewnessesaredifferent,...). For many
yearstherehasnot beenmuchscientificinterestin thesetypeof tests,until thepapersby
ThomasandPierce(1979),Kopecky andPierce(1979).Fundamentalin this typeof tests
is thatthehypothesizedandthetrue,but unknown distributionareembeddedin anexpo-
nentialfamily of distributions,indexedby an � -dimensionalparameter. Theteststatistic
is correspondinglydecomposedinto � terms. The higherthe order � is taken, the more
distributionscanberepresentedby thefamily andthemoresensitive thetestbecomesto
a broaderrangeof alternatives,but on theotherhand,thehigher � the lesspowerful the
testbecomesfor low-orderalternatives. In orderto overcomethe problemof choosing
an appropriatevalue for � , Ledwina (1994)proposedto make the testdata-driven, i.e.
theorder � is estimatedfrom the data. The last 5 yearsmany suchdata-driventestsare
developed,andthey seemto havedesirableproperties.

Up to now we only discussedthe oldest,original GOF problemof decidingwhetheror
not a given samplemay have beengeneratedby a specifieddistribution. This problem
is sometimesalsoknown astheone-sampleGOFproblem.This is howevernot theonly
GOF problem. Another importantmemberis the 2-sampleGOF problem,wherethe
questionis to testthehypothesisthattwo independentsamplescomefrom thesamepop-
ulation or have the samedistribution. Again testsbasedon both Pearson’s ��� statistic
andon EDF-basedstatisticsareconstructed.Many of thesemethodsarevery similar
to thoseusedfor the one-sampleproblem,e.g. oncemorea Kolmogorov-Smirnov and
an Anderson-Darling(ScholzandStephens,1987)statisticexist, aswell asNeyman’s
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smoothtests(Eubank,LaRicciaandRosenstein,1987)andits data-drivenversions.
Thetestsnamedsofar for the2-sampleproblemaremoreor lessomnibustests,i.e. they
aresensitive to almostall alternativesto thenull hypothesis.Sometimesoneis especially
interestedin a specificalternative, e.g. a shift in locationor a changein dispersionbe-
tweenthe distribution. Probablythe bestknown test for testinga location shift is the
classical� -test(undertheassumptionof normalityandequalityof variances),or thenon-
parametricMann-Whitney test(MannandWhitney, 1947;Wilcoxon,1945).
Thenull hypothesisof equalityof � distributionsis referredto asthe � -sampleproblem.
Most of the above mentionedtechniquesareextendedto this settingaswell. Among
the most recentmethods,only the data-driven 2-sampletest of Janic-Wŕoblewskaand
Ledwina(2000)is not yetextended.

Yet anotherproblem,that is nowadaysrecognizedasa GOF problem,is testingfor in-
dependence,i.e. thenull hypothesisis that2 variablesareindependent.Originally, this
type of questionwasaddressedin the context of regression,even assoonasin the be-
ginning of the 19th century. It wasGalton,who lived from 1822-1911,who invented
the correlationcoefficient which is todayknown asthe Pearson’s productmomentcor-
relationcoefficient, who discoveredthe relationbetweencorrelationandregression.In
theearlydaystheindependenceproblemwasstudiedcompletelyin thebivariatenormal
distribution. Underthis assumption,thefirst statisticaltestfor testingwhetheror not the
correlationcoefficient is zerowasproposedby Fisher. A generalrestrictionof theuseof
the Pearsoncorrelationcoefficient is that it only measuresa lineardependencebetween
thetwo variables,andthustestsbasedon this measurearenot omnibus.
Oncethetestsfor thegeneralGOFproblembeganto appear, onestartedto seethesimi-
larity betweenbothproblems,andanalogousomnibustestsweredeveloped.Again,most
relevant to this thesisarethosemethodsthat areEDF-basedbut could be placedin the
framework of testingindependencebetweendiscretevariables. The testsof Hoeffding
(1948)andBlum, Kiefer andRosenblatt(1961)aresuchexamples. Also smoothtests
(e.g.Koziol, 1979;Eubanket al., 1987)andtheirdata-drivenversions(Kallenberg,Led-
winaandRafajlowicz, 1997;Kallenberg andLedwina,1999)aredevelopedandwill turn
out to beimportantfor thework presentedin this thesis.

Most of the methodsreferredto in the previous paragraphsareomnibus tests,i.e. the
testsaresensitive to almostall alternativesto thenull hypothesis.Althoughthis is con-
sideredto beadesirableproperty, it alsodirectly impliesthatwhenthenull hypothesisis
rejected,still no answeris given towardsthe reasonfor the rejection,i.e. what the true
alternativemaybe. E.g. whenthe2-samplenull hypothesisis rejected,it maybemainly
causedby a differencein meansor a differencein dispersion,etc. Teststatisticsthatcan
bedecomposedinto interpretablecomponentsmaybea solution.
Anotherimportantpropertyfrom a practicalpoint of view is thata testis nonparametric
(distribution-free).This meansthat its null distribution doesnot dependon thehypothe-
sized,nor on the truedistribution. This makesthe calculationof the critical valuesand
thep-valuesmuchmoreeasier. Many testshavethispropertyasymptotically, othershave
it evenfor finite samplesizes.
Althoughalreadymany testsexist with theabovementionedcharacteristics,thereis still
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ongoingresearchin thisfield. Thereasonfor this is thatwithin themostgeneralomnibus
setting,except for a few specificsimple null hypotheses,thereis no Uniformly Most
Powerful (UMP) testavailable. Hence,for finite samplesizes,sometestswill have bet-
ter powersundersomealternative hypotheses,andotherswill have betterpowersunder
otheralternatives,but nonehasthehighestpower underall alternatives. This leavesthe
questionopenfor a distribution-freeomnibusconsistenttestwith good“overall” power
properties.

Despitetheexistenceof otherformsof GOFproblems(e.g. thesymmetryproblem),in
this work the attentionis restrictedto the threeabove mentionedhypotheses:the one-
sample,the � -sampleandtheindependenceproblem.We have constructeda new family
of nonparametricomnibusconsistenttestswhich areall basedon the sameprinciple of
repeatedlypartitioningthesamplespace,andapplying��� -teststo thecontingency tables
thatareinducedby the partitioning. By changingthesizeof the samplespacepartition
(SSP)thepowercharacteristicsof thetestmaychange.Sincetheflexibility of letting the
SSPsizechooseby theuseris sometimesinterpretedasadisadvantage,wehaveproposed
adata-drivenversionaswell. In thiswaya goodpartitionsizeis chosenby thedata.The
testsarecloselyrelatedto testsof theAnderson-Darlingtype,or, in somecases,maybe
consideredasa generalizationof them. Moreover, thenew testsalsopartially fill in the
gapbetweentheseAnderson-DarlingtypetestsandNeyman’ssmoothtests.
Thewholeclassof testsis referredto asSampleSpacePartition tests(SSPtests).

In Chapter 2 thethreeaforementionedGOFproblemsareexplainedin aninformal way.
Simultaneously, examplesareintroduced.Theseexampleswill beusedlater to illustrate
themethodsthataredevelopedin this thesis.

Somebasicterminologyandnotation,aswell asaformaldescriptionof theGOFproblem
aregivenin thebeginningof Chapter 3.

In Chapter 4 anoverview of theliteratureon testsfor thethreeGOFproblemsis given.
Sincethereis averyvastliteratureonthesubject,it is definitelynotourintentionto givea
completesurvey of all GOFmethods.Wehavechosento presentthosetechniquesthatare
relevantfor themethodsthataredevelopedin thiswork. Althoughthereexist exploratory
tools to assessGOF in an informal way (e.g. by meansof a graphicalexploration),the
literaturestudyis mainly limited to statisticaltests.A distinctionis madebetweenthree
typesof tests:��� -typetests,EDF-basedtestsandsmoothtests.

A new testfor theone-sampleGOFproblemis developedin Chapter 5: theSSPtest.All
conceptsandprinciplesthat serve asthe cornerstoneof all SSPtests,arefirst carefully
introduced.Next, theSSPtestis constructed,andits asymptoticnull distribution is pro-
posed.A distinctionbetweena simpleanda compositenull distribution mustbemade.
The relation with the original Anderson-Darlingtest (Andersonand Darling, 1952) is
shown. Apart from themoretheoreticaldiscussionof theSSPtest,theresultsof a power
studyareshown aswell. This is especiallyof interestto understandthebehaviour of the
testwith finite samplesizes.Also thenew testsareappliedto thedatasetsintroducedin
Chapter2. Furthera data-drivenversionof theSSPtestis constructed.
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For the � -sampleproblem,a new SSPtestis presentedin Chapter 6. Sinceit is based
on thesameprinciplesasthosefor theone-sampleSSPtest,theconstructioncanbekept
more concise. The SSPtestnow turnsout to be a rank test. Both its asymptoticand
its exactnull distribution arepresented.It is shown that the � -sampleAnderson-Darling
statistic(ScholzandStephens,1987)is a specialcaseof theSSPstatistic.Again a data-
driven versionis constructed.Further, in a limiting case,the SSPstatisticis shown to
bea Neyman’s smoothteststatistic(Eubanket al., 1987). A data-drivenversionin the
senseof Ledwina(1994),hasthe potentialof leadingto a generalizationof a recently
published2-sampledata-drivensmoothtestof Janic-WŕoblewskaandLedwina(2000)to
the � -sampleproblem.A decompositionof theSSPteststatisticis given,which maybe
consideredto indicateanalternativewhenthenull hypothesisis rejected.
The new testsareappliedto the examplesintroducedearlier, anda power studyis pre-
sented.

In Chapter 7 theSSPtestfor independenceis presented.Again it is basedon thesame
centralideaof repeatedlypartitioningthesamplespace.Sincethetestis againaranktest,
bothapermutationtestandatestbasedon its asymptoticnull distributionareconsidered.
A relationwith theAnderson-Darlingtestandthetestsof Hoeffding (1948),Blum et al.
(1961) is shown. Also a data-driven versionis defined. A power study is includedto
comparethenew testswith classicaltests.

Most of thetheorythat is developedin this thesisis restrictedto univariaterandomvari-
ables. E.g. in Chapter5 the SSPone-sampleGOF testmay be usedto testunivariate
normality. It is however alsobriefly indicatedhow themethodscanbeextendedto deal
with multivariatesituation,e.g.testingfor multivariatenormality.
Further, thecoreof theSSPstatisticsis heremostlytakento beaPearson��� statistic,but
mostof thetheoryremainsvalid whenthecorestatisticis replacedby anothermemberof
thefamily of PowerDivergenceStatisticsof CressieandRead(1984).Also thisextension
is only briefly mentionedin therespectivechapters.

Althoughin Chapters5, 6 and7 many of thepropertiesof theSSPstatisticsarediscussed
in arathertheoreticalway, wefeel thattheimportanceof thework thatis presentedin this
thesis,is found in the ideasthat lay beneathandits applicability to practicalproblems,
which is shown hereby meansof examplesandextendedsimulationstudies.Moreover,
the“proofs” thatarepresentedin this thesisareactuallymeantassketchesof theproofs.
Even,in someinstances,heuristicproofsaregiven.

In the lastchapter(Chapter 8) relatedtopicsfor further researcharepresented,aswell
assomeconcludingremarks.
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CHAPTER2

ThreeGoodness-of-FitProblems:
IntroductionthroughExamples

Thepurposeof this chapteris to giveaninformal introductionto thethreetypesof GOF
problemsthatwill be handledin the remainderof this thesis.This will not be achieved
by discussingthe threetypesin sequence,but ratherby introducingthe examplesone
after the other, andwhererelevant the GOF problemswill be discussedin termsof the
respective examples. Most of the examplesserve as illustration to morethanonetype
of GOFproblem.They will alsobeusedin thesubsequentchaptersto illustratethenew
statisticaltestsproposedin thiswork.

While presentingtheexamples,someof themostclassicalstatisticalmethodswill already
beperformedin orderto getat leastsomeinsightin thedata.

2.1 Chemical Concentration Data

In a studyon theeffect of environmentalpollutantson animals,Risebrough(1972)gives
dataontheconcentrationof severalchemicalsin theyolk lipids of pelicaneggs.Thedata
consideredherearethe PCB (polychlorinatedbiphenyl) concentrationsfor 65 Anacapa
birds.Thecompletedatais presentedin Table2.1.Theexamplewill bereferredto asthe
ChemicalConcentrationData.

7



8 Intr oduction thr oughExamples

Table2.1: Concentrationof PCBin theyolk lipids of 65pelicaneggs.

Concentration
452 184 115 315 139 177 214 356 166 246 177 289 175
324 260 188 208 109 204 89 320 256 138 198 191 193
305 203 396 250 230 214 46 256 204 150 218 261 143
132 175 236 220 212 119 144 147 171 216 232 216 164
199 236 237 206 87 205 122 173 216 296 316 229 185

In theoriginal studythemeanPCBconcentrationin Anacapaeggswascomparedto the
meanconcentrationin eggsof otherbirds,but herewe will not usethedatafor thatpur-
pose.Many researchers,afterhaving collectedthis typeof data,would like to makesome
explorativesummariesof thedata.Oneof thefirst quantitiesthatareoftencomputed,is
the samplemeanof the observations,aswell asa, say95% confidenceinterval for the
mean.Whenthis typeof analysisis donewithin standardsoftware,or by handbasedon
formula’s presentedin mostbasicstatisticalhandbooksfor researchers,the confidence
interval will mostprobablybegivenby

�	�
 �
��� � ����� �����
� �
��� �	�� �
��� � ����� �����

� �
� � (2.1)

where
�	

and
� � are the samplemeanand the samplevarianceof the � observations,

respectively, and�
��� � ����� ��� � is the !#"�"%$
! 
 "'& ")(�*,+.-0/21,34& *%- percentileof a � -distribution
with � 
 ! degreesof freedom.For finite samplesizesthe coverageof this confidence
interval is howeveronly correctwhenthedataarenormallydistributed.Also,whenin the
original studythedatafor theAnacapabirdsis comparedto otherdata,a � -testmight be
used,for which thesameassumptionof normalitymustbesatisfied.
Onemay make a point herethat the parametricconfidenceinterval of Equation2.1 is
not the only solution. Thereexist e.g. rank basedintervals aswell (e.g. Puri andSen,
1971), or bootstrapintervals (e.g. Efron and Tibshirani, 1993; Davison and Hinkley,
1997),for whichnonormalityassumptionis needed.Indeed,this is true,but on theother
hand,when the data is normally distributed, then the parametricinterval of Equation
2.1 is the optimal interval, in the sensethat it is the most narrow interval amongall
unbiasedintervals. Furthermore,onemight arguethatwith theChemicalConcentration
Data,thereis actuallynoneedfor testingnormalityaslongasthepurposeis to constructa
confidenceintervalof themean,for with 65observations,by thecentrallimit theorem,the
distributionof thesamplemeanmayhavesufficiently convergedto a normaldistribition.
Indeed,this argumentmay hold in someoccasions,but when the datais e.g. highly
skewed,65 observationsmaystill betoosmall(BoosandHughes-Oliver, 2000).

Thus,a researcherwill performfirst a test for normality, e.g. a Kolmogorov-Smirnov
(Kolmogorov, 1933; Smirnov, 1939),or a Shapiro-Wilk (ShapiroandWilk, 1965)test.
The testingproblemjust describedis the one-sampleGOF problem. More generally,
thenull hypothesisof theone-sampleproblemis
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5 � : thedataaredistributedaccordingto aspecificdistribution.

At this point, we would like to draw theattentionto themeaningof specific. In the ex-
ampleat handthespecificdistribution is a normaldistribution,but a normaldistribution
is characterizedby two parameters:themean6 andthevariance7 � . Sinceit is however
not known apriori whatthetruemeanandvarianceare,it cannot bespecifiedin thenull
hypothesis,resultingin a null hypothesiswhich only statesthe form of thedistribution.
Hencethenull distributionactuallycoversaninfinite numberof possiblenormaldistribu-
tions,which areall of thesameform. Sucha setof distributions,parameterizedby some
parameters,is calleda parametricfamily of distributions.
In practicetheone-sampletestis performedwith theunknown mean6 andvariance7 �
replacedby their samplecounterparts:thesamplemean 869/ �	

andthesamplevariance
87 � / � � .
Whenthe parameterswould have beenknown a priori, the distribution that is specified
underthe null hypothesiswould have beenspecifiedcompletely. In this case,the null
hypothesisis calledasimplenull hypothesis. Fromatheoreticalpointof view this is the
mosteasysituation.When,on theotherhand,theparametersareunknown andmustbe
estimatedfrom thedatafirst, andthusonly aparametricfamily is specifiedunderthenull
hypothesis,thenthenull hypothesisis calledacompositenull hypothesis. Thelattersit-
uationis whatoccursmostfrequentlyin practicalsituations,but thecorrespondingtheory
is heavier, i.e. the null distributionsof the teststatisticsareoftenmoredifficult to find.
E.g. the Kolmogorov-Smirnov statisticis undera simple null hypothesisdistribution-
free,i.e. its null distribution doesnot dependon thedistribution specifiedunderthenull
hypothesis.But whenonly a family is specified,thenits null distribution dependsboth
on the parametricfamily andon the parametersthatmustbe estimated.For the present
exampleof testingnormality with unknown meanandvariance,the null distribution is
givenby Lilliefors (1967).

TheGOFof thechemicalconcentrationdatahasbeenanalyzedbeforeby someauthors
(BestandRayner, 1985;RaynerandBest,1989;ThomasandPierce,1979).

A histogramof the datais shown in Figure2.1(a). On the samegrapha kerneldensity
estimatorof thedensityis shown aswell. Thekerneldensityestimationwasperformed
with aGaussiankernelwith abandwidthdeterminedby meansof theUnbiasedCrossVal-
idationmethod(Silverman,1986;VenablesandRipley, 1997). Especiallythehistogram
suggeststhatthedistributionmightbeabit skewed,but thismustbeinterpretedwith care
sincetheform of thehistogram,whenbasedonamoderatesamplesize,dependsstrongly
on thebreakpoints(it is indeedpossibleto constructa histogramwhichdoesnotsuggest
skewness(figurenot shown)). Theskewnessindicationis notcontradictedby thedensity
estimation.Thebox plot (Figure2.1(c)),however, shows threeoutlierswith ratherhigh
PCBconcentrations.Thismayat leastpartiallyexplaintheskewedhistogramanddensity
estimate.Apart from theseoutliers,theremainderof theboxplotslooksverysymmetric.
Also the QQ-plot (Figure2.1(b)) shows the asymmetricform, but alsohereit may be
causedby thethreeoutliers.

TheKolmogorov-Smirnov testgives:;/2"�& "�*)(,! , i.e. anearlynon-significantresultat the
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Figure2.1: A histogramwith a densityestimation(a), the normalQQ-plot (b) andthe box plot (c) of the
ChemicalConcentrationData.

traditional *,- level of significance.Nevertheless,:;/2"�& "�*�(%! still showsmuchevidence
in the directionof nonnormality. ThomasandPierce(1979)performedan ordinary ���
testwith 8 and10 equiprobablycells, both resultingin non-significance.On the other
hand,they alsoperformeda Neyman’s smoothtestwhich did give a significantresult.
LaterBestandRayner(1985),RaynerandBest(1989)applieda similar smoothteston
the data,basedon components3 up to 6, which clearly showed a significantdeviation
from normality. In particular, sinceespeciallytheir first componentwasratherhigh, they
concludedthatthedeparturefrom normalityis dueto theasymmetryaroundthemean.
Detailson thetestsreferredto above,will begivenin subsequentchapters.

2.2 Sing er Data

A similarGOFproblemariseswith theSingerdataset,whichis usedby Cleveland(1993)
to illustrateTrellis graphs. The datasetconsistsof heightsof singersin the New York
ChoralSociety. We only considerthe first groupof 35 alto. The dataarepresentedin
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Table2.2

Table2.2: Heights(in inches)of 35Alto.

Height
65 62 68 67 67 63 67 66 63 72 62 61 66 64 60
61 66 66 66 62 70 65 64 63 65 69 61 66 65 61
63 64 67 66 68

Thusthe questionthathasto answeredis whetheror not theheightsof alto is normally
distributed.Figure2.2shows thehistogramwith kerneldensityestimate(a), theQQ-plot
(b), andthebox plot (c) of thedata.Noneof thesegraphssuggestsany severedeviation
from normality, especiallyconsideringthatthedatasetcontainsonly 35observations.
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Figure2.2: A histogramwith a densityestimation(a), the normalQQ-plot (b) andthe box plot (c) of the
SingerData.

WeperformedbothaKolmogorov-Smirnov test(with Lilliefors correction)andaShapiro-
Wilk testonthedata,resultingin :;/<"�& =�")1 and:;/2"�& =,3#1 , respectively. Wealsoapplied
adata-drivensmoothtestof Inglot, Kallenberg andLedwina(1997),Kallenberg andLed-
wina (1997),which gave :>/?"�& @,!#" . Sincenoneof the : -valuesis small, in conclusion,



12 Intr oduction thr oughExamples

theredoesnot seemto bemuchevidenceagainstthehypothesisof normality.

2.3 Cultiv ars Data

The Cultivars Datasetis taken from Karpenstein-Machen,Honermeierand Hartmann
(1994),Karpenstein-MachanandMaschka(1996). It hasalsobeenanalyzedby Piepho
(2000).This examplewill bereferredto astheCultivarsData.

The dataset containsthe yields (in tonsper hectare)of two triticale cultivars: Alamo
andModus.Yieldson bothcultivarsareobtainedin 19 differentenvironments.For each
environment,a fertility score(“Ackerzahl” (AZ)) wasrecorded.Thedataarepresented
in Table2.3.

Table2.3: Yields(in tonsperhectare)of two cultivars,andthefertility score(AZ) from 19environments.

yield
Environment Alamo Modus AZ

1 98.250 96.200 61
2 112.950 115.400 60
3 66.875 69.175 39
4 106.500 123.900 82
5 64.800 53.750 30
6 82.900 88.350 55
7 96.433 101.033 35
8 78.950 82.650 75
9 74.200 80.000 28
10 71.600 79.300 42
11 88.550 86.250 28
12 93.650 95.550 42
13 75.000 71.300 54
14 94.450 100.450 80
15 95.033 98.067 85
16 84.150 80.150 33
17 93.350 97.200 50
18 64.650 60.000 24
19 67.750 70.600 45

The aim of the studywas to assessif thereis a differencebetweenboth cultivars,and
to checkwhetheror not thereis anassociationbetweentheAZ-scoreandthedifference
in yield. Theformerquestionmaybesolvedby performinga paired� -teston thepaired
data. An assumptionunderlyinga paired� -testis that the differencebetweentheyields
of thecultivarsis normallydistributed. Again this is a one-sampleGOFproblemwith a
compositenull hypothesis.
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Piepho(2000)performeda Shapiro-Wilk teston the differencein yields to assessnor-
mality. Sincethe corresponding:�/A"�& (�*)@�B , the normality assumptionwasaccepted.
A histogramwith a kerneldensityestimate,the QQ-plot andthe box plot areshown in
Figure2.3, andthey seemto supportthe conclusion.Note that someirregularitiesmay
beobservedin thegraphs,but this is not uncommonbecauseof thenaturalvariability in
smallsamples(� /0!C1 ).
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Figure 2.3: An histogramwith a densityestimation(a), the normal QQ-plot (b) and the box plot of the
CultivarsData.

The problemof assessingan associationbetweentwo variablesis the independence
problem. Let

	
and D denotethetwo variables,thenthenull hypothesisis

5 � : 	 and D areindependent.

Piepho(2000)performedheretoa linear regressionof the yield differenceon the AZ-
score. His analysisresultedin a significantslope(:E/F"�& "�(%!C* ) at the *,- level, so it
couldbeconcludedthatthereis asignificantlinearrelationbetweentheAZ-scoreandthe
differencein cultivaryields.Healsodid somediagnosticsontheregressionfit, indicating
nodeviationfrom thelinearityassumption(residualplots,andacomparisonwith amodel
which alsoincludeda quadraticterm for AZ), no evidenceagainstnormally distributed
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residuals(Shapiro-Wilk: :G/H"�& (�*�@)B ), and no deviation from the variance-constancy
assumption(residualplot).
Thus,atfirst sight,thereseemsto benocritiqueonhisanalysis.Figure2.4showsascatter
plot of theyield differenceagainsttheAZ-score.On thegraphthelinearregressionline
is indicated. Regressiondiagnosticsrevealedhowever that observations4 and5 hada
Cook’s Distancegreaterthan0.2 (14 out of the 19 observationshadCook’s Distances
smaller than 0.1). Also their DFITS valuesare the most extremeof all observations.
Thus, both observation could be consideredas influential outliers. (Seee.g. Belsey,
Kuh andWelsch(1980),CookandWeisberg (1982)for a discussionon diagnosticsfor
influential outliers.) Therefore,we did the regressionagain,but on a reduceddataset
with observations4 and5 removed.Thedeletedobservationsandthenew regressionline
arealsoshown in Figure2.4. Now thep-valueassociatedwith the testfor zero-slopeis:�/I"�& (�=)=�* , which is clearly far larger than the original "�& "�(%!C* . This analysisshows
that the original conclusionis stronglydependenton the presence(andthe validity) of
theseinfluentialoutliers.Thelinearregressionanalysisdoesnotseemto berobustto this
phenomenon.Moreover, the linear regressionwasalsoperformedby meansof a robust
regressionprocedurebasedon J -estimation(HeibergerandBecker, 1992),which also
indicateda reductionin slopeestimateafterthetwo observationsweredeleted.
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Figure2.4: A scatterplot of the yield differenceagainstthe AZ-score. The full line andthe dashedline
representthe linear regressionline of the completeandthe outlier-deleteddataset,respectively. The outliers
areindicatedby filled dots.

Apartfromtherobustnessproblems,therecouldhaveoccurredotherdifficultiesthatmade
theanalysislessstraightforward. E.g. in many occasionstheresearcherdoesnot known
beforehandwhattypeof dependenceexistsbetweenthetwo variablesthatheis studying.
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In the presentexampletheredoesnot seemto be an indication that the dependenceis
nonlinear, thoughtheresearcherdid nothaveany apriori knowledgeto supportany such
assumption.In this thesisthe methodsthat arestudiedfor testingindependenceareall
omnibustests.Omnibusmethodshave thecharacteristicthat they aresensitive to almost
all alternativesto thenull hypothesisof independence.It mayhoweverbeexpectedthat,
if in reality thedependenceis linear, anomnibustesthaslower power thana testthat is
constructedspecificallyfor testinga lineardependence(a testof thelatterkind is calleda
directionaltest).Thus,omnibustestshavetheadvantagethatno apriori knowledgemust
beavailable,but on theotherhandthey have thedisadvantagethatthey oftenhave lower
power ascomparedto a directionaltestsif the truedependenceis theonefor which the
lattertestis directionalsensitive.

2.4 Gravity Data

The (American)National Bureauof Standardsin WashingtonDC conductedbetween
May 1934andJuly 1935eight seriesof experimentsto determinethe accelerationdue
to gravity (g). All experimentswereconductedat thesameplace(WashingtonDC). The
dataareshown in Table2.4,andwill bereferredto astheGravityData.

Table2.4: TheGravity datafor the8 seriesof experiments.Thedataaregivenasdeviation from K)L M#NPO�Q�R
in unitsof S
NTO Q�R L UWV Q�X .

series
1 2 3 4 5 6 7 8
76 87 105 95 76 78 82 84
82 95 83 90 76 78 79 86
83 98 76 76 78 78 81 85
54 100 75 76 79 86 79 82
35 109 51 87 72 87 77 77
46 109 76 79 68 81 79 76
87 100 93 77 75 73 79 77
68 81 75 71 78 67 78 80

75 62 75 79 83
68 82 82 81
67 83 76 78

73 78
64 78

Thedatahavebeenanalyzedbeforeby e.g.Cressie(1982),DavisonandHinkley (1997),
Rosenkrantz(2000).

The questionthat may be of interesthereis whetherthe observationsfrom the 8 series
comefromthesamedistribution. If thiswouldnotbethecasethen,of course,theNational
Bureauof Standardswouldnot have foundastandard,nor a standardmethodto measure
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thegravity.

The questionraisedin the previousparagraphis the Y -sampleproblem. Thusthe null
hypothesisis

5 � : theobservationsfrom the � sampleshavethesamedistribution .

Therearemany alternatives to the null hypothesispossible. Probablythe bestknown
alternative is the locationshift alternative. In this caseoneonly wantsto rejectthenull
hypothesisif themeans(or themedians)of the � distributionsarenotequal.Thisspecific
questionwill be referredto asthe � -samplelocationshift problem. In otheroccasions
oneonly wantsto rejectthenull hypothesisif thevariancesarenot equal(the � -sample
dispersionproblem).In this thesis,however, mostof thetime themostgeneral� -sample
problemwill beconsidered,though,whenthenull hypothesisis rejectedin favour of the
omnibusalternative,it wouldbeniceto haveamethodthatindicatesaswell whatthetrue
situationmaybe(e.g.rejectionis dueto a locationshift, or achangein dispersion).

The box plots for the Gravity Dataareshown in Figure2.5. Most apparent,thesebox
plotsshow adifferencein dispersion,thoughthisconclusionbasedonavisualinspection
mustbe interpretedwith caresinceeachof the 8 samplescontainsonly between8 and
13 observations.QQ-plotsarepresentedin Figure2.6. Althoughsomeof the QQ-plots
mayseemto indicatesomedeviation from normality, it is hardto formulatea conclusion
basedon thevisualinspection,againbecausethesamplesarerathersmall.Kolmogorov-
Smirnov testsfor normalityhavebeenperformedon eachof the8 series:only for the7th
seriesthe testgave a significantresult(:Z/0"'& ")@�*,! ) (notethe two outliersin Figure2.5
for series7).

Exceptfor theone-sampleGOFquestionfor all 8 series,thespecific � -samplequestion
thatwill be of interestin this thesisinvolvesonly the first andthe last series.Thusthe
problemis reducedto a2-sampleproblem.A typicalsolutionfor testingthenull hypothe-
sisagainstthelocationshift alternativeis an [ -testin aclassicalANOVA, or equivalently
anunpaired� -test,for which however a normalityanda variance-constancy assumption
musthold. Althoughfor bothseries1 and8 theKolomogorov-Smirnov testsindicatedno
deviation from normality, it maystill bepossiblethattheresidualsof theANOVA model
aremore informative towardsnonnormality(sincethe numberof residualsis 8+13=21
is larger thanthenumberof observationsusedfor theKS tests(8 and13), thepower of
the former testis expectedto be larger). Thenormalityassumptionmaybeassessedby
meansof a QQ-plot. This is presentedin Figure2.7,which now clearlyshows a system-
atic departurefrom normality. Moreover, Cook’s distances(Cook andWeisberg, 1982)
werecalculated;they indicatethat3 observationsareinfuentaloutliers.Thusthep-value
of the [ -test(:\/]"�& ",!�3#* ) maybequestionable.As analternativeapproach,Wilcoxon’s
ranksumtestis appied,resultingin :;/<"�&^!C(%!C= . Thustheevidencein favourof a location
shift is not convincing. Further, Mood’s testis computedfor comparingthevariancesof
thetwo series.With :>/_"'& "%!�3�! it is concludedthat thetwo samplesmostprobablyare
differentin scale.

Finally, wewould liketo mentionthatDavisonandHinkley (1997)conductedabootstrap
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Figure2.5: Box plotsof the8 seriesof gravity measurementsasunits in S`NTO4Q�RCL UWVaQ�X from thereference
valueK)L M#NTO4Q�R .

testto testthe � -samplelocationshift hypothesis,takingthevarianceheterogeneityinto
account(i.e. a bootstraptestfor the Behrens-Fisherproblem). They found :9/b"�& "�=)" ,
pointinginto thedirectionof a locationshift.

2.5 Sleep Data

Allison andCicchetti (1976)publishedthe resultsfrom a studyon the sleepbehaviour
of 62 mammals,in which they tried to relatethemto somepossiblecovariates. Here,
we consideronly threevariables: the brain weight (measuredin grams),the lengthof
the gestationperiod(measuredin days),anda categorical variableindexing the overall
exposureto danger(5 categories). The dataon the selectedvariablesis reproducedin
Tables2.5and2.6.This examplewill bereferredto astheSleepData.

A first questionto beansweredis whetherthereis arelationbetweenthebrainweightand
thegestation,or not. This requiresclearlya testfor independence.Figure2.8(a)shows
a scatterplot of bothvariables.Inferencebasedon a classicallinear regressionanalysis
(solid line) is not valid sincetheresidualvarianceshowsnon-constancy. Moreover, there
seemsto beasystematicdeparturefrom normality, which maybeto a largeextentdueto
the two mostextremeoutliers(African andAsianElephant).A robust linear regression
(dashedline), still shows a positive dependence,but to a much lower extend,andstill
showing residualvarianceheterogeneity.
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Figure2.6: QQ-plotsof theGravity Data.Panels(a)up to (h) correspondto series1 to 8, respectively.

Thesecondquestionthatneedsto beansweredis to assessany differencein brainweight
betweenthe 5 classesof dangerexposure. Figure 2.8(b) shows the box plots. The
Kolmogorov-Smirnov test reveals that only the brain weightsof the 5th dangerclass
may be consideredto be normally distributed(all : -values cd"�& "�")",! , except for class
5, :2ef"'& * ). Levene’s testfor equalityof variancesresultedin :]/f"�& "�",3 , indicatinga
strongsignificantdifferencebetweenthevariances.Hence,theassumptionsfor an [ -test
for equalityof meansarenot fulfilled. A Kruskal-Wallis testmaybeperformed,but since
theformsof the5 distributionsaredefinitelynot equal,a rejectionof thenull hypothesis
would not necessarilyimply a differencein location,but ratherthemoregeneralalterna-
tive of a differencein stochasticordering. Kruskal-Wallis gives :_/g"'& ")"�(,3 . Thus,at
leastoneof thedistributionsis stochasticallylargeror smallerthantheothers.

2.6 Ethanol Data

Thedatapresentedin thissection,whichwill bereferredto astheethanoldata, consistsof
88observationsof theconcentrationof nitric oxidesin engineexhaustandtheequivalence
ratio, which is a measureof the richnessof the air-ethanolmix. The measurementsare
madeon a singlecylinderautomobiletestengine.Thedataareshown in Figure2.9.

Originally onewas interestedin the relation betweenboth variables;Simonoff (1996)
usedthedatato illustratesmoothingmethods.Here,we only wantto testwhetheror not
thetwo variablesaredependent.Althoughonelook at thescatterplotrevealsimmediately
thatmostprobablythereis a relation(moreor lessquadratic),we includedthis example
mainlyto comparethetestthatwill beconstructedin thisthesiswith othertestsof whichit
is generallyknown thatthey areinsensitive to non-monotonicrelations.E.g. Spearman’s
rank correlationtest resultsin :�/d"'&h!#B,3C= indicatingno dependence.Kallenberg and
Ledwina(1999)performedtheir V teston the samedata,andcalculateda p-valueof 0,
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Figure2.7: QQ-plotof theresidualsof theANOVA modelof theGravity Data.

concludingtheexpected,verystrongdependence.

2.7 Some General Remarks

The datasetspresentedin the previoussectionshadat leastoneGOF problemthat has
to besolved.Althoughfor mostof theseproblemsit mayseemthatwe providedalready
a solution (e.g. [ -tests,Kolmogorov-Smirnov, Kruskal-Wallis, � -test in least-squares
linear regression,...), we would like to stresshereoncemorethat in this thesisomnibus
testswill be discussed.For suchtestsit will not be necessaryto assessassumptions
andto subsequentlylook for a methodthat works underthe assessedassumptions(e.g.
normality, linearity of a dependence).With the latterprocedurenot only theproblemof
multiplicity comesinto play, but alsothe dangerof endingup with a too stronglydata-
driven solution that might insufficiently guaranteethe generalizationof the conclusion
from theobservedpatternin thesampleto thetruestructurein thepopulation.Omnibus
testshavetheadvantageof beingmoregenerallyapplicable(noprior knowledgeneeded).
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Figure2.8: (a)A scatterplot of thebrainweightagainstthegestation.Thesolidandthedashedline represent
theleast-squareslinearregressionandtheM-estimationrobustlinearregressionlines,respectively. (b) Thebox
plots of the brain weight for eachof the 5 dangerexposureclasses(the datafor the African (danger=3)and
Asian(danger=4)Elephantandfor man(danger=1)arenotshown).
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Figure2.9: A scatterplotof thenitric oxideconcentrationandtheequivalenceratio (ethanoldata).
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Table2.5: TheSleepData.

species brainweight(g) gestation(days) dangerindex
African elephant 5712.00 645.00 3
African giantpouchedrat 6.60 42.00 3
Arctic Fox 44.50 60.00 1
Arctic groundsquirrel 5.70 25.00 3
Asianelephant 4603.00 624.00 4
Baboon 179.50 180.00 4
Big brown bat .30 35.00 1
Braziliantapir 169.00 392.00 4
Cat 25.60 63.00 1
Chimpanzee 440.00 230.00 1
Chinchilla 6.40 112.00 4
Cow 423.00 281.00 5
Deserthedgehog 2.40 2
Donkey 419.00 365.00 5
EasternAmericanmole 1.20 42.00 1
Echidna 25.00 28.00 2
Europeanhedgehog 3.50 42.00 2
Galago 5.00 120.00 2
Genet 17.50 1
Giantarmadillo 81.00 1
Giraffe 680.00 400.00 5
Goat 115.00 148.00 5
Goldenhamster 1.00 16.00 2
Gorilla 406.00 252.00 1
Grayseal 325.00 310.00 1
Graywolf 119.50 63.00 1
Groundsquirrel 4.00 28.00 3
Guineapig 5.50 68.00 4
Horse 655.00 336.00 5
Jaguar 157.00 100.00 1
Kangaroo 56.00 33.00 4
Lessershort-tailedshrew .14 21.50 4
Little brown bat .25 50.00 1
Man 1320.00 267.00 1
Mole rat 3.00 30.00 1
Mountainbeaver 8.10 45.00 3
Mouse .40 19.00 3
Musk shrew .33 30.00 3
N. Americanopossum 6.30 12.00 1
Nine-bandedarmadillo 10.80 120.00 1
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Table2.6: TheSleepData(continued).

species brainweight(g) gestation(days) dangerindex
Okapi 490.00 440.00 5
Owl monkey 15.50 140.00 2
Patasmonkey 115.00 170.00 4
Phanlanger 11.40 17.00 2
Pig 180.00 115.00 4
Rabbit 12.10 31.00 5
Raccoon 39.20 63.00 2
Rat 1.90 21.00 3
Redfox 50.40 52.00 1
Rhesusmonkey 179.00 164.00 2
Rockhyrax(Hetero.b) 12.30 225.00 2
Rockhyrax(Procavia hab) 21.00 225.00 3
Roedeer 98.20 150.00 5
Sheep 175.00 151.00 5
Slow loris 12.50 90.00 2
Starnosedmole 1.00 2
Tenrec 2.60 60.00 2
Treehyrax 12.30 200.00 3
Treeshrew 2.50 46.00 2
Vervet 58.00 210.00 4
Wateropossum 3.90 14.00 1
Yellow-belliedmarmot 17.00 38.00 1



CHAPTER3

ThreeGoodness-of-FitProblems:a
FormalIntroduction

In the introductoryChapters1 and2 an informal definition of the problemwasgiven.
Here, in Section3.3 a formal definition of the GOF-problemwill be given, but first,
in Section3.1, somebasic terminologyand notationis introducedand in Section3.2
the meaningof a statisticalmodel is explained. In the latter sectionalsothe distinction
betweenparametricalandnonparametricalmodelsis explained.Sincesomeof theterms
that are introducedin this sectionarebasictermsof ProbabilityTheory, we prefernot
to give all the definitionsin detail for thesecanbe found in any introductorybook on
ProbabilityTheory(e.g.Shorack,2000).

3.1 Some Basic Definitions

Let ij/�$ 	 � � &k&k& � 	ml +on bea : -variaterandomvariable(rv) definedoverasamplespace
(SS) p�qr/sp . A realizationof i will bedenotedby t , which takesvaluesin thesample
spacep . i will becalledcontinuousor discreteif all its components

	mu
(vT/w! � &k&x& � : )

arecontinuousor discreterv’s,respectively. If someof its componentarecontinuousand
theotherarediscrete,then i is saidto bea mixedcontinuous-discreterandomvariable.
Throughoutthis thesisit is assumedthat the multivariatedistribution of i is properin

23
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the senseof LauritzenandWermuth(1989). If i is continuous,we will alsoassume
that the cumulative distribution funtion (CDF), which is denotedby [ q $^tT+ , is differen-
tiable. Hence,thedensityfunction(df) of i existsandis denotedby y q $otT+ . Moreover,
we follow theseauthorsin assumingthat the densityfunction of i is stricktly positive
over the thesamplespacep . Theseassumptionson countinuousrvs aresummarizedin
AssumptionA1.

Assumption (A1).
The CDF of i is differentiable, and the correspondingdf is stictly positiveover the
samplespace.

Sometimesthe indicesmay be expanded,resultingin e.g. yxz|{ozx}��~�~� z���$`&h+ , or equivalently
y �o� �~�~� l $`&h+ . In casethereis noconfusionpossible,theindex mayevenbedropped.Marginal
dfsandCDFsarenotatedsimilarly. Althoughfor discretervs thetermdensityfunctionis
often replacedby probability function, we will for thesake of generalityusethe former
termin bothoccasions.

If the rv i is partitionedinto $oi � � i � + , then the conditionaldf of i � given i � is
denotedby y q {`� q } $^t �k� t � + , sometimesy � � � $�&^+ for short. Thenotationfor theconditional
CDF is similar.

The sampleof � observations �ki � � &x&k& � i �,� will be denotedby p � . This notationis
usedfor boththesampleof rvs i u

asfor therealizedsample,i.e. thesampleof realized
valuest u (v�/?! � &x&k& � � ).

3.2 Statistical Models

In statisticalliteraturethetermstatisticalmodelcanhaveseveralinterpretations,depend-
ing on thecontext. In this thesisthereis needfor aboutthemostgeneraldefinitionof a
statisticalmodel.

First,wewill giveabrief formaldescriptionof aprobabilityspace,from which implicitly
the definition of a statisticalmodel follows. Next, the distinction betweenparametric
andnonparametricmodelsis explained,andabrief discussiononparameterestimationin
thesemodelsis given.

3.2.1 The Relation between a Statistical Model and a Proba-
bility Space

Formally, theCDF [�q $otT+ is actuallyuniquelyrelatedto aspecificallyconstructedproba-
bility law ��� by choosinganappropriate7 -algebra� on p . Thisprobabilitylaw �%� , the7 -algebra� andthesamplespacep form togethertheprobabilityspace$hp � � � � � + . We
will interpretthe lattermathematicalobjectin thesameway asLindsey (1996,p. 411):
in an experiment,a point t���p is chosenat randomaccordingto the law � � . This
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processis calledtheunderlyingdatagenerating mechanism. It is alsoconsideredasan
abstractformulationof a statisticalor probabilisticmodel. Thechosenpoint determines
theoutcomeof theexperiment,� . For this �g��� , � � $���+ representstheprobabilityof
� . In this thesis,wewill notusetheprobabilityspaceexplicitely. Insteadwewill always
work on the level of distribution functionsanddensityfunctions. The aim of this para-
graphis only to show the relationbetweenboth andtheir relationto statisticalmodels.
A distribution is briefly denotedby [ whentheCDF is [�q $`&h+ . Further, i���[ is read
as“the rv i is distributedaccordingto [ ”, i.e. the rv i obeys theprobability law ���
within $hp � � � �%��+ , or, moreloosely, i hasCDF [�q�$`&h+ .
Thus,a statisticalmodelis basicallythedistribution thatgeneratesa samplethatcanbe
observed.In many contexts,bothtermsarethereforeinterchangeable.
A few examplesaregivento illustratethemeaningof astatisticalmodel.

EXAMPLE 3.1. The number(rv
	

) of bacteriaper unit of volume in the blood of
an animal can typically be describedby a Poissondistribution. The probability space$^p � � � � � + is obtainedby setting pI/g� and �d/I�)�#" � � �a! � � &k&x& � . Then,each�0�]p
clearly determinesthe outcome��/���� � �0� , andthe probability law � � $���+ is the

Poissonprobability function, i.e. � � $`��+�/ P � 	 /Z�,��/��.�'�k |¡za¢ , where 6G£I" is the
constantmean. ¤

EXAMPLE 3.2. Well known statisticalmodelsincludethe traditionallinear regression
models.Considerthesimplelinearregressionmodel

D u /<6 � � uh¥ �2¦ u � (3.1)

(v�/�! � &k&k& � � ) where6 ,
¥

andtheexplanatoryvariables� u aregiven,andthe
¦`u

arei.i.d.§ $o" � 7 � + for somegiven 7 . Basedon somepropertiesof the normaldistribution, the
modelformulatedin Equation3.1 now becomesD u � § $¨6 � � u ¥ � 7 � + (v�/A! � &k&x& � � ).
Thus,at every � u at which an experimentis conductedresultingin D u , this rv behaves
accordingtheprobabilityspace$hp � � � � � u + , wherenow p0/ª© , �0/?�k� 
¬« ��­ � ® ­ �mp � .
Everypoint ­ �mp determinesuniquelytheevent �b/¯� 
ª« �`­ ���¬� , andtheprobability
law � � u $���+°/ P �±D u �²�³��/´[%µx¶.$ ­ u + , where [�µk¶
$`&h+ is theCDFof

§ $h6 � � uh¥ � 7 � + .
Thus, strictly the above model is only definedat the given designpoints � � � &k&x& � � � ,
althoughoneis oftenwilling to adopttheassumptionthatthemodelremainstrueat inter-
mittentvaluesfor � u . A way to generalizethemodelis to considerthe � u asrealizations
of arv

	
, thenthediscussionin theformerparagraphremainsvalid,exceptthattheprob-

ability law now becomesa functionof � , i.e. �%� z $���+·/ P �¸Dw�>� � 	 /<�,��/´[ µ�� z $ ­ � �°+ ,
where [ µ4� z $`&h+ is theconditionalCDFof D , given � ,

§ $¨6 � � ¥ � 7 � + .
This examplecan serve as well to illustrate a connectionbetweena statisticalmodel
anda deterministicmodel. Supposethat 7�/F" (actually the limit 7b¹º" ), then the
normaldistribution

§ $o" � 7 � + becomesdegenerate,i.e. thedistribution reducesto a point
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probabilityat " . Themodelin Equation3.1 now reducesto D u /´6 � � u^¥ , in which no
stochastictermsoccurandwhich thereforecanbecalleddeterministic. ¤

3.2.2 Parametric versus Nonparametric Models

In the former sectionwe defineda statisticalmodelasa probability space$hp � � � � � + ,
which servesasthedatageneratingmechanism.Froma practicalpoint of view thesam-
ple spacep , which is the setof all possiblevaluesthat a realizationof

	
cantake, is

actuallydeterminedby theexperimentalframewhich is known to theresearcherprior to
thecollectionof theobservations.Therefore,without lossof generality, we will suppose
that thesamplespaceis known, in bothparametricandnonparametricmodels.Further,
for all properdistributionsthatareconsideredin this thesisthe 7 -algebracanbechosen
suchthatthecorrespondingprobability law is a CDF, a probability functionor a product
of bothwhentherv is continuous,discreteor mixedcontinuous-discrete,respectively. (In
ordernot to have to make thedistinctionbetweenthesethreetypesof multivariatedistri-
butions,we will mostlyusethetermCDF in all occasions.)By this specificconstruction
of the 7 -algebra,theprobabilitylaw is equivalentto theCDF.

What remainsunknown at the startof the datacollectionor samplingis the probability
law, or equivalently the CDF. Dependingon the degreeof knowledgeaboutthe CDF,
threetypesof modelsaredistinguished.

» Fully specifiedparametric model. Here, the CDF is completelyspecified,e.g.
in Example1 the model is fully specifiedwhen 6 is set to a known constant.In
Example3.2.1this is obtainedwhen6 ,

¥
and 7 areknown constants.

» Parametric family of models.Sometimesonly thefunctionalform of theCDF is
known. This function still dependson a finite numberof parameters,say ¼ , that
take valuesin a set ½ of permissiblevalues,which is calledthe parameterspace.
Thusfor all ¼f�ª½ the function definesindeeda properCDF. The CDF andthe
correspondingdistribution arenow denotedas [�z'$h�°¾`¼¿+ and [�À , respectively. The
collectionof [%À for all ¼ª�Z½ , or thecorrespondingCDFs,is calleda parametric
family of models,indexed by ¼ . This is alsodenotedas Á³Âd/���[%ÃZ®�¼b�?½ � .
Both the Examples1 and 3.2.1 are parametricfamilies, indexed by Ä_/Å6 and
¼Z/0$¨6 � ¥ � 7 + , respectively.

» Nonparametric models. Whenoneis evennot willing to assumeany functional
form for theCDF, but only thata properCDF exists,themodelis callednonpara-
metric.Theclassof all properCDF’s will bedenotedby Á³ÆÅÇsÁ Â .

More formally, undercertainregularity conditions,any CDF canbe uniquelyre-
constructedfrom the setof all moments6 u of whatever distribution. Hence,the
momentscanbeconsideredastheparametersdefiningthemodel. For continuous
rvs this meansthat in generalaninfinite numberof parametersis needed.For dis-
cretervs a finite numberof parametersmay be sufficient. Thus,a nonparametric
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modelcanbeseenasa specialcaseof a parametricfamily. Nevertheless,sinceits
genesisis motivatedby the absenceof knowledgeon the datageneratingmecha-
nismin any sense,nonparametricmodelsareconceptuallycompletelydifferent.

Yet anothertypeof modelsarethesemi-parametricmodels, which arearea specialclass
of nonparametricmodels.Here,a partof thedistribution is modelledasin a parametric
family, andtheremainingpart is left unspecifiedasin a nonparametricmodel.Thusstill
aninfinite numberof nuisanceparametersareinvolved.

EXAMPLE 3.3. Considerthemodelin Equation3.1of Example3.2.1,but supposenow
that the zero-meandistribution of

¦ u
is unknown. This model is calledsemiparametric.

¤

3.2.3 Parameter Estimation: a few Remarks

Of all themodelsdefinedabove, it is only thefully specifiedparametricmodelthatdoes
notaskfor parameterestimation.All othermodelshaveaparametervector¼ thatcontains
at leastoneparameterthatmustbeestimatedfrom thesample.Theestimatorof ¼ will be
denotedby 8¼ , or by 8¼ � whenits dependenceon thesamplesize� mustbestressed.

In many parametricmodelsthe researcheris interestedin only someof the parameters,
say È , containedin ¼]/w$oÈ �.É + . TheremainingparametersÉ arereferredto asnuisance
parameters.In many occasionsestimatesfor È canonly be calculatedsimultaneously
with thosefor thenuisanceparametersÉ , which makesthecomputationsgenerallymore
heavy, and,moreimportantly, mayreducetheefficiency of the È -estimators.

EXAMPLE 3.4. Considerthemodelin Example1. Theparametricfamily is thefamily
of all Poissondistributions,indexedby theparameter6 , which is themeanof thePoisson
distributedrv. If theresearcheris interestedin themeanconcentrationof bacteriain the
bloodof theanimal,hemustestimate6 basedonasampleof observations.Since6 is the
only parameterin themodel,no nuisanceparameterproblemsarise. ¤

EXAMPLE 3.5. Considerthe model in 3.2.1. Supposethat the researcherneedsto
answerthe questionwhetherthereis a linear regressionrelationshipor not. Thenhe is
only interestedin the parameter

¥
, but

¥
canonly be estimatedsimultaneouslywith 6 ,

andfor performinga � -testor for thecalculationof aconfidenceinterval for
¥

hewill also
needan estimatefor 7 . Thusthe parameterÉ /d$h6 � 7 + may thenbe calleda nuisance
parameter. ¤
For nonparametricmodelswe restrictthediscussionhereto continuousrvs becausethis
representstheworstcase.Earlierit wasmentionedthattheparametervectormayconsist
of all momentsof thedistribution. Otherinfinite-dimensionalparameterizationsmaybe



28 A Formal Intr oduction

considered.In general,however, mostof theseparametersdo not have alwaysa clear
interpretationto the researcher. Moreover, from a practicalpoint of view, he canonly
be interestedin a finite numberof parameters.Hence,an infinite numberof nuisance
parametersstill remains. It is obvious that estimatingan infinite numberof parameters
is problematicwith only a finite sampleat hand. The samediscussionholds for semi-
parametricmodelsin which all the parametersin the nonparametricpart are nuisance
parameters.

3.3 Three Goodness-of-Fit Problems

In Chapter2 sometypical examplesweregiven to illustratethreeimportantGOFProb-
lems. Basically, onewantsto apply a GOF methodwhenonehasto assesswhethera
givensampleof observationscomesfrom a distribution with somespecifiedcharacteris-
tics. This thesisis mainly focussedon statisticaltestsfor GOF.

3.3.1 The General Null Hypothesis

Fromthediscussionin Section3.2,everyproperCDFcanbedenotedby [�ÀÊ�¬Á³Â9Ë2Á Æ ,
wheretheparametervector ¼>�;½ maypossiblybeinfinite-dimensional.We will further
assumethat the parameterizationis suchthat thereis a one-to-onemappingfrom ½ to
Á Â . Then,thenull hypothesisis statedas

5 � ®|[�q\�ZÌ � � (3.2)

where [ q is the true, but unknown CDF of rv i , and Ì)�9ËdÁ³Â is a setof specified
CDFs.Theset Ì � /<Á³Â<Í�Ìa� specifiesthedistributionsunderthealternativehypothesis.
Sincethereis a one-to-onemappingfrom ½ to Á Â , the decompositionÁ Â /IÌ �ÏÎ Ì �
impliesa correspondingdecompositionof ½ into themutuallyexclusive subsets½ � and
½ � , respectively. Hencethenull hypothesisformulatedin Equation3.2 is equivalentto

5 � ®4¼²�m½ � � (3.3)

where ¼ is the parametervectorof the true distribution [ . The symbol [Ð/�[ q will
beusedto denotethe true, but unknown CDF of therv i , i.e. theobservationsat hand
area samplefrom this distribution, andfor the elementsof Ìa� , ÑH/FÑ q will be used.
Of course,if [ is known, thereis no needanymorefor a GOFmethod.Hence,we will
supposethat in practicethe distribution [ is not completelyknown to the researcher.
Furthermore,asa working hypothesiswe will supposethatthesamplespacesassociated
with bothdistributionscoincide.

Assumption (A2).
Thedistributions [ and Ñ aredefinedon thesamesamplespacep .
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3.3.2 The Alternative Hypothesis

In the mostgeneralsetting,whenthe null hypothesisis not true, onedoesnot know in
whatsensethetruedistribution [ deviatesfrom thespecifieddistributionsin Ìa� . There-
fore, the alternative hypothesisis just the complementof the null hypothesis,Ì � /
Á³Â_ÍÏÌa� . GOF tests,that areconstructedfor this situation,and that are thussensitive
to all typesof deviation from thenull hypothesis,arecalledomnibustests. Thepricethat
hasto bepayedfor thisoverallsensitivity is a lossin power for somespecificalternatives
ascomparedto GOFteststhatareespeciallydesignedto detectdeviationsfrom

5 � in the
directionof thesespecificalternatives.

3.3.3 The One-sample GOF Problem: Simple and Composite
Null Hypotheses

The null hypothesisasgiven in Equation3.2 or 3.3 is generalin the sensethat the set
Ìa� still can be constructedin several ways. When the observationson i represent1
samplewhich is assumedto be generatedby one distribution, and when Ì � contains
just onedistribution, or at mosta parametricfamily of distributions,indexedby a finite
dimensionalparameter, then the null hypothesisin Equation3.2 is said to be the one-
sampleproblemnull hypothesis.
Dependingon theform of Ì � two typesof null hypothesisaredistinguished.

» Simple Null Hypothesis. If Ì � /���ÑTq � , i.e. Ì � containsonly oneelement,then
the correspondingnull hypothesisis calledsimple. This CDF canalsobe com-
pletely specifiedby onespecific,possiblyinfinite dimensional,parametervector¼ � . Thus,½g/?�k¼ � � .
Thesimplenull hypothesisis oftenformulatedas

5 �Ò®|[ q $^tT+°/?Ñ q $^tT+ � (3.4)

for all tª�Óp .

» CompositeNull Hypothesis. If Ìa� , or equivalently ½Ô� , containsmorethanone
element,we will supposethat Ì)��/dÌaÂ Õ representsa parametricfamily, indexed
by atleastasubvectorof ¼>�¬½Ô� . In many cases,whenthereis nothingassumedon
theform of thetruedistribution [ , ½ will beinfinite dimensionalandtheparame-
terizationof [ will behardto interpretby theresearcher. Thespecifiedparametric
family ÌaÂ Õ , on the otherhand,will oftenhave anotherparameterizationwhich is
finite dimensionalandhasa clearerinterpretation.In this case½Ô� is not a subset
of ½ , but we will supposethat ½Ô� is a subsetof a parameterspace,say ½ n , which
standsin aone-to-onerelationto ½ . Then,½ � /s½ n Í�½ � .

EXAMPLE 3.6. In the classicalnull hypothesisfor GOF-testsfor normality,
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thereis nothingassumedaboutthe true distribution [ , and Ìa�s/�ÌaÂ Õ is the set
of all possiblenormal distributions. Then, Á³ÂÖ/×Á Æ , which hasa moments
parameterizationindexed by ¼�/j$�Ä � � &k&x&x+ where Ä u is the v th moment; ½ is
the setof all such Ä . The null parameterspace,on the otherhand,is definedas½ � /Ø�)$h6 � 7 � Ä�Ù � Ä�Ú � &k&x&x+Ô®�Ä�ÙÛ/f" � Ä�Úr/E=�7 Ú � &x&k& � , where6 and 7 arethe mean
andthestandarddeviation, respectively. The relationbetweenbothparameteriza-
tionsis givenby Ä � /26 , Ä � /�7 � � 6 � , and Ä�Ù � &x&k& areuniquelydeterminedby 6
and 7 . Thus ½ n is thesetof all Ä n /�$¨6 � 7 � Ä�Ù � &k&x&x+ . In thepresentcontext, 6 and 7
arenuisanceparameters. ¤
For notationalcomfortwe will not alwaysmake thedistinctionbetween½ and ½Ôn .

3.3.4 The Ü -sample GOF Problem

A classicalproblemin statisticsis testingthe equalityof � distributions. Consideran
experimentin whichdatais independentlycollectedfrom � differentpopulations,then,of
course,theexperimentresultsin � independentsamples.A frequentlyoccurringquestion
is then: ” do theobservationsfrom these� sampleshave thesamedistribution ? “. It is
referredto asthe � -sampleGOFproblem.

Thereis a needhereto makea distinctionbetweenthe � samplesanddistributions.

Consider � samplesp � ¶�/Ö�#i u � � &x&k& � i u � ¶ � of � u : -variateobservations i uÞÝ
(ß�/

! � &x&k& � � u ; v2/à!�&x&k& � � ). The correspondingsamplespacesare denotedby p u (v</! � &x&k& � � ). The true CDF of the observationsfrom the v th sampleis denotedby [ zâá u /[ u . As before,the distributionsmay be embeddedin a parametricfamily, indexedby a
parameter¼ . An additionalindex v may thenbe usedto indicatethe correspondenceto
distribution v .
Consider� independentsamplesp � ¶ with correspondingCDFs [ u (vÒ/I! � &x&k& � � ). The
null hypothesisis

5 � ®|[ � $otT+°/´[ � $otT+·/_&x&k&'/?[�ã�$^tT+·/´ÑÒ$^tT+ for all tª�Óp and ÑE�¬Á � (3.5)

where Ñ denotesthecommonCDF, which, in contrastto theGOFhypothesisdiscussed
previously, mustnot bespecified.Further, p is thecommonsamplespaceunderthenull
hypothesis.TheexpressionÑE�¬Á stressesthatthedistributionbelongsto somespecified
classof distributions,whichpossiblyis thesetÁ Æ of all properCDFs.

To seehow this hypothesisfits into the generalGOF framework, a working variable D
is introduced. D is definedasa discretevariablethat takesvaluesin �)! � &k&x& � � � with
probabilitiesP �¸Db/>v`�Ò/ � ¶� , indicatingthe correspondingsample. The variable i is
augmentedwith D , resultingin isä�/d$^i � D�+ in sucha way that for all v�/I! � &x&k& � � ,i ä á u¨Ý /?$^i u¨Ý � vx+ . Let p�zåµ denotethesamplespaceof theaugmentedrv; thejoint CDFof
i ä is denotedby [�zxµ . Then,thedistributionof theaugmentedvariableof the v th sample
is simply [ u /G[ za� u $ot � ­ /?vx+ , i.e. theconditionaldistribution of i , given ­ /?v . The
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� -samplenull hypothesisin Equation3.5cannow beexpressedas

5 � ®|[ zxµ �ZÌ � /0�4[ zåµ $^t ��­ +�/?[ z $^tT+�[ µ $ ­ + � for all $^t ��­ +��¬p zxµ � �
wheregenerallythe commondistribution [%z</IÑ is not specified.Hence Ìa� typically
containsan infinite numberof distributions, reflectingthe nonparametricnatureof the
problem.

It mayalreadybeclearfrom thegeneralityof thenull hypothesisthattheremaybemany
typesof alternativehypotheses.

Themostgeneralalternativehypothesisis just thenegationof
5 � , i.e.

5 � ®�æåvÏç/Zß � t_®|[ u $otT+Tç/_[ Ý $otT+ � [ u � [ Ý �¬Á;&
It is importantto notethatit is still requiredthatall [ u �mÁ (v�/0! � &k&k& � � ). Thestatistical
problemrelatedto this hypothesiswill becalledthegeneral � -sampleGOFproblem,or
simply the � -sampleGOFproblem.Teststhatareconstructedfor testing

5 � againstthis
generalalternativehypothesis,arecalledomnibustests.

Probablythemostdiscussed� -sampleproblemis theonerelatedto the translation-type
hypothesiswhich representsashift in location:

5 � ®|[ u $^tT+·/´ÑÒ$^t �Ûèâu + for all v³/0! � &x&k& � � andnot all
è|u

equal,and Ñ��mÁ �
whereÁ is thesamesetasspecifiedin

5 � , andwherethe
è u �2© l quantify theshift in

location. If onerestrictsÁé/Å�4[�®ê[Ò$^tT+Ò/F[,�â$^t �sè + � è ��© l � , where ['� is some
specifiedCDF, thenthenull hypothesisis reducedto

5 ��® è � / è � /?&k&x&'/ è ã /_ë , and
thealternativehypothesisis thatat leasttwo

è
’s differ.

This settingwill bereferredto asthe � -samplelocationproblem.

Anotherimportantalternativehypothesisis givenby

5 � ®Ð[ u $^tT+°/?Ñ $^t 
²ì u +Wí ���u $^t 
²ì u + n for all v�/�! � &k&k& � �
andnot all í u equal,and Ñ��mÁ �

where
ì³u / EîT� i_� andwherethe í u are:�ïÊ: positive definitematrices.Especiallyin

theunivariatecase,where í u /b7 u �<© , this alternative hypothesisis well known. It is
calledthe � -samplescaleor dispersionproblem.

3.3.5 The Independence Problem

The independenceproblemis only definedin a multivariatesetting. Let the : -variate
rv understudy be partitionedinto two componentsi and ð , which contain : � and
: � univariatervs, respectively. The samplespaceis denotedby p�zåµ . Then, the null
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hypothesisof independenceis

5 � ®�[ zåµ �²Ì � /?�4[ zxµ $ot �
ñ +°/?[ z $^tT+`[ µ $ ñ + � for all $^t �
ñ +��mp zxµ � �
where [�z and [%µ aregenerallynot further specified.Thus,it is clearthat this problem
asksagainfor a nonparametricsolution.

Thenegationof thenull hypothesisexpressesthat thereis sometypeof dependencebe-
tweeni and ð . It is for this mostgeneralsettingthat themethodsin this thesiswill be
constructed.

Of coursetherearemany specifictypesof dependencethatarein practiceof particular
interest.Joe(1997)givesa systematictreatmentof typesof dependence.Most of them
arebestunderstoodin thebivariatecase(:;/<( ). We mentiontwo of them.

» Positivequadrant dependence
$ 	 � D�+ is positivequadrantdependentif

P � 	 £s� � Dw£ ­ �òe P � 	 £2�,� P �¸DE£ ­ � for all � ��­ �Óp�zåµa&
» Stochasticincreasingpositive dependence
D is stochasticallyincreasingin

	
if for all ­ �;p�µ P �±Dw£ ­ � 	 />�%� increasesas

� increases.



CHAPTER4

A Selective Overview of Some
Testsfor Goodness-of-Fit

This chapteris mainly meantasa literature-overview of someof themostpopularGOF
tests.It is howevernot theintentionto becomplete.Not only becausea full listing of all
publishedGOFtestswith their mostimportantcharacteristicswould fill at leasta book,
but alsobecausenot all GOF-testsarerelevant to the researchpresentedin this thesis.
Theselectionof theGOFtestspresentedhereis mainlybasedon 4 criteria.

» Teststhathavea practicalvalue.

» Teststhatarewidely used.

» Teststhathavegoodpowercharacteristics.

» Teststhatarein somesenserelatedto thetestthatis proposedin this thesis.

In this thesis,a centralrole is givento Pearson’s ��� -test,which canbeusedbothfor dis-
creteandcontinuousvariables.Thesemethodsarediscussedin Section4.1. In particular,
Pearson’s testfor the one-sampleproblemarediscussed.At the endof the sectionalso
Pearson’s testfor independencein contingency tablesis briefly given. In Section4.2 an
overview is givenof techniquesthatarebasedon theempiricaldistribution function,and
in Section4.3smoothtestsareintroduced.A comprehensiveoverview of many GOFtests
is givenin D’AgostinoandStephens(1986).

33



34 SomeTestsfor Goodness-of-Fit

4.1 Pearson’ s ó ( -test

Probablythebestknown andoldestGOFtestis Pearson’s ��� -test(Pearson,1900).Origi-
nally, this testwasconstructedfor discretemodelsresultingfrom multinomial,Poissonor
product-multinomialsampling.For a simplenull hypothesisPearson’s testis described
in Section4.1.1.Thecorrecttheoryfor acompositenull hypothesiswasfirst providedby
Fisher(1924).Therefore,this testis oftenreferredto asthePearson-Fishertest,which is
treatedin Section4.1.3.

Althoughfor modelsfor continuousdatamany GOF-testsaredeveloped,therehasalways
beena greatinterestin adaptingthePearson��� -testto thecontinuouscase,eventhough
many of the GOF-testthat werespecificallyconstructedfor continuousvariableshave
in generalmuchhigherpowers. Pearson’s testcanonly be appliedto continuousdata
after the datahasbeengroupedor categorized, which intuitively alreadysuggeststhat
informationwill be lost. Sincethe new methodsthat aredevelopedandstudiedin this
thesisarestronglyrelatedto a Pearsontestbasedon an alternative way of groupingor
categorizingthedata,thesemodifiedPearson’stestsfor groupeddatawill bediscussedin
detail in Section4.1.4.

Sincemostof thetestthatarediscussedin thissectioncanbeconsideredasspecialcases
of a general quadratic form (GQF) (Moore,1977),we will give someimportantresults
for theGQFsaftertheintroductionto theoriginalPearsonstatistic(Section4.1.1).In this
way, the ��� -type testscanbe discussedvery concisely. The testswill alsobe placedin
their correcthistoricalcontext.

4.1.1 Pearson’ s Original Form ulation for Simple Null Hypothe-
ses

In the easiestcase,Pearson’s statisticis constructedfor a simplenull hypothesisin the
family of multinomial distributions Jb$¨ô � � &x&k& � ô�ã�¾ � + for which � is known, and of
course

ãu±õ � ô u /F! . The family Á Â is thusindexedby ö�/F$hô � � &k&x& � ôòã�+ . The sim-
ple null hypothesisis determinedby ÷ � /��#ö � � /��a$¨ô � � � &k&x& � ô � ã�+ � , for which alsoãu±õ � ô,� u /�! holds.Thus,

5 � ®�ö�/2ö � &
Let i /H$ 	 � � &k&x& � 	 ã + denotean observation from the multinomial distribution withãu±õ � 	 u / � . Then,Pearson’s teststatisticis givenby

	 � /
ã
u±õ �

$ 	¬uò
 � ô � u + �� ô%� u

/ � ã
u¸õ �

$ 	 u
ø � 
 ô%� u + �
ô � u & (4.1)
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Sinceunder
5 � theexpectationof i is � öê� , theteststatisticis oftengenericallyformu-

latedas

	 � /
ã
u¸õ �

$�ù u�
 � u + �
� u � (4.2)

whereù u and � u referto theobservedandexpectedfrequencies,respectively. In his1900
paper, Pearsonprovedthatunder

5 � 	 � hasa limiting ���ã � � -distribution, providedthat
in eachof the � cells the expectationsE � 	¬u � becomeinfinitely large as � ¹ «

. The
latterconditionmakesthePearson��� -testanasymptotictest.Laterin this section,some
remarkson exactGOF-testsandtheir relationto Pearson’s ��� -testwill begiven.We will
not give herea completerigourousproof, only a sketch that may be useful for further
purposes.Thesketchis in theline of ReadandCressie(1988,p.161).

Let ú�/si ø � representthevectorof � probabilities,andlet û²�Ò/ diag $hô,� � � &k&x& � ô,� ã + .
ThenthePearsonteststatisticin Equation4.1canbewrittenas

	 �ü / ý � $^ú 
 ö � + n û � �� ý � $oú 
 ö � +
/ þ n� û � �� þ � � (4.3)

where þ � / ý � $oú 
 ö¿�a+ . In theproof it is first establishedthatif for all v�/E! � &k&k& � �
E � 	 u �\¹ «

as � ¹ «
, under

5 �Ûþ � convergesweakly to a multivariatenormal
distribution with mean ë andvariance-covariancematrix û²� 
 öê�kö n� . Next, basedon
resultsfrom Rao(1973)andBishop,Fienberg andHolland (1975)it is proventhat

	 �ü
in Equation4.3 is a quadraticform of a multivariatenormalvariatewhich in thepresent
situationconvergesin distribution to a ��� -distributionwith � 
 ! degreesof freedom.

Up to now Pearson’s resultsareobtainedfor a multinomial observation. Undercertain
restrictions,the resultsapplyaswell for Poissonandfor product-multinomialsampling
(Bishopet al., 1975).

Pearson’s testcanalsobe obtainedin somedifferentways,e.g. asa scoretestwithin
the likelihoodframework, or asa generalizedWald test. Sincewithin the latter frame-
work many otherhistoricallyinteresting��� -typetestscanbeeasilyconstructed,it will be
presentedin thenext section.

