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Preface

“Fermionen und Bosonen sind fundamental verschiedene Typen von Quan-
tenteilchen. So wenig ein gewöhnlicher Spiegel einen Apfel wie eine Birne
aussehen läst, so wenig vermag eine derüblichen Symmetrien Fermionen in
Bosonen zu verwandeln. Das schafft erst der Zauberspiegel der Supersymme-
trie.” (Prof. Dr. J. Jolie [30])

Lie superalgebras and their representations continue to play an important role in
the understanding and exploitation of supersymmetry in physical systems. The Lie su-
peralgebras under consideration here, namelygl(m|n) or sl(m|n) (sometimes denoted
by U(m|n) or SU(m|n)), have applications in quantum mechanics [1, 42], nuclear
physics [6, 14, 27], string theory [19, 23], conformal field theory [21], supergrav-
ity [2, 35], M-theory [20], lattice QCD [7, 9, 15], solvable lattice models [62], spin
systems [24] and quantum systems [58]. Also their affine extensions [21, 24] orq-
deformations [1, 58] play an important role. In most of the applications, it are the
irreducible representations or “multiplets” ofgl(m|n) (sometimes referred to as sim-
ple gl(m|n) modules) that play a role. But, despite the fact that Lie superalgebras
and their representations have been the subject of much attention, there is no complete
description of the finite-dimensional complex irreduciblerepresentations of even the
simplest family of basic classical Lie superalgebras,sl(m|n).

Representation theory of Lie superalgebras, and in particular of gl(m|n) or its sim-
ple counterpartsl(m|n), is not a straightforward copy of the corresponding theory
for simple Lie algebras. The development ofgl(m|n) representation theory is quite
remarkable. Shortly after the classification of finite-dimensional simple Lie superal-
gebras [31, 59], Kac considered the problem of classifying all finite-dimensional ir-
reducible representations of the basic classical Lie superalgebras [32]. For a subclass
of these irreducible representations, known as “typical” representations, Kac derived
a character formula closely analogous to the Weyl characterformula for irreducible
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representations of simple Lie algebras [32]. The problem ofobtaining a character for-
mula for the remaining “atypical” irreducible representations has been the subject of
intensive investigation.

From a computational and practical point of view, it is useful to identify charac-
ters with supersymmetric S-functions, since it is easy to work with S-functions, for
which many properties are known. Although this identification holds for covariant and
contravariant irreducible representations [10, 22], where the corresponding S-function
is labelled by a single partitionλ, it fails for mixed tensor irreducible representations,
where the corresponding S-function is labelled by a composite partitionν̄;µ. The prob-
lem is well described and analysed in [70], where furthermore a character formula for
atypicalgl(m|n) irreducible representations is conjectured. Since then, some partial
solutions to this problem were given, e.g. for so-called generic representations [53],
for singly atypical representations [12, 68, 71], or for tame representations [34]. More
recently, the character problem forgl(m|n) was principally solved by Serganova [60],
who gave an algorithm to compute composition factor multiplicities of so-called Kac-
modules, and thus indirectly the character. In [73], a substantially simpler method was
conjectured to compute these composition factor multiplicities; this conjecture was
proved by Brundan [13]. Still, the method using compositionfactor multiplicities of
Kac-modules remains a rather indirect way of computing characters. Recently, there
was a further breakthrough for this problem. Developing on the work of Brundan, Yu-
cai Su and Zhang [66] managed to compute the generalized Kazhdan-Lusztig polyno-
mials ofgl(m|n) irreducible representations, leading to a relatively explicit character
formula for all these irreducible representations, and thus proving that the character
formula conjectured in [70] holds.

The main idea of Chapter 1 is to fix some notation and terminology, and to discuss
briefly the ring of symmetric functions. As already mentioned, symmetric and super-
symmetric functions will be parametrized by either partitions or composite partitions.
Those objects play an important role in this thesis. So, we will give their definition,
their representation by means of Young diagrams and we will explain the notion of
(composite) tableaux. In the second section we consider thering of symmetric func-
tions. The bases, known for this ring, are discussed briefly.Next to those bases, there
still exists another and even more important basis: the symmetric Schur functions. As
several bases of the ring of symmetric functions are defined,the relation between those
bases is given by means of transition matrices. Due to the relation between symmetric
functions and characters of the irreducible representations, the remainder of the chapter
is dedicated to the symmetric Schur functions. Here we make adifference beween the
symmetric functions parametrized by either a partition or acomposite partition. For
both families, we give the definition and a lot of properties and formulas. Some prop-
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erties, known for symmetric functions parametrized by a partition, are generalized to
symmetric functions parametrized by composite partitions. To end this chapter, and for
further reference, we put together all the definitions and formulas of this chapter.

The supersymmetric functions and in particular the supersymmetric Schur func-
tions are the main objects of this thesis. They are discussedin Chapter 2. This chapter,
which is essentially a supersymmetric analogue of the previous chapter, is composed
of three parts. Broadly speaking, the first part is dedicatedto supersymmetric functions
indexed by a partition, the second part summarizes the different bases of the ring of su-
persymmetric functions and the third part deals with supersymmetric functions indexed
by a composite partition. The three most important bases namely the elementary, the
complete and the Schur supersymmetric functions are defined, as well as their mutual
relations. Next to those definitions, we also introduce the notion of a supertableau, and
the formula for supersymmetric Schur functions by means of supertableaux. In the sec-
ond part, we extend the number of bases by defining the remaining bases, analogous to
the symmetric case. We prove that the supersymmetric power sums, the monomial and
the so-called ‘forgotten’ supersymmetric functions are indeed supersymmetric. The re-
lations between all those bases is proved to be given by the same transition matrices as
those given in the first chapter. As the supersymmetric basesand the symmetric bases
are defined in a similar way, their generating functions turnout to be similar as well.
The third part dedicated to the supersymmetric Schur functions indexed by a composite
partition, generalizes the definition and properties of composite symmetric functions.
To make the similarity complete, we introduce the notion of composite supertableaux.
Those composite supertableaux give rise to a new formula forcomposite supersym-
metric Schur functions. This formula looks more complicated than the other formulas
by means of (super)tableaux, but we illustrate that the extra conditions in the definiton
of composite supertableaux just as in the formula for supersymmetric Schur functions
are necessary. Again, we put together all the definitions andformulas of this chapter
for further reference at the end of the chapter.

Until this point we did not need the notion of Lie superalgebras, but they are essen-
tial for the remaining chapters. As already mentioned, a superalgebra is the keystone
in understanding supersymmetry. Although we will only needthe Lie superalgebras
gl(m|n) andsl(m|n) for subsequent use, we give a short introduction defining super-
algebras, Lie superalgebras and the enveloping algebra in general. The Cartan subal-
gebra and the root systems are discussed in particular forgl(m|n) andsl(m|n). Since
we want to link the first two chapters with the remaining of this thesis, we need to
introduce representations, irreducible representationswith highest weight (or highest
weight modules) and their characters. The connections between the previous chapters
and the representations is given by the bijection betweengl(m|n) highest weights and
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composite partitions. The covariant and contravariant modules are well known; the
mixed tensor modules give rise to characters which do not allways coincide with su-
persymmetric functions. For the typical representations,King already proved that the
characters coincide with supersymmetric functions, so we will also distinguish between
typical and atypical representations. Seeing that the atypicality will play an important
role, we define atypicality and the atypicality matrix in terms of highest weights and in
terms of (composite) partitions.

It was already known [10, 22] that the characters of irreducible covariant and
contravariant tensor representations ingl(m|n) yield the supersymmetric S-functions.
Comparing the different formulas for symmetric and supersymmetric S-functions, one
formula is missing with regard to supersymmetric Schur functions. In Chapter 4,
we derive a new, determinantal formula for the supersymmetric Schur polynomial
sλ(x/y). The origin of this formula goes back to representation theory of the Lie su-
peralgebragl(m|n). In particular, we show that all covariant representationsare ‘tame’
by performing a sequence of simple odd reflections. This sequence is determined by
a well-considered sequence of simple odd roots. This way, wecan apply a character
formula due to Kac and Wakimoto, leading to our new expression for sλ(x/y). The
special choice ofλ being the zero partition, gives rise to the denominator identity for
gl(m|n). This identity corresponds to a determinantal identity combining Cauchy’s
double alternant with Vandermonde’s determinant. Next to the representation theoretic
proof, we provide two other independent proofs for this determinantal formula. The
first proof makes use of Macdonald’s four characterizing properties of supersymmetric
Schur functions; we prove that the determinantal formula ishomogeneous and that the
cancellation, factorization and restriction properties are fulfilled. A last and a more
direct proof ties up our formula with that of Sergeev-Pragacz. This chapter is based
on [47, 49].

In Chapter 5 we intend to show that there is still another family of atypical repre-
sentations for which the character is given by a composite S-function. We distinguish
between normally, critically and quasicritically relatedroots. If all the roots are crit-
ically related, the representation and its highest weight are also called critical. The
relation between a highest weight and a composite partitionis connected to the notion
of being critical, and the notion of a critical composite partition is introduced. Next to
the covariant and contravariant representations which arecritical, we indicate that the
class of critical representations is much larger. It is shown, with the same techniques
as in Chapter 4, that the representations corresponding to acritical composite partition
(subject to a technical restriction) are tame, and its character formula is computed us-
ing the character formula of Kac and Wakimoto. Again, this new expression gives rise
to a determinantal expression for the characters of irreducible critical representations.
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The main goal of this formula is to link this determinantal formula to composite su-
persymmetric S-functions. This last equality however is conjectured. The proof of this
conjecture is outlined and the difficulties encountered arediscussed. In fact, the proof
of the conjecture is reduced to the proof of an identity for composite supersymmetric
Schur functions presented as a lemma. Altough we are convinced that for critical com-
posite partitions with no zero in the overlap (if presented in anm × n-rectangle) the
composite supersymmetric Schur functions are the characters of the irreducible repre-
sentations with corresponding highest weight, the remaining lemma is not proved yet.
The results of this chapter can be found in [50, 51].

In the previous chapters we have given different formulas todefine supersymmetric
functions. The formulas by means of the complete supersymmetric functions given in
Chapter 2 and the new determinantal formulas deduced in Chapter 4 respectively Chap-
ter 5 gives rise to new formulas for thet-dimension of covariant respectively mixed
tensor representationsV of the Lie superalgebragl(m|n) by means of a determinant.
The parametert keeps track of theZ-grading ofV . If we compare both formulas for
covariant representations, the equality gives rise to a Hankel determinant identity for
a special choice ofλ. For the mixed tensor representations, the equality between the
two formulas gives also rise to a determinant identity for a special choice of̄ν;µ. In
this last case, the analysis of the determinant requires a lot of advanced determinant
calculus. The first part of this chapter with respect to dimension formulas of covariant
representations is based on [48, 49].





Chapter 1

Symmetric Schur Functions

The purpose of the first chapter is on the one hand to fix some notation and ter-
minology, on the other hand, to discuss briefly the ring of symmetric functions.
A lot of these notions, notation and terminology will be taken from [46, Part
I]. As most of the objects considered turn out to be parametrized by partitions
and composite partitions, we will introduce them in the firstsection, as well as
their presentation by means of Young diagrams and the notionof (composite)
tableaux. The second section is dedicated to the ring of symmetric functions
and the bases known for this ring. A special class of symmetric functions,
the Schur functions, is defined in the third section as are themost important
properties related to this thesis. In the next section, we consider the generat-
ing functions and in the fifth section we give a lot of properties and formulas
for the symmetric functions parametrized by either a partition or a composite
partition. To end this chapter, and for further reference, we put together all the
definitions and formulas of this chapter.

1.1 Partitions and composite partitions

1.1.1 Partitions and diagrams

A PARTITION λ of a non-negative numberN , is any sequenceλ = (λ1, λ2, . . .) of non-
negative integers withλ1 ≥ λ2 ≥ . . ., containing only finitely many non-zero terms
and

∑
i λi = |λ| = N . The number of non-zero parts isℓ(λ) and is called theLENGTH

of λ and the sum of the parts|λ| is theWEIGHT of λ (see Figure 1.1).
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The YOUNG DIAGRAM Fλ of shapeλ is the set of left-adjusted rows of squares
with λi squares (or boxes) in theith row reading from top to bottom. We shall usually
denote the diagram of a partitionλ by the same symbolλ. The boxes are often referred
to by means of their row and column number; e.g. (1,4) refers to the fourth box on the
first row. For example, the Young diagram of(5, 2, 1, 1) is given in Figure 1.1.

F (5,2,1,1) =
- ℓ(λ) = 4

- |λ| = 9

Figure 1.1: Young Diagram ofλ = (5, 2, 1, 1)

TheCONJUGATEof a partitionλ is the partitionλ′ whose diagram is the transpose
of the diagramλ, the diagram obtained by reflection in the main diagonal. Hence,λ′i
is the number of boxes in theith column ofλ. In Figure 1.2, this is illustrated for
λ = (5, 2, 1, 1) and its conjugateλ′ = (4, 2, 1, 1, 1).

F (5,2,1,1) = and F (4,2,1,1,1) =

Figure 1.2: A partition and its conjugate partition

Given two partitionsλ, µ, we can define several operations. TheSUM λ+ µ of the
partitionsλ andµ is defined by(λ+µ)i = λi +µi. TheUNION λ∪µ of the partitions
λ andµ is given by the partition whose parts are of those ofλ andµ, arranged in
descending order.

For example, ifλ = (4, 2) andµ = (3, 3, 1), thenλ + µ = (7, 5, 1), λ ∪ µ =
(4, 3, 3, 2, 1), see Figure 1.3 where the shaded boxes correspond to the parts ofµ.
The operations+ and∪ are dual to each other:(λ + µ)′ = λ′ ∪ µ′. E.g. λ′ ∪ µ′ =
(2, 2, 1, 1) ∪ (3, 2, 2) = (3, 2, 2, 2, 2, 1, 1) = (λ+ µ)′.
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λ+ µ = and λ ∪ µ =

Figure 1.3: Sum and union ofλ = (4, 2) andµ = (3, 3, 1)

The setPN of partitions ofN can be ordered in different ways. The only orderings
that we will use are the lexicographic orderingLN and the reverse lexicographical
orderingL′

N . The orderingLN (resp.L′
N ) is the subset ofPN × PN consisting of

all (λ, µ) such that eitherλ = µ, or else the first non-vanishing differenceλi − µi is
positive (resp. negative). Notice that both orderings are total orderings. For example,
whenN = 5, the lexicographic ordering onP5 is given by

(5), (4, 1), (3, 2), (3, 12), (22, 1), (2, 13), (15);

whereas the reverse lexicographical ordering onP5 is given by

(15), (2, 13), (22, 1), (3, 12), (3, 2), (4, 1), (5).

Notice that in this notation the exponent indicates the number of times each integer
occurs as a part.

1.1.2 Skew diagrams and tableaux

If λ, µ are partitions, we shall writeλ ⊃ µ to mean that the diagram ofµ is embodied
in the diagram ofλ, i.e. µi ≤ λi for all i ≥ 1. The set-theoretic differenceθ = λ − µ
is called a skew diagram. Forλ = (5, 4, 2, 1) andµ = (3, 3, 1) the skew diagram is the
shaded region in Figure 1.4. The conjugate of a skew diagramθ = λ−µ is θ′ = λ′−µ′

and|θ| =
∑
θi = |λ| − |µ|. A PATH in a skew diagramθ is a sequences0, s1, . . . , sr

Figure 1.4: A skew diagramθ
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of squares inθ such thatsi−1 andsi have a common side, for1 ≤ i ≤ m. A subset of
θ is CONNECTED if any two boxes in that subset are connected by a path. The maxi-
mal connected components ofθ are themselves skew diagrams, and they are called the
CONNECTED COMPONENTSof θ. In Figure 1.4 there are three connected components.

A skew diagram is aHORIZONTAL m-STRIP(resp. aVERTICAL m-STRIP) if |θ| =
m andθ′i ≤ 1 (resp. θi ≤ 1) for eachi ≥ 1. In other words, a horizontal (resp.
vertical) strip has at most one square in each column (resp. row). A skew diagramθ is
a BORDER STRIP, also called aRIBBON, if θ is connected and contains no2× 2 block
of squares, so that successive rows (or columns) ofθ overlap by exactly one square. In
Figure 1.5 there is an example of a horizontal, a vertical strip and a border strip.

(a) Horizontal strip
θ = (0, 2, 0, 1, 1)

(b) Vertical strip
θ = (1, 0, 1, 1, 1)

(c) Border strip
θ = (0, 3, 1, 2, 1)

Figure 1.5: A horizontal strip, a vertical strip and a border strip.

A (COLUMN STRICT) TABLEAU T , often referred to asSEMISTANDARD YOUNG

TABLEAUX or SSYT, is a sequence of partitions

µ = λ(0) ⊂ λ(1) ⊂ . . . ⊂ λ(r) = λ

such that each skew diagramθ(i) = λ(i) − λ(i−1) (1 ≤ i ≤ r) is a horizontal
strip. Graphically, a tableau is a numbered skew diagram obtained by numbering each
square of the skew diagramθ(i) with the numberi. The numbers inserted inλ − µ
must increase strictly down each column and weakly from leftto right along each
row. The skew diagramλ − µ is called theSHAPEof the tableauT , and the sequence
(|θ(1)|, . . . , |θ(r)|) is theWEIGHT of T . Hence, the weight can easily be obtained by
counting the absolute frequency of the numbersi in the tableau(1 ≤ i ≤ r), i.e. |θ(i)|
is the number ofi’s in the tableau (see Figure 1.6).
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1

4

2

41

42

31

31

22

Figure 1.6: Tableau with shapeλ−µ = (6, 5, 3, 3, 2, 1, 1)− (4, 2, 1, 1) and weight(4, 4, 2, 3)

1.1.3 Composite partitions

The COMPOSITEYOUNG DIAGRAM F ν;µ = F (. . . ,−ν2,−ν1;µ1, µ2, . . .), specified
by the pair of partitionsµ = (µ1, µ2, . . .) andν = (ν1, ν2, . . .), consists of two con-
ventional Young diagramsFµ andF ν . The former is composed of boxes arranged in
left-adjusted rows of lengthsµ1, µ2, . . . (from top to bottom), and the latter of boxes
arranged in right-adjusted rows of lengthsν1, ν2, . . . (from bottom to top).

Figure 1.7: Composite Young DiagramF ν̄;µ = F (3,8);(5,3,1)

A manner of juxtaposition ofFµ andF ν to form F ν;µ was given in [18]. To
some extent this is a refining of the back-to-back notation of[3] and [36]. By way of
illustration, for ν̄;µ = (3, 8); (5, 3, 1) the composite Young diagram is displayed in
Figure 1.7. Note that in(3, 8) we have used the convention of putting the minus-signs
on top of the integers; so in the given exampleµ = (5, 3, 1) andν = (8, 3). We shall
refer to ν̄;µ as being aCOMPOSITE PARTITION. A composite partition is called an
m-STANDARD COMPOSITE PARTITIONif and only if ℓ(µ) + ℓ(ν) ≤ m.

1.2 The ring of symmetric functions

In [46,§I.2] the ring of symmetric functions is described for infinitely many variablesx.
In this section we will give a survey of it but only for a finite set of variablesx1, . . . , xm.
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Consider the ringZ[x1, . . . , xm] of polynomials inm independent variablesx =
(x1, . . . , xm) with integer coefficients. The symmetric groupSm acts on this ring by
permuting the variables. The symmetric polynomials, i.e. polynomials invariant under
the action ofSm, form a subringΛm = Z[x1, . . . , xm]Sm , which is a graded ring. For

Λm =
⊕

k≥0

Λkm

whereΛkm consists of the homogeneous symmetric polynomials of degree k with Λ0
m

spanned by the zero degree polynomial1.

Several different bases are defined onΛm.

1. Letλ be any partition of lengthℓ(λ) ≤ m. For eachm-tupleα = (α1, . . . , αm) ∈
Zm≥0 we denote byxα the monomialxα1

1 . . . xαm
m . The polynomial

mλ(x) = mλ(x1, . . . , xm) =
∑

α

xα (1.1)

summed over all distinct permutationsα of λ = (λ1, . . . , λm), is clearly sym-
metric, and themλ, asλ runs through all partitions withℓ(λ) ≤ m, form a
Z-basis ofΛm. Themλ are called theMONOMIAL SYMMETRIC FUNCTIONS.

2. For each integerr > 0 therth ELEMENTARY SYMMETRIC FUNCTION er is the
sum of all products ofr distinct variablesxi, so that

e0 = 1 and er =
∑

i1<i2<...<ir

xi1xi2 . . . xir = m(1r), for r ≥ 1. (1.2)

In particularer is defined to be zero forr < 0 ander = 0 for r > m. For
each partitionλ = (λ1, λ2, . . .), eλ is defined aseλ = eλ1

eλ2
. . .. Given that the

functionser are algebraically independent overZ, theeλ with ℓ(λ′) ≤ m form
aZ-basis forΛm.

3. For eachr ≥ 0 therth COMPLETE SYMMETRIC FUNCTIONhr is the sum of all
monomials of total degreer in the variablesx1, x2, . . . , such that

hr =
∑

|λ|=r

mλ. (1.3)

In particularh0 = 1 andh1 = e1. It is convenient to definehr to be zero if
r < 0. For each partitionλ = (λ1, λ2, . . .), hλ is defined ashλ = hλ1

hλ2
. . ..
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Λm = Z[h1, . . . , hm] where thehr are algebraically independent. Note that
hm+1, hm+2, . . . , are non-zero polynomials inh1, . . . , hm. So, thehλ, with
ℓ(λ′) ≤ m, form aZ-basis ofΛm; for example, ifm = 2, h(32) = 4h(22,12) −
4h(2,14) + h(16).

4. For eachr ≥ 1 therth POWER SUMis

pr =
∑

i

xri = mr(x). (1.4)

In the same way aseλ andhλ, pλ = pλ1
pλ2

. . .. It is shown [46] thatnhn =∑n
r=1 prhn−r. So it is clear thatQ[p1, . . . , pn] = Q[h1, . . . , hn]. Since the

complete symmetric functionshr are algebraically independent overZ, and
hence also overQ, the pr are also algebraically independent overQ. So, the
pλ form aQ-basis ofΛm. But they do not form aZ-basis ofΛm; for example,
h2 = 1

2 (p2
1 + p2) does not have integer coefficients when expressed in terms of

thepλ.

On the ring of symmetric polynomialsΛm, a ring homomorphismω is defined as:

ω : Λm → Λm : er → hr For all r ≥ 0. (1.5)

This homomorphism is an involution [46], i.e.ω2 is the identity map.
The involutionω maps a power sum onto itself:

ω(pλ) = ελpλ with ελ = (−1)|λ|−ℓ(λ). (1.6)

Using this involution, a fifthZ-basis ofΛm can be defined for any partitionλ, namely

fλ = ω(mλ). (1.7)

These elements are called theFORGOTTEN SYMMETRIC FUNCTIONS, as there is no
simple direct description.

1.3 Symmetric Schur functions

1.3.1 Symmetric Schur functions indexed by a partitionλ

Let x = (x1, . . . , xm) be a set of variables,Λm the ring of symmetric functions inx
and letλ = (λ1, λ2, . . .) with ℓ(λ) ≤ m be a partition. One can associate with any
partition an alternant, which is them×m determinant

aλ+δ = det(x
λj+m−j
i )1≤i,j≤m (1.8)
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where
δ = (m− 1,m− 2, . . . , 1, 0). (1.9)

In particular, forλ = (), the zero partition, we have Vandermonde’s determinant
aδ =

∏
1≤i<j≤m(xi − xj).

The SCHUR FUNCTIONS, often called S-FUNCTIONS, are defined as

sλ(x) = sλ(x1, . . . , xm) =
aλ+δ

aδ
. (1.10)

It is clear from the definition thatsλ is symmetric and homogeneous of degree|λ|.
Note that for any positive integerc

s(λ1+c,...,λm+c)(x) =

( m∏

i=1

xci

)
s(λ1,...,λm)(x). (1.11)

There is also a more combinatorial definition of a Schur function in terms of column
strict tableaux of shapeλ. Each tableau determines a monomial

xT =
m∏

i=1

x
|θ(i)|
i

where(|θ(1)|, . . . , |θ(m)|) is the weight of the tableau. Form = 5 andλ = (4, 3, 1) a
possible tableau and corresponding monomial are given in Figure 1.8.

T =

4

522

4211

←→ xT = x2
1x

3
2x

2
4x5.

Figure 1.8: Tableau of shapeλ = (4, 3, 1) and weight(2, 3, 0, 2, 1).