4.1.2 General Quadratic Forms

GeneralQuadraticForms were first introducedby Moore (1977). Supposethat the �
probabilitiesin ö arethetrueprobabilitiesof a multinomial,which maydependon a : -
vectorof unknown parametersÿ , i.e. öÒ$oÿ + and þ � $^ÿÔ+¯/ ý � $^ú 
 öÒ$^ÿÔ+
+ . Let D bea
randomvariabletakingvaluesin p � (

� p � ew� ) suchthat thereexistsa mappingof the
probability spaceof D on the probability spaceof the multinomial Jb$^öÒ¾x!�+ . This may
be denotedby the � -vectorvaluedfunction �Ô$�D�+Ò/Gi , where i �ÅJb$^öÒ¾x!�+ . Then,
therealsoexists a mapping � of a samplep � � � of � i.i.d. randomvariablesD to the
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multinomial Jb$^öÒ¾ � + .
Further, supposethatanestimator 8ÿ of ÿ is of theform

ý � 8ÿ°� 
 ÿ / !
ý �

�
u¸õ �
� $oð u + ��� � � (4.4)

where
� � l
 ¹ ë and

� $^ð_+ is a ©
l
- valuedfunction suchthat E � � $oð9+ � ÿ°�å��/�ë and

E � � $oðª+ � $oð9+on � ÿ°�k��/	� , where� is a finite :\ï�: matrix. Then,theGQFis definedas

J �� /�þ � $ 8ÿÔ+ n�
 � þ � $ 8ÿ + �
where
 � denotesapossiblydata-dependent��ïê� symmetricnonnegativedefinitematrix.
First,basedon a resultof MooreandSpruill (1975)heshows thatundermild conditions

þ � $ 8ÿÔ+
�
 ¹ÐJ�� § $Wë � ím+ �
whereí maybeof rank �Pc0� . Thusthemultivariatenormaldistributionmaybesingular.

Next, Moore givesa generalform for the variance-covariancematrix í . Let � denote
the �¬ï�: matrixwith $¨v � ß�+ th entry � ô u� ¥�Ý'&
Let �4$�D�+ bethe � -vectorwith v th entry I � �Ô$`D�+ u /?!C� , and þ $�D�+T/��4$�D�+ 
 ö . The í
canbedecomposedas

íA/sû�� 
 ö�ö n 
�� �
where � / 
 ����� n � � E � �T$oðª+.þ×$`D�+ n � � E �¨þ $�D�+��T$^ð_+ n ��� n &
Moore’smainresultcanbesummarizedasfollows. Supposeall aforementionedassump-
tions are true. If rank$Wím+r/Ð�2c�� and 
 � / í �� is a consistentestimatorof the
generalizedinverseí � of í , then

J �� /�þ � $ 8ÿ + n 
 � þ � $ 8ÿ +
�
 ¹ � � � &
4.1.3 Pearson-Fisher Test for Composite Null Hypotheses

Often,theprobabilitiesthatarespecifiedunderthenull hypothesisarestill dependingon
an unknown parametervector ÿ that takesvaluesin some: -dimensionalset � . These
nuisanceparametersneedthento beestimatedfrom the sample.Theset Ìa� now repre-
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sentsa family of distributions, indexed by ÿ . The resultingcompositenull hypothesis
is

5 � ®�ö�� � � �
where �T�\/��Cô,�|$^ÿÔ+T/Ø$¨ô%� � $^ÿÔ+ � &k&x& � ô,� ã $oÿ +.+P® ãu¸õ � ô%� u $^ÿÔ+T/g! � ÿ��Z½Ô�;Ëb© � . ÿ°�
denotestheindex of thetrue,but unknown memberof �T� under

5 � .
An obvioussolutionto handlethecompositenull hypothesisis to calculatethetraditional
Pearsonteststatisticwith ö � replacedby 8ö � /sö � $ 8ÿ + , where 8ÿ is aconsistentrestricted
estimatorfor ÿ � . By “restricted” it is meantthat 8ÿ �Ø½ � . Sometimesthe notation8ÿ � is usedto indicatea restrictedestimator, but for notationalcomfort we will not use
this notationunlessit is needed.From the very beginningPearsonarguedthat this was
the right solution and that the resulting test statistichas the same���ã ��� limiting null
distribution asthe onefor the simplenull hypothesis.In the early 1920’s Fisher(1922,
1924),however, proved that the numberof estimatedparametersshouldbe substracted
from � 
 ! to derive the correctnumberof degreesof freedom. Thus ���ã � l ��� is the
correctasymptoticnull distribution. (This famouscontroversybetweenKarl Pearsonand
RonaldFisheris lively told by Box (1978).)Cochran(1952)providesanaccounton the
earlydevelopmentsof the ��� -test. Becauseof the importantcontribution of Fisher, this
testis oftenreferredto asthePearson-Fishertest.

Formally, the above mentionedresultfor the Pearson-Fishertestis basedon somecon-
ditions on theestimator 8ÿ , on thevectorfunction ö � $^ÿÔ+ andon ½ � . More specifically,
theestimatormustbebestasymptoticallynormal (BAN), i.e. consistent,asymptotically
normallydistributedandasymptoticallyefficient. Thevectorfunctionand ½Ô� mustsat-
isfy theBirch (1964)regularity conditions,which arewithin thepresentcontext clearly
statedin Bishopet al. (1975)andReadandCressie(1988,p.164). Basicallythe Birch
regularity conditionsassurethefollowing asymptoticexpansion

8ÿ0/sÿ � $�� n û ���� Õ �>+ � � � n û � �� Õ $ ú 
 ö � $^ÿÔ+
+ �"!kl $ � � �$#.� + � (4.5)

where� is asbefore.Theconditionsalsoimply thatthemodelreally has: parameters.

Within thepresentcontext it is mosteasyto arrive at theappropriateteststatisticby ap-
plying Moore’sresultsfor GQFs.First,supposethat ÿ is estimatedby its restrictedmax-
imum likelihoodestimator 8ÿ , which satisfiestheexpansionin Equation4.5. Further, the
multinomial i canbearesultof the � transformationwith D takingvaluesin �a! � &x&k& � � �
of which the elementsrefer to multinomial classessuch that

�u±õ � I �¸D u /<ß4�>/ 	mÝ
(ßÊ/�! � &k&k& � � ).

FromEquation4.5it is seenthat �T$�D�+·/0$�� n û � �� Õ �>+ � � � n û � �� Õ , andconsequently��/
$�� n û � �� Õ �>+ � � and

� /	�>$�� n û � �� Õ �>+ � � � n . Also rank$Wím+°/ rank$^û � Õ 
 ö¿�kö n� 
%� +°/
� 
 ! 
 : , and í � /bû � �� Õ , which is consistentlyestimatedby û��åÕ)$ 8ÿÔ+ ��� . The GQF
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now becomes

	 �ü � /�þ � $ 8ÿÔ+ n û&�åÕa$ 8ÿÔ+ � � þ � $ 8ÿÔ+ �
andunder

5 � , Moore’s resultalsogives
	 �ü � �
 ¹ ���ã � l � � . This is exactly thePearson-

Fishertest.

4.1.4 Pearson’ s Test for Grouped Contin uous Data

Despitetheavailability of many GOF-testsespeciallydevelopedfor theanalysisof con-
tinuousdata,both in the literatureand in most of the statisticalsoftware, todaymany
researchersstill apply Pearson’s teston groupedcontinuousdata. Onereasonfor this
maybe the intuitively appealingnatureof Pearson’s testandthefact that it is very easy
to calculate.

Grouping Data

Pearson-typetestscanonly be appliedto continuousdataafter having groupedor cat-
egorizedthe original continuousdata in � groups. The groupingis accomplishedby
consideringa partition �('ê�T/A�)' � � &k&x& � ' ã � of the samplespacep . Eachof the � ele-
mentsof thepartitionis calleda cell. Thecellsaredeterminedby thepositionof thecell
boundariesin p . Eachpartitionimpliesa multinomialobservation i /f$ 	 � � &x&k& � 	 ã + ,
where

	 u / � p �+* ' u (vÔ/b! � &x&k& � � ), with probabilitiesundera null hypothesisequal
to

ô,� u $^ÿÔ+·/ , ¶ - Ñ/.�$^tT+ � (4.6)

(v�/�! � &k&k& � � ) whereÿ´�m½ � . Cellsthatareconstructedin thiswayarecalledfixedcells.
Supposefor themomentthat ½ � /?� ¥ � � (simplenull hypothesis).

Threequestionsareraisedwith this approach.

1. How many groupsmustbeconstructed?

2. Whereto placethecell boundaries?

3. Is thePearson��� -teststill valid underthesecircumstances?

Theseareindeedimportantquestions.Kempthorne(1967),e.g. showedthatwith differ-
entcell constructionsdifferentconclusionsmaybeobtained.Fisher(1925)wasprobably
oneof the first to give a theoreticallysoundrecommendation:the expectednumberof
observationsin eachcell shouldbe at least5 underthe simplenull hypothesis.He ar-
guedthat underthesecircumstancesthe null distribution of the test statisticwould be
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sufficiently well approximatedby the asymptotic���ã � � distribution. Basedon another
criterion Mann andWald (1942)recommendedthat the cells mustbe chosensuchthat
all cells have equalprobability underthe null hypothesis,i.e. for all v � ß�/à! � &k&k& � �, ¶ - Ñ/0�$otT+T/ ,21 - Ñ/0°$otT+ . Cells thatareconstructedin this way arecalledequiprob-
ablecells. Undertheseconditionsthey showedthat the Pearsontestis unbiased.Later,
CohenandSackrowitz (1975)andBednarskiandLedwina(1978)showed that in most
casesPearson’s test is biasedwhenappliedto an unequiprobablegrouping. Mann and
Waldalsogiveaformulato determineanappropriatenumberof equiprobablecellsbased
on therequirementthata power of at least ! ø ( shouldbeguaranteedfor all alternatives
nocloserthansome3 to theequiprobablenull hypothesis.Indeed,theintuitively appeal-
ing reasoningthat themorecellsareconstructedthemoreinformationfrom theoriginal
sampleof continuousdatais retainedandthe higherthe power will be, is however not
always correct(Oosterhoff, 1985) becausethe increaseof the numberof cells implies
bothanincreasein thenon-centralityparameterof thenon-central��� -distribution of the
teststatisticunderan alternative hypothesis,andan increaseof the varianceof the lim-
iting central��� -distribution under

5 � . Whenever thesecondimplicationbeatsthefirst,
an increasein power underpartition refinementsis not guaranteedanymore. Sincethe
publicationof theMannandWald paper, many morepaperson thechoiceandthenum-
berof cellshaveappeared.In generalit is concludedthattheMann-Waldnumberof cell
is too high (e.g. QuineandRobinson,1985)andmay even reducethe power for some
specificalternatives. A comprehensive andpracticalorientedsummarycanbe found in
Moore (1986). In most of the paperson the subjectthe authorsagreewith the initial
recommendationof equiprobablecells,still it is importantto recognizethatsomeothers
have otherrecommendations.Kallenberg, Oosterhoff andSchriever (1985),for instance,
suggestthat for heavy-tailed distributionsin the alternative hypothesis,smallercells in
thetailsmayresultin betterpowercharacteristics.

For a compositenull hypothesis,the boundariesof equiprobablecells might dependon
theunknown parameterÿ��r½Ô� . A typical solutionis to estimateÿ andto subsequently
usethis estimatorto determinethe cell boundaries.An importantconsequenceof this
approachis thatnow thecellsarerandomor data-dependentasapposedto thefixedcells.
Actually, randomcells arenot restrictedto cells determinedby the estimator, but may
moregenerallybeconstructedas �('ê� $^p � +·/��4' � $^p � + � &k&k& � ' ã $hp � + � . Thecell probabil-
itiesarethengivenby

ô,� u $^ÿ � p � +·/ , ¶$5 687:9 - Ñ/0�$^tT+ �
andthey do not necessarilydeterminea multinomialdistribution. Moreover, it is now to
beexpectedthatthisprocedurewould loosesomeof its nonparametricnaturein thesense
that it may becomedependenton the underlyingdistribution. Fortunately, undersome
mild restrictions,it canbeshown that this is not the case:supposethat the randomcell
boundariesconvergein probabilityto thecorrespondingboundariesof asetof fixedcells.
Then,thelimiting boundarieswill generallydependon ÿ . Undertheseconditions,Moore
andSpruill (1975)andPollard(1979)concludedthatany statisticthathasa limiting null
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distribution that is not a function of ÿ°� in the fixed-cellcase,hasthe samedistribution
for any choiceof converging randomcells. Thus,given the aforementionedconditions
on therandomcell convergence,for all statisticswith a limiting ��� distribution, it is not
necessaryin thesequelto makeadistinctionbetweenfixedandrandomcells.

An interestingspecialcaseis the scale-locationfamily, and the normal distribution in
particular. Watson(1959)showed that for an equiprobablePearsontest the resultsfor
fixedandrandomcell arethesame.

In the sectionon the GQFsa latentor hypothesizedrandomvariable D wasintroduced
suchthat �Ï$�D�+¿��Jb$^öÒ¾x!�+ . Whenthedatais continuous,say

	 ��[ , then Dg/ 	
and

thefunction � is thevector-valuedindicatorfunction; $`D�+°/�$ I �±Df�<' � � � &x&k& � I �¸Df�='�ã���+ n &
Note that, dependingon the way the partition �>'¿� is constructed,� can be a random
function andmay possiblydependon the unknown parameterÿ°�Z�´½Ô� whenthe null
hypothesisis composite.

Simple Null Hypothesis

First, notethatwhenever a simplenull hypothesisis imposed,thereis actuallyno need
for datadependentcellswhenequiprobablecell areto beconstructed.

Sincefor fixed cells the probabilitiescalculatedfrom Equation4.6 (with ÿ�/gÿ � ) de-
termineuniquelya true multinomial distribution, the null distribution of Pearson’s

	 �ü
statisticappliedto this settingis ���ã � � , andthusindependentof theunderlyingdistribu-
tion. From the previous discussionit follows that the sameresultholdsfor converging
randomcell boundaries.

Composite Null Hypothesis

For the compositenull hypothesisproblemthereis oneimportantadditionalissuethat
needssomemoreattention:the : -dimensionalparameterÿ , indexing thenull hypothesis,
mustbeestimatedfrom thedata.How mustthey beestimated,andwill thisaffect thenull
distribution of theteststatistic?FromMoore’s GQFsit is seenthat

�
, andthusalso í ,

dependsexplicitly on the vector-function � which is specificfor eachtype of estimator
for ÿ . Here,thetwo mostfrequentlyusedestimatorswill beconsidered:

» Maximum Lik elihood estimator basedon groupeddata. Supposethat thecon-
tinuousdatais groupedfirst, resultingin � counts?²$^p � � � +°/2i . Thentheparam-
eter ÿ canbe estimatedin the sameway asfor the Pearson-Fishertestin Section
4.1.3, i.e. the maximumlikelihood estimator 8ÿ . Therefore,for fixed cells this
methodresultsin exactly the Pearson-Fishertest, which hasa limiting null dis-
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tribution ���ã � l � � which is independentof the underlyingdistribution. Hencethe
sametestappliesto thepresentsituation.

» Maximum Lik elihood estimator basedon ungroupeddata. Whenthe original
continuousdatais available,a morenaturalestimatoris of coursethe maximum
likelihoodestimator @ÿ basedon the original sample.Craḿer (1954)showed that
regularrestrictedmaximumlikelihoodestimatorscanbewrittenas

ý � @ÿ 
 ÿ � / !
ý �

�
u¸õ �
A ��� �CBEDCF $h� u ¾�ÿ°�)+� ÿ°� �"!kl $ � ���G#.� + �

where
A / A $oÿ°�|+ is theinformationmatrix with $¨v � ß�+ th entryE


IH }KJ LNM 5(O � 0 Õ 9H . Õ
¶ H . Õ 1 .

Thustheestimatoris againclearlyof theform of Equation4.4.Supposefor themo-
mentthatall cellsarefixed.Then

� /	� A � � � and,providedthat
AÛ
 � n û � ��åÕ �

is positive definite,rank$Wím+T/b� 
 ! . Thegeneralizedinverseis givenby í � /
û&�åÕ 
�� . A consistentestimatorfor í � is obtainedby replacingall ÿ � in theex-
pressionfor í � by therestrictedmaximumlikelihoodestimator @ÿ . Theresulting
GQFwith 
 � /ªí �� is

	 �PNP /0þ � $Q@ÿ + n û � Õ)$R@ÿÔ+ 
 �>$S@ÿÔ+ A $N@ÿÏ+ � � �>$R@ÿ + � � þ � $Q@ÿÔ+ � (4.7)

or equivalentlyT RU8U+VIW&XZY)[\^]>_Q`badc Õ Y4[\^]Zegf Y4[\h]8ikj Y4[\^]Zlmf Y4[\n]o_oapc Õ Y4[\^] QRq f Y4[\h]>r QRq f Y)[\^]>_os W�XtY4[\h] L
(4.8)

And, under
5 � , 	 �PNP �
 ¹ ���ã � � . This resultwasfirst givenby RaoandRobson

(1974)andwill be referredas the Rao-Robsontest. At that time the testwas to
be seenasan improvementover the Chernoff-Lehmann(CL) test (Chernoff and
Lehmann,1954),which wassimply definedby

	 �uhv /Aþ � $ @ÿ + n þ � $ @ÿ + , i.e. the
classicalPearsonteststatisticwith theunknown parameterÿ replacedby it maxi-
mumlikelihoodestimator @ÿ basedon theungroupeddata.Unfortunately, thelim-
iting null distributionof

	 �u2v dependson theunderlyingdistribution:

� � ã � l ��� �
l
u¸õ � �

uxw �u �
wherethe

w�u
are i.i.d. standardnormalvariates,and the � u are the rootsof the

determinantalequation� $��¬nhû ���� Õ �>+ 
 $
! 
 ��+ A � /<" (notethat �¬nhû ���� Õ � actually
is the informationmatrix of themultinomialobtainedby thegrouping).Sincethe
informationmatrix

A
explicitly dependson theunknown parameterÿ � andon the

null model,theChernoff-Lehmannstatisticis notstraightforwardto usein practice,
and,furthermore,this resultalsoimpliesthata differentnull distribution mayhold
for thestatisticwhenappliedto randomcells. In a seriesof papersRoy (1956)and
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Watson(1957,1958,1959)studiedtheChernoff-Lehmannstatisticunderrandom
cells. They observed that for a scale-locationfamily, andthe normaldistribution
in particular, the cells canbe chosensuchthat the asymptoticnull distribution of
i �u2v loosesits dependenceon ÿ°� , thoughthedistribution is not asimpledistribu-
tion like e.g. the ��� distribution. Therefore,amongotherreasons,theRoy-Watson
test is also not popularfor practicaluse. Tableswith percentagepoints for this
distribution canbefoundin DahiyaandGurland(1972,1973).Yet a moreimpor-
tantreasonwhy theRao-Robsontestis to bepreferredover theChernoff-Lehmann
or theRoy-Watsontestis thaton averagethepower of theRao-Robsontestis the
highest. Also ascomparedto Pearson-Fisherthe Rao-Robsonhasgenerallybet-
ter power characteristics.Theseconclusionshave many timesbeenconfirmedby
meansof simulationstudiesin literature(for an overview, seee.g. Moore (1986)
andreferencestherein). Intuitively, this is easyto understand:first, Rao-Robson
usesthe continuousdatato get an efficient estimatorof ÿ , andsecond,indepen-
dentof thenumberof parametersin ÿ , themaximalnumberof degreesof freedom
( � 
 ! ) is retained.

4.1.5 A Generalization: the Power Diver gence Statistics

Pearson’s ��� -statisticis not theonly statisticthatis appropriatefor testing
5 ��®4öE/]ö¿� ,

i.e. the one-sampleGOF problemfor a multinomial distribution. Other well known
statisticsare the likelihoodratio (LR) statistic,the Freeman-Tukey statistic,Neyman’s
modified

	 � statisticandthe modifiedlog-likelihoodstatistic. All thesestatisticshave
thesamelimiting null distributionsandarethereforeoftenreferredto as ��� statisticsin
general.

CressieandRead(1984) introduceda generalizationof the above mentionedstatistics.
They found a family of statistics,indexed by a real valuedparameter� . The family is
calledthefamily of powerdivergencestatisticsandit is givenby

( �Ny8z / (
�%$`� � !�+

ã
u±õ �

	mu 	mu
� ô,� u

z 
 ! �
where,asbefore,

	 u
(v�/�! � &x&k& � � ) aretheobservedfrequencies.For �m/s" and �m/ 
 ! ,

thecorrespondingstatisticsaredefinedby continuity. Then �\/<" and �;/0! give theLR
andPearson’sstatistic,respectively.

CressieandRead(1984)showedthatundera simple
5 � andfor each�;�r© ,

( �Ny z 
 ( �Ny � l
 ¹�" �
andthus

( �Ny z �
 ¹ � � ã ��� &
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Whenthenull hypothesisis composite,say öê�a$oÿ + is known up to a : -dimensionalnui-
sanceparameterÿ , thenthey definedthepower divergencestatistic( � 8y z astheplug-in
estimatorfor whichunder

5 �
( � 8y{z �
 ¹ � � ã � l � � �

whenever theestimator 8ÿ is satisfiesthesameconditionsasthosestatedat theconstruc-
tion of thePearson-Fisherstatistic(Section4.1.4).

A power comparisonof someinterestingmembersof the family of power divergence
statisticswasgivenby Read(1984)

4.1.6 Testing Independence between two Discrete Variab les

In Sections4.1.1and4.1.3Pearson’s ��� -testwas introducedfor GOF of a discreterv.
Only later it was shown how thesetechniquescould be appliedto continuousdataas
well. Pearson(1900,1922)showedthata similar statisticcanbeconstructedfor testing
independencebetween2 discretervs. This testwill bebriefly discussedhere.

Let i /b$ 	 ��� � &k&k& � 	 �G| � 	 ��� � &k&k& � 	 } � � &k&x& � 	 } | + denoteanobservationfrom a multi-
nomialdistributionof two crossclassifieddiscretervs,U andV, whicharedefinedovera
samplespacewith ~ and � differentelements,respectively. Theprobabilitiesof themulti-
nomialdistribution aredenotedby ô u¨Ý (vT/w! � &k&k& � ~'¾Wßm/w! � &k&k& � � ). Thenull hypothesis
of independencebetweenthetwo discretervs is

5 � ®xô uÞÝ /<ô u � ô � Ý for all v�/0! � &k&x& � ~'¾WßÓ/0! � &x&k& � � � (4.9)

whereô u � andô¿� Ý arethemarginalprobabilitiesof thediscretervs U andV, respectively.
As thealternativehypothesis,thenegationof

5 � is considered.

The null hypothesisin Equation4.9 is compositeasbothmarginal probabilitiesareun-
known, andmaybeconsideredasfinite dimensionalnuisanceparameters.They maybe
estimatedfrom the databy 8ô u � / �� |ÝWõ � 	muÞÝ and 8ô � Ý / ��

}u¸õ � 	mu¨Ý . The following
Pearsonstatisticis easilyrecognizedto beof thesameform asEquation4.2,

	 � / �
}
u¸õ �

|
ÝWõ �

$ 	muÞÝ ø � 
 8ô u � 8ô � Ý + �
8ô u � 8ôê� Ý &

Under
5 � , 	 � �
 ¹ ��� 5 } ��� 9�5 |C� � 9 (Fisher, 1922).

Roy andMitra (1956)showedthattheaboveresultshold in generalunderPoisson,multi-
nomialandindependentmultinomialsampling.
Again, Pearson’s statisticmaybegeneralizedto thepower divergencefamily of Cressie
andRead(1984).
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4.1.7 Some Remarks on Exact Pearson-type GOF-Tests

Oneway to assessthe practicalvalueof asymptotictestsis to comparethesetestswith
exacttestsfor finite samplesizesfor thesamehypotheses.Theasymptoticnull distribu-
tion is thusseenasan approximationto the null distribution of the exact test. Tateand
Hyer (1973)comparedPearson’s testwith an exactmultinomial test,which is basedon
theorderingof theexactmultinomialprobabilities

P � ij/ ñ ��/ �C� � ãu¸õ � ô µ ¶� u­ u �
of observingall possiblesampleconfigurationsñ . The : -valueis given by the sumof
probabilitiesP � ij/ ñ � which aresmallerthanthe probability P � ij/st°� of observing
theobservedsamplet . He concludedthat the ��� approximationis ratherpoor. Radlow
and Alf (1975) and Horn (1977) argue that this comparisonmakes no sensebecause,
althoughboth testsaddressto the sameGOFnull hypothesis,they areconstructedon a
differentcriterionfor measuringthedeviationbetweentheobservedandthehypothesized
frequencies.

Radlow andAlf (1975)proposedanalternativeexacttestfor which it is appropriateto be
comparedwith Pearson’s test. Insteadof orderingmultinomialprobabilitiesfor all pos-
siblesampleconfigurationsñ , thecorresponding

	 � statisticsarecalculatedandordered
andthusbothtestsarebasedon thesamemeasure.For this exacttest,the ��� approxima-
tion performsbetter.

Many correctedversionsof Pearson’s teststatisticareproposedin orderto obtainabetter��� approximation.For a brief review, we referto CressieandRead(1989).

Also for the ��� -testfor independencebetweentwo discretervs exact testsareavailable.
The bestknown is probablyFisher’s exact test(Fisher, 1934). For a discussionon this
test,we referto Agresti(1990).

4.2 EDF-Based GOF-tests

A wide anddiversefamily of GOF-testsis basedon the empiricaldistribution function
(EDF).First, somepropertiesof theEDF aresummarized.Then,in Section4.2.2a gen-
eral framework for this type of statisticaltestsis described. Then, in the subsequent
sectionsthemostfrequentlyusedandsomehistoricallyimportanttestsarediscussed.
In generalit is known that theEDF-basedtestsaremorepowerful thanthePearson��� -
typetests.
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4.2.1 The Empirical Distrib ution Function

An intuitivelystraightforwardapproachfor testingtheGOFnull hypothesis
5 �Ò®|[�z��ZÌ)�

is to find an appropriateestimatorfor the CDF [�z andto comparethis estimatorwith
the family Ìa� basedon someappropriatemeasure. In this sectionprobablythe most
widely usedestimatorof [ z is discussed.We will restrict the discussionto univariate
distributions.Theextensionto multivariateCDFsis straightforward.

Supposethatthesamplep � containsthe � observations
	 � � &k&x& � 	 � . TheCDF [f/0[ z

maybeestimatedby theempiricaldistributionfunction(EDF) 8[ z|á � / 8[ � , whichis given
by

8[ � $¨�°+º/ numberof observations cs��
/

�u±õ � I � 	 u cZ�,�� � (4.10)

for �ª�Zp�z . FromEquation4.10it maybeseendirectly that � 8[ � $¨�·+ is distributedasa
binomialwith parameters[Ò$h�°+ and � . Then,of course, 8[ � $¨�°+ is anunbiasedestimator
of [Ò$h�°+ . Furthermore,when� ¹ «

, thecentrallimit theoremimpliesthat

ý � 8[ � $¨�°+ 
 [Ò$h�°+ �
 ¹ § $^" � [Ò$¨�·+�$.! 
 [Ò$¨�·+
+�+|&
Thusthe varianceof 8[ � $¨�·+ is of order �� , andthusthe estimatoris consistent.Even a
strongerconvergenceholds:���{�

z 8[ � $¨�·+ 
 [Ò$¨�·+
l
 ¹�" as� ¹ « &

The definition of the EDF is easilyextendedto multivariatedistributions. E.g. The bi-
variateCDF [ zåµ is estimatedby

8[%zåµ)á � $¨� ��­ +·/
�u¸õ � I � 	 u cs� � D u c ­ �� �

where $ 	 u � D u + (v³/?! � &k&x& � � ) constitutethesamplep � .

4.2.2 Statistical Tests: a Framework

Many of the EDF testsfit into a framework for statisticaltestsfor GOF asit wasintro-
ducedby Romano(1988,1989).

Recall the hypotheses
5 ��®�[Å�EÌa� and

5 � ®°[F�EÌ � . Let � be a measureon Á Æ . �
mustnot necessarilybea metric, it mayevenbenon-symmetric.Let � bea metricor a
pseudometricon Á Æ . Then, � is definedasa mappingfrom Á Æ on Ìa� suchthat for all
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[E�¬Á Æ ��$�[Ò+ is smoothin [ and�Ï$�[ � ��$`[Ò+
+ê/�� D{������ Õ �Ô$`[ ��� +|&
Thus,��$�[Ò+ is consideredasaprojectionof [ onto Ìa� (Figure4.1). Also, for all [E�²Ìa� ,��$`[Ò+·/_[ . Also notethatwhenthenull hypothesisis simple,i.e. Ìa�Ò/?��Ñ � , thenfor all[ , ��$�[Ò+·/?Ñ .

Á³Æ

Ì)�
[

��$�[Ò+

Figure4.1: The mapping� Y(� ] on �8� canbeseenasa projection. The dashedline representstheshortest
“distance”between� and� Y(� ]Q� � � w.r.t. thepseudometric� .
Then,in general,GOF-teststatisticsareof theform� � /�� � � 8[ � � ��$ 8[ � + �
where � � is a normalizingfactorsuchthat

� � hasa a non-degeneratenull distribution,
andwhere 8[ � is theEDF.

Actually Romanousedthis framework at first only with � beingthesupremumdistance
over an appropriateVapnik-Cernovenkisclassof sets(cfr. Kolmogorov-Smirnov statis-
tic). With thisparticularchoice,whichstill resultsin awideclassof statistics,heshowed
the (asymptotic)validity of the bootstraptest(Romano,1988),andunderan invariance
implying null hypothesishecomparedthisbootstraptestto thecorrespondingrandomiza-
tion test(Romano,1989). Thebootstraptesthastheadvantageof beingasymptotically
valid undervery weakassumptionson the true,underlyingdistribution [ (e.g. [ must
notbecontinuous).
Later, Politis, RomanoandWolf (1999)showed that for muchweaker conditionson � ,
thebootstrapis still a valid methodof testing.
Althoughwe will not further apply the bootstrapin this thesis,it is interestingto know
that theEDF-basedtests,aswell asthenew teststhatareproposedin this work, fit into
Romano’s framework.



4.2EDF-BasedGOF-tests 47

4.2.3 Tests of the Kolmogor ov-Smirno v Type

A first classof testsorigins from the ideasof Kolmogorov (1933)andSmirnov (1939).
Two formsarediscussedhere:onefor theone-sampleandonefor the � -sampleproblem.
In generaltestsof this typearebasedon a supremumdistancemeasurebetweentheEDF
of thetruedistributionandtheCDFof thehypothesizeddistribution.

The One-Sample Problem

First, considerthe simple null hypothesis
5 � ® [Ò$¨�·+r/ ÑÒ$¨�·+ , for all �I�fp z . The

Kolmogorov-Smirnov (KS) test(Kolmogorov, 1933;Smirnov, 1939)is thengivenby� � /´ý �
���{�
z � 6 ¡ 8[ � $¨�·+ 
 ÑÒ$¨�°+ �

which may be describedwithin Romano’s original framework with ��$ 8[ � $¨�·+
+�/AÑÒ$h�°+ ,� � / ý � and � is thesupremumoperatoron theabsolutedifference.

Kolmogorov (1933)hasproventhatthelimiting null distributionof
� � is givenby

[ � $ - +·/�! 
 (
Æ
ÝWõ � $


 !�+
Ý$� �t��� � 
 (�ß � - � �

which clearlydoesnotdependon thedistribution Ñ , noron thetruedistribution [ . Thus
the Kolmogorov-Smirnov test is nonparametric.Critical valuesarehowever not easily
obtainedfrom thelimiting null distribution; tablesareprovidedby Massey (1951,1952),
Owen(1962).For moderatesamplesizes,Stephens(1970)proposeda modifiedstatistic���� / � � ! � "�&^!C(

ý �
� "�& (�@� �

for which hegavetheuppertail critical valuesfor severalvaluesfor   .
TheKolmogorov-Smirnov testis consistentagainstessentiallyany alternative.

An overview of otherrelatedstatisticsaregivenby D’AgostinoandStephens(1986).

Whenthenull hypothesisis composite,a similar teststatisticmaybeused:� � /´ý �
���{�
z � 6 ¡ 8[ � $¨�·+ 
 8ÑÒ$¨�°+ �

where 8Ñw/?Ñ ¡Ã . Althoughthisseemsto beanaturalextensionof thestatisticin thesimple
null hypothesiscase,thereis however no generalasymptotictheoryavailable. Critical
valuesmustbeestimatedby e.g.simulation.For thecasewhereÑ is anormaldistribution
with unknown meanandvariance,Lilliefors (1967)obtainedcritical values. Stephens
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(1974)proposedamodifiedstatisticfor testingnormalitywith unknown parameters���� / � � ! 
0"�& ",!
ý �

�?"�& B�*� �
for which critical valuesaregivenby Stephens(1974,1986).

Althoughthetestsdiscussedin thissectionarewidely known andveryfrequentlyapplied
in daily statisticalpractice,it is often reported(e.g. Stephens,1986) that its power is
inferior ascomparedto otherEDF-basedGOFtests.

The � -Sample Problem

Smirnov (1939)was the first to introducedthe KS test for the 2-sampleproblem. Let8[ Ý á � 1 (ßÓ/?! � ( ) denotetheEDFof sampleß . The2-sampleKS statisticis givenby� � / � � � �� � � � �£¢d¤ �z � 6 ¡ 8[ � á � })$¨�·+ 
 8[ � á � {#$h�°+ &
Its limiting null distribution is givenby (Kolmogorov, 1941;Smirnov, 1939,1948).

[ � $ - +·/0! 
 (
Æ
ÝWõ � $


 !)+
Ý$� � ��� � 
 (4ß � - � &

Critical valuesfor smallsamplesizeshavebeentabulatedby Massey (1951,1952),Owen
(1962).

When �m£_( , severalextensionhave beenproposed.An overview is givenby Hájekand
Šidák (1967). Somegeneralizationhave beenstudiedby Romano(1988),for which he
usedthe bootstrapto obtaincritical values. We will only mentiononeextensionhere.
Let

	 � � &k&k& � 	 � denotethecombinedsample(� / ãÝWõ � � Ý ). This statisticis givenby
(ChangandFisz,1957;Fisz,1960;Dwass,1960)

� ã á � / ¢d¤ �ÝWõ � á~�~�~�`á ã ¢p¤ �u¸õ � á~�~�~�`á � � 8[
Ý $ 	 u + 
 !Ý � �¥ õ � � ¥

Ý � �¥ õ � � ¥ 8[ ¥ $ 	 u + � �
which is a maximumof � 
 ! independentKS statistics.Notethattheoriginal 2-sample
KS testof Smirnov (1939)is notaspecialcaseof the � -sampleKS testthatis givenhere.

4.2.4 Tests of the Cramér-von Mises and Ander son-Darling
Type

A wide classof testsis basedon the Craḿer-von Mises statistic,which hasits origin
in the work of Craḿer (1928),von Mises(1931,1947). Later this testwasgeneralized
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by Andersonand Darling (1952, 1954). Testswill be subsequentlydiscussedfor the
threeGOF-problems.For theone-sampleandthe � -sampleproblems,Anderson-Darling
testswill begiven. For the independenceproblem,a Craḿer-von Miseslike testwill be
discussed.

The One-Sample Problem

First thesimplenull hypothesisis considered.
AndersonandDarling (1952)introducedthefamily of statistics

' � / � 6 ¡ 8[ � $¨�·+ 
 ÑÒ$¨�°+ � �Z$�ÑÒ$h�°+.+ - ÑÒ$¨�°+ � (4.11)

where �´e]" is a weightfunction. If ��/0! , then ' � reducesto theoriginalCraḿer-von
Misesstatistic.Althoughmany choicesfor � areallowed,in literaturemainly thechoice

�Ô$E¦¿+°/ !¦·$.! 
 ¦¿+ (4.12)

is taken. Moreover, the test with this particular weight function is often called the
Anderson-Darling(AD) test.It seemsasif almostnootherchoicesappearin literature.In
theremainderof this thesis,we will restricttheattentionto theweightfunctionin Equa-
tion 4.12,andtheresultingstatisticwill bereferredastheAnderson-Darlingstatistic.For
general� it will becalledtheAnderson-Darlingfamily of statistics.

It is againstraightforwardto seethattheAD statisticfits into theRomano’s framework.
Intuitively, thedifferencebetweentheAD andtheKS measurefor thedeviationbetween
the EDF and Ñ is that the latter looks over the completesamplespacefor the maximal
differencein absolutevalue,whereastheformerintegratesthedifferencesover thecom-
pletesamplespace,taking the weight function into account. The AD weight function�§ 5±z¨9�5 �.� § 5±z�9�9 upweighsthedifferencesbetweentheEDF and Ñ in thetails of thedistri-
bution Ñ . This is generallyconsideredto bethereasonwhy theAD testis overall more
powerful thantheCraḿer-vonMisestest.

Theformulain Equation4.11is howevernotconvenientfor computation.Theequivalent
computationformulais

' � / 
 � 
d!�
�
u¸õ � $^(4v


 !�+ BoD $ w 5 u 9 + � BED $
! 
©w 5 � � ��� u 9 + � (4.13)

where
w 5 � 9 c´&x&k&�c w 5 � 9 aretheorderstatisticsof thevariable

w /´ÑÒ$ 	 + .
Thelimiting null distributionmaybefoundby consideringtheempiricalprocess

� � $¨�å+·/ ý � $ 8[ � $¨�å+ 
 �å+
�å$
! 
 �å+ �
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whichhascovariancefunction�â�a$`� � �å+·/0$��4$
! 
 �4+¨�å$.! 
 �å+.+ ���G#.� $��{ª�� 
 �.�å+ (Andersonand
Darling,1952).Thesolutionof thecorrespondingintegralequationgivesimmediatelythe
limiting null distribution. In particular, under

5 � , theAD statistichasasymptoticallythe
samedistributionas

Æ
ÝWõ �

!
ß'$¨ß � !�+

w �Ý � (4.14)

wherethe
w Ý

(ß�/0! � &x&k& ) arei.i.d. standardnormal.
Critical valuesfrom this distribution have beentabulatedby Lewis (1961). A striking
observation is that for � £A= , the distribution of ' � is accuratelyapproximatedby its
asymptoticdistribution. Percentilesfrom theasymptoticnull distributionmaybeapprox-
imatelyobtainedby fitting Pearsoncurves(SolomonandStephens,1978).

TheAD testis consistentagainstessentiallyany alternative. Powerstudieshaveindicated
thatthepowerof theAD testis frequentlysuperiorto thepowerof theCraḿer-vonMises
test.Both aregenerallymorepowerful thantheKS test.

Whenthenull hypothesisis composite,theAD statisticbecomes

' � / � 6 8[ � $¨�°+ 
 8ÑÒ$h�°+ �
8ÑÔ$h�°+ ! 
 8ÑÒ$h�°+

- 8Ñ�$¨�·+ � (4.15)

where 8ÑÒ$¨�·+\/×Ñ ¡Ã . As with the KS test, the asymptotictheorybecomesmuch more
complicatedascomparedto the simplenull hypothesiscase.In generalthe asymptotic
null distribution is equivalentto thedistributionof

�
ÝWõ � �

Ý«w �Ý �
wherethe

w Ý
(ß</F! � &k&k& ) arei.i.d. standardnormal,andwherethe coefficients � Ý are

theeigenvaluesof an integral equationin which thecovariancefunctiondependson the
distribution Ñ , theparameters¼ thatmustbeestimatedfrom thedata,andthemethodof
estimationof thesenuisanceparameters(Darling,1955;Stephens,1971,1976;Sukhatme,
1972).Thusthe � -coefficientsmustbedeterminedfor eachÑ .
Whentheunknown parametersarethoseof location(e.g. mean)andof scale(e.g. vari-
ance),andwhenanappropriatemethodof estimationis used(e.g.maximumlikelihood),
thenthe null distribution of ' � doesnot dependon the unknown parameters.Thus,in
thesesituationsthenull distributionsonly dependon thefamily Ì Â Õ testedandthesam-
ple size � . The normalandthe exponentialdistribution arewell known examples,and
asymptoticresultsareavailablefor them,aswell asmodificationsto theteststatisticsuch
that approximatepercentagepointsfrom the exact null distributionsfor finite � canbe
calculatedeasily.

Thenext theoremisasummaryof someresultsof Darling(1955),Durbin(1973),Stephens
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(1971),Sukhatme(1972).

Theorem4.1 Under the compositenull hypothesis
5 �w®�[ �HÌaÂ Õ , where ÌaÂ Õ is a

location-scalefamily, the ' � statisticconvergesweaklyto

Æ
ÝWõ � �

Ý w �Ý �
where the

w �Ý are i.i.d. ��� � variates,andwhere the � Ý are theeigenvaluesof the integral
equation

� � $h�°+·/ �
� �ò$h� �`­ + � $ ­ + - ­��

where � is thecovariancefunctiongivenby� $�� � �å+°/&�â�a$`� � �å+ 
©¬ � $��4+ ¬ � $¨�å+ 
"¬ � $`�4+ ¬ � $¨�å+ �
where � � $�� � �å+ denotesthe covariancefunctionassociatedwith the limiting null distri-
bution of the ' � � statisticundera simplenull hypothesis,and where the functions

¬�u
(v /f! � ( ) dependon thefamily Ì Â Õ but not on theunknownlocationandscaleparame-
ters.

When Ñ is thenormaldistribution wherethemeanandthevariancemustbeestimated,
Stephens(1976)givesthefirst tenlargest � -coefficientsaswell astheuppertail percent-
agepoints for somevaluesof   . For moderatesamplesizesStephens(1986) givesa
modifiedstatistic

' �� /­' � ! � "'&h3#*� � ('& ()*� � �
andthecorrespondingpercentagepoints.Also anapproximationformulafor thecalcula-
tion of thep-valueis available(Pettit,1977).

Whentheunknown parametersarenot restrictedto thoseof locationandscale,e.g.when
a shapeparameteris involved asfor the gammadistribution, thenthe null distribution,
even the limiting null distribution, will still dependon the unknown parameter(s).A
solutionto thisproblemis thehalf-samplemethod(Stephens,1978),but sincehalf of the
sampleis lost for testing,aseverereductionin powermaybeexpected.

Finally, notethattheAD statisticmaybeinterpretedasaplug-inestimatorof thestatisti-
cal functional

' $`[Ò¾CÑTÃa+j/ 6 ¡ $�[Ò$¨�·+

 ÑTÃ)$h�°+.+ � �Z$`ÑTÃ�$¨�·+
+ - ÑTÃa$¨�·+

/ EM $`[Ò$ 	 + 
 Ñ Ã $ 	 +
+ � �>$`Ñ Ã $ 	 +
+ &
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Thus,theAnderson-Darlingstatisticsarecloselyrelatedto (degenerate)V-statistics(see
e.g.Lee,1990).

The � -Sample Problem

Pettit(1976)proposedanAD-type testfor the2-sampleproblem.Thestatisticis defined
as

' � { � }Ô/ � � � �� 6 8[ � á � {C$¨�·+ 
 8[ � á � })$h�°+ �
8[ � $h�°+ ! 
 8[ � $¨�°+

- 8[ � $h�°+ � (4.16)

where 8[ � is theEDFof thecombinedsample,i.e.

8[ � $¨�·+·/ !� � � 8[ � á � {#$h�°+ � � � 8[ � á � })$h�°+ &
8[ � may be consideredas the estimatorof the commonCDF [ / Ñ under the null
hypothesis.

TheAD statisticin Equation4.16simplifiesto

' � { � }Ô/ !� � � �
�����
u±õ �

$�J u � 
 � � vk+ �
vx$ � 
 vx+ �

where J u
is the numberof observationsof the first samplethat are lessthanor equal

to the v th smallestobservation in the combinedsample. Thus, the 2-sampleAD test
is a rank test. Furthermore,the null hypothesisimplies an invariancepropertyunder
thegroupof � ¢� { ¢ � } ¢ permutationsof theobservationsacrosstwo sampleswith � � and � �
observations.Thereforetheexactnull distributionfor finite samplesizesmaybeobtained
by enumeratingall possiblevaluesof the teststatisticunderthe groupof permutations.
Pettit (1976) givesexact upperpercentagepoints for small samplesizes. He hasalso
proventhatthelimiting null distribution is exactly thesameasfor theone-sample(simple
null hypothesis)AD testwhich is givenin Equation4.14.

Sincefor theone-sampleAD test(simplenull hypothesis)it is observedthattheconver-
genceto theasymptoticnull distribution is very fast,it is moreor lessexpectedto hold in
thepresentsituationaswell. Pettit(1976)proposedto useakind of standardizedstatistic

' �� { � } /�$®' � { � } 
 !)+
$.! ��!4& *)*� + � ! �
for which theexactexpectationandvarianceareequalto theasymptoticmeanandvari-
ance.This statisticmay be usedto enterthe tableof critical valuesof the standardized
asymptoticnull distribution.
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A generalizationof the AD test to the � -samplecaseis given by ScholzandStephens
(1987).Their statisticis

' ã á � / ã
ÝWõ �

� Ý 6 8[ Ý á � 1 $¨�°+ 
 8[ � $¨�·+ �
8[ � $¨�·+ ! 
 8[ � $h�°+

- 8[ � $¨�·+�&
Let

	 5 � 9 cA&k&x&¿c 	 5 � 9 denotethe � orderstatisticsof the combinedsample.The test
statisticsimplifiesto (supposingthatthereareno ties)

' ã á � / !�
ã
ÝWõ �

!� Ý
��� �
u±õ �

$ � J uÞÝê
 v � Ý + �
vx$ � 
 vk+ �

where J u¨Ý
is thenumberof observationsin the ß th samplethatlessthanor equalto

	 5 u 9 .
Notethatwhen �¬/2( thethe � -samplestatisticreducesto the2-samplestatisticof Pettit
(1976). Again the statisticis a rank statistic,andthe null hypothesisimplies a similar
groupinvariancepropertyasfor the2-sampleproblem.Theasymptoticnull distribution
of '�ã á � is thesameasthedistributionof

Æ
ÝWõ �

!
ß'$¨ß � !�+

w �Ý �
wherethe

w �Ý (ßm/w! � &k&k& ) arei.i.d. � � randomvariableswith � 
 ! degreesof freedom.
ScholzandStephens(1987)suggestthatapproximatepercentilesmaybecalculatedusing
Pearsoncurves(SolomonandStephens,1978).A goodapproximationto theasymptotic
null distribution is obtainedby usinga standardizationcorrectionfor theexactmeanand
variance,asit wasdonefor the2-samplecase.

Thetestis consistentagainstessentiallyany alternative.

The Independence Problem

Thetestpresentedin thissectionwasoriginally studiedby Hoeffding (1948).LaterBlum
et al. (1961)developeda moregeneraltestfor testingindependencebetweenmultivari-
atevariableswhich reducesto Hoeffding’s testwhenappliedto independencebetween
univariatevariables.Moreover, in thelatterapproachtheteststatisticis specified“in the
spirit of” theCraḿer-von Misesstatistic.Thereis alsoa trueCraḿer-von Misesstatistic
for testingfor independence(De Wet, 1980),but this is not includedhere.Hoeffding’s
teststatisticis̄

� / � 6 8[�zxµ)á � $h� �`­ + 
 8[�z|á � $h�°+ 8[%µ)á � $ ­ +
� - 8[�zxµ)á � $h� �`­ + �



54 SomeTestsfor Goodness-of-Fit

where 8[�zåµ)á � is the EDF of the joint distribution of
	

and D . Note that the difference
with the true Craḿer-von Misesstatisticis that herethe integral is taken w.r.t. the true
distributionin steadof thehypothesizeddistributionreflectingindependence.Blum et al.
(1961)arguethatthetrueCraḿer-vonMisesstatisticwouldbeasymptoticallyequivalent
underthenull hypothesis.

Thestatistic ° 7� is actuallytheplug-in estimatorof thefunctional

3r$`[%zåµâ¾C[�zâ[�µâ+ / 6 $
[�zxµâ$h� ��­ + 
 [�z�$¨�·+�[�µ�$ ­ +.+ � - [�zxµâ$h� ��­ +
/ Eî ¡�± $
[�zxµâ$h� ��­ + 
 [�z�$¨�·+�[�µ�$ ­ +.+ � �

which measuresthediscrepancy betweenthetrueandthehypothesizeddistribution (cfr.
Romano’s framework). Notethat theexpectationin the latterequationis takenw.r.t. the
truedistribution,whereasatypicalCraḿer-vonMisesfunctionalwouldbeanexpectation
w.r.t. thehypothesizeddistribution.

Hoeffding (1948)provided a computationalformula for

¯
� (actuallya slight modified

form) by recognizingthat it actuallyis a V-statisticbasedon a kernelof degree5. Blum
et al. (1961)proposedanothercomputationalformula,¯

� / !� Ú
�
u±õ � $

§ � $hvx+ § Ú $¨vx+ 
]§ � $¨vx+ § Ù $¨vx+.+ � �
where

§ � $hvk+ , § � $¨vx+ , § Ù $¨vx+ and
§ Ú $hvx+ arethenumberof observationsin theintersection

of p � with �)$h� ��­ +·®��Zc 	 u ��­ c0D u � , �a$¨� ��­ +¿®��>£ 	 u �`­ c�D u � , �a$¨� �`­ +·®��<c 	 u ��­ £D u � and �)$h� �`­ +�®)�s£ 	 u ��­ £�D u � , respectively (seeFigure4.2). Thus,thestatisticcan
beinterpretedasastatisticproportionalto theaverage,overall observations,of ameasure
of dependencein a (mïÓ( contingency table“centred”atanobservation.
From the computationalformula it may alsobe seenthat

¯
� is a rank statistic. Since

thenull hypothesisof independenceimpliesa groupinvariancepropertyunderthegroup
of all �C� permutationsof the observationson

	
(or, equivalently, on D ), the exact null

distributioncanbeenumerated.

Intuitively, it may be seenthat the null distribution of

¯
� will be the sameas a true

Craḿer-von Misesstatistic,becauseyåzxµ becomesyxz|yxµ under
5 � . Under

5 � ,
¯
� con-

vergesweaklyto therandomvariable

Æ
ÝWõ �

Æ
ã õ �

!
ô Ú ß � � �

w �Ý ã �
wherethe

w�Ý ã (ß � �Ê/0! � &x&k& ) arei.i.d. standardnormal.
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²

³ �

­

$ 	 u � D u +
§ � $¨vx+ § � $¨vx+

§ Ù $¨vx+ § Ú $¨vx+

Figure4.2: Illustrationof anobservation Y T£´¶µ�·{´ ] implying a ¸�¹º¸ contingency table.

4.3 Smooth GOF-tests

Neyman(1937)introducedthesmoothGOFtest,which in its original formulationcould
only test simple null hypotheses

5 � ®Ô[Ò$h�°+�/�ÑÒ$¨�·+ , for all �Å�Gp z . In particular
Neymanarguedthat the integral transformationÑ alwayscanbe applied. Thereforehe
only constructedthesmoothtestfor testinguniformity. Froma theoreticalpoint of view,
aninterestingpropertyof Neyman’ssmoothtestis asymptoticallylocally uniformly most
powerful symmetric,unbiasedandof size   .

Since1937many changeshave beensuggestedto Neyman’ssmoothtest. In this section
a brief overview of themoderninterpretationof this classof testsis given.

4.3.1 A General Form of Smooth Tests

Theconstructionof smoothteststhatis givenin thissectionis mainly takenfrom Rayner
andBest(1989).

Theterm“smooth” refersto thecharacteristicthat thedistribution Ñ , which is specified
in thenull hypothesisandwhichmaydependonanuisanceparameterÿ0/�$ ¥ � � &k&k& � ¥N» +^n ,
is imbeddedin afamily Á³Â of alternatives [�Ã whichvariessmoothlywith theparameters
Ä � � &k&x& � Ä � . Thedensityof the � th orderalternative is givenby

y � $¨�·¾�¼ � ÿ +°/¼�x$^¼ � ÿ + ���
� �

u¸õ � Ä
ux�|u $¨� � ÿÔ+ F $¨�°¾`ÿ + � (4.17)
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where �x$o¼ � ÿÔ+ is anormalizationconstant,andwhere � �âu $`& � ÿ + � (v�/�! � &x&k& � � ) is a com-
pleteorthonormalsystem(CONS)of functionson

F
. Thus,(v � ß�/0! � &x&k& � � )

6 ¡
� u $¨� � ÿÔ+ � Ý $¨� � ÿÔ+ F $¨� � ÿ + - �s/­� uÞÝ �

where� uÞÝ is Kronecker’sdelta.Thelatterconditionof completeorthonormalityhasnotal-
waysbeenimposed.Thefirst contributionsto smoothtestsfor compositenull hypotheses
(e.gKopecky andPierce,1979;ThomasandPierce,1979)wereall basedonmoment-like
functions

� u $¨�°+�/b�
u

which clearly do not possessthe orthonormalityrestriction. The
mainadvantagesof orthonormalfunctionsarethat(1) theasymptoticnull distributionof
theteststatisticturnsout to bea simple ��� -distribution, whereasfor theotherfunctions
thenull distributionsarefar morecomplicated,that (2) thecomponentsoftenareeasily
interpretable,that(3) they havea standardnormallimit distribution,andthat(4) they are
asymptoticallyindependent.
Let �T$ 	 ¾`ÿ +°/�$ � � $ 	 ¾�ÿÔ+ � &k&k& � � � $ 	 ¾�ÿÔ+
+ n .
FromEquation4.17it is immediatelyseenthatthenull hypothesisis equivalentto

5 � ®�¼>/_ë%&
Sincethedf of thefamily of alternativesis explicitly given,likelihoodinferencemaybe
applieddirectly. In particular, thescoretestis constructed.Let 8ÿ denotethemaximum
likelihoodestimatorof thenuisanceparameterÿ . Themaximumlikelihoodestimatorof
¼ is givenby

8¼>/ !�
�
u¸õ � �T$ 	 u ¾ 8ÿ +`&

Notethatthescoreis
�u¸õ � �T$ 	¬u ¾`ÿ +�/ � 8¼ . Thescoreteststatisticis thengivenby

� � � � / 8¼ n 8í ��� 8¼ �
where 8í is theestimatorof thevariance-covariancematrix í of the 8¼ with ÿ replacedby
its maximumlikelihoodestimator 8ÿ .

íØ/ !� ½ 
 Cov M � � ��BEDCF� ÿ n
VarM �¾BEDCF� ÿ ���

CovM � � ��BEDCF� ÿ �

where½ is the �Ïï�� identity matrix. Thescorestatisticis howeveronly definedwhen 8í
is nonsingular. In this case,under

5 � , � � � � �
 ¹ ��� � � » . For further purposesit is more
convenientto write theteststatisticas

� � � � / 8¿ n 8À � � 8¿ �
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where 8À / � 8í and 8¿ / �¯�$#.� 8¼ .

Onewayto avoid theproblemof 8À beingsingularis to definea ��ïê: matrix Á�/�Á]$oÿ + ,
which dependson ÿ , andwhich is chosensuchthat 8ÁÛn 8À 8Á is nonsingular. Moreover,
it is alwayspossibleto constructa 8Á suchthat 8Á n 8À 8Á / y for any :>c�� 
ÃÂ . Under
theseconditionsthescorestatisticbecomes

� � � � / 8¿ n 8Á 8Á n 8À 8Á � � 8Á n 8¿
/ 8Á n 8¿ n 8Á n 8¿
/ 8Ä n 8Ä �

where 8Ä / 8Á n 8¿ . Thusthescorestatisticsimply reducesto a sumof : squaredcompo-
nents,

� � � � / l
u±õ �

8� �u �
where 8�é/ �¯���G#.� 8Á n �u±õ � � $ 	 u ¾ 8ÿ + . Furthermore, 8Ä is asymptoticallymultivariate
normallydistributedwith asvariance-covariancematrix the :;ïÒ: identitymatrix, imply-
ing thatthe : componentsareasymptoticallyindependent.

By choosinganappropriate 8Á andanappropriatesystemof completeorthonormalfunc-
tions,thecomponentsmayhaveadesirableinterpretation.Laterexampleswill begiven.

4.3.2 An Alternative Form ulation of the Smooth Test

Someauthorspreferto useanotherparameterizationof a family of “smooth”alternatives
to thenull hypothesis(e.gBarton,1955,1956;Hamdan,1962,1964;KendallandStuart,
1973):

y � $¨�°¾`¼ � ÿÔ+°/ ! �
�
u¸õ � Ä

u � u $h�°¾�ÿÔ+ F $¨�·¾�ÿÔ+ � (4.18)

where ÿ , ¼ and � � $`&h¾`ÿ + � areasbefore. The null hypothesisis still
5 � ®%¼E/gë . This

family of alternativesdoesnot altertheform of theteststatistic.

Inserting y � in Pearson’s functional(Lancaster, 1969)

¬ � � / 6ZÅ y � $h�°¾`ÿ +F $¨�·¾�ÿÔ+ � F $¨�·¾�ÿÔ+ - � 
 ! �



58 SomeTestsfor Goodness-of-Fit

resultsin ¬ � � / 6 Å $
! � ¼ n �T$¨�°¾`ÿ +.+ � F $h�°¾�ÿÔ+ - � 
 !

/
�
ÝWõ � Ä

�Ý &

Theparameters¼ canbeestimatedas(similar asin Eubanket al., 1987)

8¼ Ý / !�
�
u±õ � �T$ 	 u ¾ 8ÿ + �

where 8ÿ is themaximumlikelihoodestimatorof ÿ . Theteststatisticbecomes� � � � / �
�
ÝWõ �

8Ä �Ý

/
�
ÝWõ � ý � 8Ä Ý �

/
�
ÝWõ �

8� �Ý &

4.3.3 Smooth Tests for the Three GOF Problems

In this sectiontheabove theoryis appliedto thethreeGOFproblemsthatarediscussed
in this thesis.

One Sample GOF Problem

For the onesampleproblemthe methodsdescribedabove canbe applieddirectly. Two
approachesfor testingnormality with unknown meanand variance(ÿÐ/à$¨6 � 7 + n ) are
describedbriefly next.

Thefirst oneis actuallydueto Lancaster(1969).Within thegeneralframework of smooth
testsof Section4.3.1 the Hermitepolynomialsmay be used,after the observationsare
standardizedas

w u / O¿¶ �+ÆOý {7hÇ 7¶ È%{ 5(Oê¶ �+ÆO¾9 } . With thesepolynomialsit is seenimmediately

that
�u¸õ � �|Ý $ w u ¾ 8ÿ +�/´" (ßr/�! � ( ) is implied by 86´/ �	

and 87s/ �� �u±õ � $ 	 u 
 �	 + � .
An evident choicefor 8Á is thus a matrix with $E~ � �4+ th elementequalto �ÊÉ ��� á Ë (¦F/
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= � &k&x& � �4¾$Ìr/0! � &k&x& � � ). With this choice, 8Á n 8À 8Á�/ ½ , andtheteststatisticbecomes

� � � � / �
ÝWõ Ù

8� �Ý �
where 8� is definedasbefore.Thefirst component,8�aÙ , turnsout to betheclassicalthird
momenttestfor testingsymmetry(Gupta,1967).

Thesecondapproachresemblesmoretheoriginalformulationof thesmoothtest.Firstthe
observationsaretransformedaccordingto

w u /?ÑÒ$ 	 u ¾ 8ÿ + . with thischoice,theLegendre
polynomialsareappropriate.Thismethodis generalin thesensethatit canappliedto all
Ñ . This is exactlywhatis describedby Eubanket al. (1987).

Finally, we like to mentionthatThomasandPierce(1979)proposedanothersmoothtest
for thecompositenull hypothesiswhich is basedon a modifiedscorestatistic.It consists
mainly in usinga rank � 
 ! matrix asanestimatorfor thesingularmatrix

À � � . This
procedureis very similar to theconstructionof theRao-Robsonstatistic(Section4.1.4).
Thomasand Pierce(1979) did hover not useorthonormalpolynomials,but ratherthe
moment-like functions.

The � -Sample Problem

Let
5 $h�°+P/ ãÝWõ � � Ý [ Ý $¨�·+ , where � Ý / B � ¢ �«Í Æ � 1� . Thentheoriginal � -samplenull

hypothesisis equivalentto
5 �Z®¿[ � $h�°+�/ 5 $¨�·+
¾#&k&k&�¾C[ ã $¨�·+�/ 5 $h�°+ , for all �w�9p�z ,

which may be consideredas � null hypotheses
5 � � Ý ®ê[ Ý $¨�·+�/ 5 $¨�·+ , for all �b�ªp�z

(ßÊ/�! � &k&k& � � ). As in Eubanket al. (1987),eachdistribution y Ý maybeparameterizedas
in Equation4.18,where

F
is replacedwith thedf correspondingto theCDF

5
, andwith

parameters¼ Ý /d$�Ä Ý � � &k&x& � Ä Ý � + n . For eachcorrespondingnull hypothesis
5 � � Ý a setof

components

8� Ý ¥ / � � �$#.�Ý � 1
u¸õ �
� ¥ $ 85 $ 	 Ý�u +
+ �

is calculated,where 85 / ãÝWõ � �
1
� 8[ Ý , andwhere � � ¥ � are the Legendrepolynomials

( Îm/ ! � &k&x& � � ). The ��� components8� Ý ¥ can be combinedinto � components8� �¥ /ãÝWõ � �
1
� 8� �Ý ¥ .

Eubanket al. (1987)showed that 8� � and 8� � arethe Kruskal-Wallis statisticandthe � -
samplegeneralizationof theMoodstatistic,respectively. Moregenerally, theteststatistic
is a rankstatistic.
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The Independence Problem

We considerhereonly thecaseof bivariateindependence.A small changeto themodel
in Equation4.17is needed.Whenthemarginaldistributions [�z and [%µ arenormaldistri-
butions,Kallenberg et al. (1997)proposedto considerthealternatives(basedonasimilar
family introducedby Koziol (1979))

y � $¨�·+¿/ !
7|z

!
7|µ y z $h�°+�y µ $ ­ + ���

� �
ÝWõ � Ä

Ý � Ý � 
 6 z
7az

� Ý ­ 
 6 µ7|µ � (4.19)

wherethepolynomials� �âÝ � aretheHermitepolynomials,andwhere$¨6�z � 7|z�+ and $¨6�µ � 7aµâ+
arethemeanandthestandarddeviationof yxz and yxµ , respectively. Thecorrespondinges-
timatorsaredenotedby $�86�z � 87az'+ and $�86�µ � 87aµâ+ . Theresultingscorestatisticis (originally
proposedby Koziol (1979))

� � � � /
�
ÝWõ � ý � !�

�
u±õ �
�âÝ 	 u 
 86�z

87 z
�|Ý D u 
 86�µ

87 µ
�

/
�
ÝWõ � ý � 8Ä Ý � &

The first componentof
� � � � turnsout to be � timesthe squareof Pearson’s correlation

coefficient (Kallenberg et al., 1997).

A more generalmethodconsistsin taking first the marginal integral transformations[ z $ 	 + and [ µ $`D�+ . Thefamily of alternativesis thensimilar to Equation4.19,

y � $^tT+°/¼�x$^¼¿+ ���
� �

ÝWõ � Ä
Ý � Ý $�[ z $¨�°+.+ � Ý $�[ µ $ ­ +.+ � (4.20)

(Kallenberg and Ledwina, 1999) wherethe � �âÝ � are now Legendrepolynomials,and
where �x$o¼¿+ is a normalizationconstant.A furthergeneralizationis obtainedby dropping
the restrictionthat the cross-producttermsin Equation4.20 aresymmetric. Then, the
family of alternativesbecomes

y �kÏ $^tT+°/¼�x$^¼¿+ ���
� �

ÝWõ �

Ï
ã õ � Ä

Ý ã � Ý $�[ z $¨�·+
+ � ã'$�[ µ $ ­ +
+ & (4.21)
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Writing Ð u and
� u

denotetherankof
	 u

among
	 � � &x&k& � 	 � , andof D u amongD � � &x&k& � D � ,

respectively, theteststatisticbecomes(Kallenberg andLedwina,1999)

� 5 � á Ï 9 � � / �
ÝWõ �

Ï
ã õ �

!
ý �

�
u¸õ �
�âÝ Ð u 
 ��� � ã � u 
 ���

�
&

Now, thefirst component$¨ß � �'+P/Ø$.! � !�+ is up to a multiplicative constantthesquareof
Spearman’srankcorrelationcoefficient. More generally, thecomponents

� 5 � á Ï 9 � � maybe
interpretedasestimatorsof thegradecorrelationsbetween$�[�z'$ 	 +
+ � and $�[�µ�$`D�+
+ Ï . The
componentsthatarederivedin thiswayareidenticalto thosethatareobtainedby Eubank
et al. (1987),thoughthelatterarebasedon anotherfamily of alternatives

y � $otT+°/ �
ÝWõ �

�
ã õ � Ä

Ý ã � Ý $�[ z $¨�·+
+ � ã'$�[ µ $ ­ +
+ �
with

� � $�&^+°/�! . As for the � -sampleproblem,alsothis statisticis a rankstatistic.

4.3.4 Data-Driven Smooth Tests

In theintroductionto thesmoothtestsit wasmentionedthatNeyman(1937)showedthat
his smoothtest is asymptoticallylocally uniformly mostpowerful symmetric,unbiased
andof size   . Althoughthis maylook like a desirableproperty, thereis however anim-
portantcritiquewhich is of practicalimportance.Theoptimality propertydoeshowever
only holdwhenthetruedistribution [ belongsto thefamily of alternativeswhich is con-
structedin theprevioussections.Moreover, thetestis only consistentwhen [ belongsto
thespecifiedfamily of order � . Only in thelimiting case,when � ¹ «

, thefamily equals
Á³Æ , the setof all properdistributions. Indeed,in this casethe family of alternativesis
stronglyrelatedto theorthogonalseriesestimatorof thetruedf y . This limiting situation
maybeof theoreticalinterest,but sincein practicethesamplesize� is alwaysfinite, the
maximalorder � of thealternativesis restrictedin somesenseby � .

Apart from the problemthat a finite order � may imply that the true distribution is not
capturedby thefamily, thereis theproblemof dilution. E.g. supposethatin the2-sample
problemthe two distributions [ � and [ � have the sameform but differentmeans(cfr.
the locationshift problem). Whenthe smoothtestof Section4.3.3would be usedwith� /0! , thenthis testis equivalentto theKruskal-Wallis test,which is originally especially
designedfor the location shift problem. Among all GOF testsa high power may be
expectedhere. But, on the otherhand,when � is takenconsiderablylarger than1, then
theeffectof thelocationshift becomes“diluted” in theteststatistic.Morespecifically, the
secondcomponentis Mood’s testfor comparingvariances,which in thepresentexample
behavesthe sameasunderthe 2-samplenull hypothesisandthusdoesnot enlarge the
teststatisticin probability, but only increasesits variance.Therefore,in thisexample,the
power of thesmoothtestwith �Ò£�! is smallerascomparedto ��/f! . In practice,when
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onewantsto apply an omnibus test,onedoesnot know a priori in what sensethe true
distribution will deviate from the distribution specifiedin the null hypothesis,andthus
theorder � of asmoothtestmaybeveryhardto bechosenappropriately, andit definitely
holdsa certainrisk w.r.t. thepower.

A solutionto theproblemof choosinganappropriateorder � is givenby Ledwina(1994):
theorder � is estimatedfrom thedata,i.e. theorderis data-driven.In shortthereasoning
is asfollows. Let Á Â 1 denotethefamily of alternativesof orderß . Thentheset

�CÁ³Â�{ � Á³Â } � &k&x& � (4.22)

may be consideredasa sequenceof families. If the true df y belongsto Á Â 1 , thenof
coursealso y<�ZÁ ÂCÑ , �Û£�ß . Fromthediscussionin thepreviousparagraph,it is clear
that in this situationit is bestto choose��/Gß , i.e. the family with the smallestorder
that containsthe true df y . The problemof choosingthe appropriateorder � may be
consideredasa modelselectionproblemwhere � is the dimensionof the model. Since
the families Á³Â 1 areby constructionexponentialdistributions,an appropriateselection
rule is e.g.theBayesianInformationCriterion(BIC) of Schwartz(1978).Oncetheorder
is estimatedfrom the data,saythe order

�
is selected,thenthe original smoothtestof

order
�

is appliedto thedata.

Originally, the data-drivensmoothtestswereexactly basedon Schwartz’ selectionrule
(Ledwina,1994),which is computationallyinconvenientbecausethe maximizedlikeli-
hoodsmustbecalculatedfor eachcandidatedimension� . Latera modifiedselectionrule
wasproposed(Kallenberg andLedwina,1997),which is computationallysimpler. All
data-drivensmoothteststhataredescribedin theremainderof this sectionwill bebased
on this modifiedselectionrule, thoughit will still bereferredto asSchwartzBIC.

In generalthemodifiedselectionrule selectstheorder

� / ¢ � D �Cß'¾k! c<ßÊc - ® � Ý � � 
 ß BoD $ � +°e � } � � 
 ~ BED $ � + � ~¬/0! � &x&k& � - � � (4.23)

where
-

is the maximal order considered. (Note: in most of the literature, the order�
selectedby the modifiedselectionrule is denotedby

� ( .) Sinceon the onehandthe
maximalorder

-
is restrictedby thesamplesize,andontheotherhandconsistency against

essentiallyany alternative (i.e. omnibusconsistency) is only guaranteedwhen
- ¹ «

,
themaximalorderis madesamplesizedependentsuchthat

- / - � ¹ «
as � ¹ «

in
somesense.

Oncethe order
�

is selected,the test statisticbecomes
�QÒ � � (test in Section4.3.1) or� Ò � � (testin Section4.3.2).For all data-drivensmoothteststhathavebeendefinedsimi-

larly, thefollowing theoremhasbeenproven(Inglot et al., 1997;Janic-Wŕoblewskaand
Ledwina,2000;Kallenberg andLedwina,1999;Ledwina,1994).

Theorem4.2 Under
5 � ,

� l
 ¹�! and
� Ò � � �
 ¹ � � � &
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Theimportanceof thispropertyis thatthelimiting null distributiondoesnotdependon
-

and [ .

In thefollowing sectionsdata-driventestsfor thethreeGOF-problemswill bediscussed
briefly.

The One-Sample Problem

Thedata-drivenNeymansmoothtestfor simplenull hypotheseswasintroducedby Led-
wina (1994),but will not be further discussedhere. From a practicalpoint of view, the
compositenull hypothesisis of more importance.The data-drivensmoothtest for this
problemwasgivenby Inglot et al. (1997).In Section4.3.3it wasseenthattheestimation
of a

Â
-dimensionalnuisanceparameterresultsin a lossof at least

Â
degreesof freedom

in thelimiting chi-squareddistributionwhenthesmoothtestsof RaynerandBest(1989)
areused.Inglot et al. (1997),however, usethemodifiedscoretestof ThomasandPierce
(1979)asthecoreof theirsmoothtest,which its asymptoticnull distributiondoesnotde-
pendon theestimationof thenuisanceparameters.This approachhassomeparallelism
with the GQF that eventually led to the RR statistic. For this data-driven smoothtest
Theorem4.2holds.Furthermore,consistency is provenfor essentiallyany alternative.

Simulationstudiessuggestedthattheconvergenceof thenull distributiontowardsits lim-
iting distribution is ratherslow. In particular, the selectionrule doesnot alwaysselect� / ! under

5 � , as is shouldasymptoticallyaccordingto Theorem4.2. Thereforea
second-orderapproximationis developed(Kallenberg andLedwina,1995),which gives
a goodapproximationfor moderatesamplesizes.

Inglot et al. (1997)reportthattheir data-drivensmoothtestbasedon theLegendrepoly-
nomialshasgoodpower characteristics.Whentestingfor normality, thedata-driventest
is even competitive with testswhich arespecificallydesignedfor testingfor normality,
e.g. theShapiro-Wilk test(ShapiroandWilk, 1965). Also for testingfor exponentiality
thesameconclusionholdsw.r.t. Gini’s testfor exponentiality(Gail andGastwirth,1975).

The � -Sample Problem

In Section4.3.3a smoothtestfor the � -sampleproblemwasdescribed(Eubanket al.,
1987).Until today, to ourknowledge,thereis nodata-drivenversionof this testavailable
for �w£×( . For �b/H( , on the other hand,recentlyJanic-Wŕoblewska and Ledwina
(2000) proposeda data-driven rank statistic. Their statistic is exactly the data-driven
version,basedon themodifiedSchwartzselectionrule, of the � -samplesmoothstatistic
of Eubanket al. (1987) (Legendrepolynomials). Theorem4.2 is proven aswell, and
a second-orderapproximationof theasymptoticnull distribution is obtainedin a similar
wayasin KallenbergandLedwina(1995),resultingin agoodapproximationfor moderate
samplesizes.

Supposethat thesamplessizesof thetwo samplesare � � and � � , with � � c � � , then,if
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� � ¹ «
as� ¹ «

and
- � / ! � {J L 5 � {Ó9 �$#�Ô

, thentheir data-driventestis consistent

againstessentiallyany alternative.

Janic-WŕoblewskaandLedwina(2000)comparedtheir testin a simulationstudy(� � /� � /ª*)" ) with someothertestsfor the2-sampleproblem(amongwhich theWilcoxon’s
rank sum test (Wilcoxon, 1945) and Neuhaus’omnibus test (Neuhaus,1987)). They
concludedthattheir testhasoverallgoodpower, alsounderalternativeswherelinearrank
testscompletelybreakdown.

The Independence Problem

Thedata-drivenrank testfor the independenceproblemis a straightforwardapplication
of thegeneralmethodologypresentedin theprevioussections.Only for theasymmetric
family (Equation4.21)a smalladaptationis needed.Thetwo testsarediscussedbriefly
here.Both testsarebasedon thesmoothtestsdescribedin Section4.3.3with Legendre
polynomials.

First, for thesymmetricfamily of alternatives(Equation4.20)themodifiedselectionmay
beappliedexactlyasexplainedabove.Thistestis referredto astheTS2test(“T” referring
to theteststatistic,and“S2” to themodifiedselectionrule).
Whentheasymmetricfamily is adopted,thesequenceof familiesof Equation4.22must
be indexed by two indices: onereferringto the orderof the Legendrepolynomialsfor
the

	
variable,andtheotherreferringto theorderof thepolynomialsfor the D variable.

Thus,

�#Á³Â¯{ { � Á³Â¯{¸} � Á³Â�}�{ � Á³Â }W} � &x&k& � �
whereÁ Â¾ÕGÖ is thefamily of alternativesgivenin Equation4.21( � � �T/0! � &k&x& ). Theorder
is now given by the pair $�� � �å+ , but the dimensionof the correspondingmodel is still a
scalar, � � � , i.e. the total numberof parameters.Again the maximal order $ - � � - � +
dependson � . Theselectionrule now becomes

$ � � � +j/ ¢ � D ! c?� � ��c - � � � 5 � á Ï 9 � � 
 $�� � �å+ BED $ � +°e � 5 u á Ý 9 � � 
 $¨v � ß'+ BED $ � +.¾
v � ßÊ/0! � &k&k& � - �ò� &

Theteststatisticis
� 5 Ò á ×89 � � . Thetestwill bereferredto astheV test.

Kallenberg andLedwina(1999)have provena slightly adaptedversionof Theorem4.2,

in the sensethat now under
5 � , $ � � � + l
 ¹ $.! � !)+ , andconsequently

� 5 Ò á ×89 � � �
 ¹ ��� �
whenever

- � convergesappropriatelyto infinity. A simulationstudy revealedthat the
convergenceis againratherslow. Therefore,a second-orderapproximationusing the
argumentsof Kallenberg andLedwina(1995)wasobtained,resultingin goodapproxi-
mations.Undercertainrestrictionson theconvergencerateof

- � , bothtestswereproven
to beconsistentagainstessentiallyany alternative. In anextensive simulationstudythe
TS2 andthe V testwerecomparedto someother testsfor independence(amongthem
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Hoeffding’s test(Blum et al., 1961;Hoeffding, 1948)). They used
- � /b!#" for � /_*)"

with theTS2test,and
- � /s( for � /2*�" with theV test.Theirgeneralconclusionis that

both testsperformedwell for a wide rangeof alternatives. In particularthe data-driven
testsdid nevershow a completebreakdown of thepower, whereastheothertestsdid for
at leastsomeof the alternativesconsidered.Underalternativeswith lacking symmetry
theV testsgavebetterresultsthantheTS2test.

Some Final Remarks on Data-Driven Smooth Tests

One practicalproblemseemsstill to remainfor finite samplesizes: the choiceof
- � .

Though,e.g.Janic-WŕoblewskaandLedwina(2000)investigatedtheeffectof thechoice
of
- � on the power for moderatesamplesizesin a simulationstudies,andit turnedout

that for the alternatives that they considered,the power remainedvery stableeven for
smallchoicesfor

- � .
Ontheotherhandit is expectedthatthepowerof thedata-driventestsmaybesmallwhen- � is chosentoo small whenoneaims to detect“high-frequency” departuresfrom the
null hypothesis(with “high-frequency” it is meantthatonly thecoefficientsof thehigher
orderpolynomialsdiffer substantiallyfrom zero). A possiblesolutionto this problemis
to constructanalternativesequenceof exponentialfamiliesascomparedto thesequence
givenin Equation4.22.E.g. � th orderalternativesmaybeconstructedasasubfamily of a
� th (��£0� ) orderfamily Á Â¾Ö with the � 
 � first coefficientsput to zero.A critiqueto this
approachis that theusermustspecifythesequencebeforehand,whereastypically when
facingaomnibusproblemtheuserdoesnot haveaclueaboutthetruedistribution.

4.4 A Link between Smooth Tests and the Ander son-
Darling Statistics

Durbin andKnott (1972)showedaninterestingrelationbetweenstatisticsof theCraḿer
- von Mises type andthe smoothtests. In particularthey showed that the ' � statistic
(Section4.2.4)for theone-sampleproblemfor simplenull hypothesis,maybewritten in
analternative form

' � / Æ
ÝWõ �

w �� Ý
ß'$¨ß � !)+ �

where w � Ý / 
 !� �G#.� �
u±õ � �

Ý $�ÑÒ$h� u +
+ �
where �4� Ý � aretheLegendrepolynomialson Ø � � " � !C� . Thus,the ' � statisticmaynow be
seenasa weightedNeyman’ssmoothstatisticof infinite order, which is with thepresent
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notation
� Æ � � / Æ ÝWõ � w �� Ý . The weights, �Ý 5 Ý$� � 9 aresuchthat the higherthe orderof

theterm,thelower theweightis.
A similar propertyof theAD statisticin thecompositenull hypothesiscaseis studiedby
Durbin,Knott andTaylor (1975).

For the ( -sampleAD statistic,Pettit(1976)gaveasimilarexpansionof the ' � { � } statistic,

' � { � }Ï/ �
� �

Æ
ÝWõ �

¯
�Ý

ß'$hß � !�+ �
where ¯

Ý / 
 (�ß � !� �
{} �
u¸õ � �

Ý (�v� � !

 ! w u �

wherethe
w u

(v�/�! � &x&k& � � ) are indicator functions,beingonewhen the v th observa-
tion belongsto the1stsample.Thus,the

¯
Ý

arejust linear rankstatistics.Furthermore,
� � �� } �$#.� ¯ � and � � �� } �$#.� ¯ � arethe standardizedWilcoxon andMood statistic,re-

spectively. Again the statisticmay be interpretedasa weightedsmoothtest for the 2-
sampleproblem(Section4.3.3).



CHAPTER5

TheSampleSpacePartitionTest
for Goodness-of-Fit

Thefirst typeof SampleSpacePartition testthat is proposedin this work is specifically
constructedfor the one-sampleGOF problem. The directeddivergences,which arein-
troducedin Section5.1), however, will also be neededin the subsequentchapters. In
Sections5.2and5.3thetestsaredevelopedfor thesimpleandthecompositenull hypoth-
esis,respectively. A generalizationis given in Section5.4. In Section5.5 a data-driven
testis constructed,andfinally, in Section5.6anextensionto multivariateobservationsis
discussed.

First we repeattheassumptionsthatweregivenin Chapter3.

Assumption (A1).
The CDF of i is differentiable, and the correspondingdf is stictly positiveover the
samplespace.

Assumption (A2).
Thedistributions [ and Ñ aredefinedon thesamesamplespacep .

LaterAssumptionA2 will beloosened(Section5.1.2).

67
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5.1 Directed Diver gence

In Section4.2.2a broadclassof EDF GOF testswasfitted into a framework which is
essentiallycharacterizedby ameasure� for thediscrepancy betweenthetruedistribution
[ , estimatedby 8[ � , andthehypothesizeddistribution Ñ . This measuremustnot neces-
sarilybeametric,normustit evenbesymmetricin its arguments.Oneinterestingchoice
for � is a functionalbasedonadirectedinformationdivergence. In Section4.1.5arelated
family of power divergencestatisticswasdiscussed.Thesedivergences,however, were
originally definedfor discretedistributions(CressieandRead,1984). In this sectionwe
will show how this family of divergencescanbeusedfor theGOFsettingfor continuous
variables,eventuallyleadingto anew statisticaltestfor GOF.

5.1.1 Directed Diver gence for Contin uous Distrib utions

Althoughmostof thediscussionin CressieandRead(1984)is aboutthedivergencefor
discretedistributions,they givebriefly anindicationonhow acontinuousanaloguecould
beconstructed.Here,however, we preferto follow anotherline of thinking in which the
divergencebetweencontinuousdistributionsis definedstartingfrom thedefinitionof the
divergencebetweendiscretedistributions. To make the link betweenboth moredirect
we will statetheresultsfor thelatterdivergencefor discretizedcontinuousdistributions,
which,asin Section4.1.4,imply multinomialdistributions.

Let

�('ê��/?�)' � � &k&x& � ' | �
denotea partition of size � of the samplespacep . As before, [ and Ñ denotethe true
andthe postulateddistribution function of

	
, respectively, for which AssumptionsA1

andA2 aresupposedto hold. Then,the fixed samplespacepartition (SSP) �>'¿� implies
on both [ and Ñ a multinomial distribution with probabilitiesPî �>' u ��/ , ¶ - [ and
PM �>' u ��/ , ¶ - Ñ (v�/0! � &x&k& � � ), respectively. This is illustratedin Figure5.1.

Definition 5.1 Thedirecteddivergenceof order �>�<© between[ and Ñ , basedon the
size� SSP�('ê��/?�4' � � &x&k& � ' |å� for which for all v�/�! � &k&x& � �³® PM �(' u �¯ç/2" , is definedas

I z $
[Ò¾CÑ Ùk�('ê� +°/ !
��$�� � !�+

|
u±õ � PîP�(' u � Pî �>' u �

PM �(' u � z 
 ! � (5.1)

where thefunctionat �m/s" � 
 ! is definedbycontinuity.

Thisdefinitionis astraightforwardadaptationof thedefinitionof thedivergencebetween
two discrete(multinomial)distributions(CressieandRead,1984).Sometimes,for short,
thisdivergencewill bereferredto asthediscretedivergence.
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Figure5.1: A partition Ú Û2Ü VÞÝ Û q µ Û R µ Û X:ß of asamplespaceof aunivariatevariable,andtheprobabilities
w.r.t. thetrue(à ) andthepostulated(á ) distributions.

The condition that PM �('ê�;ç/Ø" for all 'Å�g�>'¿� is assuredby AssumptionA1 that
F

is
strictly possitiveon p .

A few importantnotesareherein place.

1. First, for �;/s" thedirecteddivergencebecomes

I
� $�[Ò¾#Ñ Ù#�>'¿��+°/ |

u±õ � PîP�(' u � BoD Pî �o' u �
PM �>' u � �

whichisaconstantmultipleof Kullback’sinformationdivergence(Kullback,1959).
Anotherinterestingspecialmemberof thefamily is givenfor �\/0! ,

I � $`[Ò¾CÑ Ù#�>'¿��+·/ !
(
|
u¸õ �

$ Pî �o' u � 
 PM �(' u ��+ �
PM �>' u � �

which is clearlya Pearson-like functional.

2. A secondimportantremarkis concerningthe asymmetryof the divergencein its
arguments,whichmakesthedivergencedefinitelynotametric.Only for �;/ �� the
divergencebecomesametric,whichis knownastheHellingeror Matusitadistance.

CressieandRead(1984)showed that I z $�[Ò¾CÑ Ùk�('ê� + is indeeda true informationmea-
sureaccordingto thecriteriaof RathieandKannappan(1972).They alsoshowedthat it
satisfiessomeimportantproperties,of which the most importantto the presenttext are
summarizedin thefollowing Corollary.
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Corollary 5.1 (CressieandRead,1984)

» ThedirecteddivergencebasedonSSP�('ê� is non-negative, i.e. I z $�[Ò¾#Ñ Ù#�>'¿��+°es" ,
with equalityif andonly if PîT�>' u ��/ PM �>' u � , v�/0! � &x&k& � � .

» The directeddivergencebasedon SSP �('ê� satisfiesa mild symmetry condition
implying that thedivergenceis unchangedif the � partition elementsare taken in
anydifferentorder.

» Thedirecteddivergencebasedon SSP�>'¿� satisfiesthe following grouping prop-
erty: for anypartition �>'¿�³/g�4' � � &k&k& � ' |å� andanyderivedsize � 
 ! partition
�
¯
�¿/E�4' � � &x&k& � ' |C��� Î ' |å� , I z $`[Ò¾CÑ Ù#�

¯
��+êc I z $`[Ò¾#Ñ Ù#�>'¿��+ , i.e. thedivergence

cannotincreaseif anyclassesare grouped.Thepartition �('ê� is sometimescalled
a refinementof partition �

¯
� , and this propertyis also knownas the Refinement

Lemma (Whittaker, 1990).

Thedirecteddivergencebetweentwo continuousdistributionsis now defined.

Definition 5.2 Thedirecteddivergenceof order �m�Û© between[ and Ñ is definedas

I z $�[Ò¾#ÑÒ+·/
���{�
â ,Rã I z $�[Ò¾#Ñ Ù#�>'¿��+ � (5.2)

where thesupremumis takenoverall possiblesamplespacepartitionsof p .

Thisdivergencewill sometimesbereferredto asthecontinuousdivergence.
Theexistanceof thesupremumfollowsfrom theextendedDobrushintheorem(cfr. Whit-
taker, 1990),which statesthat���{�

â ,Rã I z $�[Ò¾#Ñ Ù#�>'¿��+°/ !
��$�� � !)+ 6 y $^tT+F $^tT+ z 
 ! y $otT+ - t�& (5.3)

Theright handsideof Equation5.3maybetakenasthepracticaldefinitionof thedirected
divergenceof order � , I z $�[Ò¾#ÑÒ+ . Intuitively, Equation5.3maybeunderstoodasfollows:
from theRefinementLemma(Corollary5.1) it is known that thedirecteddivergencein-
creasesasthe partitionbecomesmorerefined. Thus,the supremumcanbeobtainedby
taking the limit for infinitesimalsmall partition elements,which eventuallyleadsto the
integral.

Defining the divergencebetweencontinuousdistributionsasabove, hasin generaltwo
importantadvantages.

» Thefirst importantadvantageis thattheoriginaldefinition,whichactuallysaysthat
thedivergencebetweencontinuousdistributionsis a specialcase(limiting case)of
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thedivergencebetweendiscretedistributions,directly impliesthatall propertiesfor
thediscretedivergencearestill valid for thecontinuousdivergence.More specifi-
cally, thefirst partof Corollary5.1still applies,but cannow beformulatedas

Corollary 5.2 Thedirecteddivergenceis non-negative, i.e. I z $`[Ò¾CÑÒ+Òeg" with
equalityif andonly if y $^tT+°/ F $^tT+ for all t9�¬p .

» Finally, sincethe continuousdivergenceis accordingto its definition a discrete
divergencew.r.t the mostextremerefinedpartition, the RefinementLemmanow
impliesimmediatelythefollowing corollary.

Corollary 5.3 For all partitions �('ê� of anysize �¯£w! ,
I z $�[Ò¾#Ñ Ù#�>'¿��+�c I z $`[Ò¾CÑÒ+|&

5.1.2 Directed Diver gence Based on SSP in the GOF Setting

Corollary 5.2 actuallysaysthat the continuousdivergencebetween[ and Ñ is zero if
andonly if the GOF null hypothesisis true, otherwisethe divergenceis positive. And
Corollary 5.3 statesthat the continuousdivergenceis at leastaslargeasthe divergence
basedonaSSP. Thus,for someapriori specified� , it is sufficientto findonly onepartition
�>'¿� for which I z $
[Ò¾CÑ Ù#�>'¿��+�£9" to concludethat Ñ is not thetruedistributionof i . We
summarizethis straightforward result in a Corollary for it is a centralargumentin the
constructionof theproposedstatisticaltestin this thesis.

Corollary 5.4 If, for some � , there exists a SSP �('ê� of any size �b£ ! for which
I z $
[Ò¾CÑ Ùk�('ê� +�£9" , then Ñ and [ are different.

In theprevioussectionis wasassumedthatboth y and
F

aredefinedonacommonsample
space(AssumptionA2) on which they botharestrictly positive (AssumptionA1). This
assumptionwasan importantelementto guaranteethat the discreteandthe continuous
divergencesexist (divisionby zerowasavoided).A few commentson this assumptionin
theGOFsettingmaybein placehere.

» Thediscreteandthecontinuousdivergenceareoftenseenasexpectationsw.r.t. �%î
and y , respectively. Obviously, thesummationandintegrationin their definitions
areover the partitionelementsof the samplespaceof y , andthe samplespaceofy , respectively. In a typical GOFsetting,however, onedoesnot know a priori the
truedistribution y , and,therefore,onealsooftendoesnotknow exactly thesample
spaceon which y is defined.This is clearlya problem.Thedistribution

F
, on the

otherhand,is completelyspecified(or at leastup to someestimableparameters),
andits samplespaceis known aswell.
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» Supposethatthesamplespacey is asubsetof thesamplespaceof
F

, thenI z $�[Ò¾CÑÒ+
would remainunchangedif the integral is calculatedover the samplespaceof

F
,

andalsoI z $`[Ò¾CÑ Ù#�>'¿��+ would remainunchangedby constructingthepartition �>'¿�
on thelargersamplespace.(For �m/s" , this is guaranteedby defining" BoD "Ó/2" as
in Whittaker (1990).)

» Supposethatit wouldbeallowedthat
F

is zeroonsomesubsetof thesamplespace
where y is strictly positive. Then I z $�[Ò¾CÑÒ+m/ � «

andSSPs�('ê� may be con-
structedfor which I z $
[Ò¾CÑ Ùk�('ê� +·/ � «

aswell. Theinfinitely largevaluesof the
divergencesonly reflects(correcly)thefactthatthesamplespacesdo not coincide
andthat thereforethedistributions y and

F
aredefinitelydifferent.Thus,from the

point of view of theGOFproblem,thissituationhasaclearinterpretation.

Althoughthelastremarkdoesnot seemto introduceany problemsin a GOFsetting,we
will notallow thissituationsinceit will invalidatethesampledistributionsof thestatistics
thatareconstructedin thenext sections.Thesituationdescribedin thesecondremark,on
theotherhand,will not changetheresultsthataregivenin thenext sections.Therefore,
in the remainderof this chapter, we will loosenthe assumptionon the commonsample
space:

Assumption (A2b).
Thesamplespaceon which [ is definedmustbeequalto thesamplespaceon which Ñ
is defined,or at leastit mustbea subsetof thelatter.

In theremainderof this chapterthesamplespacep refersto theextendedsamplespace
onwhich

F
is defined.

5.1.3 The Power Diver gence Statistics

Themajorreasonwhy theinformationdivergences,asformulatedin theprevioussection,
cannotbeuseddirectly in practiceis of coursethat they generallycannotbecalculated,
becausethetruedistribution [ is notknown,otherwisetheGOF-problemwouldnotexist
in the first place. Moreover, in the caseof a compositeGOF null hypothesis,the exact
memberÑTÃ
Õ is notknown. Thereforeasample-analogueto boththediscreteandthecon-
tinuousdivergencecanbelookedfor asthecorrespondingestimator, whichsubsequently
mightbeusedasa teststatistic,takingthesamplingvariability into account.

Themoststraightforwardsolutionis to replacetheunknown distributions [ and Ñ (if the
null hypothesisis composite)by their correspondingestimators.As an estimatorof [
we proposeto usetheempiricaldistribution function(EDF) 8[w/ 8[ � , which wasalready
introducedin Section4.2.1asa consistentestimatorof [ . When Ñ Ã belongsto some
parametricfamily, thereis alsoneedfor an estimator. As frequentlyusedin Chapter3,
thisestimatoris givenby 8ÑE/?Ñ ¡Ã , where 8Ä denotessomeconsistentestimatorof ¼ .

Thedivergenceswhich aredefinedin Section5.1,arebasicallyreal-valuedfunctionsof
distributions. Suchfunctionsareoftencalledfunctionals. By replacingthedistributions
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by their estimators,asdescribedin the previous paragraph,a so-calledplug-in estima-
tor is obtained. In this way the functionalwith estimatorsplugged-infor the unknown
distributionsbecomesa functionof thesample,andthusit becomesastatistic.

Discrete Diver gence

Thestatisticbasedon thediscretedirecteddivergencewasthemain topic of theCressie
andRead(1984)paper. Thesestatisticsweretreatedin detail in Section4.1.5;we will
only repeatthemainresultshere,appliedto thegrouped(by meansof SSP)continuous
datasetting.

Definition 5.3 Thepowerdivergencestatisticof order �<�]© between[ and Ñ , based
on thesize � SSP�('ê� is definedas

8I z $`[Ò¾CÑ Ù#�>'¿��+°/ !
�%$`� � !�+

|
u¸õ �

8Pî �>' u � 8Pî �>' u �
8PM �(' u �

z 
 ! �

where 8PîT�>' u ��/ �¯� � � $k' u * p � + , and 8PM �(' u ��/ PM �(' u � for a simplenull hypothesisand8PM �o' u ��/ PMZäå �>' u � for a compositenull hypothesis.

Notethat 8I z $�[Ò¾#Ñ Ù#�>'¿��+ couldjust aswell bewritten asI z 8[ � ¾CÑ ¡Ã Ù#�>'¿� . Notealsothat

by AssumptionsA1 andA2b theestimatedprobabilitiesPM �(' u � (v�/�! � &k&x& � � ) arealways
greaterthanzero.

It is shown thatfor all � , conditionalof �>'¿� ,
( � 8I z $`[Ò¾CÑ Ùk�('ê� + 
 ( � 8I � $�[Ò¾#Ñ Ù#�>'¿��+ l
 ¹�" �

which is Pearson’s � � -statistic.Further, underasimple
5 � , for all � ,

( � 8I z $`[Ò¾CÑ Ù#�>'¿��+ �
 ¹ � � |C� � &
For acompositenull hypothesis,and: -vectorparameter¼ replacedby its BAN-estimator8¼ basedon thegroupeddata(seeSection4.1.3for moredetailson BAN-estimators),the
asymptoticnull distribution is givenas

( � 8I z $�[Ò¾CÑ Ùk�('ê� +
�
 ¹ � � |C� l ��� &
In the beginning of this chapterwe suggestedthat a statisticbasedon an information
divergencemay be a goodchoicefor the measure� within Romano’s framework. One
suchpossibilityis thediscretepowerdivergencestatistic.
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Contin uous Diver gence

Also in the continuousdirecteddivergenceI z $
[Ò¾CÑÒ+ the unknown distributionscanbe
replacedby estimators,resultingin adivergencestatistic.Whenthedistributionsarecon-
tinuous,thenthe useof the plug-in estimatorseemsthe mostnaturalchoiceto usein a
GOFtestbasedon the informationdivergence.Indeedtheuseof thediscretepower di-
vergencestatisticsdescribedaboveonly seemsageneralizationof thePearson��� -testfor
groupeddatafor which in Section4.1.4it wasexplainedthatthis is definitelynotanopti-
mal choice.An importantdifferencebetweenthecontinuousandthediscretedivergence
statisticis that for the continuouscasenot the CDF [ , which is basicallya probabil-
ity, must be replacedby its estimator, but ratherthat the density y must be replaced.
A goodchoiceis a kernelestimator 8y�æ � � with bandwidth

�
. In the case�?/�! (Pear-

son’s functional)Bickel andRosenblatt(1973)showed that sucha divergencestatistic
hasan asymptoticnormalnull distribution. More recently, similar statistics(Rosenblatt
andWahlen,1992;Zheng,1997)werestudiedin thecontext of testingindependencebe-
tweentwo continuousrandomvariables.Themajorproblemwith this approachis thatit
necessarilybringsthe problemof bandwidthselectionalong;seee.g. Hall (1987)for a
detaileddiscussion.We will not continuein this line.

At this point it may be interestingto remarkthat smoothtestsmay alsobe constructed
from Pearson’s functional (Eubanket al., 1987). In Section4.3.2 it was shown that
the correspondingsmoothstatisticis obtainedby substitutingy with an � -dimensional
exponentialfamily. In this way thedensitiesmustnot beestimatedby meansof a kernel
densityestimator, but ratherby replacingthe � parametersby their maximumlikelihood
estimators.Omnibusconsistency is however lost, but maybeobtainedagainby making
thetestdata-driven,andallowing � to grow unboundedlywith � as� ¹ «

.

5.2 The SSP Test: Simple Null Hypothesis

In this sectiona new SSP-basedGOFtestis constructedfor theeasiestcase:thesimple
null hypothesis

5 �;® [Ò$¨�°+ /�ÑÒ$¨�·+ for all �ª�Zp , where Ñ is thusa uniquelyspecified
CDF, andwhere� is univariate.Further, we will restrictthepowerdivergencesto �;/?! ,
i.e. the Pearson-typedivergence,which will be referredto asthe (discrete)Pearsondi-
vergence. Thecorrespondingstatisticis the(discrete)Pearsondivergencestatistic,or the
traditionalPearsonstatistic.Laterthe � -restrictionwill bedroppedandthetestproposed
in this sectionwill begeneralized.

First, in Section5.2.1,anappropriate� -measureis proposed.Its plug-inestimator, which
will beusedto constructtheteststatistic,is presentedin Section5.2.2.Thenext sectionis
devotedto adiscussionontheteststatisticandits limiting null distribution,followedby a
studyaboutapproximationmethodsfor boththeasymptoticandtheexact(finite sample)
null distribution. We endwith a small simulationstudyto show the new test its power
characteristics.
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5.2.1 The Averaged Pearson Diver gence

Startingfrom Corollary5.4onecouldthink of aGOFtestby constructingsomealgorithm
to searcha SSP�>'¿� for which

I � $
[Ò¾CÑ Ùk�('ê� +�£9"�& (5.4)

For eachSSP�>'¿� theinequalitycanbeassessedbymeansof astatistical  -level testbased

on thePearsonstatistic( � 8I � $�[Ò¾#Ñ Ù#�>'¿��+ . Oncesucha SSPis found,by Corollary5.4 it
is concludedthatthenull hypothesisis rejected.Thisapproachintroduceshoweversome
difficulties.Sincethedecisionrule is basedonperformingseveraltests,thismethodology
clearly introducesmultiplicity. Hence,the overall probability of makinga type I error
will be larger than   . Furthermore,in general,the partitionsfor which Equation5.4 is
to be assessedwill lead to Pearsonteststatisticsthat may be dependent,which makes
a correctionfor multiplicity possiblyratherdifficult (seee.g. Hsu, 1996). We want to
notehere,however, that this point of criticism doesnot meanthat sucha methodis not
feasible,but in this thesiswe will notcontinuein thatline.

Oneway to overcomethemultiple testingproblemis of courseto constructa test(deci-
sion rule) which is basedon only a singleteststatistic. This teststatisticwill againbe
an estimatorof somemeasurefor the deviation from the null hypothesis,but now this
measurewill combinetheinformationagainstthenull hypothesisamonga representative
setof SSPs.In the remainderof this sectionthis measureis introduced,but first some
definitionsaregiven.

Definition 5.4 Considerç » á �­è p � , where
Â / � ç » á � . Then,a partition construc-

tion rule is an algorithm that uniquelydeterminesa SSP�('ê� as a functionof ç » á � , i.e.
�>'¿��$�ç » á � + . Further, defineé » á � asthesetof all

Â
-sizedsubsamplesç » á � , and ê » á � asthe

setof all correspondingSSPs.Then,é » á � is a partition determining subsampleset.

Definition 5.4 servesas the generaldefinition, and it allows for different typesof par-
titions. In the presentchapter, however,

	
is supposedto be univariate,suchthat it

is straightforward to find a simpleandappropriateconstructionrule anda correspond-
ing partitiondeterminingsubsampleset. Thefollowing partitionconstructionrule is the
one that is usedin the remainderof this chapter. The samplep � may be written as
p � /g� 	 5 � 9 � &k&x& 	 5 � 9 � , where

	 5 u 9 denotesthe v th orderstatistic. Let ë ¥ and ë�É denote
thelowerandupperboundof thesamplespacep , respectively.

Definition 5.5 Thepartition construction rule of a � -sizedSSPof thesamplespacep
of a univariaterv determinespartitionsof theform

�('ê��/0�#�$ë ¥ � 	 5 u {Ó9 � * p � � 	 5 u {�9 � 	 5 u }x9 � * p � &k&x&
� 	 5 uGì � {Ó9 � ë É � * p � � (5.5)

for any ! c<v �Cí v �ºí &k&x& í v |C��� c � .
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Hence,ç » á � /0� 	 5 u { 9 � &k&x& � 	 5 u ì � { 9 � , Â /�� 
 ! , and é |C� � á � is thesetof all suchç |C� � á � .
Note that

� é |C� � á � / �|C� � . Also, for short, �('ê�oîb/g�>'¿��$�ç » á � + , and ê�/¼ê » á � will be
used.Further ï » á � / � ê�/ � é |C� � á � . Let p î denotethesamplespaceof çF/©ç |C� � á � ,
i.e. p î /?�a$¨� � � &x&k& � � |C� � +��mp |C� � ® for all vÏç/<ß'$¨v � ß�/�! � &k&x& � � 
 !)+ � � u ç/<� Ý � .
Considerany randompartition �>'¿� î , where ç �ðé |C� � á � . Thenalsothe discretediver-
genceI � $`[Ò¾CÑ Ùk�('ê� î + is arandomvariable,whosedistributionis determinedby ç , which
in turn is determinedby thedistribution [ of its � 
 ! components.Averagingthesedi-
vergencesoverall SSPsin ê givesthenew measureproposedhere.

Definition 5.6 TheaveragedPearsondivergenceis definedas3 | $�[Ò¾CÑÒ+¿/ Eî I � $
[Ò¾CÑ Ùk�('ê� $Óç |C��� á � +
+ & (5.6)

Thismeasure3 | $�[Ò¾#ÑÒ+ is of courseonly usefulif it measuresthedeviationof [ from Ñ
in somesense.This is shown in thefollowing lemma.

Lemma 5.1 For all ��£�! 3 | $`[Ò¾CÑÒ+°/2"òñ 5 � is true&
Proof. If

5 � is true, then,following Corollary5.1, for all �>'¿� I � $�[Ò¾#Ñ Ù#�>'¿��+P/�" , and
hence3 | $�[Ò¾#ÑÒ+·/<" .

If 3 | $`[Ò¾CÑÒ+°/2" , i.e.

!
( 6Zó |

u¸õ �
$ Pî �>' u $�çm+^� 
 PM �>' u $�çm+^��+ �

PM �(' u $Óçm+^� - [Qî ì � {#$Óçm+°/s" �

where [ î ì � {k$�çm+°/ |C���u¸õ � [Ò$¨� u + . Then,

Pî �>' u $�çm+^��/ PM �>' u $�çm+^� (5.7)

almosteverywhere.SincePîP�±& � andPM �¸& � aredifferencesof the form [Ò$®ëx+ 
 [Ò$kï�+ andÑÒ$këx+ 
 ÑÒ$kïâ+ , respectively, Equation5.7is equivalentto [Ò$h�°+·/´ÑÒ$¨�°+ almosteverywhere.
By thecontinuityof [ and Ñ this meansthat [Ò$¨�·+·/?ÑÒ$¨�°+ for all �Z�Óp . ¤
Thus, 3 | $�[Ò¾CÑÒ+ seemsa valid choicefor the � -measure.In the next sectionits plug-in
estimatoris discussed.It will beusedlaterto constructtheteststatistic.
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5.2.2 The Averaged Pearson Diver gence Statistic

Sincein Section5.1.3an estimatorof I � $`[Ò¾CÑ Ùk�('ê� + wasgiven, andsince 3 | $�[Ò¾#ÑÒ+ is
only anexpectationof suchdivergences,anestimatorfor 3 | $`[Ò¾CÑÒ+ is easilyfoundas

83 | $`[Ò¾CÑÒ+ / 3 | $ 8[�¾CÑÒ+
/ E ¡� 8I � $`[Ò¾CÑ Ù#�>'¿� î +
/ 6 ó 8I � $`[Ò¾CÑ Ù#�>'¿� î + - 8[ î $�çm+ �

where [Rî $�çm+ is furthersimplifiedby theassumptionthatall � 
 ! observationsin ç are
i.i.d., but arerestrictedto bedifferent.Thus,

83 | $�[Ò¾#ÑÒ+ / 6 &x&k& 6 5±z4¶õôõ z 1 á u ôõ�ÝWõ � á~�~�~�`á |C��� 9 8I � $�[Ò¾#Ñ Ù#�>'¿� î + |C���u¸õ �
- 8[�$¨� u � � u +

/ !�|C��� î �bö ì � {¶÷ 7
8I � $`[Ò¾CÑ Ùk�('ê� î + � (5.8)

where� u /�$¨� � � &k&k& � � u � � + (� � ø ), andwhereù
ú�ûÊüþý¨ÿ������Nÿ®ü ��� ý ���
	 . �� will be
referredto astheAveragedPearsonDivergenceStatistic, or simply theAveragedPearson
Statistic.

5.2.3 The Test Statistic and its Asymptotic Null Distrib ution

As a teststatisticwe propose


 ��� � ú������� ����������� ú���� E �� I
ý ������� �!#"%$&� ù ��� ý � � � (5.9)

An importantresultfor theconstructionof thestatisticaltestis thelimiting null distribu-
tion of theteststatistic.First a specialcase( '£ú(� ) is considered,next thegeneralresult
is given.

Special Case: '%ú)�
If ' ú�� , thenthepartitiondeterminingsubsampleset * ý,+ � is just thesample

	 � , andthe
setsù.-ý/+ � maybereplacedby thecorrespondingobservations0 - (1mú324ÿ������Nÿ�� ). Thus,
thepartitions !4"5$�� ù -ý,+ � � maybereplacedby !4"5$�� 0 - � or simply !#"%$ - . For a givensample6 ý,+ � ú7� suchpartitionscanbe constructed.EachSSP !4"5$ - consistsof two elements,
denotedby " - ý%ú $98/: ÿ�0 - $ and " -#; ú $ 0 - ÿ 8/<=$ .



78 The SSPTestfor Goodness-of-Fit

Theteststatisticis thengivenby


 ; � � ú ��� 2�
�
-#> ý �I

ý �����?�� ?!4"5$ - �
ú ��� 2�

�
-#> ý 2�

� �P@ !4" - ý $BA PC !4" - ý $&� ;
PC !#" - ý $ D � �P@ !4" -4; $EA PC !4" -4; $�� ;

PC !#" -#; $

ú � 2�
�
-4> ý

� ���� 0 - �FAG��� 0 - �H� ;��� 0 - � D
� 2 A ��I� 0 - �H�JA(� 2 AG��� 0 - �H� ;2 AG��� 0 - �

ú � 2�
�
-4> ý

� ���� 0 - �FAG��� 0 - �H� ;��� 0 - �/� 2 AG��� 0 - �H� � (5.10)

It is interestingto note herethat thereexists a very relatedstatistic. Supposethat in
Section5.2.1theAveragePearsonDivergencewould havebeendefinedas

� ��� KL�M������� ú EC I
ý �����?�� ?!4"5$�� ù ��� ý � �F�H� ÿ

i.e. theexpectationis w.r.t. thehypothesiseddistribution � under NPO insteadof thetrue
distribution � . Then,thecorrespondingstatistic��� �� ��� K would havebeen

���Q�� ��� KR�����?��� ú)�=� � ��� KS� ��.����� ú���� TSU �I ý �������� �!#"%$WVP�RXY�ZV[� ù � � (5.11)

For the specialcase'Þú\� the teststatistic ���Q�� ; � K basedon this alternative definition
reducesto

"]� ú)� T � ��^�_� ü �JA���� ü �H� ;��� ü �H� 2 AG��� ü �H� XY��� ü � ÿ
which is identical to the Anderson-Darling(AD) test statistic(Andersonand Darling,
1952)which wasdiscussedin Section4.2.4.Thenull distribution of


 ; � � mayreadilybe
foundby proving thatunderN O it is asymptoticallyequivalentto "]� , for whichAnderson
andDarling (1952)presentedtheasymptoticnull distribution.

Theorem5.1 UnderthesimpleGOFnull hypothesis,for ' ú�� ,

 ; � �a`AJb

c
d > ý 2e � e D 2 ��f ;

d ÿ
where the f ;d are i.i.d. g ; ý -variates.

Proof. Without loss of generallitywe will supposethat � is the CDF of a uniform
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distributionon ! ø ÿ�2 $ (i.e. theintegralprobabilitytransformationis applied).Let h � �jik� úl � � �� � �jik�_Amik� . Theteststatisticmaynow bewritten as(McCabeandTremayne,1993;
ShorackandWellner, 1986,cfr. Ito stochasticintegral)


 ; � � ú ý
O

h ;� �nik�ik� 2 Aoik� X ��^�J�jik� � (5.12)

Theproof consistsin showing thatthis stochasticintegralconvergesin distribution to

" ú ý
O

h ; �nik�ik� 2 Aoik� X?i ÿ
where h �nik� is aBrownianbridge.Thedistributionof " is exactly thelimiting null distri-
bution of theAnderson-Darlingstatistic(AndersonandDarling,1952).

We provide herea sketchof the proof alongthe sameline ase.g. Pettit (1976),Scholz
andStephens(1987).For processes0 �nik� and p �jik� , let

qWq 0 A p qWq úsr,tvuO�wEx�w2ý q 0 �nik�^A p �nik� q
denotethesupremummetric.
Accordingto thePyke-Shoracktheorem(Shorack,2000,Theorem10.1),

qWqPy{z � yl x�|�ý � xn} qnq7~AFbø . Also
qnq �� � Aoi qWq�~AJb ø . Since

yF�z |4xn}x�|�ý � xn} and �� � �jik� areindependent,by Donsker’s theorem
andtheContinuousMappingTheorem,for any ø������ 2 ,ý �B�

� h ;� �jik�ik� 2 Aoik� X ��^�F�jik��`AJb ý �E�
� h ; �nik�ik� 2 Aoik� X?i

(this is the”central“ portionof the integral in Equation5.12). Theproof is completedif
wecanshow thattheremainderof theintegralin Equation5.12is negligible. As in Scholz
andStephens(1987)this maybe accomplishedby invoking Theorem4.2 of Billingsley
(1968)andMarkov’s inequality. �
In Section4.2.4it wasmentionedthattheAD statisticbelongsto themorewidely defined
family

� T ���� ü �JAG��� ü � ;�� ����� ü �H�MXY��� ü � ÿ (5.13)

which is known astheAnderson-Darlingfamily. We show now that the

 ; � � statisticis

alsoamemberof this family.

Lemma 5.2 Thestatistic

 ; � � is a statisticof theAnderson-DarlingFamily.

Proof. First note that

 ; � � hasasymptoticallythe samedistribution as(cfr. proof of
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Theorem5.1)

��� T �I ý �M������ �!#"%$&� ü �H�vXY��� ü � �
Thestatistic


 ; � � hasthesamelimiting distributionas

� T ���� ü �FA���� ü � ;
��� ü �H� 2 A���� ü �/� XS��� ü �

ú � T ���� ü �FA���� ü � ;
��� ü �H� 2 A���� ü �/��� � ü ��X ü

ú � T ���� ü �FA���� ü � ;
��� ü �H� 2 A���� ü �/� � � ü �� � ü � XY��� ü �ú � T ���� ü �FA���� ü � ; � ����� ü �/��XS��� ü � ÿ

which is a statisticof theAnderson-Darlingfamily with � ����� ü �/� ú @ |#��}C |4�?} ý� |4�?}/|õý � � |#��}�} .�
FromtheAnderson-Darlingweightfunctionthatis associatedwith the


 ; � � statistic,one
maygetsomeinsight in thebehaviour of thestatistic.In comparisonsmadebetweenthe
AD ( � ����� ü �H� ú ý� |#�?},|�ý � � |#��}�} andtheCraḿer - von Misesstatistic( � ú�2 ) it is often
arguedthattheAD statisticis moresensitive to deviationsin detail of thedistribution �
for its weight function is large in the tails. For the


 ; � � statisticthis argumentremains
valid; two new featurescometo it. First, in the tails � � ü � is small aswell, resultingin
an additionalincreasein the weight function. Second,the weight function is corrected
by a factor � � ü � , beinglargein regionswheremany observationsareexpected,andsmall
in regionswhereonly a few observationsareexpected. In particular, the latter region
correspondsto thetailsof thetruedistribution. Thus,globally,

@ |4�?}C |#��} servesasacorrection
factor, upweighingin regionsof

	
wheremore”information“ is expectedunder � than

under� .

General Case

Theasymptoticnull distribution for general'Z��2 is morecomplicatedthanin the '/úG�
case,andwill bestatedhereonly asapropositionwith anheuristicproof. In alatersection
it will beempiricallyshown thatnull distributionof


 ��� � indeedseemsto convergeto the
distribution thatis proposedhere.

Beforewe give theProposition,first theteststatistic

 ��� � is written hereexplicetly in its

computationalform. The elementsof the partition !#"%$&� ù � aredenotedby " - � ù � (1 ú
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24ÿ������Nÿ�' ) (cfr. Equation5.5).


 ��� � ú ��� 2���� ý V������ �F�&� z �I
ý �M���?�� ?!4"5$ V �

ú � ���� ý V���� � �F�9� z
�
-4> ý

�P@ !4" - � ù ��$EA PC !4" - � ù ��$ ;
PC !4" - � ù ��$

ú � ���� ý ý/w - ���_����� � - � �F� w �
���� 0 | - � } �^AG��� 0 | - � } �

;
��� 0 | - � } � D

���� 0 | - � } �FA ��I� 0 | - � } � A ��� 0 | - � } �JA���� 0 | - � } �
;

��� 0 | - � } �^AG��� 0 | - � } � D �����
���� 0 | - � �F� } �FA ��I� 0 | - � � � } � A ��� 0 | - � �F� } �FA���� 0 | - � � � } �

;
��� 0 | - � �F� } �FA���� 0 | - � � � } � D

2 A ���� 0 | - � �F� } � A 2 AG��� 0 | - � �F� } �
;

2 A���� 0 | - � �F� } �

Proposition5.1 For any ']��2 , underthesimpleGOF null hypothesis,


 ��� �s`A_b
c
d > ý 2e � e D 2 �=f ;

d ÿ
where the f ;d are i.i.d. g ; ��� ý variates.

Heuristic Proof. The reasoningis basedon completeinduction. First, supposethe
propositionholdsfor


 ��� ý � � ( ' A 2P��2 ), thenit will beshown thatit alsoholdsfor

 ��� � .

Any ' -sizedpartitioncanbewrittenas(cfr. Equation5.5)

!#"%$ V ú !#" ��� ý� $ V)  û $ ü | - � �F� } ÿ 8,<=$ � ÿ
where !#" ��� ý� $ V is a � ' A 2 � -sizedpartitionof thesubspace

	 ��� ý� ú $98/: ÿkü | - � �F� } $ (seeFigure
5.2), andthe indicesof ü areasbefore(Equation5.5). Let � V be thenumberof obser-
vationsin !4" ��� ý� $ V¢¡ 	 � . For any partition !#"%$ V anotherassociatedpartition !#" ; $ V is
definedas

!4" ; $WV úðû " ; ý ÿ " ;; � úðû $98 : ÿ®ü | - � �F� } $ ÿ $ ü | - � �F� } ÿ 8 < $ � ÿ
which is a � -sizedpartitionof

	
(seeFigure5.2). Accordingto Lancaster’s partitioning
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rule (Lancaster, 1969)theteststatistichasthesamelimiting distributionas

2� ��� ý V����=� �F�9� z ��� �I ý ���?�� ?!4" ; $ V D �=� V �I ý � � ��� �  �!#" ��� ý� $ V ÿ
where�I ý ���?�� ?!4" ��� ý� $nV is only definedover

	 ��� ý� ��	
, i.e.

�I ý ������ ?!4" ��� ý� $nV ú 2� £¥¤ �L¦ £ � �F�§©¨ U
�Pª ¦ £ ¤ ¨�Pª ! T � �F�§ $ A P« ¦ £ ¤ ¨

P« ! T � �F�§ $ ;
P« ¦ £¥¤ ¨

P« ! T � �F�§ $ �

(a)

!4"5$ V " ý " ; " ��� ý "]�
!4" ��� ý� $ V

ü | - � } ü | - � } ü | - � � � } ü | - � �F� }

(b)

!4" ; $ V " ; ý " ;;ü | - � �F� }
Figure5.2: Decompositionof ¬ ­¯®4° .

Also, still accordingto Lancaster, for eachù andconditionallyonthecorrespondingSSP,
as� b²± bothtermsconvergeto independentg ; -distributedrandomvariables.Thefirst
having 1, andthesecondhaving ' A � degreesof freedom.Further, as � b³± the test
statistichasthesamelimiting distributionas(provenby asimilartechniqueasin theproof
of Theorem5.1)

T � �F�
��� �I ý ������ ?!4" ; $ V D ��� V �I ý ���?�� ?!4" ��� ý� $ V XS��� ü | - � } � ����� XS��� ü | - � �F� } �ú T �=� �I ý ������ �!#" ; $nV XS��� ü | - � �F� } �

D T � � �
��� V �I ý ������ ?!4" ��� ý� $ V XS��� ü | - � } � ����� XY��� ü | - � �F� } �ú T �=� �I ý ������ �!#" ; $nV D�´B- � �F� XS��� ü | - � �F� } � ÿ (5.14)
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where

´ - � �F� ú T.����� TP��� V �I ý ������ �!#" ��� ý� $ V XY��� ü | - � } � ����� XS��� ü | - � � � } � �
Conditionallyonany ü | ��� ýµ} , � V b²± as� b²± , and ´ - � �F� is asymptoticallyequivalent
to the test statisticbasedon a � ' A 2 � -sizedpartition of which it is assumedthat the

propositionappliesto it. Thus,under N O , 
 ��� ý � � U `AFb c d > ý ýd | d9¶ ý�}S· ;d , wherethe · ;d
arei.i.d. g ; ��� ; variates.Thefirst term in the integrandumof Equation5.14is a Pearson
statisticappliedto a � -sizedpartition. Thus,


 ��� � is under N O asymptoticallyequivalent
to

T��=� �I ý ������ �!#" ; $ V XS��� ü | - � �F� } � D
c
d > ý 2e � e D 2 � · ;

d ÿ (5.15)

wherethe first term is the AD-statistic,which is, by Theorem5.1, under N O asymptot-
ically distributedas

c d > ý ýd | d9¶ ý�}S¸ ;d , wherethe ¸ ;d are i.i.d. g ; ý -variates. Although
Lancaster’s Partitioning rule statesthat for eachü | - � �F� } the termsin the integrandumof
Equation5.14are independent,it doesnot imply that the two termsresultingfrom the
integral are still independent,we conjectureherethat in this particularcasethe inde-
pendenceholds,at leastin a first orderapproximation.Therefore,we proposethat the
limiting null distributionof


 ��� � becomes

c
d > ý 2e � e D 2 � · ;

d D
c
d > ý 2e � e D 2 � ¸ ;

d ú c
d > ý 2e � e D 2 ��f ;

d ÿ
wherethe f ;d arei.i.d. g ; ��� ý -variates.

According to the completeinduction reasoning,it now only hasto be shown that the
theoremholdsfor ' A 2òú�� , which wasalreadyprovenin Theorem5.1. �

5.2.4 The SSPc Test

In Section5.2.3theasymptoticnull distribution of theteststatistic

 ��� � wasfound. The

next stepis to constructthestatisticaltest.Thetestwill becalledtheSSPctestin general,
wherethe”c“ maybereplacedby a numberreferringto thesizeof theSSP.

Let i,¹ � ��� � denotethe � 2 A�º»� -th percentileof thenull distributionof

 ��� � . Thenthe º -level

SSPctestis definedas

¼ ¹ � ��� �^� 	 �J� ú 2 if

 ��� � � i ¹ � ��� �¼ ¹ � ��� �^� 	 �J� ú ø if

 ��� �¾½�i ¹ � ��� � �

In theprevioussection,however, not theexactnull distributionfor any finite � wasgiven,
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but only the asymptoticnull distribution. In this limiting case,i,¹ � � is the � 2 A�º»� -th
percentileof the null distribution of


 ��� � as � b ± , and the correspondingasymp-
totic º -level test is denotedby

¼ ¹ � � . The power function is given by ¿ ¹ � ��� � �M� ý � ú
E@ � !

¼ ¹ � ��� � � 	 � ��$ for alternatives � ý]ÀÂÁNý .
An importantproperty for a statisticaltest is consistency againstsome � ý�Ãú � , i.e.¿ ¹ � ��� �^�M� ý ��b 2 as � bÄ± . In thecaseof GOFtestsit is from a practicalpoint of view
not sufficient to have consistency againstonly oneor a few � ý from the infinitely large
set ÁNý . More specifically, a general-purposeGOF testsneedsto be consistentagainst
essentiallyany alternative � ý.À¢ÁNý . Suchtestsarecalledomnibustests.The following
theoremstatesthatfor any 'ZÅG� theSSPctestis omnibusconsistent.

Theorem5.2 For any finite ')Å�� the SSPctest is consistentagainst essentiallyany
alternative� ý ÀÆÁ ý .
Proof. For '"úÇ� consistency is easily shown by consideringany fixed alternative� ÀÆÁSý . Then,at leastin somesubsetÈÉÀ 	 ��� ü � Ãú ��� ü � ÿ®üÆÀÆÈ . Hence

� � ý 
 ; � � ú 2�
�
-4> ý

� ���� 0 - �FA���� 0 - �/� ;��� 0 - �H� 2 A���� 0 - �H�K � � �AJb T ����� ü �JAG��� ü �H� ;��� ü �/� 2 AG��� ü �H� XY��� ü �� ø ÿ
andthus,


 ; � � grows almostsurelyunboundedlywith � . This shows the consistency of
theSSP2-test.

For the decompositionin Equation5.15 it canbe seenthat

 ��� � consistsof 2 positive

terms;thefirst is a

 ; � � term,which accordingto thefirst partof theproof growsalmost

surelyunboundedlywith � . Thus,thesameholdsfor

 ��� � . Under N O , on theotherhand,
 ��� � hasa non-degenerateasymptoticnull distribution from which a finite critical valuei,¹ � � is found.Thus,for any � ÀÊÁNý . ¿ ¹ � ��� � �����Ëb 2 as� b²± . �

5.2.5 Some Appr oximations of the Asymptotic Null Distrib u-
tion

Theasymptoticnull distributionof

 ��� � , whichis givenin Section5.2.3,is noteasyto use

in practice.Thenull distributionsareweightedsumsof aninfinite numberof independentg ; -distributedrandomvariables,which arespecialcasesof the moregeneralquadratic
forms, for which e.g. Solomonand Stephens(1978) have shown that their tails may
beexcellentlyapproximatedby meansof PearsonCurves(notethatespeciallythe right
tail of the null distribution is of interestin the presenttestingsituation),which canbe
consideredasa flexible family of distributionsthat arefitted to the first four moments
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of thetrueasymptoticnull distribution. Also, recently, LindsayandBasak(2000)argue
thatevenasmallsetof (low order)momentsmaygivearatheraccurateapproximationin
the tails. Yet anotherapproximationmethod,which is usedbeforeby Stephens(1976),
is to find the parameters6 , 8 , and Ì in · � 6 ÿ 8 ÿ�Ì � ú 6 D 8 f ;~ , where f ;~¢Í g ; ~ , such
that the first threecumulantsof both distributions are equal. For · � 6 ÿ 8 ÿ�Ì � theseareÎ ý ú E ! · � 6 ÿ 8 ÿ�Ì ��$ ú 6 D 8 Ì , Î ; ú Var ! · � 6 ÿ 8 ÿMÌ ��$ ú�� 8 ; Ì andÎ_Ï ú<B 8 Ï Ì .
Thus,for bothmethodsthecumulantsof theasymptoticnull distributionmustbeknown.
Thesemayeasilybecalculatedfrom the following corollary, which is a straightforward
extensionfrom theresultsof AndersonandDarling(1952),SolomonandStephens(1978)
andfrom thenull distributionsthataregivenin Theorem5.1.

Corollary 5.5 The1 th cumulantÎ - of theasymptoticnull distribution of

 ��� � is givenby

Î - ú � ' A 2 � � - � ý � 1 A 2 �/Ð cd > ý 2e � e D 2 �
- ÿ

which is ' A 2 timesthe correspondingcumulantof the asymptoticnull distribution of
 ; � � .

Proof. For '/úG� theexpressionfor Î - is givenby AndersonandDarling (1952).When']�(� theasymptoticnull distributionof

 ��� � is givenby (Proposition5.1)

c
d > ý 2e � e D 2 � p ;

d ÿ
wherethe p ;d are i.i.d. g ; ��� ý -variates. By replacingeach p ;d by a sumof ' A 2 i.i.d.g ; ý -distributedrandomvariablesf ;d�Ñ ( ÒIúÉ2bÿ������Nÿ�' A 2 ), thenull distributionbecomes

c
d > ý

��� ý
Ñ > ý 2e � e D 2 ��f ;

d�Ñ �
Applying the expressionof the 1 th cumulantof a generalquadraticform (Solomonand
Stephens,1978)completesthis proof. �
Sincefor '[�Ó� thecumulantsmaybecalculatedfrom thosefor 'mú
� by simply multi-
plying by ' A 2 , it is sufficient to give thecumulantsfor '%ú�� . Theseareshown in Table
5.1.

Table5.1: Thefirst four cumulantsfor Ô�Õ×Ö .Î ý Î ; Î Ï Î_Ø
1 0.5797 1.043 3.040

Sincefor 'Þú3� l ¿ ý ú Ù�ÚÙ Ú,Û �� ú3�B� ÜYÝ�Ü��Þ� all
l ¿ ý areout of the rangeof the pub-

lishedtables(PearsonandHartley, 1972),Pearsoncurvescannotbeused.Theapproach
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of Stephens(1976) may still be a way out. Using the cumulantsof the limiting null
distributionof


 ��� � (Corollary5.5),thesolutionis easilyobtained:

6 ú ' A 2=� ÝYß�ßYß8 ú ø � ß�ßYà�B
Ì ú 2�� ß�ÜY��Ý � ' A 2 � �

In table5.2 somecomparisonsaremadebetweentheexactandtheapproximatecritical
valuesof theasymptoticnull distribution of


 ��� � , for '£ú�� and '/úGÜ . Theexactcritical
valuesareobtainedfrom ScholzandStephens(1987). It seemsthat theapproximations
work rathergoodfor ' ú�� , but when '%ú�Ü , theapproximationis alreadybad.For larger
valuesof ' , theapproximationbecomesevenworse(resultsnot shown).

Table5.2: Somecritical valuesof thenull distribution of ávâMã ä , obtainedfrom theexact limiting null distri-
butionandfrom theapproximatelimiting null distributionsbasedon3 andon4 cumulants.Thelatterarebased
on50000simulationruns. i O � O,å � ; i O � ýµO � ; i O � O,å �

Ï i O � ýµO � ÏExact 2.492 1.933 4.030 3.377
Approximate(3) 2.531 1.964 4.965 4.071
Approximate(4) 2.495 1.929 4.085 3.395

Of thetwo approximationmethodsdescribedabove, thePearsoncurveshave theadvan-
tagethat they mimic the first 4 cumulantsof the true limiting distribution, whereasthe
othermethodsis only basedon3. On theotherhand,thelattermethodhastheadvantage
thatthe · � 6 ÿ 8 ÿ�Ì � variatecanbeuseddirectly to obtainp-valuesaswell.
Herewe proposeanotherapproximationmethodwhich combinesboth advantages:the
first 4 cumulantsarematchedto thoseof thetruelimiting null distribution, andp-values
maybecalculated.Thedisadvantage,however, is that themethodbasicallyusesa simu-
latedsamplefrom adistribution. Thedistribution is of theform

¸ � 6 ÿ 8 ÿ�ÌSÿ � � ú 6 D 8 f ;~ D 2� p ;@ ÿ
where f ;~æÍ g ; ~ and p ;@ Í g ; @ , andwhere 6 ÿ 8 ÿMÌ and � aredeterminedsuchthat thefirst
4 cumulantsof ¸ � 6 ÿ 8 ÿ�ÌSÿ � � matchthoseof theasymptoticnull distributionof


 ��� � . The
solutionis

6 ú ø ��2�à^2�à�ßYÝ{ç?ß{2�Ý � ' A 2 �8 ú ø ��2��^ç�ß�ÜYß{2?Ü�è��
Ì ú �E� ß ø ß�é�èY�{2?ß�Ü � ' A 2 �
� ú 2�� ø)ø Ü{2�éYÝ ø 2�2 � ' A 2 � �

In Table5.2 this approximationmethodis comparedto theexactsolution. Theapproxi-
matedcritical valuesarerathercloseto theexactvalues.
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One might argue that if one is preparedto usea stochasticapproximationas the one
that is suggestedhere, one could just as well simulatethe first dominatingterms ofc d > ý ýd | d9¶ ý�} f ;d ( f d i.i.d. g ; ��� ý ), say

e úÉ24ÿ������Mß . Thishasbeendoneby Kac,Kiefer and
Wolfowitz (1955),but did not resultin satisfyingapproximations.

5.2.6 Null Distrib utions for Finite ê
In theprevioussectionsmuchattentionwasgivento theasymptoticbehaviourof theSSPc
test.Thismayof coursebeof interestfrom atheoreticalpointof view, whereasin aprac-
tical situationoneis alwaysconfrontedwith finite samplesizes.For adetailedtheoretical
studyof the propertiesof the SSPctestfor finite � , statisticaltheoryis nowadayshow-
ever still not sufficiently developed.This alsoappliesto thecalculationof theexactnull
distributionof


 ��� � for finite � . Oftentheconvergenceof theexactcritical valuesto those
calculatedfrom theasymptoticnull distribution is ratherfast.Underthesecircumstances
theasymptoticresultsmaystill beusedasanapproximation.

Theconvergenceratefor theSSPcstatisticis empiricallystudiedlaterin thissection,but
first themethodologyof simulatingtheexactnull distribution is explainedbriefly. Finally
anapproximationfor finite samplesizeswill beconsidered.

Simulating the Exact Null Distrib ution

If thereis no theoreticalvaluablesolution for the approximationof the exact null dis-
tribution or the critical values,then it is often still possibleto estimatethe exact null
distribution by meansof a MonteCarlosimulation.In generalthis procedureconsistsin
generatinga largenumber, say ë úÓ2 øKø)øKø , of independentsamples

	 �B� - (1 úÉ24ÿ������Nÿ�ë )
from the specifieddistribution � (by meansof a pseudorandomgenerator).Next, the
teststatisticis calculatedfor eachsample,leadingto ë realizationsi ��� �{� - from the(sim-
ulated)exactnull distribution of


 ��� � . An estimatecanthenbeobtainedfrom this large
samplefrom the null distribution. Also, an estimate�i,¹ � ��� � of i,¹ � ��� � is calculatedasthe� 2 Aìº»� -percentilefrom theEDF of û i ��� �B� - � , i.e. the ín� � 2 A(º»�jî th orderstatisticof the
sampleû i ��� �B� - � . It is obvious that this critical valueis moreaccuratelyestimatedas ë
becomeslarger. An approximate� 2 Aoï5� -confidenceinterval maybecalculatedas

�i ¹Bð � ��� � ÿ �i ¹Eñ � ��� � ÿ
where

ò»óvô õ÷ö�ø%ùúò»ûBù¾üRý�þRÿ õ�òËö�ø%ùúò»û and ò���ô õ ö�ø�ùúò»û��QüRý�þRÿ õ�òËö�ø%ùúò»û �
where � ý ��� is the � 2 A ï5� percentileof astandardnormaldistribution.
In this thesisë úÉ2 ø)øKø)ø for all simulatednull distributions.

Figure5.3 shows a histogramof the simulatedexact null distribution of

 ; � ; O with the

estimatedè�� -level critical valueindicated.
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Figure5.3: A histogramof thesimulatedexactnull distributionof á�	 ã 	�
 , basedon �ÉÕ�
�������� simulations.
Thevertical line indicatestheestimateof ��
�� 
�� ã 	 ã 	�
 .

The simulatedexact null distribution may also be usedto obtain an estimate �º of the
sizeof an º -level testwhich is basedon a critical value,say i crit. This valuemay be
e.g. the asymptoticor an approximatecritical value. The estimatedsize is given by

�º ú(� � ý�� û i ��� �B� -�� i ��� �B� - � i crit
�
. Note that �º ú �¿ ¹ � ��� � �M��� , i.e. theestimatedpower of

the º -level testunderthenull hypothesis.
An approximateà�è�� confidenceinterval of º maybecalculatedas

�º�A � O � ��� å �ºË� 2 A �º��ë ÿ �º D � O � ��� å �º�� 2 A �º��ë ÿ
where ��O � ��� å is the0.975percentileof astandardnormaldistribution.

Convergence to the Limiting Null Distrib ution

Whenonly the limiting null distribution of a teststatisticis available,oneoften hopes
that the convergenceis rather fast, i.e. the critical valuesi,¹ � ��� � convergesquickly toi,¹ � � . In this way onecanfor intermediatelarge datasets(e.g. � ú ��è ) alreadyapply
the asymptotictest,andthusoneonly needsonetableof critical values. Moreover, in
that situationonecanusethe approximationproposedin Section5.2.5 to computethe
approximatep-values.This is thefirst reasonwhy theconvergenceis studied.
Thesecondreasonis to assessthevalidity of Proposition5.1whichstatestheasymptotic
null distributionof theSSPcstatisticwith arbitrarySSPsize ' .
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2-sizedsamplespacepartitions:
For a wide rangeof samplesizes(from 20 to 1000)the critical valuesi O � O,å � ; � � arees-
timatedandplotted in Figure5.4, panel(a). The figure suggestsclearly that the con-
vergenceis very slow. Only for largesamplesizesthecritical valuehassufficiently ap-
proachedtheasymptoticvalue(thecritical valueis thesameasfor theAD-test,andit is
obtainedfrom e.g. Stephens(1986,p.105)).Thus,for 'ºú
� andmoderatesamplesizes
onecannotusetheasymptoticnull distribution,but onemayusethesimulatedexactnull
distribution instead.
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Figure5.4: Estimatedcritical values ���
�� 
�� ã 	 ã ä (a) andthecorrespondingestimatedprobabilitiesof a typeI
errorwhentheasymptoticcritical value� 
�� 
�� ã 	 is used(b). Thehorizontalline indicatestheasymptoticcritical
value(a)andthenominallevel of � � (b).

It may be surprisingat first sight that the convergenceis slow. Especiallysincein the
literatureon theAnderson-Darlingtest,which hasthesamelimiting null distribution, it
hasmany timesbeenmentionedthat theAD-statistichasa fastconvergingnull distribu-
tion (e.g. Lewis, 1961;Stephens,1974;Pettit, 1976;Stephens,1986). It may however
be understoodby recognizingthat the asymptoticnull distribution of


 ��� � is basedon
the convergenceof �� � , which is the estimatorof the distribution with respectto which
theexpectationin Equation5.6 is taken, to � under N[O , whereastheAnderson-Darling
statisticcanbeseenastheplug-in estimatorof

" � ú���� EC I
ý �M������ ?!4"5$�� 0 � ÿ

which is anexpectationw.r.t. � for which thereis noneedto bereplacedby anestimator.
Thus,thelimiting null distributionof theSSP2statisticis basedonmoreconvergencesas
theAD statistic.This maybea reasonwhy theconvergenceof theAD statisticis much
faster.

Theconvergencecanalsobeassessedby usingthesimulatedexactdistributionsto esti-
matethe probability of makinga type I error whenthe asymptoticcritical valuewould
have beenused.With increasingsamplesizethis probabilityshouldconvergeto º . Fig-
ure 5.4, panel(b), shows theresultsfor 'pú�� ( º ú ø � ø è ). This figureshows the same
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slow convergence,but now theconsequenceof usingtheasymptoticcritical valuesmay
bemorerealisticallyquantified.It seemsthatevenfor �©ú 2 øKø theactual º is still about��� abovethenominallevel.

3-sizedsamplespacepartitions:
For '�úìÜ , theresultsarepresentedin Figure5.5. They show generallythesamepattern
as for '	ú � . Nevertheless,the figure clearly shows that the estimatedexact critical
valueconverge, thoughslowly, to the valuecalculatedfrom the proposedlimiting null
distribution(similarconvergencebehaviour wasobtainedfor other º -levelsandfor '%ú�ß
and '%ú�è (resultsnot shown)). Thus,theresultsat leastconfirmProposition5.1.
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Figure5.5: Estimatedcritical values ���
�� 
�� ã !/ã ä (a) andthecorrespondingestimatedprobabilitiesof a type I
errorwhentheasymptoticcritical value��
�� 
�� ã ! is used(b). Thehorizontalline indicatestheasymptoticcritical
value(a) andthenominallevel of � � (b).

An Interpolation Form ula for Critical Values for Finite �
Althoughtheuseof thesimulatedexactnull distribution is a goodandcorrectmethodol-
ogy, it alsohassomedisadvantagesfrom a practicalpoint of view. Themostimportant
is that for each� a MonteCarlosimulationmustbe run in orderto estimatethecritical
value. In this paragraphan easy-to-useapproximationis given. It is in the line of the
work of e.g.ScholzandStephens(1987).

For eachº we suggestto useaninterpolationformulaof theform

�i,¹ � ��� � ú i,¹ � � D 8 ý � ¹ � �l � D 8 ; � ¹ � �� D 8
Ï � ¹ � �
� ; D#" � � � ; � ÿ

wheretheparameters8 - � ¹ � � (1/ú 2bÿH�QÿHÜ ) areestimatedfrom a regressionof theestimated
critical values �i ¹ � ��� � from thesimulatednull distributionsfrom the previoussection,oný$ � , ý� and ý� � .
For º ú ø � ø è and '%ú)�QÿHÜ8ÿ/ß theestimatedparametersarepresentedin Table5.3.
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Table5.3: Theestimatedparametersof theinterpolationformulafor ���% ã â�ã ä (Ô�Õ×Ö'&)('&+* ).' 8 ý � ¹ � � 8 ; � ¹ � � 8 Ï � ¹ � �
2 0.9045 22.18 111.4
3 4.335 41.06 653.4
4 1.892 129.4 1792

As a smallvalidationexperiment,theexactnull distributionsof SSP2andSSP3aresim-
ulatedfor �	ú���è and�	ú�ç�è . Fromthesesimulatednull distributionsthesizeof thetest,
whenbasedon the critical valueobtainedfrom the interpolationformula, is estimated.
For '�úì� , theestimatedsizesare0.052and0.050for �Ãúì��è and �Ãú�ç�è , respectively.
When '+ú�Ü , the estimatedsizesfor � ú���è and � ú ç�è are0.056and0.050,respec-
tively, andwhen ' ú3ß the estimatedsizesare0.046and0.049, respectively. Taking
into accountthat the estimationsareonly basedon a regressionof 7 simulatedcritical
values,which areeachbasedon only 10000simulationruns,thevalidationsuggestthat
theproposedinterpolationformulaemayresultin rathergoodapproximations.

5.2.7 Power Characteristics

This sectiongivesadiscussionon thepowerof theSSPctest.First a theoreticalproperty
is given.Thenthemethodologyfor simulationstudiesis explained,andfinally theresults
of a simulationstudyarepresentedin which thepowersof theSSPctestandsomeother
existing GOFtestsarecompared.

Some Asymptotic Power Characteristics

In Section5.2.4it wasshown that the SSPctestis consistent,i.e. for essentiallyall al-
ternativesthe SSPctesthasa power tendingto 1 asthe samplesize � tendsto infinity.
Sincemany GOF testspossessthis property, it is not possibleto comparetestson this
basis.Neyman(1937)proposedto considerasalternative hypothesesa sequenceof dis-
tributions � � thatconvergesto � as� tendsto infinity. In thisway it getsmoreandmore
difficult to discriminatethealternative from the null hypothesisas � increases,andasa
consequence,for a suitableconvergencerateof � � , the asymptoticpower is kept away
from 1. Thusundersucha sequenceof alternativesdifferent testsmay have different
asymptoticpowersandcanthereforebecompared.

SincetheSSPctestis clearlyconstructedstartingfrom Pearson’sstatistics,thesequence
that is usedin the presentcontext is relatedto sequencesusedto assessthe asymptotic
power of Pearson’s g ; test,in thesensethat theconvergencerateis thesame.Consider
thesequenceof alternatives

� � � ü � ú � � ü � D � � ý-, ; ' � ü � ÿ (5.16)
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where ' � � � is a continuousfunction suchthat for each�3Å 2 the df � � is a properdf
(AssumptionA1). (Thus, T ' � ü �MX ü	ú ø (normalizationcondition);for all üÊÀ 	 , ' � ü � �A � � ü � ( � � mustbepositive))Let � � denotethecorrespondingCDF.

Theorem5.3 The SSP2test has the sameasymptoticpower as the AD test under the
sequencegivenin Equation5.16.

Proof. We givea sketchof aproof.
Considerthefollowing doublearray.

0 ý�ý Í � ý , which is estimatedby �� ý�ý
0 ; ý ÿ�0 ;/; Í � ; , which is estimatedby �� ;/;

...
...

0 � ý ÿ������NÿM0 �=� Í �F� , which is estimatedby ��^�=�
(Thus, �� � is hereequalto �� ��� , which stressesthat the distribution � dependson � as
well.) Notethatfor all üÂÀ 	 ,

E �� ��� � ü � ú � � � ü �»AFb ��� ü � ÿ
and

Var
l � � �� �=� � ü �JAG� � � ü �/� ú � � � ü �H� 2 AG� � � ü �/��AFb ��� ü �H� 2 AG��� ü �H�

as� b ± . Moreover, for eachüÆÀ 	
· � � ü � ú l � �� �=� � ü �JA�� � � ü �

� � � ü �H� 2 A�� � � ü �H� `AFb ë � ø ÿ�2 �
accordingto a consequenceof the Berry-Esseentheorem(seee.g. Corollary 2.4.1. in
Lehmann,1999).