Then, the symmetric Schur function can be expressed by meansof tableaux:

sλ(x) =
∑

T

xT (1.12)

where the sum is taken over all column strict tableaux of shape λ and with entries
from 1 tom. E.g. supposem = 4 andλ = (2, 1, 1). Then all the tableaux and the
corresponding terms are given in Figure 1.9.
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4

3

42

4

3

32

4

3

22

4

3

41

4

2

41

3

2

41

4

3

31

4

2

31

3

2

31

4

3

21

4

2

2

4

1

3

2

11 1 1

3

2

21

4

3

1

2

1

s(2,1,1)(x1, x2, x3, x4) = x1
2x2x3 + x1

2x2x4 + x1
2x3x4 + x1x2

2x3 + x1x2
2x4

+ x1x2x3x4 + x1x2x3
2 + x1x2x3x4 + x1x3

2x4 + x1x2x3x4

+ x1x2x4
2 + x1x3x4

2 + x2
2x3x4 + x2x3

2x4 + x2x3x4
2

Figure 1.9: All tableaux and corresponding terms forλ = (2, 1, 1).

If µ ⊂ λ, then one defines theSKEW SYMMETRIC SCHUR FUNCTIONSsλ/µ(x) as

sλ/µ(x) =
∑

T

xT , (1.13)

where the sum is taken over all column strict tableaux of shape λ − µ, otherwise
sλ/µ(x) = 0.

The Jacobi-Trudi formula and the Nägelsbach-Kostka formula givesλ in terms of
the elementary and complete symmetric functions [46] :

sλ(x) = det
(
hλi−i+j(x)

)
1≤i,j≤ℓ(λ)

(1.14)

sλ(x) = det
(
eλ′

i
−i+j(x)

)
1≤i,j≤ℓ(λ′)

. (1.15)

So, ifλ = (n) andλ = (1n), we have that

s(n)(x) = hn(x) and s(1n)(x) = en(x). (1.16)

These formulas can be extended to skew symmetric Schur functions [46,§I.5]:

sλ/µ(x) = det
(
hλi−µj−i+j(x)

)
1≤i,j≤ℓ(λ)

(1.17)
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sλ/µ(x) = det
(
eλ′

i
−µ′

j
−i+j(x)

)
1≤i,j≤ℓ(λ′)

. (1.18)

The symmetric Schur functions can also be expressed in termsof the symmetric
monomial functions, namely:

sλ(x) =
∑

µ≤λ

Kλµmµ(x) (1.19)

where the sum is taken over all partitionsµ ≤ λ in the lexicographical ordering. The
numbersKλµ are called KOSTKA NUMBERSand it is shown that

Kλµ = the number of (column strict) tableauxT of shapeλ and weightµ. (1.20)

Therefore,Kλµ ≥ 0 andKλλ = 1. For example, ifλ = (2, 2, 1) thenK(2,2,1)(2,13) =
2 andK(2,2,1)(15) = 5 (see Figure 1.10). Thus,

s(2,2,1)(x) = m(22,1)(x) + 2m(2,13)(x) + 5m(15)(x).

5

1

2

2

5

43

1

3

2

4

4

5

3

4

1

5

42

31

53

21

Figure 1.10: The different tableauxT of shape(2, 2, 1) and weight(15).

Other determinantal formulas forsλ are Giambelli’s formula [46] and the ribbon
formula [45]. Giambelli’s formula depends on the Frobeniusnotation for partitions.
Suppose that the main diagonal of the Young diagram ofλ consists ofr-boxes(i, i),
(1 ≤ i ≤ r). Let αi = λi − i be the number of boxes in theith row of λ to the
right of (i, i), for 1 ≤ i ≤ r, andβi = λ′i − i be the number of boxes in theith
column ofλ below (i, i), for 1 ≤ i ≤ r. We haveα1 > α2 > . . . > αr ≥ 0 and
β1 > β2 > . . . > βr ≥ 0, and we denote the partitionλ by

λ = (α1, . . . , αr|β1, . . . , βr) = (α|β).

Clearly, the conjugate of(α|β) is (β|α).
Then, Giambelli’s formula is given by

s(α|β)(x) = det(s(αi|βj)(x))1≤i,j≤r,

where, fora, b ≥ 0, s(a|b) = ha+1eb − ha+2eb−1 + . . .+ (−1)bha+b+1e0; if a or b is
negative,s(a|b) = 0 except whena+ b = −1, in which cases(a|b) = (−1)b.
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*

*

*

λ = (5, 4, 4, 1)
= (4, 2, 1|3, 1, 0)

Figure 1.11: Frobenius notation for partitions.

1.3.2 Symmetric Schur functions indexed by a composite partition
ν̄; µ

Let x = (x1, . . . , xm) be the set of variables. Let̄ν;µ be a composite partition with
ℓ(µ) = p, ℓ(ν) = q andp + q ≤ m. Thus,ν̄;µ is am-standard composite partition.
Then, we can associate anm-tuple(µ1, . . . , µp, 0, . . . , 0,−νq, . . . ,−ν1) with the com-
posite partition̄ν;µ. Extending (1.11), the symmetric Schur function indexed bythis
composite partition is defined by:

sν̄;µ(x) =

(
m∏

i=1

x−ν1i

)
sλ(x) with λ = (µ1+ν1, µ2+ν1, . . . ,−ν2+ν1, 0). (1.21)

The formula analogous to (1.15) for symmetric Schur functions indexed by a com-
posite partition was postulated by Balantekin and Bars [5] in terms of characters (see
Chapter 3), and proved in [18], namely

sν;µ(x) = det

(
ėν′

l
+k−l(x) eµ′

j
−k+j−1(x)

ėν′

l
−i+l−1(x) eµ′

j
+i−j(x)

)
(1.22)

where the indicesi, j, k resp.l run from top to bottom, from left to right, from bottom
to top resp. from right to left. The dotted functionėr(x) = er(x) = er(

1
x1
, . . . , 1

xm
).

In the same way, we also have that

sν;µ(x) = det

(
ḣνl+k−l(x) hµj−k+j−1(x)

ḣνl−i+l−1(x) hµj+i−j(x)

)
(1.23)

where the indicesi, j, k resp.l run from top to bottom, from left to right, from bottom
to top resp. from right to left and with the functionḣr(x) = hr(x).



12 Symmetric Schur Functions

Example 1.1 Letν = (1, 1) andµ = (3, 1),

s(1,1);(3,1)(x) = det




ė2(x) e1(x) 0 0
ė1(x) e2(x) e0(x) 0
ė0(x) e3(x) e1(x) e0(x)

0 e4(x) e2(x) e1(x)




= det




ḣ1(x) ḣ2(x) h1(x) 0

ḣ0(x) ḣ1(x) h2(x) 0

0 ḣ0(x) h3(x) h0(x)

0 0 h4(x) h1(x)




The formulas (1.22) and (1.23) are defined independent of thenumber of variables
x. So, these formulas can easily be generalized for compositepartitions which are
not necessarilym-standard. Supposēν;µ is a not am-standard composite partition,
i.e. ℓ(µ) + ℓ(ν) > m then thesν̄;µ(x) is related to a Schur function indexed by a
standard composite partition:

sν̄;µ(x) = (−1)c+c+1sν−h;µ−h(x) (1.24)

whereh = ℓ(µ) + ℓ(ν)−m− 1 andµ− h andν − h are the partitions obtained from
the diagramsFµ andF ν respectively, by the removal of continuous boundary strips
each of lengthh starting at the foot of the first columns ofFµ resp.F ν and extending
overc andc columns respectively. ThisMODIFICATION RULE was introduced in [37].
The boundary strip is said to be removable ifh ≥ 0 and if the juxtaposition ofFµ−h

andF ν−h yields a regular composite Young diagramFα;β i.e. the resulting diagrams
F β andFα correspond to the partitionsβ andα. If α or β is not partition, thenFα;β is
said to be irregular. IfFα;β is irregular then the striph is not removable andsα;β is to
be interpreted as being identically zero. This modificationrule can be illustrated using
Formula (1.22) and Example 1.1.

Example 1.2 Supposem = 3. Given (1.24),h = 2 + 2 − 3 − 1 = 0 and hence
c = c = 0. So,

s(1,1);(3,1)(x) = −s(1,1);(3,1)(x)⇔ s(1,1);(3,1)(x) = 0.

The same result follows from (1.22):

s(1,1);(3,1)(x) = det




ė2(x) e1(x) 0 0
ė1(x) e2(x) e0(x) 0
ė0(x) e3(x) e1(x) e0(x)

0 0 e2(x) e1(x)


 ≡ 0
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as the second column is proportional to the first column sinceė2(x) = e1(x)
x1x2x3

, ė1(x) =
e2(x)
x1x2x3

and ė0(x) = e3(x)
x1x2x3

.

Supposem = 2. Applying (1.24), withh = 1 and hencec = c = 1, gives

s(1,1);(3,1)(x) = −s(1);(3)(x),

which also follows from (1.22):

s(1,1);(3,1)(x) = det




ė2(x) e1(x) 0 0
ė1(x) e2(x) e0(x) 0
ė0(x) 0 e1(x) e0(x)

0 0 e2(x) e1(x)




= −det




ė1(x) e0(x) 0 0
ė0(x) e1(x) e0(x) 0

0 e2(x) e1(x) e0(x)
0 0 e2(x) e1(x)




= −s(1);(3)(x)

where the second determinant is derived from the first by multiplying the first column
and dividing the second column with the factorx1x2 and swapping over the first two
columns.

If necessary, the modification rule (1.24) should be appliedmore than once until
eitherh < 0 i.e. the resulting composite partition ism-standard, or else the resulting
symmetric Schur function is shown to be zero. This is illustrated in Figure 1.12 for
m = 4 andν̄;µ = (1, 1, 1, 2, 3, 3, 3); (3, 3, 2, 2, 1, 1) with

sν̄;µ(x) = (−1)4+3+1sβ1;α1
= (−1)1+1+1sβ2;α2

= −sβ2;α2

1.4 Generating functions

We briefly recall some generating function expansions in terms of symmetric functions,
taken from [46].

The generating functions for theer andhr are given by

E(t) =
∑

r≥0

ert
r =

n∏

i=1

(1 + xit) (1.25)
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h1 = 8 h2 = 1
c1 = 4 c2 = 1
c1 = 3 c2 = 1
α1 = (4, 1, 1) α2 = (4, 1)
β1 = (3, 2, 1) β2 = (3, 2)

Figure 1.12: Modification rules form = 4 andν = (3, 3, 3, 2, 1, 1, 1) andµ = (4, 4, 2, 2, 1, 1).

and

H(t) =
∑

r≥0

hrt
r =

n∏

i=1

1

(1− xit)
(1.26)

From (1.25) and (1.26) we have that

H(t)E(−t) = 1 (1.27)

or, equivalently,

n∑

r=0

(−1)rerhn−r = 0, for all n ≥ 1. (1.28)

The generating function of thepr is

P (t) =
d

dt
logH(t) =

H ′(t)

H(t)
or P (−t) =

d

dt
logE(t) =

E′(t)

E(t)
. (1.29)

Let x = (x1, x2, . . .) andy = (y1, y2, . . .) be two finite or infinite sequences of
independent variables. The product

∏
i,j(1−xiyj)

−1 has three expansions in terms of
the different bases.

The first of these expansions is, with the sum taken over all partitionsλ,
∏

i,j

(1− xiyj)
−1 =

∑

λ

mλ(x)hλ(y) =
∑

λ

hλ(x)mλ(y). (1.30)
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The expansion in terms of the symmetric Schur functions is given by
∏

i,j

(1− xiyj)
−1 =

∑

λ

sλ(x)sλ(y) (1.31)

summed over all partitionλ. The last expansion is one in terms of the power sums:
∏

i,j

(1− xiyj)
−1 =

∑

λ

z−1
λ pλ(x)pλ(y) (1.32)

summed over all partitionλ and with

zλ =
∏

i≥1

imimi!

wheremi = mi(λ) is the number of parts ofλ equal toi.
By applying the involutionω to the symmetric functions of thex variables we

obtain from (1.30), (1.31) and (1.32):
∏

i,j

(1 + xiyj) =
∑

λ

mλ(x)eλ(y) =
∑

λ

eλ(x)mλ(y), (1.30’)

∏

i,j

(1 + xiyj) =
∑

λ

sλ(x)sλ′(y), (1.31’)

∏

i,j

(1 + xiyj) =
∑

λ

ελz
−1
λ pλ(x)pλ(y) (1.32’)

with ε defined in (1.6).

1.5 Properties of symmetric Schur functions

1.5.1 Transition matrices

SeveralZ-bases of the spaceΛm were constructed above. In this section we will give a
survey of the matrices of transitions between these bases [46, 67]. It is clear that rows
and columns of these matrices are labeled by the partitions of N . We will arrange them
in reverse lexicographical order (see§1.1).

Let J be the matrix such thatJλµ = 1 for λ′ = µ andJλµ = 0 for λ′ 6= µ and let
K = (Kλµ) be the matrix composed by the Kostka numbers.
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Given two bases, the transition matrixM(u, v) = (Mλ,µ) such that

uλ =
∑

µ

Mλµvµ

is given in Table 1.1 whereM ′ is the transposed matrix ofM andM∗ = (M−1)′.

e h m f s
e 1 K ′JK∗ K ′JK K ′K K ′J
h K ′JK∗ 1 K ′K K ′JK K ′

m K−1JK∗ K−1K∗ 1 K−1JK K−1

f K−1K∗ K−1JK∗ K−1JK 1 K−1J
s JK∗ K∗ K JK 1

Table 1.1: Transition Matrices

1.5.2 Operations on symmetric Schur functions

On the symmetric Schur functions, the S-functions, there are several important op-
erations defined [46]. The (OUTER) PRODUCT of S-functions, arises from ordinary
multiplication of polynomials:

sµ(x)sν(x) =
∑

λ

cλµνsλ(x). (1.33)

Remark that this operation is clearly commutative, associative and distributive over
addition. As a short notation we will also usesµν(x) = sµ·ν(x) ≡ sµ(x)sν(x).

The coefficientscλµν , known asTHE L ITTLEWOOD-RICHARDSON COEFFICIENTS,
may be calculated by a simple combinatorial rule [44] involving the partitionsν andµ.
The proof of this combinatorial rule can be found in [46,§I.9]. We have

cλµν = 0 unless |λ| = |µ|+ |ν| and µ, ν ⊂ λ.

Let T be a tableau. FromT we derive aWORD or sequencew(T ) by reading the
symbols inT from right to left in successive rows, starting with the top row.
A word w = a1a2 . . . aN in the symbols1, 2, . . . , n is said to be aLATTICE PERMU-
TATION if for 1 ≤ r ≤ N and1 ≤ i ≤ n− 1, the number of occurrences of the symbol
i in a1a2 . . . ar is not less than the number of occurrences ofi+ 1.

For example, given the tableauT with shapeλ − µ = (5, 3, 2) − (1, 1) in Fig-
ure 1.13, the word isw(T ) = 32113241, which is not a lattice permutation.
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T =

41

32

3211

←→ w(T ) = 32113241

Figure 1.13: TableauT and corresponding wordw(T ).

Proposition 1.3 (Littlewood-Richardson rule) Letλ, µ, ν be partitions. Thencλµν is
equal to the number of tableauxT of shapeλ − µ and weightν such thatw(T ) is a
lattice permutation.

For examplecλµν = 3 for λ = (4, 3, 2, 1, 1), µ = (3, 2, 1) and ν = (2, 2, 1), as
illustrated in Figure 1.14; in Figure 1.14(a) the word isw(T ) = (1, 1, 2, 2, 3), in
Figure 1.14(b) the word isw(T ) = (1, 2, 1, 2, 3) and in Figure 1.14(c) the word is
w(T ) = (1, 2, 3, 1, 2).

3

2

2

1

1

(a)

3

2

1

2

1

(b)

2

1

3

2

1

(c)

Figure 1.14: Different lattice permutations forT of shapeλ − µ and weightν.

Several properties can be derived for the outer product.
Together with (1.16), we have

sµ(x)hr(x) = sµ(x)s(r)(x) =
∑

λ

sλ(x) (1.34)

with λ− µ a horizontalr-strip (Pieri’s formula) and

sµ(x)er(x) = sµ(x)s(1r)(x) =
∑

λ

sλ(x) (1.35)



18 Symmetric Schur Functions

with λ− µ a verticalr-strip. An extension of Pieri’s formula is also proved [46]

sµ(x)hν(x) =
∑

λ

Kλ−µ,νsλ(x) (1.36)

with |ν| = |λ− µ| andKλ−µ,ν the Kostka number as defined in (1.20).

As a simple consequence ofsµνρ = sµνsρ = sµsνρ = sνsµρ and (1.33), we have

∑

σ

cλρσc
σ
µν =

∑

η

cλµηc
η
νρ =

∑

τ

cλντ c
τ
µρ. (1.37)

For the skew symmetric Schur functions, one can show that

sλ/µ(x) =
∑

η

cλµηsη(x). (1.38)

This allows one to define

s(λ/µ)/ν(x) =
∑

η

cλµηsη/ν(x). (1.39)

Expanding the last function and using (1.37) implies

s(λ/µ)/ν(x) =
∑

η,ρ

cλµηc
η
ρνsη(x) =

∑

σ,ρ

cλνσc
σ
ρµsσ(x) = s(λ/ν)/µ)(x). (1.40)

This means that the ordering ofµ andν can been changed. So, one can write this as

s(λ/µ)/ν(x) = s(λ/ν)/µ(x) = sλ/(µν)(x). (1.41)

Using (1.37) in the expansion of (1.39), we can easily see that

sλ/(µν)(x) =
∑

η,σ

cλµηc
η
νσsσ(x) =

∑

ρ,σ

cλρσc
ρ
µνsσ(x) =

∑

ρ

cρµνsλ/ρ(x). (1.42)

Now let x = (x1, x2, . . .), y = (y1, y2, . . .), z = (z1, z2, . . .) be three sets of
independent variables. Then, by (1.33) and (1.38) we have

∑

λ,µ

sλ/µ(x)sλ(z)sµ(y) =
∑

ν

sν(x)sν(z)
∑

µ

sµ(z)sµ(y).
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Using (1.31) twice

∑

λ,µ

sλ/µ(x)sλ(z)sµ(y) =
∏

i,k

(1− xizk)
−1
∏

j,k

(1− yjzk)
−1

=
∑

λ

sλ(x, y)sλ(z)

wheresλ(x, y) denotes the Schur function indexed byλ in (x1, x2, . . . , y1, y2, . . .).
From this equality, we can conclude that

sλ(x, y) =
∑

µ

sλ/µ(x)sµ(y) =
∑

µ,ν

cλµνsµ(y)sν(x) (1.43)

and more generally [46], we have

sλ/µ(x, y) =
∑

ν

sλ/ν(x)sν/µ(y) (1.44)

summed over all partitionsν such thatλ ⊃ ν ⊃ µ. Together with (1.38) this becomes,

sλ/µ(x, y) =
∑

η

sλ/µη(x)sη(y). (1.44’)

1.5.3 Generalizations to the case of composite partitions

As a first generalization we can extend (1.12) to symmetric Schur functions indexed by
a composite Young diagam. Hence we have to introduce the concept of a composite
Young tableau [39].

A COMPOSITEYOUNG TABLEAU is a numbered composite Young diagram formed
by inserting positive and negative entries chosen from the setsM = {1, 2, . . . ,m} and
M = {1, 2, . . . ,m} into each box ofFµ, resp.F ν , in such a way that the entries are

• non-decreasing across rows and strictly increasing down columns

• r(j) + r(j) ≤ j for j ∈ {1, 2, . . . ,m}, wherer(j) andr(j) are the lowest row
numbers inFµ resp.F ν containingj resp.j.

An entryi is to be interpreted as−i, and the corresponding weightw has components
wi = ni − ni, for i = 1, . . . ,m, whereni andni are the number of entriesi andi
in T ν̄;µ.
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6
_
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_
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_ _

4

3

32

211

Figure 1.15: A standard composite tableau

Givenm = 7, this is illustrated in Figure 1.15 for the composite partition ν̄;µ =
(1, 1, 2); (3, 2, 1, 1) and weightw = (2, 0, 2, 1,−1,−1, 0).

Using those standard composite Young tableaux, the symmetric Schur functions
indexed by a composite diagram̄ν;µ can be computed as:

sν;µ(x) =
∑

T ν;µ

xT
ν;µ

. (1.45)

The extra conditionr(j) + r(j) ≤ j on standard composite Young tableau is a simple
consequence of the connection between the symmetric Schur functions indexed by a
partition and those indexed by am-standard composite partition,

sν̄;µ(x) =

(
m∏

i=1

x−ν1i

)
sλ(x) with λ = (µ1+ν1, µ2+ν1, . . . ,−ν2+ν1, 0). (1.46)

With each composite tableauT ν̄;µ of shapēν;µ corresponds a tableauT of shapeλ. In
order to fill the boxes ofF ν̄ we constructFλ by appending a rectangle withm rows and
ν1 columns and removing boxes at the bottom of this rectangle corresponding to the
boxes ofF ν̄ (see Figure 1.16 for̄ν;µ = (2, 3); (3, 2, 1, 1)). Given a standard tableau
Fλ, a column ofF ν̄ containsi if and only if there is noi in the corresponding column
of Fλ, if we put F ν̄ on top ofFλ as shown in the Figure 1.16. The numbersi are
ordered inF ν̄ according to the other conditions of a composite tableau.
According to the condition that the entries have to increasealong a column, it follows
thatrµ(p) ≤ p. Suppose

Kλ
p = min({c | p does not occur in columnc of Fλ} ∪ {µ1 + ν1 + 1}).

If Kλ
p ∈ {1, . . . , ν1}, let q = max({t | t < p, t occurs in columnKλ

p }) andρq its
row number along the columnKλ

p . Then it is easy to check thatrν(p) = p − ρq and
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776

7665

5433

33322

21111

244

55
___

__

Figure 1.16: Extra condition:r(j) + r(j) ≤ j

rµ(p) ≤ ρq. If Kλ
p ∈ {ν1 + 1, . . . , ν1 + µ1 + 1}, there is ap in the firstν1 columns,

and thusrν(p) = 0. This implies the extra condition.
In Figure 1.16,Kλ

5 = 2 ∈ {1, 2, 3}, q = 3 andρq = 3 givesrν(5) = 2 andrµ(5) ≤ 3;
Kλ

6 = 4 ∈ {4, 5, 6, 7}, q = 5 andρq = 3 givesrν(6) = 0 andrµ(6) = 0 ≤ 6.