Lemma5.2 statesthat the SSP2statisticis asymptoticallyequivalentto the memberof
theAnderson-DarlingFamily:

h � ú)� T ��F�=�J� ü �FAG��� ü � ;
��� ü �/� 2 AG��� ü �H� � � ü �� � ü � XY��� ü � ÿ

where � denotesthe df of the true distribution, which is herereplacedby the sequence
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� � � ü � ú � � ü � D � � ý-, ; ' � ü � . Hence,

h � úÂ� T �� ��� � ü �FA(��� ü � ;
��� ü �/� 2 AG��� ü �H� XS��� ü � D � � ý�, ; � T �� �=� � ü �FAG��� ü � ;

��� ü �H� 2 A���� ü �/� ' � ü �� � ü � XY��� ü � ÿ
wherethesecondtermmaybewrittenas

� � ý�, ; T
l � �� �=� � ü �JAG� � � ü � ;

��� ü �/� 2 A���� ü �H� ' � ü �� � ü � XS��� ü � (5.17)

D ��� � ý-, ; T
l � ��F�=�J� ü �FAG�F�J� ü � .�� ü �

��� ü �/� 2 AG��� ü �H� ' � ü �� � ü � XS��� ü � (5.18)

D � � ý�, ; T . ; � ü ���� ü �/� 2 A���� ü �H� ' � ü �� � ü � XS��� ü � � (5.19)

By recognizingthat · � � ü � is an empiricalprocessthat is closelyrelatedto a Brownian
bridge,onecanshow (Donsker’stheoremandtheContinuousMappingTheorem,(seee.g.
McCabeandTremayne,1993)) that the stochasticintegralsof the first two terms(5.17
and 5.18) have asymptoticallyproperdistributions, and thus, � � ý-, ; times the integral
convergesin probabiliyto zeroas� bÄ± . Thelast term(5.19),which is not stochastic,
alsoconvergesto zeroas� b²± .

Thus,


 ; � � A � T ��F�=�J� ü �_A���� ü � ;
��� ü �H� 2 AG��� ü �/� XS��� ü � ~AJb ø ÿ

which is theAD-statistic. �
An immediateconsequenceis givenin thefollowing corollary.

Corollary 5.6 TheSSP2testandtheAD testhavethesamePitmanefficienciesw.r.t. all
othertests.

Methodology for Small Sample Power Studies

SincetheSSPctestis consistentthepower of thetestis 1 for essentiallyall alternatives
whenever � is infinitely large.Thisimportantpropertyis sharedwith many otheromnibus
GOFtests(seeChapter4). Two pointsof criticismarein placehere:first, infinitely large
samplesizesarenot of practicalimportance,andsecond,on this basisconsistenttests
cannotbecompared.Oneway out is to calculatetheBahaduror Pitmanefficienciesfor
teststhathave to becompared,but againthis is a comparisonfor infinitely largesample
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sizes.For samplesizesthatareof practicalrelevance,power simulationstudiesmaybe
performed.

In a power studyMonte Carlo simulationsarerun in which dataof any samplesize �
aresimulatedaccordingto a specifiedalternative distributions. Thegeneralalgorithmis
briefly statedbelow. Supposethatthepower ¿ ¹ � ��� �F�M� ý � of theSSPctestis to beestimated
for samplesize� , alternativedistribution � ý andlevel º .

Algorithm:
First,seta countervariableCNT to zero.Thefollowing stepsarerepeatedë times.

1. Generatea sampleof size � from distribution � ý by meansof a pseudorandom
generator.

2. Apply theSSPctestto thesampleat the º -level.

3. If theSSPctestresultsin a significantrejectionof N O at the º -level, thenincrease
thecounterCNT by one.

The estimatedpower is thengiven by �¿ ¹ � ��� �F��� ý � ú CNT/ . Note that this is actuallyan
estimateof theprobability ¿ ¹ � ��� � of a binomialvariable.Thus,for ë MonteCarloruns,
anapproximateàYè�� confidenceinterval for thepowercanbeconstructedas

�¿ ¹ � ��� � A ��O � �0� å
�¿ ¹ � ��� � � 2 A �¿ ¹ � ��� � �ë ÿF�¿ ¹ � ��� � D ��O � ��� å

�¿ ¹ � ��� � � 2 A �¿ ¹ � ��� � �ë ÿ
where � O � ��� å is the0.975percentileof astandardnormaldistribution.

The choiceof alternatives � ý is often not obvious whenan overall view of the perfor-
manceof anomnibus testis to beobtained(seee.g. Hájek andŠidák, 1967;Lehmann,
1975;Kallenberg andLedwina,1999). Indeed,omnibustestsaresensitive to essentially
all alternatives,but noneof theomnibusGOF-testsis optimal.Thismeansthatsometests
will havehigherpower for somealternativeandothersmayhavehigherpowersfor other
alternatives.Thus,in orderto geta goodoverview a wide rangeof alternativesshouldbe
includedin a simulationstudy. Of course,thealternativesthatareincludedshouldalso
havesomepracticalrelevance.
Thepower estimationof otherstatisticaltestsis similar. An immediateconsequenceof
thedefinitionof thepowerfunction ¿ ¹ � � of a testof size º is that ¿ ¹ � � ����� ú º , i.e. ¿ ¹ � �
is thesizeof the º -level test.In practice,however, many testsareperformedwith approx-
imate º -level critical values,i.e. in the definitionof the statisticaltestthe exactcritical
valuei ¹ � � is replacedwith anapproximation,say 1i ¹ � � or even 1i ¹ . As a consequencethe
power function, evaluatedin � , may be different from º for somesamplesizes� . A
studyin which powersof several testsarecomparedto eachotheris only meaningfulif
all testsare indeedof size º . For all testsincludedin the power studiesin this thesis,
thesize ¿ ¹ � � ����� wasestimated,andif it wasobservedthat thesizedifferedfrom º , the
critical valuesof the testwerereplacedby thecorrespondingapproximateexactcritical
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values�i,¹ � � asit wasdescribedin Section5.2.6.By construction,thesetestsareof size º .
Theresultingestimatedpowersareknown assize-adjustedpowers.

Yetanotherapproachfor comparingtheperformanceof GOFtestswasproposedby Mud-
holkar, Kollia, Lin andPatel(1991).Themainadvantagesof thismethodarethatit is fast
ascomparedto thetraditionalMonteCarlosimulations,andthatin onefiguretheresults
for a wide rangeof alternativescanbe presentedwhich facilitatesthe interpretation.In
thenext paragraphthis techniqueis explained.

Insteadof applying the GOF test to ë realizationsof the alternative � ý , it is only ap-
plied onceto onespecificallyconstructedsample,which is calledthe ideal sample(e.g.
Andrewset al., 1972)or theprofile of � ý .
Definition 5.7 A profile 2 � of � ý is a sampleof size� constructedas

2 � ú¼û � � ýý � Ì ý � ÿ������ ÿ � � ýý � Ì � � � ÿ
where Ì - ú - � O � å� (1 úÉ24ÿ������Nÿ�� ).

The centralideais thata largevalueof the teststatisticcalculatedfor the profile corre-
spondsto ahighpower. In theoriginalpaperMudholkaret al. (1991)suggestto calculate
theteststatisticfor theprofilesof a family of alternatives �43 , indexedby two parameters5 ú �76 ý:ÿ 6 ; � , in which the distribution � is embedded.The correspondingprofile is
denotedby 2 �B� 3 . Let ik� 2 �B� 3S� denotethis teststatistic.Two typesof graphscanbecon-
structed.

8 The 3-dimensionalsurface �76 ý:ÿ 6 ; ÿ ik� 2 �B� 3��/� maygive a goodgeneraloverview of
therelativepower in thefamily indexedby

5
.

8 The3-dimensionalsurfacemaybe reducedto a 2-dimensionalgraphin the plane
( 6 ý¨ÿ 6 ; ) by plottingthe isotone, which is thesetof points ��6 ý¨ÿ 6 ; � for which ik� 2 �B� 3Y�
equalssomespecifiedconstant.The authorssuggestto take for this constantthe
critical valuefor the testat the º -level. Furthermore,in the sameplaneisotones
for morethanoneGOFtestmaybeplotted.Sincethedistribution � is embedded
in the family of alternatives,the plot of the isotonesmay be interpretedeasilybe
startingfrom the point representing� andmoving into a certaindirection. The
isotonethat is crossedfirst correspondsmostlikely with thetesthaving thelargest
power. Of course,the orderof isotonescrossedmay differ from onedirectionto
another. Thisproducesaconcisecomparisonof thesetests.

The Power Stud y for the SSPc-test

Simplenull hypotheseslike thosestudiedin this sectionareactuallynot muchof prac-
tical interestbecauseit doesnot happentoo often that oneknows � completely. Most
frequentlyonly theform of � is known, i.e. � is a family of distributions,resultingin a
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compositenull hypothesis.This interestingcaseis studiedlaterin Section5.3.Of course
many of theresultswill berelatedto thosefor thesimplenull hypothesis.
Thus,sincethe simplenull hypothesissituationis not very importantfrom a practical
pointof view, only asmallpowerstudyis presentedhere.

Isotonesareconstructedfor two familiesof alternativesto thenormaldistribution � with
known meanandvariance.

8 Tukey-Lambda family indexedby 9­ú �7: ý¨ÿ : ; � .
Thequantilefunction � � ý; is givenby

� � ý; � Ì � ú Ì ; �: ý A � 2 A Ì � ; � A 2: ; �
For a descriptionof the Tukey-Lambdafamily we refer to AppendixA. We only
mentionherebriefly thatfor 9­ú � ø �j2?Ü�ßYà8ÿ ø �j2?Ü�ßYà � theTukey-Lambdadistribution
is almostindistinguishablefrom a normaldistribution with mean0 andvariance
2.142. Also for 9 ú � èE� �8ÿ/èE� � � thedistribution lookscloselyto a normaldistribu-
tion (Î ú ø , < ; ú ø � ø)ø Ý�ß{ç ).
For this family of alternatives,the distribution � specifiedunderthe simplenull
hypothesisis thenormaldistribution ë � ø ÿ/�E��2�ß�� � .8 Mixtur eof normal distrib utions indexedby

5 ú � � ÿ ï�� (alsoreferredto asacon-
taminated normal distrib ution).
Mixturesof normaldistributionscanbeconstructedin many ways.Here,we con-
sidermixtureswith densities

� 3S� ü � ú � 2 A ï5� � � ü � D ï � ü A �ø � ø)ø 2 ÿ
where� is thedensityof a standardnormaldistribution asspecifiedin N O . � ú ø
andï ú ø givesthedistribution � .
Theinterpretationof theparametersï and � is clear. ï is thefractionor probability
massof thedistribution that is contaminatedwith a normaldistribution with mean� andstandarddeviation ø � ø)ø 2 . Figure5.6shows two examplesof a contaminated
normaldistribution.

Table5.4: Critical valuesat the � � -level for =�Õ¾Ö�� and =QÕ>��� for theGOFtestsfor (simple)normality
usedin this thesis. � SSP2 SSP3 SSP4 AD KS

20 3.960 9.102 16.948 2.492 1.358
50 3.253 5.943 9.023 2.492 1.358

Theisotonesareconstructedfor �"ú�� ø and�"ú�è ø . All testsareperformedat º ú ø � ø è .
ThreeSSPctestsareconsidered:SSP2,SSP3andSSP4.The SSPctestsarecompared
to someotherGOFtestsfor simplenull hypotheses:Anderson-Darling(AD) (Anderson
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Figure 5.6: Two examplesof a contaminatednormal distribution with ?mÕ@�'A Ö and BGÕC�'A Ö (a), and?ZÕD
EA Ö�� and BIÕF�'A 
 (b).

andDarling,1952)andKolmogorov-Smirnov (KS) (Kolmogorov, 1933;Smirnov, 1939)
(herethe modifiedstatisticof Stephens(1970) is used). Thesetestsaregenerallywell
known andcanthereforeserve asbenchmarksin thecomparison.They areall discussed
in Sections4.2and4.3.Thecritical valuesaregivenin Table5.4.Later, in thesimulation
study for a compositenull hypothesis,more testswill be considered.The critical val-
uesof theSSPctestsareobtainedfrom thesimulatednull distributions,basedon 10000
simulationruns.

Briefly, theAD testis in generaltheEDF testwith thebestoverallpowercharacteristics,
and the KS test is probablyoneof the most frequentlyusedGOF tests,althoughit is
frequentlyshown thatit hasratherlow power to many alternatives(e.g.Stephens,1986).

The resultsfor the Tukey-Lambdafamily of alternativesandthe family of mixturesare
shown in Figure5.7andFigure5.8,respectively. To giveanimpressionof themagnitude
of the powers, for a selectionof alternatives, the powers areestimatedby meansof a
simulationstudybasedon10000runs.Theresultsareshown in Tables5.5and5.6for the
Tukey-Lambdafamily andthecontaminatednormalfamily, respectively.

Discussion
Tukey-Lambda: First,notethatall curvesareclosedaround9�Ogú � ø ��2�ÜYß�à8ÿ ø ��2�ÜYß�à � , and
thatthecurvesarecloserto 9�O as� increasesfrom 20to 50. This reflectstheconsistency
propertyof all tests. The bestway to discussthe isotonesis to start from the point 9�O
representingthenull hypothesis,andto movealongcertaindirections.Theorderin which
theisotonesof thedifferenttestsarecrossedis anindicationof theorderof thepowerof
thesetests.

8 Thedirectionalongthediagonaltowardshighervaluesof : ý and : ; representsall
symmetricdistributions,startingfrom unimodaldistributionswith continuoustails�7: ýºú : ; � 2 ), over h -shapeddistributionswith truncatedtails ( 2 � : ýºú : ; �� ), to unimodaldistributionswith truncatedtails ( : ýºú : ; ��� ). In this direction
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Table5.5: Theestimatedpowersfor somealternativesof theTukey-Lambdafamily, basedon10000simula-
tion runs.Themeanandthevarianceof thedistributionsarealsogiven.� : ý : ; mean variance power

SSP2 SSP3 SSP4 AD KS
20 -0.2 -0.2 0 7.42 0.684 0.636 0.592 0.543 0.116
20 1 1 0 0.333 0.001 0.333 0.268 0.698 0.298
20 1.5 1.5 0 0.157 0.003 1.000 0.948 1.000 1.000
20 0.9 2 -0.193 0.213 0.010 0.889 0.721 1.000 1.000
20 2 0 0.666 1.30 0.098 0.258 0.230 0.885 1.000
50 -0.2 -0.2 0 7.42 0.926 0.931 0.928 0.828 0.201
50 0.7 0.7 0 0.57 0.271 0.995 0.974 0.996 0.714
50 -0.2 0 0.25 6.29 0.820 0.826 0.830 0.590 0.147
50 0.5 0 0.333 1.97 0.337 0.590 0.635 0.929 1.000
50 0.3 1 -0.296 0.788 0.321 0.895 0.884 0.999 1.000

Table5.6: Theestimatedpowersfor somealternativesof thecontaminatednormalfamily, basedon 10000
simulationruns.Themeanandthevarianceof thedistributionsarealsogiven.� � ï mean variance power

SSP2 SSP3 SSP4 AD KS
20 0 0.2 0 0.79 0.024 0.716 0.767 0.044 0.148
20 0 0.6 0 0.40 0.142 1.000 1.000 0.737 0.919
20 2 0.2 0.40 1.45 0.477 0.770 0.795 0.546 0.334
50 0 0.2 0 0.79 0.047 0.950 0.981 0.156 0.315
50 0 0.35 0 0.65 0.370 1.000 1.000 0.669 0.836
50 0.18 0.18 0.03 0.83 0.039 0.915 0.967 0.129 0.279

theAD testis themostpowerful for both �©ú(� ø and�©ú(è ø . Thesecondhighest
power is obtainedby theKS testwhen �ðúÉ� ø , andby SSP3when �ðúÓè ø . This
featureis clearlyseenwhencomparingFigures5.7 (a) and(b): thecontourof the
KS testdoesnot shrimpasmuchasthoseof theothertestswhen � increasesfrom
20 to 50. Especiallythecontoursof theSSPctestsseemto shrimpextensively by
the samplesizeincrease.The orderin power amongthe SSPctestsin ascending
orderis SSP2-SSP4-SSP3.
Notethatfor thesesymmetricdistributionsthemeanis alwaysequalto 0, which is
alsothemeanunderthenull hypothesis;thevariance,on theotherhand,varies.

8 Thedirectionalongthediagonaltowardsnegative valuesof : ý and : ; alsorepre-
sentssymmetricunimodaldistributionswith continuoustailswhichbecomeheavier
as : ýòú : ; decreases.Theisotonesshow in this directionthatnow theSSPctests
aremorepowerful. This is alsoclearly seenfrom the estimatedpowersin Table
5.5.TheKS testis leastsensitive.

8 The isotonesof theSSP3andSSP4testshow for ��ú � ø a ratherinsensitive be-
haviour in thedirectionsof : ýHG ø and : ; positive, and : ; G ø and : ý positive.
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Theseformer directionrepresentsdistributionsthat aresimilar to the exponential
and g ; distributions. The latter direction representsdistributionswith the same
shape,but with thetails to theleft. This insensitivenessquickly reducessubstanti-
vally as� increases.

Contaminated Normal: Figure5.8shows mainly thehalf-planedeterminedby positive
valuesof � , sincethe plot is symmetricaround � ú ø . For negative valuesof ï the
distribution is not defined. The null hypothesisis given by � � ÿ ï�� ú � ø ÿ ø � (standard
normaldistribution). All contoursin both Figure5.8 (a) and(b) show the sameshape,
which makesthediscussioneasier. Theonly differencebetween� úÉ� ø and �ðúÓè ø is
that the isotonesarecloserto thepoint representingN O for thehighersamplesize. Two
directionsof alternativesarediscussednext (notethatactuallyall pointsfor which ï ú ø
representN[O , sothatthecorrespondingdirectionmustnot bediscussed).

8 Thedirectionfrom � ø ÿ ø � to (ø ÿ ± ) representsmixturesof two normaldistributions
with mean0; the higherthe valueof ï the morethe standardnormaldistribution
is contaminatedwith anormaldistributionwith standarddeviation0.001,resulting
in a zero-meannormaldistribution with reducedvariance. The isotonesthat are
crossedfirst whenmoving in thisdirection,arethoseof SSP4andSSP3,indicating
that they give thehighestpowers. Next, the isotonesof KS, AD arecrossed.The
lowestpower is obtainedwith theSSP2test.

8 Along the direction from � ø ÿ ø � to � ßQÿ ø � ß � the meanincreasesand the variance
decreases.Again first the isotonesof SSP4andSSP3arecrossed,next thoseof
SSP2andAD (their orderswitchedsomewherein aroundthis direction,but they
staycloseto eachother).TheKS testgivesthelowestpower.

SomeGeneralConclusions:
Obviouslynoneof thetestshaveoverall thehighestpower. Almostunderall alternatives,
theSSP2testhasthelowestpower amongtheSSPctests.Furthermore,its power is also
oftensmallerthanthepowerof theAD test,exceptfor : ý ú : ; �©ø in theTL family. All
SSPctestsaremorepowerful thantheKS test,exceptundera few specificalternatives.
Underthemixturealternatives,theSSP3andtheSSP4testshaveby far thehighestpower
amongall testsconsidered.
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5.3 The SSP-Test: Composite Null Hypothesis

In theprevioussectiontheSSPctestwasconstructedfor asimplenull hypothesisin which
thedistribution � wascompletelyspecified.In practice,however, this situationdoesnot
occuroften. Of moreinterestis the situationin which a researcherhasto testwhether
a samplecomesfrom a particularfamily of distributions,denotedby Á O ú ÁLKNM with
members�O3 , i.e. a functionalform of �O3 is assumed,but theparameters

5
arestill to be

determined.Themostclassicalexample,whichisstill of substantialimportance,is testing

for normality: in this example
5 ú � Î ÿP< � and � 3 � ü � ú �c ý$ ;RQ S TPU u A ý; |#� � Ù } �S � .

Again,asfor thesimplenull hypothesiscase,wewill supposeü is univariate.Thetestwill
be constructedbasedon Pearson-typedivergences.Later the testwill be generalizedto
thepowerdivergencefamily andto amultivariatesetting.Thecompositenull hypothesis
is

N O � � � ÀÆÁLKNM��
In the previoussectionthe testwasconstructedstartingfrom the AveragedPearsonDi-
vergenceandthecorrespondingstatistic.Sincenow � 3 is not completelyspecifiedthis
statisticneedsto bechangedfirst. Next, theteststatisticis proposed.Sinceevenfor the
Anderson-Darlingstatisticthereis noanalyticalsolutionfor thenull distribution, it is ex-
pectedthat for general' thenull distribution of theSSPbasedstatisticis complicatedas
well. Finally someresultsfrom apowerstudyaregiven.

5.3.1 The Averaged Pearson Diver gence Statistic

In Section5.2.2theAveragedPearsonDivergenceStatisticof order ' wasdefinedas

�� � �M������� ú 26 ��� ý � � V������ �F�&� z �I
ý �����?�� ?!4"5$ V � ÿ (5.20)

whereù ú û�0<ýÊÿ������ ÿM0 ��� ý �¾��	 � , andwhere�I ý �����?�� ?!4"5$ V � is theplug-in estimator
of I
ý �M������ ?!4"5$nV�� , i.e. � is replacedby �� ú ��F� . If the null hypothesisis composite,

not only � is unknown, but also the parameter
5

that determines� 3 . The estimation
of

5
maybeseenasin the generalframework of Romano(1988,1989)(Section4.2.2),

where
5

is chosensuchthatamongall distributionsin ÁLKNM , � 3 is theclosestto �� w.r.t.
somepseudometricV on W c . As in Section4.1.4 it may be expectedthat the choice
of V will determinethe statisticalpropertiesof the statisticin which estimatorof �O3 is
plugged-in.Here,we will consideronly themaximumlikelihoodestimator �5 of

5
. The

correspondingdistribution � �3 mayalsobedenotedby �� or ��O3 . TheAveragedPearson
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DivergenceStatisticis now still givenby Equation5.20,but with theplug-in estimator

�I ý �M������ �!#"%$ V � ú I
ý ���� ��� ?!4"5$ V �

5.3.2 The Test Statistic and its Asymptotic Null Distrib ution

The test statisticwhich was given in Section5.2.3 (Equation5.9) essentiallyremains
unchanged,exceptthatnow theextendeddefinitionof theAveragedPearsonDivergence
Statisticis used,resultingin


 ��� � ú������� ����������� ú���� E �� I ý ���� ��� �!#"%$&� ù ��� ý � � � (5.21)

In thenext sectiontheasymptoticnull distributionfor '%ú�� is shown to bethesameasfor
theAD statistic.Evenfor thelatter thereis no full analyticsolutionavailable.Whenthe
distribution �O3 is thenormaldistributionwith unknown meanandvariance,Durbinet al.
(1975),Stephens(1976)have givenapproximations.For general' the null distribution
will beevenmorecomplicated.Only a generaldiscussionis given.

Special Case: '%ú)�
When '£ú(� we now show thatthe


 ; � � andtheAD statistic "]� have asymptoticallythe
samenull distribution.

Theorem5.4 Supposethat thefinite dimensionalnuisanceparameter
5 ú �76 ý ÿ������2ÿ 6 ~ �

is estimatedby a consistentestimator �5 , thenundera compositenull hypothesis,


 ; � � A�" � ~A_b ø ÿ
and,


 ; � � `AFb c
d > ý : d f ;d ÿ

where the f d are i.i.d. standard normal, and where the : d are solutionsto the same
integral equationasfor thecorrespondingAD statistic.

Proof. Let ���� ü � ú � �3 � ü � . Similar calculationsas in Section5.2.3 show that (cfr.
Equation5.10)


 ; � � ú T
l � � ���� ü �FA ��.� ü �H� ;
���� ü �H� 2 A ��.� ü �H� X ���� ü � �
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TheAD statisticfor a compositenull hypothesiswasgivenin Equation4.15. In orderto
provethatthedifferencebetweenbothstatisticsconvergein probabilityto zero,a Taylor
seriesexpansionof � �3 aboutthetrueparametervalue

5
is performed,

� �3 � ü � ú � 3 � ü � D �5 A 5 XNY � 3Y 5 � ü � D Z ~ �5 A 5 X �5 A 5 �
Then,


 ; � � AG" � ú T
l � � ���� ü �JA ���� ü �H� ;
��×� ü �/� 2 A ���� ü �H� X ���� ü �JA ���� ü �

ú T
l � � ���� ü �JA ���� ü �H� ;
��×� ü �/� 2 A ���� ü �H� X ���� ü �JA��O3S� ü �

D �5 A 5 X T
l � � ���� ü �JA ���� ü �H� ;
���� ü �/� 2 A ���� ü �H� Y � 3Y 5 � ü � 2� 3 � ü � XY�O3S� ü �

D È � � (5.22)

Under N[O , the first term in equation5.22convergesin probability to zeroby the same
argumentasusedin theproofof Theorem5.1.Thesecondtermconsistsof Ì terms

� �6 - A#6 - � T
l � � ���� ü �FA ��×� ü �/� ;
���� ü �H� 2 A ��×� ü �/� Y � 3Y 6 - � ü � 2� 3 � ü � XS�O3Y� ü � ÿ

(1dú 2bÿ������NÿMÌ ), of which, by the consistency assumptionon the estimator �6 - , the factor�6 - A[6 - ~AJb ø . Undercertainregularityconditionson � 3 (seeAndersonandDarling,1952,

for details)theintegral T � $ � | �� |#��} � �� |#��}�} � ��� |4�?}/|õý � �� |#��}�} \ CE]\ 3 ¤ � ü � ýCP] |4�?} XS�O3S� ü � is againamemberof the

Anderson-Darlingfamily of statistics,which have a proper, non-degenerateasymptotic
null distribution. Thus,by Slutsky’s theorem,all Ì termsconvergein probabilityto zero.
Finally, by thesameargumentsalso È � ~AJb ø .
Thesecondpartof thetheoremfollowsimmediatelyfrom thefirst partandfrom Theorem
4.1. �
In contrastto theresultsundera simplenull hypothesis,theasymptoticnull distribution
of " � is muchmorecomplicatedundera compositenull hypothesis.This wasalready
commenteduponin Section4.2.4.Becauseof theidenticalasymptoticnull distributions
of theAD statisticandtheSSP2statistic,theproblemsarisingfrom theestimationof the
unknownparameters

5
applyto bothstatistics.Werepeatherethemostimportantspecific

problems(Stephens,1976,1986)(seealsoSection4.2.4for a moredetaileddiscussion).

8 In generalthenull distributionof " � will dependon thedistribution �O3 tested,the
parameters

5
estimated,themethodof estimationandthesamplesize � . Evenfor
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large � (asymptotically)thesedependenciesapply.

8 Whentheunknown parametersarethoseof location(e.g. mean)andof scale(e.g.
variance),andwhenan appropriatemethodof estimationis used(e.g. maximum
likelihood),thenthenull distribution of "�� doesnot dependon the unknown pa-
rameters.

General Case

The asymptoticnull distribution of

 ��� � ( '¾��� ) is expectedto be far moredifficult to

find as in the simplestcaseof '�ú�� . In this sectionwe will only show what kind of
complicationsareinvolved.Theasymptoticnull distribution itself is not given. In a later
sectionexactnull distributionsaresimulated,providing a practicalsolutionfor applying
thetest.

Onecouldthink of extendingthetheoryfor

 ; � � to


 ��� � in thesameway asit wasdone
undera simplenull hypothesis(cfr. Proposition5.1). There,anheuristicproof by means
of completeinductionwasgiven,which waslaterempiricallyconfirmedin a simulation
study. Basically, thecompleteinductionargumentis equivalentto thedecompositionof
 ��� � . Thedecompositionis achievedby consideringthestatisticasa � ' A 2 � -fold integral,
of which the integrandumis a Pearsong ; statisticon the observedfrequenciesthat are
inducedby a ' -sizedSSP, over thespace

	 V of SSPdeterminingsubsamplesets.Condi-
tionally on any SSP, Lancaster’s partitioningrule appliedto thePearsonstatisticresults
in ' A 2 asymptoticallyindependentPearsonstatistics,eachwith 1 degreeof freedom.
Theasymptoticindependencewascrucial to arrive at theproposedlimiting distribution.
In thepresentcaseof a compositenull hypothesis,this independenceis however lost, for
all termsdependon the completesampleby the imputationof the estimator

5
into �O3 .

Hence,it maybeexpectedthat theasymptoticnull distribution will generallydependon
themethodof estimationandon thetrueparametervalue

5
aswell.

Note that there is much analogywith the problemsof applying a Pearsong ; test to
groupedcontinuousdata,discussedin Section4.1.4 (herethe groupingis inducedby
the SSP).Thereit wasseenthatusinga maximumlikelihoodestimator �5 , basedon the
originalungroupeddata,notonly ledto alossof Ì degreesof freedom,but it alsostochas-
tically increasedthelimiting null distribution with a weightedsumof Ì i.i.d. g ; ý -variates
(cfr. Chernoff-Lehmannstatistic). It is expectedthat theseissuesalsocomeinto play
in the asymptoticnull distribution of


 ��� � , eventuallyleadingto a complicatedlimiting
distribution.
Onemightalsotry to overcomesomeof thedifficultiesby changingthePearsonstatistics
in the


 ��� � statisticto Rao-Robsonstatistics,for thesestill have asymptoticallya g ; ��� ý
distributionasit is thecaseunderasimplenull aswell.
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5.3.3 Appr oximation of the Null Distrib ution

Sincewe only have theasymptoticnull distribution of

 ; � � , we well restricttheapproxi-

mationsto this caseaswell. Furthermore,thelimiting distributiondependson � andthe
nuisanceparametersthathaveto beestimated.Wewill considerhereonly thenormaldis-
tributionwith unknown meanandvariance.Thefirst 10 : d coefficientsareapproximated
andtabulatedby Durbinet al. (1975),Stephens(1976).

As in Section5.2.5an approximationof the limiting null distribution is needed.Based
on themomentsgivenin Stephens(1976),it is seenthatPearsoncurvescannotbeused.
The four-momentstochasticapproximationis usedoncemore. Thus, ¸ � 6 ÿ 8 ÿ�ÌSÿ � � ú6 D 8 f ;~ D ý; p ;@ , wheref ;~ Í g ; ~ , p ;@ Í g ; @ andthecoefficients6 ÿ 8 ÿMÌ and � aredetermined
to matchthefirst 4 momentsof thetruelimiting null distribution. Thesolutionis

6 ú ø �j2?ß�éYè�à�é^ç�2?Ü�é8 ú ø � ø ç�ÝYß�è ø Ü�ßYß{2�è
Ì ú ÜB� ø é{2Y2�à�ÜYÝ�ßYÝ
� ú ø � øKø)ø ��é�èYà�ßYÜ{2��Y��èv�

The exact asymptoticcritical valuesat the è�� andthe 2 ø � level are0.751and0.632,
respectively. The correspondingapproximationsare0.757and0.636,which arerather
closeapproximations.In thefollowing sectiontheconvergenceis studied.

5.3.4 Convergence to the Limiting Null Distrib ution

In this sectionthe validity of the asymptoticnull distribution of

 ; � � , which wasstated

in Theorem5.4, is assessedin a similar way as in Section5.2.6, i.e. for a rangeof
samplesizestheexactnull distributionsaresimulatedunderthenull hypothesis(here:a
standardnormaldistribution; 10000simulationruns)andthe 2 A(º percentileis usedas
theestimatorof the º -level critical value i,¹ � ; � � . Only º ú ø � ø è is consideredhere. At
thesametime, the observedconvergenceratewill tell uswhetheror not theasymptotic
null distribution may be usedin practice. Sincein the simplenull hypothesiscasethe
convergencewasveryslow, it maybeexpectedto beevenworsewhenthenull hypothesis
is composite.

Figure5.9show theestimatedcritical values,andtheestimatedsizeswhentheasymptotic
critical valuewould have beenused.As with the SSPctestfor simplenull hypotheses,
theconvergenceis veryslow, andthustheasymptoticcritical valuesdo not seemto have
muchpracticalvalue.Still, theresultsconfirmTheorem5.4.
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Figure5.9: Resultsfrom thesimulatedexact null distributionsof á^	 ã ä undera compositenull hypothesis:
(a) theestimatedcritical values,and(b) theestimatedsizeswhentheasymptoticcritical valuewould havebeen
used.

5.3.5 Power Characteristics

In Section5.2.7resultswerepresentedconcerningthepowerof theSSP2testfor asimple
null hypothesis.It wasarguedthat thoseresultswerenot of muchpracticalvaluesince
simpleGOFnull hypothesisdo not occuroften. Compositenull hypothesis,on theother
hand,arefrequentlyencounteredin many situations.As for all power studiesfor GOF
teststhemainproblemis to makea choiceamongtheinfinite numberof alternativesthat
canbeconsidered.Here,I restrictedthepowerstudyto thecompositenull hypothesis

N O � � is theCDFof a normaldistributionÿ
andthe alternativesconsideredarethe sameasthoseusedto assessthe SSPctestfor a
simplenull hypothesis(Section5.2.7): theTukey-Lambdafamily andthecontaminated
normal family of alternatives. Again a qualitative comparisonamonga setof selected
testsis basedon the isotones,andfor a few alternativespowersareestimatedby means
of MonteCarlosimulations.Beforetheresultsaregiven,thenext paragraphbriefly de-
scribestheotherteststhatareincludedin this powerstudy.

Some Other GOF Tests for Normality

For amoredetaileddiscussiononthetestsmentionedin thisparagraph,wereferto Chap-
ter 4.

Probablythebestknown testfor normality is theShapiro-Wilk (SW) test(originally de-
velopedby ShapiroandWilk, 1965),which belongsto a classof testscalledregression
tests. Many extensionsandmodificationshave beenproposedover theyears;a detailed
overview is given by D’Agostino (1986). The SW testusedin this thesisis a modifi-
cationproposedby Weisberg andBinham(1975),which is ascomparedto the original
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formulationof Shapiro-Wilk easierto calculate.TheSWtestsaregenerallyrecognizedas
theoverall mostpowerfultestsfor normality. Critical valuesareobtainedfrom Stephens
(1986)(seeTable5.7).

Table5.7: Critical valuesatthe � � -level for =×Õ×Ö�� and=.ÕH��� for theGOFtestsfor (composite)normality
usedin this thesis.KL3 up to KL10 denotethedata-driven smoothtestof Kallenberg andLedwinaof order3
up to 10. _

SSP2 SSP3 SSP4 AD KS RR SW K
20 0.989 4.759 11.037 0.752 0.895 10.628 1.924 6.453
50 0.915 2.813 5.604 0.752 0.895 15.206 2.297 6.424_

KL3 KL4 KL5 KL6 KL7 KL8 KL9 KL10
20 2.998 3.598 5.093 6.183 6.992 7.430 8.222 8.780
50 3.521 4.926 6.607 7.126 8.244 9.154 9.859 10.805

AmongtheEDFtests(seeSection4.2)theAnderson-Darlingtestis generallyacceptedto
bethemostpowerful. In thepresentsituationof acompositenull hypothesis,themodified
statistic(Stephens,1976,1986)

"�`� ú " � � 2 D ø �jç?è� D �E� ��è� ; �
is used.Critical valuesareobtainedfrom Stephens(1976,1986)andgivenin Table5.7.

Althoughit is arguedthat g ; -typetests,which areappliedto groupeddata,aredefinitely
notaspowerful asteststhatarespecificallyconstructedfor continuousdata,we included
here the Rao-Robson(RR) (Rao and Robson,1974) test. This test was describedin
Section4.1.4.Sincetheperformanceof atestwhichis basedongroupeddatamaydepend
to a largeextenton the numberof (equiprobable)classes,a differentnumberof classes
is usedfor samplesof size � úÓ� ø ( Ò=ú�Ý classes)and � ú�è ø ( Ò=ú�à classes).These
numberswerecalculatedfrom asimpleruleproposedby MannandWald(1942).Critical
valueswerecalculatedfrom thesimulatedexactnull distribution for �"ú(� ø and �"ú(è ø
(50000simulationruns).Thesevaluesareshown in Table5.7.

TheD’Agostino-Pearsona test(D’Agostino andPearson,1973)is actuallynot anom-
nibustestbecauseit is only sensitive to deviationsfrom

l ¿ ýòú ø and¿ ; úìÜ (
l ¿ ý and¿ ; arethestandardized3rdand4thmoment,respectively). Neverthelessit is experienced

as rathersensitive to many alternatives to the normal distribution. The critical values
wereobtainedfrom thesimulatedexactnull distribution for ��ú
� ø and �­ú
è ø (50000
simulationruns).They areshown in Table5.7.

Recentlytherehasbeena renewed interestin smoothtests,especiallyin data-driven
smoothtests. Very goodpower resultswereobtainedby a data-drivensmoothtestthat
wasproposedby (Inglot et al., 1997; Kallenberg andLedwina,1997), This test is in
detaildiscussedin Section4.3.3andis includedin thispowerstudywith amaximalorder
of X � ú32 ø for both � ú�� ø and � ú�è ø . It will be referredto theKL test. Its critical
valueswerecalculatedfrom thesimulatedexactnull distribution for �"ú(� ø and �"ú(è ø
(50000simulationruns).Thesevaluesareshown in Table5.7.
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Finally the Kolmogorov-Smirnov (KS) test (Kolmogorov, 1933; Smirnov, 1939; Lil-
liefors, 1967;Stephens,1974)is included. Although it is generallyknown that this test
hasratherpoorpowercharacteristics,it is includedheremerelyasanhistoricalcuriosity.
Themodifiedstatisticof Stephens(1974)is used,

b `� ú b �F� 2 A ø � ø 2l � D ø � é�è� � �
Critical valuesaretakenfrom (Stephens,1974,1986)andshown in Table5.7.

The Power Stud y

Tukey-Lambda: The isotonesarepresentedin Figure5.10,andsomepower estimates
areshown in Table5.8.

8 The symmetricdistributionsaresituatedalongthe diagonal( : ý ú : ; ). Starting
from the quasi-normaldistribution : ý&ú : ; ú ø ��2�ÜYß�à towardsnegative values
for : ý:ÿ : ; Figure5.10(a) shows clearly that thepowersincreasevery rapidly and
thattheisotoneslay veryclosetogetherwhichmakesthetestsrathersimilar in this
direction.AmongtheSSPteststhepowersincreasefrom SSP4overSSP3to SSP2.
The SSP2testhasslightly lower powersthan the AD test. The SW testhasthe
highestpower in this direction.Thesefeaturesshow for both �"ú)� ø and�"ú)è ø .
Sincetheskewnessis exactly zerofor symmetricdistributions,thepower of theK
test is ratherlow, but still increasingbecauseincreasing: ý�ú : ; correspondsto
increasingkurtosis.
For �	ú�è ø theisotonesof theK testshow anL-shapedregion(goingfrom � 2bÿ ±(�
over � �E� ß8ÿ/�E� ß � to �H± ÿ�2 � ) of lower power. This region correspondsto membersof
theTL family with zeroskewness.

8 Again startingfrom thequasi-normaldistribution, but now moving alongpositive
valuesfor : ý ú : ; , therearemoredifferencesobservedbetweenthe9 tests.The
first isotonethatis crossedit theoneof theAD test,resultingin thehighestpowers
in this direction.

The isotonesof the KL test in Figure5.10(b) (� ú�è ø ) show an interestingfea-
ture in the directionof positive : ý ÿ : ; . It seemsthat the isotonesconverge only
very slowly to the diagonalwhich representssymmetricdistributionswith trun-
catedtails. A possiblereasonis that in theorytheKL testis only consistentif the
order X � tendsto infinity with increasing� , which is in practicehowevernot pos-
sible(here,X � úÓ2 ø for both �"ú�� ø and�"ú�è ø ). At largevaluesfor : ý%ú : ; the
TL distribution hastruncatedtails,which is indeeda featurethatis only described
by highordermoments.

Also for � ú è ø , the K testshows a particularbehaviour. In a small rangeabout: ý�ú : ; úÓ� it givesthehighestpowers,but on theotherhand,for high positive
valuesof : ý:ÿ : ; its isotoneis theonebut lastto becrossed.
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8 In thedirectionalong : ; G ø and : ý positive (distributionsthataresimilar to the
exponentialand g ; ), all testsarerathersensitive. Again, amongtheSSPteststhe
SSP2testis themostpowerful, but still lesspowerful thantheAD testandtheSW
test.Now eventheKL testis morepowerful thantheSSPtests.By thesymmetry
of the Tukey-Lambdafamily, the sameis seenin the directionof : ý G ø and : ;
positive.

Table5.8: Theestimatedpowersfor somealternativesof theTukey-Lambdafamily, basedon10000simula-
tion runs.= J ý J�	 power

SSP2 SSP3 SSP4 AD KS RR SW K KL
20 -0.5 -0.5 0.622 0.500 0.409 0.635 0.566 0.556 0.674 0.623 0.588
20 1 1 0.064 0.061 0.064 0.156 0.090 0.094 0.081 0.095 0.006
20 1.5 1.5 0.083 0.081 0.080 0.200 0.105 0.128 0.096 0.156 0.007
20 1.5 2 0.061 0.065 0.067 0.193 0.092 0.117 0.094 0.141 0.009
20 2 0 0.565 0.409 0.299 0.739 0.532 0.566 0.754 0.518 0.627
20 5 10 0.538 0.442 0.346 0.691 0.647 0.563 0.621 0.338 0.413
20 6 6 0.225 0.186 0.140 0.290 0.295 0.251 0.210 0.084 0.079
20 9 9 0.749 0.787 0.720 0.829 0.803 0.784 0.747 0.382 0.347
50 -0.5 -0.5 0.939 0.935 0.909 0.944 0.893 0.909 0.954 0.915 0.880
50 1.5 1.5 0.477 0.440 0.384 0.694 0.324 0.425 0.613 0.846 0.008
50 2 0 0.911 0.876 0.806 0.960 0.808 0.874 0.979 0.830 0.934
50 3 3 0.083 0.092 0.090 0.185 0.087 0.130 0.099 0.316 0.002
50 5 5 0.173 0.239 0.213 0.250 0.231 0.186 0.110 0.002 0.007
50 5 9 0.899 0.917 0.901 0.939 0.923 0.886 0.887 0.517 0.684
50 1 8 0.219 0.203 0.165 0.410 0.178 0.216 0.303 0.549 0.008
50 4 8.5 0.834 0.825 0.759 0.903 0.878 0.722 0.821 0.378 0.646

Contaminated Normal: The isotonesare presentedin Figure 5.11, and somepower
estimatesareshown in Table5.9.

8 In the direction from � ø ÿ ø � to � ø ÿ ±(� first the isotonesof SSP4and SSP3are
crossed,indicatingthehighestpowersfor thesetwo tests,bothwhen � úÓ� ø and�	ú�è ø . This wasalsoobservedin thecaseof a simplenull hypothesis.

8 The SSP4andSSP3testsremainthe mostpowerful testswhenmoving in thedi-
rectionfrom � ø ÿ ø � to � ß8ÿ ø � ß � , bothwhen�	ú�� ø and�	ú�è ø .

Some Conc lusions

Theisotonesaswell astheestimatedpowersresultingfrom thesmallpowerstudiescon-
firm thefindingsandconclusionsthatarefoundin theliterature:theAD testandtheSW
testhave goodoverall power. The momentbasedK testdoesundermany of the alter-
nativesin the Tukey-Lambdafamily ratherwell, which is becauseboth the 3rd andthe
4th momentarehighly variablewith the : ý and : ; parametersindexing the family. On
theotherhand,many authors(e.g. Stephens,1974)have reportedthat theKS testoften
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Table5.9: The estimatedpowersfor somealternativesof thecontaminatednormalfamily, basedon 10000
simulationruns.= ? B power

SSP2 SSP3 SSP4 AD KS RR SW K KL
20 0 0.2 0.215 0.769 0.781 0.261 0.325 0.270 0.223 0.133 0.114
20 0 0.7 1.000 1.000 1.000 1.000 1.000 1.000 0.997 0.823 0.780
20 2 0.4 0.683 0.991 0.991 0.857 0.810 0.845 0.797 0.230 0.132
20 4 0.4 0.948 0.996 0.996 0.990 0.949 0.881 0.972 0.624 0.021
50 0 0.2 0.513 0.986 0.990 0.580 0.706 0.757 0.415 0.173 0.130
50 0 0.6 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.875 0.820
50 1.25 0.38 0.993 1.000 1.000 0.997 0.993 0.999 0.990 0.541 0.632
50 3 0.4 1.000 1.000 1.000 1.000 1.000 0.999 1.000 0.938 0.054
50 3.5 0.1 0.754 0.821 0.804 0.784 0.550 0.470 0.844 0.431 0.663

resultsin low powersascomparedto otherEDFtestsase.g.theAD test.Thisis alsoseen
from thepresentstudy. A similar conclusionholdsfor theRR testin theTukey-Lambda
family. In the contaminatednormal family, however, the RR testperformsrathergood
on average.The data-drivenKL test,which is nowadaysoften consideredto be a very
sensiblechoice,did not performwell, especiallynot undersymmetricalternativeswith
bothtails truncated.Possiblythesolutionmaybeto increasethemaximalorder X � .

In both familiesof alternativesstudied,the SSP2test,which is thoughrathersimilar to
theAD test,did performalwayslessthantheAD test.Also ascomparedto theothertests
it is oneof theworst. In theTukey-Lambdafamily, thehigherorderSSPtests(SSP3and
SSP4)have in generalevenlowerpowersthantheSSP2test.In thecontaminatednormal
family, ontheotherhand,boththeSSP3andtheSSP4testhaveby far thehighestpowers,
andin many situationsthedifferencewith thebestnon-SSPtestis extremelylarge.Thus
thechoiceof theSSPsize ' seemsvery important.
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Figure5.10:Theisotonesfor theTukey-Lambdafamily of alternatives,for =×Õ.Ö�� (a)and=.ÕH��� (b). The
diagonaldashedline indicatesthesymmetricdistributions(J ý ÕHJ�	 ).
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5.3.6 Examples

In chapter2 somedatasetswereintroduced.In someof themonewasinterestedto know
whetherthedataarenormallydistributedor not (compositenull hypothesis).Theseanal-
ysisarenow performed.All critical valuesandp-valuesarederivedfrom simulatednull
distributions(10000simulationruns).
Whenever tied observationsoccurred,they were untied by randomization(Hájek and
Šidák, 1967). This is definitely not the bestway to dealwith ties, for differentpersons
mayendup with differentvaluesfor theteststatistic.However, from a theoreticalpoint
of view, all propertiesremainvalid.

EXAMPLE 5.1. Gravity Data
In Chapter2 it wasseenthatwith theKolmogorov-Smirnov testonly the7ndserieswas
determinedasnot normally distributed(Ì ú ø � ø ß�è{2 ). Here,we performthe SSPctest,
with '/ú��8ÿHÜ and '/ú�ß , on the8 series.Theresultsarepresentedin Table5.10.As with
theKS test,only for the 7ndseriesthenull hypothesisof normality is rejected,with all
threepartitionsizes.Thep-valuesareall smallerthan0.0451,which is thep-valueof the
KS test.Notealsothethep-valueof theSSPctestsincreaseas ' increases.Thissuggests
that therearecases(e.g. the samedistribution asfor the 7nd series,but with a smaller
sample)wherefor asmallpartitionsizeasignificantresultmaybefound,but for larger '
thesignificancedisappears.Thus,thisstressestheimportanceof choosinganappropriate' whenthesamplesizeis moderate.

Table5.10: Resultsof theSSPctest(Ô Õ�Ö'&t( and Ô Õu* ) on theGravity data.Theestimatedp-valuesare
presentedbetweenbrackets.' series

1 2 3 4
2 0.382(0.721) 0.412(0.569) 0.511(0.377) 0.584(0.277)
3 1.150(0.669) 1.203(0.656) 3.455(0.159) 1.694(0.450)
4 2.224(0.640) 2.280(0.661) 7.244(0.171) 3.029(0.493)

' series
5 6 7 8

2 0.693(0.264) 0.384(0.640) 3.525(0.001) 0.544(0.291)
3 1.715(0.444) 0.843(0.846) 9.061(0.020) 1.248(0.638)
4 2.977(0.501) 1.354(0.885) 15.054(0.044) 1.948(0.760)

�
EXAMPLE 5.2. The ChemicalConcentration Data
Theresultsof theSSPctest,with '%ú��8ÿ/Ü and '%ú�ß areshown in Table5.11.

Noneof theSSPtestsresultedin aconvincingrejectionof thenull hypothesis.In Section
2.1 theresultsof someotherGOFtestswerementioned.Most of themindicateda non-
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Table5.11:Resultsof theSSP2,SSP3andtheSSP4teston theChemicalConcentrationData..' 
 ��� � Ì -value
2 0.710 0.110
3 1.850 0.178
4 3.056 0.290

significantdeviation from normality aswell, thoughwith Ì -valuesonly slightly greater
than0.05. Only a smoothtestof BestandRayner(1985)gave a significantresult,in the
meanwhilesuggestingthatmostprobablythetruedistribution is too skew to benormal.
From the simulationstudy in Section5.3.5 it was indeedconcludedthat the SSPtests
performedratherbadin the Tukey-Lambdafamily of alternatives,which includesskew
alternativesto thenormaldistributionaswell. �
EXAMPLE 5.3. The Singer Data
In Section2.2 a Kolmogorov-Smirnov, a Shapiro-Wilk and a data-driven smoothtest
(KL) wereperformedontheSingerdata.All testshadÌ -valuesaround0.3- 0.4,andthus
normalitywasconcluded.

Table5.12shows the resultsof the SSPctest ( '�ú��8ÿ/Ü and '�ú\ß ). The resultsof the
SSP2test(Ì�ú ø � Ü^ç�è ) is in the line of theclassicaltests,but whenlargerpartitionsizes
areused( '%ú)ÜQÿHß ), oneimmediatelynoticestheextremelargevaluesfor theteststatistic
whichcorrespondto Ì -valuessmallerthanø � ø)ø)ø 2 . Thus,boththeSSP3andtheSSP4test
rejectthenull hypothesis.
A reasonfor this tremendousdifferencebetweenthe SSP2test(andthe classicaltests)
on the onehand,andthe SSP3andthe SSP4teston the otherhand,might be that the
dataactuallyshows somebimodality. This featurewashowever not recognizedin the
exploratoryanalysisthatwaspresentedin Section2.2(Figure2.2,panel(a)),evennot in
thekerneldensityestimate.Thereasonfor this might bethatthemethodused(Gaussian
kernelwith a bandwidthdeterminedby meansof theUnbiasedCrossValidationmethod
(Silverman,1986; VenablesandRipley, 1997))did not selecta goodbandwidthin the
sensethat the datawastoo muchsmoothed.Of course,sincethe datasetcontainsonly
35 observations,bumpsin the densityareoften flattenedby smoothing.In Figure5.12
anotherkerneldensityestimatoris used:a Gaussiankernelwith bandwidthmanuallyset
to 2.75. Now thedensitysuggestsomebimodallity. (Note that this methodis definitely
not to be recommended,sinceby settingthe bandwidthsufficiently small, bimodallity
will show in all datasets.)
Sincefrom thesimulationstudyin Section5.3.5it wasconcludedthat theSSP3andthe
SSP4testareespeciallyhighly sensitiveto contaminatednormaldistribution,i.e. mixture
distributions showing in extremecasesbimodallity, this may the reasonherefor their
extremesignificantresult.

�
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Table5.12:Resultsof theSSPctest(Ô�Õ�Ö'&+( andÔ�ÕH* ) on theSingerdata.' 
 ��� � Ì -value
2 0.452 0.374
3 306.883 � 0.0001
4 951.133 � 0.0001
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Figure5.12:A histogramandaGaussiankerneldensityestimate(bandwidth= 2.75)of theSingerData.

5.4 Generalization of the SSPc Test to Diver gences
of Order v

In Section5.1 the DirectedDivergenceof order : , andthecorrespondingPower Diver-
genceStatisticof CressieandRead(1984)weredefinedanddiscussed.Later, in Section
5.2, whenfirst the rationalefor the SSPctestwasgiven, the constructionof the SSPc
testwascompletelyrestrictedto thePearson-typedivergencefor which : ú 2 . For this
specificcase,theAveragedPearsonDivergenceandtherelatedAveragedPearsonDiver-
genceStatistic(Sections5.2.1and5.2.2)weredefined. In this sectionthe SSPctest is
generalizedto the completefamily of directeddivergences.First, somedefinitionsare
given. Then,the order : SSP2testis constructedandits null distribution is given,and
finally theSSP2testis extendedto theSSPctestfor arbitrary : .
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5.4.1 Some Definitions

Definition 5.8 Theaverageddivergenceof order : is definedas

� ;� �M������� ú E@ I
; �����?�� ?!4"5$�� ù ��� ý � � � �

This measure
� ;� ��������� is againonly usefulif it measuresthedeviation of � from � in

somesense.This is shown in thefollowing lemma,which is theanalogueof Lemma5.1.

Lemma 5.3 For all ']� 2 , and : Àxw
� ;� �����?��� ú øzy NPO is true�

Proof. If NPO is true, then,following Corollary5.1, for all !4"5$ I
; �����?�� ?!4"5$�� ú ø , and

hence
� ;� ��������� ú ø .

Theproofof “ { ” is similar to theproofof Lemma5.1;only here
� ;� �M������� ú ø implies

2:F�7: D 2 � TSU
�
-4> ý P@ !4" - � ù ��$ P@ !#" - � ù ��$

PC !4" - � ù ��$
;
A 2 XY� V¥� �F� � ù � ú ø ÿ

which for every : implies,asin theproof of Lemma5.1,

P@ !4" - � ù ��$ ú PC !4" - � ù ��$
almosteverywhere.Theremainderof theproof remainsunchanged. �
The usefulnessof the extensionto arbitrary : doesnot only arisefrom Lemma5.3, but
alsofrom thegeneralphilosophyof Romano’s framework for GOFtests(Section4.2.2).
Thereit is suggestedthat the choicefor a certainGOF test is partly determinedby the
choicefor a measure(pseudo-metric)� that measuresthe deviation of � from � .

� ;�
representsa family of suchmeasures� ú � �v� � , indexedby both ' and : . By changing: from 1 to e.g. 0, the pseudo-metricis changedfrom typical Pearsonianto a measure
basedon theKullback-Leiblerdivergence.

With the samenotationas in Section5.2.2, the definition of the AveragedPearsonDi-
vergenceStatistic(Equation5.8) is now extendedto theAveragedDivergenceStatisticof
order : , givenby

�� ;� �����?��� ú 26 ��� ý � � V���� � �F�&� z �I
ý �����?�� ?!4"5$ V � ÿ (5.23)

which is just theplug-in estimatorof
� ;� �����?��� . Notethatthestatisticcanbebothinter-

pretedin termsof a simplenull hypothesis(asits definitionin Section5.2.2)asin terms
of a compositenull hypothesis(asits definitionin Section5.3.1).
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5.4.2 The SSPc-test of order | and its Distrib ution under a
Simple Null

Theteststatisticis obviouslygeneralizedto


 ;��� � ú��=� �� ;� �����?��� ú)�=� E �� I
; ����?�� ?!4"5$�� ù ��� ý � � � (5.24)

Its asymptoticnull distribution is first derived for the specialcase'�ú�� . Only simple
null hypothesesareconsideredhere,but it will beapparentthatit maybeextendedto the
compositenull hypothesiscase.

Special Case: '%ú��
For '%ú�� , recallthat,asin Section5.2.3,thepartitiondeterminingsubsampleset * ý,+ � is
just thesample

	 � , andthesetsù -ý,+ � maybereplacedby thecorrespondingobservations0 - (1 ú 2bÿ������NÿM� ). Thus,thepartitions !4"5$�� ù.-ý/+ � � maybereplacedby !4"5$�� 0 - � or simply!4"5$ - . For a given sample6 ý,+ � ú7� suchpartitionscanbe constructed.EachSSP !#"%$ -
consistsof two elements,denotedby " - ýºú !#8,: ÿ�0 - $ and " -4; ú $ 0 - ÿ 8/<�$ . Then,whenthe
null hypothesisis simple,theteststatisticreducesto


 ;; � � ú ��� 2�
�
-#> ý �I

; �H������ �!#"%$ - �

ú 2�
�
-4> ý � 2:^��: D 2 � ��I� 0 - � ��I� 0 - ���� 0 - �

;
A 2

D � 2 A ���� 0 - �H� 2 A ���� 0 - �2 A���� 0 - �
;
A 2 �

When : ú ø or : ú A 2 , 
 ;; � � is definedby continuity. Since : ú ø is an interesting
specialcase(basedon the Kullback-Leiblerdivergenceandthe relatedlikelihoodratio
statistic),we give thestatistichereexplicitly:


 O; � � ú 2�
�
-4> ý ��� ��I� 0 - �~}�� ���� 0 - ���� 0 - � D � 2 A ���� 0 - �H��})� 2 A ���� 0 - �2 A���� 0 - �

ú 2�
�
-4> ý ��� }�� 2 A ���� 0 - �2 AG��� 0 - �

ý � �� |�� ¤ } ���� 0 - ���� 0 - �
�� |�� ¤ } ÿ

which clearly is basedon the log likelihood ratio statisticsappliedto the multinomial
distributionsthatarisefrom theSSPs!4"5$�� 0 - � (1 úÉ24ÿ������Nÿ�� ).
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An importantandvery interestingpropertyof the statistics

 ;; � � is that for each : their

asymptoticnull distribution is thesameasfor theAD statistic,andthusindependentof : .

Theorem5.5 Undera simple N[O , for each : À�w ,


 ;; � � A 
 ý; � � ~AJb ø ÿ
and


 ;; � � `AFb
c
d > ý 2e � e D 2 ��f ;

d ÿ
where the f ;d are i.i.d. g ; ý variates.

Proof. The proof is basedon von Mises calculus(von Mises, 1947) and influence
functions(for a recentaccount,seeSerfling,1980;vanderVaart,1998).

Theteststatistic

 ;; � � maybelookeduponasaplug-inestimatorof thefunctional�=� � ;

; �M������� ,
i.e.


 ;; � � ú���� � ;
; � �� � ����� ú���� T I

; �� � ���� �!#"%$&� ü � X �� � � ü � �
A Taylor-likeexpansionof

� ;� � �� � �?��� , basedonHadamardderivativesis

� ;
; � �� � ����� ú � ;

; ��������� D TO� � ;ý �t�_�?������� X �� � �)�¯�FAGXY���t�¯� XE�
D 2� T T � � ;; �)� ÿP� �����?��� X ��F�J�t�_�JA�XS���)�¯� X ��^�J� � �^AGXS��� � � XE�JX �
D È � ÿ (5.25)

wheretheinfluencefunctions� � ;ý and� � ;; aregivenby

� � ;ý �t�¯��������� ú XX'� � ;
; �H� 2 A#�?�M� D � ��� ����� � > O

� � ;; �)� ÿP� �����?��� ú XX?ï � � ;ý �t�¯��� 2 Aoï5��� D ï ��� ����� � > O ÿ
where ��� ú �R� � ü � ú I ! � ½ ü $ and � � ú � � � ü � ú I ! � ½ ü $ .
It is straightforward to show thatunder N[O the first orderinfluencefunction is zerofor
any : , i.e. � � ;ý �)�¯�����?��� ú ø . Also the first term in Equation5.25vanishesunder NPO
(Lemma5.3).After somecumbersomealgebrait is shown thatthesecondorderinfluence
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functionbecomes,under N[O ,
� � ;; �)� ÿP� �����?��� ú T � � � AG��� ü �H�/� ��� AG��� ü �H���� ü �/� 2 AG��� ü �H� XY��� ü �ú A�})�_� 2 A��H�)�¥�M���)�¯� ÿ ��� � �H�/�JA�}��¯���I� U �����t�_� ÿ ��� � �/�H�JA 2bÿ

which is independentof : . Thus,under N O , theteststatistic

 ;��� � hasunder N O thesame

limiting distributionas

· � ú 2�
�
-4> ý

�
d > ý � �

;
; � 0 - ÿM0 d �?������� (5.26)

ú 2�
�
-4> ý �MA�}��¥� 2 A��H�)�¯�M��� 0 - � ÿ ��� 0 d �H�H�JA�})�¥���H� U �M��� 0 - � ÿ ��� 0 d �H�/�FA 2 �

ú A � A 2�
�
-4> ý � �=1 A 2 � }��Ë� 0 | - } � D }��¯� 2 A 0 | � ¶ ý � - } � ÿ (5.27)

where0 |�ýµ} ½ ����� ½ 0 | � } aretheorderstatisticsof
	 � .

FromEquation5.27it is concludedthatfor any : thestatistic

 ;; � � hasasymptoticallythe

samenull distribution astheAD statistic(cfr. Equation4.13),providedthat �5È � ~AJb ø .
Thelatterconditionmaybeeasilychecked.Thisprovesthefirst partof thetheorem.The
secondpartfollowsnow immediatelyfrom Theorem5.1. �
For theSSPctestwith : ú�2 it wasobservedthattheconvergenceof thenull distribution
to its limiting distribution is very slow (Section5.2.6). The samebehaviour is to be
expectedhereaswell. Moreover, for finite � theexactnull distributionswill still depend
on : . Thischaracteristicis motivatedby recognizingthattheSSPcstatisticis theaverage
of the power divergencestatisticsappliedto the groupeddataresultingfrom all ' -sized
partitionsin � . Conditionalon a partition the correspondingpower divergencestatistic
convergesweaklyto a g ; -distribution, irrespectiveof : (CressieandRead,1984),but for
finite � theexactnull distributionsmaybequietdifferentfor variousvaluesof : (Read,
1984). This propertywill be propagatedto the SSPcstatistic. The practicalsolutionis
thusto usethe : -specificsimulatedexactnull distribution.

Beforeproceedingto thegeneralcase,a few notes,which follow from theproof of The-
orem5.5,maybein placehere.Fromequation5.24it maybeseenthat thestatistic


 ;; � �
is anexpectationfunctional.Plug-inestimatorsof suchestimatorsmaybeconsideredas
V-statistics(von Mises,1947;Lee,1990). Here,however, the theoryof V-statisticswas
notappliedbecauseof thecomplexity of the(asymmetric)kernelthatfollowsfrom Equa-
tion 5.24. Instead,we madeimmediateuseof thevon Misescalculus,which eventually
hasled to anasymptoticequivalencewith Equation5.26,which now shows a V-statistic
with a propersymmetrickernelof degree2. Sincethe statisticwasdirectly recognized
astheAD statistic,no furtherstepshadto bemadeto solve thelimiting null distribution.
Though,if proceededfrom Equation5.24, it would have turnedout that the V-statistic
shows a first order degeneracy. By the equivalencerelation betweenV-statisticswith
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first orderdegeneracy andstochasticprocesses(seee.g. De Wet andRandles,1984),
onewould immediatelyendup with thesameintegral equationof AndersonandDarling
(1952).
Yet anotherconsequenceis thattheasymptoticdistributionof


 ;; � � underany fixedalter-
native,for which thedegeneracy vanishes,is normal.

General Case

Thegeneralizationto arbitrary, but finite ' involvesthesameconjectureasin Proposition
5.5. Thereforewe statetheresultinglimiting distributionherealsoonly asa proposition.
In thenext sectionits validity is empiricallyassessed.

Proposition5.2 For any ']��2 andany : , underthesimpleGOFnull hypothesis,


 ;��� � `A_b c
d > ý 2e � e D 2 �=f ;

d ÿ
where the f ;d are i.i.d. g ; ��� ý variates.

Heuristic Proof. By Theorem5.5 the asymptoticnull distribution of

 ;; � � doesnot

dependon : andis thusexactly the sameasthe limiting null distribution of

 ; � � . We

now proceedasin Proposition5.1,where : ú�2 . Thecompleteinductionreasoningthat
wasinvokedthere,implied that,conditionallyon any SSP, thestatisticmaybewritten as
an integral of ' A 2 asymptoticallyindependentPearsonstatistics.From an asymptotic
expansionof thepower divergencestatisticusedby CressieandRead(1984,p. 442), it
follows that theasymptoticindependencecontinuousto hold for arbitrary : . This would
leave theremainingstepsunchanged. �
5.4.3 Convergence to the Limiting Distrib ution

In thissectiontheconvergenceof thenull distributionof

 ;��� � is empiricallyinvestigated.

When : úÄ2 this is donealreadyin Sections5.2.6 and 5.3.4 for the simple and the
compositenull hypothesiscase,respectively.
Herewe will consideronly thedistribution of


 O; � � and

 OÏ � � for a wide rangeof sample

sizes.Theexactnull distributionsareestimatedby meansof 10000simulationruns.The
resultsarepresentedin Figures5.13and5.14for '%ú�� and '%ú)Ü , respectively.

From the figuresit is concludedthat the convergenceto the asymptoticcritical valueis
muchfasterascomparedto the Pearsonianstatistic,for both 'Iú�� andfor '+ú�Ü . An
explanationfor the SSPsizesgreaterthan 2 might be found in the following. In the
outlineof theproof of Propositions5.1and5.2 thelimiting null distribution resultsfrom
a decompositionof power divergencestatisticsof order1 andarbitrary : , respectively.
Although asymptoticallythe decompositionis indeedcorrect for arbitrary : , an exact
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decompositionfor finite samplesizesonly occursif : ú ø (thelikelihoodratio statistic).
In thissenseonemayexpectthatthe


 O��� � statisticconvergesfasterthan

 ý��� � .
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Figure5.13: Resultsfrom thesimulatedexactnull distributionsof á 
	 ã ä undera simplenull hypothesis:(a)
the estimatedcritical values,and(b) the estimatedsizeswhenthe asymptoticcritical valuewould have been
used.
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Figure5.14: Resultsfrom thesimulatedexactnull distributionsof á 
!/ã ä undera simplenull hypothesis:(a)
the estimatedcritical values,and(b) the estimatedsizeswhenthe asymptoticcritical valuewould have been
used.

5.4.4 A Small Simulation Stud y

When : ú ø , the power divergencestatistic �I ý �M������ ?!4"5$�� is the likelihood-ratio(LR)
GOFtestfor a multinomialdistribution. A smallsimulationstudyis performedto com-
parethe powersof the SSPctestsof orders : ú 2 (Pearsonianor P-type)and : ú ø
(LR-type). Thecritical valuesof the latter testareapproximatedby simulatingthe null
distributions(10000simulationruns).For estimatingthepowers,thesimulationsarerun
underexactly thesameconditionsasin Section5.3.5.
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Results

Theresultsareshown in Tables5.13and5.14for theTukey-Lambdaandthecontaminated
normalfamilies,respectively.

Table5.13: The estimatedpowersof SSPctestsof order JÊÕ�
 and JÊÕ�� for somealternatives of the
Tukey-Lambdafamily, basedon10000simulationruns.� : ý : ; : úÉ2 : ú ø

SSP2 SSP3 SSP4 SSP2 SSP3 SSP4
20 -0.5 -0.5 0.622 0.500 0.409 0.667 0.665 0.645
20 1 1 0.064 0.061 0.064 0.129 0.117 0.117
20 1.5 1.5 0.083 0.081 0.080 0.147 0.143 0.148
20 1.5 2 0.061 0.065 0.067 0.142 0.136 0.136
20 2 0 0.565 0.409 0.299 0.738 0.686 0.649
20 5 10 0.538 0.442 0.346 0.685 0.694 0.686
20 6 6 0.225 0.186 0.140 0.309 0.356 0.363
20 9 9 0.749 0.787 0.720 0.851 0.910 0.915
50 -0.5 -0.5 0.939 0.935 0.909 1.000 1.000 1.000
50 1.5 1.5 0.477 0.440 0.384 0.569 0.549 0.506
50 2 0 0.911 0.876 0.806 0.997 0.996 0.993
50 3 3 0.083 0.092 0.090 0.131 0.121 0.104
50 5 5 0.173 0.239 0.213 0.283 0.347 0.342
50 5 9 0.899 0.917 0.901 0.942 0.948 0.944
50 1 8 0.219 0.203 0.165 0.368 0.354 0.317
50 4 8.5 0.834 0.825 0.759 0.876 0.862 0.845

Table5.14: The estimatedpowersof SSPctestsof order JÊÕ�
 and JÊÕ�� for somealternatives of the
contaminatednormalfamily, basedon10000simulationruns.� � ï : úÉ2 : ú ø

SSP2 SSP3 SSP4 SSP2 SSP3 SSP4
20 0 0.2 0.215 0.769 0.781 0.276 0.520 0.582
20 0 0.7 1.000 1.000 1.000 1.000 1.000 1.000
20 2 0.4 0.683 0.991 0.991 0.745 0.917 0.940
50 0 0.2 0.513 0.986 0.990 0.593 0.877 0.911
50 0 0.6 1.000 1.000 1.000 1.000 1.000 1.000
50 3.5 0.1 0.754 0.821 0.804 0.837 0.782 0.737

The resultsobtainedunderthe Tukey-Lambdafamily of alternativesare very clear in
suggestingthatthetestsof theLR-typeareconsistentlymorepowerful thanthetestsof the
P-type.In someoccasionsthepoweradvantagemaybeaslargeas 2 ø � . This conclusion
holds for all threepartition sizes ' ú �8ÿ/Ü and ' ú ß . Moreover, whencomparingthe
resultsof this sectionwith theestimatedpowersof otherGOFteststhatwerecomputed
underthe sameTL-alternatives(Table5.8) andof which many outperformedthe SSPc
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(P-type)test, it may now be concludedthat the powers of the LR-type SSPctest are
muchcloserto thepowersof theAD andSWtests,whichwereoverall themostpowerful
tests.Evenin somecircumstancestheLR-typeSSPctestsdid better(e.g. largevaluesof: ý ú : ; , i.e. unimodaldensitieswith bothtails truncated).

Under the contaminatednormal alternatives,only the SSP2LR-type test hasa higher
power thanthecorrespondingP-type.Whenthepartitionsizeis larger, theLR-typeseem
to have a slightly smallerpower. Theselargerpartitionsizesresultedunderthecontam-
inatednormalalternativesto extremelylargepowersascomparedto othertests(Section
5.3.5).Eventhepowersof theLR-typearestill muchhigherthanthoseof theothertests.

Conc lusion

In generalthepowersof theSSPctestsdependon theorder : . This wasexpectedsince
thecoreof thestatistic,thepowerdivergencestatisticof order : , alsohasasfinite sample
power function thatdependson : (CressieandRead,1984;Read,1984). It is expected
that other choicesof : might result in still higher powersandothersin lower powers
underdifferentalternatives.
For the TL-family with the LR-type SSPctestspowerscomparableto the AD andSW
testswerefound.

5.5 Data-Driven SSP Tests

In the previoussectionsthe SSPctestwasintroduced.Actually a whole family of tests
wasconstructed,indexedby theorder or thepartition size ' , which hadto bechosenby
theuser. This maybeconsideredasa propertythatmakestheSSPmethodologyflexible
in thesensethatby choosinganappropriatepartitionsize ' theresearchercanmake the
test more sensitive towardsalternativeswhich he is particularly interestedin. Indeed,
in Section5.3.5it wasclearly illustratedthat the power of the SSPctestdid dependto
a sometimeslarge extent on the partition size ' . E.g. whena researcheris especially
interestedin detectinga small contaminationin a samplefrom a normal distribution,
he might want to take '=ú©Ü or '=ú ß , but whenhe is merely interestedin detecting
asymmetryin thedistribution thena betterchoicewould be '�ú � . Fromanotherpoint
of view, though,this degreeof freedommaybeconsideredasa weakness.Indeed,many
researchersareignorantw.r.t. possiblealternativesandthey will apply a GOF testasa
true omnibus test,i.e. whenthe distribution is not equalto the specifieddistribution �
thenthey want to detectit, whatever thetruedistribution is. In this situationit would be
extremelyuncomfortablyandundesirableif onestill hadto makea choicefor ' .
Froma theoreticalpoint of view, however, any ' resultsin a consistenttest. This means
thatif thesamplesizewould beinfinitely large,any SSPctestwould havea powerequal
to 1 againstessentiallyany fixedalternative,andthusthereis no differencebetweenthe
choicesfor ' anymore.Of course,thispropertyhasnopracticalmeaningsinceall samples
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arefinite.

In this sectiona solutionto theproblemof choosinganappropriate' will begiven. The
ideais to estimate' from thedataitself, by meansof someSchwartz-like selectionrule
(Schwartz, 1978). Sucha procedureis calleddata-driven: the datasuggeststhe right
choicefor ' accordingto somecriterion. Ledwina(1994)introducedthis methodology
for selectingthenumberof componentsin Neyman’s smoothGOFtest(seeSection4.3
for anoverview). Notethatsucha test(KL testof Kallenberg andLedwina(1997))was
alreadyincludedin theMonteCarloexperimentsin Section5.3.5.Beforecontinuingtwo
importantdifferenceswith thedata-drivenNeyman’ssmoothtestarebriefly discussed.

8 A first importantdifferenceis theformal framework in which theselectionrule is
defined.Ledwina(1994)proposedto usea Schwartz (1978)selectionrule, which
is arule to find theright memberin (or, dimensionof) anexponentialfamily. When
theexponentialfamily is parameterizedwith a � dimensionalparameter

5
, theset-

ting of someof the componentsof
5

to zerois equivalentto constructingan em-
beddedlower-dimensionalexponentialfamily of distributionsor models.Whenall
componentsaresetto zero,theresultingmodelis themodel � specifiedunderthe
GOF null hypothesis.The selectionrule itself is essentiallyselectingthe small-
estdimensioń thatmaximizesthemaximumlog-likelihoodreducedby a penalty
which is proportionalto thedimensionandthelogarithmof thesamplesize� , over
all modelsof dimensionnot greaterthan Ò , i.e.

´ ú �I��� e ÿ�2 ½ e ½ Ò ��� d ú �I� Uý/wBx�w Ñ � x ÿ
where� x�ú�r,tvu 3�� û �

-#> ý })� � 3 � � 0 - � � A ý; i�}�� � , where� 3 � � 0 - � is thedensity, eval-
uatedin observation 0 - , of the i -dimensionalexponentialfamily. Thedata-driven
testis thenbasicallya scoretestwithin the ´ -dimensionalexponentialfamily. For
practicalpurposesKallenberg andLedwina(1997)note that the maximizedlog-
likelihoodin theselectionrule maybereplacedby the likelihoodratio statisticofN O � 5 � ú�� againstN ý � 5 � Ãú�� in theexponentialfamily.

The SSPctest,on the otherhand,is not constructedwithin the likelihoodframe-
work of anexponentialfamily. Therewasevenno needat all to assumeor param-
eterizea family � 3 of distributions. Thereforeit would not be straightforward to
applySchwartz’s selectionrule, which is explicitly basedon the likelihoodof the
exponentialfamily.8 A centralidea in Neyman’s framework is that his exponentialfamily essentially
includesall continuousdistributionsasthedimensionalitygoesto infinity. If, how-
ever, thedimensionis keptfinite, thenit is not guaranteedthatthetruedistribution� is embeddedin thefamily, andthenthescoretest,andthusalsothedata-driven
test,is not necessarilyconsistent.Moreover, in practiceit is infeasibleto usethe
infinite dimensionalexponentialmodel. To overcomethis problemLedwinapro-
posedto makethemaximaldimensionÒ samplesizedependent:ÒIú X � , whereX �
increaseswith � accordingto somespecifiedrateto guaranteeconsistency.
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As will becomeclear in the following sections,the data-drivenSSPtestthatwill
be constructedhere,doesnot suffer from this drawback. Sincefor every 'æÅ©�
thecorrespondingSSPctestis consistentit will beeasyto show thatalsothedata-
driven SSPtest is consistent,whatever the choicefor the maximalpartition size.
Thus,by makingtheSSPctestdata-drivenit is only hopedto improvethepowerof
thetestandto make it simplerfor userswho areignorantto specificalternatives.

5.5.1 The Selection Rule

First we will introducethe selectionrule that will be usedto build the data-drivenSSP
test. Sincethe rule is not clearly relatedto a likelihoodof an exponentialmodel,one
mightarguethatthescaleon which thepenaltyis appliedis incorrectto givemeaningful
results.In anheuristicexplanationit will beshown thatthisscaleis relevant.Moreover, it
will turn out thatfor thevalidity of thedata-drivenSSPtest,oneis very freein choosing
apenalty, evenon completelydifferentscalesasSchwartz’ BIC penalty.

The Selection Rule

Definition 5.9 Theset � of PermissibleOrders or PermissiblePartition Sizesis a set
of valuesfor the partition size ' that maybeselectedby theselectionrule. It is further
supposedthat � � is finite andthatall partition sizes'ZÀ>� arefinite aswell.

Definition 5.10 TheMinimal Order ' ` or Minimal Partition Size ' ` is the smallest
partition sizethatmaybeselected,i.e. ' ` ú �I�)� � .

Definition 5.11 TheSSPSelectionRule, which selectsthe“right” partition size . � , is
givenby

.�� ú ArgMax����� ! 
 ��� �.A � � ' A 2 ��})� 6 �S$ ÿ (5.28)

where � � ' A 2 ��})� 6 � is calledthepenalty.

Note that the selectedorder . � is a randomvariable. Further, specialcasesincludethe
BayesianInformationCriterion (BIC) (Schwartz,1978)when 6 � úÓ� ý�, ; , andAkaike’s
InformationCriterion(AIC) (Akaike,1973,1974)when 6 � úC� . Many otherchoicesfor6 � arepossible,seee.g. HannanandQuinn (1979),Haughton,HaughtonandIzenman
(1990).

An Heuristic Construction of the Selection Rule

To seewhy thepenaltytermin theselectionrule is on theright scalew.r.t.

 ��� � whene.g.

the BIC is used,we give a brief informal overview of the constructionof the selection
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rule.

Insteadof consideringanexponentialmodelfor the truecontinuousdistribution � , asit
is donefor theconstructionof Neyman’s test,we will constructanexponentialworking
modelfor eachpartition !#"%$WV ú !#"%$&� ù ��� ý � �F� . Foragivenpartition !#"%$WV ú¼û " ý ÿ������ ÿ "�� � ,
theworkingmodelis givenby (seee.g.Kopecky andPierce,1979)

� 3 � �{� ü � ú � 3 � ü � TPU u ��� ý
d > ý ¼ d I ! üÆÀ " d $BA a �0 �� ÿ (5.29)

where
5

is thevectorof nuisanceparameters,whichareto beestimatedin caseof acom-
positenull hypothesis,andwhere   ú � ¼ ý¨ÿ������Nÿ ¼ ��� ý �+X is thevectorof parametersthat
modelthedeviationbetweenthemultinomialdistribution impliedby !4"5$ V under N[O and
the multinomialunderthe truedistribution � . a �¡ ]� is thenormalizationconstant.It is
importantto notethat   ú ø correspondsto theoriginal GOFnull hypothesis,andthat
underthis hypothesisa �¡ ]� ú ø .
Further, theparameterizationof theworking modelis suchthatsetting X � ' A 2 com-
ponentsof   equal to zero, the resultingembeddedmodel is the working model that
correspondsto a ' AGX sizedSSP.

When
5

is known, the scoretest for testing N[O �   ú¢� is simply Pearson’s g¥; test
(Kopecky andPierce,1979,usedthis modelto illustratethatPearson’s g ; testis actually
alsoa smoothtest).Moreover, evenwhenthenull hypothesisis composite,theSSPctest
statisticis just theaverageof all thesePearsongË; statistics,with thenuisanceparameters5

replacedby their restrictedmaximumlikelihoodestimators �5 . The log-likelihoodof
theworkingmodelin Equation5.29is givenby

£ ��6 ÿ ¼ q 	 �J� ú �
-#> ý })� � 3 � ü - � D

�
-#> ý

��� ý
d > ý ¼ d I ! ü - À " d $EA a �0 ]� � (5.30)

It is easyto seenow that thereis anestimationorthogonalitybetweentheparameters
5

and   in theworkingmodel,whichimpliesherethatfor any partition !4"5$ V theestimators�5 arethesameand,furthermore,that theseestimatorsarealsothesameastherestricted
maximumlikelihoodestimatorsin thedistribution � (cfr. thefirst termin Equation5.30).

In the presentcontext a selectionrule will be appliedto the working model,still for a
givenpartition !4"5$nV , in orderto determinehow many of thecomponentsof   maybeset
equalto zero,say X componentsareto be setto zero. Then,the selectiondimensionis' AìX , which correspondsexactly to a multinomialdistribution implied by a ' AìX sized
SSP.

Typically Schwartz’s selectionrule discriminatesmodelsbasedon theorderingof ( X ú
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24ÿ������Nÿ�' A 2 )
� ` ú�r,tvu3 � �¥¤

�
-4> ý }�� � 3 � �¥¤ � 0 - � A 2� � ' AGXR�~}�� �¾ÿ (5.31)

where   ` denotesthe   vectorwith X componentsrestrictedto zero. The supremum
in Equation5.31is the log-likelihoodof the working model,evaluatedat themaximum
likelihoodestimators�5 and �  ` , i.e.

r,tvu3 � �¥¤
�
-#> ý })� � 3 � �¥¤ � 0 - � ú £ � �5 ÿË�  ` q 	 �J� �

Sincethelog-likelihood
£ � �5 ÿ�� q 	 � � , whichcorrespondsto   ` ú¦� (andthusalso   ú�� ),

is thesamefor every X , it maybesubtractedfrom � ` without changingtheorder. Also
multiplying the log-likelihoodtermsandthepenaltyin � ` by 2 will not alter theorder.
Thenew � ` thenbecomes

� ` ú�� £ � �5 ÿ �  ` q 	 �J�^A £ � �5 ÿ�� q 	 �F� A(� ' A�XL��})� �¾ÿ
where � £ � �5 ÿ �  ` q 	 �J�^A £ � �5 ÿ�� q 	 �J� is the log likelihoodratio statisticfor testing N O �  ` ú§� againstNIý �   ` Ãú¨� , in theworking model.This teststatisticis in thenotation

usedthroughoutthis thesisdenotedas�I O � � �  �!#"%$ V | ��� ` � ý � � } . Thus,

� ` ú �I O � � �  �!#"%$ V | ��� ` � ý � � } Aì� ' AGXR�~}�� �5�
All what is presentedyet in this sectionis basedon oneSSP !4"5$nV . The SSPcstatistic
 ��� � , however, is basedonall such' -sizedpartitions!4"5$nV À>� ��� ý � � ( 6 ��� ý � � ú � � ��� ý � �
suchpartitions).A dimensionreductionfrom ' to ' AoX will imply anchangeof 6 ��� ý � � to6 ��� ` � ý � � samplespacepartitions. Note that this changecorrespondsto themultiplicity
of choosingX out of ' componentsof   to besetto zero.

For theconstructionof thedata-driventest,we will supposea commonright dimension
for all working modelsthatcanbeconstructed.Thereforeit seemsappropriateto usethe
average ©� ` of all 6 ��� ` � ý � � statistics� ` , resultingin

©� ` ú 
 O��� ` � � A(� ' A�XL��})� �5�
Sinceunder N O all powerdivergencestatisticsof order : ý and : ; convergeto eachother
in probability (CressieandRead,1984),or, asa consequence,sinceall


 ;��� ` � � have the
samelimiting null distribution, it is arguedherethatall membersof the family of SSPc
statisticsof order : actuallymeasuredeviationsfrom N[O ona similar scale.Therefore,it
seemsreasonableto allow theapplicationof a BIC-likepenaltyto all thesemembers.
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5.5.2 The Test Statistic and its Asymptotic Null Distrib ution

Theteststatisticof thedata-drivenSSPtestis givenby


Nª z � � �
Theasymptoticdistribution of thestatistic


 ª z � � undera simplenull hypothesisis now
derivedin two steps.

Theorem5.6 Let � bea setof permissibleorders. Let ' ` denotetheMinimal Partition
Size. Supposethat 6 ��b²± as � b ± . Then,under N O

. � ~AJb ' `
as � b²± .

Proof.

P !�.»� ÃúÓ' ` $ ú �����¬«¬­&��®°¯ P !�.�� úÓ' $ �
Next we make useof the characteristicthat a selectedorderequalto ' implies that the
order ' beatstheminimalorder ' ` , andhence


 ��� � A � � ' A 2 ��}�� 6 � � 
 ��®%� � A � � ' ` A2 ��}�� 6 � . Let X ú � ' A 2 �^Aì� ' ` A 2 � . Then,

P !�. � ÃúÓ' ` $³½ �����¬«¬­&��®°¯ 2 !

 ��� � A � � ' A 2 ��})� 6 �

� 
 ��®�� � A � � ' ` A 2 ��})� 6 � $½ �����¬«¬­&� ® ¯ P ! 
 ��� � A 
 ��®�� � �G� XN})� 6 � $
½ �����¬«¬­&� ® ¯ P ! 
 ��� � �(� X±}�� 6 �S$ ÿ

wherein the laststepwe madeuseof thefact that

 ��®%� � Å ø . Let Î ��� � ú EC ! 
 ��� � $ and² ��� � ú VarC ! 
 ��� � $ . Then,we continueby subtractingÎ ��� � , takingtheabsolutevalueand

applyingChebychev’s inequality.
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P !�.�� ÃúÓ' ` $ ½ ����� «~­&� ® ¯ P ! 
 ��� �IA Î ��� � �G� XN})� 6 �×A Î ��� ��$
½ ����� «~­&��®°¯ P ! q 
 ��� � A Î ��� � q �G� XN})� 6 � A Î ��� � $
½ ����� «~­&��®°¯

² ��� �
� � X±}�� 6 � A Î ��� � � ; � (5.32)

as � b ± we know from Corollary5.5 that Î ��� � b � ' A 2 � andthat ² ��� � b³� ' A 2 � <
(VarC ! 
 ; � � $¯b < as� b²± ). < is finite and ' is assumedto befinite. Furthermoreis was
assumedthat 6 �÷b ± as � b ± . Henceeachtermin Equation5.32convergesto zero.
Since� � is finite, only a finite numberof termsappearin Equation5.32.Thus,we have

P !�.»� Ãú¢' ` $¥b ø
as� b ± , which provesthetheorem. �
Next theasymptoticnull distribution is given. In will beclearfrom the“proof” thatwill
begiven, that its validity dependson thevalidity of Proposition5.1. For this reasonwe
statetheasymptoticnull distributionof


 ª z � � in theformatof apropositionaswell.

Proposition5.3 Let � bea setof permissibleorders. Let ' ` denotetheMinimalPartition
Size. Supposethat 6 � b²± as � b ± . Under N[O ,


 ª z � � `AJb
c
d > ý 2e � e D 2 � f ;

d ÿ
where the f ;d are i.i.d. g ; � ® � ý variates.

Proof. We proceedasin Inglot et al. (1997).Under N O , for all üÊÀ 	 ,

P ! 
±ª z � � ½ ü $ ú P ! 
±ª z � � ½ ü^ÿ . � úÓ' ` $ D P ! 
±ª z � � ½ ünÿ . � Ãú¢' ` $ú P ! 
 ��®%� � ½ ü $ P !�. � ú
' ` $ D P ! 
±ª z � � ½ ünÿ . � Ãú¢' ` $ ÿ
where,by Theorem5.6, the last term tendsto zero,andP !�.»� úÓ' ` $ b 2 as � b ± .
Thus,by Proposition5.1,thepropositionfollows. �

5.5.3 The Data-Driven SSP test

Thedata-drivenSSPctestwill bereferredto astheSSPddtest.Thenotationthatis used
hereis adoptedfrom Section5.2.4.
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The º -level SSPddtest
¼ ¹ � �F� � � 	 � � , basedon theset � of permissibleorders,is defined

as

¼ ¹ � �^� �F� 	 �J� ú 2 if

 ª z � � � i ¹ � ª z � �¼ ¹ � �^� � � 	 � � ú ø if

±ª z � � ½)i,¹ � ª z � � ÿ

where . � is theselectedorderbasedon a SSPselectionrule. Notethatthecritical valuei,¹ � ª z � � is alsoa randomvariable.Its distributiondependson theset � , on thenull distri-
butionsof the


 ��� � with '.À³� andon theprobabilitiesof selectingany ' from � . Thus
the testis clearlydependingon the selectionrule aswell, althoughthis is not explicitly
shown in thenotation.

Thepower function is now definedas ¿ ¹ � �^� �F�M� ý � ú E@ � !
¼ ¹ � �^� �F� 	 �J��$ . Then, ¿ ¹ � �^� �^�����

givesthesizeof theSSPddtest.

SinceasymptoticallyP !�. � úÓ' ` $_b 2 , thecritical valueof theasymptoticSSPddtestis
simply theconstanti,¹ � ��® .

Thefollowing theoremis amoregeneralresult.

Theorem5.7 The º -level SSPddtest
¼ ¹ � �^� � basedon the set � of permissibleorders,

with minimalorder ' ` , is similar andof size º .

Proof. For everyproper � ÀÂÁSO ,
¿ ¹ � �^� � ����� ú EC ! ¼ ¹ � �F� � � 	 � ��$ú ����� EC ! ¼ ¹ � �^� �F� 	 �J� q .�� ú
' $ PC !�.�� ú
' $

ú ����� PC ! 
 ��� � � i,¹ � ��� � $ PC !�. � ú¢' $
ú ����� º PC !�.»� úÓ' $
ú º ����� PC !�. � ú¢' $ú º

In thesecalculationsthedefinitionof i ¹ � ��� � ,

PC ! 
 ��� � � i ¹ � ��� �S$ ú º ÿ
is used. �
Sincefor any 'ú� � the SSPctestwasproven to be consistent,it is easyto extendthe
resultto theSSPddtest.

Theorem5.8 For any set � of permissiblepartition sizes,andany selectionrule satis-
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fying the conditionsthat are givenin Theorem5.6, the SSPddtest is consistentagainst
essentiallyanyalternative � ý ÀÊÁNý .
Proof. As � b ± , Theorem5.6givesthatunderN[O , . � ~AJb ' ` . Consequently, for the
critical valuethatis usedin theSSPddtestholdsi ¹ � ª z � � ~AFbÞi ¹ � � ® , which is thesmallest
amongall possibleasymptoticcritical valuesi ¹ � � ( 'PÀ�� ). Since,furthermore,theSSPc
testfor '%ú¢' ` is consistent,theSSPddtestwill beconsistentaswell. �

5.5.4 Null Distrib utions for Finite ê
In Section5.2.6it wasclearly illustratedthat theconvergenceof thenull distribution of
 ��� � to its limiting null distributions is very slow. It was concludedthat for practical
purposesthenull distributioncouldbebettersimulatedor approximatedby othermeans,
ratherthanusingthe asymptoticnull distribution. It is obvious that this argumentswill
still hold for theSSPddtest.

In this sectionyet anotherconvergenceis empirically studied. In Theorem5.6 it was
proventhat,under N O , theselectedorder .�� convergesto theminimal order ' ` as� b± . The speedof this convergenceis assessedherein a small Monte Carlo simulation
experimentin which theprobabilitiesPC !�. � úÓ' $ for all '×À´� areestimated,basedon
10000simulationruns.

Threetypesof penaltyare includedin the experiment,two of which are well known
penalties:a BIC-like criterion ( 6 � ú�� ý-, ; ) anda doublelogarithmiccriterion (Hannan
andQuinn,1979)( 6 � ú �+})� � � ý�, ; ). Theformerwill bereferredto asBIC andthelatter
asLL. Thethird penaltyis introducedasanalternative to theAIC criterion,which does
not have the property 6 ��b ± as � b ± , and which thereforedoesnot apply to
theconditionsof the theoryof thedata-drivenSSPtestwhich is presentedin this work.
Thealternative to theAIC criterion,which will bereferredto asthepseudo-AIC(pAIC)
criterion,is constructedsuchthatthemeanof � }�� 6 � over thesamplesizes�"ú�� ø up to�¼ú72 ø)ø is equalto 2, which is theconstantvalueof thetrueAIC criterion. Thechoice
for the range� ú�� ø up to � ú 2 ø)ø is ratherarbitrary, but it is thoughtof to reflecta
rangeof samplesizesthatoccuroftenin practice.Of courseotherchoicesarepossibleas
well. Thisconditionresultsin 6 � ú¶µ · �ý � Ï0¸ .
Fromthecomparisonof thethreepenalties(Figure5.15)it cannow alreadybeconcluded
that theselectionrule basedon theBIC criterionwill fasterselectsmallerpartitionsizes
asthesamplesizegrows,because� ý�, ; increasesfasterwith � ascomparedto �+})� � � ý�, ;
and µ · �ý � Ï�¸ . Thepseudo-AICcriterionwill bein betweenthetwo others.

Simulationswereperformedfor threesamplesizes: � ú � ø , � úÞè ø and � ú 2 øKø .
The setof permissiblepartition sizeswas taken to be � ú
û?�QÿHÜ8ÿ/ß � in a first seriesof
simulations,and � ú û?�QÿHÜ8ÿ/ß8ÿ/è � in a secondseries.All simulationswererun undera
simplenull hypothesis(uniformdistribution).

The resultsarepresentedin Table5.15. Theseresultsclearly confirm the effect of the
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Figure5.15: TheBIC (dots),pAIC (crosses)andLL (triangles)penaltiesÖE¹ ä asa function of thesample
size = . Theverticaldashedlines indicatetheboundsof therangeof samplesizesusedto determinethepAIC
penalty.

penaltyon thespeedof theconvergenceof theselectedorderto ' ` . Theresultsalsosug-
gestthatincreasingtheset�"ú¼û��8ÿ/Ü8ÿHß � to �"úðû?�QÿHÜQÿHß8ÿ/è � slowsdown theconvergence.
In general,for moderatesamplesizes(say, � � 2 ø)ø ), it is clearthat for all penaltiesthe
convergenceis too slow to usetheasymptoticnull distribution which is given in Propo-
sition 5.3. Thus,an importantpracticalconsequenceis that for applyingtheSSPddtest
oneshouldhave approximations(e.g. simulatednull distributions,...) of the exactnull
distributionsof all SSPcteststatisticscorrespondingto thepartitionsizesin � .

5.5.5 Example

EXAMPLE 5.4. Singer Data
Of the examplesthat wereanalyzedin Section5.3.6,only the Singerdatais analyzed
furtherhereby meansof thedatadrivenSSPtestfor it wasclearfrom theresultsof the
SSP2,SSP3and SSP4test that the choiceof ' may be very important. Indeed,with'�ú7� it would have beenconcludedthat the heightsarenormally distributed,whereas
the othertwo testsgave extremesmall p-values.The setof permissableordersis taken
as � ú û?�QÿHÜ8ÿ/ß � , andall threethe penalties(BIC, LL andpAIC) areconsidered.They
all selectedthelargestpartitionsizein � , i.e. '�ú
ß . Thusalsothedata-driventestgivesÌ � ø � øKø)ø 2 and it is concludedagainthat the heightsof the singersarenot normally
distributed. �
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Table 5.15: Resultsfrom a Monte Carlo simulationstudy to assessthe convergenceof º ä to the mini-
mal order Ô�»�ÕÊÖ . For eachpenaltyandeachsamplesize,the first andthe secondline show the estimated
probabilitiesthat ºËä[Õ×Ô when¼¾ÕD½9Ö'&t('&+* ¾ , and¼¾Õ�½9Ö'&+('&t*'&)� ¾ , respectively.

selectedpartitionsize '
penalty � 2 3 4 5

BIC 20 0.784 0.006 0.210 —
0.745 0.005 0.004 0.246

50 0.978 0.002 0.020 —
0.967 0.001 0.001 0.031

100 0.996 0.001 0.003 —
pAIC 20 0.447 0.008 0.545 —

0.384 0.011 0.005 0.600
50 0.757 0.010 0.233 —

0.715 0.008 0.004 0.273
100 0.916 0.020 0.064 —

LL 20 0.220 0.005 0.775 —
0.186 0.005 0.003 0.806

50 0.466 0.008 0.526 —
0.395 0.008 0.004 0.593

100 0.729 0.018 0.253 —

5.5.6 Power Characteristics

Although,thepowerof theSSPctestwasstudiedin previoussectionsunderbothsimple
andcompositenull hypotheses,wewill hererestricttheresultsto compositenull hypothe-
sesbecausefor practicalpurposesthis is themostimportanttypeof hypothesis.To make
theresultsthatwill bepresentedin thissectioneasilycomparablewith theresultsfor the
SSPc,Anderson-Darling,Kolmogorov-Smirnov, Shapiro-Wilk, Rao-Robson,moments
K, andthedata-drivenKallenberg-Ledwinatests,thesamenull (normaldistribution)and
alternative distributions (Tukey-Lambdafamily, and a family of mixturesof 2 normal
distributions)will beconsideredhereagain. Thus,for moredetailson thesefamiliesof
alternatives,the constructionof the isotonesandthe simulationconditions,we refer to
Section5.3.5.

Theisotonesof theSSPddtestsareconstructedin asomewhatdifferentwaybecausethere
is not justonecritical value.Indeed,thecritical valuedependsonthepartitionsizethatis
selectedby theselectionrule. In thenotationof Section5.3.5,theisotonesof adata-driven
testareactuallythoseof ik� 2 �B� 3 �EAQi ¹ � � |�¿ z � ] } � � , where' � 2 �B� 3 � is theorderthatis selected
for profile 2 �{� 3 . Theconstantto which the isotonesof thedata-driventestscorrespond,
is zero,which is thethresholdfor significanceat the º -level for whateverselectedorder.
Theisotonesarepresentedin Figures5.16and5.17for theTukey-Lambdafamily andthe
family of mixturedistributions,respectively.

Tukey-Lambda: PowersareestimatedunderthesameconditionsastheSSPctest(com-
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positenull) in Section5.3.5.Theresultsareshown in Table5.16(thepowersof theSSPc
testsarecopiedfrom Table5.8).

In generalthe isotonesshow that the SSPdd-BICtestcoincidealmostexactly with the
isotonesof theSSP2test. Thesameholdsfor theSSPdd-LLandtheSSP4tests.Since,
for the TL-family, the highestpowersamongthe SSPctestare thoseof the SSP2test,
andthelowestarethoseof theSSP4test,it is expectedthat thedata-driventestwith the
BIC-likepenaltyresultsin higherpowersthanthetestwith theLL penalty. It is important
to remarkherethat coinciding isotonesdoesnot necessarilymeanthat the powersare
exactly the same. It is only the orderof isotonesthat arecrossed,whenmoving from
the point representingthe null hypothesis,into a certaindirection of alternatives, that
approximatelycorrespondsto the orderof thepowers. For ��ú è ø the resultsfrom the
simulationexperimentareveryclear:theestimatedpowersof theSSPdd-LLandSSPdd-
BIC testarealmostexactly equalto thoseof the SSP4andSSP2test,respectively. For��úì� ø thesameconclusionstill holdsfor theSSPdd-LL/ SSP4tests,but theestimated
powersof theSSPdd-BICandthe SSP2testsometimesdiffer little, but still the relative
orderof thepowersis retained.

The pAIC penaltygiven almostthe sameresultsasthe LL penaltywhen � ú\� ø . For
the larger samplesize(� ú è ø ), the power of the SSPdd-pAICtestbecomeslarger as
comparedto the SSPdd-LLtest. In somecasesit haseven a larger power thanthe test
basedon theBIC criterion.

Only in the region ��: ý�ÿ : ; � À ! éQÿk2 ø $�À(! ß8ÿkç $ (� ú � ø ) thereis a distinctionbetween
the isotonesof the SSP2and the SSPdd-BICtests: the isotoneof the SSPdd-BICtest
follows alongthe left handsidethe isotoneof the SSP2test,but then,aboutthe point��: ý�ÿ : ; � ú � éQÿkç � , theisotoneof thedata-driventeststartsturningbackto theright,almost
enclosinganareain the 9 -plane.This areacorrespondsto a sub-family of membersthat
resultin a muchlower power of theSSPdd-BICtestascomparedto theSSP2test. This
canalsobeconcludedfrom Table5.16(entry �	ú�� ø , �7: ý ÿ : ; � ú � à8ÿ/è � ).
With respectto the TL-family of alternatives, the generalconclusionis that the data-
driven testwhich is basedon the BIC-like criterion hassuperiorpower ascomparedto
theSSPdd-LLtest.Thesesuperiorpowersareverycloseto thoseof theSSP2testwhich
is for thewholeTL-family (9ìÀ !WA �8ÿ�2 ø $±ÀÊ!WA �8ÿk2 ø $ ) thebestamongtheSSPctests.

Contaminated Normal: Powersareestimatedunderthe sameconditionsas the SSPc
test(compositenull) in Section5.3.5.Theresultsareshown in Table5.17(thepowersof
theSSPctestsarecopiedfrom Table5.9).

In thecontaminatednormalfamily it hasbeenclearlyshown thattheSSP3andtheSSP4
testoutperformedtheSSP2test(Section5.3.5).Whereasin theTL-family theisotonesof
the SSPdd-BICtestwerealmostindistinguishablefrom thoseof the SSP2test,they are
now virtually identicalto the isotonesof theSSP3andtheSSP4test. Also the isotones
of the SSPdd-LLtestalmostcoincideeverywherewith thoseof theSSP3andtheSSP4
tests.

Similar asfor the TL-family, the pAIC criterion resultsin powerscomparableto those
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Table5.16:Theestimatedpowersfor somealternativesof theTukey-Lambdafamily, basedon10000simu-
lation runs.� : ý : ; power

SSP2 SSP3 SSP4 dd- BIC dd - LL dd - pAIC
20 -0.5 -0.5 0.622 0.500 0.409 0.521 0.409 0.410
20 1 1 0.064 0.061 0.064 0.092 0.064 0.064
20 1.5 1.5 0.083 0.081 0.080 0.103 0.080 0.080
20 1.5 2 0.061 0.065 0.067 0.092 0.067 0.067
20 2 0 0.565 0.409 0.299 0.418 0.299 0.299
20 5 10 0.538 0.442 0.346 0.383 0.346 0.346
20 6 6 0.225 0.186 0.140 0.204 0.137 0.137
20 9 9 0.749 0.787 0.720 0.774 0.720 0.720
20 9 5 0.567 0.464 0.353 0.436 0.353 0.353
50 -0.5 -0.5 0.939 0.935 0.909 0.939 0.910 0.920
50 1.5 1.5 0.477 0.440 0.384 0.478 0.384 0.433
50 2 0 0.911 0.876 0.806 0.911 0.806 0.866
50 3 3 0.083 0.092 0.090 0.092 0.090 0.111
50 5 5 0.173 0.239 0.213 0.188 0.215 0.240
50 5 9 0.899 0.917 0.901 0.899 0.901 0.916
50 1 8 0.219 0.203 0.165 0.221 0.165 0.225
50 4 8.5 0.834 0.825 0.759 0.840 0.761 0.820

of the SSPdd-LLandSSP4testswhen � ú3� ø . When � ú3è ø , the SSPdd-pAICtest
becomesmorepowerful.

Some General Conc lusions

TheisotonesandtheestimatedpowersundertheTukey-Lambdaandthemixturefamilies
of alternatives,suggestsomemoregeneralconclusions.First, it seemsthat theBIC-like
criterion succeededrathergoodin selectingthe modelresultingin the high powers: in
theTL-family it wasthesimplermodelwith '�úì� , andin themixturemodelit wasone
of the morecomplex modelswith 'Iú7Ü or 'Iú�ß . The LL-penalty, on the otherhand,
selectedunderboth familiesof alternativesthe morecomplex modelswith 'Þú3Ü and'%ú�ß , which for theTL-family resultedin lowerpowers.

Under the null hypothesisit was alreadyobserved (Section5.5.4) that the LL-penalty
resultedin aslowerconvergenceof theselectedorderto theminimalpartitionsize,which
is ' ` ú
� here.Thesimulationspresentedin this sectionnow alsosuggestthat theLL-
penaltyhasstill a tendency to selectthehigherordermodelsunderalternativehypotheses
and for moderatesamplesizesof �
ú � ø and � ú è ø , even when the smallersized
partitionsgive betterresults.Thus,althoughasymptoticallybothpenaltieswould select
theminimal partitionsize,it seemthatwith moderatesamplesizes,theBIC-like penalty
deservesourfavour. Nonetheless,wewouldliketo remarkthat,possibly, alternativesmay
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Table5.17: Theestimatedpowersfor somealternativesof thecontaminatednormalfamily, basedon 10000
simulationruns.� : ý : ; power

SSP2 SSP3 SSP4 dd - BIC dd - LL dd- pAIC
20 0 0.2 0.215 0.769 0.781 0.800 0.781 0.784
20 0 0.7 1.000 1.000 1.000 1.000 1.000 1.000
20 2 0.4 0.683 0.991 0.991 0.991 0.991 0.991
20 4 0.4 0.948 0.996 0.996 0.997 0.996 0.996
50 0 0.2 0.513 0.986 0.990 0.984 0.990 0.990
50 0 0.6 1.000 1.000 1.000 1.000 1.000 1.000
50 1.25 0.38 0.993 1.000 1.000 1.000 1.000 1.000
50 3 0.4 1.000 1.000 1.000 1.000 1.000 1.000
50 3.5 0.1 0.754 0.821 0.804 0.825 0.810 0.836

beconstructedunderwhichtheSSPdd-LLtesthashigherpowerthantheSSPdd-BICtest.
Finally, Kallenberg andLedwina(1997)alsoconcludethat the BIC selectionrule gives
in generalthebestresultsfor theirdata-drivenNeyman’ssmoothtest.

In this thesisalso a new alternative penalty pAIC, which is constructedon heuristic
grounds,is proposed.Sincewith this penaltythe convergenceof .�� to ' ` underthe
null hypothesisis alsoslower ascomparedto the BIC criterion, it still selectsfor small
samplesizes(�"ú�� ø ) frequentlythelargerpartitionsizes,resultingundertheTL-family
to relative low powers,andunderthe mixture family to ratherhigh powers. But when� ú è ø , the criterion succeedsto selectmore frequentlythe bettersmall partitionsas
well, which makesis a betterchoicethantheLL penalty. But still betterresultsareob-
tainedwith theBIC penalty.
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Figure5.16:Theisotonesfor theTukey-Lambdafamily of alternatives,for =×Õ.Ö�� (a) and=�ÕÄ��� (b).
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5.6 An Extension to Multiv ariate Distrib utions

Up to now werestrictedthediscussionto aunivariaterv 0 . In thissectionwewill briefly
show how the SSPGOF test may be extendedfor testingwhetheror not a sampleof
multivariateobservationscomefrom a distribution � . This sectionis only meantasan
introductionto thetopic. Wethereforelimit usto thesimplemultivariatenull hypothesis.
First somegeneralcomplicationsareillustratedon theCraḿer-vonMisesstatistic.

5.6.1 The Cramér-von Mises Statistic for Multiv ariate GOF

In generalthereis definitelynotasmuchwrittenaboutthemultivariateGOFproblemasit
is abouttheunivariatesituation.Oneof themostcitedresearchersin thisareais probably
Mardia(seeMardia,1980,for anoverview).
Many of the methodsfor testingunivariateGOF that have beendiscussedin Chapter4
canbe extendedto the multivariatesetting. Sincethe Craḿer-von Misesstatisticis the
onewhich is mostcloselyrelatedto theSSPstatistic,we commentherebriefly uponthe
complicationsthatareencounteredfor at leastsomeof themmaybeapplicableto theSSP
settingaswell.

In the univariatecasethe limiting null distribution of the Craḿer-von Misesstatisticis
foundby recognizingthat the statisticis the integral of a squaredempiricalprocess,for
which a weakconvergenceto a Gaussianprocess(Brownianbridge)holds. Theintegral
equationbasedon thecovariancefunctionof thelatterprocessyieldsthecoefficientsthat
determinethe asymptoticnull distribution. The Ì -dimensionalmultivariateanalogueis
simplyof theform (Cs̈orgö, 1986)

T f ;� �+Å=��X�Å ÿ
where Å is a Ì -dimensional“time” parameter, and f � is a Ì -dimensionalempiricalpro-
cess,basedon the multivariateEDF. Although this generalizationlooks ratherstraight-
forward and simple, and althoughthere even exists a weak convergenceof f � to aÌ -dimensionalGaussianprocess(Durbin, 1973; Neuhaus,1976), the resultingintegral
equationis very complex, suchthat thestatisticis only of theoreticalinterest.An addi-
tional problem,even whenthe null hypothesisis simple,is that the distribution � can-
not beuniquelyeliminated.Indeed,sincethemultivariateintegral transformationis not
unique,thetestis not invariantunderthenull hypothesis(Koziol, 1986).
Actually the SSPstatisticsare specialcasesof the Anderson-Darlingfamily of statis-
tics,which aregeneralizationsof theCraḿer-vonMisesstatisticby introducinga weight
function.Thisclearlyevencomplicatesthematterfurther.
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5.6.2 A SSP Test for Multiv ariate GOF

Despitethe expectedproblemsmentionedin the previous section,we will show here
thatwith a certaintypeof SSPstheresultingstatisticmayhave a simpleasymptoticnull
distribution. Our attentionis limited to the bivariatecase,but extensionsto arbitrary
dimensionalitywill beobvious.

Let � and � denoterespectively the true andthe hypothesizedCDF of the bivariatervÆ ú � 0<ÿ�p � .
Translatingthe Craḿer-von Misesstatisticof the previous sectionto a SSPtest in the
samewayasit wasdonein thebeginningof this chapter, would resultin


 � ú���� E �� �I ý �����?�� ?!4"5$�� Æ �H� ÿ
where !4"5$�� Æ � is a SSPdeterminedby

Æ
anda partition constructionrule. This rule is

simply

!4"5$�� Æ � úðû $98 �: ÿM0 $�À¯$98 �:)ÿ�p $ ÿ $ 8 �: ÿ�0 $EÀ¯$ p^ÿ 8 �< $ ÿ $ 0<ÿ 8 �< $EÀ¯$ 8 �:Kÿ�p $ ÿ $ 0�ÿ 8 �< $�À¯$ p^ÿ 8 �< $ � ÿ
i.e. a � À � partition “centred” at

Æ
. Both the SSPstatisticandthe Craḿer-von Mises

statisticusethesamepartitions,asit wasthecasein theunivariatesetting.
This is howevernot exactly theway wewill proceed.

The problemwith the above describedprocedureis that the resultingempiricalprocess
needsa2-dimensionalindex parameter, andthatgenerallynouniquemultivariateintegral
transformationexists.Thisproblemis overcomeby consideringonly partitionsthatresult
in anempiricalprocessthatis indexedby only a onedimensionalparameterwhich hasa
one-to-onerelationwith

Æ
.

Onesuchsolutionis

!#"%$&� Æ � ú�û !#8 �: ÿ�0 !�À]!48 �:Kÿ � � ý� ��� � � 0 �H�/! ÿ 	 �ÈÇ !48 �: ÿM0 !�À]!48 �:)ÿ � � ý� ��� � � 0 �/�H! � ÿ
(therolesof 0 and p maybeexchanged).Whenbothunivariateintegral transformations
areappliedon 0 and p , thepartitionbecomes

!4"5$�� Æ � ú !4"5$�� h � úðû ! ø ÿ�h $ ; ÿ ! ø ÿ�2 $ ; Ç ! ø ÿ�h $ ; � ÿ
where h ú � � � 0 � . Let also · ú � � � p � . Thus the partition is now in its copula
representation.
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Sincethepartitionhasonly size2, theteststatisticnow becomes


 � ú 2�
�
-#> ý

l � �P@ ! ø ÿ�h - $ ; A PC ! ø ÿ�h - $ ; ;
PC !n! ø ÿ�h - $ ; $S� 2 A PC !n! ø ÿ�h - $ ; $&�

ú 2�
�
-#> ý

l � ��^<�ÉL� h - ÿ�h - �FAG� <�ÉL� h - ÿ�h - � ;
� <�É � h - ÿ�h - �E� 2 AG� <�É � h - ÿ�h - �H� �

Thelatterrepresentationdoesessentiallynot differ from theSSP2statisticin theunivari-
atesetting(cfr. Equation5.10). Sinceboth arguments( h - and h - ) in ��F<�É and � <�É are
equal,we maywrite the distributionsas ���� h - � and ��� h - � , respectively. Moreover, the
latterCDF is inversible,i.e. � � ý � � � is uniquelydetermined.It is straightforwardnow to
recognizethattheempiricalprocess

h �F� � � ú l � ������ � ý � � �/�FA �
is under N[O a Gaussianprocesswith the covariancefunction of a Brownian bridge.
Hence,from herethereis no differenceanymore from the SSP2statistic,and thus is
its asymptoticnull distribution thesameasfor theSSP2statisticin theunivariatesetting
(Theorem5.1).

5.6.3 Extension of the Multiv ariate SSP Test to Larger SSPs

An easyway to allow for largerpartitionsizesis to constructfirst a 2-sizedpartitionas
explainedin theprevioussection,say !4"5$�� Æ - � , andthento constructagainsucha2-sized
partitionwithin thesubset! ø ÿ�h - $ ; of thecopulasamplespace,“centred”at

Æ d for which0 d � 0 - . Largerpartitionsmaybeconstructedby recursively applyingthis procedure.
Let ù �G	

containing' A 2 differentbivariateobservationson
Æ

, andlet 6 ��� ý � � denote
thenumberof suchsetsù thatcanbeconstructed.As before, * ��� ý � � denotesthesetof
the 6 ��� ý � � setsù . Notethatit is only the 0 component,or its integral transformedrv h ,
thatdeterminestheSSP. Thusthe ' -sizedpartitionis givenby

!4"5$�� ù � ú¼û ! ø ÿ�h | - � } $ ÿ ! ø ÿ�h | - � } $ Ç ! ø ÿ�h | - � } $ ÿ������ ÿ ! ø ÿk2 $ Ç ! ø ÿ�h | - � �F� } $ � ÿ
whereh | --Ê } denotethe1 Ñ th orderstatisticof thesampleof h observations( ÒIúÓ2bÿ������Nÿ�' A2 ). ThemultivariateSSPcstatisticbecomes


 ��� � ú ���6 ��� ý � � V���� � �F�&� z �I
ý �����?�� ?!4"5$�� ù �/� �

By therecursiveway in which thepartitionsareconstructed,it is obviousthatits asymp-
totic null distributionwill bethesameastheonethatis proposedfor theunivariateSSPc
statistic(Proposition5.1).



CHAPTER6

-SampleSampleSpacePartition
Test

In Section3.3.4a brief introductionto the Ò -sampleGOFproblemwasgiven. Thenull
hypothesisis

N O � � ý ��Ë � ú � ; ��Ë � ú
�����Qú � Ñ �+Ë � ú ���+Ë � for all Ë À 	 � and � ÀÌW÷� (6.1)

Weassumethat Ë is acontinuousrv andthatAssumptionA1 holdsfor all distributions � -
(1 ú�2bÿ������Nÿ�Ò ) anddistribution � . Furthermore,thesamplespace

	 ú 	 � is supposedto
becommonfor all membersof W . This replacesAssumptionA2 (or A2b) in theprevious
chapter.

Assumption (A2c).
All distributions � - (1mú�24ÿ������Nÿ�Ò ) anddistribution � are definedon a commonsample
space

	
.

In thegeneralÒ -sampleproblemthealternativehypothesisis givenasthenegationof the
null hypothesis.Thus,

N ý ��Í 1 Ãú e ÿ Ë � � - ��Ë � Ãú � d ��Ë � ÿ � - ÿ � d À>Wæ�
We will restrictthis chapterto a univariaterv Ë ú�ü .
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SincetherearenofurtherrestrictionsimposedonthesetW , thealternativehypothesismay
beconsiderednonparametric.Thetestmustbeconstructedsuchthat its null distribution
doesnotdependon � ÀuW . Teststhatareconstructedfor this typeof hypothesisarevery
useful in practice,becausethe researchermustnot have any prior knowledgeaboutthe
family of distributionsto which thedistributionsbelong.Sincethealternativehypothesis
is just a negationof N O , the testsmustbe sensitive to a very wide classof alternatives,
i.e. thetestsmustbeanomnibustests.

Thetestwill beconstructedin a similar way astheSSPcGOFtest(Section6.1). Thus,
first the appropriateDirectedDivergenceis proposed,thenthe AveragePearsonDiver-
genceandtherelatedAveragePearsonDivergenceStatisticaregiven.Theteststatisticof
the Ò -sampletestthatis proposedis basedonthisstatistic.Its null distribution is obtained
andits sensitivity towardssomefamiliesof alternativesis investigatedin a smallsimula-
tion study. In Section6.2a data-drivenversionis proposed.Finally, a decompositionof
theteststatisticis studiedin Section6.4.

6.1 The Î -Sample SSP test

6.1.1 The Directed Diver gence

Wewill show thatthereis noneedto redefinethedirecteddivergenceof CressieandRead
(1984),asit wasgivenin Section5.1.

Considera discreterandomvariable p , definedover a samplespace
	 � ú ûY2bÿ/�8ÿ������Rÿ�Ò �

andwith probabilitiesP ! p ú)1 $ ú � ¤� , where � - is the numberof observationsin the1 th sample
	 � ¤ , and � ú �

-#> ý � - is the total numberof observations. � - is considered
hereasa constant,i.e. the samplesizes� - arefixedby design.This rv p may now be
consideredasanindicatorvariable,indicatingthesample1 . Thenthejoint distributionof0 and p maybeconstructedas

� � � � ü^ÿ �_� ú � �LÏ � � ü q �¯� � � �t�¯� ÿ
or, in thepresentcontext, in a moreappropriatenotation

� � � � ünÿ�1 � ú � �'Ï � � ü q 1 � � � � 1 � ÿ
where� � � 1 � ú P ! p úÆ1 $ ú � ¤� andwheretheconditionaldf � �'Ï � � ü q 1 � ú � - � ü � . Thelatter
densityis thedensityof thedistribution of theobservationof the 1 th sample.TheCDFs
maybeconstructedfrom thesedfs.

Sinceunderthenull hypothesisall � �'Ï � � ü q 1 � areequal(1òú724ÿ������Nÿ�Ò ), thejoint distribu-
tion of 0 and p becomes

� � � � ü^ÿ�1 � ú � �'Ï � � ü q 1 � � � � 1 � ú � � � ü � � � � 1 � ÿ
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where� �dú � is thecommondf of 0 under N[O .
Thedirecteddivergenceof order : À�w between� � � and � � � (Definition 5.2andEqua-
tion 5.3)now becomes

I
; �H������� ú 2:^��: D 2 �

Ñ
-4> ý T�Ð � � � � ünÿ�1 �� � � � ünÿ�1 �

;
A 2 � � � � ünÿ�1 ��X ü

ú 2:^��: D 2 �
Ñ
-4> ý T Ð ��- � ü �� � � ü �

;
A 2 � �LÏ � � ü q 1 � � � � 1 �MX ü

ú 2:^��: D 2 �
Ñ
-4> ý � -� T^Ð � - � ü �� � � ü �

;
A 2 � - � ü ��X ü (6.2)

In a similar way asin Section5.1 the directeddivergencecanalsobe basedon a size '
samplespacepartition !#"%$ ú û " ý:ÿ������Nÿ " � � . In particular, the SSP !4"5$ is a partitionof
thesamplespace

	 � . Therefore,onthesamplespaceof thejoint distributionof 0 and p ,
which is givenby

	 � � ú 	 � À 	 � , any partition !4"5$ uniquelyimpliesa '?Ò sizedpartition!�Ñ $ which is givenby

!�Ñ�$ ú !#"%$ÒÀ 	 �ú û " ý À ûY2 � ÿ " ý À û�� � ÿ������Sÿ " ý À û�Ò � ÿ " ; À ûY2 � ÿ������Sÿ " � À û=Ò �Y� �
let Ñ d - ú " d À û�1 � (

e ú�24ÿ������Nÿ�' � 1�ú�24ÿ������¨ÿ�Ò ). Figure6.1shows therelationbetween
bothtypesof partitions.

Ó" ý " ; " Ï 	 �

Ô
Ó
Ó

Ó

Ñ ý�ý
Ñ ý ;
Ñ ý Ñ

Ñ ; ý
Ñ ;,;

Ñ ; Ñ

Ñ Ï ý
Ñ Ï ;

Ñ Ï Ñ

	 � � ú 	 � ��� úÉ2	 � � ú 	 � ��� ú��
	 � Ê ú 	 � ��� ú¢Ò

Figure6.1: Illustrationof therelationbetweentheSSP¬ ­_® (with Ô�ÕF( ) andtheSSP¬ Õ»® .
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Thediscretedivergencebecomes

I
; �M������ ?!4"5$�� ú 2:^��: D 2 �

Ñ
-4> ý

�
d > ý P@

Ð0Ö !#" d À û�1 � $ P@ Ð0Ö !#" d À û�1 � $
PC Ð0Ö !#" d À û�1 � $

;
A 2

ú 2:^��: D 2 �
Ñ
-4> ý

�
d > ý � -� P@ ¤ !�Ñ d - $

� ¤� P@ ¤ !�Ñ d - $� ¤� PC ÐP× Ö !�Ñ d - $
;
A 2

ú 2:^��: D 2 �
Ñ
-4> ý � -�

�
d > ý P@ ¤ !�Ñ d - $ P@ ¤ !�Ñ d - $

PC !4" d $
;
A 2 � (6.3)

Sincethe divergencesthatarepresentedabove arejust a resultof the applicationof the
definitions,whicharegivenin Section5.1,all propertiesthataregivenin thatsectionstill
apply. More specifically, Corollary5.4 is alteredto thepresentÒ -sampleproblem.

Corollary 6.1 If, for some : , there exists a SSP !#"%$ of any size '7� 2 for which
I
; �M������ �!#"%$&� � ø , thenat leasttwodistributions � - and � d (1 Ãú e ) aredifferent.

In thebeginningof thissectionarandomvariablep wasintroduced.It wasbasicallyused
to constructthe divergences.From the final expressionsof the divergences(Equations
6.2 and6.3), it is seenthat the divergencesonly dependon distributionsof the random
variable0 . Thefactor

� ¤� is to beinterpretedasadesignrelatedfactor.

6.1.2 The Power Diver gence Statistic

Thedirecteddivergencestatistic(CressieandRead,1984),basedona ' -sizedSSP!4"5$ , is
now givenby

�I ; �M������ �!#"%$&� ú 2:^��: D 2 �
Ñ
-#> ý � -�

�
d > ý �P@ ¤ !�Ñ d - $ �P@ ¤ !�Ñ d - $�PC !#" d $

;
A 2 ÿ

where �P@ ¤ !�Ñ d - $ úÆ� � ý- � �7Ñ d - ¡ 	 � ¤ � and �PC !4" d $ úÆ� � ý�� ��" d ¡ 	 � � . Theformerproba-
bility estimatoris computedbymakinguseof only theobservationsin the1 th sample.The
latterestimator, on theotherhand,is basedon thecombinedsample

	 � . If all � - b ± ,
thenall theprobabilityestimatorsareconsistent.
Note thata SSP !4"5$ maybeconstructedsuchthat, for some" À !4"5$ , �PC !4"5$ ú ø . This
would make the directeddivergencestatistic infinitely large. In the remainderof this
sectionsuchpartitionsareexcluded. In Section6.1.4the problemis discussedin more
detail.

CressieandRead(1984)showedthat for powerdivergencestatisticsof any order : , and
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conditionalonany SSP!#"%$ , thefollowing convergenceholdsunderN[O :
��� �I ; �����?�� ?!4"5$��FA �=� �I ý �M������ �!#"%$&� ~AFb ø �

Thepowerdivergencestatisticof order1 is simply a Pearsong¥; statistic:

�=� �I ý �H������ �!#"%$&� ú �
Ñ
-#> ý � -�

�
d > ý

�P@ ¤ !�Ñ d - $EA �PC !4" d $ ;�PC !#" d $

ú �
Ñ
-#> ý

�
d > ý

� ¤� �P@ ¤ !�Ñ d - $EA �
¤� �PC !#" d $ ;� ¤� �PC !#" d $

ú �
Ñ
-#> ý

�
d > ý

�P@ Ð0Ö !�Ñ d - $BA �
¤� �PC !W" d $ ;� ¤� �PC !4" d $

More specifically�=� �I ý �M������ �!#"%$&� is thePearsonstatisticfor testingthenull hypothesis
that themultinomialdistributions,with probabilitiesP@ ¤ !�Ñ d - $ , which areimplied by the
SSP !4"5$ , arethe samewithin eachstratum1 (independentmultinomial sampling). The
statisticis however indistinguishablefrom the statisticfor testingthe null hypothesisof
independencein a ' À Ò contingency table,which is inducedby the SSP !4"5$ . In both
cases,underthecorrespondingnull hypothesis,

��� �I ý �������� �!#"%$&� `AFb g ; | ��� ýµ}/| Ñ � ý�} ÿ
andthusalso,for any : , under N O ,

�=� �I ; �������� �!#"%$&� `AFb g ; | ��� ýµ}/| Ñ � ý�} �
In thenext sectionsonly : úÓ2 , whichcorrespondsto thePearson-likestatistic,is further
considered.Thereasonfor doingthis is mainly that it will give immediaterelationships
betweenthetestthatis developedhereandAnderson-Darlingtypetests.

6.1.3 The Averaged Pearson Diver gence

Boththecontinuousandthediscretedivergenceareappropriatelymeasuringthedeviation
from the Ò -samplenull hypothesis,but the latter divergenceis only definedfor a given
SSP. The advantage,though,of the discretedivergenceis that it canbe easilyandnon-
parametricallyestimatedby meansof its plug-inestimator:thepowerdivergencestatistic.
In orderto retaintheadvantageof having a straightforwardplug-in estimatoron theone
hand,andto overcomethedisadvantageof having to specifyaSSP, anew functional(the
AveragedPearsonDivergence

� � �M������� ) is constructedastheaverageof all discretedi-
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vergencesbasedonSSPsof size ' . Thiswasalsodonein Section5.2.1for theone-sample
GOF-hypothesis.

The definition (Definition 5.6) of the AveragedPearsonDivergenceremainsessentially
unchanged:

� � �M������� ú E@ I
ý �M������ ?!4"5$�� ù ��� ý � � � ÿ (6.4)

wherenow thePartition ConstructionRule, thePartition DeterminingSubsampleSetand
the set * ��� ý � � aremosteasilydefinedon the samplespace

	 � . More specifically, they
aredefinedexactly asin Section5.2.1(Definition 5.5). Thusfor all ù ��� ý � � ÀÉ* ��� ý � � ,ù ��� ý � � ��	 � , theresultingSSP!4"5$�� ù ��� ý � �F� arepartitionsof

	 � . Thereasonfor defining
themlike this is that any partition !#"%$&� ù ��� ý � �F� ú !4"5$ , that is constructedin this way,
uniquely implies a SSP !�Ñ�$ of the samplespace

	 � � . Furthermore,the expectationin
Equation6.4is takenw.r.t. thetruejoint distribution � � � of therv 0 andtheconstructed
rv p .

Lemma5.1remainsunchanged.Thus

� ���M������� ú ø[y N O is trueÿ (6.5)

andthenext stepis to find anestimatorof
� � �M������� thatcanbeusedin theconstruction

of a teststatistic.

6.1.4 The Averaged Pearson Diver gence Statistic

TheAveragedPearsonDivergenceStatisticisdefinedastheplug-inestimatorof
� � �����?��� .

Sincein the presentcontext thecommondistribution � is alsounknown, it mustbe re-
placedby its plug-in estimatoraswell. In particularthe probabilitiesPC !#" d $ mustbe
estimated,which is easierthanestimating� itself.

�� � �M������� ú � � � ���� ����ú E �� I
ý ���� ��� ?!4"5$ V

ú T U �I ý �M������ �!#"%$ V �LX �� V¥� �F� � ù � ÿ
where �{V � �F� is thedistributionof ù ��� ý � � w.r.t. thetruejoint distributionof 0 and p .
Thereis however a problemwith the above definition of �� � �����?��� . Thereare

�v� ý��� ;subsetsù�À�* ��� ý � � which containthe largestobservationfrom
	 � andwhich maythus

berepresentedby ù ú�û�0 | - � } ÿ�0 | - � } ÿ������ ÿ�0 | - � � � } ÿ�0 | � } � ÿ
where 2 ½ 1�ý � 1 ; � ������1 ��� ; � � andwhere0 |�ýµ} � ����� � 0 | � } aretheorderstatistics
of the combinedsample

	 � . The ' th elementof the correspondingpartition !4"5$ V is
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" � ú $ 0 | � } ÿ 8/<�$ andthus �PC !#" � $ ú ø . Sincethisprobabilityestimatoris in thenominator

of I
ý ���� ��æ ?!4"5$nV , �� �������?��� becomesinfinity with probability one. This problemis

solvedby changingthepartitionconstructionrule suchthatthelargestobservationis not
allowedin ù .

Let Ø ` ú �H� ü ý ÿM1 ý � ÿ������ ÿ � ü ` � ý ÿ�1 ` � ý �/� (Ø ýHÙ ø ), andlet !#"%$&� ü ý ÿ������Nÿkü ��� ý � ú !#"%$WV .
Sinceall observationsareindependent,thestatisticbecomes

ÚÛ â ötÜÞÝ�ß]û ô àá �7â ý¬ãRã�ã
àá � �F� â ý ä U ÚI

ý ötÜÞÝ�ßæåPç èêé ° û â
þ{ý

» â ýEë
ÚÜíì�î ï�ötð »æñ ò�» ��ó » û ë ÚÜ ï ö ò�»Èñ ó » û��

ô øä þ{ýâ þ{ý ý7ôLõ ��ö � � � ö õ � �F� ö ä
Ú
I
ý ÜÞÝ�ßæå�ç èêé ötðÒ÷ õ � ø � ãRã�ã ��ðÒ÷ õ � �F� ø û

ô øù â þ{ý ã ä °�úPû � �F�&� z
Ú
I
ý ötÜÞÝRßæå�ç èêé ° û¥� (6.6)

where ù ú ûÊü ý ÿ������Nÿkü ��� ý �m�\	 � . It is very interestingto notethat thereis actually
nodifferencein thecalculationof �� ���M������� whentheexpectationin Equation6.4would
havebeentakenw.r.t. thecommondistribution � , whichalsomustbeestimatedfrom the
data,andwhicheventuallyalsowould resultin Equation6.6.

6.1.5 The Test Statistic and its Asymptotic Null Distrib ution

Theteststatisticbasedon ' -sizedSSPsis givenby


 Ñ � ��� � ú����Q�� � ��������� ú)��� E �� I
ý ���� ��� �!#"%$&� ù ��� ý � � � ÿ (6.7)

which is �=� timestheaverageof thedirecteddivergenceof order1, overall ' sizedSSPs
thatcanbeconstructedaccordingto theconstructionrule. Now the termSSPkcwill be
usedto referto this teststatistic.

Sincethe teststatisticis very similar to the SSPcteststatisticfor the one-sampleGOF
hypothesis,it is expectedthat the asymptoticnull distribution is alsosimilar. First the
specialcase'%ú�� is discussed.For arbitrary, but finite ' , theasymptoticnull distribution
maybeconstructedby usingsimilar argumentsasthosethatled to thedistribution of the
SSPcstatistic.

Special Case: '%ú)�
If ' ú � , thenthe partition determiningsubsampleset * ý/+ � is just the sample

	 � with
the largestobservationdeleted,andthesetsù -ý/+ � maybereplacedby thecorresponding
orderstatistics0 | - } (1òú\2bÿ������NÿM� A 2 ). Thus,thepartitions !#"%$&� ù -ý,+ � � maybereplaced
by !4"5$�� 0 | - } � or simply !#"%$ - . For a given sample6 ý,+ � ú�� A 2 suchpartitionscanbe
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constructed.EachSSP !4"5$ - impliesa SSP !�Ñ $ - of thesamplespace
	 � � which consists

of �BÒ elements:

!�Ñ $ - ú�û Ñ - ý�ý ÿ������Nÿ Ñ - ý Ñ ÿ Ñ -4; ý ÿ������ ÿ Ñ -4; Ñ � ÿ
where Ñ - ý d ú $ 8/: ÿM0 | - } $�À û e � and Ñ -#; d ú $ 0 | - } ÿ 8/<�$�À û e � (

e ú�2bÿ������Nÿ�Ò ).
Beforeanexplicit formulaof theteststatisticis given,somemorenotationis introduced.
Let È - denotetherankof 0 - amongtheobservationin thecombinedsample

	 � , andletÈ - | d } denotetherankof 0 - amongtheobservationin the
e
th sample

	 �'ü .
Theteststatisticis thengivenby


 Ñ � ; � � ú ��� 2�
�v� ý
-#> ý �I

ý �M���?�� ?!4"5$ - �
ú 2� A 2

�v� ý
-#> ý �

Ñ
` > ý

;
d > ý

�P@ Ð0Ö !�Ñ - d ` $BA �PC Ð¡Ö !W" - d $ ;�PC Ð0Ö !#" - d $
ú 2� A 2

�v� ý
-#> ý �

Ñ
` > ý � -�

;
d > ý

�P@ ® !�Ñ - d ` $BA �PC !4" - d $ ;�PC !4" - d $

ú 2� A 2
�v� ý
-#> ý

Ñ
` > ý � `

ý ¤+þ ®�ÿ� ® A ý ¤� ;ý ¤� D
2 A ý ¤tþ ®^ÿ� ® A 2 A ý ¤� ;

2 A ý ¤�
ú 2� A 2

�v� ý
-#> ý

Ñ
` > ý 2� `

�5È - | ` } A � ` È - ;È - � � A È - � ÿ (6.8)

which is up to a multiplicative factor
��v� ý exactly the computationalformula of the Ò -

sampleAnderson-Darlingteststatistic(Darling,1957;Pettit,1976;ScholzandStephens,
1987).Whenthedistributionsarecontinuous,theprobabilityof theoccurrenceof tiesis
zero,andthecomputationalformulareducesto

2� A 2
�E� ý
-4> ý

Ñ
` > ý 2� `

�5È - | ` } A 1&� ` ;
1 � � A 2 � ÿ (6.9)

which is alsogiven in ScholzandStephens(1987),up to the factor
��E� ý . The null dis-

tributionof

 Ñ � ; � � is thereforethesameasfor the Ò -sampleAD teststatistic(seeSection

4.2.4),againupthetheaforementionedfactor. Since
��v� ý b 2 as� b²± , theasymptotic

null distributionsareexactly thesame.
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Theorem6.1 (ScholzandStephens,1987)Under thegeneral Ò -samplenull hypothesis,
as � - b²± (1 úÉ2bÿ������Nÿ�Ò ),


 Ñ � ; � � `A_b
c
d > ý 2e � e D 2 �=f ;

d ÿ
where the f ;d are i.i.d. g ; Ñ � ý -variates.

It is alreadyobviousnow that the SSPkctestfor the Ò -sampleproblemwill bea gener-
alizationof theAnderson-Darlingtest.AlthoughtheSSPapproachthatis proposedhere
for the Ò -sampleproblemseemscompletelyanalogueasfor theone-sampleGOFprob-
lem,theSSPcteststatisticwasdefinitelynotageneralizationof theAD statistic,because
the expectationin the averagedPearsondivergenceis taken w.r.t. the true distribution� insteadof thedistribution � asit is the casewith the AD test. In thepresentcontext
though,asnotedbefore,it doesnotmakeadifferencewhether� or � is takenassoonas
thesedistributionsarereplacedby their plug-in estimators,which is neededto build the
teststatistic.

Anotherinterestingpropertyof theSSP2teststatisticis thatit is a rankteststatistic. This
is clearlyseenfrom Equation6.8. Theteststatisticis only functionof therankingof the
observations,but notof thevaluesof theobservationsthemselves.

The General Case

Sinceanimportantstepthatallowsthegeneralizationof thedistributionof

 Ñ � ; � � to


 Ñ � ��� �
is only statedasa conjecture,theresultingasymptoticnull distribution for arbitrary ' is
statedonly asaproposition,andasketchof theproofis given.In alatersectionits validity
will beempiricallyinvestigated.

Proposition6.1 For any finite ' �²2 , under the general Ò -samplenull hypothesis,as� - b ± (1 ú�2bÿ������Nÿ�Ò ),

 Ñ � ��� � `AFb c

d > ý 2:F�7: D 2 ��f ;d ÿ
where the f ;d are i.i.d. g ; | ��� ý�},| Ñ � ýµ} -variates.

Heuristic Proof. Theproof is alongthesameline asthe(heuristic)proofof Proposition
5.1,andis thusaccomplishedby completeinduction.

Supposethe theoremholdsfor

 Ñ � ��� ý � � ( ' A 2æ� 2 ), thenit will be shown that it also

holdsfor

 Ñ � ��� � .
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Any ' -sizedpartition !4"5$ of
	 � canbewrittenas

!#"%$WV ú !#" ��� ý� $WV   û $ ü | - � �F� } ÿ 8 < $ � ÿ
whereù ú ûÊü | - � } ÿ������Nÿ®ü | - � �F� } � ( 2 ½ 1�ý � ����� � 1 ��� ý � � ), morespecifically, theorder
statisticsaredefinedonthecommonsample

	 � . Further, asin Theorem5.1, !4" ��� ý� $ V is a� ' A 2 � -sizedpartitionof thesubspace
	 ��� ý� ú $98/: ÿ®ü | - � �F� } $ ��	 � . Let � V bethenumberof

observationsin !4" ��� ý� $ V�¡ 	 � . For any partition !4"5$ V anotherassociatedpartition !#" ; $ V
is definedas

!4" ; $ V ú¼û " ; ý ÿ " ;; � úðû $98/: ÿ®ü | - � �F� } $ ÿ $ ü | - � �F� } ÿ 8/<�$ � ÿ
which is a � -sizedpartitionof

	 � .
Both partitions !4"5$nV and !4" ; $nV uniquelyinducepartitionsof theextendedsamplespace	 � � . First, !4"5$nV inducesthe � ' A 2 � Ò -sizedpartition

!�Ñ $ V ú !�Ñ ��� ý� $ V)  û $ ü | - � �F� } ÿ 8/<=$ � À 	 � �
This is schematicallyshown in Figure 6.2. The partition !4" ; $WV inducesthe �EÒ -sized
partition

!�Ñ ; $ V ú !#" ; $ V À 	 � ÿ
which is illustratedin Figure6.3.

In Section6.1.2it wasshown that,for any partition !4"5$nV thestatistic�=� �I ý �M������ �!#"%$WV��
is actuallyPearson’sstatisticfor testingindependencein a Ò À ' contingency table.In the
sameway, it is now easilycheckedthatpower divergencestatisticbasedon thepartition!4" ��� ý� $ V is the Pearsonstatisticfor testingindependencein a Ò À(� ' A 2 � table. And,

similarly, ��� �I ý ���?�� ?!4" ; $ V is thePearsonstatisticfor independencein a Ò À � table.
Accordingto Lancaster’spartitioningrule (Lancaster, 1969),conditionallyon !4"5$ V these
two statisticsareasymptoticallyindependent,anddistributedas g ; | Ñ � ý�}/| ��� ; } and g ; Ñ � ý ,
respectively. Applying Lancaster’s partitioningrule to all partitions !4"5$ V (ù À)* ��� ý � � ),
theteststatisticbecomes


 Ñ � ��� � ú 26 ��� ý � � V����=� �F�9� z ��� �I ý ���?�� ?!4" ; $nV D �=� V �I ý �F�=��� �E �!#" ��� ý� $nV ÿ
where� V ú�� - � �F� is still the numberof observationsin !4" ��� ý� $ V
¡ 	 � , andwhere � �
and � � indicatethat thesedistributionsarerestrictedto the subspace

	 ��� ý� ú $98/: ÿ®ü - � �F� $(or
	 ��� ý� À 	 � ).
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Figure6.2: Thedecompositionof ¬ ­¯®4° andtheassociateddecompositionof ¬ Õ�®4° . In particular, therelation
between¬ ­ â þ{ý� ®4° and ¬ Õ â þ{ý� ®4° is illustrated.

Theteststatistic,

 Ñ � ��� � , maybewrittenas

2� A '
�v� ý

- � �F� > ��� ý �=� �I ý ������ �!#" ; $ - � �F� D 26 ��� ; � � ¤ � �F� V���� ¤ � �F�
�=� V �I ý � � ��� �  ?!4" ��� ý� $ V

ú 2� A '
�v� ý

- � �F� > ��� ý ��� �I
ý ���?�� ?!4" ; $ - � �F� D 
 Ñ � ��� ý � � ¤ � �F� ÿ (6.10)

where

 Ñ � ��� ý � � ¤ � �F� is theSSPk(c-1)statisticappliedto thesubspace

	 ��� ý� , andwhere

� - � �F� ú¼û	��À * ��� ý � � � 
 0 d À�� � 0 d ½ 0 - � �F�
� �

Since� - � �F�
~AJb ± as� b ± , conditionallyon 0 | - � �F� } ,


 Ñ � ��� ý � � ¤ � �F� is asymptotically
equivalentto the teststatisticbasedon a � ' A 2 � -sizedpartition of which it is assumed

thatthetheoremappliesto it. Thus,underN O , 
 Ñ � ��� ý � � ¤ � �F� `AJb c d > ý ýd | d9¶ ýµ} · ;d , where

the · ;d arei.i.d. g ; | Ñ � ý�}/| ��� ; } variates.Thus,

 Ñ � ��� � hasunder N[O asymptoticallythesame
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Ô
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	 � �

Figure6.3: Thedecompositionof ¬ ­_®4° andtheassociateddecompositionof ¬ Õ�®4° . In particular, therelation
between¬ ­ 	 ®4° and ¬ Õ 	 ®4° is illustrated.

distributionas

2�
�v� ý
- � �F� > ý �=� �I

ý ������ �!#" ; $ V D
c
d > ý 2e � e D 2 � · ;

d ÿ
wherethefirst termis asymptoticallyequivalentto the Ò -sampleAnderson-Darlingstatis-
tic (Scholzand Stephens,1987), which is under N[O , by Theorem6.1, asymptotically
distributedas

c d > ý ýd | d9¶ ýµ}Y¸ ;d , wherethe ¸ ;d arei.i.d. g ; Ñ � ý -variates.Although Lan-
caster’s Partitioning rule statesthat for eachü | - � �F� } the termsbetweenthe brackets in
Equation6.10are independent,it doesnot imply that the two termsresultingfrom the
sumarestill independent,weconjectureherethatin thisparticularcasetheindependence
still holds,at leastin a first orderapproximation.Therefore,we proposethatthelimiting
null distributionof


 Ñ � ��� � becomes

c
d > ý 2e � e D 2 � · ;

d D
c
d > ý 2e � e D 2 � ¸ ;

d ú c
d > ý 2e � e D 2 � f ;

d ÿ
wherethe f ;d arei.i.d. g ; | Ñ � ýµ}/| ��� ý�} -variates.

According to the completeinduction reasoning,it now only hasto be shown that the
propositionholdsfor ' A 2ºú�� , which wasalreadyprovenin Theorem6.1. �
Sincethe limiting null distribution of theSSPkctestis exactly thesameasfor theSSPc
testfor theone-sampleGOFproblem,exceptthatthenumberof degreesof freedomof the



6.1The Ò -SampleSSPtest 155

g ; -variatesnow alsodependson Ò , thesameapproximationsmaybe considered.They
will bediscussedin thenext section.

6.1.6 An Appr oximation to the Asymptotic Null Distrib ution

Sincetheasymptoticnull distribution is of thesameform asin thecaseof theone-sample
GOFtest(weightedsumof g squaredvariates),thesamemethodof approximationmay
beconsidered(Section5.2.5).Thecoefficientsof therv ¸ � 6 ÿ 8 ÿ�ÌSÿ � � ú 6 D 8 f ;~ D ý; p ;@ ,
where f ;~ and p ;@ are i.i.d. g ; -variateswith Ì and � degreesof freedom,respectively,
aredeterminedsuchthat thefirst four momentsareequalto thecorrespondingmoments
of theasymptoticnull distribution. Heretothelattermomentsmustbeknown. Theseare
givenin thefollowing corollary, which is a straightforwardextensionof Corollary5.5.