Although the determinantal formula (1.22) does not seem to be a practical compu-
tational tool, King showed [36, 41] that its Laplace expansion yields the formula

sν̄;µ(x) =
∑

ζ

(−1)|ζ|sµ/ζ(x)sν/ζ′(x). (1.47)

Conversely [3, 37]
sν(x)sµ(x) =

∑

ζ

s
ν/ζ;µ/ζ

(x), (1.48)

where the symmetric functions in the right hand side are defined by

s
λ/µ;ν/η

(x) =
∑

ζ,ξ

cλζµc
ν
ξηsζ;ξ(x). (1.49)

Often, we will use the notation by means of composite partitions to denotesν(x):

sν(x) = sν(x), with ν = (−ν1,−ν2, . . .) andxi =
1

xi
. (1.50)

Analogous to (1.42), this definition can easily be extended to

s
λ/µν;η/κτ

(x) =
∑

ζ,ξ

cζµνc
ξ
κτsλ/ζ;η/ξ(x). (1.51)
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Formula (1.48) can be generalized to a product of two Schur functions indexed by skew
partitions.

sλ/µ(x)sη/ν(x) =
∑

ρ

s
η/νρ;λ/µρ

(x) (1.52)

Proof.

sλ/µ(x)sη/ν(x) (1.38)
=

(∑

σ

cλσµsσ(x)

)(∑

τ

cητνsτ (x)

)

(1.48)
=

∑

σ,τ

cλσµc
η
τν

(∑

ρ

s
τ/ρ;σ/ρ

(x)

)

(1.49)
=

∑

ρ

∑

σ,τ

∑

γ,δ

cλσµc
η
τνc

τ
ργc

σ
ρδsγ;δ(x)

=
∑

ρ

∑

γ,δ

(∑

τ

cητνc
τ
ργ

)(∑

σ

cλσµc
σ
ρδ

)
sγ;δ(x)

(1.37)
=

∑

ρ

∑

γ,δ

(∑

α

cηαγc
α
νρ

)(∑

β

cλβδc
β
µρ

)
sγ;δ(x)

(1.49)
=

∑

ρ

∑

α,β

cανρc
β
µρsη/α;λ/β

(x)

(1.51)
=

∑

ρ

s
η/νρ;λ/µρ

(x)

2

The combination of (1.47) and (1.48) yields

sν̄;µ(x) =
∑

ζ,ρ

(−1)|ζ|s
ν/ζ′ρ;µ/ζρ

(x) (1.53)

Further generalizations of (1.47) and (1.53) are,

s
ν/µ;λ/τ

(x) =
∑

ζ

(−1)|ζ|sν/µζ′(x)sλ/τζ(x) (1.54a)

s
ν/µ;λ/τ

(x) =
∑

ζ,ρ

(−1)|ζ|s
ν/µζ′ρ;λ/τζρ

(x) (1.54b)

Proof.

s
ν/µ;λ/τ

(x) (1.38)
=

∑

σ,η

cνσµc
λ
ητsσ;η(x)
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(1.47)
=

∑

σ,η

cνσµc
λ
ητ

(∑

ζ

(−1)|ζ|sσ/ζ′(x)sη/ζ(x)

)

Applying (1.40) provides (1.54a); (1.54a) together with (1.52) gives (1.54b). 2

Finally, to end this section we will generalize (1.44) and (1.44’). Let (x, y) =
(x1, x2, . . . , y1, y2, . . .) be a set of variables, then:

s
ν/η;λ/µ

(x, y) =
∑

ρ,σ,τ

s
ν/ησ;λ/µτ

(x)s
σ/ρ;τ/ρ

(y) (1.55a)

s
ν/η;λ/µ

(x, y) =
∑

ρ,σ,τ

s
ν/σ;λ/τ

(x)s
σ/ηρ;τ/ηρ

(y) (1.55b)

s
ν/η;λ/µ

(x, y) =
∑

ρ,σ,τ

s
ν/σρ;λ/τρ

(x)s
σ/η;τ/µ

(y) (1.55c)

Proof.

s
ν/η;λ/µ

(x, y) (1.54a)
=

∑

ζ

(−1)|ζ|sν/ηζ′(x, y)sλ/µζ(x, y)

(1.38)
=

∑

ζ,ϕ,ψ

(−1)|ζ|cϕηζ′c
ψ
µζsν/ϕ(x, y)sλ/ψ(x, y) (∗)

(1.44′)
=

∑

ζ,ϕ,ψ

∑

σ,τ

(−1)|ζ|cϕηζ′c
ψ
µζsν/ϕσ(x)sλ/ψτ (x)sσ(y)sτ (y)

(1.38)
=

∑

σ,τ

(∑

ζ

(−1)|ζ|sν/ηζ′σ(x)sλ/µζτ (x)

)
sσ(y)sτ (y)

Applying (1.54a) and (1.48) proves (1.55a). Replacingση resp.µτ by ϕ resp.ψ pro-
vides (1.55b). Starting from(∗) and applying (1.44) we have that

s
ν/η;λ/µ

(x, y) =
∑

ζ,ϕ,ψ

∑

σ,τ

(−1)|ζ|cϕηζ′c
ψ
µζsν/σ(x)sλ/τ (x)sσ/ϕ(y)sτ/ψ(y)

(1.38)
=

∑

σ,τ

sν/σ(x)sλ/τ (x)

(∑

ζ

(−1)|ζ|sσ/ηζ′(y)sτ/µζ(y)

)

Finally, applying (1.54a) and (1.48) proves (1.55c). 2
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1.6 Appendix: Formulary

In this appendix we want to gather all the definitions and formulas derived in this
chapter. That way, we provide an overview of the different formulas for symmetric
functions indexed by a partition or a composite partition. The numbering used in this
section is the same numbering as used in the text. That way, the numbers will not
increase as the formulas are rearranged. On the other hand, the context or proof can
easily be found in the text and we maintain an overview.

∑

σ

cλρσc
σ
µν =

∑

η

cλµηc
η
νρ =

∑

τ

cλντ c
τ
µρ. (1.37)

1.6.1 Symmetric Schur functions indexed by a partitionλ

sλ(x) = sλ(x1, . . . , xm) =
aλ+δ

aδ
. (1.10)

sλ(x) =
∑

T

xT T a (column strict) tableau of shapeλ. (1.12)

sλ/µ(x) =
∑

T

xT T a (column strict) tableau of shapeλ− µ. (1.13)

sλ(x) = det
(
hλi−i+j(x)

)
1≤i,j≤ℓ(λ)

(1.14)

sλ(x) = det
(
eλ′

i
−i+j(x)

)
1≤i,j≤ℓ(λ′)

. (1.15)

sλ/µ(x) = det
(
hλi−µj−i+j(x)

)
1≤i,j≤ℓ(λ)

(1.17)

sλ/µ(x) = det
(
eλ′

i
−µ′

j
−i+j(x)

)
1≤i,j≤ℓ(λ′)

. (1.18)

s(n)(x) = hn(x) and s(1n)(x) = en(x). (1.16)

sλ(x) =
∑

µ≤λ

Kλµmµ(x) with Kλµ the Kostka numbers (see (1.20)) (1.19)

E(t) =
∑

r≥0

ert
r =

n∏

i=1

(1 + xit) (1.25)
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H(t) =
∑

r≥0

hrt
r =

n∏

i=1

1

(1− xit)
(1.26)

P (t) =
d

dt
logH(t) =

H ′(t)

H(t)
or P (−t) =

d

dt
logE(t) =

E′(t)

E(t)
(1.29)

∏

i,j

(1− xiyj)
−1 =

∑

λ

mλ(x)hλ(y) =
∑

λ

hλ(x)mλ(y) (1.30)

∏

i,j

(1 + xiyj) =
∑

λ

mλ(x)eλ(y) =
∑

λ

eλ(x)mλ(y) (1.30’)

∏

i,j

(1− xiyj)
−1 =

∑

λ

sλ(x)sλ(y) (1.31)

∏

i,j

(1 + xiyj) =
∑

λ

sλ(x)sλ′(y) (1.31’)

∏

i,j

(1− xiyj)
−1 =

∑

λ

z−1
λ pλ(x)pλ(y) (1.32)

∏

i,j

(1 + xiyj) =
∑

λ

ελz
−1
λ pλ(x)pλ(y) (1.32’)

with zλ =
∏

i≥1

imimi! wheremi = mi(λ) is the number of parts ofλ equal toi.

sµ(x)sν(x) =
∑

λ

cλµνsλ(x). (1.33)

sµ(x)hr(x) =
∑

λ

sλ(x) λ− µ a horizontalr-strip. (1.34)

sµ(x)er(x) =
∑

λ

sλ(x) λ− µ a verticalr-strip. (1.35)

sµ(x)hν(x) =
∑

λ

Kλ−µ,νsλ(x) with |ν| = |λ− µ|. (1.36)

sλ/µ(x) =
∑

ν

cλµνsν(x). (1.38)
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s(λ/µ)/ν(x) =
∑

η

cλµηsη/ν(x). (1.39)

sλ/(µν)(x) =
∑

η

cηµνsλ/η(x). (1.42)

s(λ/µ)/ν(x) = sλ/(µν)(x) = s(λ/ν)/µ(x). (1.41)

sλ(x, y) =
∑

µ

sλ/µ(x)sµ(y) =
∑

µ,ν

cλµνsµ(y)sν(x) (1.43)

sλ/µ(x, y) =
∑

ν

sλ/ν(x)sν/µ(y) with λ ⊃ ν ⊃ µ. (1.44)

sλ/µ(x, y) =
∑

η

sλ/µη(x)sη(y) (1.44’)

1.6.2 Symmetric Schur functions indexed by a composite partition
ν̄; µ

sν̄;µ(x) =

(
m∏

i=1

x−ν1i

)
sλ(x) with λ = (µ1+ν1, µ2+ν1, . . . ,−ν2+ν1, 0). (1.56)

sν;µ(x) = det

(
ėν′

l
+k−l(x) eµ′

j
−k+j−1(x)

ėν′

l
−i+l−1(x) eµ′

j
+i−j(x)

)
, (1.22)

sν;µ(x) = det

(
ḣνl+k−l(x) hµj−k+j−1(x)

ḣνl−i+l−1(x) hµj+i−j(x)

)
(1.23)

where the indicesi, j, k resp.l run from top to bottom, from left to right, from bottom
to top resp. from right to left.

sν̄;µ(x) = (−1)c+c+1sν−h;µ−h(x) with h = ℓ(µ) + ℓ(ν)−m− 1. (1.24)

sν;µ =
∑

T ν;µ

xT
ν;µ

with T ν;µ a standard composite Young tableau. (1.45)
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sν̄;µ(x) =
∑

ζ

(−1)|ζ|sµ/ζ(x)sν/ζ′(x) (1.47)

s
λ/µ;ν/η

(x) =
∑

ζ,ξ

cλζµc
ν
ξηsζ;ξ. (1.49)

s
λ/µν;η/κτ

(x) =
∑

ζ,ξ

cζµνc
ξ
κτsλ/ζ;η/ξ. (1.51)

sν(x)sµ(x) =
∑

ζ

s
ν/ζ;µ/ζ

(x) (1.48)

sλ/µ(x)sη/ν(x) =
∑

ρ

s
η/νρ;λ/µρ

(x) (1.52)

sν̄;µ(x) =
∑

ζ,ρ

(−1)|ζ|s
ν/ζ′ρ;µ/ζρ

(x) (1.53)

s
ν/µ;λ/τ

(x) =
∑

ζ

(−1)|ζ|sν/µζ′(x)sλ/τζ(x) (1.54a)

s
ν/µ;λ/τ

(x) =
∑

ζ,ρ

(−1)|ζ|s
ν/µζ′ρ;λ/τζρ

(x) (1.54b)

s
ν/η;λ/µ

(x, y) =
∑

ρ,σ,τ

s
ν/ησ;λ/µτ

(x)s
σ/ρ;τ/ρ

(y) (1.55a)

s
ν/η;λ/µ

(x, y) =
∑

ρ,σ,τ

s
ν/σ;λ/τ

(x)s
σ/ηρ;τ/ηρ

(y) (1.55b)

s
ν/η;λ/µ

(x, y) =
∑

ρ,σ,τ

s
ν/σρ;λ/τρ

(x)s
σ/η;τ/µ

(y) (1.55c)





Chapter 2

Supersymmetric Schur
Functions

Where Chapter 1 was dedicated to symmetric functions, we willgive a su-
persymmetric analogue in this second chapter. Essentially, this chapter con-
tains three parts. In the first section, we define the supersymmetric functions
indexed by a partitionλ. We introduce the elementary and complete super-
symmetric functions as well as the supersymmetric Schur functions. Apart
from the relation between those functions we also introducethe notion of a
supertableau. The second section gives a summary of all the bases for the ring
of supersymmetric functions. Next to the known bases (the elementary, com-
plete supersymmetric functions and the power sums), we define the monomial
and the so-called forgotten supersymmetric functions. We prove that those
functions are indeed supersymmetric and that the relationsbetween the differ-
ent bases, in terms of the transition matrices, are still valid and the same as in
the symmetric case. To end this section, we prove that the bases have similar
generation functions as the symmetric bases. The third partof this chapter
deals with supersymmetric Schur functions indexed by a composite partition.
After giving the definition and some properties equivalent with the proper-
ties of composite symmetric functions, we give a definition of composite su-
pertableaux and introduce a new formula for the composite supersymmetric
Schur functions by means of those composite supertableaux.The definitions
and properties of the supersymmetric Schur functions deduced in this chapter
are summarized in the last section.
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2.1 Supersymmetric functions indexed byλ

Let x = x(m) = (x1, x2, . . . , xm) andy = y(n) = (y1, y2, . . . , yn) be two sets of
independent variables. A polynomialp(x/y) is said to beDOUBLY SYMMETRIC if
it is symmetric inx andy separately. The ring of all doubly symmetric polynomi-
als isZ[x1, . . . , xm, y1, . . . , yn]

Sm×Sn . A function f(x/y) satisfies the cancellation
property if the result of substitutingxm = t and yn = −t in f(x/y) is given by
f(x(m−1)/y(n−1)). Then, a functionf(x/y) is said to beSUPERSYMMETRICif it is
doubly symmetric and if the cancellation property is fulfilled. So, the supersymmetric
functions form a subringΛm|n of Z[x1, . . . , xm, y1, . . . , yn]

Sm×Sn .

2.1.1 Elementary and complete supersymmetric functions

Let x = x(m) = (x1, x2, . . . , xm) andy = y(n) = (y1, y2, . . . , yn) be two sets of
independent variables. The generating functionE(t) in formula (1.25) can be general-
ized [46,§I.3, Exercise 23] to a rational function1 of t,

Ex/y(t) =
∑

r≥0

er(x/y)t
r =

∏m
i=1(1 + xit)∏n
j=1(1− yjt)

. (2.1)

Thus, theELEMENTARY SUPERSYMMETRIC FUNCTIONScan be written in terms of
the elementary symmetric and the complete symmetric functions:

er(x/y) =

r∑

k=0

ek(x)hr−k(y). (2.2)

Applying the involutionω (1.5) on (2.2) provides theCOMPLETE SUPERSYMMETRIC

FUNCTIONS

hr(x/y) =

r∑

k=0

hk(x)er−k(y), (2.3)

which are generated by

Hx/y(t) =
∑

r≥0

hr(x/y)t
r =

∏n
j=1(1 + yjt)∏m
i=1(1− xit)

. (2.4)

From (2.1) and (2.4) follows that the symmetric equality (1.27) is still valid in the
supersymmetric case, namely:

Ex/y(−t)Hx/y(t) = 1 (2.5)

1Remark that our definition is slightly different from the definition of Macdonald’seMac
r : we have a minus

sign in the denominator, such thater(x/y) = eMac
r (x/ − y)
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Therefore, the supersymmetricer andhr fulfill the same properties as the symmetric
er andhr. So, for any partitionλ = (λ1, λ2, . . .),

eλ(x/y) =
∏

i

eλi
(x/y) and hλ(x/y) =

∏

i

hλi
(x/y). (2.6)

2.1.2 Supersymmetric Schur functions

Definition

Given the elementary supersymmetric functionser(x/y), a generalization of
Formula (1.15) gives theSUPERSYMMETRICSCHUR FUNCTIONSsλ(x/y), namely:

sλ(x/y) = det
(
eλ′

i
−i+j(x/y)

)
1≤i,j≤ℓ(λ′)

. (2.7)

Macdonald shows that the supersymmetric Schur functions satisfy four properties which
also characterize these functions.

• Homogeneity: sλ(x(m)/y(n)) is a homogeneous function of degree|λ|.

• Restriction: Letm ≥ 1 (resp.n ≥ 1). The result of settingxm = 0 (resp.yn =
0) in sλ(x(m)/y(n)) is the functionsλ(x(m−1)/y(n)) (resp.sλ(x(m)/y(n−1))).

• Cancellation: Letm,n ≥ 1. The result of substitutingxm = t andyn = −t in
sλ(x

(m)/y(n)) is the functionsλ(x(m−1)/y(n−1)).

• Factorization: If the partitionλ satisfiesλm ≥ n ≥ λm+1, so thatλ can be
written in the formλ = ((nm) + τ) ∪ η (see Figure 2.1), withτ (resp.η′) a
partition of length≤ m (resp.≤ n), then

sλ(x
(m)/y(n)) = sτ (x

(m))sη′(y
(n))

m∏

i=1

n∏

j=1

(xi + yj). (2.8)

Formula (2.8) was first derived by Berele and Regev [10, Theorem 6.20] and will be
referred to as the Berele-Regev formula. Stembridge [65] showed that the supersym-
metric Schur functions are aZ-basis ofΛm|n.
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Fλ = with
λ = ((nm) + τ) ∪ η
τ = (2, 1, 1)
η = (3, 1, 1)

Figure 2.1: Factorization ifλm ≥ n ≥ λm+1 with (m|n) = (4|5).

Properties

It is also possible to prove that the determinantal expression (1.14) can be extended
to supersymmetric Schur functions, giving ussλ(x/y) in terms of the complete super-
symmetric functions:

sλ(x/y) = det
(
hλi−i+j(x/y)

)
1≤i,j≤ℓ(λ)

(2.9)

Obviously,

s(r)(x/y) = h(r)(x/y) and s(1r)(x/y) = e(r)(x/y). (2.10)

It is clear from the definition ofer(x/y) andhr(x/y) together with formulas (2.7)
and (2.9) that

sλ(y/x) = sλ′(x/y). (2.11)

In addition to (2.7) and (2.9), the supersymmetric Schur functions can be written in
terms of the symmetric Schur functions [46,§I.5, Exercise 23], namely

sλ(x/y) =
∑

µ

sµ(x)s(λ/µ)′(y) =
∑

µ

sλ/ν(x)sν′(y) =
∑

µ,ν

cλµνsµ(x)sν′(y). (2.12)

From this equation it is clear thatsλ ≡ 0 if λm+1 > n, assµ(x) ≡ 0 if ℓ(µ) > |x| =
m.

It is shown [69] that the supersymmetric Schur functions obey the same outer prod-
uct rules:

sµ(x/y)sν(x/y) =
∑

λ

cλµνsλ(x/y). (2.13)

This allows us to define the supersymmetric Schur functions labeled by a skew parti-
tion:

sλ/µ(x/y) =
∑

ν

cλµνsν(x/y). (2.14)
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Analogous to (1.17) and (1.18) these skew supersymmetric Schur functions can
also be expressed by a determinantal formula in terms of the elementary and complete
supersymmetric functions:

sλ/µ(x/y) = det
(
eλ′

i
−µ′

j
−i+j(x/y)

)
1≤i,j≤ℓ(λ′)

, (2.15)

sλ/µ(x/y) = det
(
hλi−µj−i+j(x/y)

)
1≤i,j≤ℓ(λ)

. (2.16)

In combination with (2.12) and (2.14),sλ/µ(x/y) can be written as an expansion
of symmetric functions in different ways.

sλ/µ(x/y) =
∑

ν,σ,τ

cλµνc
ν
στsσ(x)sτ ′(y)

Applying (2.14), (2.12) and (1.37) in various ways, this becomes

sλ/µ(x/y) =
∑

ν,σ

cλµνsσ(x)s(ν/σ)′(y) =
∑

σ

sσ(x)s(λ/µσ)′(y) (2.17a)

=
∑

ν,τ

cλµνsν/τ (x)sτ ′(y) =
∑

τ

sλ/µτ (x)sτ ′(y) (2.17b)

=
∑

ρ,σ,τ

cλρσc
ρ
µτsσ(x)sτ ′(y) =

∑

ρ

sλ/ρ(x)s(ρ/µ)′(y) (2.17c)

=
∑

ρ,σ,τ

cλρτ c
ρ
µσsσ(x)sτ ′(y) =

∑

ρ

sρ/µ(x)s(λ/ρ)′(y) (2.17d)

2.1.3 Supertableaux

A SUPERTABLEAUor BITABLEAU S of type (m|n) and shapeλ − µ (whereµ ⊂ λ)
[46, §I.5, Exercise 23] is a sequence of partitions

µ = λ(0) ⊂ λ(1) ⊂ . . . ⊂ λ(m+n) = λ

such that the skew diagramθ(i) = λ(i)−λ(i−1) is a horizontal strip for1 ≤ i ≤ m and
a vertical strip form + 1 ≤ i ≤ m + n. Graphically, each square ofθ(i) can be filled
by the symboli, 1 ≤ i ≤ m, and each square ofθ(m+j) by the symbolj′, 1 ≤ j ≤ n.
With respect to the order1 < . . . < m < 1′ < . . . < n′, there are two conditions on
S:

1. the symbolsi ∈ {1, . . . ,m} andj′ ∈ {1′, . . . , n′} increase in the weak sense
from left to right along each row and from top to bottom in eachcolumn ofS,
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2. there is at most one symbolj′ in each row, and at most one symboli in each
column.

With each such supertableauS we associate a monomial(x/y)S obtained by replacing
each symboli (resp. j′) by xi (resp.yj) and forming the product of allx’s andy’s.
Then,

sλ/µ(x/y) =
∑

S

(x/y)S (2.18)

summed over all supertableauxS of type(m|n) and shapeλ− µ. A supertableau and
its associated monomial are given for(m|n) = (2|3) andλ−µ = (7, 5, 2, 2, 2, 1, 1)−
(2, 2, 1, 1) in Figure 2.2.

3’

1’

1’2

1’

1

3’22

3’2’211

←→ (x/y)S = x3
1 x

4
2 y

3
1 y2 y

3
3

Figure 2.2: A supertableauS and corresponding term(x/y)S .

2.2 Supersymmetric bases

With reference to the similarity of the elementary and complete symmetric functions
and supersymmetric functions, we will define the supersymmetric equivalent of the
symmetric power functions, the monomial and the forgotten symmetric functions.

2.2.1 Supersymmetric power functions

In order to define these functions we generalize (1.29):

Px/y(t) =
d

dt
logHx/y(t) =

H ′
x/y(t)

Hx/y(t)
=
∑

r

pr(x/y)t
r−1 (2.19)

Then, we have the following property:
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Proposition 2.1 The supersymmetric power functions are given in terms of thesym-
metric power functions by:

pr(x/y) = pr(x) + (−1)r−1pr(y). (2.20)

Proof. Using (2.4) we have that

H ′
x/y(t) =

d

dt

( n∏

j=1

(1 + yjt)

m∏

i=1

(1− xit)
−1

)

=

n∑

k=1

yk

∏n
j=1,j 6=k(1 + yjt)∏m
i=1(1− xit)

+

m∑

l=1

xl
(1− xlt)2

∏n
j=1(1 + yjt)∏m

i=1,i 6=l(1− xit)

=

∏
j(1 + yjt)∏
i(1− xit)

( n∑

k=1

yk
(1 + ykt)

+

m∑

l=1

xl
(1− xlt)

)

= Hx/y(t)

( n∑

k=1

yk
(1 + ykt)

+

m∑

l=1

xl
(1− xlt)

)

Expanding the generating function for the symmetric power sums, gives us that

P (t) =
∑

r≥1

prt
r−1 =

∑

i≥1

∑

r≥1

xri t
r−1 =

∑

i≥1

xi
(1− xit)

Thus,Px/y(t) =
∑
r

(
pr(x) + (−1)r−1pr(y)

)
tr−1 =

∑
r pr(x/y)t

r−1
2

2.2.2 The monomial supersymmetric functions and the forgotten
supersymmetric functions

For any given partitionλ we can define theMONOMIAL SUPERSYMMETRIC FUNC-
TION mλ(x/y) and theFORGOTTEN SUPERSYMMETRIC FUNCTIONfλ(x/y) in terms
of the monomial and forgotten symmetric functions:

mλ(x/y) =
∑

µ∪ν=λ

mµ(x)fν(y) (2.21)

and
fλ(x/y) = ω(mλ(x/y)) =

∑

µ∪ν=λ

fµ(x)mν(y) (2.22)



36 Supersymmetric Schur Functions

whereω is the involution defined in (1.5). We shall prove that these functions are indeed
supersymmetric and that the connections between the different bases, the transition
matrices, are the same matrices as for the symmetric bases.

Proposition 2.2 For anyr ≥ 0,

er(x/y) = m(1r)(x/y), (2.23)

and
hr(x/y) =

∑

λ

mλ(x/y), with |λ| = r (2.24)

Proof. Both expressions follow from the definitions of the different supersymmetric
functions.

m(1r)(x/y) =
∑

s+t=r

m(1s)(x)f(1t)(y) =
∑

s+t=r

m(1s)(x)ω(m(1t)(y))

=

r∑

s=0

e(s)(x)ω(e(r−s)(y)) =

r∑

s=0

e(s)(x)h(r−s)(y)

= er(x/y)

The second expression (2.24) can be deduced in a similar way:

∑

λ,|λ|=r

mλ(x/y) =
∑

λ,|λ|=r

∑

µ∪ν=λ

mµ(x)fν(y)

=
∑

µ

∑

ν

mµ(x)fν(y) (with |µ|+ |ν| = r)

=
∑

µ

mµ(x)ω

( ∑

ν,|ν|=r−|µ|

mν(y)

)
=
∑

µ

mµ(x)ω(hr−|µ|(y))

=
∑

µ

mµ(x)er−|µ|(y) =
r∑

k=0

( ∑

µ
|µ|=k

mµ(x)

)
er−k(y)

=

r∑

k=0

hk(x)er−k(y) = hr(x/y)

2
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Asmr(x/y) = m(r)(x)+ω(m(r)(y)) = p(r)(x)+ (−1)r−1p(r)(y) the supersym-
metric equivalence of (1.4) is valid, namely:

pr(x/y) = mr(x/y). (2.25)

In order to prove the connection between the supersymmetricSchur functions and
the monomial supersymmetric functions, we need the following lemma.