Corollary 6.2 The 1 th cumulantÎ - of theasymptoticnull distribution of

 Ñ � ��� � is given

by

Î - ú � Ò A 2 �H� ' A 2 � � - � ý � 1 A 2 �HÐ cd > ý 2e � e D 2 �
- ÿ

which is � Ò A 2 �H� ' A 2 � timesthecorrespondingcumulantof theasymptoticnull distribu-
tion of


 ; � ; � � .

Thus,

6 ú ø �j2?à{2?à�ß�Ý^ç�ß^2�Ý � ' A 2 �H� Ò A 2 �8 ú ø �j2?�{ç?ß�Ü�ß^2�ÜYè��
Ì ú �B� ß ø ßYé�è��^2�ßYÜ � ' A 2 �/� Ò A 2 �
� ú 2=� øKø Ü^2�é�Ý ø 2Y2 � ' A 2 �/� Ò A 2 � �

In Table6.1boththe(exact)asymptoticandtheapproximatedasymptoticcritical values
areshown for ÒIú��8ÿHÜ and '%ú��QÿHÜ8ÿ/ß , all at the º ú ø � ø è level.

6.1.7 The SSPkc Test

The º -level SSPkctest
¼ ¹ � Ñ � ��� �F� 	 �J� for the Ò -sampleproblemis definedas

¼ ¹ � Ñ � ��� � � 	 � � ú 2 if

 Ñ � ��� � � i,¹ � Ñ � ��� �¼ ¹ � Ñ � ��� � � 	 � � ú ø if

 Ñ � ��� � ½)i,¹ � Ñ � ��� � ÿ

where i,¹ � Ñ � ��� � is the � 2 AÉº»� -th percentileof the exact null distribution of

 Ñ � ��� � . The

asymptoticnull distribution which is givenin theprevioussectiononly givesasymptotic
percentilesi,¹ � Ñ � � . Using i,¹ � Ñ � � asa critical valueinsteadof theexactpercentilesi,¹ � Ñ � ��� � ,
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definesthe asymptotictest
¼ ¹ � Ñ � � . In Section6.1.8the convergenceof the exact to the

asymptoticpercentileswill be assessed.In Section6.1.8 it will be shown how exact
critical valuesmaybecomputed.

Thepowerfunctionfor analternative � ý ú � � � � ý isgivenby ¿ ¹ � Ñ � ��� � ú E@ � !
¼ ¹ � Ñ � ��� �F� 	 �J��$ .

Theorem6.2 For anyfinite '.Å � andanyfinite Ò , the SSPkctestis consistentagainst
essentiallyanyalternative, providedthat � - b²± for all 1 úÉ24ÿ������Nÿ�Ò .
Proof. The theoremis provenin exactly thesameway asTheorem5.2. In theproof it
is supposedthat the the SSP2test( '�ú � ) is consistent,which is provenby Scholzand
Stephens(1987). �

6.1.8 Permutation Test

In Section5.2.6 a straightforward solution to estimatecritical valuesi ¹ � ��� � to usefor
the SSPcGOF testwasgiven by simulatingthe exact null distribution. In this section
it will be shown thata permutationtestcanbe constructed,but first the constructionof
permutationtestswill bediscussedin general.

Permutation and Randomization Tests

The ideabehindpermutationtestsdatesbackfrom Fisher(1935). Here,the notationof
Hoeffding (1952)is moreor lessused.

Considerthe samplespace
	 � of the rv � , which may representa completesampleof

observationsaswell. Let 
 bea finite groupof transformations� of
	 � onto itself. Let� denotethe numberof transformationsin 
 . Further, assumethat thenull hypothesis

implies that the distribution of 0 is invariantunderthe transformationsin 
 , i.e. for
every �æÀ�
 , � � � � and � have thesamedistribution under NPO . Thus,conditionallyon� , each� � � � hasequalprobability ý` .
Let


 � � � bea teststatisticfor testing N O . Let


 |�ýµ} � � �»½ 
 | ; } � � �Ë½ ����� ½ 
 | ` } � � � (6.11)

betheorderedvaluesof

 � � � � �/� as � variesin 
 . Conditionallyon thesample� , the

permutationdistribution of

 � � � is completelygivenby theseriesin Equation6.11,in

which to each

 | - } � � � (1gú©2bÿ������Nÿ � ) the probability ý` is assigned.Thus,in general

thepermutationdistributionis aconditionaldistribution,whereastheasymptoticdistribu-
tionswhich aretypically givenin this thesisareall unconditionaldistributions.Sincethe
SSPkcteststatisticis arankstatisticandsincetheparentdistributionsof theobservations
areassumedto becontinuous,theconditionalandtheunconditionalnull distributionsco-
incide(e.g. Puri andSen,1971). For a givennominalsignificancelevel º , theinteger Ò
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is definedas

ÒIú � A í � ºBî ÿ
where í � ºEî denotesthelargestintegerlessthanor equalto � º . Let � ¶ � � � denotethe
numberof values


 | - } � � � (1 úÉ2bÿ������Nÿ � ) thataregreaterthan

 | Ñ } � � � .

The º -level permutationtestis definedas

¼ ¹¥� � � ú 2 if

 � � � � 
 | Ñ } � � �¼ ¹¥� � � ú ø if

 � � �Ë½ 
 | Ñ } � � � �

An essentialdifferencewith traditional testsis that the critical valuesarerandomvari-
ables.More specifically, they areestimatedfrom thesampleat hand.

Thenext corollaryshows that the º permutationtesthasnot necessarilysize º . In par-
ticular, the test is often conservative. The larger � , the lessconservative the testwill
be.

Corollary 6.3 Thesizeof the º -levelpermutationtestis at most º .

Proof. First notethat

� ���
¼ ¹_� � � � �/� ú�� ¶ � � �»½ í � ºEî �

Then,under NPO ,
í � ºBî Å EC � ���

¼ ¹ � � � � �/�
ú � ��� EC ! ¼ ¹¯� � ��$
ú � EC ! ¼ ¹¥� � ��$ �

Hence,thesizeis EC ! ¼ ¹ � � ��$¯½ í � ºEî�� � ½Éº . �
Onesolutionto make the permutationtestof size º is to extendits definition to a ran-
domizationtest.Thiswasoriginally suggestedby EdenandYates(1933)andthenPitman
(1937a,1937c,1937b). A recenttreatmentof the subjectcanbe found in textbooksby
e.g.Edgington(1995)andManly (1997).
Let � O � � � denotethe numberof values


 | - } � � � (1	ú 24ÿ������Nÿ � ) that are equal to
 | Ñ } � � � . The º -level randomizationtestis definedas

¼ ¹ � � � ú 2 if

 � � � � 
 | Ñ } � � �¼ ¹¥� � � ú "P� � � if


 � � � ú 
 | Ñ } � � �¼ ¹¥� � � ú ø if

 � � � � 
 | Ñ } � � � ÿ
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where

"[� � � ú � ºæA � ¶ � � �� O � � � �
Corollary 6.4 The º -level randomizationtestis of size º .

Proof. First notethat

� ���
¼ ¹¥� � � � �H� ú�� ¶ � � � D "[� � � � O � � � ú � º �

Then,under N[O ,
� º ú EC � ���

¼ ¹¯� � � � �H�
ú � ��� EC ! ¼ ¹ � � ��$
ú � EC ! ¼ ¹_� � ��$ �

Hence,thesizeis EC ! ¼ ¹ � � ��$ ú º . �
Thus,whatever thesamplesize,thesizeof therandomizationtestis alwaysequalto the
nominalsignificancelevel º . Moreover, this resultdoesnot dependon thetruedistribu-
tion � underthenull hypothesis,andthereforethetestis distribution-free.Thusthis test
is similarandof size º .

In practice,when � is large, it may be computationally(almost)unfeasibleto calcu-
late all � � � � . In theseoccasions,a Monte Carlo approximationmay be performedby
consideringonly a randomlychosensubsetof � X � � transformations� from 
 .

The SSPkc Permutation Test

Basicallyonly oneconditionmustbefulfilled in orderto constructapermutationtest:the
null hypothesismustimply thatthedistribution � is invariantunderagroup
 of transfor-
mations.Here,for thegeneralÒ -sampleproblem,thetransformations� arepermutations
of theobservationsover the Ò samples.Indeed,thenull hypothesissaysthatthe Ò distri-
butionsareequal,andtherefore,observationsareinterchangeablebetweensamples.This
is treatedis detail in HájekandŠidák (1967).

In particular, let thecombinedsample
	 � beorderedsuchthat the first � ý elementsare

thoseof the 1st sample,the next � ; elementsthoseof the 2nd sample,etc. Let � � 	 �F�
bea permutationof theobservationin

	 � . Thefirst �Cý elementsareconsideredto bethe
elementsof the1sttransformedsample,thenext � ; elementsthoseof the2ndtransformed
sample,etc. Thereare � Ð suchpermutations,but sinceall theobservationsareassumed



6.1The Ò -SampleSSPtest 159

to beindependent,theorderof theobservationswithin a sampleis of no importance,and
thus
 mustonly containthe

� ú � ÐÑ
-#> ý � - Ð

transformationsthatresultin differentsampleconfigurations.

In Section6.1.5it hasbeenshownthattheSSPkcteststatisticisarankstatistic.Therefore,
the computationof the � teststatistics


 | - }Ñ � ��� � (1�ú 2bÿ������Nÿ � ) mustbe doneonly once
for eachsamplesize � . But still, when � is rather large, this may be unfeasible,in
which casea Monte Carlo approximationmay be in place. E.g. when � úÄ2�� andÒ&ú��8ÿHÜ or ß , then � ú�àY��ß8ÿ/Ü�ßYÝ�è ø and Ü�ÝYà�Ý ø)ø , respectively. But when � ú��Yß , then� ú��{ç ø ß^2�è�ÝQÿHàYß�Ý�èYè{2=2Yç=ç ø and ��Ü ø é{ç?ß�ÜYß�à�Ü ø èYÝ , respectively.

The propertiesof permutationandrandomizationtestswhich aregiven in the previous
section,applydirectly to theSSPkcpermutationandSSPkcrandomizationtests.

6.1.9 Convergence to the Limiting Null Distrib ution

Monte Carlo approximationsto someexact critical valuesfor the SSPk2,SSPk3and
SSPk4testsat the º ú ø � ø è level aregiven here,for � ú 2?�8ÿH�Yß and � ú7ß�é , andforÒIú�� and Ò+ú�Ü . Theapproximationarebasedon10000simulationruns.Theresultsare
shown in Table6.1. To make a comparisonwith theasymptoticcritical valuespossible,
thesevaluesarementionedin the tableaswell. Moreover, next to eachestimatedexact
critical value,the estimatedexact level, whenthe asymptoticcritical valuewould have
beenused,is given.

Table6.1: Approximatedexact critical values(��Õ��'A ��� ) of the SSPk2,SSPk3andSSPk4tests,for the
2-sampleandthe 3-sampleproblemwith =�Õ@
9Ö'&jÖ�* and =�Õ *�� . The entriesat =�Õ�� are the critical
valuesderived from the asymptoticnull distributions. Also the approximatedasymptoticcritical valuesare
shown. Betweenbrackets,theestimatedexact level, whentheasymptoticcritical valueswould havebeenused,
is shown. � �

SSP2 SSP3 SSP4
2 12 2.548(0.055) 4.099(0.047) 5.199(0.040)

24 2.529(0.052) 4.118(0.051) 5.572(0.048)
48 2.492(0.050) 4.184(0.053) 5.679(0.054) 2.492 4.111 5.585 (approx.) 2.489 4.093 5.526

3 12 3.969(0.040) 7.033(0.051) 9.438(0.041)
24 3.984(0.044) 6.985(0.050) 9.440(0.041)
48 4.095(0.047) 6.931(0.048) 9.511(0.047) 4.111 6.985 9.656 (approx.) 4.093 6.891 9.491
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The resultssuggestthat the convergenceto the limiting distribution is ratherfastwhen
comparedto theconvergencerateof theSSPctest(Section5.2.6).Thelatterconvergence
wasveryslow, evenfor !#"%$ , despitethefastconvergenceof thecorrespondingAD test.
Pettit(1976)for the2-sampleAnderson-Darlingtest,andScholzandStephens(1987)for
the

�
-sampleAD test,alsoobserveda fastconvergence.Both testsarespecialcasesof

thepresentSSPkctest( !&"�$ ). An importantreasonwhy theconvergenceis reasonably
fast hereas comparedto the one-sampleGOF problem, is that for the GOF problem
thecalculationof theSSPcteststatisticrequiredoneadditionalestimator '( for the true
distribution

(
, while the AD testmadeuseof the givendistribution ) , andthus,under*,+

, the convergenceof the SSPctest restedon oneadditional '( -.0/ ) convergence.
Here,on the otherhand,both the SSPkcand the AD test statisticsrely on exactly the
sameconvergences.

Notice that when 12"4365 3	7 the useof the asymptoticcritical valuesgivesrathergood
results;thetestsarebiasedby atmostabout 8:9 .
Finally, it is worthnotingthat,at leastunderthecurrentsimulationconditions,thesizeof
thetestsevenwould have beencloserto thenominallevel if theapproximateasymptotic
critical valueswouldhavebeenused.

6.1.10 Ties

It wasarguedbeforethattheassumptionof continuesdistributionsimpliesthattheprob-
ability of theoccurrenceof ties is zero,andthat thereforethereis no needto discussthe
topic, at leastfrom a theoreticalpoint of view. In practice,however, measurementsare
madewith only a finite accuracy often leadingto tied observations. In this sectionwe
commentbriefly on threeaspectsof the occurrenceof ties: the teststatistic ;=<	> ?@> A , the
asymptoticnull distributionandtheexact(permutational)null distribution.

When !B"C$ the teststatisticis given in Equation6.8, which wasunderthe no-tiesas-
sumptionsimplified to Equation6.9. It is actually the former formula which takesties
into account.Also for general! theproposedteststatistic(Equation6.7) is preparedfor
tied observations,thoughthereis anadditionalcomplicationin this generalcase.When
e.g. !#"%D thentwo observationsdetermineaSSP. If, however, thesetwo observationsare
tied,thenactuallyonly a2-sizedpartitionis constructed.Thisproblemmaybeovercome
by changingthepartitionconstructionrule accordingly.
Thereasonwhy thestatisticaccountsnaturallyfor ties is that it is basicallya plug-in es-
timatorof a functional.Suchstatisticshandletiesin a way thatis directly implied by the
definition of the EDF usedasplug-in estimatorof the true CDF. Sincein our case,the
EDF evaluatedin E is just thenumberof observationsin thesamplethatarenot greater
thanE , dividedby

�
, therankof a tiedobservation FHG equalsthenumberof observations

in the samplethatarenot greaterthan FHG . Thustheobservationsin a groupof tied ob-
servationswill all get thesamerank,which is therankof the largestobservationin that
group.Oftenthedefinitionof theEDFis changedto handleties. In particulartheaverage
of theleft andtheright limit of theordinaryEDF might beused.This alternative defini-
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tion leadsto mid-ranks.Mid-ranksareoftenencounteredandrecommended(Lehmann,
1975).

In thiswork theasymptoticdistributionof ;=<	> ?@> A is derivedundertheassumptionof con-
tinuousdistribution, andthuswith probability oneno ties occur. Whenthe assumption
is howeverweakenedto allow alsofor discretedistributionsoneshouldtake tiesinto ac-
count.A solutionfor theasymptoticnull distributionmaybeobtainedby proceedingin a
similar way asScholzandStephens(1987). It is however expectedthat thelimiting dis-
tributionwill dependonthetruecommondistribution ) through)JIK)JL=MNIPORQSQ (O�TVU 3XW�8ZY ).
Also thepermutationlaw for finite samplesizeswill change.Sincethepermutationdis-
tribution is essentiallya distribution, conditionalon thesample,thepresenceof tieswill
haveaninfluenceon thedistribution,especiallywhenthesamplesizeis small.

6.1.11 Examples

All SSPkcteststhatareperformedhere,arebasedon critical valuesthathave beenesti-
matedfrom the simulatednull distributions(10000simulationruns). Whenthe sample
sizes

�\[
(]^"48_W@5@5N5`W � ) arenot all equal(unbalanced),thenthenull distribution is sim-

ulatedtaking the unbalancednessinto accountby consideringpermutationswhich are
restrictedto resultin sampleswith

�\[ Ia]b"�8_W@5@5N5`W � Q observations.

EXAMPLE 6.1. Gravity Data
It is of particularinterestto testwhetherthe distribution of the observationsin the first
sampleis thesameasthe distribution of theobservationsin the last sample.Thesetwo
samplescorrespondto thefirst (in time)andthelastseriesof measurements.It’simportant
to stressthatoneis not only interestedin a differencein mean.Thusa traditional c -test
would not suffice,anda testfor the2-sampleGOFproblemis needed.

TheSSP2ctest,with !,"d$XWeD and !,"df is appliedto thedata.Theresultsareshown in
Table6.2.Thetableshows thecritical valuesat 1�"g3X5 3:7 aswell. In thefirst seriesthere
are8 observationsandin thelastseriesthereare13.

For eachof theconsideredSSPsizes ! , it is concludedthat thedistributionsaresignifi-
cantly differentat the 7h9 level of significance.Theboxplot in Figure2.5 suggeststhat
thedifferencemaybedueto bothadifferencein meanandin variance.

Table6.2: Theresultsof theSSPkcteston theGravity data.Betweenbracketsthe i -valueis given.Also the
critical valuesareshown. ! cej > ?@> j M c +:k +Sl > j > ?@> j M

2 2.634(0.043) 2.498
3 4.868(0.029) 4.273
4 6.699(0.008) 5.457

m
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EXAMPLE 6.2. Sleepdata
The62 animalsareclassifiedinto 5 differentclassesof exposureto danger. Thenumber
of observationsin the 5 classesare19, 14, 10, 10, and9. Oneof the questionsthat is
of interestis whetheror not thereis a differencein the distributionsof thebrainweight
betweenthe5 classesof exposureto danger.
Theresultsaregivenin Table6.3.

Table6.3: Theresultsof theSSPkcteston theSleepdata.Betweenbracketsthe i -valueis given. Also the
critical valuesareshown. ! c l > ?@> n j c +:k +Sl > l > ?@> n j

2 10.332(0.001) 6.727
3 17.066(0.002) 12.172
4 22.405(0.005) 16.980

Thus,for all threeSSPsizesonemayconcludethat thebrainweightof animalsthatare
exposeddifferentlyto danger, not all comefrom thesamedistribution.

m
Note that the o -valuesof the SSPkctestson the Gravity Datadecreaseas ! increases,
whereasfor theSleepDatatheoppositetrendis detected.This illustratestheimportance
of agoodchoicefor ! .

6.2 The Data-Driven SSP Test

Althoughfor any finite ! theSSPkctestis consistent,it maybeexpectedthatwith finite
samplesizes,undercertainalternativesthepowerwill behigherfor smallvaluesof ! , but
lower underotheralternatives(this will be illustratedin a simulationstudy, later in this
chapter).By makingthetestdata-driven,it is hopedthata ”good“ choicefor ! w.r.t. the
power is madeby thedataitself.

In general,mostof thetheorygivenin Section5.5remainsvalid. In fact,thefew changes
thatmustbe made,areall imposedby the changein the selectionrule, which is a con-
sequenceof thedifferencein thenumberof degreesof freedomof the p j -variatesin the
limiting null distribution.

Definition 6.1 TheSSPSelectionRule, which selectsthepartition sizeq A outof thesetr
of permissibleorders, is givenby

qRA�" ArgMax?�s�t&U ;=<	> ?@> A . $hI � . 8:QSIK! . 8	Qvuaw&x�A�Y	W (6.12)

where $hI � . 8:QeIy! . 8	Qvuawzx A is thepenalty.
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6.2.1 The Test Statistic and its Asymptotic Null Distrib ution

Theteststatisticis givenby

; <	> {}|�> A 5
Theasymptoticnull distributionof thestatistic; <�> {0|�> A is givenin thefollowing theorem
andproposition.

Theorem6.3 Let
r

bea setof permissibleorders. Let !S~ denotetheMinimal Partition
Size. Supposethat x A /  as

� /  . Then,under
*,+

qRA��.0/ ! ~
as
� /  .

Proof. The proof is almostexactly the sameasthe proof of Theorem5.6, with ! . 8
and !S~ . 8 changedto I � . 8	QeIK! . 8	Q and I � . 8:QSIK!S~ . 8:Q , respectively. Further, the
asymptoticmeanandvarianceof theteststatisticnow alsodependon

�
, giving

E��U ; <�> ?@> A Y / I � . 8:QSIK! . 8:Q
Var��U ; <�> ?@> A Y / I � . 8:QSIK! . 8:QK� as

� /  W
where � is the asymptoticstandarddeviation of ; <�> j > A under

*,+
, i.e. Var��U ; <	> j > A Y /���  as

� /  .

Since
�

andall !^T r areassumedfinite, andsince � is also finite, exactly the same
argumentsasthoseusedin theproofof Theorem5.6apply, by which this theoremis also
proven.

m

Proposition6.2 Let
r

beasetof permissibleorders. Let !S~ denotetheMinimal Partition
Size. Supposethat x A /  as

� /  . Then,under
*,+

,

; <�> {0|�> A -.`/ �
[�� M

8]6Ia]J��8	Q � j
[ W

where the
� j[ are i.i.d. p j � < L}M�� � ?�� L}M�� variates.

Proof. The proof is exactly the sameasthe proof of Proposition5.3, exceptthatnow
Theorem6.3andProposition6.1areneededinsteadof Theorem5.6andProposition5.1,
respectively.

m
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6.2.2 The Data-Driven SSP Test

The
�
-sampledata-drivenSSPkctestwill againbereferredto astheSSPddtest.

The 1 -level SSPddtest ���h> <	> t`> A0IP�=A0Q , basedon theset
r

of permissibleorders,is defined
as

� �h> <	> t`> A IP� A Q�" 8 if ; <�> {0|�> AB� c �`> <	> {}|�> A� �h> <	> t`> A IP� A Q�" 3 if ; <�> {0|�> AH� c �`> <	> {}|�> A W
where qRA is theselectedorderbasedona SSPselectionrule.

Thefollowing two resultsareessentiallythesameasTheorems5.7and5.8.Their proofs
mustonly beadaptedto thepresentnotationby introducing

�
.

Theorem6.4 The 1 -level
�
-sampleSSPddtestbasedon theset

r
of permissibleorders,

with minimalorder !S~ , andbasedon a selectionrule for which x A /  as
� /  , is

similar andof size 1 .

Theorem6.5 For any set
r

of permissiblepartition sizes,and any selectionrule, the�
-sampleSSPddtestis consistentagainstessentiallyanyalternative.

6.2.3 The SSPdd Permutation Test

Sincethe null hypothesisof coursestill implies the invarianceof the distribution of �=A
underthe group of transformations� , the SSPddtest may also be implementedas a
permutationtest.Thismethodgivesexactresultsfor finite

�
, but asnotedearlier, thefea-

sibility of theenumerationof all permutationsdecreasesrapidly with increasingsample
size

�
, in which casea MonteCarloapproximationmustbeconsidered.

Whenall permutationswouldbeenumerated,thenalsotheexactprobabilitiesP��U�q A "d!yY ,
for finite

�
, could be computed. A Monte Carlo approximation(10000runs) to these

calculationsis doneherein order to comparethe penaltiesx A " � M�� j (BIC, Schwartz
(1978)), x A "�I�u w � QSM¡� j (LL, HannanandQuinn(1979))and x A "4¢ £ � A �M k ¤S¥ (pAIC) for the
setof permissiblepartitionsizes

r "2¦Z$6WeDXWSf6§ , with minimal partitionsize !S~¨"d$ , and
for samplesizes

� "28�$XWS$:f and
� "�f	© . Theresultsfor

� "�$ and
� "dD areshown in

Table6.4.

When
� "2$ , the resultssuggest,asit wasfor the SSPddtestfor the one-sampleGOF

problem,thattheconvergenceto theminimalorderis fasterwith theBIC penaltyaswith
thetwo otherpenalties.Theslowestconvergenceis obtainedwith theLL penalty. When� "�D , however, theconvergenceis with all penaltiesratherfast,at leastfor thesample
sizesconsideredhere.
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Table6.4: TheestimatedexactprobabilitiesPªh« ¬®­,¯±°K² .� "g$ � "gD
penalty

� !#"%$ !³"gD !#"Vf !³"g$ !#"gD !#"%f
BIC 12 0.994 0.006 0.000 0.995 0.005 0.000

24 0.999 0.001 0.000 0.993 0.007 0.000
48 1.000 0.000 0.000 1.000 0.000 0.000

LL 12 0.308 0.023 0.669 0.996 0.004 0.000
24 0.661 0.062 0.277 0.994 0.006 0.000
48 0.814 0.055 0.131 0.832 0.083 0.085

pAIC 12 0.748 0.097 0.155 0.796 0.128 0.076
24 0.896 0.071 0.033 0.974 0.022 0.004
48 0.954 0.034 0.012 0.986 0.012 0.002

6.2.4 Examples

EXAMPLE 6.3. Gravity data
Series1 and8 areagaincompared,but this time with theSSPddtest.Thesetof permiss-
ableordersis takento be

r "´¦Z$XWSDXWSf6§ . TheBIC criterionresultedin ! A "�$ , andthusc j > ? | > AV"dc j > j > Aµ"�$65 ¶	D:f (o·"�3X5 3:f:D ). Both thepAIC andtheLL basedpenalty, on the
otherhand,gave !SA�"%f andc j > ? | > AH"µc j > ¸:> AH"g¶X5 ¶:¹	¹ (oB"g3X5 3:3	© ).
In conclusion,the threedata-driventestsindicatea significantdifferencein distribution
betweenseries1 andseries8.

m

EXAMPLE 6.4. Sleepdata
With thepenaltiesBIC andpAIC the2-sizedpartitionwasselected,resultingin c l > ?�|�> A "c l > j > A�"º8�365 D	D:$ (o�"%365 3	3»8 ). TheLL criterionled to !SA�"%D , andthusc l > ? | > AH"Vc l > ¤ > A�"8	¼�5 3:¶:¶ (oH"g3X5 3:3:$ ). m

6.3 Power Characteristics

Thepower of both theSSPkctestandtheSSPddtestarecomparedto someothertests.
Isotoneswill bepresentedfirst to givenan overall view of the relative sensitivity of the
differenttests. In a secondphase,for someinterestingalternativespowerswill be esti-
matedin a smallsimulationstudy. Alternativesfor

� "%$ andfor
� "VD areconsidered.
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6.3.1 Other Tests for the ½ -sample problem

When
� "%$ , probablythebestknown testis theKolmogorov-Smirnov (KS) test,which

wasdiscussedin Section4.2.3. This testis includedin the presentstudy, althoughit is
generallyknown thatthisconsistentomnibustestdoesnothaveverygoodpowercharac-
teristics(e.g. Stephens,1986).For arbitrary

�
, many extensionsto theKS testexist (see

Hájek andŠidák, 1967, for an overview). The KS statisticwhich is consideredin this
studyis givenby (ChangandFisz,1957;Fisz,1960;Dwass,1960)

¾ <	> A " ¿±À	Á[�� j > kÂkÂk > < ¿±À:ÁG � M > kÂkÂk > AÄÃ '
( [ > A IaF G Q . 8[ L}MÅ � M

� Å
[ L}M
Å � M

� Å '( Å > A IPF G Q Ã 5
Thesecondtestthatis includedis theKruskal-W allis (KW) test(Kruskal,1952;Kruskal
andWallis, 1952),which is equivalentto theWilcoxon / Mann-Whitney test(Wilcoxon,
1945; Mann andWhitney, 1947)when

� "4$ . This test is however not omnibus con-
sistent,but still it is includedhere,mainly becauseof its popularity. The test is most
often usedfor the

�
-samplelocationshift problem,for which it is only of size 1 if the�

populations
( G (ÆÇ"È8_W@5@5N5`W � ) areof the sameshape(i.e. all cumulantsof ordertwo

andhigherareequal).If thelatterconditiondoesnothold, thenthesizeof thetest,under
the hypothesisof no locationshift, may be larger thanthe nominallevel 1 . Within the
framework of thegeneral

�
-sampleproblemthis meansthattheKW testis alsosensitive

to alternativesdifferentfrom a locationshift. For this reasonthetestis alsoconsidered.

The Anderson-Darling (AD)
�
-sampletest (Pettit, 1976; ScholzandStephens,1987)

is automaticallyincludedis this study, sincethis testis a specialcaseof the SSPkctest
( !³"%$ ).
Althoughthroughoutthis thesistherehasfrequentlybeenmadereferenceto adata-driven
Neyman-typetestof Janic-WŕoblewskaandLedwina(2000),the test is not includedin
thesimulationstudybecauseit hasbeenpublishedonly afterthesimulationstudythatis
presentedin this sectionwascompleted.

The exact (permutation)distributionsof all thesetestsaresimulated(10000runs). The
critical valuesaregivenin Table6.5.

Table6.5: Critical valuesat the É:Ê -level for Ë±¯ÍÌ�Î andËÍ¯ÏÎ�Ð for the Ñ -sampletestsusedin this thesis.� �
SSP2 SSP3 SSP4 KS KW

24 2 2.529 4.118 5.572 0.500 3.853
3 3.984 6.985 9.440 0.625 5.780

48 2 2.493 4.184 5.679 0.375 3.757
3 4.095 6.931 9.511 0.438 5.857
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6.3.2 The Alternatives

As with the one-sampleGOF problem,thereare an infinite numberof alternativesof
which the small samplepropertiescould be studied. Threefamiliesof alternativesare
consideredfor both

� "�$ and
� "�D . Thefirst typeof alternativesaresuchthat for all( G (ÆÏ"Ò8_W@5N5@5`W � ) the meansareequal,but the distributionsmaydiffer in all othermo-

ments(scale,skewness,kurtosis,...). Thesecondfamily consistsof contaminatednormal
distributions,andthethird family is ascale-locationfamily of normaldistributions.

For thefirst type,theTukey-Lambda(TL) family is usedin thefollowing way. In contrast
to theuseof this family in thepower studyof theSSPtestfor theone-sampleGOFnull
hypothesis,here

�
distributionsmustbespecifiedunderthealternativehypothesis.All

�
distributionsaretaken to be membersof the TL family, but only the

�
th distribution is

differentfrom thefirst
� . 8 distributions.Thesefirst

� . 8 distributionsarezero-mean
normaldistributions( Ó M "�Ó�jH"�365P8ZD:f	¹ ). Thefamily of alternativesis thenindexedbyÔ "ÕIKÓ M W@Ó�j�Q which refersto the

�
th TL distribution. Sincethemeanof a TL distributed

rv changeswith
Ô

, a correctionis needed.Let Ö�× aTL distributedrv,

ÖØ×B" Ù ×ÛÚ . 8Ó M . Ie8 . Ù Q ×NÜ . 8Ó	j W
where

ÙÞÝdÙ I�3XWv8:Q , thentherv F × from the
�
th distribution

( < is givenby

FH×b"�ÖØ× . E UßÖØ×	Y6��à�W
where à is the meanof the first

� . 8 distribution; here à4"¨3 for the (quasi)normal
distribution

Ô "ºIá365P8ZD:f	¹XWe365P8ZD:f	¹»Q .
The contaminatednormal(mixturedistribution) alternativesalsoconsistof

� . 8 equal
distributions,which areall standardnormal,and1 parameterizeddistribution, which is
supposedto bethe

�
th distribution. Thedensityof the2-parameterfamily is givenby

âNã IaERQ�"�IS8 .Øä Qaå}IaERQ0� ä å E .gæ3X5 3:3»8 W
whereå is thedensityof thefirst

� . 8 standardnormaldistributions. Theparameterä
correspondto thefractionor probabilitymassof thedistributionthatis contaminatedwith
a normaldistributionwith meanæ andstandarddeviation 365 3	3»8 .
As with thetwo formerfamilies,thescale-locationfamily is alsousedto simulateoneof
the

�
samples.The remaining

� . 8 samplesarestandardnormal. As before,let å}IaEçQ
denotethe df of a standardnormaldistribution, thenthe distribution

âNã IaEçQ , indexedbyè "�IPà�W@�}Q , is thedf of a rv F Ýdé IPà�W@� j Q , or equivalently

â ã IPEçQR"Vå E . à� 5
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6.3.3 Results

Table6.6: Theestimatedpowersfor somealternativesof theTukey-Lambdafamily in the2-sampleproblem,
basedon10000simulationruns.Thefirst distribution is anormaldistribution (êB¯�ëßì	í î�ï�Î�ð	ñáì	í î�ï�Î�ð:ò ).Ë ó»ô óXõ power

SSP2 SSP3 SSP4 dd - BIC dd - LL dd - pAIC KS KW
24 1 1 0.153 0.313 0.360 0.154 0.363 0.361 0.100 0.065
24 1.5 1.5 0.309 0.614 0.676 0.318 0.676 0.673 0.196 0.081
24 3 3 0.730 0.952 0.963 0.742 0.963 0.964 0.479 0.108
24 6 6 0.935 0.997 0.999 0.948 0.999 0.999 0.635 0.123
24 2 0 0.080 0.137 0.164 0.081 0.165 0.165 0.063 0.062
24 4 0 0.104 0.169 0.208 0.105 0.209 0.213 0.088 0.079
24 4 1.5 0.533 0.846 0.885 0.544 0.885 0.882 0.340 0.089
24 -1 -1 0.154 0.326 0.379 0.157 0.380 0.377 0.116 0.064
24 1.5 1.75 0.334 0.662 0.717 0.345 0.717 0.715 0.220 0.068
48 1 1 0.506 0.744 0.810 0.506 0.811 0.757 0.206 0.071
48 1.5 1.5 0.870 0.974 0.986 0.780 0.986 0.978 0.565 0.072
48 3 3 1.000 1.000 1.000 1.000 1.000 1.000 0.958 0.093
48 2 0 0.162 0.292 0.373 0.162 0.373 0.340 0.123 0.068
48 4 0 0.215 0.404 0.490 0.215 0.490 0.450 0.149 0.057
48 4 1.5 0.991 1.000 1.000 0.991 1.000 1.000 0.849 0.078
48 -1 -1 0.531 0.750 0.807 0.531 0.807 0.757 0.209 0.054
48 1.5 1.75 0.917 0.984 0.988 0.917 0.988 0.985 0.597 0.084

Tukey-Lambda
The isotonesfor the TL family of alternativesare shown in Figures6.4 and6.5. The
estimatedpowersareshown in Tables6.6and6.7.

In generalthe estimatedpowersconfirm the relative positionsof the isotones.First the� "%$ caseis discussed.

ö Moving away from thepoint Ó M "ÕÓ�j±"÷365P8ZD:f	¹ , representingthenull hypothesis,
alongthediagonaltowardslarger Ó -values(symmetricdistributionswith increasing
kurtosis),thefirst isotonesthatarecrossed,arethoseof thedata-drivenSSPtests
basedon the LL and the pAIC criteria, and the SSP24test. The SSPdd-LLtest
evenhasaslightly higherpower, especiallywhen

� "%f:© . Thepowerof theSSP24
test is almostindistinguishablefrom the LL basedtests. When

� "4$:f also the
SSPdd-pAICtestbehavesvery similarly. With bothsamplesizestheorderof the
powersof theSSP2ctestsis SSP24� SSP23� SSP22,whereespeciallythelatter
hasa far lower power. Thepower of theBIC baseddata-driventestwasestimated
a little bit higherthanthepowerof theSSP22test,especiallywhen

� "%$:f . Recall
that the SSP22test is exactly equivalent to the 2-sampleAnderson-Darlingtest.
The referencetestsKS and KW resultedclearly in much smallerpowers. The
formeralwayshadlargerpowers,whichwasasexpectedsinceit is anomnibustest,
whereastheKW testis essentiallyatestfor thek-samplelocationshift problemand
in thepresentsimulationstudythemeanwaskeptconstant.ö In the other direction along the diagonal,into the direction of alternatives with
heavier tails,moreor lessthesamebehaviour is observed.
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Table6.7: Theestimatedpowersfor somealternativesof theTukey-Lambdafamily in the3-sampleproblem,
basedon10000simulationruns.Thefirst two distributionsarenormaldistributions( êb¯ØëÂì	í î�ï�Î�ð	ñ�ì	í î�ï�Î�ð:ò ).Ë ó»ô óXõ power

SSP2 SSP3 SSP4 dd - BIC dd - LL dd - pAIC KS KW
24 1 1 0.103 0.147 0.192 0.103 0.196 0.154 0.032 0.058
24 1.5 1.5 0.163 0.259 0.371 0.163 0.372 0.292 0.040 0.069
24 3 3 0.259 0.579 0.769 0.259 0.769 0.681 0.104 0.085
24 5 5 0.340 0.786 0.935 0.340 0.935 0.896 0.146 0.095
24 2 0 0.078 0.091 0.119 0.078 0.120 0.102 0.026 0.052
24 4 0 0.090 0.117 0.147 0.090 0.150 0.126 0.036 0.061
24 4 1.5 0.223 0.449 0.623 0.223 0.623 0.525 0.076 0.081
24 4 -1 0.956 0.982 0.991 0.956 0.991 0.981 0.897 0.787
24 4 -2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.997
24 -1 -1 0.115 0.195 0.242 0.115 0.246 0.199 0.047 0.056
24 1.5 1.75 0.154 0.294 0.413 0.154 0.414 0.333 0.039 0.058
48 1 1 0.193 0.354 0.511 0.193 0.508 0.306 0.078 0.049
48 2 2 0.646 0.935 0.973 0.646 0.973 0.917 0.431 0.066
48 3 3 0.894 0.990 0.998 0.894 0.998 0.990 0.741 0.080
48 6 6 0.999 1.000 1.000 0.999 1.000 1.000 0.968 0.084
48 2 0 0.125 0.170 0.239 0.125 0.237 0.150 0.091 0.066
48 4 0 0.138 0.212 0.310 0.138 0.304 0.187 0.096 0.061
48 6 0 0.140 0.237 0.340 0.140 0.342 0.211 0.094 0.064
48 10 0 0.141 0.234 0.345 0.141 0.341 0.207 0.107 0.065
48 4 1 0.513 0.848 0.924 0.513 0.924 0.820 0.311 0.063
48 2 -1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.969
48 -1 -1 0.327 0.511 0.626 0.327 0.625 0.463 0.186 0.081
48 1.5 1.75 0.475 0.808 0.906 0.475 0.905 0.784 0.294 0.071

ö The isotonesdo not give much information along the the Ó�j�"�3 line towards
the point

Ô "øIS�  WS3»Q (exponentialdistribution). The correspondingestimated
powers,however, indicatethatthehighestpowersareobtainedwith thedata-driven
SSPtestbasedon the LL andthe pAIC criteria, andthe SSP24test. Further, as
in the diagonaldirection,amongthe SSP2cteststhe order is SSP24� SSP23�
SSP22.The latter hasshows the samepatternasthe SSPdd-BICtest. Again the
KW andtheKS performtheworst.

Next, the
� "%D caseis discussed.

ö Along the diagonalin the
Ô

-plane,towardslarge positive Ó -values,the isotones
of the LL baseddata-drivenSSPtestandtheSSP34testarecrossedfirst. This is
confirmedby theestimatedpowers. When

� "�$:f thepower of theSSPdd-pAIC
test is always in betweenthoseof the SSPdd-LLand the SSP33tests,but when� "%f:© theSSP33testis abit morepowerful thanthepAIC basedtest.TheSSP22
test,andthisalsotheAD test,is alwayslesspowerful thantheotherSSPtests.The
KS andtheKW testsagainhave thelowestpowers.ö In theotherdirectionalongthediagonal,againmoreor lessthesamebehaviour is
observed.ö Whenmoving from the null point

Ô "ùI�3X5á8�D	f:¹XWS3X5á8�D	f:¹»Q towardsthe exponential
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Table6.8: Theestimatedpowersfor somealternativesof themixturefamily in the2-sampleproblem,based
on10000simulationruns.Thefirst distribution is astandardnormaldistribution (ú³¯Íûü¯Ïì ).Ë ú û power

SSP2 SSP3 SSP4 dd - BIC dd - LL dd - pAIC KS KW
24 0 0.6 0.199 0.473 0.594 0.208 0.594 0.590 0.230 0.067
24 0 0.7 0.328 0.676 0.774 0.360 0.774 0.775 0.311 0.067
24 0 0.85 0.604 0.919 0.953 0.690 0.953 0.953 0.508 0.097
24 0.5 0.6 0.302 0.470 0.563 0.306 0.565 0.565 0.322 0.182
24 0.5 0.8 0.601 0.841 0.914 0.626 0.914 0.912 0.593 0.270
24 1.5 0.5 0.495 0.555 0.578 0.495 0.581 0.578 0.480 0.451
24 2.5 0.6 0.798 0.840 0.838 0.798 0.840 0.851 0.750 0.745
48 0 0.5 0.322 0.618 0.738 0.322 0.738 0.720 0.364 0.072
48 0 0.6 0.553 0.848 0.923 0.553 0.923 0.922 0.563 0.078
48 0 0.8 0.960 0.997 0.998 0.960 0.998 0.998 0.938 0.080
48 0.5 0.5 0.443 0.650 0.790 0.443 0.790 0.760 0.545 0.208
48 1 0.4 0.463 0.550 0.610 0.463 0.610 0.570 0.508 0.372
48 1 0.6 0.853 0.917 0.938 0.853 0.938 0.933 0.907 0.697
48 3 0.4 0.823 0.853 0.882 0.823 0.885 0.865 0.705 0.710
48 3 0.6 0.993 0.997 0.998 0.993 0.998 0.997 0.990 0.977

point
Ô "�IS�  WS3»Q , thepowersof all testsremainsmall,but oncemoretheSSP34

andtheLL baseddata-driventestsperformedbest.When
� "�f:© , theSSPdd-LL

testresultedin thehighestpowers,followedby theSSP34or theKS test.Then,the
SSP33andthepAIC follow, andfinally, thelowestpower is obtainedwith theKW
test.

ContaminatedNormal
The isotonesof the mixture alternativesarepresentedin Figures6.6 and6.7. The esti-
matedpowersareshown in Tables6.8and6.9.

First the2-sampleproblemis discussed.

ö When æ "´3 , i.e. a mixture of two equalmeannormaldistributions,the highest
powersaregenerallyobtainedwith theLL andthepAIC baseddata-driventestsand
theSSP24test.Thenext highestpower resultedfrom theSSP23test,followedby
theSSPdd-BICandtheSSP22tests.The latter two have almostindistinguishable
powerswhen

� "ºf	© , when
� "º$	f , theBIC criterion resultedin slightly higher

powers. The power of the KS test is a bit lower than the power of the SSP22
test,except for very small valuesof ä . Finally, the power of the KW testbroke
completelydown, which is due to the constancy of the meanunderthe mixture
alternativewith æ "V3 .ö In thesituationwhere æ�ý"þ3 , thenthemeansof thetwo samplesdiffer, andthusit
maybeexpectedthattheKW testperformsat leastbetterascomparedto the æ "%3
case.Indeedthis is seenbothfrom theestimatedpowersasfrom the isotones,but
still it hasthe lowestpowersamongthetestscomparedin this study, exceptwhenæ is very large. ThebesttestsaretheSSPdd-pAIC,SSPdd-LLandtheSSP24test.
The next besttest is the SSP23test, followed by the SSP22test,which behaves
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Table6.9: Theestimatedpowersfor somealternativesof themixturefamily in the3-sampleproblem,based
on10000simulationruns.Thefirst two distributionsarestandardnormaldistributions(úÄ¯±ûü¯Íì ).Ë ú û power

SSP2 SSP3 SSP4 dd - BIC dd - LL dd - pAIC KS KW
24 0 0.8 0.223 0.492 0.656 0.223 0.656 0.616 0.122 0.073
24 1 0.8 0.643 0.742 0.800 0.643 0.800 0.742 0.637 0.523
24 1.5 0.7 0.694 0.716 0.737 0.694 0.742 0.725 0.616 0.615
24 1.5 0.8 0.837 0.862 0.885 0.837 0.886 0.861 0.799 0.758
24 2.5 0.7 0.810 0.832 0.843 0.810 0.847 0.840 0.655 0.727
24 3 0.4 0.335 0.345 0.363 0.335 0.373 0.353 0.182 0.280
24 3 0.8 0.935 0.943 0.952 0.935 0.955 0.945 0.862 0.887
48 0 0.6 0.298 0.566 0.746 0.298 0.746 0.594 0.329 0.061
48 0 0.7 0.431 0.775 0.909 0.431 0.908 0.800 0.490 0.069
48 0 0.9 0.901 0.995 0.999 0.901 0.999 0.999 0.908 0.085
48 1 0.6 0.676 0.746 0.826 0.676 0.824 0.720 0.745 0.564
48 1 0.8 0.945 0.974 0.986 0.945 0.986 0.966 0.972 0.824
48 2 0.4 0.584 0.615 0.661 0.584 0.668 0.601 0.460 0.474
48 2 0.5 0.789 0.814 0.859 0.789 0.852 0.799 0.726 0.683
48 3 0.6 0.789 0.814 0.859 0.789 0.853 0.799 0.726 0.683

almostexactly the sameas the data-driven testbasedon the BIC criterion when� "ºf:© . For the smallersamplesize,sometimesthe SSPdd-BICoutperformsthe
SSP22slightly.
In general,when æbý"%3 , thepowerdifferencesaresmallerthenwhen æ "%3 .

Next, the3-sampleproblemis discussed.

ö When æ "þ3 , theLL baseddata-drivenSSPtestandtheSSP34testresultedin the
highestpowers,followed by the pAIC baseddata-driventestandthe SSP33test.
A further power decreaseoccurredbetweenthe SSP33andthe SSP32test. The
latter hasagaina power equalto the power of the SSPdd-BICtest. The KS test
performedonly slightly lessthantheSSP32test. Extremelow powerswereagain
obtainedwith theKW test.ö In the æ^ý"d3 case,theconclusionsaremoreor lessthesameasin thetwo-sample
case. The LL baseddata-driven testperformsoverall the best,immediatelyfol-
lowedby theSSP34,SSP33andtheSSPdd-pAICtests.TheSSP32andtheSSPdd-
BIC testareequivalentoncemore,and the lowestpowersareobtainedwith the
KS andthe KW tests. But all powersarevery closeto eachother, which is also
observedfrom theisotones.

Location-Scale:
Figures6.8 and6.9 presentthe resultsof the scale-locationfamily of alternatives. The
estimatedpowersareshown in Tables6.10and6.11.

As expectedthepowerswhen
� "%$ aregenerallyhigherascomparedto

� "%D .
For mostof the

è "CIaà�WN�}Q valuestheSSPdd-LLtestis themostpowerful, oftenalmost
equivalentto theSSPk4test.Thefact that theSSPdd-LLtestmimicstheSSPbasedtest
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Table6.10:Theestimatedpowersfor somealternativesof thescale-locationfamily in the2-sampleproblem,
basedon10000simulationruns.Thefirst distribution is astandardnormaldistribution (ÿÏ¯Ïì	ñ��±¯�î ).Ë ÿ � power

SSP2 SSP3 SSP4 dd - BIC dd - LL dd - pAIC KS KW
24 0 3 0.236 0.457 0.532 0.243 0.533 0.531 0.144 0.077
24 0 4 0.349 0.659 0.727 0.359 0.727 0.724 0.216 0.077
24 0 6 0.535 0.857 0.904 0.547 0.904 0.902 0.325 0.100
24 1 1 0.622 0.613 0.579 0.622 0.608 0.636 0.452 0.645
24 1 2 0.392 0.452 0.475 0.393 0.482 0.490 0.306 0.328
24 1 4 0.423 0.720 0.764 0.428 0.764 0.765 0.295 0.165
24 1 6 0.571 0.872 0.907 0.585 0.907 0.904 0.369 0.117
24 2 1 0.996 0.997 0.992 0.996 0.994 0.996 0.975 0.995
24 2 4 0.629 0.806 0.834 0.639 0.835 0.834 0.548 0.361
48 0 2 0.325 0.492 0.546 0.325 0.550 0.500 0.152 0.069
48 0 3 0.722 0.891 0.925 0.722 0.925 0.892 0.348 0.072
48 0 4 0.918 0.981 0.987 0.918 0.987 0.982 0.541 0.068
48 0.75 1 0.707 0.673 0.648 0.707 0.684 0.709 0.560 0.727
48 0.75 2 0.597 0.712 0.746 0.597 0.748 0.718 0.475 0.349
48 1 1 0.911 0.897 0.880 0.911 0.903 0.911 0.789 0.919
48 1 2 0.757 0.806 0.823 0.757 0.828 0.810 0.649 0.569
48 1 3 0.853 0.948 0.964 0.853 0.964 0.950 0.647 0.345
48 1.5 3 0.941 0.975 0.982 0.941 0.983 0.975 0.852 0.592

with !Í"Õf hasbeenencountereda few timesbefore,even for the onesampleproblem.
Only underthecircumstancesof alocationshift with amild changein scale(e.g. Iaà�WN�}QR"IS8�Wv8:Q ) theSSPk2testshows thehighestpoweramongtheSSPkctests.This behaviour is
seenin boththeestimatedpowersandin theisotones.Undertheseconditionsit is theBIC
or the pAIC criterion that outperformsthe LL penalty. Yet anotherfeatureunderthese
conditionsthatappearsfrom theisotonesandthat is confirmedby theestimatedpowers,
is thatonly heretheKW testis morepowerful thantheKS test,which is not surprising
for theKW testis indeedspecificallysensitive to locationshiftswhentheformsof the

�
distributionsareequal.For all othervaluesof

è
boththeKW andtheKS testarefar less

powerful thantheSSPbasedtests.

ThepAIC penaltydid onaverageonly abit lessthantheLL penalty, andasmentionedin
thepreviousparagraph,it did betterundera locationshift alternative.

In generalit maybeconcludedfrom this smallsimulationstudythat theLL baseddata-
drivenSSPtestis a goodchoice.Whenoneexpectsa locationshift but whenoneis still
interestedin the general

�
-samplealternative aswell, the pAIC penaltyis alsoa good

choice.

6.3.4 Conc lusion

Threefamiliesof alternativeswereempirically investigated,which suggestsomegeneral
conclusions.

First,wewouldliketo remarkthatalthoughunderthethreefamiliesveryfrequentlythe2-



6.3Power Characteristics 173

Table6.11:Theestimatedpowersfor somealternativesof thescale-locationfamily in the3-sampleproblem,
basedon10000simulationruns.Thefirst two distributionsarestandardnormaldistributions(ÿÍ¯Íì	ñ��Í¯Øî ).Ë ÿ � power

SSP2 SSP3 SSP4 dd - BIC dd - LL dd - pAIC KS KW
24 0 8 0.346 0.680 0.780 0.346 0.780 0.694 0.156 0.072
24 0 12 0.429 0.800 0.883 0.429 0.883 0.813 0.192 0.080
24 2 1 0.968 0.953 0.944 0.968 0.954 0.970 0.871 0.969
24 2 10 0.458 0.807 0.878 0.458 0.878 0.811 0.246 0.098
24 4 5 0.734 0.827 0.856 0.734 0.858 0.829 0.592 0.517
24 4 10 0.573 0.837 0.908 0.573 0.908 0.842 0.346 0.189
24 4 25 0.555 0.934 0.974 0.555 0.974 0.940 0.281 0.122
48 0 3 0.448 0.668 0.770 0.448 0.768 0.623 0.234 0.059
48 0 5 0.813 0.947 0.975 0.813 0.975 0.929 0.482 0.083
48 0 10 0.991 0.997 0.999 0.991 0.999 0.997 0.785 0.088
48 1 1 0.783 0.746 0.753 0.783 0.777 0.783 0.654 0.793
48 1 3 0.632 0.774 0.844 0.632 0.837 0.735 0.469 0.251
48 1 5 0.868 0.956 0.975 0.868 0.975 0.941 0.580 0.153
48 2 5 0.915 0.977 0.990 0.915 0.990 0.967 0.763 0.343

sizedSSPbasedtestperformedworstamongtheSSPtestsandthe4-sizedtestperformed
best,theredoesnotseemto atheoreticallysupportedargumentthatallowsusto conclude
that the SSPk2testwill always resultsin the lowestpowers. This remarkmakesus a
bit precautiousw.r.t. to a recommendationof a certainpenalty. In particular, mostof
the simulationresultssuggestthat the LL criterion givesthe bestpowers,andthe same
simulationsalsoshow thatoftentheSSPdd-LLtestis verysimilar to theSSPk4test.The
latter characteristicwasalsoseenin the simulationstudyof Chapter5. Moreover, it is
alsoobservedthat theLL criterionoftenstill selectsq A "�f whena smaller ! would be
a betterchoice. UndersuchcircumstancesthepAIC criterion,which shows generallya
fasterconvergenceof q A thanLL, frequentlyselectsa smallerpartitionsizeresultingin
a higherpower. On theotherhand,whentheSSPk4testis themostpowerful, thepAIC
penaltyleadsto powersthatareonly a little bit smallerthanthosewith theLL criterion.

Theabove discussionbringsus to theconclusionthatboth theLL andthepAIC criteria
seemgoodchoices.

Generally, the SSP-basedtestsresult in greaterpowers than the KS andthe KW tests.
Only undera locationshift alternative thepowerof theKW testis slightly greater.
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Figure6.4: The isotonesfor the Tukey-Lambdafamily of alternatives, for Ñb¯ØÌ (a) and ÑB¯Øï (b), both
with Ë±¯ÍÌ�Î observations.Thefirst Ñ
�Çî distributionsarenormaldistributions êH¯�ëßì	í î�ï�Î�ð	ñáì	í î�ï�Î�ð:ò .



6.3Power Characteristics 175

(a)

-2 0
�

2
�

4
�

6
�

8
�

10

lambda1
�

-2
0

2
4

6
8

10
la

m
bd

a2

KW
SSP22
	
SSP23
	
SSP24
	
dd - BIC


dd - LL


dd - pAIC


KS
�

(b)

-2 0
�

2
�

4
�

6
�

8
�

10 12

lambda1
�

-2
0

2
4

6
8

10
12

la
m

bd
a2

KW
�
SSP32
	
SSP33
	
SSP34
	
dd - BIC


dd - LL


dd - pAIC


KS

Figure6.5: The isotonesfor theTukey-Lambdafamily of alternatives, for Ñb¯ØÌ (a) and Ñb¯Øï (b), both
with ËÏ¯ÏÎ�Ð observations.Thefirst Ñ��bî distributionsarenormaldistributions êb¯Øëßì	í î�ï�Î�ð	ñáì	í î�ï�Î�ð:ò .



176
�
-SampleSampleSpacePartition Test

(a)

-1 0
�

1 2
�

3
�

4
�

delta



0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

ga
m

m
a

KW
SSP22
	
SSP23
	
SSP24
	
dd - BIC


dd - LL


dd - pAIC


KS
�

(b)

-1 0
�

1 2 3
�

4

delta



0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

ga
m

m
a

KW
SSP32
	
SSP33
	
SSP34
	
dd - BIC


dd - LL


dd - pAIC


KS

Figure6.6: The isotonesfor the mixture family of alternatives, for Ñ^¯µÌ (a) and Ñ^¯µï (b), both withËÏ¯ÏÌ�Î observations.Thefirst Ñ��bî distributionsarestandardnormaldistributions(ú³¯Íûü¯Ïì ).



6.3Power Characteristics 177

(a)

-1 0
�

1 2
�

3
�

4
�

delta
�

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

ga
m

m
a

KW
SSP22
�
SSP23
�
SSP24
�
dd - BIC
�
dd - LL
�
dd - pAIC
�
KS

(b)

-1 0
�

1 2
�

3
�

4
�

delta
�

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

ga
m

m
a

KW
SSP32
�
SSP33
�
SSP34
�
dd - BIC
�
dd - LL
�
dd - pAIC
�
KS

Figure6.7: The isotonesfor the mixture family of alternatives, for Ñ^¯µÌ (a) and ÑØ¯Vï (b), both withË±¯ÍÎ�Ð observations.Thefirst Ñ
�Çî distributionsarestandardnormaldistributions(ú³¯Íûü¯Íì ).



178
�
-SampleSampleSpacePartition Test

(a)

-1 0
�

1 2
�

3
�

4
�

mu

0
2

4
6

8
10

12
si

gm
a

KW
�
SSP22
	
SSP23
	
SSP24
	
dd - BIC


dd - LL


dd - pAIC


KS

(b)

0
�

2 4 6
�

8
�

10

mu�

0
10

20
30

40
50

si
gm

a

KW
SSP32
�
SSP33
�
SSP34
�
dd - BIC
�
dd - LL
�
dd - pAIC
�
KS

Figure6.8: Theisotonesfor thescale-locationfamily of alternatives,for Ñ,¯JÌ (a)and Ñ,¯Íï (b), bothwithËÏ¯ÏÌ�Î observations.Thefirst Ñ��bî distributionsarestandardnormaldistributions(ÿÏ¯Íì	ñ��Í¯Øî ).



6.3Power Characteristics 179

(a)

-1 0
�

1 2
�

3
�

4
�

mu�

0
2

4
6

8

si
gm

a

KW
SSP22
�
SSP23
�
SSP24
�
dd - BIC
�
dd - LL
�
dd - pAIC
�
KS

(b)

-1 0
�

1 2 3
�

4

mu

0
5

10
15

20

si
gm

a

KW
SSP32
�
SSP33
�
SSP34
�
dd - BIC
�
dd - LL
�
dd - pAIC
�
KS

Figure6.9: Theisotonesfor thescale-locationfamily of alternatives,for Ñ&¯JÌ (a)and Ñ,¯Íï (b), bothwithË±¯ÍÎ�Ð observations.Thefirst Ñ
�Çî distributionsarestandardnormaldistributions(ÿÍ¯Ïì	ñ��±¯�î ).



180
�
-SampleSampleSpacePartition Test

6.4 The Decomposition of the SSPkc Test Statistic

Thepracticaladvantagesof non-parametricomnibustestsareobvious: first, its null dis-
tribution doesnot dependon the truedistributions,andsecond,becauseof theomnibus
sensitivity, thetestmaybeappliedto detectwhateverdeviation from thenull hypothesis.
Thus,by the latter characteristic,the researchermustnot have any prior knowledgeon
possibledeviations.But, on theotherhand,thesamepropertyhasled to a criticism that
generallyappliesto many omnibustests:whensucha testrejectsthenull hypothesis,the
researcheractuallyonly knows that the

�
samplesdo not comefrom the samedistribu-

tion, but thetestdoesnotgiveanindicationin whatsensethedistributionsdiffer. E.g. all
distributionsmaybeof thesameform, but maydiffer in meanor in variance.

For theone-sampleGOFproblem,Neyman(1937)constructeda smoothtestby embed-
ding thehypothesizeddistribution ) in a parametric(exponential)family of continuous
alternativedistributions

( ã
, indexedby an � -dimensionalnuisanceparameter

è
. Thetest

statistic,which is a scorestatisticwithin the exponentialfamily, is a sumof � indepen-
dentcomponents,andeachcomponentrelatesto justoneof the � parameters.In thisway,
whenthe GOF null hypothesisis rejectedby Neyman’s test, largecomponentsindicate
that the correspondingparametersareprobablynon-zeroin the true distribution. This
Neyman’s smoothtestis however only consistentif the truedistribution is embeddedin
thefamily of alternatives.Furthermore,if this is indeedthecase,Neyman(1937)showed
that the test is locally uniformly most powerful. Despitethis optimality property, the
above mentionedembedding-requirementis generallyonly guaranteedas � /  , but
of coursethis is not feasiblein practice.A ratherrecentsolutionis to make thesmooth
testdata-driven (Ledwina,1994),but still the dimension��"�� A mustgrow with

�
in

orderto have consistency. For the2-sampleproblem,thedata-drivenversionis recently
developedby Janic-WŕoblewskaandLedwina(2000).

A generalizationof theconstructionof teststatisticsassumsof componentsis givenby
Eubanket al. (1987). They have shown thatPearson’s � j -measure,which is twice the
directed(continuous)divergenceof order1 (Equation5.3),

� j "%$ I M I (�� )JQç" � I â I�� Q . å}I � QSQ jå}I � Q å0I�� Q"!#�³W
canbe decomposedinto an infinite numberof componentsx j G (Æ�"ø8_W@5@5N5 ), which can
easily be estimatedfrom the data. The test statistic is then the correspondingsum of
estimatedcomponents'x j G (detailsaregiven in Section4.3.2). Of course,only a limited
numberof components,say � , arecomputed.The interpretationof the componentsde-
pendson thechoiceof a completeorthonormalsystem(CONS)of polynomials.When,
e.g.,thesystemof Legendrepolynomialsis taken,thesamecomponentsasthoseof the
Neyman’ssmoothteststatisticarefound. With this choice,thefirst two componentsfor
the

�
-sampleproblemaretheKruskal-Wallis statisticandtheMoodstatistic.Theformer

is a rankstatisticwhich is oftenusedto testagainsta shift in location,andthe latter is a
statisticusedfor detectinga changein scale.With this in mind, whenever by meansof
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sucha smoothtest,whetherdata-drivenor not, the
�
-samplenull hypothesisis rejected,

a closeexaminationof the separatecomponentsmay reveal someof the featureswith
respectto which thedistributionsdiffer. Theabove mentionedcomponentsarethoseof
Janic-WŕoblewskaandLedwina(2000)data-driventeststatisticaswell.

Most of the above mentionedpropertieshold moregenerallyfor otherGOF problems,
but in theremainderof this sectionthediscussionis restrictedto the

�
-sampleproblem.

Sometimesreferencewill bemadeto thedata-driventestof Janic-WŕoblewskaandLed-
wina (2000),which is howeveronly constructedfor the2-sampleproblem.

Theaimof thissectionis to decomposetheSSPkcteststatisticinto interpretablecompo-
nents.Furthermore,it will beshown thattheabovementionedstatisticsmaybeobtained
in a limiting case.Again,asbefore,we will usethetermsdiscreteandcontinuousdiver-
genceto referto thedivergencebasedon a SSPandthesupremumof sucha divergence,
respectively.

6.4.1 The Decomposition of the Averaged Pearson Discrete
Diver gence

ThePearsondiscretedivergenceis thedirecteddivergenceof order1, basedon a SSP.

The partition constructionrule andthe partition determiningsubsamplesetareexactly
thesameasthosedefinedpreviously for the

�
-sampleproblem.Usingthesamenotation

asin Section6.1.3,theaveragedPearsondivergenceis givenby (Equation6.4)

$ ? I (�� )JQ�" E% I M I (�� )'&@U)(�Y I * ? L=M > A QSQ
" 8$ E% <[�� M

?
G � M

A,+A P%-+=U/. G [ Y . A0+A P��U/( G Y jA +A P��U/( G Y W (6.13)

wherefor notationalcomfort thedependenceon * ? L=M > A of theelementsof thepartitionsU/(�YKI�*#? L}M > A`Q and U). Y I *³? L=M > A`Q is dropped.

Let 1ø"21µI�*#? L}M > A»Q bea !43 � matrix with IPÆZWK]6Q th entry 5�G [ equalto

� M�� j A +A P%-+=U/. G [ Y . A +A P��U/( G YA +A P� U)(ÄG�Y W
(Æ�" 8�W@5N5@5`WN! � ]�" 8�WN5@5@5`W � ). The PearsondivergenceI M I (�� )'&@U)(�Y I *³? L=M > AhQSQ is then
equalto MA times the sumof squaredentriesof 1 , which may be written as tr U 16167PY .
Thus,

$ ?�I (�� )JQR" Mj A E% U tr U 1'167aY Y .
Next, we considera decompositionof thePearsondivergence,similar to decompositions
proposedby Lancaster(1949,1953).Let ¦98 G § (Æ "Þ8�W@5N5@5`WN! ) bescoresassignedto the !
rowsof thecontingency tableinducedby thepartition U/. YKI�* ? L}M > A Q . Let :�";:·I * ? L=M > A Q
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bea !<3Ø! orthonormalmatrixwith on thefirst row theentries

8 [ " P� U)( [ Y�W
(]±"º8�WN5@5@5`WN! ). Theotherrowsareconstructedbyorthogonalityconditions.Let ¦>= G L=M I?8}Qy§
(Æ "Þ8�W@5N5@5`WN! ) bea setof orthonormalpolynomialsin 8ØTg¦98 M WN5@5N5`W"8 ? § , associatedwith
the probabilitiesP��U)( [ Y , andsuchthat = + I�8 [ Q,"ù8 (]·"È8�W@5N5@5`WN! ). Then,the entry @ G [
maybegivenby (Æ�Wy]±"º8�W@5N5@5`WN! )

@�G [ "A=ÛG L=M I?8 [ Q P� U/( [ Y�5
Indeed,: constructedin this way is anorthonormalmatrix,

?[�� M @
Å [ @�~ [ " ?[�� M = Å L}M I?8 [ QB=�~ L}M I?8 [ Q P��U/( [ Y=" æ Å ~ÍW

( C�WBD "�8_W@5@5N5`W@! ) where æ Å ~ is Kronecker’sdelta.

Notethatanimportantpropertyof theorthonormalmatrix : is that

tr UaI :61µQeI�:61·Q 7 Y=" tr U : 7 :6161 7 Y=" tr U 161 7 Y	W
or, equivalently, thesumof squaredentriesof :'1 is equalto thesumof squaredentries
of 1 .

Here,wetakethesamepolynomialsasthoseusedby Best(1995).Thefirst two aregiven
by (]Ç"º8�W@5N5@5`WN! )

= + I�8 [ Q " 8
= M I�8 [ Q " 8 [ . àE . à j W

whereàÕ"�à�I�* ? L}M > A Qz" ?[�� M 8
[
P��U)( [ Y and E " E I�* ? L}M > A Q " ?[�� M 8 j[ P��U/(

[ Y . Letà ¤ "2à ¤ I *³? L=M > A`QÍ" ?[�� M 8
¤[
P� U/( [ Y and à}¸V"Þà}¸ÛI�*#? L}M > AhQÍ" ?[�� M 8 ¸[ P� U/(

[ Y . The
third polynomialis givenby

=	j�I?8 [ Qç"AF L}M�� j¸ 8 j[ . F j M FejG8
[ �2F ¤ W

where F M "ÞI E . à j QSL}M�� j , FejÏ"%à ¤ . à E , F ¤ "HF j M Fej�à . E and F ¸ "%à ¸ �;F ¸ M F jj E �;F j¤ .$IF j M FyjZà ¤ � $JF ¤ E . $JF j M FyjKF ¤ à .

Further, we considerfor every * ? L=M > A TML ? L}M > A thescores8 [ "µ] (]b"�8_W@5@5N5`W@! ).
tr U 161'7aY is now decomposedinto ! . 8 components.Let NÛG bethe Æ th row of : . Then,the
componentsaregivenby thesumof squaresof N 7G 1 (Æ&"28�WN5@5N5`W@! ). It is easilychecked
thatall entriesof NJ7 M 1 areexactlyzero,thereforeonly ! . 8 possiblynon-zerocomponents
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remain.Thecorrespondingdecompositionof
$ ? I (�� )JQ is

$ ?vI (�� )JQ�" $ � M��? I (�� )JQ0�%5N5@5�� $ � ? L=M��? I (�� )JQK5
Theentriesof NJ7j 1 (]Ç"�8�WN5@5@5`W � ) are

� M�� j ?
G � M

Æ . àA,+A I E . à j Q P%PORQRU). G [ Y:5

Thefirst componentof theaveragedPearsondivergenceis thus

$ � M��? I (�� )JQR" 8$ E% <[�� M
?
G � M

Æ . àA0+A I E . à j Q P%PORQRU). G [ Y
j
5 (6.14)

It maybeinterestingto notethatfor thisfirst component,still apropertysimilarto Lemma
5.1applies.

Lemma 6.1

$ � M��? I (�� )JQç"%3TS * +
is true

Proof. If
*,+

is true,thenaccordingto Lemma6.5,
$ ? I (�� )JQ³"þ3 . Since

$ ? I (�� )JQVU$ � M��? I (�� )JQ , also
$ � M��? I (�� )JQç"g3 .

When
$ � M��? I (�� )JQç"%3 , thenfor all C}"�8_W@5@5N5`W � ,

?
G � M Æ P%WOXQRU/. G Å Y=" ?

G � M à P%PORQRU). G Å Y:W
almosteverywhere.Thesubstitutionof à�" ?G � M Æ P��U)( G Y andP%WOXQRU/. G Å YR" AZYA P% Y U/. G Å Y
givesfor all C}"�8_W@5N5@5`W � ,

?
G � M Æ P% Y U). G Å Y=" ?

G � M Æ P��U)(
G Y	W

almosteverywhere.Hence,for all C0"�8_W@5@5N5`W � , andfor all Æ³"�8�WN5@5@5`WN! ,
P% Y�U).³G Å Y=" P� U/(�G�Y:W

almosteverywhere.Theremainderof theproof is similar to theproofof Lemma5.1.
m
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6.4.2 The Decomposition of the Test Statistic

Theteststatistic; <	> ?@> A wasobtainedastheplug-inestimatorof $ � $ ? I (�� )JQ . In asimilar

way the components; � G �<	> ?@> A of the teststatisticarethe plug-in estimatorsof the compo-

nents$ � $ � G �? I (�� )JQ , resultingin

; <	> ?@> A " ? L}MG � M
; � G �<	> ?@> A 5

Thefirst componentis givenby (cfr. Equation6.14)

; � M��<�> ?@> A " 8x ? L=M > A [ s]\>^`_ Úba |
<[�� M

c � ?
G � M

Æ . 'à�I *HQA +A I 'E I�*HQ . 'à j I *HQeQ 'P% ORQ�U).³G [ I *HQáY
j

" 8x ? L=M > A [ s]\>^`_ Úba |
<[�� M

�\[ ?G � M Æ 'P%-+=U`. G [ I�*HQ�Y . 'à�I�*HQ j
'E I *HQ . 'à j I�*HQ W (6.15)

where x <	> ?@> A "2d'L ? L=M > A , 'à�I *HQç" ?G � M Æ 'P��U/( G I�*HQ�Y , and 'E I *HQç" ?G � M Æ j 'P��U)( G I *HQáY .
In the sameway as the first componentis determined,basedon the polynomial =�j�Iy5PQ
thesecondcomponentis now calculated(for notationalcomfort thedependenceon * is
suppressed),

; � j �<	> ?@> A " 8x_? L}M > A [ s]\ ^?_ Úea |
<[�� M

c � ?
G � M

Æ j . 'E .gfhji L fk fhfk L fh Ü IaÆ . 'à�Q 'P%WOXQ�U/. G [ Y
A +A 'à}¸ . 'E j .

� fhji L fk fh � Üfk L fh Ü

j
W

where 'à ¤ " 'à ¤ I�*HQ�" ?G � M Æ
¤ 'P� U)(ÄGSI *HQáY and 'à}¸Í" 'à}¸ÛI�*HQç" ?G � M Æ ¸ 'P� U/(�G�I�*HQ�Y .