Lemma 2.3 Letλ, ϕ, χ be partitions andξ = ϕ ∪ χ then

Kλξ =
∑

µ,ν

cλµνKµϕKνχ (2.26)

whereKλµ are the Kostka numbers andcλµν the Littlewood-Richardson coefficients.

Proof. As hξ = hϕhχ and taking into account Table 1.1 then, by (1.33),

∑

λ

Kλξsλ(x) =
∑

µ,ν

KµϕKνχsµ(x)sν(x) =
∑

µ,ν,λ

KµϕKνχc
λ
µνsλ(x)

=
∑

λ

(∑

µ,ν

cλµνKµϕKνχ

)
sλ(x)

2

Relying on this lemma, we have the following proposition.

Proposition 2.4 Letλ be a partition, then

sλ(x/y) =
∑

ξ

Kλξmξ(x/y). (2.27)

Proof. The right hand side of (2.27) is equal to

∑

ξ

Kλξ

( ∑

ϕ∪χ=ξ

mϕ(x)fχ(y)

)
=
∑

ϕ,χ

Kλξmϕ(x)fχ(y) with ϕ ∪ χ = ξ

The left hand side of (2.27) is equal to (see§1.5.1):

∑

µ,ν

cλµνsµ(x)sν′(y) =
∑

µ,ν

cλµν

(∑

ϕ

Kµϕmϕ(x)

)(∑

χ

(JK)ν′χfχ(y)

)
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As (JK)ν′χ =
∑
ψ Jν′ψKψχ = Kνχ, this becomes

∑

µ,ν

cλµνsµ(x)sν′(y) =
∑

µ,ν

cλµν

(∑

ϕ

Kµϕmϕ(x)

)(∑

χ

Kνχfχ(y)

)

=
∑

ϕ,χ

(∑

µ,ν

cλµνKµϕKνχ

)
mϕ(x)fχ(y)

Using (2.26), the left hand side equals
∑

ϕ,χ

Kλξmϕ(x)fχ(y) with ϕ ∪ χ = ξ.

2

In a similar way, we can prove that, given a partitionλ,

sλ(x/y) =
∑

ξ

(JK)λξfξ(x/y).

Therefore, the relations, in terms of the transition matrices, are still valid for the
supersymmetric monomial functions, the supersymmetric forgotten functions and the
supersymmetric Schur functions.

This also implies that the supersymmetric monomial (resp. forgotten) functions as
defined in (2.21) and (2.22) are indeed supersymmetric.

2.2.3 Generating functions

Supposex = (x1, x2, . . .), y = (y1, y2, . . .), z = (z1, z2, . . .), u = (u1, u2, . . .) and
v = (v1, v2, . . .) are finite or infinite sequences of independent variables.

In [69] the generating function for thesλ(x/y) is given by

G(x, y, z) =

∏
i,a(1 + yiza)∏
j,b(1− xjzb)

(2.28)

Using (1.31) and (1.31’), Formula (2.28) is equal to
(∑

ν

sν′(y)sν(z)

)(∑

µ

sµ(x)sµ(z)

)
=
∑

ν,µ

sµ(x)sν′(y)

(
sµ(z)sν(z)

)

(1.33)
=

∑

ν,µ

sµ(x)sν′(y)
∑

λ

cλνµsλ(z) =
∑

λ

(∑

ν,µ

cλνµsµ(x)sν′(y)

)
sλ(z)
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Applying (2.12), we have that

G(x, y, z) =

∏
i,a(1 + yiza)∏
j,b(1− xjzb)

=
∑

λ

sλ(x/y)sλ(z) (2.29)

Then, it is easy to prove that:

∑

λ

sλ(x/y)sλ(u/v) =

∏
a,j(1 + uayj)

∏
b,i(1 + vbxi)∏

a,i(1− uaxi)
∏
b,j(1− vbyj)

(2.30)

Proof. Applying (2.29) twice and taking into account thatsµ(y/x) = sµ′(x/y), the
right hand side of (2.30) equals:
∑

λ

sλ(x/y)sλ(u)
∑

µ

sµ′(y/x)sµ′(v) =
∑

λ

sλ(x/y)sλ(u)
∑

µ

sµ(x/y)sµ′(v)

This gives rise to the left hand side of (2.30), using (2.12) and (2.13),
∑

λ,µ,ν

cνλµsν(x/y)sλ(u)sµ′(v) =
∑

ν

sν(x/y)sν(u/v)

2

Using (2.30), we can also prove that

∑

λ

hλ(x/y)mλ(u/v) =

∏
a,j(1 + uayj)

∏
b,i(1 + vbxi)∏

a,i(1− uaxi)
∏
b,j(1− vbyj)

(2.31)

Proof. Using (2.30) and the transition matrices, the left hand sidebecomes

∑

λ

sλ(x/y)sλ(u/v) =
∑

λ

(∑

α

K∗
λαhα(x/y)

)(∑

β

Kλβmβ(u/v)

)

As
∑
λK

∗
λαKλβ =

∑
λK

−1
αλKλβ = δαβ , with δαβ the Kronecker delta, this yields

∑

α,β

δαβhα(x/y)mβ(u/v) =
∑

α

hα(x/y)mα(u/v) 2

Similar to Section 1.4, there is a third expansion:

∑

λ

z−1
λ pλ(x/y)pλ(u/v) =

∏
a,j(1 + uayj)

∏
b,i(1 + vbxi)∏

a,i(1− uaxi)
∏
b,j(1− vbyj)

(2.32)
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Proof. First of all we prove that

pλ(x/y)pλ(u/v) = pλ(z/w) (2.33)

where

z = {uaxi|a = 1, 2, . . . ; i = 1, 2, . . .} ∪ {vbyj |b = 1, 2, . . . ; j = 1, 2, . . .},

w = {uayj |a = 1, 2, . . . ; j = 1, 2, . . .} ∪ {vbxi|b = 1, 2, . . . ; i = 1, 2, . . .}.

Since,pλ(x/y) =
∏
i pλi

(x/y), and as the outer product is commutative, it is sufficient
to prove this statement forλ = (r).

pr(x/y)pr(u/v) = (pr(x) + (−1)r−1pr(y))(pr(u) + (−1)r−1pr(v))

= (pr(ux) + pr(vy)) + (−1)r−1(pr(vx) + pr(uy))

= pr(z) + (−1)r−1pr(w) = pr(z/w)

wherepr(ux) is the power sum in the variablesux with

ux = {uaxi|a = 1, . . . ,M ; i = 1, . . . ,m}.

On the other side,Hx/y(t) =
∑

λ

z−1
λ pλ(x/y)t

|λ| =

∏
j(1 + yjt)∏
i(1− xit)

. So,Hz/w(1) =

∑

λ

z−1
λ pλ(z/w) =

∏
j(1 + wj)∏
i(1− zi)

, which proves formula (2.32), using (2.33). 2

2.3 Supersymmetric Schur functions indexed bȳν; µ

2.3.1 Definition and properties

Given a composite partition̄ν;µ (§ 1.1.3), one can define the corresponding supersym-
metric Schur function, also called supersymmetric S-function [4, 5]. Let ḣr(x/y) =
hr(x/y), wherexi = x−1

i andyj = y−1
j . Then:

sν̄;µ(x/y) = det

(
ḣνl+k−l(x/y) hµj−k−j+1(x/y)

ḣνl−i−l+1(x/y) hµj+i−j(x/y)

)
(2.34)

wherei, j, k resp.l runs from top to bottom, from left to right, from bottom to top,
resp. from right to left. Forν = 0, this supersymmetric S-function is the so-called
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supersymmetric Schur function as defined in (2.9). Obviously, Formula (2.34) is the
supersymmetric equivalent of (1.23). For a genuine composite partition, the functions
sν̄;µ(x/y) have many properties similar to ordinary Schur functions [17, 18, 28, 29, 41].
For instance, it is shown [18] that from this determinantal definition the following
identity can be derived:

sν̄;µ(x/y) =
∑

ζ

(−1)|ζ|sµ/ζ(x/y)sν/ζ′(x/y) (2.35)

Using this formula we can prove the following identities:

sν̄;µ(x/y) =
∑

ρ,σ,τ

s
ν/σ;µ/τ

(x)s
σ′/ρ;τ ′/ρ

(y) (2.36a)

sν̄;µ(x/y) =
∑

ρ,σ,τ

s
ν/σ;µ/τ

(x)s
(σ/ρ)′;(τ/ρ)′

(y) (2.36b)

sν̄;µ(x/y) =
∑

ρ,ϕ,ψ

s
ν/ϕρ;µ/ψρ

(x)sϕ′;ψ′(y) (2.36c)

Proof. As the supersymmetric functions occurring in the right handside of (2.35) are
indexed by ordinary skew partitions, we can apply the properties of Chapter 1.

sν̄;µ(x/y) (2.35)
=

∑

ζ

(−1)|ζ|sµ/ζ(x/y)sν/ζ′(x/y)

(2.17b)
=

∑

ζ,τ,σ

(−1)|ζ|sµ/ζτ (x)sτ ′(y)sν/ζ′σ(x)sσ′(y)

=
∑

ζ,τ,σ

(−1)|ζ|
(
sµ/ζτ (x)sν/ζ′σ(x)

)(
sτ ′(y)sσ′(y)

)

(1.52)
=

∑

ζ,τ,σ

(−1)|ζ|
(∑

ρ

s
ν/ζ′σρ;µ/ζτρ

(x)
)(∑

ρ

s
σ′/ρ;τ ′/ρ

(y)
)

=
∑

τ,σ,ρ

(∑

ζ,ρ

(−1)|ζ|s
ν/ζ′σρ;µ/ζτρ

(x)

)
s
σ′/ρ;τ ′/ρ

(y)

Applying (1.54b) provides (2.36a). Replacingρ by ρ′ and observing thatσ′/ρ′ =
(σ/ρ)′, Formula (2.36b) follows immediately. Replacingσ/ρ resp.τ/ρ by ϕ resp.ψ,
proves the last expression (2.36c). 2

By analogy with (1.49), we can define

s
ν/η;λ/µ

(x/y) =
∑

ζ,ξ

cλζµc
ν
ξηsξ;ζ(x/y). (2.37)
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The generalization of (2.36b) is then given by

s
ν/η;λ/µ

(x/y) =
∑

ρ,σ,τ

s
ν/ησ;λ/µτ

(x)s
(σ/ρ)′;(τ/ρ)′

(y) (2.38a)

s
ν/η;λ/µ

(x/y) =
∑

ρ,σ,τ

s
ν/σ;λ/τ

(x)s
(σ/ηρ)′;(τ/µρ)′

(y) (2.38b)

Proof. These formulas can easily be deduced from (2.36b) by applying (2.37), (1.49),
(1.51) and (1.37). 2

We can also prove that

sν̄;µ(x/y) = sν′;µ′(y/x). (2.39)

Proof.

sν̄;µ(x/y) (2.36b)
=

∑

ρ,σ,τ

s
ν/σ;µ/τ

(x)s
(σ/ρ)′;(τ/ρ)′

(y)

(1.49)
=

∑

ρ,σ,τ

∑

α,β

∑

γ,δ

cνασc
µ
βτ c

σ
ργc

τ
ρδsα;β(x)sγ′;δ′(y)

(1.37)
=

∑

α,β

∑

γ,δ

∑

ρ,ζ,ξ

cνγζc
ζ
αρc

µ
ξδc

ξ
ρβsα;β(x)sγ′;δ′(y)

(1.49)
=

∑

ρ,ζ,ξ

s
ζ/ρ;ξ/ρ

(x)s
(ν/ζ)′;(µ/ξ)′

(y)

=
∑

ρ,ζ,ξ

s
ν′/ζ′;µ′/ξ′

(y)s
(ζ′/ρ′)′;(ξ′/ρ′)′

(x)

It is clear that in the last expression the sum can be taken over all ρ′, ζ ′, ξ′ instead of
ρ, ζ, ξ without changing the expression. Applying (2.36b) provides (2.39). 2

2.3.2 (m|n)-standard composite partitions and supertableaux

Definition 2.5 A composite partition is said to be an(m|n)-STANDARD COMPOSITE

PARTITION if and only if there existJ andL such that

J = min{j |µ′
j+1 + ν′n−j+1 ≤ m} with 0 ≤ J ≤ n, (2.40)

L = min{l |µm−l+1 + νl+1 ≤ n} with 0 ≤ L ≤ m, (2.41)

In such a case letI = m− L andK = n− J .
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Due to the definitions ofJ andL as minimum values ofj and l satisfying the
given conditions, it follows thatµ′

J + ν′n−J ≥ µ′
(J−1)+1 + ν′n−(J−1)+1 > m and

µm−L+ νL ≥ µm−(L−1)+1 + ν(L−1)+1 > n, so thatµ′
J + ν′K > m andµI + νL > n.

Thus, for each(m|n)-standard composite partition there exists a composite Young di-
agram that fits inside a cross of arm widthm and leg widthn [17, 40] as shown in
Figure 2.3. The corresponding composite diagram is also called an(m|n)-STANDARD

COMPOSITE DIAGRAM.

ν

µ I

L

JK

n

m

Figure 2.3: (m|n)-standard composite partition

In order to define(m|n)-standard composite supertableaux, we need another prop-
erty of composite supersymmetric Schur functions.

Lemma 2.6 Supposey = y(n) = (y1, . . . , yn). Letν andµ be partitions, then

sν̄;µ(x/y) =
∑

a,b

s
ν/(1b);µ/(1a)

(x/y(n−1))ya−bn . (2.42)
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Proof. We prove this statement using the formulas given earlier in this chapter.

sν̄;µ(x/y)(2.36c)=

∑

ϕ,ψ,ρ

s
ν/(ρϕ);µ/(ρψ)

(x)sϕ′;ψ′(y)

(1.55a)
=

∑

ϕ,ψ,ρ

s
ν/(ρϕ);µ/(ρψ)

(x)

(
∑

η,κ,τ

s
(ϕ/κ)′;(ψ/τ)′

(y(n−1))s
κ/η′;τ ′/η′

(yn)

)

=
∑

κ,τ

∑

ϕ,ψ,ρ

s
ν/(ρϕ);µ/(ρψ)

(x)s
(ϕ/κ)′;(ψ/τ)′

(y(n−1))
∑

η

s
κ′/η′;τ ′/η′

(yn)

(1.48),(2.38b)
=

∑

κ,τ

s
ν/κ;µ/τ

(x/y(n−1))sκ′(yn)sτ ′(yn).

As sλ(x(m)) = 0 if ℓ(λ) >
∣∣x(m)

∣∣ = m, the right hand side equals

∑

a,b

s
ν/(1b);µ/(1a)

(x/y(n−1))s(b)(yn)s(a)(yn) =
∑

a,b

s
ν/(1b);µ/(1a)

(x/y(n−1))ya−bn . 2

Thus, isolatingyn indicates that we can separate a vertical strip in bothFµ andF ν ,
the diagrams ofµ resp.ν. Repeating this construction for allyj , j = n, . . . , 1, suc-
cessively, the remaining S-function in the right hand side of (2.42) becomes indepen-
dent of the variablesy. This symmetric Schur function is indexed by a composite
partition which is not necessarilym-standard. So, we possibly need the modification
rules (1.24) [37]. Lett ≥ 0 be the number of times we need to apply the modification
rules. So, we have three kind of boxes; those corresponding to the separation of the
yj , the boxes removed by the modification rules, and the remaining boxes. We can
put j′ resp.j′ in the boxes of the vertical strips inFµ resp.F ν corresponding to the
separation ofyj . The boxes corresponding to the removal due to the modification rules
are filled with aj∗ resp.j∗, j = 1, . . . , t. The remaining boxes are filled withi andi,
i ∈ {1, . . . ,m}, in such a way that it becomes a composite Young tableau as defined
in §1.5.3. In order to define an(m|n)-standard composite supertableauSν̄;µ, let us fix
some notations. Letn(i∗) resp.n(i∗) be the number of boxes ofFµ resp.F ν contain-
ing i∗ resp.i∗. Let r(i) resp.R(i∗) (r(i) resp.R(i∗)) be the lowest resp. greatest row
number ofFµ (resp.F ν) containingi∗ (resp.i∗). And finally, letc(i∗) resp.c(i∗) be
the greatest column number ofFµ resp.F ν containingi∗ resp.i∗.

A (m|n)-STANDARD COMPOSITE SUPERTABLEAUSν̄;µ is a numbered composite
Young diagramF ν̄;µ, not necessarily an(m|n)-standard composite diagram, formed
by inserting positive and negative entries chosen fromM = {1, . . . ,m, t∗, . . . , 1∗,
1′, . . . , n′} andM = {1, . . . ,m, t∗, . . . , 1∗, 1′, . . . , n′} (t ≥ 0) into each box ofFµ

resp.F ν̄ in such a way that the following conditions are fulfilled.
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• The elements obey an ordering1 < . . . < m < t∗ < . . . < 1∗ < 1′ < . . . < n′.

• The entriesi ∈ {1, 2, . . . ,m} andi ∈ {1, 2, . . . ,m} are non-decreasing across
rows and strictly increasing down columns; the entriesj′ ∈ {1′, 2′, . . . , n′},
andj′ ∈ {1′, 2′, . . . , n′}, are strictly increasing across rows and non-decreasing
down columns; the boxes filled by an entryi∗ resp. i∗, 1 ≤ i ≤ t, form a
connected component starting in the first column ofFµ resp.F ν̄ .

• r(i) + r(i) ≤ i for all i ∈ {1, 2, . . . ,m}.

• n(i∗) = n(i∗) = R(i∗) +R(i∗)−m− 1.

• R(i∗) = m+ 1 + c(i∗)− r(i∗) and R(i∗) = m+ 1 + c(i∗)− r(i∗).

With each composite supertableau, we can link a rational term in the variablesx =
(x1, . . . , xm) andy = (y1, . . . , yn). The entriesi andi are the positive and negative
powers ofxi, the entries with a dashj′ andj′ are the positive and negative powers of
yj , and we will not take into consideration the entries with a star as there are as many
entriesi∗ in Fµ as there arei∗ in F ν .

This is illustrated in Figure 2.4 for̄ν;µ = (1
2
, 3

2
, 5, 6

3
, 7); (8, 6, 52, 4, 33, 2, 12). The

term corresponding with the given(3|2)-standard composite supertableau isx2
1y

4
1

x3y2
2
. Re-

mark thatν̄;µ itself is not a(3|2)-standard composite partition.

Then, the supersymmetric Schur functions are given by:

sν̄;µ(x
(m)/y(n)) =

∑

Sν̄;µ

(−1)(
Pt

i=1(c(i
∗)+c(i∗)+1))(1−δ0t)(x/y)S

ν̄;µ

, (2.43)

where the sum is taken over all(m|n)-standard composite supertableaux of shapeν̄;µ
and withδ0t the Kronecker delta.

Formula (2.43) is illustrated in Figure 2.5 and Figure 2.7. In those figures the standard
composite supertableaux are given together with the corresponding terms ofsν̄;µ(x/y).

From this formula, we get that

s(1,1);(1,1)(x
(2)/y(1)) =

x1x2

y2
1

+
y2
1

x1x2
+
x1

y1
+
x2

y1
+
y1
x1

+
y1
x2

+ 1.
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Figure 2.4: (3|2)-Standard composite supertableau

Let us check this expansion using Formula (2.36a).

s
(1

2
);(12)

(x(2)/y(1)) = s(1,1);(1,1)(x)s();()(y) + s(1,1);(1)(x)s();(1)(y)

+ s(1,1);()(x)s();(2)(y) + s(1);(1,1)(x)s(1);()(y) + s(1);(1)(x)

(
s(1);(1)(y) + s();()(y)

)

+ s(1);()(x)

(
s(1);(2)(y) + s();(1)(y)

)
+ s();(1,1)(x)s(2);()(y)

+ s();(1)(x)

(
s(2);(1)(y) + s(1);()(y)

)
+ s();()(x)

(
s(2);(2)(y) + s(1);(1)(y) + s();()(y)

)
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Figure 2.5: (2|1)-standard composite supertableauxSν̄;µ for ν̄; µ = (1, 1); (1, 1).

Using the modification rules and substitutings();() ≡ 1, this becomes

s
(1

2
);(12)

(x/y) =− s(1);(1)(x) + 0 + s(1,1);()(x)s();(2)(y) + 0 + s(1);(1)(x)

+ s(1);()(x)
(
s();(1)(y)

)
+ s();(1,1)(x)s(2);()(y)

+ s();(1)(x)
(
s(1);()(y)

)
+ 1

thus,

s
(1

2
);(12)

(x/y) =s(1,1);()(x)s();(2)(y) + s(1);()(x)s();(1)(y) + s();(1,1)(x)s(2);()(y)

+ s();(1)(x)s(1);()(y) + 1

which is exactly the same as the expansion gathered from Formula (2.43).

Observe that it is necessary to make the requirements on the order of the entries.
For, supposej′ < i∗ for all j′ andi∗, the following tableau (Figure 2.6) would have
been standard, giving an extra term forsν̄;µ(x/y).

In the expression (2.43) a minus sign appears in contrast with (1.12), (1.45) and
(2.18). The minus sign is needed in applying the modificationrules and is necessary as
illustrated fors(1,1,1);(2,1)(x/y).
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1*

1*

1’
__

__

1’

Figure 2.6: Extra tableau under the assumptionj′ < i∗ for all j′ andi∗

The composite partition(1, 1, 1); (2, 1) is (2|1)-standard but the expansion of
s(1,1,1);(2,1)(x/y) contains negative terms.

s
(1

3
);(2,1)

(x/y) =
x2

1x2

y3
1

+
x1x

2
2

y3
1

+
x2

1

y2
1

+2
x1x2

y2
1

+
x2

2

y2
1

+
x1

y1
+
x2

y1
−

y2
1

x1x2
−
y1
x1
−
y1
x2
.

(2.44)
Those terms and their sign are given in Figure 2.7.

We obtain (2.44) using (2.36a):

s
(1

3
);(2,1)

(x(2)/y(1)) = s(1,1,1);(2,1)(x)s();()(y) + s(1,1,1);(2)(x)s();(1)(y)

+s(1,1,1);(1,1)(x)s();(1)(y) + s(1,1,1);(1)(x)s();(1,1)(y) + s(1,1,1);(1)(x)s();(2)(y)

+s(1,1,1);()(x)s();(2,1)(y) + s(1,1);(2,1)(x)s(1);()(y)

+s(1,1);(2)(x)
(
s(1);(1)(y) + s();()(y)

)
+ s(1,1);(1,1)(x)

(
s(1);(1)(y) + s();()(y)

)

+s(1,1);(1)(x)
(
s(1);(2)(y) + s();(1)(y)

)
+ s(1,1);(1)(x)

(
s(1);(1,1)(y) + s();(1)(y)

)

+s(1,1);()(x)
(
s(1);(2,1)(y) + s();(2)(y) + s();(1,1)(y)

)

+s(1);(2,1)(x)s(2);()(y) + s(1);(2)(x)
(
s(2);(1)(y) + s(1);()(y)

)

+s(1);(1,1)(x)
(
s(2);(1)(y) + s(1);()(y)

)
+ s(1);(1)(x)

(
s(2);(1,1)(y) + s(1);(1)(y)

)

+s(1);(1)(x)
(
s(2);(2)(y) + s(1);(1)(y) + s();()(y)

)

+s(1);()(x)
(
s(2);(2,1)(y) + s(1);(2)(y) + s(1);(1,1)(y) + s();(1)(y)

)

+s();(2,1)(x)s(3);()(y) + s();(2)(x)
(
s(3);(1)(y) + s(2);()(y)

)

+s();(1,1)(x)
(
s(3);(1)(y) + s(2);()(y)

)

+s();(1)(x)
(
s(3);(2)(y) + s(2);(1)(y) + s(1);()(y)

)

+s();(1)(x)
(
s(3);(1,1)(y) + s(2);(1)(y)

)

+s();()(x)
(
s(3);(2,1)(y) + s(2);(2)(y) + s(2);(1,1)(y) + s(1);(1)(y)

)
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Figure 2.7: Supertableaux for̄ν; µ = (1, 1, 1); (2, 1) and corresponding terms
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After simplification using the modification rules this becomes:

s
(1

3
);(2,1)

(x(2)/y(1)) = −s(1);()(x)s();(1)(y)− s(1,1);()(x)s();(2)(y)− s(1);(2)(x)s(1);()(y)

−s(1);(1)(x) + s(1);(2)(x)s(1);()(y) + s(1);(1)(x) + s();(2,1)(x)s(3);()(y)

+s();(2)(x)s(2);()(y) + s();(1,1)(x)s(2);()(y) + s();(1)(x)s(1);()(y)

=− s(1);()(x)s();(1)(y)− s(1,1);()(x)s();(2)(y) + s();(2,1)(x)s(3);()(y)

+s();(2)(x)s(2);()(y) + s();(1,1)(x)s(2);()(y) + s();(1)(x)s(1);()(y)

This expression is equal to (2.44).

2.4 Appendix: Formulary

2.4.1 Supersymmetric functions indexed by a (skew) partition

er(x/y) =
r∑

k=0

ek(x)hr−k(y) (2.2)

hr(x/y) =
r∑

k=0

hk(x)er−k(y) (2.3)

pr(x/y) = pr(x) + (−1)r−1pr(y) (2.20)

mλ(x/y) =
∑

µ∪ν=λ

mµ(x)fν(y) (2.21)

fλ(x/y) = ω(mλ(x/y)) =
∑

µ∪ν=λ

fµ(x)mν(y) (2.22)

sλ/µ(x/y) =
∑

ν

cλµ,νsν(x/y) =
∑

ν

sλ/µν(x)sν′(y) (2.14)

sλ/µ(x/y) =
∑

S

(x/y)S , S a supertableaux of shapeλ− µ. (2.18)

sλ(x/y) = det
(
eλ′

i
−i+j(x/y)

)
1≤i,j≤ℓ(λ′)

(2.7)
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sλ(x/y) = det
(
hλi−i+j(x/y)

)
1≤i,j≤ℓ(λ′)

(2.9)

sλ/µ(x/y) = det
(
eλ′

i
−µ′

j
−i+j(x/y)

)
1≤i,j≤ℓ(λ′)

(2.15)

sλ/µ(x/y) = det
(
hλi−µj−i+j(x/y)

)
1≤i,j≤ℓ(λ)

(2.16)

Ex/y(t) =
∑

r≥0

er(x/y)t
r =

∏m
i=1(1 + xit)∏n
j=1(1− yjt)

(2.1)

Hx/y(t) =
∑

r≥0

hr(x/y)t
r =

∏m
j=1(1 + yjt)∏n
i=1(1− xit)

(2.4)

Px/y(t) =
d

d t
logHx/y(t) =

H ′
x/y(t)

Hx/y(t)
=
∑

r

pr(x/y)t
r−1 (2.19)

∑

λ

sλ(x/y)sλ(u/v) =

∏
a,j(1 + uayj)

∏
b,i(1 + vbxi)∏

a,i(1− uaxi)
∏
b,j(1− vbyj)

(2.30)

∑

λ

hλ(x/y)mλ(u/v) =

∏
a,j(1 + uayj)

∏
b,i(1 + vbxi)∏

a,i(1− uaxi)
∏
b,j(1− vbyj)

(2.31)

∑

λ

z−1
λ pλ(x/y)pλ(u/v) =

∏
a,j(1 + uayj)

∏
b,i(1 + vbxi)∏

a,i(1− uaxi)
∏
b,j(1− vbyj)

(2.32)

s(r)(x/y) = h(r)(x/y) and s(1r)(x/y) = e(r)(x/y) (2.10)

sλ(y/x) = sλ′(x/y) (2.11)

sλ(x/y) = sτ (x)sη′(y)

m∏

i=1

n∏

j=1

(xi + yj), if λm ≥ n andλ = (κ+ τ) ∪ η (2.8)

sλ(x/y) =
∑

µ

sµ(x)s(λ/µ)′(y) =
∑

µ

sλ/ν(x)sν′(y) =
∑

µ,ν

cλµνsµ(x)sν′(y) (2.12)
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sµ(x/y)sν(x/y) = sµν(x/y) =
∑

λ

cλµνsλ(x/y) (2.13)

sλ/µ(x/y) =
∑

σ

sσ(x)s(λ/µσ)′(y) (2.17a)

sλ/µ(x/y) =
∑

τ

sλ/µτ (x)sτ ′(y) (2.17b)

sλ/µ(x/y) =
∑

ρ

sλ/ρ(x)s(ρ/µ)′(y) (2.17c)

sλ/µ(x/y) =
∑

ρ

sρ/µ(x)s(λ/ρ)′(y) (2.17d)

2.4.2 Supersymmetric Schur functions indexed by a composite par-
tition ν̄; µ

sν̄;µ(x/y) = det

(
ḣνl+k−l(x/y) hµj−k−j+1(x/y)

ḣνl−i−l+1(x/y) hµj+i−j(x/y)

)
(2.34)

wherei, j, k resp.l runs from top to bottom, from left to right, from bottom to top,
resp. from right to left.

sν̄;µ(x/y) =
∑

ζ

(−1)|ζ|sµ/ζ(x/y)sν/ζ′(x/y) (2.35)

s
ν/η;λ/µ

(x/y) =
∑

ζ,ξ

cλζµc
ν
ξηsξ;ζ(x/y). (2.37)

sν̄;µ(x/y) =
∑

ρ,σ,τ

s
ν/σ;µ/τ

(x)s
σ′/ρ;τ ′/ρ

(y) (2.36a)

sν̄;µ(x/y) =
∑

ρ,σ,τ

s
ν/σ;µ/τ

(x)s
(σ/ρ)′;(τ/ρ)′

(y) (2.36b)

sν̄;µ(x/y) =
∑

ρ,ϕ,ψ

s
ν/ϕρ;µ/ψρ

(x)sϕ′;ψ′(y) (2.36c)

s
ν/η;λ/µ

(x/y) =
∑

ρ,σ,τ

s
ν/ησ;λ/µτ

(x)s
(σ/ρ)′;(τ/ρ)′

(y) (2.38a)
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s
ν/η;λ/µ

(x/y) =
∑

ρ,σ,τ

s
ν/σ;λ/τ

(x)s
(σ/ηρ)′;(τ/µρ)′

(y) (2.38b)

sν̄;µ(x/y) = sν′;µ′(y/x). (2.39)

sν̄;µ(x/y) =
∑

a,b

s
ν/(1b);µ/(1a)

(x/y(n−1))ya−bn . (2.42)

sν̄;µ(x
(m)/y(n)) =

∑

Sν̄;µ

(−1)(
Pt

i=1(c(i
∗)+c(i∗)+1))(1−δ0t)(x/y)S

ν̄;µ

(2.43)

where the sum is taken over all(m|n)-standard composite supertableaux.





Chapter 3

Lie superalgebras and their
representations

As Lie superalgebras play an important role in understanding supersymmetry,
we will discuss those superalgebras here. After a short introduction, we will
define the Lie superalgebras, the enveloping algebra, and the Cartan subal-
gebra and root systems. This description is based on [59]. Next, within the
scope of the earlier chapters, we consider the irreducible representations of
the Lie superalgebrasgl(m|n) andsl(m|n) and their characters. We consider
the highest weight representations and discuss the typicaland atypical repre-
sentations. We prove that there is a unique correspondence between a highest
weight and an(m|n)-standard composite partition ingl(m|n). The connec-
tion between those two notions makes it possible to link covariant, contravari-
ant and mixed tensor modules to ordinary partitions and composite partitions
and to transfer representation theoretic notions as atypicality and atypicality
matrix to the context of partitions.

3.1 Introduction

Many attempts have been made to make general relativity consistent with quantum field
theory. In all the most successful attempts a new symmetry isrequired. So the “super”-
symmetry, which successfully combines the interactions between gravity and the gauge
symmetries, had to move beyond Lie algebras to “graded” Lie algebras, namely to Lie
superalgebras.
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In this chapter we will describe Lie superalgebras based on [59, 71, 72]. Lie
superalgebras and their representations continue to play an important role in the un-
derstanding and exploitation of supersymmetry in physicalsystems. The Lie super-
algebras under consideration here, namelygl(m|n) or sl(m|n) (sometimes denoted
by U(m|n) or SU(m|n)), have applications in quantum mechanics [1, 42], nuclear
physics [6, 27, 14], string theory [19, 23], conformal field theory [21], supergrav-
ity [35, 2], M-theory [20], lattice QCD [7, 9, 15], solvable lattice models [62], spin
systems [24] and quantum systems [58]. Also their affine extensions [21, 24] orq-
deformations [1, 58] play an important role. In most of the applications, the irreducible
representations or “multiplets” ofgl(m|n) play a role.

A first review was given by Corwin, Ne’eman and Sternberg [16], presenting the
subject as it was known in 1974. A complete classification of the finite dimensional
simple Lie superalgebras overC has been given by Kac [31] and Scheunert [59].

Representation theory of Lie superalgebras, and in particular of gl(m|n) or its sim-
ple counterpartsl(m|n), is not a straightforward copy of the corresponding theory for
simple Lie algebras.

3.2 Definition of Lie superalgebras

In this chapter, denote byK the field of real numbersR or the field of complex numbers
C. LetΓ be one of the ringsZ or Z2. The two elements ofZ2 will be denoted bȳ0 and
1̄.

Definition 3.1 LetV be a vector space over the fieldK. A Γ-GRADING OF THE VEC-
TOR SPACEV is a family(Vγ)γ∈Γ of subspaces ofV such that

V =
⊕

γ∈Γ

Vγ .

A vector spaceV is said to beΓ-GRADED if it is equipped with aΓ-grading.

An element ofV is calledHOMOGENEOUSof degreeγ, γ ∈ Γ, if it is an element of
Vγ . In the case ofΓ = Z2, the elements ofV0̄ (resp.V1̄) are called even (resp. odd).
Every elementy ∈ V has a unique decomposition of the form

y =
∑

γ∈Γ

yγ with yγ ∈ Vγ , γ ∈ Γ
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where only finite manyyγ are different from zero. The elementyγ is called the homo-
geneous component ofy of degreeγ.

A subspaceU of V is calledΓ-graded if it contains the homogeneous components
of all of its elements, i.e. if

U =
⊕

γ∈Γ

(U ∩ Vγ).

On anyZ-graded vector spaceV =
⊕

j∈Z
Vj , there exists a naturalZ2-grading

which is said to be induced by theZ-grading and which is defined by

V0̄ =
⊕

j∈Z

V2j and V1̄ =
⊕

j∈Z

V2j+1.

Definition 3.2 An algebraA over a fieldK is Γ-graded if the underlying vector space
ofA is Γ-graded,

A =
⊕

γ∈Γ

Aγ ,

and if
AαAβ ⊂ Aα+β , for all α, β ∈ Γ.

Evidently,A0 is a subalgebra ofA.

Definition 3.3 A Z2-graded algebra is called aSUPERALGEBRA.

Definition 3.4 A superalgebraA is said to beZ-graded if there exists a family(Aj)j∈Z

of Z2-graded subspaces ofA such that

A =
⊕

j∈Z

Aj and AiAj ⊂ Ai+j , for all i, j ∈ Z.

TheZ-grading(Aj)j∈Z is said to be consistent with theZ2-grading ofA if

A0̄ =
⊕

j∈Z

A2j and A1̄ =
⊕

j∈Z

A2j+1.

Definition 3.5 A L IE SUPERALGEBRAg is a Z2-graded algebra over a field of char-
acteristic 0 (typicallyR or C) together with a bilinear operation[., .] from g × g into
g, called theL IE SUPERBRACKETor SUPERCOMMUTATOR, such that∀a ∈ gα,∀b ∈
gβ ,∀c ∈ g, and∀α, β ∈ Z2:

[a, b] ∈ gα+β (3.1a)
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[a, b] = −(−1)αβ [b, a] (3.1b)

[a, [b, c]] = [[a, b], c] + (−1)αβ [b, [a, c]]. (3.1c)

Equation (3.1b) indicates that this bracket is “supersymmetric” and (3.1c) is called the
“super Jacobi identity”.

It is obvious that the subalgebrag0̄ of g is a Lie algebra.

Example 3.6 The simplest example of a Lie superalgebra isgl(m|n), m,n ∈ Z≥0.
This algebra is, analogous togl(m), the algebra of all matrices of orderm+ n.

gl(m|n) =

{(
A B
C D

)
= x | A ∈Mm×m, B ∈Mm×n, C ∈Mn×m,D ∈Mn×n

}
,

withMp×q the vector space of allp×q complex matrices. The even subspacegl0̄(m|n)
and the odd subspacegl1̄(m|n) are defined by:

gl0̄(m|n) =

{(
A 0
0 D

)
= x | A ∈Mm×m,D ∈Mn×n

}
,

gl1̄(m|n) =

{(
0 B
C 0

)
= x | B ∈Mm×n, C ∈Mn×m

}
,

=

{(
0 B
0 0

)
= x | B ∈Mm×n

}
⊕

{(
0 0
C 0

)
= x | C ∈Mn×m

}

= gl(m|n)+1 ⊕ gl(m|n)−1

So,gl(m|n) has aZ-grading consistent with theZ2-grading:

gl(m|n) = gl0̄(m|n)⊕ gl1̄(m|n) = gl−1(m|n)⊕ gl0(m|n)⊕ gl+1(m|n)

gl0̄(m|n) = gl(m)⊕ gl(n).

The bracket is determined in the natural matrix representation by

[a, b] = ab− (−1)αβba, ∀a ∈ gα and∀b ∈ gβ ,

where the juxtaposition in the right hand side denotes matrix multiplication.

For a matrix ingl(m|n) the supertrace [16, 31, 59] is defined asstr(x) = tr(A)−
tr(D). Observe that the supertrace does not depend upon the choiceof the homoge-
neous basis forg0̄ ⊕ g1̄.
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Definition 3.7 A bilinear formf(a, b) on a Lie superalgebrag = g0̄ ⊕ g1̄ is called

consistent ⇔ f(a, b) = 0 for all a ∈ g0̄ and for all b ∈ g1̄,
supersymmetric ⇔ f(a, b) = (−1)αβf(b, a), for all a ∈ gᾱ and for all b ∈ gβ̄ ,
invariant ⇔ f([a, b], c) = f(a, [b, c]).

In [31], V. Kac proved the following lemma.

Lemma 3.8 The bilinear formf(a, b) = str(ab) is consistent, supersymmetric and
invariant.

As a corollary of the supersymmetry,str([a, b]) = str(ab − (−1)αβba) = 0. So, one
can define the subalgebrasl(m|n):

sl(m|n) = {x ∈ gl(m|n) : str(x) = 0}. (3.2)

Definition 3.9 A Lie superalgebra is calledSIMPLE if it does not have any non-trivial
graded ideals and if[g, g] 6= {0}.
A Lie superalgebra is calledSEMI-SIMPLE if it does not contain any non-trivial solv-
able ideals.

A (two-sided) idealI of a Lie superalgebrag is aGRADED IDEAL of g if I is a graded
vector space.

This definition of simple Lie superalgebras implies that[g, g] = g as [g, g] is a
graded ideal. It can be shown [59] that a left or right graded ideal ofg is automatically
a two-sided ideal. According to the definition, a simple Lie superalgebra might still
contain a non-trivial non-graded ideal. Actually, however, this is not the case (see [59]).

Proposition 3.10 A simple Lie superalgebrag does not have any left or right ideals
(graded or not) except for{0} andg.

The Lie superalgebrasl(m|n) is simple ifm 6= n. In the casem = n, the algebra
sl(m|n) contains the2m × 2m identity matrixI2m. ThenC.I2m is a graded ideal of
sl(m|m). The quotient algebrasl(m|n)/C.I2m is again a simple Lie superalgebra.

In [31] V. Kac gave a classification of the different familiesof simple Lie superal-
gebras over an arbitrary field of characteristic0.
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3.3 The enveloping algebra of a Lie superalgebra

Let g = g0̄⊕ g1̄ be an associative Lie superalgebra overK (K = R orK = C) and let
T (g) be the tensor algebra of the vector spaceg. So,

T (g) =

+∞⊕

n=0

Tn(g) with





T0(g) = K,

Tn(g) =

n times︷ ︸︸ ︷
g⊗ · · · ⊗ g

. (3.3)

The multiplication on a tensor algebra is given by the usual tensor product.
TheZ2-grading ofg induces aZ2-grading ofT (g) such that the canonical injection

g→ T (g) is an even linear mapping and thatT (g) is a superalgebra. We consider the
two-sided idealI of T (g) which is generated by the elements

a⊗ b− (−1)αβb⊗ a− [a, b] with a ∈ gα, b ∈ gβ ;α, β ∈ Z2. (3.4)

These elements are of course homogeneous and hence,I is a graded ideal. Therefore,
if we define

U(g) = T (g)/I, (3.5)

it follows thatU(g) is an associative superalgebra. This algebra is called the (UNIVER-
SAL) ENVELOPING SUPERALGEBRA OFg.

3.4 A Cartan subalgebra and simple root systems

A subalgebrah of a Lie algebrag is called a CARTAN SUBALGEBRA if it is nilpo-
tent and equal to its normalizer, which is the set of those elementsx in g such that
[x, h] ⊂ h. The Cartan subalgebra is the maximal Abelian subalgebra ofg0̄. The
Cartan subalgebra of the subalgebrag0̄ of g is also called the Cartan subalgebra of
the Lie superalgebrag. All Cartan subalgebras of a classical superalgebrag have the
same dimension. By definition, the dimension of a Cartan subalgebrah is the rank ofg.

From now on, we will only consider the Lie superalgebragl(m|n) or sl(m|n). The
Cartan subalgebra ofgl(m|n) is given by the vector spaceh of diagonal matrices and
has dimensionm + n. The restriction tosl(m|n) requires the supertrace condition to
be satisfied. Hence the Cartan subalgebrah of sl(m|n) has dimensionm+ n− 1 and
is spanned by

hi = Eii − Ei+1,i+1 (1 ≤ i ≤ m− 1 orm+ 1 ≤ i ≤ m+ n− 1),

hm = Emm + Em+1,m+1, (3.6)
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whereEij is the matrix with entry 1 at position(i, j) and 0 elsewhere.

Consider, the dual spaceh∗ of the Cartan subalgebrah. Theǫδ-basis ofh∗ is given
by {ǫi | 1 ≤ i ≤ m} ∪ {δj | 1 ≤ j ≤ n}. This dual spaceh∗ contains special elements
α such that

g =
⊕

α

gα, wheregα = {x ∈ g | [h, x] = α(h)x, h ∈ h}. (3.7)

The set∆ of those eigenvaluesα is by definition theROOT SYSTEMof g, namely:

∆ = {α ∈ h∗ | gα 6= 0} (3.8)

A root α is calledEVEN (resp.ODD) if gα ∩ g0̄ 6= ∅ (resp.gα ∩ g1̄ 6= ∅). The set of all
the even resp. odd roots is indicated by∆0̄ resp.∆1̄.

Let nowb0̄ be a Borel subalgebra ofg0̄, i.e.b0̄ is a maximum solvable subalgebra
of g0̄. Obviously, the Cartan subalgebrah is a subalgebra ofb0̄. We can extendb0̄ to a
Borel subalgebrab = b0̄ ⊕ b1̄ of g (usually, this extension is not unique!). Then

b = h⊕ n+ and g = n− ⊕ h⊕ n+, (3.9)

wheren+ andn− are subalgebras ofg and[h, n+] ⊂ n+, [h, n−] ⊂ n− anddim n+ =
dim n−. A root α is calledPOSITIVE (resp.NEGATIVE) if gα ∩ n+ 6= 0 (resp. gα ∩
n− 6= 0). Denote by∆+,∆+

0̄
,∆+

1̄
(resp.∆−,∆−

0̄
,∆−

1̄
) the subsets of the positive

(resp. negative) roots in∆,∆0̄,∆1̄.
A positive root is calledSIMPLE if it cannot be decomposed into a sum of positive

roots. The set of all simple roots is called aSIMPLE ROOT SYSTEMof g and is denoted
here byΠ.

The so-calledDISTINGUISHED CHOICE [31] for a triangular decompositiong =
n− ⊕ h ⊕ n+ is such thatg+1 ⊂ n+ andg−1 ⊂ n−. Note that contrary to the case of
simple Lie algebras not all the choices of a set of simple roots are equivalent.

In this ǫδ-basis theEVEN ROOTSof g = gl(m|n) are of the formǫi − ǫj or δi − δj ,
and theODD ROOTSare of the form±(ǫi − δj). As a system ofSIMPLE ROOTSone
takes the so-calledDISTINGUISHED SET[16]

Π = {ǫ1 − ǫ2, ǫ2 − ǫ3, . . . , ǫm − δ1, δ1 − δ2, . . . , δn−1 − δn}. (3.10)

For this choice we have

∆+
0̄

= {ǫi − ǫj |1 ≤ i < j ≤ m} ∪ {δi − δj |1 ≤ i < j ≤ n},
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∆+
1̄

= {βij = ǫi − δj |1 ≤ i ≤ m, 1 ≤ j ≤ n}. (3.11)

Thus, in the distinguished basis there is only one simple root which is odd.
As usual, we put

ρ0 =
1

2

( ∑

α∈∆0,+

α
)
, ρ1 =

1

2

( ∑

α∈∆1,+

α
)
, ρ = ρ0 − ρ1. (3.12)

Or, explicitly in theǫδ-basis

ρ =
1

2

m∑

i=1

(m− n− 2i+ 1)ǫi +
1

2

n∑

j=1

(m+ n− 2j + 1)δj . (3.13)

There is a symmetric form( , ) on h∗ induced by the invariant symmetric form ong,
and in the natural basis it takes the form(ǫi, ǫj) = δij , (ǫi, δj) = 0 and(δi, δj) = −δij ,
whereδij is the usual Kronecker symbol.

It is easy to check that the odd roots are isotropic :(α, α) = 0 if α ∈ ∆1.

The WEYL GROUPof a root system is generated by reflections with respect to the
simple roots for any choice of a set of positive roots. The Weyl group of a Lie superal-
gebrag is the Weyl groupW of g0̄ [31]. The Weyl group ofgl(m|n) is hence the direct
product of symmetric groupsSm × Sn. Forw ∈W , we denote byε(w) its signature.

TheWEIGHT SPACEh∗ is spanned byǫi (i = 1, . . . ,m) andδj (j = 1, . . . , n). So,
a weightΛ ∈ h∗ can be written as

Λ = λ1ǫ1 + · · ·+ λmǫm + µ1δ1 + · · ·+ µnδn, (3.14)

which we will usually write as

Λ = (λ1, . . . , λm;µ1, . . . , µn). (3.15)

A weight Λ ∈ h∗ with Λ =
∑m
i=1 λiǫi +

∑n
j=1 µjδj is calledINTEGRAL if and only

if λi ∈ Z, µj ∈ Z; it is called INTEGRAL DOMINANT if and only if it is integral and
λ1 ≥ λ2 ≥ · · · ≥ λm andµ1 ≥ µ2 ≥ · · · ≥ µm.

To every weightΛ ∈ h∗, with Λ =
∑m
i=1 λiǫi +

∑n
j=1 µjδj , we can associate its

so-calledKAC-DYNKIN LABEL namely:

Λ = [a1, a2, . . . , am−1; am; am+1, . . . , am+n−1] (3.16)
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whereai = λi−λi+1, for i < m, am = λm +µ1, andam+j = µj −µj+1, for j < n.
In terms of the Kac-Dynkin labels, a weightΛ ∈ h∗ is said to be integral dominant

if and only if its Kac-Dynkin label is such thatai ∈ Z≥0 for i 6= m, whereasam can
be any complex number. For our purpose it is sufficient to consider only thoseΛ for
whicham ∈ Z.

Note thatΛ expressed in terms of theǫδ-basis represents a unique weight ofgl(m|n)
whereas the Kac-Dynkin labels ofΛ represent a unique weight ofsl(m|n) rather
than gl(m|n). For example, for(m|n) = (4|5), Λ1 = (5, 4, 4, 1; 0, 2̄, 2̄, 4̄, 4̄) and
Λ2 = (4, 3, 3, 0; 1, 1̄, 1̄, 3̄, 3̄) have the same Kac-Dynkin label[1, 0, 3; 1; 2, 0, 2, 0].

3.5 Representations

3.5.1 Irreducible and faithful representations

Definition 3.11 Let g be agl(m|n) or sl(m|n). Let V = V0̄ ⊕ V1̄ be aZ2-graded
vector space and consider the superalgebraEnd(V ) = End0̄(V )⊕End1̄(V ) of endo-
morphisms ofV . A linear representationϕ of g is a homomorphism ofg into End(V ),
that is

ϕ(αx+ βy) = αϕ(x) + βϕ(y),

ϕ([x, y]) = [ϕ(x), ϕ(y)],

ϕ(g0̄) ⊂ End0̄(V ) andϕ(g1̄) ⊂ End1̄(V ),

for all x, y ∈ g andα ∈ C.

The vector spaceV is the representation space. It has the structure of ag-module by
x(v) = ϕ(x)v for x ∈ g andv ∈ V .