Bothstatisticsareof theform

8� ? L}M [ s]\ ^`_ Úba |
<[�� M

c � F [ I�*HQ . E U F [ I *HQ Ã *üY
Var U F [ I�*HQ Ã *üY

j
5

Beforewego into theinterpretationof thecomponents,a limiting caseis discussed.This
will helpusto understandthecomponentsbetter.
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6.4.3 The Decomposition in a Limiting Case

The Decomposition

Considerthelimiting casewhereL ? L=M > A "lL A L}M > A "�¦�� Anm ¦�E � A � §:§ , suchthatd'L A L}M > A "8 , anda partitionconstructingrule suchthattheonly partitionthatis formedis equalto

U)(�Y\"�¦ZYeF Å WKE � M�� Y¡WSYßE � M�� WyE � j � Y�W@5N5@5yY�E � A L}M�� WWFRo:Y §_W
whereE � M�� WN5@5@5}WKE � A � aretheorderstatistics(seealsoFigure6.10).
Undertheseconditionswewill show thattheresulting; <	> A6> A andits componentsarewell
known statistics.

pF

8 $

. M�M

. j M
. ¤ M

. ¸ M. l M.�n M

. M j

. j�j. ¤ j

. ¸ j. l j
.�n j

Figure6.10:Thefigureillustratesthelimiting partitionconstructedfrom qg¯Mrbsut ôev ñeíeíyí	ñ�sut ­Kw6ôevbx (hereÑ,¯ÏÌ , Ë ô ¯±Ë õ ¯Íï ).

Lemma 6.2 If *Ò"d¦�F � M�� WN5@5@5`WyF � A � § , then

$ I M I (�� )'&ZU/(�Y [ Q �.`/ � j I (�� )JQK5
Proof. Without loss of generalitywe supposethat F Ý Ù U 36W�8�Y . Considera tri-
angulararray FHA M W@5N5@5 FHA_A , and let U)(�YPA denotethe corresponding

�
-sizedSSPwith

elements(ÄA_G (Æ�" 8�WN5@5N5`W � ). The size of a partition elementis given by its norm

ÃaÃ ( A_G Ã Ã "ÕF A � G L}M�� . F A � G � ,whereF A � G � is the Æ th orderstatisticof the F A M WN5@5@5`WyF A_A
(F A � + �
y 3 and F A � Ajz M��
y 8 ). Thus, Ã Ã ( A:G ÃaÃ is the Æ th uniform spacing

¾ A_G . According
to the definition of � j I (�� )JQÇ"¨$ I M I (�� )JQ (Definition 5.2) and the refinementlemma
(Corollary 5.1) the proposedconvergencewould hold if the maximalpartition element
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sizeconvergesin probabilityto zero.

¿±À	ÁM-{ < { Ajz M ÃaÃ (�A_< ÃaÃ " ¿±À:ÁMR{ < { Ajz M
¾ A_<

�.`/ 3XW
wherethelaststepis founde.g.in Shorack(2000,p.330).

m
Thefollowing Corollarynow follows immediately.

Corollary 6.5 If *4"%�=A , then,as
� /  ,

$ $ A I (�� )JQ / � j I (�� )JQK5
With thechoiceof 8 [ "µ] , it is fairly easyto show thatthepolynomials= G I

[
A Q (ÆÄ"º8�W@5N5@5 )

convergein probability to thecorrespondingLegendrepolynomialsas
� /  . Hence,

the sumof the squaredelementsof
� L}M�� j N 7G 1 (Æ "ù$6W@5N5@5 ) converge in probability to

correspondingx j G -termsin thedecompositionof � j I (�� )JQ (Eubanket al., 1987,p.822).
Thus,thedecompositionof $ $ A I (�� )JQ is asymptoticallyequivalentto thedecomposition
of � j I (�� )JQ .
The x j G in thedecompositionof � j I (�� )JQ aretypically estimatedby their plug-inestima-
tors 'x j G . Also theaveragedPearsondivergencefor the

�
-sampleproblemis estimatedby

itsplug-inestimatorin orderto constructtheteststatistic;=<	> ?@> A . Evenfor finite
�

it is seen
almostdirectly thattheestimatedcomponents

� 'x j G areexactlyequalto thecorresponding; � G �<	> A»> A . Indeed,sincethepartitionboundsaretheorderstatistics,theprobabilitiesP��U/( [ Y
andP%G| U/. [ G¡Y are simply estimatedby 'P� U)( [ YB" MA and 'P%G| U/. [ G�YB" MA | , respectively,

the equivalencefollows immediately. Thus, the first term ; � M��<	> A6> A is the Kruskal-Wallis
teststatistic(Kruskal, 1952; Kruskal andWallis, 1952) for the

�
-samplelocationshift

problem,

; � M��<	> A6> A " 8�$� I � �÷8:Q
<
G � M

� G }~ G .
� ��8$

j W (6.16)

where }~ G is theaveragerankof the
� G observationsof the Æ th sampleamongthe

�
pooled

sampleobservations.Thereis anotherway of looking at theKruskal-Wallis teststatistic
thatmight beof interestlaterin this text. Let � G [ bescoresassignedto theobservations.
Thesescoresaredefinedas � G [ "�D if f F G [ T�(�~ (]Ø"´8�W@5N5@5`W � � Æü"´8_W@5N5@5`W �\[ � D "8_W@5N5@5`W@! . Sincehere !z" � , � G [ " ~ IPF G [ Q , i.e. therankof observation F G [ amongthe

�
observationsin thepooledsample.TheKruskal-Wallis statisticcanthenbewrittenas

<[�� M
�\[ }� [ . }� j
'� j W (6.17)
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where }� [ is the averageof the scoresin the ] th sample,and '� j is the samplevariance
of thescoresin thepooledsample.Substitutingthescoreswith theranks,andthus }��"}~ " Ajz Mj and '� j " A � A]z M��M j , resultsimmediatelyin thewell known form of thestatistic
(Equation6.16). In classicalAnalysis-of-Variance(ANOVA) terms,thedenominatorof
Equation6.17 is the between-groupsumof squaresSST, andthe nominatoris the total
sumof squaresSSTot dividedby

�
. Thus,with this notation,thestatisticmaybewritten

as � SST
SSTot

W
which is of theform of the

(
-statisticin ANOVA for testingthehypothesisof equalityof

means.

The secondtermbecomesthe generalizedMood’s statisticfor the
�
-samplescaleprob-

lem,

; � j �<	> A6> A " 8�©:3I � . 8:QSI � ��8	QeI � . $»QSI � �^$hQ
<[�� M
� [ }� [ . 88�$ I

� . 8	QeI � �÷8:Q j W
where

}� [ " 8�\[ A0+
G � M

~ G .
� �÷8$

j 5
This discussionresultsin thefollowing Proposition.

Proposition6.3 Under
*z+

, ; <	> A6> A and
� AG � M 'x j G havethesamelimiting distributionas� /  .

A Comment on a Data-Driven Version of ;=<	> A»> A
Let ;}<�> A6> A�� � bethedecompositionof ;=<	> A6> A , truncatedafterthe � -th term,i.e.

; <	> A6> AJ� � " �
G � M ;

� G �<	> A6> A 5
Then,in a little differentwayasin Section6.2,but ratherin thesenseof theconstruction
of the data-driven Neyman’s smoothtests(Janic-WŕoblewskaandLedwina,2000), the
order � canbeestimatedfrom thedataas

� A " ¿��awJU/�T��8 � � � !�I � M QyWK; <	> A6> A�� � . $I�_I � . 8	Qvuaw&x A U%; <�> A6> A�� � . $>@6I � . 8:Qvuaw,x A W8 � @ � !ÛI � M QáY:W
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where !ÛI � M Qç"�� I � MG� u w � M QeM��X� , and x A is asbefore.Thedata-driventeststatisticis

;=<	> A6> A�� � | 5
When

� "d$ , this teststatisticis exactly thestatisticof Janic-WŕoblewskaandLedwina
(2000). When

� � $ , their Theorems1 and2 may possiblybe extended.We statethe
generalizationhereonly asa conjecture.It remainsto beprovenfor a suitablesequence
of maximalorders!ÛI � M Q .
Conjecture6.1 Under

*,+
, for a suitablesequence!ÛI � M Q for which !ÛI � M Q /  as� M /  

�6A �.0/ 8
; <	> A6> A�� ��| -.0/ p j < L}M 5

Conjecture6.2 For a suitablesequence!ÛI � M Q for which !ÛI � M Q /  as
� M /  , the

data-driventestbasedon ; <	> A6> A�� ��| is consistentagainstessentiallyanyalternative.

6.4.4 The Interpretation of the Components of � Ñ�ñ °Nñ Ë
In the previoussectionit wasshown that in the limiting casethe componentsof ; <	> A6> A
have the sameclear interpretationas for a Neyman’s smoothtest basedon Legendre
polynomials. Omnibus consistency of the testsbasedon the truncatedstatistic ; <	> A6> A�� �
or the data-driven version; <	> A6> A�� ��| is only guaranteedwhen � /  or !ÛI � M Q /  ,
respectively (consistency of thedata-drivenversionis only provenfor

� "V$ ). TheSSPkc
test,on theotherhand,which hasa decompositioninto ! . 8 terms,is consistentfor any
finite !uUº$ . Therefore,theSSPkctestmayhave theadvantagethatany departurefrom
thenull hypothesisis observedin the ! . 8 components.Thepartitionsize ! maybeseen
astheresolutionof thedecomposition.E.g.,when ! "÷$ , the ! . 8J"Õ8 componentis of
coursethe teststatisticitself, andsincetheSSPk2testis consistent,any departurefrom
thenull hypothesismustbereflectedin thisonecomponent.Thus,in thiscase,onecannot
gainany informationfrom studyingthe“component”. !#"g$ is thelowestresolution.
Increasingthepartitionsizewith oneunit ( !#"%D ), resultsin adecompositioninto 2 terms.
Thefirst (Equation6.15)canbe interpretedastheaverageover all partitions U/(�YKI�*HQ , of
statisticsthatmeasureachangeof locationbetween

�
samplesof ! scores( 8�WN5@5@5`WN! ) (ties

allowed).Eachsuchstatisticis of theform

� <[�� M
?
G � M

Æ . 'à�I�*HQA +A I 'E I *HQ . 'à j I�*HQSQ 'P% ORQçU/.³G [ I *HQáY
j

" <[�� M
� [ }� [ . }� j
'� j W (6.18)
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where the scores � G [ of the observations F G [ are still suchthat � G [ "�D if f F G [ T(Ä~ (]�" 8�W@5N5@5`W � � Æ�" 8�WN5@5N5`W �\[ ), but now D " 8�WN5@5@5`WN! with !�� �
. Hence,the

statisticis still
�

SST
SSTot, but now it looks as if it is basedon tied observationssuchthat

only ! different valuesare distinguishable. It is however not the traditional Kruskal-
Wallis statisticadjustedfor ties. Themaindifferenceis that in thelatterstatisticthetied
observationsget a scoreassignedwhich is their midrank, which would in the present
situationresultin ! midranksbetween1 and

�
, whereasthescoresin Equation6.18are

always 8_We$XWN5@5N5»WN! , regardlessof therelative rankingof theobservationswithin eachSSP
element ( ~ (D " 8�W@5N5@5`WN! ). Further, notealso that the numberof ties is completely
determinedby ! . Thehigher ! , thelesstieswill occur, andin thelimiting caseL ? L=M > A "L A L}M > A , thereareno tiesanymore(with probabilityone).
Thus,in conclusion,thefirst termis especiallysensitive to thestochasticorderingof the�

samples.

For thesecondtermin thedecompositionof ; <	> ?@> A a similar argumentcanbebuilt, such
thatit maybeconcludedthatthesecondtermhastheinterpretationof anaveragemeasure
(averagedoverall partitions U/(�YKI�*HQ ) of adifferencein dispersionbetweenthe

�
samples.

In generalthe effect of increasingthe partition size/ resolution ! , is twofold. First, the
numberof termsin the decompositionincreases.Wheneachterm canbe relatedto a
differentfeatureof thedistributions(e.g. location,dispersion,skewness,...), morecom-
ponentsmeanthat more aspectsof the differencesamongthe

�
distributions may be

distinguished. Second,it hasbeenshown that eachcomponentis an averageof rank
statistics,andthat thenumberof tiesdecreasesas ! increases.As thenumberof tiesde-
creases,theseranktestsbecomemoreandmoresensitive to specificdeviationsfrom the
general

�
-samplenull hypothesis.This is alsoclearlya resolutioneffect.

6.4.5 A Small Simulation Stud y

In order to get a view on how the componentsrelateto eachother, on average,under
certainalternatives,a small simulationstudyis included. Actually the interpretationof
thecomponentsareclearfrom thetheoreticaldiscussionin theprevioussection,but one
questionremains.Sinceeachcomponentis basicallyan averageof rank statistics(e.g.
Kruskal-Wallis) calculatedonhighly tieddata(only ! differentvalues,irrespectiveof the
numberof observations),it is not clearto whatextendtheeffect of tiesmight reducethe
resolutionor the specificityof the correspondingstatistic. It is hopedthatby averaging
overall possible! -sizedpartitionssomeresolutionis gainedback.

Only the
� "º$ samplesituationis analyzedwith 20 and40 observations(balancedde-

signs).Thefirst sampleis takenfrom astandardnormaldistribution,andthesecondfrom
a normaldistribution with meanà andstandarddeviation one(shift in mean),or from
a normaldistribution with meanzeroandstandarddeviation � (changein dispersion).
Eachanalysisis basedon 1000simulationruns. Both the SSP3andthe SSP4statistic
are decomposed;only the first two componentsare further considered.From the two
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components; � M��<	> ?@> A and; � j �<	> ?@> A , thequantity

( " ;
� M��<	> ?@> A

; � j �<	> ?@> A W
is computed.After the 10000simulationrunsthe average

(
valueis calculated,which

is denotedby }( , aswell asthe relative fraction
â

of
(

valuesthataregreaterthanone,
i.e. anestimateof theprobabilityof obtaininga first componentthat is greaterthanthe
second.Theresultsarepresentedin Table6.12.

Theresultssuggestthata relativecomparisonof thefirst andthesecondcomponentmay
givesomeinsightinto thedeviation from thenull hypothesis.In general,whenthediffer-
encein meanincreases,theprobabilitythatthefirst componentis greaterthanthesecond
increasesaswell. This is seenfor bothsamplesizesandfor bothSSPsizes.Theopposite
is seenwhenthedifferencein variancesincreases.Further, }( and

â
changefasterwithà and � whenthesamplesizesarelarger, andwhentheSSPsizeis greater. Thelatter is

relatedto theresolution,i.e. thelargertheSSPsize ! , thelessties,andthemorespecific
thecomponentsare. The reasonfor this phenomenonis possiblythat,when !±"ÕD , the
first componenthasthe desiredinterpretation,thoughwith a small resolution,whereas
the secondcomponentis moreto be interpretedasa restterm which thusalsocontains
informationon e.g. skewness,kurtosis. This is to beexpectedbecausetheSSP3testis
omnibus consistent,which implies that any deviation from the null hypothesisis to be
found in the test statistic. When !µ" f , it is observed that

â
becomesmore extreme

(largewhenà � 3 andsmallwhen � � 8 ), which,accordingto our reasoning,is because
now thethird componentmainly takesover therole of restterm. Thefirst two getmore
specialized.

6.4.6 Examples

EXAMPLE 6.5. Gravity Data:
In Sections6.1.11and6.2.4 the SSPkcandits data-driven versionwereappliedto the
Gravity data. All SSPtestsrevealedthat the 2 distributions(series1 and8) aresignifi-
cantlydifferentat the 7»9 level.
For !z"þ$6WeD and !,"÷f thedecompositionsof theSSPkcstatisticsarecalculatedandthe
resultsarepresentedin Table6.13.

For both !±"ÞD and !±"Þf the first two componentsarealmostequal. When !Ç"Õf the
third componentis alsocalculatedandseemsto bemuchsmallerascomparedto thefirst
two. This suggeststhatthedifferencein distributionsmaybeattributedto a differencein
meanaswell asadifferencein scale.
An informalguidelinethatmayshow usefulis to usefor eachcomponentthecritical value
of thenull distributionof ;=<	> ?@> A with !#"�8 asabenchmarkvalue.In thepresentexample

with ! "Òf , ; � M��<	> ?@> A and ; � j �<	> ?@> A areboth greaterthan2.498(the estimatedexact critical
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Table6.12:Theaveragefractionof thefirst overthesecondcomponentandtheestimatedprobabilitythatthe
formeris greaterthanthelatterarepresentedfor boththeSSP2andtheSSP3testin the2-samplecase.Sample
sizesof ËÍ¯ÏÌ�ì and ËÏ¯JÎ�ì arestudied.� � à !#"VD !#"Vfâ

( 9 ) }( â
( 9 ) }(

20 1 0 35 1.33 35 1.77
0.5 64 2.64 77 3.49
1 84 5.32 87 8.04
2 99 11.31

2 0 30 1.06 26 1.05
3 25 1.02
4 26 0.91 14 0.61
5 14 0.64

40 1 0 35 1.18
0.5 71 3.41
1 96 9.62

2 0 20 0.86 18 0.63
4 6 0.52 2.6 0.35

Table6.13:TheSSPkcstatisticsandtheir components(°�¯ÍÌ	ñPï and°R¯ÏÎ ) for theGravity Data.! ; � M��<	> ?@> A ; � j �<	> ?@> A ; � ¤ �<	> ?@> A ;=<	> ?@> A
2 2.634 - - 2.634
3 2.627 2.241 - 4.868
4 2.656 2.993 1.050 6.699

value). Moreover, the secondcomponentincreasesas ! is changedfrom 3 to 4, which
may be due to the increasein resolution(the secondterm becomesmore specifically
sensitive to differencesin scale).Thusbotha differencein locationandin scalemaybe
thereasonfor therejectionof

*,+
, but sinceparticularlythesecondcomponentshoweda

strongincreasewhen ! waschangedfrom !#"gD to !³"%f , wesuggestthatthedifferencein
scaleismoreimportant.Recallthatin Section2.4adifferencein scalewasalsoconcluded
(Mood’s test).
Finally, notethatthealsoboxplotin Figure2.5confirmsaverylargedifferencein variance
betweenthemeasurementsin series1 andseries8. Also thedifferencein meansis among
all pairwisedifferencesbut one,thelargest.

m

EXAMPLE 6.6. SleepData:
In Sections6.1.11and6.2.4theSSPkcandtheSSPddtestswereperformedon theSleep
Data,andall of themshowedthatat least2 distributionsof thebrainweightaredifferent.

In Table6.14the componentsof the SSPkcstatisticarepresentedfor !Ï"Þ$6WeD and !Ç"f . The first componentis clearly greaterthanthe othercomponents.Moreover, ; � M��<	> ?@> A
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increaseswith ! (cfr. resolution),andit is greaterthan6.727(theestimatedexactcritical
valueof ; l > j > A ) whereastheothercomponentsdo not exceedit. Theresultssuggestthat
the differencein brain weight betweenthe 5 categoriesof exposureto dangermay be
attributedto a differencein averagebrain weight. This conclusionis supportedby the
boxplotin Figure2.8(b), althoughthegraphalsoshowsbig differencesin dispersion.

Table6.14:TheSSPkcstatisticsandtheir components(°R¯ÍÌ	ñPï and°�¯ÍÎ ) for theSleepData.! ;}<�> ?@> A ; � M��<	> ?@> A ; � j �<	> ?@> A ; � ¤ �<	> ?@> A
2 10.332 - - 10.332
3 12.383 4.683 - 17.066
4 13.454 4.364 4.587 22.405

m

6.4.7 Other Decompositions

Thedecompositionthatis constructedin Section6.4.1startedwith theconstructionof the!�3 � matrix 1ø";1·I *³? L=M > AhQ , for which
$ ?vI (�� )JQç" Mj A E U tr U 161'7PY Y . Thedecomposition

into ! . 8 componentswas then obtainedby introducinga !�3÷! orthonormalmatrix: which post-multipliedwith 1 resultsin tr U I�:61µQeI :'1·Q�7�Y�" tr U 1'167PY . Similarly a� 3 � orthonormalmatrix � maybeconstructed,whichpre-multipliedwith 1 givesagain
tr UaI 1�� Q 7yI�1�� Q�Y\" tr U 1'7?1HY=" tr U 161'7PY , andthusarethe

�
sumsof ! squaredelementsof

thecolumnsof 1�� alsocomponentsin thesamesenseasbefore.
In orderto have nice interpretablecomponents,the polynomialsin � may be indicator
functionsarrangedin � by the orthonormalityconditionin sucha way that they make
contrastsbetweenthe

�
samples.As a result,the componentswill give informationon

whichsamplesarethemostdifferent.



CHAPTER7

TheSampleSpacePartitionTest
for Independence

A formal definition of the hypothesisof independencehasbeengiven in Section3.3.5.
Althoughmostof themethodsthatwill bedescribedin this chapterareeasilyextendable
to generalo -variateindependence,mostof this chapterwill be focussedon bivariatein-
dependence.In thissituation,thenull hypothesisof independencebetweenrvs F and � ,
for which thenotationF�� ��� of Dawid (1979)is used,is givenby*,+ � (���� IPE\WB�}Q " (�� IPEçQ (�� I��}Q for all IPE\W"�=QçTB� �#� W or*z+ � â �#� IPE\WB�}Q " â � IaEçQ â � I?�=Q for all IPE\W"�=Q®TH� �#� W
where� ���

is thesamplespaceof IaF·WW�ÏQ andwherewhere
( ���

is thetrue joint CDF of
rv �¨"ÕIPF�WW�ÍQ , and

( � IaERQ and
( � I?�=Q aretheunivariatemarginalCDFsof F and � , re-

spectively.
â �#�

,
â �

and
â �

aredefinedanalogously. Thecorrespondingsamplespacesare
denotedby ���Ø"�� �#�

, � �
and � �

, respectively. Thesampleof
�

bivariateobservations
is denotedby � A , andthesamplesof theunivariateobservationsof F and � aredenoted
by � �A and � �A , respectively. AssumptionA1 is assumedto hold for thedistribution

(n�#�
.

Thejoint distribution underthenull hypothesiswill bedenotedby )´"�) ���
(å "þå ��� ).

In thetwo previouschapterstherewasa needfor anassumptionon therelationbetween
thesamplespaceson which

(
and ) aredefined(cfr. AssumptionsA2, A2b andA2c).

Here,on the otherhand,by the constructionof the distribution ) , it is guaranteedthat

193
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both
(

and ) aredefinedon thesamesamplespace� .
Themostgeneralalternative will beconsidered,i.e.

* M is just thenegationof
*z+

(om-
nibusalternative).

As for thetwo previousGOFproblems,anSSP-basedtestwill beconstructed.First, the
appropriateDirectedDivergenceand the correspondingAveragedPearsonDivergence
arediscussed,thenthe AveragedPearsonDivergenceStatistics,on which the SSPtest
statisticwill be constructed.Its null distribution will be determined,anda data-driven
versionis proposed.At theendof thischapter, thepower is investigatedin asmallpower
study. Finally an extensionto componentwiseindependencein a multivariatesettingis
discussed.

7.1 The SSP Test for Independence

7.1.1 The Directed Diver gence

In Section6.1.1adirecteddivergenceof order Ó wasproposedfor the
�
-sampleproblem.

It wasconstructedby introducinga working variable � with a multinomialdistribution.
It wasshown thatthe

�
-samplenull hypothesisreducesto theconditionof independence

betweenthe working variable � and the discretizedvariableof interest,F . Both the
continuousandthe discretedirecteddivergencewerethenconstructedaccordingly. For
the latter divergence,however, a rule hadto be definedsuchthat a partition U/(�Y of the
samplespace� �

of the univariatevariable F uniquely inducesa partition U/. Y of the
samplespace� ���

of thebivariatevariable IPF�WW�ÏQ .
In thepresentsituation,thebivariateindependenceconditionis stateddirectly in thenull
hypothesis.Thus,the continuousdirecteddivergenceof order Ó%Tl  between

(n�#�
and) �#�

becomes

I
× I (�� )JQ " 8Ó`IKÓ±��8	Q � O � Q

â ��� IaE®W"�=Qå ��� IaE®W"�=Q
× . 8 â ��� IPE\W"�=QB!ZE¡!P�

" 8Ó`IKÓ±��8	Q � O � Q
â ��� IPE\WB�}Qâ � IaERQ â � I��=Q

× . 8 â �#� IaE®W"�=Q"!@E¢!W�05
Thecorrespondingdirecteddivergenceof order Ó basedon a SSP(discretedivergence)
canbe definedfor very generalpartitionsof � ���

, but herewe will restrict the SSPsto
rectangularpartitions.

Definition 7.1 Theelements. G "�. G Ú G Ü of a rectangular N¤£'¥ partition U/. Y of � �#�
are

givenby ( �G Ú 3¦( �G�Ü , where ( �G Ú and ( �G�Ü are theelementsof a @ and ! sizedpartition U)( � Y
and U/( � Y of � �

and � �
, respectively(Æ M "�8�WN5@5@5`WB@ � ÆyjÍ"º8�W@5N5@5hW@! ).
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For a rectangular@63^! partition U). Y thediscretedivergenceof order Ó is givenby

I
× I (�� )'&ZU/. YKQ " 8Ó`IKÓ±��8	Q

�
G � M

?[�� M
P% ORQRU).³G [ Y P%PORQRU). G [ Y

P�PORQRU). G [ Y
× . 8

" 8Ó`IKÓ±��8	Q
�
G � M

?[�� M
P% ORQRU).³G [ Y P% OXQRU/.ÄG [ Y

P%WO�U)( �G Y P%GQ ( �[
× . 8 5(7.1)

The importanceof thediscretedivergenceis that it is sufficient to find onepartition U/. Y
for which I

× I (�� )'&@U). Y Q � 3 to concludethat F and � aredependent.This is statedin
thefollowing corollary.

Corollary 7.1 If, for someÓ , thereexistsa SSPU/. Y of anysize@¤3�! (@:W@! � 8 ) for which
I
× I (�� )'&@U). Y Q � 3 , thenF and � aredependent.

7.1.2 The Power Diver gence Statistic

Thepowerdivergencestatisticcorrespondingto thediscretedivergenceintroducedin the
previoussectionis

'I × I (�� )'&@U). Y Q 8ÓhIyÓ±�÷8:Q "
�
G � M

?[�� M 'P%WOXQRU/. G [ Y 'P% ORQRU).³G [ Y
'P% ORU/( �G Y 'P% Q ( �[

× . 8 W (7.2)

where 'P% ORQRU).³G [ Y±" � L}M dØIB.ÄG [¨§ �=A0Q , 'P% ORU/( �G Y±" � L}M d^IB( �G § � �A Q and 'P% Q ( �[ "� L=M"d^I"( �[ § � �A Q .
As in thepreviouschapter, apartitionmaybeconstructedfor which thepowerdivergence
statisticbecomesinfinitely large.Thisproblemwill bediscussedin detailin Section7.1.4.
Theresultsthataregivenin this sectiondo not hold for suchpartitions.

In the presentsituation,each@�3g! SSP U/. Y inducesa @©3g! contingency table ¦ é G [ §
(Æ³"�8�W@5N5@5`WB@ � ]b"�8�WN5@5@5`WN! ), where

é G [ "ªd^I". G [ § � A Qy5
Thus,thepower divergencestatisticof Equation7.2 is thepower divergencestatisticfor
testingindependencein the @�3�! contingency table inducedby the SSP U). Y . Special
casesof the power divergencestatisticincludethe Pearson( Ód" 8 ) andthe likelihood
ratio ( Ó / 3 ) statistic.

CressieandRead(1984)showed that for any Ó , andconditionalon the SSP U). Y , under*,+
,

$ � 'I × I (�� )'&@U). Y Q . $ � 'I M I (�� )'&ZU/. YKQ �.`/ 36W
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andthus,

$ � 'I × I (�� )'&@U). Y Q -.`/ p j � � L}M�� � ? L=M�� 5
In thefollowing sectionswewill consideronly Ó�"�8 , for which thestatisticbecomes

$ � 'I M I (�� )'&ZU/. YKQç" � �
G � M

?[�� M
'P%PORQçU/. G [ Y . 'P%WO�U/( �G Y 'P%GQ ( �[ j

'P%PORU/( �G Y 'P%PQ ( �[ 5

Thepowerdivergencestatisticmaybeinterpretedas$ � timestheplug-inestimatorof the
discretedivergence.Fromtheasymptoticnull distribution,conditionalonaSSPU). Y , it is

seenimmediatelythatit is abiasedestimator(E� $ � 'I × I (�� )'&ZU/. YKQ / I?@ . 8:QSIK! . 8:Q as� /  ). But, on theotherhandthe 1 -level testbasedon thepower divergencestatistic
is consistent.Thus,whenever I

× I (�� )'&ZU/. YKQ � 3 , the power of the correspondingtest
tendsto oneas

�
tendsto infinity.

TheconditionI
× I (�� )'&@U). Y Q � 3 of Corollary7.1 canthusbeassessedby applyingthe

correspondingstatisticaltest. But sincethe samecorollary implies thatonehasto keep
onlookinguntil aSSPis foundfor which it canbeconcludedthatthediscretedivergence
is differentfrom zero,theproblemof multiplicity comesinto play. Onesolutionto over-
comethemultiple testingproblemit to combinethediscretedivergencesI

× I (�� )'&@U). Y Q
into onesinglenew functional,andthento look for anappropriateteststatisticrelatedto
this functional.This is discussedin thenext sections.

7.1.3 The Averaged Pearson Diver gence

As for theone-sampleGOFandthe
�
-sampleGOFproblem,theaveragedPearsondiver-

genceis the meanof a setof directeddivergencesbasedon representative SSPs.These
SSPsaredeterminedby thepartitionconstructionrule (Definition 5.5) andthepartition
determiningsubsampleset(Definition 5.4). In contrastto the previous two GOF prob-
lems,thereis herenot necessarilya one-to-onerelationbetweenthenumberof observa-
tions( 5 ) in thesets*
« > A TªLn« > A andthepartitionsize @¬3^! . This is illustratedin Figure
7.1 wheretwo waysof constructinga $M3�D SSParepresented.In panel(a) only 5b"�$
observationsareused,andin panel(b) 5&"%D observationsareneeded.Bothconstruction
rulesarevalid. Therefore,thenotationsLn« > A , *�« > A , ­�« > A and x>« > A areextendedto L �Z> ?« > A ,* �Z> ?« > A , ­ �Z> ?« > A and x �Z> ?« > A , respectively. Theexactrelationbetween5 and I�@:W@!NQ is givenby the
partitionconstructionrule.

Thus,as before,the SSP U/. YKI�* �Z> ?« > A Q is a random,data-dependentpartition, andconse-
quently, its distributiondependson thedistributionof theobservations.
TheaveragedPearsondivergenceis now definedastheaverageof all directeddivergences
of order1, overall possible@'3 ! SSPsin theset ­ �Z> ?« > A , accordingto thetruedistribution(��#�

of theobservations.
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(a) (b)p

® F

� . M�M . M j . M ¤

. j M . j�j . j ¤

p

® F

� . M�M . M j . M ¤

. j M . j�j . j ¤

Figure7.1: Two Ì°¯üï partitionsareshown. Thedashedlinesrepresentthepartitionboundaries.Thefilled
andthe hollow dotsrepresentthe observationsthat areusedor not usedfor the constructionof the partition,
respectively.

Definition 7.2 TheAveragedPearsonDivergenceis definedas

$ �Z> ? I (�� )JQR" E% I M (�� )'&ZU/. YKI�* �Z> ?« > A Q 5
Therelevanceof theaveragedPearsondivergencefor theindependenceproblemis stated
in thefollowing lemma.

Lemma 7.1 For all @:W@! (@:WN! � 8 )
$ �Z> ? I (�� )JQR"%3TS Fl� ���=5

Proof. Theproof is completelyanalogousto theproof of Lemma5.1.
m

In thenext sectiontherelatedstatisticis discussed.

7.1.4 The Averaged Pearson Diver gence Statistic

TheAveragedPearsonDivergenceStatisticis definedastheplug-in estimatorof theAv-
eragedPearsonDivergence.Let U). Y [ denoteU/. YKI�* �Z> ?« > A Q . Then,

'$ �Z> ? I (�� )JQ " $ �Z> ? I}'( W�')ÍQ
" �,± 'I M I (�� )'&@U). Y [ Q²!z'( [ I *HQK5

A further reductionof the statistictowardsa computationalformula is possibleif the
partitionconstructionrule is specified.To illustratetheeffectof theconstructionrule,we
give heretwo differentrulesfor thecase@·"2!J"�$ . Therectangularpartitionsthatare
constructedby both rulesuseoneobservationfor splitting thesamplespace� �

andone
for � �

. Therulesdiffer in therelationbetweenthesetwo observations.
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ö A bivariateobservation � G "2IPF G W�� G Q maybeusedto split bothsamplespacesin
the sameway aspartitionswereconstructedfor the SSPcone-sampletest. ThusU)( � YV" ¦ZYeF �Å WyF G Y¡WSYßF G WWF �o Y § and U/( � YV" ¦ZYeF �Å WW� G Y�WeYe� G WWF �o Y § , and L j > jM > A " � A�m¦0� � A � O W#� � A � Q § , where � � G � O and � � G � Q are the bivariatecomponent-wiseorder
statistics,accordingto the F andthe � component,respectively (seee.gBarnett,
1976, for detailson mutivariateorderings).The largestobservationsmay not be
usedfor it makes the statistic '$ infinitely large. A similar problemoccurredin
the

�
-sampleSSPkcstatisticaswell. The resultingpartition may be denotedbyU). Y IPFHGyW���G�Q . Hence,

'$ ��> ?�I (�� )JQ�" � ORQ 'I M I (�� )'&ZU/. YKIaE®W"�=QeQ�!z'( ��� IPE\WB�}Q
" 8� . 8

A L}M
G � M 'I

M (�� )'&ZU/. YKIaF � G � WW� � G � Q 5

ö Thesecondmethodmakesuseof two observations, � G and � [ . Of thefirst obser-
vationthe F -componentdeterminesthepartition U/( � Y and,similarly, of thesecond
observationthe � componentis usedto build the U/( � Y partition. Now thestatistic
becomes

'$ �Z> ?vI (�� )JQ " � ORQ � ORQ 'I M I (�� )'&ZU/. YKI ³ � WX³ � QeQZ!,'( ��� I�³ � QB!z'( ��� I�³ � Q
" � O � Q 'I M I (�� )'&@U). Y IPE\W"�=QSQ²!z'(�� IaEçQB!,'(�� I��}Q
" 8I � . 8:Q j

A L}M
G � M

A L}M[�� M '
I M (�� )'&@U). Y IPF � G � W�� � [ � Q 5

When @ or ! aregreaterthan2, thetwo methodsarereadilyextended.Thefirst usesthe
minimal numberof observationsto constructthepartitions U/( � Y and U/( � Y . In particular,5±"�@µ´�! . 8 observationsareneeded,i.e. supposethat @¦U�! , then @ . 8 observations
areneededto constructthe @ elementsof the U)( � Y partition,andof these@ elements,only
the ! . 8 first observationsareusedto deliver the � componentfor the U/( � Y partition.
Also, in orderto avoid '$ �Z> ?vI (�� )JQ to becomeinfinitely large,theobservations� � A � O and� � A � Q arenotallowedin thepartitiondeterminingsubsampleset.In theremainderof this
chapter, this partitionconstructionrule will beused.
For the secondmethod, I�@ . 8	QR��Iy! . 8	Q observation areneeded.This first @ . 8 to
constructU/( � Y andthe ! . 8 remainingobservationsfor the U/( � Y partition.
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7.1.5 The Test Statistic and its Asymptotic Null Distrib ution

Theteststatisticis givenby

; �Z> ?@> A "g$ � '$ �Z> ? I (�� )JQK5
Thus,theteststatisticis clearlya rankstatistic.Indeed,thestatisticdependson thedata
only throughthe probability estimators'P% ORQRU).³G [ Y , 'P% O�U)( �G Y and 'P% Q ( �[

, which only
dependontherelativerankingof theobservationsbecausethepartitionelementsarecon-
structedontheobservationsthemselves.Thus,thetestthatwill beconstructedfrom ; �Z> ?@> A
will bea nonparametrictestin thesensethat its null distribution doesnot dependon the
truedistribution

(n��(n�
.

Furthermore,the null hypothesisof independenceimplies a groupof permutationsun-
der which the distribution of IPF�WW�ÏQ is invariant,and thus the (conditional)exact null
distribution canbe enumerated.This will be discussedlater. First, the asymptoticnull
distributionwill begiven.

Throughoutthis chapterit is assumedthat thedistribution
( ���

is continuous,which im-
plies that no ties occurwith probability one. If, however, in practicea sampleshould
containties,dueto e.g. roundingoff, thensomechangesmight benecessary. Basically
theseadaptationsaresimilar to thosefor theSSPkctest,for which abrief discussionwas
givenin Section6.1.10.

Special Case: @B"�!#"%$
Considerthecasewhere@^"C!ü"�$ and 5Ç"´8 , thenthepartitionconstructionrule says
that each $�3�$ partition is centred aboutoneobservation. The observationswith the
highestrank amongthe F - and the � -variablescannotusedascentre. Thus, the sets*#~´T�L j > jM > A are *#~´"�¦0� M WN5@5@5`Wj� A L - § ( !b"�8 or $ , dependingon thebivariateranking
of the F andthe � componentsof � ). Let the elementsof U/. Yá~ "¨U). Y [ � bedenoted
by .³~ G [ . Thecorrespondingelementsof theSSPsof � �

and� �
aredenotedby ( �~ G and( �~ [ , respectively (ÆÄ"º8�WS$ � ]Ï"�8_We$ ). Thentheteststatisticbecomes

; j > j > A " 8� . !
A L -
~ � M

j
G > [�� M

� 'P% OXQRU/. ~ G [ Y . 'P% ORU/( �~ G Y 'P% Q ( �~ [ j
'P%WORU)( �~ G Y 'P%GQ ( �~ [

" 8� . !
A L -
~ � M

c � '(���� IPE`~JW"��~ÏQ . '(n� IaE0~ÏQ}'(n� I���~ÏQ j
'(n� IaE`~±Q '(n� I���~ÏQ 8 . '(�� IPE`~ÏQ 8 . '( o I?�Û~ÍQ
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Theorem7.1 Under
*,+

, as
� /  ,

;0j > j > A -.0/ �
[�� M

�
< � M

8]6Ia]J��8	Q � I � �÷8:Q � j
[ < W

where the
� [ < (]_W � "º8�WN5@5@5 ) are i.i.d. standard normalvariates.

Proof. Throughoutthewholeproof, it is assumedthat
* +

is true.

Let
Ù I"�vWKc�Q ( I"�vWKc�Q�T U 36W�8�Y j ) be a Brownian bridge (separableGaussianprocess)with

“time” parameterIB��Wyc�Q . Then,for I"�vWKc�QyW�IaOçW"8}Q®TVU 36W�8ZY j ,
E U Ù IB�vWKc�QáY " 3

Cov U Ù IB�vWKc�QKW Ù IaOçW"8}QáY " IB�¶´JO . �eO�QeIPc·´�8 . c"8}QK5
Thefirst partof theproof consistsof showing that ; j > j > A convergesin distribution to

;2" M+ M+ Ù j IB�vWKc�Q�_Ie8 . �_Qac�Ie8 . c�Q !,�j!Zc@5
We will usetechniquesthathave beenusedby e.g. Kiefer (1959),Pettit (1976),Rosen-
blatt (1952),ScholzandStephens(1987).

Theteststatistic;0j > j > A maybewrittenas

;0j > j > A " ¸ |#¹ ¸ |Wº
» jA IB�vWKc�Q'( � IB��QSIe8 . '( � I"�_QeQ '( � Iac�QeIS8 . '( � IPc�QeQ !z'( � I"�_QB!,'(�¼ Iac�QyW

where

» A IB��Wyc�Qç" c � '(n�#� I ( L=M� IB�_QKW ( L=M� IPc�QeQ . '( � I"�_Q0'(�¼ Iac�Q W
where '( � and '(�¼

areEDFsof thesampleof uniform distributedobservationswhich are
obtainedby the integral transformation�d" (n� IaEçQ and c�" (n� I��=Q . Further, the set( A>� "�¦K� TµU 36W�8�Y½��3Ç� '( � I"�_Q®�Õ8_§ .
The process

» A IB��Wyc�Q is a Gaussianprocesswith asymptoticallythe samemomentsasÙ I"�vWKc�Q . This is seenby (1) notingthat

'( ��� I ( L}M� I"�_QKW ( L}M� IPc�QeQR" '( � ¼ I"�vWKc�QyW
where '( � ¼ is theEDFof thecopulaassociatedwith

( �#�
, and(2) by writing (Blum et al.,

1961)

'( � IB�_Q}'(�¼ Iac�Qç"A��'(n¼ Iac�Q}��c�'( � I"�_Q . �Sc��2¾ � I
� L}M QKW
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which is basedon the consistency of the estimators. Then, by methodsof Pyke and
Shorack(1968)andBillingsley (1968,theorem4.2)

;0j > j > A -.0/ ; 5 (7.3)

(Theconvergenceis obtainedin two steps:first the convergenceof the centralpart, i.e.
over (�A>� and (�A ¼ isestablished,andthenit is shown thattheremainingpartis negligible.)

Theremainderof theproof is acombinationof resultsfrom AndersonandDarling(1952),
Blum et al. (1961).We givea sketchof theproof.

Let
� IB��Wyc@WKOçW"8}Q beacontinuousfunctionin U 36W�8ZY ¸ (possiblenotcontinuousat thecorners;

detailsontheexactconditionsaregivenby AndersonandDarling(1952))whichis square
integrablein I"�vWKc�Q , IaOçW"8}Q and IeIB��Wyc�QKWvIaOçW"8}QeQ . Thenit canbeexpressedas

� IB�vWKc@WKOçW"8}Q®"
�
[�� M

Ó [ â [ I"�vWyc�Q â [ IPO®WB80QyW
where¦ â [ I"�vWKc�Qe§ ( I"�vWyc�Q®T·U 3XWv8�Y j ) is asystemof orthonormalfunctionsw.r.t. theLebesgue
measureon U 3XWv8�Y j , i.e.

M+ M+ M+ M+ â G IB��Wyc�Q â [ IPO®WB80QB!0�j!@cW!ZO·!W8Ø" æ G [ W
where æ G [ is Kronecker’s delta (ÆZWK]d"�8_W@5N5@5 ). Let F [ (]�" 8�W@5N5@5 ) be i.i.d. standard
normalvariates.Wedefinetheprocess

� I"�vWKc�Qç" � [�� M Ó [ â [ IB�vWKc�QaF [ . It’ s immediately
checkedthat

� I"�vWKc�Q is aGaussianprocessfor whichfor all �vWyc@WKOçW"8HTVU 36W�8ZY , E U � I"�vWKc�Q�Y="3 andCov U � IB��Wyc�QKW � IPO®WB80Q�Y=" � I"�vWKc@WyO®WB80Q .
When

� IB��Wyc@WKOçW"8}Qç"�IB�_I"� . 8	Qac�Iac . 8:QaO�IaO . 8	Q?8}I?8 . 8:QSQ L=M¡� j IB�¶´üO . �SO�QeIPc·´u8 . c"80Q ,
it follows immediatelythat

� I"�vWyc�Q is thesamestochasticprocessas

IB�_I"� . 8	Qac�Iac . 8:QeQ L}M�� j Ù IB��Wyc�QK5
Thus,

; " M+ M+ Ù j I"�vWKc�Q�_I"� . 8	Qac�IPc . 8:Q !0�j!@c
" M+ M+ � j IB��Wyc�Q"!,�j!Zc
"

�
[�� M

Ó [ F j[ 5
Since

� I"�vWyc@WKOçW"8}Q is expressedasaninfinite seriesw.r.t. aorthonormalsystem,the Ó [ and
the

â [ I"�vWKc�Q canbe foundasthe eigenvaluesandthe eigenfunctions,respectively, of the
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integralequation

M+ M+ � IB��Wyc@WKOçW"8}Q â IB��Wyc�Q"!,�j!Zc "�Ó â IaOçW"8}QK5 (7.4)

Since
� IK5áQ is separable,i.e.

� I"�vWyc@WKOçW"8}Qç" � 7KI"�vWyORQ � 7 IPc@W"8}Q , where� 7 IB��WyORQç"�I"�_Ie8 . �_QaO�Ie8 . O�QeQ L=M¡� j IB�¶´JO . �SORQyW
theintegralequationreducesto theproductof two identicalintegralequationsof theform

M+ � 7 I"�vWKO�Q â 7 I"�_QB!0�," ä â 7 IPORQyW
which is exactly the integral equationthat hasbeensolved by Andersonand Darling
(1952),andwhich givesfor theeigenvaluesthesolutions(

� "�8_W@5@5N5 )
ä < " 8� Ie8³� � Q 5

And thustheeigenvaluesÓ [ of theintegralequationof Equation7.4aregivenby

Ó [ "dÓ < Å " ä < ä Å " 8� IS8³� � QBC�IS8³�2C Q
(
� W�Ch"º8�WN5@5@5 ). This completestheproof.

m
A well known relatedstatisticis Blum et al. (1961),Hoeffding (1948)

. A " M+ M+ Ù jA I"�vWyc�Q"!z'(n�#� I"�vWKc�QyW
which is a statisticin thespirit of theCraḿer - vonMisesstatistics.

The General Case

Proposition7.1 For any finite @:W@! � 8 , underthe null hypothesisof independence, as� /  ,

; �Z> ?@> A -.`/ �
[�� M

�
< � M

8]6Ie8³�Ø]6Q � IS8³� � Q F j
[ < W

wherethe F j[ < (]_W � "�8�WN5@5@5 ) are i.i.d. p j distributedvariateswith I�@ . 8:QeIy! . 8:Q degrees
of freedom.
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Heuristic Proof. Theproof for thegeneralcaseis basedon a partitioningrule of Lan-
caster(1949)for thePearsonstatisticfor independencein an @'3Ø! contingency table.

ConsiderU/. Y [ T'­ �Z> ?« > A . Let

U/. G [� Y [ "�¦_¦K. G [ §_W�¦K¿ <0À�G . < [ §:WN¦K¿ Å À [ . G Å §:WN¦K¿ <,ÀÛGe� Å À [ . < Å §:§®W
(Æ "þ$XWN5@5@5`WB@ � ]�"÷$XWN5@5N5`W@! ) bea sequenceof $¬3B$ partitionsof thesubsets� G [�ÂÁ � �#�

.
Thecorrespondingsubsamplesare � G [A "V� A § � G [� with samplesizes

� G [ .
Conditionalon the SSP U/. Y [ the statistics$ � G [ 'I M (�� )'&ZU/. G [� Y [ (Æg" $XWN5@5N5»WB@ � ]´"$6W@5@5N5`W@! ) areasymptoticallyindependent(Lancaster, 1949).Moreover, still accordingto
Lancaster(1949)the following decompositionhasasymptoticallythe samedistribution

as $ � 'I M I (�� )'&@U). Y [ Q ,
�
G � j

?[�� j $
� G [ 'I M (�� )'&ZU/. G [� Y [ 5

Thus,theteststatistic;��Z> ?@> A hasasymptoticallythesamedistributionas

; A " 8x �Z> ?« > A [ s]\]Ã a ^Ä a |
�
G � j

?[�� j $
� G [ 'I M (�� )'&@U). G [� Y [ 5

Thesameargumentsthathaveledto theconvergencein Equation7.3maynow beapplied
to eachof the I?@ . 8	QeIy! . 8:Q asymptoticallyindependenttermsof the decomposition
separately, resultingin a rv ; with asymptoticallythesamedistributionas;��Z> ?@> A ,
;2" M+ 5@5N5 M+ �

G � j
?[�� j

Ù jG [ IB� < ¹ � G [ � WKc < º � G [ � Q� <j¹ � G [ � Ie8 . � <j¹ � G [ � Qac <#º � G [ � IS8 . c <#º � G [ � Q !,� M 5@5N5W!,�G« ¹ !Zc M 5@5@5�!Zc-« º W
(7.5)

wherethe
Ù G [ IK5aW@5áQ areindependentBrownianbridgesindexedby 2-dimensional“time”

parameters,andwhere
� ��IaÆ ]6Q and

� ¼ IaÆ ]6Q arefunctionstakingvaluesin 8_W@5N5@5`WW59� � 5 and8_W@5@5N5`WW5 ¼ � 5 , which determinethe indicesof � and c , respectively, in accordancewith
thepartitionconstructionruleandtheobservationsin thepartitiondeterminingsubset* .
Eachterm in the integrandumof Equation7.5 hasthesameform asthe integrandumof
Equation7.3.Thus,asin theproof of Theorem7.1,eachprocess

» G [ I"� < ¹ � G [ � WKc < º � G [ � Qç"
Ù G [ IB� <j¹ � G [ � Wyc <#º � G [ � Q� < ¹ � G [ � Ie8 . � < ¹ � G [ � QPc < º � G [ � Ie8 . c < º � G [ � Q
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maybereplacedby its expansion

» G [ I"� <j¹ � G [ � WKc <#º � G [ � QR"
�
~ � M ÓÛ~ â ~JIB� <j¹ � G [ � Wyc <#º � G [ � QPF G [ > ~ÍW

wherethe F G [ > ~ arei.i.d. standardnormalvariates,andwhere Ó�~ and
â ~JIy5 WN5PQ arethe

eigenvaluesandeigenfunctionsof theintegralEquation7.4.Thus,theexpansionbecomes
(index D expandedto

� W�C )
» G [ I"� <j¹ � G [ � WKc <#º � G [ � QR"

�
< � M

�
Å � M

â < Å I"� < ¹ � G [ � Wyc < º � G [ � Q� I � �÷8:QBC�I"C��÷8:Q F G
[ > < Å 5

Then,

; " M+ 5N5@5 M+ �
G � j

?[�� j
» jG [ IB� <j¹ � G [ � WKc <#º � G [ � Q"!,� M 5@5N5W!,� « ¹ !Zc M 5@5N5P!Zc « º

" �
G � j

?[�� j
�
< � M

�
Å � M

8� I � �÷8:QBC�I"CX�÷8:Q F jG
[ > < Å

"
�
< � M

�
Å � M

8� I � ��8	Q"C�IBC���8	Q F j< Å W
whereF j< Å " �G � j ?[�� j F jG [ > < Å , i.e. a sumof I�@ . 8:QSIK! . 8:Q i.i.d. squaredstandard
normalvariates.Thus,F j< Å arei.i.d. p j � � L}M�� � ? L}M�� . Thiscompletestheproof.

m
Theasymptoticnull distribution of ; �Z> ?@> A is againa weightedsumof p j -distributedrvs,
andthusa generalquadraticform in thesenseof SolomonandStephens(1978).Hence,
thesametypeof approximationsasbeforemaybe considered,for which oneneedsthe
cumulants.Thesearegivenin thefollowing corollary.

Corollary 7.2 TheÆ th cumulantof theasymptoticnull distribution of ;��Z> ?@> A is givenby

à G "�I�@ . 8:QSIK! . 8:Qá$ G L=M IPÆ . 8:QXÅ
�
[�� M

�
< � M

8]XIP]ü�÷8:Q � I � �÷8:Q
G 5

Proof. Theproof is analogueto theproof of Corollary5.5.
m
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7.1.6 The SSPrc Test

The 1 -level SSPrctest � �`> ��> ?@> A Iá� A Q for theindependenceproblemis definedas

� �h> �Z> ?@> A IP� A Q " 8 if ; ��> ?@> Ab� c �`> �Z> ?@> A���h> �Z> ?@> A`IP�=A}Q " 3 if ;���> ?@> A � c��`> �Z> ?@> A6W
where c �`> ��> ?@> A is the Ie8 . 1®Q th percentileof the exact null distribution of ; �Z> ?@> A . The
percentilesc �h> �Z> ? denotethoseof theasymptoticnull distribution, andthecorresponding
asymptotictestis denotedby � �`> ��> ? Iá� A Q .
Theorem7.2 For anyfinite @:W@!�U�$ , theSSPrc testis consistentagainstessentiallyany
alternative.

Proof. First consistency of theSSP22testis proven.

Supposethat thetrueCDF
( ��� IPE\W"�=Q ý" ( � IaEçQ ( � I?�=Q for at leastone IPE\W"�=QÄT^� ���

, then,
by thecontinuityof theCDF,

8� ; j > j > A2Æ k � k.`/ (n�#� IaE®W"�=Q . (n� IaEçQ ( � �=Q j( � IPEçQSIe8 . ( � IaERQeQ ( � I��=QeIe8 . ( � I?�=QeQ ! ( �#� IaE\WB�=Q � 365 (7.6)

Hence,;0j > j > A growsunboundedlywith
�

, andthustheSSP22testis consistent.

Theextensionto theSSPrctestis straightforward.Considerthesameasymptoticdecom-
positionasin theproof of Proposition7.1. Fromthatdecompositionit is seenthat ; �Z> ?@> A
maybewrittenasa sumof ; j > j > A and I�@ . 8:QSIK! . 8:Q . 8 otherpositivestatistics.Since,
accordingto thefirst partof the proof, ; j > j > A grows almostsurelyunboundedlywith

�
,

the ;��Z> ?@> A statisticwill grow unboundedlyaswell. Hence,theSSPrctestis consistentas
well.

m

7.1.7 The SSPrc Permutation Test

The statistic ; �Z> ?@> A is clearly a rank statisticsinceit only dependson the datathrough
therankingsof theobservations:a rankingof the

�
observations ¦ E0Ge§ , a rankingof the�

observations ¦9��Ge§ , anda “ranking” of theobservations ¦ E0Ge§ relative to the rankingof
observations ¦9��Ge§ . Concerningthe latter ranking, the null hypothesisof independence
impliesthatany rankingof theobservations¦ E0Ge§ relativeto therankingof ¦G��GK§ is equally
likely. More specifically, conditionalon theobserveddata�=A�"�¦	IPE M WB� M QyW@5N5@5�IPE`AhWB��A`Qy§ ,
any transformedsampleÇ A "C¦	IPE M W"� G ÚZQyW@5@5N50W�IPE A WB� G�| Qe§ , whereÆ M W@5N5@5`WKÆ A is a permu-
tation of 8�WN5@5@5 � , hasan equalconditionalprobability underthe null hypothesis.More
formally, the null hypothesisimplies that the distribution ) " (n��(n�

is invariantunder
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thegroup� of transformations= of � A ontoitself,

�ø"d¦>=¬�²=hIá�=A`QR"d¦�IaE M WB��G�ÚZQKW@5N5@50WvIaE0AhW"��G | Qy§ whereÆ M W@5N5@5`WyÆeA is apermutationof 8�WN5@5N5 � §çW
anddÏ�ø" � Å . Thus,conditionalon � A , andunder

*,+
, for any =BTH� ,

P��UaIaF M WW� M Qç"ºIaE M WB� G ÚZQKW@5N5@50WvIaF A WW� A QR"�IaE A W"� G ÚZQ�Y=" 8� Å 5 (7.7)

Notethatin Equation7.7theobservationsmaybereplacedby theircomponentwiseranks.

Let ;±IP�=A`Q denotetheSSPrcteststatisticbasedon thebivariateobservationsin �=A . Let

; � M�� IB=hIá� A QeQ � 5@5N5 � ; � A�È � IB=hIá� A QeQ
be the orderedvaluesof ;±IB=hIá�=A`QeQ as = variesin � . Then, conditionally on �=A , the
valuesof ; � G �@Iy5PQ representthe exact conditionaldistribution of ;��Z> ?@> A . The conditional
distributioncoincidewith theunconditionalexactdistribution becausetheteststatisticis
a rankstatisticandbecauseit is assumedthat the distribution

( ���
is continuous.Thus,

especiallyfor largebut finite samplesizes
�

, whenthenull distribution of ; �Z> ?@> A is esti-
matedby meansof MonteCarlosimulation,theresultingestimateof thenull distribution
is bothanestimateof theconditionalexactpermutationdistribution andof theuncondi-
tionaldistribution. Corollary6.3 is still applicable,indicatingthatthepermutationtestis
conservative. To overcomethis problem,a randomizationtestmaybedefinedin exactly
thesamewayasexplainedin Section6.1.8.

7.1.8 Convergence to the Limiting Distrib ution

Theconvergenceis studiedherefor two purposes.First, a fastconvergencewould mean
that that the asymptoticnull distribution is an appropriateapproximationfor moderate
samplesizes.Second,thevalidity of Proposition7.1mustbeassessedempirically.

Exactcritical valuesc �`> �Z> ?@> A areestimatedbymeansof MonteCarlosimulationatnominal
level 1C"¨365 3	7 , for partition sizes$�3 $ , D�3 D and f�3^f , andfor samplesizes

� "8Z3XWS$:3XWS7:36W�8�3	3XWS7:3:3 and 8�3	3:3 . All estimationsarebasedon 10000simulationruns. The
resultsarepresentedin Table 7.1. The correspondingapproximateasymptoticcritical
valuesc��`> �Z> ? arealsogiven. For eachestimatedexact critical value,the estimatedexact
level if theasymptoticcritical valuewould havebeenused,is mentionedaswell.

Theestimationsshow thattheconvergenceis veryslow for all threepartitionsizes.Thus
theasymptoticnull distribution is not of muchpracticalvalue.
Theresultsfor the D¬3BD andthe f¬3Bf partitionsconfirmtheproposednull distributions
of Proposition7.1.
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Table 7.1: Approximatedexact critical values(ÉÞ¯�ì	í ì�É ) of the SSP22,SSP33and SSP44testswithËV¯dî�ì	ñáÌ�ì	ñPÉ�ì	ñyî�ì�ì	ñáÉ�ì�ì and ËV¯dî�ì�ì�ì . The entriesat Ëµ¯AÊ are the approximatedasymptoticcritical
values.Betweenbrackets,theestimatedexact level, whentheasymptoticcritical valuewould have beenused,
is shown. � $'3b$ D'3bD f'3bf

10 2.505(0.135) 7.820(0.335) 14.792(0.527)
20 2.383(0.127) 7.536(0.303) 14.664(0.515)
50 2.242(0.108) 7.002(0.230) 14.391(0.448)
100 2.122(0.089)
500 1.920(0.072) 6.473(0.127)
1000 1.800(0.048) 5.660(0.055) 1.823 5.551 11.237

7.1.9 Examples

All critical valuesandp-valuesareestimatedfrom the simulatedexact null distribution
(10000simulationruns).

EXAMPLE 7.1. Culti vars data
A key questionfor theCultivarsdatawaswhetheror not thereis a relationbetweenthe
differencein yieldsbetweenthetwo cultivarsandthecovariateAZ.

SSPrctestsarehereperformedwith @Ë3H! setto $¤3Ï$ , DË3ÍD andfË3Íf . Theresults,asas
well asthecritical valuesfor

� "�8�¹ arepresentedin Table7.2. Whenthepartitionsize
is $�3J$ , theSSPrctestresultedin asignificantdependenceat the 7»9 level. For thelarger
partitionsizes,non-significantresultsareobtained.Thisexamplestressestheimportance
of choosinganappropriatepartitionsize.

Table7.2: Theresultsof theSSPrcteston theCultivarsdata. Betweenbracketsthe i -valueis given. Also
thecritical valuesareshown. @63^! c �Z> ?@> M�� c +_k +�l > ��> ?@> MÌ�$'3Ç$ 2.894(0.0251) 2.445D'3ÇD 7.135(0.0661) 7.391f'3Çf 13.053(0.191) 15.267

m

EXAMPLE 7.2. Sleepdata
Onewantsto assessthe dependencebetweenthe variables“brain weight” and“gesta-
tion”. Sincethe scatterplot of the data(Figure2.8) clearly showed heteroscedasticity
suchthatevena linearity assumptionmaybequestioned,a nonparametricapproachmay
bedesirable.
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SSPrctestsarehereperformedwith @M3 ! setto $M3H$ , D¦3HD and f¦3Hf . Theresults,as
aswell asthecritical valuesfor

� "�7	© arepresentedin Table7.3. For all partitionsizes
considered,theSSPrctestresultedin ahighly significantdependenceat the 7h9 level.

Table7.3: Theresultsof theSSPrcteston theSleepdata.Betweenbracketsthe i -valueis given. Also the
critical valuesareshown. @63^! c �Z> ?@> lS¥ c +:k +Sl > �Z> ?@> lS¥$'3Ç$ 16.596( �g365 3	3:3h8 ) 2.212D'3ÇD 31.051( �g365 3	3:3h8 ) 6.959f'3Çf 44.394( �g365 3	3:3h8 ) 14.328

m

EXAMPLE 7.3. Ethanol Data
Visually thereis seena clearquadraticrelationbetweennitric oxideandtheequivalence
ratio. The resultsof theSSPrctestswith partitionsizesaregivenin Table7.4. All tests
resultin highly significantdependence.

Table7.4: Theresultsof theSSPrcteston theEthanoldata.Betweenbracketsthe i -valueis given. Also the
critical valuesareshown. @63^! c �Z> ?@> ¥S¥ c +:k +Sl > �Z> ?@> ¥S¥$'3Ç$ 16.663( �g365 3	3:3h8 ) 2.082D'3ÇD 41.381( �g365 3	3:3h8 ) 6.808f'3Çf 66.955( �g365 3	3:3h8 ) 14.377

m

7.2 The Data-Driven SSPrc Test

The reasonsfor constructinga data-drivenversionof the SSPrctestarevery similar to
thosementionedfor the SSPtest for the generalGOF problemand for the

�
-sample

problem. First it is importantto realizethat it is not neededto make the testconsistent
sinceTheorem7.2guaranteedthatfor any choiceof thepartitionsize@µ3±! theSSPrctest
is consistent.But, if thepartitionsizeis chosentoo largeascomparedto thedependence
structurebetweenF and � , then,dueto the increaseof thevarianceof the teststatistic
asa consequenceof thelargenumberof degreesof freedom( I�@ . 8	QeIK! . 8	Q ), thepower
will belower thanthepower thatwould have beenattainedwhena smallerpartitionsize
wouldhavebeenchosen,i.e. thedilution effect. Also,atoolow partitionsizemightresult
in a teststatisticthat is not assensitive to thedependencestructurebetweenF and � as
a testbasedon a largerpartitionsizewould havebeen.



7.2The Data-DrivenSSPrc Test 209

7.2.1 The Selection Rule

Most of the theoryon data-driven SSPbasedteststhat is given in Section5.5 remains
valid in thepresentsituation. Only the resultsthatarerelatedto theselectionrule must
bechangedaccordingly.

Thedefinitionof thepermissiblepartitionsizesmustbechangedslightly, andwill depend
on thedefinitionof theminimal partitionsize,whichalsoneedsto bealtered.

Definition 7.3 Theset
r

of PermissiblePartition Sizesis a setof partition sizesI�@:W@!NQ
that maybe selectedby theselectionrule. It is further supposedthat d r is finite, all @
and ! are finite, andthat it containsits minimalpartition size.

Definition 7.4 TheMinimal Partition Size I�@�~ÍW@!S~ÍQ ofaset
r "d¦�I?@ M W@! M QKWN5@5N5�I?@ ¼ WW� ¼ Q®TÍ j WKc�U 8_§ is definedas follows. Let

r � and
r ? denotethe setsof values@ and ! in

r
,

respectively. Then,@�~ù"d¿¤�aw r � and !S~Ò"�¿¤�aw r ? . It is also thethesmallestpartition
sizethatmaybeselectedby theselectionrule.

Definition 7.5 TheSSPSelectionRule, which selectstheright partition size
~ A 3 q A ,

is givenby

I ~ A W@q A Qç" ArgMax
� �Z> ? � s�t U ; �Z> ?@> A . $hI?@ . 8	QeIy! . 8:Q�u w&x A Y:W

where $hI?@ . 8	QeIy! . 8:Q�u w&x A is calledthepenalty.

7.2.2 The Test Statistic and its Asymptotic Null Distrib ution

Theteststatisticof thedata-drivenSSPrctestis givenby

;½Î |�> {}|�> A 5
Thustheteststatisticis still a rankstatistic.

Theorem7.3 Let
r

bea setof permissiblepartition sizesand let I?@_~JWN!S~ÏQ#T r denote
theminimalpartition size. Supposethat x A /  as

� /  . Then,under
*,+

,

I ~ AhW@qRA`Q �.`/ I?@ ~ WN! ~ QyW
as
� /  .

Proof. Theproofis similarto theproofof Theorem5.6.Weonly indicatethedifferences.
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Theproof is startedwith theequality

P UaI ~ A W@q A Q ý"ºI?@_~ÍW@!S~ÏQáY=" � �Z> ? � s�t>Ï>Ð � � � > ? � �RÑ
P U I ~ A WNq A Qç"�I�@:W@!NQ�Y:5

In theremainderof theproof,only thedifferentnumberof degreesof freedomof the p j
variatesmustbeconsidered.Thus Iy! . 8	Q and IK! ~ . 8	Q in theproofof Theorem5.6must
bechangedto I?@ . 8:QSIK! . 8:Q and I?@ ~ . 8	QeIK! ~ . 8:Q , respectively, and ! is now definedas!Ï"�I�@ . 8:QSIK! . 8:Q . I�@ ~ . 8	QeIy! ~ . 8:Q . WhenChebychev’sinequalityis used,themeanà¢��?@> Ag" E� U ;��Z> ?@> A:Y andthe varianceE �Z> ?@> Ag" Var� U ;��Z> ?@> A:Y areneeded.FromCorollary
7.2it is known thatbothremainfinite as

� /  , asneededto completetheproof.
m

Proposition7.2 Let
r

bea setof permissiblepartition sizesandlet I?@ ~ W@! ~ Q®T r denote
theminimalpartition size. Supposethat x_A /  as

� /  . Under
* +

,

; Î | > { | > A -.`/ �
[�� M

�
< � M

8]6Ia]ü��8	Q � I � ��8	Q F j
[ < W

where the F j[ < are i.i.d. p j � � � L}M�� � ? � L}M�� variates.

Proof. The proof is exactly the sameasthe proof of Proposition5.3, exceptthat now
Theorem7.3andProposition7.1areneededinsteadof Theorem5.6andProposition5.1,
respectively.

m

7.2.3 The Data-Driven SSP Test

Thedata-drivenversionof theSSPrctestwill bereferredto astheSSPddtest.

The 1 -level SSPddtest ���h> t`> A`IP�=A0Q is definedas

� �`> th> A Iá� A Q " 8 if ;�Î |�> {}|�> Ab� c �h> Î |�> {}|�> A� �`> th> A Iá� A Q " 3 if ;�Î |�> {}|�> AB� c �h> Î |�> {}|�> A W
where I ~ AhWNqçA`Q is thepartitionsizeselectedby theselectionrule.

Theorem7.4 TheSSPddtestbasedon theset
r

of permissiblepartition sizes,including
theminimalpartition size I?@ ~ W@! ~ Q , andbasedon a selectionrule for which x_A /  as� /  , is asymptoticallysimilar andof size 1 .

Proof. Theproof is completelysimilar to theproof of Theorem5.7. Only thenotation
mustbechangedto thepresentsetting.

m
The reasonwhy the SSPddtest is only asymptoticallysimilar and of size 1 is essen-
tially the sameasfor the SSPrctest: for finite

�
the exact null distribution of the rank
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statisticis discrete.The definition of quantilesc � makesthat for the testdefinedabove
E��U � �`> th> A Iá� A QáY � 1 , i.e. theSSPddtestis conservative.By randomizingthedata-driven
testits sizebecomesequalto 1 for all finite

�
aswell.

Theorem7.5 For any set
r

of permissiblepartition sizes,and any selectionrule for
which x_A /  as

� /  , theSSPddtestis consistentagainstessentiallyanyalterna-
tive.

Proof. Theproof is analogueto theproofof Theorem5.8.
m

7.3 Power Characteristics

In this sectionthe power of both the SSPrc,for severalpartition sizes@Ò3µ! , andof the
SSPddtestwill becomparedto thepowerof someothertests.

7.3.1 Other Tests for the Independence Problem

When the SSP22test for independencewasconstructed(Section7.1.5) it wasalready
mentionedthat the ;0j > j > A statisticis closelyrelatedto Hoeffding’s (H) testfor indepen-
dence(Hoeffding, 1948),which is omnibusconsistent.The relationis mosteasilyseen
whentheformulationof Hoeffding’sstatisticof Blum et al. (1961)is studied.Both the
SSP22andHoeffding’sstatisticmaybeinterpretedasthemeanof a measurefor depen-
dencein a $©3�$ contingency table,wherethe meanis calculatedover all observation-
centred$�3 $ tables. The measuresonly differ in whetheror not a weight function is
incorporated.Anotherway of looking at relationbetweenboth testsis that the SSP22
statisticis relatedto Hoeffding’sstatistic,like anAnderson-Darlingstatisticis relatedto
a von Mises(von Mises,1947)statistic. More detailson Hoeffding’s testaregiven in
Section4.2.4.

A testwhich is aspecialcaseof thePuri and Sen(PuriandSen,1971)ranktestfor inde-
pendencewill beconsideredaswell. This testis basedon theSpearmanrankcorrelation.
Themainreasonto includethis testis thatit is veryeasyto applyin practice,i.e. thetest
statisticis easyto calculateandit hasa simplenull distribution. Moreover, this test is
includedin publishedsimulationstudiesbefore(Kallenberg andLedwina,1999)aswell
asin papersreportingsomeARE’s (Ledwina,1986;Puri andSen,1971). This testwill
bereferredto asPS.It is consistentagainsttheclassof all continuousdistributionswith
a monotonedependence.

Yet anotherwell known measurefor dependenceis the quadrantstatistic (Blomqvist,
1950),alsoknown asthesamplecoefficientof medialcorrelation.Basedon this statistic
againaPuri andSenstatistic(PuriandSen,1971)canbeconstructed.Hereit is however
preferredto usethe asymptoticallyequivalent interdir ection quadrant statistic (IQS)
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(Gieserand Randles,1997), which is also a simple function of the quadrantstatistic,
becauseGieserandRandles(1997)reportedthatin smallsamplestheIQStestperformed
betterthanthePuri andSenversion.

Finally, two recentdata-driven smooth testsof Kallenberg andLedwina(1999)arein-
cluded:TS2 andV. Thesetestsareof particularinterestbecausethey arebotha smooth
andadata-driventestswhich is basedon SchwartzBIC criterion.Detailson thetestsare
givenin Section4.3.4.In brief, bothtestsaredata-drivenscoretestswithin abivariateex-
ponentiallyfamily in whicheachtermis relatedto agradecorrelationbetweenI (�� IPFþQeQ �
and I (�� I"�±QeQ � , where@ and � specifytheorder. The ;µ�0$ andthe

»
only differ w.r.t the

ordersI?@:W��_Q . Theformertestis restrictedto symmetricorders,i.e. @B"�� , while thelatter
hasno suchrestriction.

7.3.2 The Alternatives

The problemof choosingalternativesto considerin the simulationstudyis even larger
thanit wasfor thegeneralGOFandthe

�
-sampleproblems.This problemis recognized

many timesin theliterature(e.g.HájekandŠidák,1967;Kallenberg andLedwina,1999;
Lehmann,1975). One reasonis of coursethat for a simulationstudy for comparing
testsfor independence,bivariatedistributionsmustbeused.Thusnot only two marginal
distributions,but alsoaninfinite numberof possibletypesof dependencemustbechosen.
Sincethe SSPbasedtestsare nonparametricin the sensethat their propertiesdo not
dependon the marginal distributions

(n�
and

(��
, it would for instancebe meaningful

to considercopula’s (bivariatedistributionswith fixeduniform marginaldistributions)in
which severaldependencestructurescanbestudied.An extensive overview of copula’s
hasbeengiven by Joe(1997). Although it seemsa very sensiblesolution,our concern
is that, from a practicalpoint of view, thesealternativesdo not always reflect clearly
equivalentsituationsthatoccurin statisticalpractice.E.g. considera uniform distributedF variableandconditionallyon E anormaldistributed� variablewith aconditionalmean
that varieslinearly with E (cfr. a classicallinear regression).This seemsa very simple
andmeaningfulsituation,but even this exampledoesnot fit easilyinto a simplecopula
family, andwhentheconditionalmeanis e.g.aquadraticfunctionof F , thenit becomes
evenharderto fit it into acopula.Therefore,we will not usecopula’sasalternatives.