For example, theADJOINT REPRESENTATIONad : g→ End(V ) is defined as

ada : g→ End(V ) : x→ ada(x) = [a, x] (3.17)

The dimension (resp. the superdimension) of the representationϕ is the dimension
(resp. graded dimension) of the vector spaceV :

dimϕ = dimV0̄ + dimV1̄

sdimϕ = dimV0̄ − dimV1̄.

A representation is said to beFAITHFUL if ϕ(x) = ϕ(y) implies thatx = y for
x, y ∈ g andTRIVIAL if ϕ(x) = 0 for all x ∈ g.
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A representationϕ : g → End(V ) is called IRREDUCIBLE if the g-moduleV
contains no non-trivialg-submodules. Theg-moduleV is then called aSIMPLE MOD-
ULE. Otherwise, the representationϕ is said to beREDUCIBLE. In that case, one has
V = V ′ + V ′′, as a sum of vector spaces, where theg-moduleV ′ is an invariant sub-
space underϕ. Note that considered as modules, the sumV = V ′ + V ′′ might be
either a direct or semidirect sum. If the representation is equivalent to a direct sum of
irreducible components, it is said to beCOMPLETELY REDUCIBLE. Theg-moduleV
is then called aSEMI-SIMPLE module. A representation which is not equivalent to a
direct sum of two or more non-zero representations is calledINDECOMPOSABLE.

Let ϕ andψ be two representations ofg with representation spacesV andV ′. We
can define the direct sumϕ⊕ψ with representation spaceV ⊕V ′ and the tensor product
ϕ⊗ψ with representation spaceV ⊗V ′ of those two representations. The action of the
representationsϕ ⊕ ψ andϕ ⊗ ψ on the corresponding representation spaces is given
by,x ∈ g, v ∈ V andv′ ∈ V ′:

(ϕ⊕ ψ)(x)v ⊕ v′ = ϕ(x)v ⊕ ψ(x)v′ (3.18)

(ϕ⊗ ψ)(x)v ⊗ v′ = ϕ(x)v ⊗ v′ + v ⊗ ψ(x)v′. (3.19)

If ϕ andψ are both irreducible representations, the tensor productϕ⊗ψ will be in gen-
eral reducible but, contrary to the Lie algebra case, the tensor product of two irreducible
representations is not necessarily completely reducible.

Any representation of a basic Lie superalgebrag = g0̄ ⊕ g1̄ can be decomposed
into a direct sum of irreducible representations of the evensubspaceg0̄

3.5.2 Highest weight representations

Letg be a Lie superalgebra,U(g) its universal enveloping superalgebra,g′ a subalgebra
of g andV a g′-module.V can be extended to aU(g′)-module. We consider theZ2-
graded spaceU(g)⊗U(g′) V . This space is defined as the factor space ofU(g)⊗ V by
the linear span of the elements of the formgh ⊗ v − g ⊗ h(v), g ∈ U(g), h ∈ U(g′)
andv ∈ V . The so constructedg-moduleU(g)⊗U(g′) V is said to beINDUCED FROM

THE g′-MODULE V and is denotedIndg
g′(V ).

Let g be a basic classical Lie superalgebra andh its Cartan subalgebra. We fix the
Borel subalgebrab of g, containingh as defined in (3.9):

b = h⊕ n+.

Let Λ ∈ h∗ be a linear function onh. We define a one-dimensional evenb-module
〈vΛ〉 = span(vλ) by

n+(vΛ) = 0 and h(vΛ) = Λ(h)vΛ, (h ∈ h).
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The equalityn+vΛ = 0 means that the action of the positive root elements uponv van-
ishes, and the conditionh(vΛ) = Λ(h)vΛ implies thatΛ is a weight with corresponding
weight vectorvΛ.

The induced modulēV (Λ) = Indg
b(〈vΛ〉) for any integral dominant weightΛ ∈ h∗

is called the KAC MODULE. This g-module contains a unique maximal submodule
I(Λ), and we set

V (Λ) = V̄ (Λ)/I(Λ).

The g-moduleV (Λ) is called anIRREDUCIBLE REPRESENTATION WITH HIGHEST

WEIGHT Λ or aHIGHEST WEIGHT MODULE.

Kac [31] proved the following proposition:

Proposition 3.12 (a) vΛ is a unique vector inV (Λ), up to a constant factor, for
whichn+(vΛ) = 0.

(b) Any finite dimensional irreducible representation ofg is of the formV (Λ) =
V̄ (Λ)/I(Λ) whereΛ is an integral dominant weight.

(c) Any finite dimensional simpleg-module is uniquely characterized by its integral
dominant weightΛ: two g-modulesV (Λ) andV (Λ′) are isomorphic if and only
if Λ = Λ′.

(d) The finite dimensional simpleg-moduleV (Λ) = V̄ (Λ)/I(Λ) has the weight
decomposition

V (Λ) =
⊕

λ≤Λ

Vλ, with VΛ = {v ∈ V | h(v) = λ(h)v, h ∈ h}, (3.20)

whereλ is called a weight of the representationVλ andVλ is the corresponding
weight space.

3.5.3 Typical and atypical representations and character formulas

Every finite dimensionalg-module of a (semi)-simple Lie algebrag is completely re-
ducible. Unfortunately, this property is not valid for Lie superalgebras, since there
exists the famous Djoković-Hochschild theorem:

Theorem 3.13 Let g be a Lie superalgebra over an algebraically closed field. All
the finite dimensional representations ofg are completely reducible if and only ifg
is isomorphic to the direct sum of a semi-simple Lie algebra with finitely many Lie
superalgebras of the typeB(0, n).
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The root system ofB(0, n), one of the families of orthosymplectic superalgebras, is
given by

∆0̄ = {±δi ± δj ,±2δi} and ∆1̄ = {±δj}. (3.21)

So, all simple Lie superalgebras, except theB(0, n) algebras, have so-calledINDE-
COMPOSABLE, i.e. not completely reducible, representations.

This leads to the definition of two types of irreducible representations for a Lie
superalgebrag. LetΛ be a highest weight for a finite dimensional irreducible represen-
tationV (Λ) of g:

(i) either the representationV (Λ) can not be extended to an indecomposable repre-
sentation ofg. In this caseV (Λ) is called aTYPICAL REPRESENTATION.

(ii) or else the representationV (Λ) can be extended with anotherg-module in such
a way that the new representation is an indecomposable representation ofg. In
this caseV (Λ) is anATYPICAL REPRESENTATIONof g.

The typical representations are the ones which satisfy all the “nice” properties of the
irreducible representations of Lie algebras; the atypicalrepresentations usually cause a
great deal of worries. But we cannot avoid the atypical ones,since, for instance, they
appear in the decomposition of the tensor product of two typical representations.

Kac proved the following useful theorem to distinguish typical representations from
atypical representations by means of their highest weight.

Theorem 3.14 Let Λ ∈ h∗ be a highest weight of a finite dimensional irreducible
moduleV (Λ) of a classical Lie superalgebrag. Then the following statements are
equivalent:

(i) V (Λ) is typical;

(ii) (Λ + ρ, α) 6= 0, for all α ∈ ∆̄+
1̄

, where∆̄1̄ = {α ∈ ∆1̄ | 2α /∈ ∆0̄};

(iii)
ch(V (Λ)) = L−1

∑

w∈W

ε(w)ew(Λ+ρ), (3.22)

with L =

∏
α∈∆+

0̄
(eα/2 − e−α/2)

∏
α∈∆+

1̄
(eα/2 + e−α/2)

, W the Weyl group andρ defined in (3.12).

eλ is the formal exponential function onh∗ such thateλ(µ) = δλµ for λ, µ ∈ h∗,
which satisfieseλeµ = eλ+µ.
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Remark that forg = sl(m|n), ∆̄+
1̄

= ∆+
1̄

.

Expression (3.22) gives the character formula for a typicalrepresentation of a sim-
ple Lie superalgebra. The problem of obtaining a character formula for the remaining
“atypical” irreducible representations has been the subject of intensive investigation,
both in the mathematics and physics literature.

At this point it is convenient to say something about the connection between rep-
resentations ofgl(m|n) and ofsl(m|n), which is similar to that betweengl(m) and
sl(m). Recall thatsl(m|n) consists of those elements ofgl(m|n) with zero supertrace.
Define the elementσ in the standardǫ-δ-basis by

σ =
m∑

i=1

ǫi −
n∑

j=1

δj , (3.23)

or in coordinatesσ = (1, 1, . . . , 1; −1,−1, . . . ,−1). Thenσ = 0 in the weight space
of sl(m|n) (but not in the weight space ofgl(m|n)). So two highest weightsΛ and
Λ + jσ of gl(m|n) stand for the same highest weight insl(m|n). This implies that
the corresponding highest weight representationsVΛ andVΛ+jσ must have the same
character assl(m|n) representations. Then theirgl(m|n) characters are also the same,
up to a factor. More explicitly,

chVΛ+jσ = (eσ)j chVΛ, (3.24)

with eσ the formal exponential.

3.6 Highest weight and composite partitions

Often it is useful to represent a highest weightΛ by a composite Young diagram. There
exists a bijection betweengl(m|n) integral dominant weightsΛ and an(m|n)-standard
composite partition̄ν;µ.

Lemma 3.15 LetΛ be agl(m|n) integral dominant weight and letJL be the set of all
(j, l) with 0 ≤ j ≤ n and0 ≤ l ≤ m such that

either j = 0 or Λm+j > −l,
and either j = n or Λm+j+1 ≤ −l,
and either l = m or Λm−l ≥ j,
and either l = 0 or Λm−l+1 < j.

(3.25)
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Then letJ = min{j | (j, l) ∈ JL} andL = min{l | (J, l) ∈ JL}. Then the corre-
sponding composite partition̄ν;µ is (m|n)-standard, where

µi = Λi for i = 1, 2, . . . , I = m− L and µi ≤ J for i > I,
µ′
j = m+ Λm+j for j = 1, 2, . . . , J and µ′

j ≤ I for j > J,
ν′k = −Λm+n−k+1 for k = 1, 2, . . . ,K = n− J and ν′k ≤ L for k > K,
νl = n− Λm−l+1 for l = 1, 2, . . . , L and νl ≤ K for l > L.

(3.26)
Conversely, if the composite partition̄ν;µ is (m|n)-standard withI, J,K,L as in

Definition 2.5 then the correspondinggl(m|n) integral dominant weightΛ is given by

Λ = (µ1, µ2, . . . , µI ,n− νL, . . . , n− ν2, n− ν1 |

µ′
1 −m,µ

′
2 −m, . . . , µ

′
J −m,−ν

′
K , . . . ,−ν

′
2,−ν

′
1).

(3.27)

Proof. Suppose we have a weightΛ and the correspondingJ = min{j | (j, l) ∈ JL}
andL = min{l | (J, l) ∈ JL} according to (3.25). Let, by (3.26),

µ = (Λ1, . . . ,Λm−L) ∪ (Λm+1 + L, . . . ,Λm+J + L)′

ν = (n− Λm, . . . , n− Λm−L+1) ∪ (−Λm+n − L, . . . ,−Λm+J+1 − L)′

µ′ = (Λm+1 +m, . . . ,Λm+J +m) ∪ (Λ1 − J, . . . ,Λm−L − J)′

ν′ = (−Λm+n, . . . ,−Λm+J+1) ∪ (J − Λm, . . . , J − Λm−L+1)
′

From this construction we see that

µm−L+1 + νL+1 ≤ J + (n− J) = n

µ′
J+1 + ν′n−J+1 ≤ (m− L) + L = m

Thusν̄;µ is (m|n)-standard by construction, since there exist (see Definition 2.5) num-
bersJ∗ = min{j |µ′

j+1 +ν′n−j+1 ≤ m} andL∗ = min{l |µm−l+1 +νl+1 ≤ n} with
J∗ ≤ J andL∗ ≤ L.

As J∗ andL∗ are minimal, we have the following relations:

µm−L∗+1 = J∗ and µ′
J∗ > m− L∗,

ν′n−J∗+1 = L∗ and νL∗ > n− J∗.

Taking into account thatJ∗ ≤ J andL∗ ≤ L, we have:

1. µm−L∗+1 + νL∗+1 ≤ n ⇔ J∗ + (n− Λm−L∗) ≤ n,
2. µ′

J∗+1 + ν′n−J∗+1 ≤ m ⇔ (Λm+J∗+1 +m) + L∗ ≤ m,
3. µ′

J∗ > m− L∗ ⇔ Λm+J∗ +m > m− L∗,
4. νL∗ > n− J∗ ⇔ n− Λn−L∗+1 > n− J∗.
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Simplification proves that the four equations (3.25) are fulfilled for (j, l) = (J∗, L∗),
that is:

Λm−L∗ ≥ J∗, Λm+J∗+1 ≤ −L
∗, Λm+J∗ > −L∗, and Λn−L∗+1 < J∗.

Thus,J∗ ≥ J andL∗ ≥ L and so,J∗ = J andL∗ = L. 2

Remark that it is not important whetherJ orL is minimized first. Indeed, suppose

J = min{j | (j, l) ∈ JL} and L = min{l | (J, l) ∈ JL}

and
L′ = min{l | (j, l) ∈ JL} and J ′ = min{j | (j, L) ∈ JL}.

If L′ = L then it is clear that alsoJ = J ′. So, supposeL′ < L (L′ > L is similar).
If J ′ < J then there exist(J ′, L′) ∈ JL with J ′ < J which is a contradiction withJ
being minimal. IfJ ′ = J , then(J, L′) ∈ JL which is a contradiction withL being
minimal. So, ifL′ < L thenJ ′ > J . Then we have the following relations:

Λm+J ≥ Λm+J ′ > −L′ > −L ≥ Λm+J+1 ≥ Λm+J ′+1,

Λm−L ≥ Λm−L′ ≥ J ′ > J > Λm−L+1 ≥ Λm−L′+1.

Thus,(J, L′) ∈ JL which is a contradiction withL being minimal.
Let us illustrate this Lemma ingl(7|10) for

Λ = (7, 4, 4, 1, 0, 0, 2̄; 0, 2̄, 5̄, 5̄, 5̄, 5̄, 6̄, 7̄, 7̄, 7̄).

For j = 0, it is impossible to find anl such thatΛm+1 = 0 ≤ −l. For j = 1, we
have to find anl such thatΛm+1 = 0 > −l andΛm+2 = −2 ≤ −l; so, l ∈ {1, 2}.
For neither(j, l) = (1, 1) nor (j, l) = (1, 2) is the third conditionΛm−l = 0 > j = 1
fulfilled. For j = 2, we find that−Λm+2 = 2 < l ≤ −Λm+3 = 5. As Λm−4 ≥ 2 and
Λm−4+1 < 2 we find thatl = 4. Therefore we find(J, L) = (2, 4).
So, µ = (7, 4, 4) ∪ (4, 2)′ = (7, 4, 4, 2, 2, 1, 1), ν′ = (73, 6, 54) ∪ (4, 22, 1)′ =
(73, 6, 54, 4, 3, 12) andν = (12, 10, 10, 9, 8, 4, 3).
Conversely, starting from̄ν;µ = (3̄, 4̄, 8̄, 9̄, 1̄0, 1̄0, 1̄2); (7, 4, 4, 2, 2, 1, 1) we find, that
(J, L) = (2, 4) using Definition 2.5. This is illustrated in Figure 3.1.

As every integral dominant weightΛ defines a composite partition̄ν;µ, we will
indicate this correspondence byΛν̄;µ. In the special case whereν = () we will write
Λµ.
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µ
I

L

JK

m
Λ = (7, 4, 4︸ ︷︷ ︸

I=3

, 1, 0, 0, 2̄︸ ︷︷ ︸
L=4

; 0, 2̄︸︷︷︸
J=2

, 5̄, 5̄, 5̄, 5̄, 6̄, 7̄, 7̄, 7̄︸ ︷︷ ︸
K=8

).

Figure 3.1: Highest weight and corresponding composite partitionν̄; µ.

3.7 Covariant, contravariant and mixed tensor mod-
ules

Berele and Regev [10], and Sergeev [61], showed that the tensor product ofN copies
of the natural(m+n)-dimensional representationV = Cm+n of g = gl(m|n) is com-
pletely reducible, and that the irreducible componentsVλ can be labeled by a partition
λ of N such thatλ is inside the(m,n)-hook, denoted byλ ∈ Hm,n, i.e. such that
λm+1 ≤ n. These representationsVλ are known asCOVARIANT MODULES.

Analogously, they showed that the tensor product ofN copies of the dualV ∗ of
the natural(m + n)-dimensional representationV of g = gl(m|n) is also completely
reducible. The irreducible componentsVλ̄ are again labeled by a partitionλ of N
such thatλ ∈ Hm,n. These representationsVλ̄ are known as theCONTRAVARIANT

MODULES.
In the early days of Lie superalgebra representation theory, the notion of graded

tensors was introduced [22]. TheMIXED TENSOR MODULES, the mixed tensor irre-
ducible representations, occur as irreducible componentsin the tensor product ofM
copies of the natural(m + n)-dimensional representationV andN copies of the dual
V ∗ of V . This tensor product however is in general not completely reducible.
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It was believed [4, 5] that the standard methods of covariant, contravariant and
mixed tensor representations with the corresponding Youngtechniques yield the char-
acters ofgl(m|n) irreducible representations in terms of supersymmetric S-functions.
Although this is certainly true for the covariant and contravariant tensor representa-
tions [10, 22], it is not so for the mixed tensor representations, as already observed
in [38, 57].

From a computational and practical point of view, it is useful to identify characters
with supersymmetric S-functions, since it is easy to work with S-functions, for which
many properties are known (see Chapter 2). As just mentioned, this identification
holds for covariant and contravariant irreducible representations [22, 10], where the
corresponding S-function is labeled by a single partitionλ, but in general fails for
mixed tensor irreducible representations, where the corresponding S-function is labeled
by a composite partition̄ν;µ.

In Chapter 5 we show that there is still another family of atypical representations for
which the character is given by a (composite) S-function, namely the so-called critical
gl(m|n) representations.

3.8 Atypicality and the atypicality matrix of Λ

Up to here, we studiedV or V (Λ) within the distinguished basis. For this basis we
found a unique highest weight and we gave a definition of typical and atypical repre-
sentations. However, there are different choices for a basis which are not necessarily
isomorphic. In another basis we will have evidently anotherhighest weight. In this
section we will point out that the atypicality does not depend upon the choice of the
simple roots. In order to do so, we start with Theorem 3.14. From this theorem we
know thatV (Λ) being typical is equivalent to(Λ + ρ, α) 6= 0, for all α ∈ ∆+

1̄
. In

the same way, we will say that the highest weightΛ = Λν̄;µ and the corresponding
composite partition̄ν;µ are typical. The moduleV (Λλ) resp.V (Λν̄;µ) will be denoted
by Vλ resp.Vν̄;µ.

If (Λ + ρ, α) = 0, for someα ∈ ∆+
1̄

, the representationVΛ is called atypical. If
there is only one such positive rootα, the representation is called singly atypical. Let
Λ ∈ h∗; the ATYPICALITY OF Λ, denoted by atyp(Λ + ρ), is the maximal number of
linearly independent rootsβi such that(βi, βj) = 0 and(Λ + ρ, βi) = 0 for all i and
j [34]. Such a set{βi} is called aΛ-MAXIMAL ISOTROPIC SUBSETof ∆.

Given a set of positive roots∆+ of ∆, and a simple odd rootα, one may construct
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a new set of positive roots [34, 52] by

∆+′ = (∆+ ∪ {−α}) \ {α}. (3.28)

The set∆+′ is called aSIMPLE REFLECTIONof ∆+. Since we use only simple reflec-
tions with respect to simple odd roots,∆+

0̄
remains invariant, but∆+

1̄
will change and

the newρ is given by :
ρ′ = ρ+ α. (3.29)

Let V be a finite-dimensional irreducibleg-module andΛ the highest weight ofV
in the distinguished basis. If∆+′ is obtained from∆+ by a simpleα-reflection, where
α is odd, andΛ′ denotes the highest weight ofV with respect to∆+′, then [34]

Λ′ = Λ− α if (Λ, α) 6= 0; Λ′ = Λ if (Λ, α) = 0. (3.30)

If α is a simpleodd root from∆+ then (ρ, α) = 1
2 (α, α) = 0 [34, p. 421], and

therefore, following (3.29) and (3.30) :

Λ′ + ρ′ = Λ + ρ if (Λ + ρ, α) 6= 0,

Λ′ + ρ′ = Λ + ρ+ α if (Λ + ρ, α) = 0. (3.31)

From this, one deduces that for theg-moduleV , atyp(Λ + ρ) is independent of the
choice of∆+; then atyp(Λ+ρ) is referred to as the atypicality ofV . If atyp(Λ+ρ) = 0,
V is TYPICAL, otherwise it isATYPICAL .

Let us first consider the covariant case withλ ∈ Hm,n where we compute the atyp-
icality of Vλ in the distinguished basis. For this purpose, it is sufficient to compute the
numbers(Λλ+ρ, βij), with βij = ǫi−δj , for 1 ≤ i ≤ m and1 ≤ j ≤ n, and count the
number of zeros. It is convenient to put the numbers(Λλ+ρ, βij) in a(m×n)-matrix,
the ATYPICALITY MATRIX A(Λ) [70, 71], and give the matrix entries in the(m,n)-
rectangle together with the Young frame ofλ. This is illustrated here in Figure 3.2 for
λ = (11, 9, 4, 3, 2, 2, 2, 1) in gl(8|5). So for this example, atyp(Λλ + ρ) = 3, since
the atypicality matrix contains three zeros. In the following, we will sometimes refer
to (i, j) as the position ofβij ; the position is also identified by a box in the(m,n)-
rectangle.

In the more general case,Λ corresponds to a composite partitionν̄;µ. Let us now
consider the atypicality ofVν̄;µ, in the distinguished basis. The entries of the atypicality
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54321035
_____
32101257
___
10123479
_
56789101315

891011121318 16

Figure 3.2: Atypicality matrixA(Λ) of Λλ = (11, 9, 4, 3, 2; 3, 2, 0, 0, 0, 0, 0, 0).

matrixA(Λν̄;µ) in terms of the composite partition̄ν;µ in gl(m|n) are given by:

A(Λ)ij = µi + µ′
j − i− j + 1 for 1 ≤ i ≤ I and1 ≤ j ≤ J ;

A(Λ)i,n−k+1 = µi − ν′k − i+ k +m− n for 1 ≤ i ≤ I and1 ≤ k ≤ K;
A(Λ)m−l+1,j = µ′

j − νl − j + l −m+ n for 1 ≤ l ≤ L and1 ≤ j ≤ J ;
A(Λ)m−l+1,n−k+1 = −νl − ν′k + l + k − 1 for 1 ≤ l ≤ L and1 ≤ k ≤ K.

(3.32)
This is illustrated in general in Figure 3.3.

It might be noted thatA(Λ)ij = hij resp.A(Λ)m−l+1,n−k+1 = −hlk, wherehij
is the hook length of the box in theith row andjth column of the Young diagramFµ

resp.F ν . These entries of the atypicality matrix are non-zero, since hij andhkl are
necessarily positive. IfVν̄;µ is atypical, the zero’s occur in part➁ or ➂ or in both of
them, see Figure 3.3.

The properties of the atypicality matrixA(Λ) have been studied in detail in [26].
We summarize here some of these properties.

Lemma 3.16 1. LetΛ = [a1, a2, . . . , am−1; am; am+1, . . . , am+n−1] be the Kac-
Dynkin label ofΛ in gl(m|n); then

A(Λ)ij −A(Λ)i+1,j = ai + 1, 1 ≤ i ≤ m− 1, 1 ≤ j ≤ n,
A(Λ)m,1 = a0,

A(Λ)ij −A(Λ)i,j+1 = am+j + 1, 1 ≤ i ≤ m, 1 ≤ j ≤ n− 1.
(3.33)

2. An atypicality matrixA(Λ) satisfiesA(Λ)ij + A(Λ)kl = A(Λ)il + A(Λ)kj .
Conversely, any(m × n) matrix satisfying this condition for all pairs(i, j) and
(k, l) with 1 ≤ i, k ≤ m and1 ≤ j, l ≤ n is the atypicality matrix of a unique
elementΛ ∈ h∗.
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aij = −(νi + ν′

j − i − j + 1)

aik = µi − ν′

k + (m − i) − (n − k)
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➂

➁

➀ I
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aij = µi + µ′

j − i − j + 1

ajl = µ′

j − νl − (m − l) + (n − j)

➀

➁

➂

➃

I

L

KJ

Figure 3.3: Atypicality matrix ofΛν̄;µ.