To our opinion,a moresensibleway of constructingbivariatedistributionsfor studying
thepower of testsfor independence,is to build thedistribution by factorizingthedistri-
bution as

(���� IPE\WB�}Qz" (�� IPEçQ ( �>Ó � I?� Ã EçQ . Thus,first themarginal distribution of F must
bespecified,andnext theconditionaldistributionof � given F . In thiswaymany depen-
dencestructurescanbeconstructedin averyflexible manner. In particulartheconditional
meanandtheconditionalvarianceof � given F maybecompletelyspecifiedasanarbi-
trary simpleor complex function,whatever theform (e.g. normal,lognormal,...) of the
conditionalandmarginaldistribution.

More specifically, in this power study the observations IPF G WW� G Q (Æ^" 8�W@5N5@5`W � ) of the
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alternativeswill beconstructedusingthefollowing regressionmodel:

� G "Và�IaF G Q0�g�}IaF G Q"Ô G W (7.8)

where Ô G (ÆJ"¨8_W@5N5@5`W � ) arei.i.d. distributedrandomvariableswith CDF
(�Õ

andwhich
are independentof the F G . The meanand the varianceof Ô arealways zeroandone,
respectively. Further, à�Iy5PQ is theconditionalmeanof � given F , andthefactor �}IK5áQ has
in theregressionmodeltheinterpretationof theconditionalstandarddeviationof � givenF . Althoughthedistribution

(nÕ
maybechosenarbitrarily, it is restrictedin thepresent

studyto thestandardnormaldistribution.

With theregressionmodelof Equation7.8therearestill aninfinite numberof alternatives
possible.We madea selectionof alternativesreflectingseveral typesof dependencethat
possespracticalrelevance.Hereis anoverview of thealternatives.

ö Linear Regression
Themostsimpletypeof dependencethatis studiedhereis aclassicallinearregres-
sionmodelwith normalresidualsandwith homoscedasticvariances.Thus,

à�IaFHGSQ " Ö M FHG�}IaFHGSQ " 8�5
Ö M valuesin therangebetween0 and 8�5 7 areconsidered.

ö Quadratic Regression
Similar to thelinearregressioncase,theconditionalmeanmaybeaquadraticfunc-
tion of F . Theconditionalvarianceis still keptconstant.Thus,

à�IaFHG�Q " Ö j F jG�}IaFHG�Q " 8_5
For Ö»j therange0-5 is studied.

ö Cubic Regression
The cubic regressionthat is simulatedactually looks a non-linearmonotonicre-
gressionrelation.Theconditionalvarianceis still keptconstant.Thus,

à�IaFHG�Q " Ö ¤ F ¤G�}IaFHG�Q " 8_5
For Ö ¤ therange0-2 is studied.

ö SinusoidalRegression
As anexampleof a highly non-lineardependencestructurea periodicfunctionfor
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à is considered.

à�IPFBGSQ�" �°×-� w®IaFHGeQ�}IaFHG�Q�" 8_5
ö Constant-meanHeteroscedasticity

Dependenceis of coursenot only establishedby a non-constantconditionalmean
function.Anothertypeof dependencemaybeconstructedby lettingtheconditional
varianceof � varywith E . In regressiontermsthisis oftencalledheteroscedasticity
or heterogeneity. Theheteroscedasticityis specifiedas

à�IaFHGSQ�" 3
�}IaF G Q�" 8³� ä ~ IPFBGSQ� W

where
~ IaF G Q is therankof F G amongtheobservationsin thesample� �A , andwhere�

is thesamplesize.In thesimulationstudyä is variedbetween0 and10.ö Linear Regressionwith Heteroscedasticity
A combinationof the linear regressionmodelandthe heteroscedasticitymodelis
considered.

à�IaFHGSQ�" Ö M FHG
�}IaF G Q�" 8³� ä ~ IPF G Q� W

whereÖ M "º8 . In thesimulationstudyä is variedbetween0 and10.

7.3.3 Results

All power estimationsare basedon 10000Monte Carlo simulationruns. Powers are
estimatedat 1÷"d365 3	7 andfor samplesizes

� "�$:3 and
� "�7:3 . Thecritical valuesare

obtainedfrom simulatednull distributions,basedon 50000simulationruns. Theresults
areall presentedasgraphs.

The resultsfor the linear, quadraticandcubic regressionmodelsareshown in Figures
7.2,7.4 and7.6, respectively, for

� "º$:3 , andFigures7.3,7.5 and7.7, respectively for� "�7:3 . Theestimatedpowersof thesinusoidalregressionmodelsareshown in Figure
7.8 (

� "þ$:3 ) andFigure7.9 (
� "þ7	3 ). Theresultsof thevarianceheterogeneitymodels

withoutandwith thelinearregressioncomponent,arepresentedin Figures7.10and7.12,
respectively, for

� "g$:3 , andin Figures7.11and7.13,respectively for
� "%7:3 .

Linear Regression
For the linear regressionmodelsthe simulationssuggestthat high powersareobtained
with thePStest,which is basedon Spearman’srankcorrelationcoefficient. SinceSpear-
man’s rankcorrelationcoefficient is known to besensitive to monotonedependence(see
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Figure7.2: Estimatedpowersfor thelinearregressionmodel(Ëb¯bÌ�ì ). Panel(a) shows theSSP22,SSP33
andSSP44teststogetherwith the othertests,andpanel(b) shows theseothertestswith the data-driven SSP
tests.

e.g. Joe,1997,for anoverview of its properties),of which the linear regressionmodels
form a specialcase.Also Hoeffding’sH testis amongthetestswith thehighestpowers.
Almost indistinguishablefrom thelattertest,is theSSP22test,of whichit wasmentioned
alreadythatit is closelyrelatedto theH test,exceptthatanAnderson-Darlingtypeweight
function is incorporated.Thus,underthepresentsimulationconditionstheweight func-
tion doesnotseemto haveasubstantialinfluence.AmongtheSSPrctests,theSSP22test
is themostpowerful, followedby theSSP33andtheSSP44test,which have lower pow-
ers(at mosta differenceof moreor less 8Z3»9 when

� "Þ$	3 ). The differencesbetween
the SSPrctestsbecomesmallerasthe samplesize

�
increases.When

� "´7	3 thereis
virtually almostno differencebetweenall testsbut theIQS andthedata-drivenTS2and
V tests.Thelatter two testshave a slightly lower power thantheSSP44test.Thelowest
poweris obtainedwith theIQStest,whichis only basedonthequadrantstatisticof which
it is indeedknown thatin caseof amonotonedependencestructureit is lesssensitivethan
theSpearmanrankcorrelationcoefficient. When

� "%7:3 thedifferencebetweentheTS2,
V andIQStestsdecreasesclearly.
All threeSSPddtestsperformratherwell, especiallythosebasedon the pAIC andthe
BIC criterion,which have powersthatarevirtually equalto thoseof theSSP22test.The
LL-basedtesthaspowersnearto thepowersof theSSP44test.
Thepowersof all testsincreaseasthelinearregressionparameterÖ M increases.

Quadratic Regression
Under the quadraticregressionmodel alternativesthe highestpowersaregiven by the
(asymmetric)data-drivenrank test,V, which is slightly betterthanthe SSP44test. Es-
pecially when

� "´7:3 the differencebetweenboth testsbecomevery small. After the
SSP44test,theSSP33andtheSSP22have thehighestpowersamongtheSSPrctests.It
mayalsobeinterestingto notethatthedifferencebetweentheSSP44andtheSSP33test
is smallerthanthedifferencebetweentheSSP33andtheSSP22test.Showing thesame
patternasthe SSP22test,but with a lower power (about 8Z3»9 at most in this study),is
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Figure7.3: Estimatedpowersfor thelinearregressionmodel(Ëb¯bÉ�ì ). Panel(a) shows theSSP22,SSP33
andSSP44teststogetherwith the othertests,andpanel(b) shows theseothertestswith the data-driven SSP
tests.

the H test. Thus,in this case,the incorporationof the weight function seemsto have a
power advantage.The powersof both the PSandthe IQS testareextremelylow; their
powersbroke down completely. When

� "d$	3 , theTS2 testshows thesamebehaviour.
It is remarkablethatthedata-driventestsof Kallenberg andLedwina(1999),TS2andV,
whichbothbelongto thesamefamily of scorestatistics,behaveasdifferentlyasobserved
here. The TS2testis evenbasedon a choiceof Legendrepolynomialsof order1 up to
order10,whereastheV testsmayat mostcontainLegendrepolynomialsof order2. But,
on theotherhand,theV testmayselectLegendrepolynomialsof differentorderto form
atermof thescorestatistic(i.e. asymmetric),whereasfor TS2testLegendrepolynomials
usedto form atermmustbeof equalorder. In thepresentsituation,thisclearlyshowsthat
a quadraticregressionmodelalternative is clearly a so-callednonsymmetricalternative
(terminologyusedby Kallenberg andLedwina,1999). Note that in their paper, they did
not discusssuchan extremenonsymmetricalternative for which the lowestordersym-
metricgradecorrelation,i.e. thegradecorrelationCov U (�� IaF�QKW (�� I"�±QáY , is aslow asit is
here.It is alsothissmallgradecorrelationwhichmakesthatthepowerof thePSandIQS
testareextremelylow.
Amongthedata-drivenSSPtests,againthepAIC penaltycorrespondsto thebestSSPdd
test;its poweris evenhigherthanthatof theSSP44test,but still abit lowerthatthepower
of theV test.Only a smallpower differenceexistswith theLL-basedtest;when

� "÷7	3
this differencebecomesevennegligible. Thepower of theSSPdd- BIC testis similar to
thepowerof theSSP22test.
All powers, except thosethat broke down completely(PS and IQS), increaseas the
quadraticregressioncoefficient Ö j increases.

Cubic Regression
Beforediscussingthe resultsof the cubic regressionmodel,it is worth mentioningthat
thecubicmodelbasicallystill resultsin a monotonedependencebetweenF and � , but
for valuesof F in theneighbourhoodof zerothis dependenceis virtually absent.
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Figure7.4: Estimatedpowers for the quadraticregressionmodel(ËV¯µÌ�ì ). Panel (a) shows the SSP22,
SSP33andSSP44teststogetherwith theothertests,andpanel(b) shows theseothertestswith thedata-driven
SSPtests.

In generalthe sameconclusionsasfor the linear regressionmodelalternativesmay be
stated,exceptthatnow, especiallywhen

� "º7:3 , theSSPrcandthe SSPddtestsclearly
havehigherpowersthantheothertests.

SinusoidalRegression
As with thequadraticregressionmodel,thesinusoidalregressionmodelalternativeshave
a very low gradecorrelationCov U (�� IPFþQKW (n� IB�ÏQ�Y , resultingin low powers for the PS
andIQS tests. When

� "È7:3 , however, the IQS testshasa power of about $	3»9 , but
when � � $ it doesnot seemto increaseanymorewith � . Also, aswith the quadratic
regressionmodelalternative,theTS2testshowsacompletepowerbreakdown. And,more
surprisinglyat first sight,eventhepower of theV testis extremelylow. This resultmay
beexplainedby theinappropriatenessof thelow-orderLegendrepolynomialsto capture
a dependencestructurewith a kind of periodicity.
When

� " $	3 , also the SSP22test hasvery low power. The H test shows againthe
samepatternasthe SSP22test,both with

� "4$	3 and
� "Ò7:3 , but now with slightly

higherpowersastheSSP22test. With bothsamplesizesconsidered,theSSP44testhas
definitely thehighestpower amongall testsstudied.Thebehaviour of theSSP33testis
in betweentheothertwo SSPrctests.
Both thepAIC andtheLL basedSSPddtestshavegoodpowercharacteristics,but not as
goodastheSSP44test.WhentheBIC penaltyis used,theSSPddtesthassimilarpowers
astheSSP22test;when

� "÷$:3 its power is slightly higherthanthepowerof theSSP22
test.
In general,thepowersincreaseas � increases.

Constant-meanHeteroscedasticity
For thevarianceheterogeneitymodelswith constantmean,theTS2,PSandtheIQS test
have almostno power, not increasingwith ä . When

� "º$	3 , alsotheSSP22andtheH
testhave very low power. When

� "Þ7	3 , their powersarestill very poor, by now they
show at leasta small increasewith ä . The power of the H testis generallya bit higher
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Figure7.5: Estimatedpowers for the quadraticregressionmodel (Ëµ¯VÉ�ì ). Panel (a) shows the SSP22,
SSP33andSSP44teststogetherwith theothertests,andpanel(b) shows theseothertestswith thedata-driven
SSPtests.

thanthepower of theSSP22test. Thebestpower is definitelyobtainedwith theV test.
Bothwhen

� "g$:3 and
� "g7:3 , thepowerof theSSP44testis only abit smaller(atmost

about$h9 and 8�3»9 for
� "g$:3 and

� "%7:3 , respectively). Thepowerof theSSP33testis
somewherein betweenthoseof theSSP44andtheSSP22test.
Thepowerof thedata-drivenSSPtestsis rathergoodwhenthepAIC andtheLL penalties
areused;the former resultsin betterpowersthanthe latterwhen

� "�$:3 , andtheother
wayaroundwhen

� "%7	3 . Theirpowersarein betweenthoseof theSSP44andtheSSP33
tests.WhentheBIC penaltyis used,powerscomparableasthoseof theSSP22testare
obtained.
Exceptfor thosetestsof which thepower breaksdown completely, thepower increases
with increasingä .

Linear Regressionwith Heteroscedasticity
Finally theresultsof thelinearregressionmodelwith varianceheterogeneityis discussed.
Note thatwhen ä "Þ3 , the powersarethe sameasfor the variancehomogeneitylinear
regressionmodel alternativeswith Ö M " 8 and Ö M "ø3X5 7 for

� "�$	3 and
� "�7	3 ,

respectively. When
� "¨$:3 , in generalall testsshow the samebehaviour: decreasing

power as ä increases.Moreover, thepowersshow thesameorderingasfor thevariance
homogeneitylinear regressionmodel. Only the V testshows a deviating behaviour: its
power startsincreasingagainwhen ä becomeslarger than4. When

� "Õ7	3 , the power
increaseevenstartsassoonasä exceeds1. For this largersamplesize,alsothepowersof
theSSP44,SSP33,SSPdd-pAICandtheSSPdd-LLtestsshow thispattern,but underthe
conditionsusedin this simulationstudythey never exceededthepower of theV testfor
large ä . When

� "d7:3 , thepowersof theSSP22andtheSSPdd-BICtestsstartlevelling
off for largervaluesof ä , sothatthereis at leastno completebreakdown of their powers.
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Figure7.6: Estimatedpowersfor thecubicregressionmodel(ËB¯ÇÌ�ì ). Panel(a) shows theSSP22,SSP33
andSSP44teststogetherwith the othertests,andpanel(b) shows theseothertestswith the data-driven SSP
tests.

7.3.4 Conc lusions

Underall alternativesconsideredin the simulationstudy, noneof theSSPrcandSSPdd
testsshoweda completepower breakdown, exceptin small samplesfor theSSP22and
SSPdd- BIC testsundertheconstantmeanvarianceheterogeneitymodel.In general,the
SSP22test is amongthe SSPrcteststhe morepowerful whena monotonicdependence
relation is present(e.g. linear andcubic regression).The test is even almostindistin-
guishablefrom the PStestbasedon the Spearman’s rankcorrelationcoefficient. When
therelationshipbetweenthevariablesis morecomplex (e.g. quadratic,sinusoidal,vari-
anceheterogeneity)theSSP44testis clearlybetterthenthosebasedon smallerpartition
sizes.In somecasesit is outperformedby theV test(e.g.quadraticandvariancehetero-
geneitymodels),but thedifferencein power is never large.
Differentpenaltiesin theSSPddstatisticsclearlyresultin differentbehaviour. In all sim-
ulationstheBIC criterionmadethedata-drivenSSPtestlook very similar to theSSP22
test,andtheuseof theLL criterionresultedin a testsimilar to theSSP44test.ThepAIC
penalty, which is proposedin this work, doesnot seemto have thepropertyof following
onespecificSSPrctestclosely. In particular, it switchesmoreoften from partition size
thantheothertwo, suchthat it doesnot stick to a partitionsizewhenthecorresponding
SSPrctestshowsa lowerpower. Thisseemsto maketheSSPdd-pAICtestagoodchoice,
at leastunderthealternativesstudiedhere.
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Figure7.7: Estimatedpowersfor thecubicregressionmodel(ËB¯bÉ�ì ). Panel(a) shows theSSP22,SSP33
andSSP44teststogetherwith the othertests,andpanel(b) shows theseothertestswith the data-driven SSP
tests.
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Figure7.8: Estimatedpowers for the sinusoidalregressionmodel(Ë�¯�Ì�ì ). Panel(a) shows the SSP22,
SSP33andSSP44teststogetherwith theothertests,andpanel(b) shows theseothertestswith thedata-driven
SSPtests.
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Figure7.9: Estimatedpowersfor the sinusoidalregressionmodel(Ë·¯�É�ì ). Panel(a) shows the SSP22,
SSP33andSSP44teststogetherwith theothertests,andpanel(b) shows theseothertestswith thedata-driven
SSPtests.

(a) (b)

0 2 4 6 8 10

gamma

0.
00

0.
05

0.
10

0.
15

0.
20

0.
25

0.
30

SSP22
SSP33
SSP44
H

PS
IQS
TS2
V

0 2 4 6 8 10

gamma

0.
00

0.
05

0.
10

0.
15

0.
20

0.
25

0.
30

dd - BIC
dd - LL
dd - pAIC
H

PS
IQS
TS2
V

Figure7.10: Estimatedpowersfor thevarianceheterogeneitymodelwith constantmean(Ë�¯ØÌ�ì ). Panel
(a)shows theSSP22,SSP33andSSP44teststogetherwith theothertests,andpanel(b) shows theseothertests
with thedata-drivenSSPtests.
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Figure7.11: Estimatedpowersfor thevarianceheterogeneitymodelwith constantmean(ËØ¯�É�ì ). Panel
(a)shows theSSP22,SSP33andSSP44teststogetherwith theothertests,andpanel(b) shows theseothertests
with thedata-drivenSSPtests.
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Figure 7.12: Estimatedpowers for the varianceheterogeneitymodel within the linear regressionmodel
(ËÍ¯ÏÌ�ì ). Panel(a)shows theSSP22,SSP33andSSP44teststogetherwith theothertests,andpanel(b) shows
theseothertestswith thedata-drivenSSPtests.
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Figure 7.13: Estimatedpowers for the varianceheterogeneitymodel within the linear regressionmodel
(ËÏ¯ÍÉ�ì ). Panel(a)shows theSSP22,SSP33andSSP44teststogetherwith theothertests,andpanel(b) shows
theseothertestswith thedata-drivenSSPtests.
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7.4 Examples

For all examplesthesetof permissableordersisr "�¦	I�$XWe$hQKWvIá$XWSD»QyW�IáD6We$hQKW�I�DXWSD»QKWvIáD6Wef»QyW�I�$XWefhQKWvIáfXWSD»QyW�Iáf6We$hQKW�I�fXWSf»Qy§:W (7.9)

andall threethepenaltiesBIC, pAIC andLL areused.

EXAMPLE 7.4. Culti vars data
In Section7.1.9it wasseenthatonly theSSP22testgave a significantresultsat the 7»9
level. Thusa “wrong” choiceof @¦3^! would not have revealedthedependencebetween
theyield differenceandtheAZ covariate.
Both the BIC andthe pAIC criterion selectedthe $Ò3�$ . The LL criterion,on the other
hand,selectedthelargestpartitionsizeconsidered(fu3zf ). Thuswith boththeformertwo
SSPddtests,a significantdependenceis concluded,but with thelatter test(LL criterion)
nodependencewouldhavebeenconcluded.

Note that this agreeswith theconclusionsfrom thesimulationstudy. Thereit wasseen
that for the linear regressionmodel alternatives (from Figure 2.4 it may be seenthat
thereis moreor lessa linear relationbetweenthe two variables)theSSP44testhadthe
lowestpower amongthe SSPrctests(in Section7.1.9theSSP44testresultedindeedin
thehighestp-value)andthattheLL-baseddata-driventestbehavessimilarly astheSSP44
test.

m

EXAMPLE 7.5. Ethanol data
In Section7.1.9all threeSSPrctestsindicateda highly significantdependencebetween
thenitric oxideconcentrationandthe equivalenceratio. All threepenaltiesselectedthef'3bf partitionsize.

It is interestingto seethateventheBIC criterionselectedthelargestpartitionsize.In the
simulationstudyit wasobservedthough,thatthepowerof theBIC-basedtestwasalmost
thesameasthepower of theSSP22test,suggestingthat thecriterion frequentlyselects
the $©3^$ partition size. Here,on the otherhand,alsowith the BIC penaltythe f©3^f
partitionsizeis selected.This might indicatethat theSSP44statisticis extremelylarge
relatively to theSSP22statistic.

m

7.5 Generalization of the SSPrc Test to Diver gences
of order Ø

In Section5.4 theone-sampleSSPcstatisticwasgeneralizedto a SSPcstatisticof orderÓ , where Ó refersto the orderof the power divergencestatisticwhich is the coreof all
SSPbasedstatistics.Thus,asimilar extensionmaybeconsideredhere.
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First theaverageddivergenceof order Ó andthecorrespondingstatisticaredefined.These
will functionasthebasisfor theteststatistic,for which its asymptoticnull distribution is
proposedin thesimplestcase(@b"�!#"g$ ). Finally a smallsimulationstudyis performed
to comparetheresultsof thePearsonianwith theLR-typeSSPrctest.

7.5.1 Some Definitions

Thedirecteddivergenceof order Ó for theindependenceproblemwasdefinedin Section
7.1.1. By introducingthe data-dependent@©3V! sizedSSP U). Y [ " U). Y I * ��> ?« > A Q andtak-
ing the expectationw.r.t. the true distribution

(
, the averageddivergenceof order Ó is

obtained.

Definition 7.6 TheAveragedDivergenceof order
Ô

is definedas

$ ×�Z> ? I (�� )JQR" E% I
× (�� )'&@U). Y I * ��> ?« > A Q 5

The usefulnessof
$ ×��> ? I (�� )JQ asa measureof the deviation of

(
from ) follows from

thefollowing result,which is anextensionof Lemma7.1,andwhich is provenin exactly
thesameway.

Lemma 7.2 For any ÓHTÒ  ,

$ ×�Z> ? I (�� )JQç"%3�S *z+
is true5

TheAveragedDivergenceof order Ó is estimatedby its plug-in estimator '$ ×? I (�� )JQ , the
AveragedDivergenceStatisticof order Ó ,

'$ ×�Z> ? I (�� )JQ�" 8x �Z> ?« > A [ s]\]Ã a ^Ä a | 'I
× I (�� )'&ZU/. Y [ Q�5

7.5.2 The SSPrc Test of order Ù and its Null Distrib ution

Theteststatisticis simply ; ×�Z> ?@> A "V$ � '$ ×��> ? I (�� )JQ .
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When $'3b$ theteststatisticreducesto

; ×j > j > A " $ � E fÚ 'I × (�� )'&@U). Y I * �Z> ?« > A Q
" 8� . 8

A L}M
G � M

� 8ÓhIyÓ±�÷8:Q '( ��� IPFBGeWW�ÛG�Q '(��#� IaF G W�� G Q'( � IaFHG�Q`'( � I"�ÛGSQ
× . 8 �

IS8 . '(��#� IaF G W�� G QeQ 8 . '( ��� IaFHGeWW�ÛGSQ8 . '(�� IPF G Q '(n� IB� G Q
× . 8 5

;0j > j > A is a plug-in estimatorof a functional. Henceits asymptoticnull distribution may
be found by von-Misescalculus. However, for two reasonsthe calculationsare more
difficult than in Chapter5. First, bivariatedistributionsare involved, and second,the
independencehypothesisis basicallya compositenull hypothesisin the sensethat )
dependson the databy )JIPE\W"�=QH" '(�� IPEçQ}'(�� I��=Q . The former problemintroducesonly
somemorecumbersomealgebra,whereasthelattercomplicationinvokessomeadditional
convergencesof '(��

and '(��
, whichmaybehandledby themethodsof Billingsley (1968),

Pyke andShorack(1968).After ratherlong calculationsit maybeshown that for any Ó ,; ×j > j > A hasasymptoticallythesamenull distributionasthe
»

-statistic

» A " � 8� j
A
G � M

A[�� M
M+ M+ I æ �P| . ( � IaERQ ( � I?�=QSQ æ � + . ( � IaEçQ ( � I?�=Q(n� IaERQeIe8 . (�� IPEçQeQ (n� I?�=QeIS8 . (�� I��}QSQ ! (�� IaEçQB! (�� I��}QyW

where æ � " æ � IaE®W"�=Qz" I U/Û � � E\W�Û � � �ÛY where³�"¨IBÛ � WWÛ � Q . » A is not dependingonÓ anymore,and,moreover, it hasthesamekernelasthePearsonianSSPrcstatistic.Thus
its limiting null distribution is alsothesame.This is statedin thefollowing result,which
will bereferredto ratherasapropositionfor wedid not includethewholeproof here.

Proposition7.3 Under
* +

, for each Ó�TM  ,

; ×j > j > A �.0/ ; Mj > j > A W
and

; ×j > j > A -.0/ �
[�� M

�
< � M

8]6Ia]J��8	Q � I � �÷8:Q � j
[ < W

where the
� j[ < are i.i.d. p j M variates.

When @ and ! aregreaterthan2, Proposition7.3 maybe extendedto arbitrarypartition
sizesin a similar way asbefore.Without proof we conjecturethefollowing proposition,
whichwill beempiricallyassessedin thenext section.
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Proposition7.4 Under
*,+

, for each ÓBTÜ  ,

; ×�Z> ?@> A �.0/ ; M�Z> ?@> A W
and

; ×�Z> ?@> A -.0/ �
[�� M

�
< � M

8]6Ia]J��8	Q � I � ��8	Q � j
[ < W

where the
� j[ < are i.i.d. p j � � L}M�� � ? L}M�� variates.

7.5.3 Convergence to the Limiting Distrib ution

Thelimiting null distributionsof ; +�Z> ?@> A (i.e. Ó^"÷3 ), with $¬3B$ and D¬3BD partitions,are
empiricallyassessedby meansof MonteCarlosimulations(10000simulationruns).The
resultsarepresentedin Table7.5.For moderatesamplesizes,theconvergenceis tooslow
to usethe (approximate)asymptoticcritical values.The convergenceis only a little bit
fasterascomparedto thecorrespondingPearsonianstatistics( Ó�"�8 ).
Note that theestimatedcritical valuesof theSSP33testseemto convergeto theasymp-
totic valueswhich werederivedfrom Proposition7.4. Thusthe resultsconfirmthepro-
posedlimiting null distribution.

Table7.5: Estimatedcritical valuesof Ý·Þß"à áBà ­ based10000simulationruns,for ÌV¯üÌ and ïV¯üï partitions.
Betweenbracketstheestimatedsizeof thetestwhentheapproximatedcritical valueis used,is mentioned.On
theline indicatedwith ËÍ¯MÊ , theapproximatedasymptoticcritical valueis given.�

Partitionsize$'3b$ D63BD
20 2.621(0.177) 7.361(0.297)
50 2.181(0.103) 6.732(0.188)
100 2.040(0.078) 6.491(0.146)
500 1.825(0.051) 6.255(0.120)
1000 1.824(0.052) 5.587(0.056) 1.823 5.551

7.5.4 A Small Simulation Stud y

It is againexpectedthatthesmallsamplepowercharacteristicsof theSSPrctestof orderÓ dependto someextenton Ó . A ratherextensive power studywaspresentedin Section
7.3 for the PearsonianSSPrctest ( ÓÕ" 8 ). Under the samealternativesfor the linear
andquadraticregressionmodelsthepowersof theSSPrctestof order Óµ"º3 (LR-type)
areestimated.Samplespacepartitionsof sizes$Ò3Ø$ , DÒ3ØD and fÒ3Øf areconsidered.
Also the threedata-driventestsareincluded,with

r
asin Equation7.9. All powersare
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estimatedbasedon 10000simulationruns. The critical valuesof the testswere taken
from thesimulatedexact(permutational)null distribution (50000runs).

Results

Theresultsarepresentedin Figures7.14and7.15for thelinearandquadraticregression
models,respectively.
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Figure 7.14: Estimatedpowers of the Pearsonianand the LR-type testsfor the linear regressionmodel.
Panels(a) and(b) show the SSPrcandthe SSPddtests,respectively, for Ë·¯�Ì�ì , andpanels(c) and(d) forËÏ¯ÏÉ�ì .
Both figuresshow that with the non data-drivenSSPrctests,therearenot muchdiffer-
encesobservedbetweenthePearsonianandtheLR-typetests.In particular, theordering
amongtheSSP22,SSP33andSSP44testsis thesame.For thedata-driventests,on the
otherhand,moredifferencesoccur, especiallyin the orderingamongthe BIC, LL and
pAIC basedtests. This may look strangeat first sight for the SSPrctestsdid not show
mustdifferencesat all betweenthe P- andthe LR-type. Nevertheless,the reasonmight
bedueto a differentbehaviour of thetheasymmetricSSPrctests(@ ý"º! ), which maybe
selectedby theSSPddtests.
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Figure7.15: Estimatedpowersof thePearsonianandtheLR-typetestsfor thequadraticregressionmodel.
Panels(a) and(b) show the SSPrcandthe SSPddtests,respectively, for Ë�¯·Ì�ì , andpanels(c) and(d) forË±¯ÍÉ�ì .
In generalthedifferencebetweentheP-andtheLR-typeSSPtestsseemsnot to beasbig
aswith theone-sampleSSPtests,thoughpossiblyothervaluesof Ó mayresultin larger
differences.

7.6 An Extension to Multiv ariate Independence

In this sectionit is indicatedhow the SSPrctestfor bivariateindependenceis extended
to a SSPtestfor joint or mutualindependencebetweeno�U�$ rvs. Let

( M kÂkÂk � denotethe
joint CDF, andlet

( [
(]�" 8�WN5@5@5`Wyo ) denotethe univariateCDFsof the corresponding

componentsin �ø"ÒIPF M W@5N5@50WyF � Q . The componentsof an observation � G aredenoted
by F M G�5@5N5�F � G . The samplespaceof the multivariaterv is � "´� � , andthoseof the
componentsof � aredenotedby � [ (]b"�8_W@5N5@5`WKo ). Thenull hypothesisis*,+ � ( M kÂkÂk � I�³RQR" ( M IPE M Q ( j�IPE»jÛQ�5@5N5 ( � IaE � Q for all �CTB���:5
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By ) the CDF of � under
*,+

is denoted. As the alternative hypothesiswe take the
complementof

*z+
.

First it is explainedhow partitionsareconstructedin the o dimensionalsamplespace,
thenthe SSP22statisticis extendedto $ � partitions. Basedon theseresultsonecould
think of a furtherextensionto arbitrary@ M 3¤@ j 3^5@5N5n3¤@ � sizedpartitions.

7.6.1 Partitions in a â -Dimensional Sample Space

In Definition7.1rectangularpartitionsof size@43ü! of a2-dimensionalsamplespacewere
defined.Thisdefinitionis readilyextendedto a @ M 3�@vj�3Ø5N5@5ã3¤@ � partitionof ��� .

Definition 7.7 Theelements. G "ä. G Ú G Ü kÂkÂk G å (Æ M "48�WN5@5@5`WB@ M � ÆyjH"¨8_W@5@5N5`W"@vj � 5N5@5 � Æ � "8_W@5N5@5`W"@ � ) of a rectangular Nnæu£�Nnç¨£�è0è0èn£©N�é partition U). Y of ��� aregivenby ( MG�Ú 3( j G Ü 3÷5N5@5¶3�( �G å , where the (
[
G + are the elementsof an @ [ sizedpartition U/( [ Y of � [

(]±"º8�WN5@5@5`Wyo ; Æ M "�8�WN5@5N5`W"@ M � 5N5@5 � Æ � "�8_W@5@5N5`WKo ).

As in thebivariatecase,partitionsaredata-dependentaccordingto a partitionconstruc-
tion rule. Basicallythisruleremainsunaltered.Only somenotationneedsto beextended.
Thesets* �Z> ?« > A and L �Z> ?« > A become* � Ú > kÂkÂk > �Rå« > A and L � Ú kÂkÂk �Rå« > A , respectively, where5 is thenumber
of observationsin * which is determinedby thepartitionsizeandthepartitionconstruc-
tion rule. x � Ú > kÂkÂk > �Rå« > A denotesthecardinallityof L � Ú > kÂkÂk > �Rå« > A .

Thesmallestpartitionsizein o dimensionsis $ � , i.e. @ M ";@�jÇ"º5@5N50";@ � "÷$ . For such
partitionsonly oneobservation in * is needed.ThecorrespondingSSPstatisticwill be
representedby SSP$ � .
7.6.2 The SSPê·ë Test for Independence

Theteststatisticis

; j å > A�"g$ � 8� . !
A L -
G � M '

I M I (�� )'&@U)(�Y IR��G QSQ�W
wherethesampleof observations ��G areorderedsuchthat �ÄA L - z M WN5@5@5}W#�ÄA aretheonly
observationsof which at leastonecomponentis thecomponent-wise

�
th orderstatistic,

andthus ! � o . Thestatisticfurtherreducesto

; j å > A�" 8� . !
A L -
G � M

c � '( � IX�ÄG�Q . �[�� M '(
[ IPF [ G Q j

�[�� M '(
[ IPF [ G Q 8 . '( [ IPF [ G Q 5

Its null distribution is a straightforwardextensionof thebivariatecase.
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Theorem7.6 Under
*,+

, as
� /  ,

;`j å > A -.}/ �
[ Ú � M 5N5@5

�
[ å � M

8�< � M ]N<�Ia]N<&�÷8:Q
� j[ Ú > kÂkÂk > [ å W

where the
� [ Ú > kÂkÂk > [ å (] M WN5@5N5`WK] � "�8�W@5N5@5 ) are i.i.d. standard normalvariates.

Proof. We only give a sketchof the proof for it is completelysimilar to the proof of
Theorem7.1.

Basicallythefirst stepis to show thatthestatistic; j å > A convergesweaklyto

;�" M+ 5@5@5 M+ Ù j I"� M WN5@5@5}WW� � Q�< � M � < Ie8 . � < Q !,� M 5@5N5P!,� � W
where

Ù I"� M WN5@5N50WW� � Q is a separableGaussianprocesswith a o -dimensional“time” pa-
rameterIB� M W@5N5@50W�� � Q . This partof theproof is a straightforwardextensionof themethod
in theproofof Theorem7.1.

Also thesecondpart, in which the integral equationis solvedfor which it is recognized
that its solutionis the o -fold productof solutionsof the1-dimensionalBrownianbridge,
is completelysimilar.

m



232 The SampleSpacePartition Testfor Independence



CHAPTER8

ConclusionsandOutlook

8.1 Conc lusions

In this work a new flexible methodologyfor constructinggoodness-of-fittestshasbeen
proposedandappliedto threespecificGOF problems.The methodis basedon (1) re-
peatedlypartitioningthe samplespaceaccordingto a data-drivenpartition construction
rule, subsequently(2) calculatingfor eachpartitiona power divergencestatistic,and,fi-
nally, (3) averagingthesestatisticsinto a new statistic,which is calledthesamplespace
partition(SSP)teststatistic.

The conclusionsarepresentedin threesubsections.In the first the construction of the
testsis briefly discussed.Next, somelinks with other testsare shown, andfinally an
overview of theconclusionson thepower characteristics is given.

8.1.1 Construction of a New Famil y of Tests

In its mostgeneralsettinga whole family of new teststatisticshasbeenproposed.This
family is characterizedby two parameters:the sizeof the samplespacepartitions,and
theorder Ó of thepowerdivergencestatistic.Mostof theresultsthatarepresentedin this
thesisarehowever givenfor Ó%"Ò8 , which correspondsto thePearsonstatistic. For the
one-sampleandtheindependenceproblem,theextensionsto othervaluesof Ó havebeen

233
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discussed(seelater). Whentherandomvariable,on which theobservationsaremade,is
univariate,theSSPsizeis simply !�Ug$ . Whenthisrandomvariableis bivariate,partitions
of size @ and ! maybeconstructedfor bothcomponentsseparately. Theproductof these
two partitionsresultsin a rectangularSSPof size@¤3H! . Thisoccurswith theSSPtestfor
(bivariate)independence.
The power of the SSPtestsdependson Ó aswell ason the partition size. In particular
the power may be high with a small partition sizeunderonealternative, andlow under
anotheralternative. Thischaracteristichasbeenshown many timesthroughoutthis thesis,
in both thesimulationstudiesandtheexamples.Thusthechoiceof thepartitionsizeis
very important. Sincethe SSPtest is originally designedasan omnibus test,which is
in practicemostoftenappliedin situationswheretheresearcherhasno prior knowledge
on the truealternative to thenull hypothesis,it is mostdifficult to choosethe“optimal”
partitionsize.Thereforea data-drivenversionhasbeendeveloped.Basedon a selection
rule,thedata-drivenSSPtestselectsapartitionsizeoutof aprespecifiedsetof permissible
partition sizes. With this approach,only this setmustbe chosenby the researcher. In
contrastto many otherdata-driven(smooth)tests,thereis no needhereto make theset
large. Indeed,it hasbeenproventhat thedata-drivenSSPtestis consistentwhatever the
contentof theset.

Theresultingtestsaredistribution-freeandomnibusconsistency is established.

Mostof thetheoryandresultsin thethesishavebeenobtainedfor univariateobservations.
Therehavebeenextensionsto multivariateobservationsproposedfor theone-sampleand
theindependenceproblem.

8.1.2 Links with Other Tests

Many interestinglinks with othertestsfor GOFexist:

ö The SSPstatistic ( Ó " 8�WN!�" $ ) for the one-sampleproblem belongsto the
Anderson-Darlingfamily of statisticswith a specificweight function. For SSP
sizes! � $ , theSSPstatisticis a generalizationof theAnderson-Darlingstatistics.
TheAD testis asymptoticallyalsoasmoothtest;asimilar link of theSSPtestwith
smoothtestsis thusto beexpected.

ö Many smoothtestshave the desirablepropertyof being decomposableinto in-
terpretablecomponents.Typically for smoothomnibus teststatisticsis that they
expand into an infinite numberof terms,or at least in theory this expansionis
establishedasymptotically. With finite samplesizes,on the otherhand,the user
generallyhasto choosea finite-lengthsequenceof componentsfor which it is not
guaranteedthat it makessensefor thedataat hand,for theexponentialmodelthat
correspondsto theselectedcomponentmaynotcontainthetruedistribution. Thus,
a wrongchoicemaypossiblyresultin highly insensitivestatistics.
It hasbeenshownthattheSSPstatisticisalsodecomposableinto interpretablecom-
ponents.In this thesisthishasbeenworkedout in detailfor the

�
-sampleproblem,
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wherethe SSPstatisticbasedon ! -sizedSSPsis decomposedinto ! . 8 compo-
nents.Sincethetestis consistent,whatever thevalueof ! , it is very likely thatany
departurefrom

*,+
is capturedin at leastoneof thecomponents.It hasbeenshown

that the first coupleof componentsarevery closelyrelatedto the Kruskal-Wallis
andthe Mood statistic,andthat the componentsmay be interpretedaccordingly.
Theusefulnesshasbeenillustratedby meansof asmallsimulationstudy, andsome
examples.
In a limiting situationwhere !B" � we have shown that the resultingSSPstatis-
tic is exactly equivalentto a well known smoothstatistic. This shedsa light on a
differencebetweenthedata-drivenversionsof theSSPtestandthesmoothtestsof
Neyman’skind. Thedata-driventestsof thelattertyperesultsin a truncatedseries
(truncationpoint is estimatedfrom the data);any informationthat wascontained
in the componentsafter the truncationpoint is lost completely. The data-driven
SSPtestresults,at first sight,alsoin a seriesof which its lengthis determinedby
thedataaswell, but actuallya decreasein partitionsizewill mainly causeonly a
rearrangementof theinformationinto a smallernumberof terms.

In conclusion,theSSPstatisticsfill in a gapbetweenthetraditionalsmoothtestsandthe
EDF-basedAnderson-Darlingtests.

8.1.3 Power Characteristics

For the three GOF problemssimulationstudieshave beenperformedto estimatethe
power, undermany alternatives,of the SSPtests,their data-driven versions,andsome
traditionaltests.Typical for omnibustestsis thatsometestsperformbetteron someal-
ternatives,andotherperformbetteron otheralternatives.We give herea brief summary
of the conclusions.The conclusionsareall for the testsbasedon the power divergence
statisticof order Ó�"�8 .

ö One-sampleProblem
The null hypothesisis that

(
is a normaldistribution (unknown meanandvari-

ance).
The resultshave shown clearly the importanceof the choiceof ! . Under some
alternativestheSSP2testperformsthebestamongtheSSPtests(e.g. skew alter-
natives),whereasunderotheralternatives, it performsworse(e.g. contaminated
normal). It is furthermoreconcludedthat the BIC andthe LL criteria selectvery
frequently !Ï"º$ and !Ï"ºf , respectively, even if their choiceis not the bestone.
Thusthey resembledcloselytheSSP2andtheSSP4test,respectively. Only in very
extremeoccasionsa deviation from this behaviour hasbeenobserved. The pAIC
criterion,on theotherhand,seemsmoreflexible, i.e. it switchesfasterto thebest
choicefor ! , but its power is oftenonly slightly smallerthanthebestchoice.
Exceptfor the contaminatednormal alternatives,wherethe SSP3and the SSP4
testperformextremelywell, theSSPbasedtestsareworsethantheclassicaltests
(Kolmogorov-Smirnov, Shapiro-Wilk, Anderson-Darling,...).
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ö � -sampleProblem
In the simulationstudy

� "Ò$ and
� "¨D have beenconsidered.The

�
-sample

Kolmogorov-SmirnovandtheKruskal-Wallis testshavebeenincludedasreference.
Generallythe SSP4test is the mostpowerful, closely followedby the SSP3test.
The SSP2testhasin generalfar lower powers, thoughstill higher ascompared
to the two classicaltests. Again the BIC and the LL criteria consistentlyselect!J"�$ and !J"�f , respectively. Undermostof thealternatives,thepAIC criterion
selects!Ç"Õf aswell, generallyresultingthoughin a slightly smallerpower than
theLL basedtest,but on theotherhand,in thefew situationswheretheSSP2test
performsbetterthan the testsbasedon higherpartition sizes,the pAIC criterion
selectsoften !,"÷$ , whereastheLL criterionsticksto !,"þf . Thus,in conclusion,
the data-driven testbasedon the LL criterion is very frequentlythe bestchoice,
but its power maydecreaseseverelyundersomealternativeswheresmallpartition
sizesarethebest.Whenlargepartitionsizesarethebestchoice,theuseof pAIC is
only a bit lesspowerful andhasin additiontheadvantageof retaininghigh powers
underalternativesfor whichsmallpartitionsizesarebest.

ö IndependenceProblem
Many alternativeshave beeninvestigated:linear, quadraticandcubic regression
dependence,a sinusoidalregressiondependence,andtwo varianceheterogeneity
dependencies.
Only undermonotonicrelationsthe SSP22test is the mostpowerful. Whenthe
dependencestructureis morecomplex, the larger partition sizesresult in higher
powers.
Again the BIC and the LL criterion show the tendency to selectsmall and large
partition sizes,respectively, and thereforetheir powersarevery similar to those
of theSSP22andtheSSP44test,respectively. ThepAIC criteriondoesnot share
this property. Its power is underall alternativesstudiesalmostalwaysonly slightly
smallerthantheoptimalSSPrctest.
In comparisonto othertests,theSSPtestsarevery powerful underall alternatives
studied;only theTS2andtheV testof Kallenberg andLedwina(1999)performa
bit betterundera few alternatives.

In generaltheSSPtestsarepowerful omnibusteststhatarevery competitive to classical
tests. Moreover, undermany alternativesinvestigatedin the simulationstudy, the SSP
testsgivesmuchbetterresults. In addition, the power of the SSPtestsdoesnot break
down often,which makestheSSPtestsa goodchoicefor typical omnibusapplications.
Overallwe recommendthedata-drivenSSPtestbasedon thepAIC criterion.

For the one-sampleand the independenceproblem,a small simulationstudyhasbeen
performedto study the power of the SSPtestswhen Ó4"�3 is used. Generallyit is
concludedthatthechoiceof Ó hasaninfluenceon thesmallsamplepowercharacteristics
of the SSPtests. In particular, for the one-sampleproblem,an overall power increase
is observed. For the independenceproblemthe power is ratherinvariant to the choice
betweenboth Ó ’s.
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8.2 Outlook

Themethodologythathasbeenproposedin thisstudylookspromisingfor futureresearch.
We make herea distinctionbetweenfurther researchthat follows immediatelyfrom this
thesisin the sensethat they areactuallyalreadyproposedhere,but not worked out in
detail. This kind of work basicallyconsistsof filling in thegaps.This will bediscussed
first. Next, moreindirectfurtherresearchis briefly commentedupon.

8.2.1 Filling in the Gaps

Multiv ariate Obser vations

Thethreechapterson thethreeGOFproblemshandledin this work all startin thesame
way: first the DirectedDivergenceof order Ó hasbeendefined,next the corresponding
statistichasbeenincorporatedinto the AveragedPearsonDivergence. In this stepwe
haverestrictedÓ to be1, i.e. thePearsoniancase.Moreoverin thesamesteptheattention
hasbeenreducedto univariatevariables.Only in thechapteron theone-sampleandon
the independenceproblemthe multivariateextensionhasbeendiscussed.From these
extensionsit is, though,clearthatalsothe

�
-sampleSSPtestmight beeasilyextendable

to multivariatesituations.This is afirst gapthatmaybefilled.
Further, thediscussionon themultivariateSSPtestshasbeenlimited to theconstruction
of theteststatisticandits asymptoticnull distribution. It wouldbeinterestingto perform
simulationstudiesto comparethemultivariateSSPteststo other, classicaltests.

Arbitrar y
Ô

The
�
-sampleSSPtestis alsotheonly onefor whichnoextensionto arbitrary Ó hasbeen

given. We believe, though,thatanextensionis possiblein exactly the sameway ashas
beendonefor theothertwo GOFproblems.

Decomposition of the Test Statistic

The decompositionof the SSPteststatistichasonly beenmentionedin the chapteron
theSSPtestfor the

�
-sampleproblem. Thereit hasbeenappliedto decomposethe test

statisticinto ! . 8 terms,eachhaving aninterpretationin termsof how the
�

distributions
differ (e.g. in location, in scale, 5@5@5 ). It hasalsobeenbriefly mentionedthat a similar
decompositionis possibleto decomposethestatisticinto

� . 8 componentswhich may
serve to indicatewhich of the

�
distributionsdiffer. This hashowevernot beentreatedin

detail.
Theone-sampleSSPtestandtheSSPtestfor independencemaybedecomposedaswell.
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Theformerinto ! . 8 terms,andthesecondin I?@ . 8:QSIK! . 8	Q components.Furtherresearch
is neededto geta morepreciseinsightin theinterpretabilityof thecomponents.

Formal Proof of SSP Statistic with Arbitrar y Partition Size

Finally, thevalidity of theasymptoticnull distributionsof theSSPtestsbasedonpartition
sizesgreaterthan 2 (or $ª3·$ ) are still constructedon a conjecture. Nevertheless,in
simulationstudiesit hasbeenconfirmedthatthenull distributionsindeedconvergeto the
proposedasymptoticnull distributions.Froma theoreticalpoint of view it would benice
to proof the conjecture.On the otherhand,the simulationexperimentshave indicated
that the convergenceis very slow, even for small partition sizes. Thus, the asymptotic
null distribution is not of muchpracticalvalue.

8.2.2 Fur ther Research

The SSP Test for Discontin uous Distrib utions

Throughoutthe completework we have assumedthat the distributions (
(

and ) ) are
continuous,and that, consequently, no ties occur. It would definitely be interestingto
extendtheSSPtestto situationswhere

(
or ) arediscontinuous,or evendiscrete.

An SSP Test more Closel y Related to the Ander son-Darling Test

Thesimulationexperimentsshow thattheconvergenceto theasymptoticnull distribution
is extremelyslow for the one-sampleSSPtest,evenfor the smallestpartition size. The
Anderson-Darlingtest,on theotherhand,showsanextremelyfastconvergingnull distri-
bution. We have suggestedthata reasonmight befoundin thedifferencein definitionof
bothstatistics.TheAnderson-Darlingstatisticis definedasaplug-inexpectationw.r.t. the
hypothesizeddistribution ) , which is completelyknown underasimplenull hypothesis,

E� 'I M I (�� )'&ZU/(�YKIaF�QeQ W
where U/(�YKIaF�Q is a random2-sizedsamplespacepartition,centredat F . ThePearsonian
SSPstatisticis definedasa plug-in expectationof the samestatistic,but w.r.t. the true
distribution

(
. Sincethe latter is unknown, it is replacedby its estimator '( . Hencean

additionalconvergenceis involved,andmaycausetheslow convergence.
Theaforementioneddifferencein definitionis a first difference.A secondis thegeneral-
izationto arbitrarysamplespacepartitionsize ! . ThustheSSPstatisticis

E fÚ 'I M I (�� )'&@U)(�Y [ ^ Q W
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where U)(�Y [ ^ is thedata-dependentsamplespacepartition,basedon * ?�ì � A througha
partitionconstructionrule.
It wouldbeinterestingto studytheclassof relatedstatistics,definedas

E� 'I M I (�� )'&ZU/(�Y [ ^ Q 5
It is expectedthattheconvergencemaybemuchfaster, suchthatperhapstheasymptotic
null distribution maybeused.This would make thetesteasierto apply in practice.Fur-
ther, its power characteristicsmay be substantiallydifferentfrom thoseof the SSPtest
constructedin this work.

A Lack-of-Fit Test

In this thesiswe formulatedthe one-sampleGOF problemmerely in termsof distribu-
tions, althoughin Chapter3 the relationbetweena distribution anda statisticalmodel
wasexplained.In caseonewantsto assessto quality of thefit of a statisticalmodel,the
term“lack-of-fit” is oftenpreferredoverGOF.
A straightforwardexampleis simplelinearregressionwith i.i.d. normaldistributederror
terms.Thismodelis clearlyequivalentto aspecificationof abivariatedistributionwith 3
estimableparameters.ThusaSSPGOFtestmaybeconstructedfor thisspecificproblem,
thoughby thecomplexity of thecompositenull hypothesis(

* +
: thesimplelinearregres-

sionmodelsuitsthedata)wemayexpectthatthesamplingdistributionof theteststatistic
will not be easyto find. Still we think that it is possibleto usesomeof the conceptsof
repeatedlyconstructingsamplespacepartitionsin the developmentof a lack-of-fit test,
for it hasa clearlink with GOFproblems.
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APPENDIXA

TheGeneralizedTukey-Lambda
Family

ThegeneralizedTukey-Lambda(TL) family wasstudiedin detailby Freimer, Mudholkar,
Kollia andLin (1988).ConsidertherandomvariablesF × ÚS> × Ü whicharedefinedas

FB×ÛÚ > ×�Üü" ( L}M× Ú > × Ü I Ù QR" Ù × Ú . 8Ó M . Ie8 . Ù Q × Ü . 8Ó j W (A.1)

where
Ù ÝøÙ I�3XWv8:Q and Ó M W@Ó j Tí  , andwhich are for Ó M "Ò3 and Ó j "ù3 defined

by continuity. The family of distributionsthat is definedin this way, is the TL-family,
indexedby

Ô "ºIKÓ M WNÓ j Q . Thefamily includesa widevarietyof distributions:symmetric
and asymmetric,infinite and truncatedtails, unimodal,U- and J-shapeddistributions.
Many commonlyuseddistributionsareextremelywell approximatedby membersof this
family.

EquationA.1 immediatelygivesthe inverseCDF (quantilefunction) at a probability o ,
alsoindexedby

Ô "�IyÓ M W@Ó�jÛQ , i.e.

( L}M×�Ú > ×�Ü IPo`Qç" o ×ÛÚ . 8Ó M . Ie8 . o`Q ×�Ü . 8Ó�j 5
Thefamily (approximately)includesthefollowing well known distributionsasmembers.
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ö Normal distrib ution. The TL-distribution with Ó M "øÓ	jg"ù3X5á8�D	f:¹ is approxi-
matelya normaldistribution with mean0 andstandarddeviation 8�5 f:¶	D:7»¼ . When
standardized,their distributionsonly differ by a maximumof 0.00108at aboutthe
27thandthe73rdpercentiles.

Thememberwith Ó M "�Ó�jÍ"�7X5 $ agreesratherwell in 3rd and4rd momentwith a
normaldistribution,but it hashigh truncatedtails.ö Exponential distrib ution. For Ó M " �  and Ó	jº"ø3 , the TL-distribution is
exactlyanexponentialdistribution.ö Uniform distrib ution. Theuniform distribution is exactly equivalentto themem-
berswith Ó M "�Ó j "�8 and Ó M "�Ó j "g$ .ö Logistic distrib ution. By continuitytheTL-family is alsodefinedat Ó M "dÓ j "V3 .
This membercorrespondsto thelogisticdistribution.

Moregenerally, themembersof thefamily areclassifiedinto 5 categories.

ö ClassI : Ó M �Õ8 , Ó j �Õ8
This is therichestclassof distributionsthatagreewell with distributionsthatoccur
often in practice. All membershave unimodaldensitiesandinfinitely long tails.
Someexamplesareshown in FigureA.1.ö ClassII : Ó M � 8 , Ó�jü�Õ8
This classconsistsof distributionsthataresimilar in shapeto theexponentialandp j distributions.Theexponentialdistribution is containedin thisclass( Ó M "��  ,Ó	jÏ"%3 ). Someexamplesareshown in FigureA.2.ö ClassIII : 8 ��Ó M ��$ , 8z�ºÓ j �÷$
Themembersin this classhave U-shapeddensitiesandbothtails truncated.Some
examplesareshown in FigureA.3.ö ClassIV : Ó M � $ , 8 ��Ó j �÷$
Themembersin thisclassarecharacterizedbybimodaldistributionswith onemode
andoneantimode,with bothtails truncated.An exampleis shown in FigureA.4.ö ClassV: Ó M � $ , Ó�j � $
In this classthemembershave unimodaldensitieswith bothtails truncated.Some
examplesareshown in FigureA.5.

Further, membersfor which Ó M "ÕÓ j areall symmetricdistributions.Moving in orthog-
onaldirectionsawayfrom thisdiagonal,increasinglyasymmetricdistributionsarefound.
However, membersthataresituatedon a curve going through Ó M "´Ó j "º$65 f andcon-
vergingto thepoints

Ô "�I  Wv8:Q and
Ô "ºIe8_W  Q havealsozeroskewness.

Startingfrom thequasi-normalmember
Ô "ºIá365P8ZD:f:¹6We365P8ZD:f:¹hQ andmoving alongtheline

of symmetry, thedistributionsbecomemoreandmoreheavy-tailedas Ó M "�Ó�j decreases,
andthe tail weightsdecreasesas Ó M "CÓ�j increases.Thekurtosisincreasesas Ó M "2Ó	j
increases.
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Computations

All computationsthathave beendonein this thesisareperformedwith S-plus2000Pro-
fessionalEdition for Windows,Release1. S-plusis anflexible object-orientedprogram-
ming andanalysisenvironmentfor statisticalpurposes.It hasmany build in commands
for data-handling,calculationandstatisticaldata-analysis.Despitethemany build-in sta-
tistical functions,only a few of the methodsthat wereneeded,aredirectly availablein
S-plus:Pearson’s p j test,Kolmogorov-Smirnov testandKruskal-Wallis test.Forall other
testswe wroteS-plusfunctionsourselves. For validationpurposes,eachtestwassimu-
latedunderits specificnull hypothesis,andtheestimatedcritical valueswerecompared
to thoseobtainedfrom theliterature.

The new teststhat wereproposedin this work areall basedon repeatedlyconstructing
samplespacepartitionsandcalculatingfor eachpartitionaPearsonp j statistic.Sincethe
numberof partitionquickly increaseswith thenumberof observations,andsinceS-plus
is generallyinefficient with its memorymanagement,the computationtime of the SSP
basedtestswouldhavebeenratherhighwhenthey wouldhavebeenimplementeddirectly
in S-plus. To overcomethis practicaldrawback,thecomputationsof theSSPbasedtest
statisticsis implementedin theC programminglanguage.Thecodeis compiledto a dll
file, which is subsequentlylinked to S-plus. In this way, the testsare all available in
S-plus,but theheavy computationsareefficiently doneby thelinkeddll code.
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Samenvatting

Reedsmeerdan100jaarwordendooronderzoekersstatistischetoetsenvoor aanpassing
(Goodness-of-Fit) toegepast.Waarschijnlijkdemeestgekendezijn dezevoor hettoetsen
of eensteekproefuit eennormaledistributiekomt. Hetbelangvandezevraagkomtvoor-
namelijk voort uit de ruime beschikbaarheidvan statistischetechnieken die gebaseerd
zijn opdenormaliteitsveronderstelling,maarook toetsenvoorexponentialiteitenunifor-
miciteit kennenin bepaaldewetenschappenhun toepassing.Dergelijke vraagstellingen
wordenhet“ één-steekproefprobleem”genoemd(one-sampleproblem). In hetalgemeen
stelt de nulhypothesedat de werkelijke, maarongekendedistributie

(
behoorttot een

vooropgesteldefamilie vandistributies ) ã Tòñ,ó , gëındexeerddoordeparameter
è

. Te-
genwoordigwordenook noganderestatistischevraagstellingenals bijzondergeval van
de bovenstaandehypothesebeschouwd;we vernoemener hier twee,die eveneenseen
heelgroottoepassingsdomeinbestrijken:

ö het“meerdere-steekproevenprobleem”(
�
-sampleproblem), waarbijmenwenstna

te gaanof
�

steekproevenuit eenzelfdedistributieafkomstigzijn ;

ö het“onafhankelijkheidsprobleem” (independenceproblem), waarbijmenwenstna
te gaanof decomponentenvaneenmultivariatevariabeleonafhankelijk zijn.

Dikwijls vertonendestatistischetoetsenvoordehogervermeldeprobleemstellingenvele
overeenkomsten.

Niettegenstaandeer reedsveletoetsenbestaanvoor dedrie aanpassingsproblemen,blijft
er intensiefonderzoeknaarnieuween“betere”methodenplaatsvinden.Ook hetvoorlig-
genddoctoraatsonderzoekkaderthierin. Eenbelangrijkedrijfveervoorverderonderzoek
wordt gevormddoorhetontbrekenvaneenoptimalestatistischeomnibustoetsvoor het
aanpassingsprobleem,waardoorde deur openblijft voor eenzoektochtnaareentoets
die algemeenkrachtigis t.o.v. de meestrelevantealternatieven,of toch tenminstegeen
algeheelverliesvankrachtvertoontt.o.v. realistischealternatieven.



In dit werk wordt eennieuwemethodologievoorgestelddie toepasbaaris op continu
verdeeldedata. De methodeis gebaseerdop het herhaaldelijkconstruerenvan partities
van de steekproefruimte;iederepartitie induceerteendiscretisatievan de data,waarop
vervolgenseenPearsonp j toetsuitgevoerdwordt. De voorgesteldeteststatistiekis het
gemiddeldevandezePearsonp j statistieken.
De methodologiewerd eerstontwikkeld voor het één-steekproefprobleem,vervolgens
voorhetmeerdere-steekproefprobleementenslottevoorhetonafhankelijkheidsprobleem.
Dezedrie ontwikkelingsstadiakomenovereenmet drie belangrijkstehoofdstukken in
dezethesis.

De eenvoudigstesituatieis het één-steekproefprobleem.Aan de handhiervan werd de
basisgelegdwaarook deanderetweeaanpassingsproblemenop steunen.
Eigenlijk werd eenfamilie van test statistieken ; ?@> A geconstrueerd.De familie wordt
gëındexeerddoor de grootte( ! ) van de partities. De overeenkomstigetestenwordende
SSPctestengenoemd.Vooreerstwerd er gezochtnaarde nuldistributie van de teststa-
tistiek. Hiertoedient er eenonderscheidgemaaktte wordentusseneeneenvoudigeen
eensamengesteldenulhypothese.Wanneer!B"�$ werd er aangetoonddat de asympto-
tischedistributie van ;=?@> A ondereeneenvoudigenulhypothesedezelfdeis als dezevan
deAnderson-Darling(AndersonandDarling,1952)statistiek.Dezelaatstestaatbekend
alseenomnibustestdie algemeeneengoedekrachtbezit. Ook voor ! � $ werder een
asymptotischenuldistributievoorgesteld.In eensimulatiestudiewerdenbeidedistributies
bevestigd,maartevenswerdbeslotendatdeconvergentiete traagverlooptom deasymp-
totischedistributie in de praktijk te kunnengebruiken. Als alternatiefwerdvoorgesteld
om ofwel te werkenmet de gesimuleerdeexactenuldistributie, ofwel gebruikte maken
vanbenaderingsformulesvoordeberekeningvandekritischewaarden.Dezelaatsteblij-
kenredelijk accuratewaardente genereren.
ZoalsvoorveleGOFtestenis asymptotischenuldistributieondereensamengesteldenul-
hypotheseniet eenvoudig. Enkelein heteenvoudigstegeval ( ! "�$ ) werddezebekomen
voor ;0j > A . Weeromis hetdezelfdealsvoordeAnderson-Darlingstatistiek,enverlooptde
convergentiete traagom bruikbaarte zijn. Voor ! � $ werddeasymptotischenuldistri-
butie niet gevonden,maardit beletuiteraardniet detestte gebruikena.d.h.v. eenMonte
Carlo benaderingvan de exactenuldistributie. Voor alle SSPctestenwerd de omnibus
consistentiebewezen.
Er werd eensimulatiestudieuitgevoerdom de krachtvan de SSPctesten(met !Ç"2$XWSD
en !µ" f ) te vergelijken met de kracht van andereveel gebruikteklassieke GOF tes-
ten (o.a. Kolmogorov-Smirnov, Anderson-Darling.Shapiro-Wilk, en eenmeerrecente
data-gedrevengeleidelijke test (smoothtest) van Kallenberg andLedwina(1997)). De
distributiedieonderdenulhypothesegespecificeerdwerd,wasdenormaledistributiemet
ongekendgemiddeldeen variantie. Uit dezeuitgebreidestudiewerd geconcludeerddat
voor scheve alternatieven(bv. exponentïeledistributie) de SSPctestenminderkrachtig
zijn danbv. deAnderson-Darlingtest.Onderdergelijkealternatievenblijkt ookdekracht
af te nemennaarmate! groterwordt. Wanneerechtergecontamineerdenormaledistribu-
ties,die de neigingtot eenbimodaliteitvertonen,beschouwdworden,werd vastgesteld
dat de SSP3en de SSP4testheelveel krachtigerzijn danalle anderetestendie in de
studieopgenomenwerden. Tevensillustreertdit het belangvan eengoedekeuzevoor



departitiegrootte ! , wat in de praktijk eenprobleemsteltdaarmenmeestalniet weetin
welkezin dewerkelijkedistributieafwijkt vandevooropgestelde.Als oplossinghiervoor
werdeendata-gedrevenversievandeSSPctestgeconstrueerd.
Bij eendata-gedrevenSSPctestwordt departitiegrootte ! bepaalddoordedatazelf, aan
dehandvaneenselectieregel,welkeveelovereenkomstvertoontmethetBIC (Schwartz,
1978).NaasteenBIC-gebaseerderegel,werdenooktweeanderecriteriavoorgesteld:het
LL-criterium (HannanandQuinn,1979)eneencriteriumdatveelovereenkomstvertoont
met het AIC van Akaike (1973,1974). Eensimulatiestudietoont dat voornamelijkde
BIC-gebaseerdeSSPtester in slaagteen ! te selecterendieaanleidinggeefttot eengrote
kracht.
Tenslottewerdentweeveralgemeningenvoorgesteld.In eeneersteveralgemeningwordt
dePearsonp j statistiekvervangendoordepower divergentiestatistiekvanorder Ó^T� 
(CressieandRead,1984).Voor Ó�"�8 wordt terugdePearsonstatistiekbekomenenvoorÓØ"�3 delikelihood-ratiostatistiek.We hebbenbewezendandeasymptotischenuldistri-
butie niet wijzigt onderdekeuzevan Ó ; voor eindigesteekproefgrootte,daarentegen,is
het gedragwel afhankelijk van Ó . In eenkleine simulatiestudiewerdende SSPctesten
van order Óþ" 8 en orde Ó�"C3 met elkaarvergeleken. Er werd geconcludeerddat de
laatstetestietskrachtigeris dandeeerste;zelfsin diematedathetverschilin krachtmet
klassieke GOFtestenonderschevealternatievenerg klein gewordenis.
Eentweedeveralgemeningis naarhet multivariategeval. Hiervoor hebbenwe beknopt
aangetoondhoedezeveralgemeningmogelijk is zonderhierdoorextra complicatieste
induceren.

Vervolgenswerd de SSPstatistiekaangepastvoor het meerdere-steekproevenprobleem
(
�

steekproeven). Voor !Ï"Õ$ blijkt deSSPstatistiekidentiekte zijn aande Anderson-
Darling statistiekvoor het meerdere-steekproeven probleem(Pettit, 1976; Scholzand
Stephens,1987),zodatnuldistributieonmiddellijkvolgt. Eenbelangrijkverschilt.o.v. de
SSPstatistiekvoor het één-steekproefprobleemis datdestatistieknu eenrankstatistiek
is, wat toelaatde testalseenpermutatietestte beschouwen.De uitbreidingnaargrotere
partities( ! � 8 ) gebeurtzoalsvoorheen,enkannu dusbeschouwdwordenalseenveral-
gemeningvandeAnderson-Darlingstatistiek.Consistentiewerdvoor alle SSPkctesten
bewezen. Ook werd eendata-gedreven versiegeconstrueerd.Uit eensimulatiestudie
werdbeslotendatvoor velealternatievendeSSPkctestenvoor ! � $ krachtigerzijn dan
voor !�"¨$ . Tevenszijn de SSPkctestenen de data-gedrevenversiesin het algemeen
krachtigerdande klassieke Kolmogorov-Smirnov en de Kruskal-Wallis test. In tegen-
stellingtot deresultatenuit het één-steekproefprobleemwerdhier waargenomendathet
LL-criterium tot hogerekrachtenleidt danhetBIC criterium.
Om de interpreteerbaarheidbij het verwerpenvan de nulhypothesete bevorderenwerd
eendecompositievande SSPkcstatistiekin ! . 8 componentenvoorgesteld.De eerste
tweecomponentenzijn sterkverwantmetrespectievelijk deKruskal-Wallis endeMood
statistiek. Wanneerer slechtstwee steekproeven vergelijken moetenworden(

� "ù$ ),
werd er eeninteressantelink gevondenmet de geleidelijke testvan Janic-Wŕoblewska
andLedwina(2000)in het limiet geval !J" � . Steunendop dit verband,denkenwe dat
hetmogelijk is detestvanJanic-WŕoblewskaandLedwina(2000)uit te breidennaarhet
algemenemeerdere-steekproevenprobleem(

� Ug$ ).



TenslottewerdeenSSPtestontwikkeld voor hetonafhankelijkheidsprobleem.Aanvan-
kelijk werdde methodegeconstrueerdvoor het toetsenvan bivariateonafhankelijkheid.
De steekproefruimteheeftnu dus tweedimensies,zodateenpartitie ervan opgebouwd
kan wordendoor eerstvan iederedimensieafzonderlijkeenpartitie te maken (stel met
groottes@ en ! ) om vervolgensdepartitievandebivariatesteekproefruimtete bekomen
alshetproductvandetweeunivariate.De groottevaneendergelijkepartitieis dus@'3 !
endeovereenkomstigestatistiekwordt alsSSPrcgenoteerd.
Voor @�"C!Í"�$ werddeasymptotischenuldistributie bewezenenvoor groterepartities
werdeendistributie voorgestelddie in eensimulatie-experimentbevestigdwerd.De sta-
tistiek is terugeenrankstatistiek.Om dekeuzevan @ en ! te vereenvoudigen,werdeen
data-gedrevenversiein dezebivariatecontext geconstrueerd.
In eenuitgebreidesimulatiestudiewerdendeSSPrctestenvergelekenmetenkeleandere
testenvoor onafhankelijkheid (o.a. eentestgebaseerdop de Spearmanrank correlatie,
Hoeffding’s omnibus test (Blum et al., 1961; Hoeffding, 1948)en tweerecentedata-
gedrevengeleidelijke testen(Kallenberg andLedwina,1999)).Hieruit werdbeslotendat
deSSPrctestenin hetalgemeenheelkrachtigzijn endathunkrachtin grotemateafhangt
van de keuzevan @ en ! . De data-gedreven versiesbrengenhier eengoedeoplossing;
voornamelijkhetBIC enhetpAIC criteriumselecterenveelaleengoedepartitiegrootte.
Ook hier werdentweeuitbreidingenbesproken: eenuitbreidingnaarpower divergentie
statistieken order ÓgT�  en eenuitbreidingnaarpaarsgewijze onafhankelijkheid tussen
decomponentenvaneenmultivariatevariabele.

Samengevat kunnende SSPtestenop drie maniereningepastwordenin de bestaande
literatuur.

ö In hetveralgemeendegeval, is deSSPstatistiekdie gebaseerdis discretiserenvan
dedata,waarnain degëınduceerdetabeleenpowerdivergentiestatistiekvanorde Ó
(bv. eenPearsonp j statistiek)berekendwordt. Dit vertoontveelgelijkenismetde
oudstemaniervanGOFtesten.Om informatieverlieste voorkomenwordenmeer-
derediscretisatiesbeschouwdenwordenderesulterendestatistiekengecombineerd
tot één nieuweteststatistiek. We hebbenvastgestelddat veel eigenschappenvan
detoepassingvaneenPearsonp j testop gediscretiseerdedataoverdraagbaarzijn
op deSSPtest.ö Eenbelangrijkverbandis er metdeAnderson-Darlingstatistiek.Door departitie-
grootteniet tebeperkentot 2, kandeSSPcstatistiekin dezezin alseenveralgeme-
ning vanAnderson-Darlinggezienworden.ö In eenlimietgeval ( !B" � ) hebbenwe aangetoonddat de SSPctestequivalentis
meteengeleidelijke test. Ook dedecompositievandeSSPcstatistiekin interpre-
teerbarecomponentenis eentypischetechniekbij geleidelijke testen.

DusdeSSPctestvult eenleemtein tussendeklassiekegeleidelijketestenendeAnderson-
Darling testen.Bij dezelaatstetweestatistieken wordt de informatietegendenulhypo-
theseverdeeldover eenoneindigaantalcomponenten,daarwaar bij de SSPstatistie-
kendeinformatieovereenbeperktaantalinterpreteerbarecomponentenverdeeldwordt.



Voornamelijkbij eindigesteekproefgrootteslijkt dit eenoplossingte zijn die vanuiteen
praktijk-georïenteerdeinvalshoekwaardevol is.
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