3. Λ is dominant if and only if

A(Λ)ij −A(Λ)i+1,j − 1 ≥ 0, 1 ≤ i < m, 1 ≤ j ≤ n,
A(Λ)ij −A(Λ)i,j+1 − 1 ≥ 0, 1 ≤ i ≤ m, 1 ≤ j < n.

(3.34)

Moreover,Λ is integral dominant if the expressions on the left-hand side of (3.34)
are all integers.

As for finite dimensional modules the highest weightΛ is necessarily integral dom-
inant, the zeros ofA(Λ) lie in distinct rows and columns. Furthermore, a zero lies to
the right of another zero if and only if it lies above it.



Chapter 4

A determinantal formula for
supersymmetric Schur

polynomials

In this chapter we derive a new formula for the supersymmetric Schur polyno-
mial sλ(x/y). The origin of this formula goes back to representation theory
of the Lie superalgebragl(m|n). In particular, we show how a character for-
mula due to Kac and Wakimoto can be applied to covariant representations,
leading to a new expression forsλ(x/y). This new expression gives rise to a
determinantal formula forsλ(x/y). In particular, the denominator identity for
gl(m|n) corresponds to a determinantal identity combining Cauchy’s double
alternant with Vandermonde’s determinant. We provide a second and inde-
pendent proof of the new determinantal formula by showing that it satisfies
the four characteristic properties of supersymmetric Schur polynomials. A
third and more direct proof ties up our formula with that of Sergeev-Pragacz.

4.1 Introduction

Just as the functionssλ(x) are characters of simple modules of the Lie algebragl(m),
the supersymmetric S-functions are characters of (a class of) simple modules of the
Lie superalgebragl(m|n) [10]. In this context, a different formula forsλ(x/y) was
found by Sergeev (see [55]) and in [70]; the first proof of thisformula was given by
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Pragacz [55]. To describe the so-called Sergeev-Pragacz formula, letλ be a partition
with λm+1 ≤ n. Consider the Young diagramFλ, let Fκ be the part ofFλ that falls
within them × n rectangle, and letF τ , resp.F η, be the remaining part to the right,
resp. underneath this rectangle; i.e.λ = (κ + τ) ∪ η. This is illustrated, form = 5,
n = 8 andλ = (11, 9, 4, 3, 2, 2, 2, 1), as follows :

Fλ = hence
κ = (8, 8, 4, 3, 2)
τ = (3, 1)
η = (2, 2, 1)

(4.1)

Then, the Sergeev-Pragacz formula forsλ(x/y) is given by

sλ(x/y) = D−1
0

∑

w∈Sm×Sn

ε(w)w
(
xτ+δmyη

′+δn

∏

(i,j)∈Fκ

(xi + yj)
)
, (4.2)

where(i, j) ∈ Fκ if and only if the box with row-indexi (read from left to right) and
column-indexj (read from top to bottom) belongs toFκ, and

D0 =
∏

1≤i<j≤m

(xi − xj)
∏

1≤i<j≤n

(yi − yj). (4.3)

This formula is useful for the computation ofsλ(x/y), and even for the computation of
Littlewood-Richardson coefficients [11, 69]. Note that forthe special case thatλm ≥
n, (4.2) becomes the Berele-Regev formula (2.8).

Observe thatD0 in (4.2) is just Weyl’s denominator forgl(m) ⊕ gl(n). So when
λ = 0, (4.2) does not yield a new denominator identity related togl(m|n); it only gives
the denominator identity forgl(m) andgl(n).

A simple comparison between symmetric and supersymmetric functions reveals
that most of the formulas of Chapter 1 have a supersymmetric form. Nevertheless, a
determinantal formula for supersymmetric functions similar to (1.10) did not exist yet.
In this chapter, we shall give a new formula forsλ(x/y). In its simplest form, this
yields a new determinantal formula for supersymmetric S-functions. Furthermore, this
formula yields a genuine denominator identity related togl(m|n).

First, we introduce some new notations. Let

D(x) =
∏

1≤i<j≤m

(xi − xj) and E(x, y) =
m∏

i=1

n∏

j=1

(xi − yj) (4.4)



4.1 Introduction 77

and defineD by

D =

∏
1≤i<j≤m(xi − xj)

∏
1≤i<j≤n(yi − yj)∏m

i=1

∏n
j=1(xi + yj)

=
D(x)D(y)

E(x,−y)
. (4.5)

Let λ be a partition withλm+1 ≤ n and put

k = min{j|λj +m+ 1− j ≤ n}; (4.6)

sinceλm+1 ≤ n, we have that1 ≤ k ≤ m+ 1. Then the new formula reads

sλ(x/y) = (−1)mn−m+k−1D−1 det

(
R Xλ

Yλ 0

)
, (4.7)

where the (rectangular) blocks of the determinant are givenby

R =

(
1

xi + yj

)

1≤i≤m,
1≤j≤n

,

Xλ =
(
x
λj+m−n−j
i

)
1≤i≤m,

1≤j≤k−1

, Yλ =
(
y
λ′

i+n−m−i
j

)
1≤i≤n−m+k−1,

1≤j≤n

.

For example, letm = 3, n = 5 andλ = (7, 2, 2, 2, 1). Thenκ = (5, 2, 2), τ = (2),
η = (2, 1) andk = 2 (see Figure 4.1).

k = 2 since:

λ1 + 3 + 1− 1 = 10 > 5,
λ2 + 3 + 1− 2 = 4 ≤ 5.

Figure 4.1: The partitionλ = (7, 2, 2, 2, 1) in gl(3|5).

Thus, according to formula (4.7),

s(7,2,2,2,1) = −D−1 det




1
x1+y1

1
x1+y2

1
x1+y3

1
x1+y4

1
x1+y5

x4
1

1
x2+y1

1
x2+y2

1
x2+y3

1
x2+y4

1
x2+y5

x4
2

1
x3+y1

1
x3+y2

1
x3+y3

1
x3+y4

1
x3+y5

x4
3

y6
1 y6

2 y6
3 y6

4 y6
5 0

y4
1 y4

2 y4
3 y4

4 y4
5 0

y0
1 y0

2 y0
3 y0

4 y0
5 0



.

(4.8)
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Whenλ = 0 it follows from (2.9) or (4.2) thatsλ(x/y) = 1. The new formula (4.7)
gives rise to a denominator identity forgl(m|n). Supposem ≤ n (m ≥ n is similar);
whenλ = 0, it follows from (4.6) thatk = 1. So theXλ-block and0-block disappear
in (4.7). Changing the order of theR-block andYλ-block, implies

det




yn−m−1
1 · · · yn−m−1

n
...

...
y0
1 · · · y0

n
1

x1+y1
· · · 1

x1+yn

...
...

1
xm+y1

· · · 1
xm+yn




=

∏
1≤i<j≤m(xi − xj)

∏
1≤i<j≤n(yi − yj)∏m

i=1

∏n
j=1(xi + yj)

.

(4.9)
Clearly, whenm = n, this is simply Cauchy’s double alternant; whenm = 0, it is just
Vandermonde’s determinant. When0 < m < n, it is a combination of the two. These
type of determinants have already been encountered in a different context [8] (we found
this reference in [43]); here they are for the first time related to a denominator identity.

4.2 Covariant modules forgl(m|n)

The first step to find a determinantal formula for the supersymmetric functions labeled
by a partitionλ is showing that the covariant modules are tame. The covariant modules
can be labeled by a partitionλ ∈ Hm,n (see§ 3.7). This means thatλ is inside the
(m,n)-hook, i.e. such thatλm+1 ≤ n.

Let us first considerVλ in the distinguished basis fixed by (3.10), namely

Π = {ǫ1 − ǫ2, ǫ2 − ǫ3, . . . , ǫm − δ1, δ1 − δ2, . . . , δn−1 − δn}.

Then, the highest weightΛλ of Vλ in the standardǫ-δ-basis is given by [70]

Λλ = λ1ǫ1 + · · ·+ λmǫm + ν′1δ1 + · · ·+ ν′nδn, (4.10)

whereν′j = max{0, λ′j −m} for 1 ≤ j ≤ n. See Figure 4.2.

From the combinatorics of atypicality matrices [71], it follows that theΛλ-maximal
isotropic subset (see§ 3.8) is given by:

SΛλ
= {βi,λi+m+1−i|1 ≤ i ≤ m, 1 ≤ λi +m+ 1− i ≤ n}.

That is to say, one finds the zeros in the atypicality matrix asfollows : on rowm in
columnλm + 1; on rowm − 1 in columnλm−1 + 2; in general one has, see also
Figure 4.3 :
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←→ Λλ = (11, 9, 4, 3, 2, ; 3, 2, 0, 0, 0, 0, 0, 0)

Figure 4.2: The Young diagram of a partitionλ and the corresponding highest weightΛλ.

54321035
_____
32101257
___
10123479
_
56789101315

891011121318 16

Figure 4.3: Atypicality matrixA(Λλ) together withλ

Proposition 4.1 The atypicality matrix has its zeros on rowi and in columnλi +m−
i+ 1 (i = m,m− 1, . . .) as long as these column indices are not exceedingn.

If one can choose a(Λ + ρ)-maximal isotropic subsetSΛ in ∆+ such thatSΛ ⊂
Π ⊂ ∆+ (Π is the set of simple roots with respect to∆+), then theg-moduleV is
called TAME, and a character formula is known due to Kac and Wakimoto [34]. It
reads :

chV = j−1
Λ e−ρR−1

∑

w∈W

ε(w)w
(
eΛ+ρ

∏

β∈SΛ

(1 + e−β)−1
)
, (4.11)

where
R =

∏

α∈∆+
0̄

(1− e−α)
/ ∏

α∈∆+
1̄

(1 + e−α) (4.12)

andjΛ is a normalization coefficient to make sure that the coefficient of eΛ on the right
hand side of (4.11) is 1.
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Clearly,SΛλ
is in general not a subset of the set of simple rootsΠ (sinceΠ con-

tains only one odd root,ǫm− δ1). So formula (4.11) cannot be applied. The purpose is
to show that there exists a sequence of simple oddα-reflections such that for the new
∆+′, where the moduleVλ has highest weightΛ′, there exists a(Λ′ + ρ′)-maximal
isotropic subsetSΛ′ with SΛ′ ⊂ Π′ ⊂ ∆+′.

In § 3.8 we already introduced the notion of a simple odd reflection. We will repeat
these notions here. Given a set of positive roots∆+ of ∆, and a simple odd rootα, the
new set of positive roots [34, 52]∆′, the simple reflection of∆, is given by

∆+′ = (∆+ ∪ {−α}) \ {α}.

Since we use only simple reflections with respect to simple odd roots,∆+
0̄

remains
invariant, but∆+

1̄
will change and the newρ is given byρ′ = ρ+ α.

Let V be a finite-dimensional irreducibleg-module andΛ the highest weight ofV
in the distinguished basis. If∆+′ is obtained from∆+ by a simpleα-reflection, where
α is odd, andΛ′ denotes the highest weight ofV with respect to∆+′, then [34]

Λ′ = Λ− α if (Λ, α) 6= 0; Λ′ = Λ if (Λ, α) = 0.

If α is a simpleodd root from∆+ then (ρ, α) = 1
2 (α, α) = 0 [34, p. 421], and

therefore, following (3.29) and (3.30) :

Λ′ + ρ′ = Λ + ρ if (Λ + ρ, α) 6= 0,

Λ′ + ρ′ = Λ + ρ+ α if (Λ + ρ, α) = 0. (4.13)

Definition 4.2 For λ ∈ Hm,n, the(m,n)-index ofλ is the number

k = min{i|λi +m+ 1− i ≤ n}, (1 ≤ k ≤ m+ 1). (4.14)

In what follows,k will always denote this number; it will be a crucial entity for our
developments. In the atypicality matrix,k corresponds to the smallest row number
in which there occurs a zero; see Figure 4.3. By Proposition 4.1, m − k + 1 is the
atypicality ofVλ. If k = m + 1, thenSΛλ

= ∅ andVλ is typical and trivially tame.
Thus in the following, we shall assume thatk ≤ m. To begin with,∆+ corresponds
to the distinguished choice, andΠ is the distinguished set of simple roots (3.10). The
highest weight ofVλ is given byΛλ. DenoteΛ(1) = Λλ, ρ(1) = ρ andΠ(1) = Π.
Now we perform a sequence of simple oddα(i)-reflections; each of these reflections
preserve∆+

0̄
but may changeΛ(i) + ρ(i) andΠ(i). Denote the sequence of reflections
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by :

Λ(1) + ρ(1), Π(1) α(1)

−→ Λ(2) + ρ(2), Π(2) α(2)

−→ · · ·
α(f)

−→ Λ′ + ρ′, Π′

(4.15)
where, at each stage,α(i) is an odd root fromΠ(i). For givenλ, consider the following
sequence of odd roots (with positions on rowm, rowm− 1, . . ., row k) :

rowm : βm,1, βm,2, . . . , βm,λk−k+m

rowm− 1 : βm−1,1, βm−1,2, . . . , βm−1,λk−k+m−1

...
...

row k : βk,1, βk,2, . . . , βk,λk

(4.16)

in this particular order (i.e. starting withβm,1 and ending withβk,λk
). Then we have :

Lemma 4.3 The sequence (4.16) is a proper sequence of simple odd reflections forΛλ,
i.e.α(i) is a simple odd root fromΠ(i). At the end of the sequence, one finds :

Π′ ={ǫ1 − ǫ2, ǫ2 − ǫ3, . . . , ǫk−1 − δ1, δ1 − δ2, δ2 − δ3, . . . , δλk−1 − δλk
,

δλk
− ǫk, ǫk − δλk+1, δλk+1 − ǫk+1, ǫk+1 − δλk+2, . . . , δλk+m−k − ǫm,

ǫm − δλk+m+1−k, δλk+m+1−k − δλk+m+2−k, . . . , δn−1 − δn}.

(4.17)

Furthermore,

Λ′ + ρ′ = Λλ + ρ+
m∑

i=k+1

λk−k+i∑

j=λi+1

βi,j . (4.18)

Proof. Let us consider, in the first stage, the reflections with respect to the roots in
rowm. Clearly,α(1) = βm,1 = ǫm− δ1 is an odd root fromΠ(1) = Π. Performing the
reflection with respect toβm,1 implies thatΠ(2) containsǫm−1 − δ1, δ1 − ǫm, ǫm − δ2
as simple odd roots. ThusΠ(2) containsα(2) = βm,2. A reflection with respect toβm,2
implies thatΠ(3) containsǫm−1 − δ1, δ2 − ǫm, ǫm − δ3 as simple odd roots. So this
process continues, and afterλk − k+m such reflections (i.e. at the end of rowm), we
have

Π(λk−k+m+1) ={ǫ1 − ǫ2, . . . , ǫm−2 − ǫm−1, ǫm−1 − δ1,

δ1 − δ2, . . . , δλk−k+m−1 − δλk−k+m, δλk−k+m − ǫm,

ǫm − δλk−k+m+1, δλk+m+1−k − δλk+m+2−k, . . . , δn−1 − δn}.

(4.19)

Observe that this process can continue sinceλk − k + m < n by definition of the
(m,n)-index k of λ. So after the first stage (i.e. after the reflections with respect to
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odd roots of rowm) there are three odd roots inΠ(λk−k+m+1), and the set is ready
to continue the reflections with respect to the elements of row m − 1, sinceβm−1,1

belongs toΠ(λk−k+m+1). Since at each stageα(i) is a simple odd root, (3.31) implies

Λ(i+1) + ρ(i+1) = Λ(i) + ρ(i) if (Λ(i) + ρ(i), α(i)) 6= 0,

Λ(i+1) + ρ(i+1) = Λ(i) + ρ(i) + α(i) if (Λ(i) + ρ(i), α(i)) = 0.

Examining this explicitly for the elements of rowm yields

Λ(λk−k+m+1) + ρ(λk−k+m+1) = Λλ + ρ+

λk−k+m∑

j=λm+1

βm,j . (4.20)

If k = m the lemma follows. Ifk < m the process continues; suppose this is the case.
But now we are in a situation where the elements of rowm − 1 play completely the
same role as those of rowm in the first stage. This means that at the end of the second
stage, the new set of simple roots is given by

Π(i) ={ǫ1 − ǫ2, . . . , ǫm−3 − ǫm−2, ǫm−2 − δ1,

δ1 − δ2, . . . , δλk−k+m−2 − δλk−k+m−1, δλk−k+m−1 − ǫm−1,

ǫm−1 − δλk−k+m, δλk−k+m − ǫm, ǫm − δλk−k+m+1,

δλk+m+1−k − δλk+m+2−k, . . . , δn−1 − δn},

(4.21)

and the newΛ(i) + ρ(i) by

Λ(i) + ρ(i) = Λλ + ρ+

λk−k+m∑

j=λm+1

βm,j +

λk−k+m−1∑

j=λm−1+1

βm−1,j (4.22)

(the last addition follows by inspecting the atypicality matrix). Continuing with the
remaining stages (i.e. rows in (4.16)) leads to (4.17) and (4.18). 2

Corollary 4.4 The covariant moduleVλ is tame.

Proof. Having performed the simple odd reflections (4.16), one can compute the atyp-
icality matrix forΛ′ + ρ′ using (4.18). This gives :

(Λ′+ρ′, βij) = 0 for all (i, j) with k ≤ i ≤ m,λk+1 ≤ j ≤ λk+m+1−k. (4.23)

Therefore the set

SΛ′ = {ǫk − δλk+1, ǫk+1 − δλk+2, . . . , ǫm − δλk+m+1−k} (4.24)
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is a(Λ′ + ρ′)-maximal isotropic subset. Furthermore,SΛ′ ⊂ Π′, see (4.17). 2

Let us illustrate some of these notions for the partitionλ of Figure 4.3 in Figure 4.4
and in Figure 4.5.

ixxxxxx

ixxxxx

xxx ixk

(a)

k

* *** i

i

i

**

(b)

Figure 4.4: Notions concerning simple odd reflections.

In Figure 4.4(a) the positions marked with “i” refer to the(Λ′ + ρ′)-maximal
isotropic set (4.24). The first element, with row indexk, is simply the position of
the box just to the right of the Young diagramFλ in row k. For the remaining positions
one continues in the direction of the diagonal until one reaches rowm. For conve-
nience, let us refer to these positions as “the isotropic diagonal.” The positions of the
odd roots that have been used for the sequence of reflections to go fromΛλ andΠ to Λ′

andΠ′ are marked by “x” in Figure 4.4(a). So, they are simply all positions to the left
of the isotropic diagonal. Finally, Figure 4.4(b) shows thepositions of thoseβij that
appear on the right hand side of (4.18); they are marked by “*”. These are all positions
to the left of the isotropic diagonal that are not insideFλ.

This is illustrated in more details in Figure 4.5 for the sameλ.
In this figure, the boxes indexed by “X” refer to the simple oddroots inΠ′ at that
stage. The boxes marked with “0” refer to the positions of thezero’s in the atypicality
matrix. The odd rootβi,j above every arrow, is the simple odd root used for the simple
reflection at that stage. For the given partitionλ, the corresponding set of simple roots
Π contains only one odd root, more specificallyβ5,1. Usingβ5,1 in the first step to
perform a simple odd reflection, provides us three simple oddroots;β5,1, β5,2 andβ4,1.
So we can useβ5,2 in the next step and the new set of simple roots contains the odd
rootsβ4,2, β5,2 andβ5,3. Looking at the position of the zeros in the atypicality matrix
in the first two steps in this sequence of odd reflections, we can see that for neitherβ5,1
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Row5

X O
O

O β5,1
−→

X
X
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X

β3,2
−→

OOO
OOO
OOO

XX
XX

X
X

X β3,3
−→
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X
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Figure 4.5: The simple odd roots ofΠ′ and the positions of the zero’s in the atypicality matrix

orβ5,2 the atypicality matrix contains a zero on the position corresponding to these odd
roots. Following (4.13), the atypicality matrix will not change in the first two steps. To
accomplish the simple odd reflection with respect toβ5,3, the atypicality matrix will
change as on position(5, 3) the atypicality matrix contains a zero. According to (4.13),
elements in the fifth row of the atypicality matrix will increase by one, the elements in
the third column will decrease by one. Given the atypicalitymatrix (see Figure 4.3),
we can see that a zero appears on position(5, 4). In the next step, the atypicality matrix
will change again by increasing the last row and decreasing the fourth column by one.
This will make the zeros to move along the last row as shown in the next rectangle.
After finishing the simple reflections with respect to the oddroots in the last row, we
can continue the process in the fourth row, asβ4,2 became a simple odd root in the
first step. In the same way, the process will continue with respect to the odd roots
in the remaining rows corresponding to (4.16). At the end of the simple reflections
with respect to the fourth row, there will be nine zeros in theatypicality matrix placed
together in a square. We still need the reflections with respect to the roots in the third
row, with row indexk, in order to obtain a set of three independent odd rootsβ1, β2

andβ3 such that(Λ′ + ρ′, βi) = 0, for i = 1, 2 or 3.
One can see from these examples that the(m,n)-indexk determines all other nec-
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essary ingredients.

We are now in a position to evaluate the character formula (4.11),

chVλ = j−1
Λ′ e

−ρ′R′−1
∑

w∈W

ε(w)w
(
eΛ

′+ρ′
∏

β∈SΛ′

(1 + e−β)−1
)
, (4.25)

whereR′ is given by (4.12) with∆+
1̄

replaced by∆′
1,+ (∆+

0̄
remains unchanged). The

mn elements of∆+
1̄
′ are±βij , where one must take the minus-sign ifβij appears in

the list (4.16) (i.e. if its position is marked by “x” in Figure 4.4(a) and the plus-sign
otherwise. However, all this information is not necessary here, since by definition ofρ
andR

e−ρ
′

R′−1 = e−ρR−1.

Putting, as usual in this context,

xi = eǫi , yj = eδj (1 ≤ i ≤ m, 1 ≤ j ≤ n), (4.26)

one has

e−ρR−1 = D−1
m∏

i=1

x
(m−n−1)/2
i

n∏

j=1

y
(n−m−1)/2
j ,

with D given in (4.5). Using (4.18) and (4.24), one finds

eΛ
′+ρ′

∏

β∈SΛ′

(1 + e−β)−1 =
m∏

i=1

x
(1−m+n)/2
i

n∏

j=1

y
(1+m−n)/2
j

k−1∏

i=1

xλi+m−i−n
i

×
m∏

i=k

xλk+m+1−k−n
i

λk∏

j=1

y
λ′

j+n−j−m

j

λk+m+1−k∏

j=λk+1

yn−λk−m−1+k
j

×
n∏

j=λk+m+2−k

yn−jj

/ m∏

i=k

(xi + yλk+i+1−k).

In order to rewrite this in a more appropriate form, let us introduce some further no-
tation related to the partitionλ ∈ Hm,n. Clearly, the(m,n)-indexk defined in (4.14)
plays again an essential role. Related to this, let us also put

l = λk + 1, r = n−m+ k − l. (4.27)

The numbersk, l, r are illustrated in Figure 4.6.
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r

l

k

x

x

x 0

0

0

Figure 4.6: The numbersk, l, r for a given partitionλ in gl(m|n).

Now we have
chVλ = j−1

Λ′ D
−1
∑

w∈W

ε(w)w(tλ),

with

tλ =
k−1∏

i=1

xλi+m−i−n
i

l−1∏

j=1

y
λ′

j+n−j−m

j

m∏

i=k

yrl+i−k
xri (xi + yl+i−k)

n∏

j=l+m+1−k

yn−jj .

(4.28)
This form also allows us to deducejΛ′ = jΛλ

. Indeed, consider inW = Sm × Sn the
subgroupH of elementsw = σx×σy, whereσx is a permutation of(xk, xk+1, . . . , xm)
andσy is the same permutation of(yl, yl+1, . . . , yl+m−k). Each element ofH leaves
tλ invariant. Furthermore,ε(w) = 1 for w ∈ H. SinceH is isomorphic toSm−k+1,

∑

w∈H

ε(w)w(tλ) = (m− k + 1)! tλ.

So, in order to have multiplicity one for the highest weight term, one must take

jΛ′ = (m− k + 1)!.

We can now conclude this section by the following two alternative formulas for the
computation ofchVλ (i.e. ofsλ(x/y)) :

chVλ =
D−1

(m− k + 1)!

∑

w∈Sm×Sn

ε(w)w(tλ) (4.29)

= D−1
∑

w∈(Sm×Sn)/Sm−k+1

ε(w)w(tλ), (4.30)

where the second sum is over the cosets ofH = Sm−k+1 in Sm × Sn.
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4.3 A determinantal formula for sλ(x/y)

Let λ ∈ Hm,n; the important quantities related toλ are given by the(m,n)-index
k (see (4.14)) and the related numbersl andr (see (4.27)). SincechVλ = sλ(x/y),
(4.29) or (4.30), together with the expression (4.28) fortλ, yield a (new) expression for
the supersymmetric S-function. In this section we shall rewrite (4.29) in a nicer form;
in particular we shall show that it is equivalent to a determinantal form forsλ(x/y).

The first step in this process is the following :

Lemma 4.5 Let tλ be given by (4.28). Then

1

(m− k + 1)!

∑

w∈Sm×Sn

ε(w)w(tλ) = (−1)(k−1)(l−1) det(C), (4.31)

whereC is the following square matrix of ordern+ k − 1 :

C =




0 Y
(1)
λ

Xλ R(r)

0 Y (r)


 (4.32)

with

Xλ =
(
x
λj+m−n−j
i

)
1≤i≤m,

1≤j≤k−1

, R(r) =

(
yrj

xri (xi + yj)

)

1≤i≤m,
1≤j≤n

(4.33)

Y
(1)
λ =

(
y
λ′

i+n−m−i
j

)
1≤i≤l−1,
1≤j≤n

, Y (r) =
(
yr−ij

)
1≤i≤r,
1≤j≤n

(4.34)

Proof. Applying Laplace’s theorem [63, Section 1.8] for the expansion of det(C) with
respect to columns1, 2, . . . , k − 1, one finds

det(C) = (−1)
k(k−1)

2

∑

1≤i′1<···<i′
k−1≤n+k−1

(−1)i
′

1+···+i′k−1C
i′1,...,i

′

k−1

1,...,k−1 C̄
i′1,...,i

′

k−1

1,...,k−1 ,

(4.35)

whereC
i′1,...,i

′

k−1

1,...,k−1 is a minor ofC of orderk − 1 (i.e. the determinant of the subma-
trix of C obtained by keeping only rowsi′1, . . . , i

′
k−1 and columns1, . . . , k − 1), and

C̄
i′1,...,i

′

k−1

1,...,k−1 is the complementary minor (i.e. the determinant of the submatrix of C
obtained by deleting rowsi′1, . . . , i

′
k−1 and columns1, . . . , k − 1). Because of the

zero blocks inC, the only row indices that yield a nonzero minor are those with
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l ≤ i′1 < · · · < i′k−1 ≤ l + m − 1. So it is convenient to putiκ = i′κ − l + 1
(1 ≤ κ ≤ k − 1). Then,

det(C) = (−1)
k(k−1)

2

∑

1≤i1<···<ik−1≤m

(−1)i1+···+ik−1+(k−1)(l−1)C
i1,...,ik−1

1,...,k−1 C̄
i1,...,ik−1

1,...,k−1 ,

(4.36)
where

C
i1,...,ik−1

1,...,k−1 = det




x
λ1+(m−1)−n
i1

· · · x
λk−1+(m−k+1)−n
i1

...
...

x
λ1+(m−1)−n
ik−1

· · · x
λk−1+(m−k+1)−n
ik−1


 ,

C̄
i1,...,ik−1

1,...,k−1 = det




y
λ′

1+(n−1)−m
1 · · · y

λ′

1+(n−1)−m
n

...
...

y
λ′

l−1+(n−l+1)−m

1 · · · y
λ′

l−1+(n−l+1)−m
n

yr
1

xr
ik

(xik
+y1)

· · · yr
n

xr
ik

(xik
+yn)

...
...

yr
1

xr
im

(xim+y1)
· · · yr

n

xr
im

(xim+yn)

yr−1
1 · · · yr−1

n
...

...
y1
1 · · · y1

n

y0
1 · · · y0

n




.

The number of terms on the right hand side of (4.36) is
(
m
k−1

)
(k−1)!n! = m!n!/(m−

k+1)!, so this is the same as the number of distinct terms on the lefthand side of (4.31).
For (i1, . . . , ik−1) = (1, . . . , k − 1), and the diagonal term in the minor and in the
complementary minor, the contribution on the right hand side of (4.36) is now easily
seen to be(−1)k(k−1)+(k−1)(l−1)tλ = (−1)(k−1)(l−1)tλ. But by definition of the
determinant, every term on the right hand side of (4.36) is (up to the overall sign factor
(−1)(k−1)(l−1)) of the formε(w)w(tλ) with w ∈ Sm × Sn. Conversely, every term
of the formε(w)w(tλ) appears as a term on the right hand side of (4.36). It follows
that (4.31) holds. 2

Lemma 4.6 Withk, l andr defined as in (4.14) and (4.27), one has

(i) λk−1 − λk ≥ r ≥ 0,
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(ii) λ′l−1+i = k − 1 for 1 ≤ i ≤ r.

Proof. By (4.27), r = n − m + k − l = n − m + k − λk − 1, so by definition
of k it follows that r ≥ 0. Suppose thatλk−1 − λk < r; this would imply that
λk−1 +m− (k−1)+1 ≤ n, contradicting the definition ofk as the minimal index for
whichλj +m− j+1 ≤ n holds. So (i) holds. To prove (ii), observe that by definition
of the conjugate partition,

λ′j = k − 1 for λk + 1 ≤ j ≤ λk−1.

Using (i),λ′j = k − 1 for λk + 1 ≤ j ≤ λk + r, i.e. for l ≤ j ≤ l + r − 1. 2

Lemma 4.7 LetC be defined as in Lemma 4.5. Then

det(C) = (−1)m(n−m)+l(k−1) det

(
R Xλ

Yλ 0

)
, (4.37)

whereXλ has been defined in (4.33), and

R =

(
1

xi + yj

)

1≤i≤m, 1≤j≤n

, Yλ =
(
y
λ′

i+n−m−i
j

)
1≤i≤n−m+k−1, 1≤j≤n

.

Proof. If r = 0 the result is easy; so suppose thatr > 0. ConsiderC, and letRi denote
its row i. For1 ≤ i ≤ m, multiplyRl−1+i by xri yielding the matrixC ′ with rowsR′

i.
Clearly,det(C) =

∏m
i=1 x

−r
i det(C ′), and the element on position(l−1+i, k−1+j)

(1 ≤ i ≤ m; 1 ≤ j ≤ n) in C ′ is
yr

j

xi+yj
. Now consider the following row operations

onC ′ (for all i with 1 ≤ i ≤ m) :

R′
l−1+i −→ R′

l−1+i −
r−1∑

s=0

(−1)sxsiR
′
l+m+s.

This means the matrix element
yr

j

xi+yj
at position(l − 1 + i, k − 1 + j) becomes

yrj
xi + yj

−
r−1∑

s=0

(−1)sxsiy
r−s−1
j =

yrj
xi + yj

−
yrj + (−1)r−1xri

xi + yj
=

(−1)rxri
xi + yj

.

Dividing these rows by(−1)rxri (and then the firstk − 1 columns by(−1)r) finally
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leads to

det(C) = (−1)mr+r(k−1) det




0 Y
(1)
λ

Xλ R
0 Y (r)




= (−1)r(m+k−1)+m(l−1)+n(k−1) det




R Xλ

Y
(1)
λ 0
Y (r) 0


 .

Using lemma 4.6 (ii), it follows thatr − i = λ′l−1+i + n− (l − 1 + i)−m, thus

(
Y

(1)
λ

Y (r)

)
= Yλ. (4.38)

Simplifying the sign leads to (4.37). 2

Combining lemmas 4.5 and 4.7 leads to the main result :

Theorem 4.8 Letλ ∈ Hm,n andk be the(m,n)-index ofλ. Then

sλ(x/y) = (−1)mn−m+k−1D−1

× det




(
1

xi+yj

)
1≤i≤m
1≤j≤n

(
x
λj+m−n−j
i

)
1≤i≤m

1≤j≤k−1(
y
λ′

i+n−m−i
j

)
1≤i≤n−m+k−1

1≤j≤n

0


 .

(4.39)

In section 4.1 we have already pointed out that forλ = 0 andm ≤ n, (4.39)
gives rise to the determinantal identity (4.9) combining Cauchy’s double alternant with
Vandermonde’s determinant. It is easy to verify that forλ = 0 andm > n we have
thatk = n−m+ 1, and then (4.39) gives rise to an identity equivalent to (4.9).

Finally, let us consider the case withk = m+ 1 (corresponding to a typical repre-
sentationVλ in terms of the previous section). Then the blocksXλ andYλ are square
matrices, and one finds :

sλ(x/y) = D−1 det(x
λj+m−n−j
i )1≤i,j≤m det(y

λ′

i+n−m−i
j )1≤i,j≤n

= sτ (x)sη′(y)
m∏

i=1

n∏

j=1

(xi + yj) = sτ (x)sη′(y)E(x,−y), (4.40)

whereτ andη are the parts ofλ defined in (4.1). This is in agreement with (2.8).
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4.4 Four characterizing properties

As mentioned in§ 2.1.2, supersymmetric S-polynomials satisfy four properties which
also characterize these polynomials. Here we shall show that the polynomials defined
by means of the right hand side of (4.39) do indeed satisfy these four properties. This
gives an independent proof of the determinantal expression(4.39).

So letx(m) = (x1, . . . , xm), y(n) = (y1, . . . , yn), λ ∈ Hm,n, denote byk the
(m,n)-index ofλ, and define :

sλ(x
(m)/y(n)) = sλ(x/y) = (−1)mn−m+k−1D−1

m,n det

(
R Xλ

Yλ 0

)
, (4.41)

where

R =

(
1

xi + yj

)

1≤i≤m
1≤j≤n

,

Xλ =
(
x
λj+m−n−j
i

)
1≤i≤m

1≤j≤k−1

, Yλ =
(
y
λ′

i+n−m−i
j

)
1≤i≤n−m+k−1

1≤j≤n

,

andDm,n is an obvious notation for (4.5). Ifλ 6∈ Hm,n, thensλ(x(m)/y(n)) is defined
to be zero.

Before showing that (4.41) satisfies the four characteristic properties, we need some
preliminary results. First of all, it will sometimes be convenient to use an alternative
formula to (4.41) :

Lemma 4.9 Letλ ∈ Hm,n, k the(m,n)-index ofλ, l = λk + 1, r = n−m+ k − l,
and

R(r) =

(
yrj

xri (xi + yj)

)

1≤i≤m
1≤j≤n

then

sλ(x
(m)/y(n)) = (−1)(m−k+1)(l−1)+n(k−1)D−1

m,n det

(
R(r) Xλ

Yλ 0

)
. (4.42)

Proof. The equivalence of the two determinants follows from (4.37). 2

Lemma 4.10 Let λ ∈ Hm,n andk the (m,n)-index ofλ. Thenλ′ ∈ Hn,m and the
(n,m)-index ofλ′ is given byn−m+ k.
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Proof. For any partitionλ and any two positive integersu andv, we have that

λu ≤ v ⇒ λ′v+1 ≤ u− 1. (4.43)

Applying this toλ ∈ Hm,n for (u, v) = (m + 1, n) implies thatλ′ ∈ Hn,m. Put
k′ = n−m+k. Sincek is the(m,n)-index ofλ, one has by definition thatλk ≤ k′−1.
Applying (4.43) givesλ′k′ ≤ k − 1 = m− n+ k′ − 1, implying that the(n,m)-index
of λ′ is less than or equal tok′. On the other hand, suppose that the(n,m)-index ofλ′

is strictly less thank′. Thenλ′k′−1 ≤ m−n+ k′− 2 = k− 2. But then (4.43) implies
λk−1 ≤ k′ − 2 = n−m+ k − 2, contradicting the fact thatk is (m,n)-index ofλ.2

Corollary 4.11
sλ′(y(n)/x(m)) = sλ(x

(m)/y(n)). (4.44)

Proof. Using (4.41), Lemma 4.10, and the fact that transposing a matrix leaves the
determinant invariant, the result follows. 2

Now we are in a position to prove the validity of the four characteristic properties.

Proposition 4.12 (Homogeneity)sλ(x(m)/y(n)) is a homogeneous polynomial of de-
gree|λ|.

Proof. The factorD−1
m,n on the right hand side of (4.41) stands for the multiplication

by all (xi + yj) and for the division by all(xi− xj) and(yi− yj) (i < j). Clearly, the
determinant on the right hand side of (4.41) is divisible by all (xi − xj) and(yi − yj)
(i < j). Hencesλ(x(m)/y(n)) is a polynomial, and by definition of the determinant it
is also homogeneous. From this determinant, one finds

deg sλ(x
(m)/y(n)) = mn−m(m− 1)/2− n(n− 1)/2 +

(k−1∑

j=1

(λj +m− n− j)

+

n−m+k−1∑

i=1

(λ′i + n−m− i)− (m− k + 1)
)

= |λ|,

since
∑k−1
j=1 λj +

∑n−m+k−1
i=1 λ′i = |λ|+ (n−m+ k − 1)(k − 1). 2

Proposition 4.13 (Factorization) If the partitionλ satisfiesλm ≥ n ≥ λm+1, so that
λ can be written in the formλ = ((nm) + τ) ∪ η, with τ (resp.η) a partition of length
≤ m (resp.≤ n), then

sλ(x
(m)/y(n)) = sτ (x

(m))sη′(y
(n))

m∏

i=1

n∏

j=1

(xi + yj).
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Proof. If n ≥ λm+1, thenk = m+ 1, and then the right hand side of (4.41) reduces to
the right hand side of (4.40). 2

Proposition 4.14 (Cancellation)Letm,n ≥ 1. The result of substitutingxm = t and
yn = −t in sλ(x(m)/y(n)) is the polynomialsλ(x(m−1)/y(n−1)).

Proof. If k, the (m,n)-index ofλ, is equal tom + 1, then it follows from Proposi-
tion 4.13 that the result of this substitution is 0; but alsosλ(x

(m−1)/y(n−1)) = 0 since
thenλ 6∈ Hm−1,n−1.
So letλ be such thatk ≤ m. Thenλ ∈ Hm−1,n−1 and the(m−1, n−1)-index ofλ is
alsok. Consider the right hand side of (4.41); divideD−1

m,n by (xm + yn) and multiply
rowm of the matrix by(xm + yn). Now make the substitutionxm = t andyn = −t;
one obtainsD−1

m−1,n−1. In the determinant, all entries of rowm are zero except the
entry in columnn, which is 1. So, apart from introducing an extra factor(−1)m+n,
we can delete rowm and columnn. But the remaining determinant is exactly the one
in the expression ofsλ(x(m−1)/y(n−1)), and because of the factor(−1)m+n also the
sign works out correctly. 2

The only property that is more tedious to prove is the last one:

Proposition 4.15 (Restriction) Letm ≥ 1 (respectivelyn ≥ 1). The result of setting
xm = 0 (resp.yn = 0) in sλ(x

(m)/y(n)) is the polynomialsλ(x(m−1)/y(n)) (resp.
sλ(x

(m)/y(n−1))).

Proof. By (4.44), it is sufficient to prove only the caseyn = 0. ForDm,n, we have

D−1
m,n|yn=0 =

∏m
i=1 xi∏n−1
j=1 yj

D−1
m,n−1. (4.45)

There are now two cases to consider : the(m,n−1)-index ofλ is k, or the(m,n−1)-
index ofλ is k + 1 (no other values are possible).
First case.We shall use expression (4.42). Suppose that the(m,n − 1)-index ofλ is
alsok. This means thatλk + m + 1 − k < n, or r > 0. By (4.38), this also means
that the last row of the matrix in (4.42) consists ofn ones followed byk− 1 zeros. But
substitutingyn = 0 in the matrix of (4.42), means that in columnn all entries except
the last one (which is 1) become zero. Now expand the determinant with respect to
columnn. The result is a new determinant of order(n− 1) + k − 1. But when going
from (x(m), y(n)) to (x(m), y(n−1)), k remains the same,n reduces ton − 1 andr
reduces tor − 1. So if we multiply rowi (1 ≤ i ≤ m) of this new determinant by
xi, and divide columnj (1 ≤ j ≤ n − 1) of this new determinant byyj , the resulting
determinant is exactly that ofsλ(x(x)/y(n−1)) in the form (4.42). Furthermore, the
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factors appearing in (4.45) have been taken care of, and one can verify that also the
sign is correct. So in this case the lemma holds.
Second case.Suppose that the(m,n − 1)-index ofλ is k + 1. This means thatλk +
m + 1 − k = n, or r = 0. Consider the matrix in (4.41). It is easy to see that all
powers ofyj are strictly positive (on the last row of the matrix, the power of yj is
λ′n−m+k−1 − k + 1 = λ′λk

− k + 1 ≥ 1). So substitutingyn = 0 in (4.41) yields a
matrix of which columnn consists of( 1

x1
, . . . , 1

xm
, 0, . . . , 0). Let us push this column

to the end, so that it becomes columnn+ k− 1. Up to a sign, the determinant remains
the same. Next, we use the factors in (4.45) to multiply in thedeterminant rowi by xi
(1 ≤ i ≤ m) and divide columnj by yj (1 ≤ j ≤ n − 1). The resulting matrix is of
the following type :



x1

y1(x1+y1)
· · · x1

yn−1(x1+yn−1)
xλ1+m−n

1 · · · x
λk−1+m−n−k
1 1

...
...

...
...

xm

y1(xm+y1)
· · · xm

yn−1(xm+yn−1)
xλ1+m−n
m · · · x

λk−1+m−n−k
m 1

y
λ′

1+n−m−2
1 · · · y

λ′

1+n−m−2
n−1 0 · · · 0

...
...

...
...

y
λ′

n−m+k−1−k

1 · · · y
λ′

n−m+k−1−k

n−1 0 · · · 0




(4.46)
Now we can do the following : for every columnj (1 ≤ j ≤ n− 1), subtract from this
column1/yj times the last column of the matrix, i.e.

Cj −→ Cj −
1

yj
Cn+k−1.

This implies that the matrix element on position(i, j), where1 ≤ i ≤ m and1 ≤ j ≤
n− 1, becomes

xi
yj(xi + yj)

−
1

yj
=

−1

xi + yj
.

After dealing with sign changes in rows and columns, we get, up to a sign :

D−1
m,n−1 det




(
1

xi+yj

)
1≤i≤m

1≤j≤n−1

(
x
λj+m−n+1−j
i

)
1≤i≤m
1≤j≤k(

y
λ′

i+n+1−m−i
j

)
1≤i≤n−m+k−1

1≤j≤n−1

0


 ,

(4.47)
where we have used again thatλk +m − n − 1 − k = 0 to see that the powers ofxi
agree in the last column. But (4.47) is simply the same as the right hand side of (4.41)
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with n replaced byn − 1 andk by k + 1, so it is (up to a sign)sλ(x(m)/y(n−1)). To
verify that also the sign agrees is left as an exercise. 2

Finally, we have

Theorem 4.16 The polynomialssλ(x(m)/y(n)), defined by (4.41), are the supersym-
metric Schur polynomials.

Proof. This follows immediately from Propositions 4.12-4.15, andthe result that these
four properties characterize the supersymmetric Schur polynomials [56, 46]. 2

4.5 A proof of coincidence with the Sergeev-Pragacz
formula

In this final section, we provide a direct proof [75], based onthe Berele-Regev for-
mula (2.8) and Laplace’s theorem [63, Section 1.8], that ourdeterminantal formula
coincides with the Sergeev-Pragacz formula.

Let us writex = x′ + x′′ for a decomposition ofx = (x1, x2, . . . , xm) into two
disjoint subsets of fixed size, say|x′| = p and|x′′| = q with p + q = m. Recall the
definition ofE(x′, x′′) in (4.4).

Lemma 4.17 Form = p+q, letµ = (µ1, . . . , µp), ν = (ν1, . . . , νq) be two partitions
andλ = (µ1, . . . , µp, ν1, . . . , νq). Then

∑

x′+x′′

sµ+(qp)(x
′)sν(x

′′)

E(x′, x′′)
= sλ(x) (4.48)

where the sum is over all possible decompositionsx = x′+x′′ with the size ofx′ equal
to p and the size ofx′′ equal toq.

Proof. We can rewrite the lhs of expression (4.48) using the determinantal formula

for S-functions and the equalityD(x) = (−1)
p(p+1)

2 +r1+···+rpD(x′)D(x′′)E(x′, x′′)
with the elements ofx′ denoted byxr1 , . . . , xrp

and those ofx′′ by xs1 , . . . , xsq
:

∑

x′+x′′

sµ+(qp)(x
′)sν(x

′′)

E(x′, x′′)
=

(−1)
p(p+1)

2

D(x)

∑

x′+x′′

(−1)r1+···+rp |xµj+q+p−j
ri

||xνj+q−j
si

|.

(4.49)
The numerator of this sum is the Laplace expansion of the following determinant with
respect to columns1, 2, . . . , p :

∣∣ xµ+(qp)+δp xν+δq

∣∣ =
∣∣xλ+δm

∣∣ (4.50)
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with λ = (µ1, . . . , µp, ν1, . . . , νq) andδl given in (1.9). The result follows. 2

Remark 4.18 The previous lemma and its proof can easily be extended for anarbitrary
p-tupleµ overZ and an arbitraryq-tupleν overZ. In this case,sα(x) (α an arbitrary
m-tuple) is defined according to formula (1.14). We can extendthis generalization to
the supersymmetric case wheresα(x/y) is defined as

sα(x/y) = det
(
hαi−i+j(x/y)

)
1≤i,j≤ℓ(α)

(α a t-tuple withαi ∈ Z). (4.51)

Note that for at-tuple overZ, α + δt must consist of nonnegative distinct integers for
sα to be nonzero.

Lemma 4.19 Suppose|y| = n, y′ = (y1, . . . , yn−1) andη an arbitrary t-tuple, then

sη(x/y) =
∑

ζ

sζ(x/y
′)(yn)

d, (4.52)

where the sum is taken over all2t t-tuplesζ such that(η−ζ)i ∈ {0, 1} andd = |η−ζ|.

Proof. First suppose thatη is a partition. If we sum only over allζ such that(η − ζ)
is a vertical strip, the summation follows from the expression of sη(x/y) by means
of supertableaux [10]. All the other terms vanish as there exists an indexi such that
ζi+1 = ζi + 1.
Suppose now thatη is not a partition. Considerη + δt. If η + δt has a negative
component, thensη(x/y) = 0; but then also eachsζ(x/y′) is zero since everyζ + δt
has a negative component. Ifη + δt has two equal parts, thensη(x/y) = 0; then the
right hand side of (4.52) consists of zero terms and terms cancelling each other two by
two. Finally, ifη+δt consists of distinct nonnegative parts, thensη(x/y) = ±sλ(x/y),
with λ a partition andσ(η+δt) = λ+δt, for some permutationσ. Now apply (4.52) to
sλ(x/y); applyingσ−1 to eacht-tuple in both sides of this equation yields the result.2

Lemma 4.20 Let m = p + q, µ = (µ1, . . . , µp) an arbitrary p-tuple andν =
(ν1, ν2, . . .) an arbitrary t-tuple. Denoteλ = (µ1, . . . , µp, ν1, ν2, . . .). Then,

sλ(x/− y) =
∑

x′+x′′

sµ+(qp)(x
′/− y)sν(x′′/− y)

E(x′, x′′)
(4.53)

where the sum is over all possible decompositionsx = x′+x′′ with the size ofx′ equal
to p and the size ofx′′ equal toq.
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Proof. One can use, e.g., induction onn, i.e. the number of variablesy = (y1, . . . , yn).
If n = 0 then we are reduced to the symmetric case and the result follows from
Lemma 4.17 and Remark 4.18. Otherwise, one separates the variable yn. We can
apply Lemma 4.19 twice on the right hand side of (4.53); with(µ − α)i ∈ {0, 1},
a = |µ− α| and(ν − β)i ∈ {0, 1}, b = |ν − β|:

∑

x′+x′′

sµ+(qp)(x
′/− y)sν(x′′/− y)

E(x′, x′′)
=

=
∑

x′+x′′

1

E(x′, x′′)

(∑

α

sα+(qp)(x
′/− y′)(−yn)

a

)(∑

β

sβ(x
′′/− y′)(−yn)

b

)

=
∑

α

∑

β

( ∑

x′+x′′

sα+(qp)(x
′/− y′)sβ(x′′/− y′)

E(x′, x′′)

)
(−yn)

a+b

Using induction, this expression reduces to
∑
γ sγ(x

′/ − y′)(−yn)c with c = a + b,
γ = (α1, . . . , αp, β1, β2, . . .) and(λ − γ)i ∈ {0, 1}. Now it is easy to see that this
expression is equal tosλ(x/− y) applying (4.52). 2

We can now give a direct proof of the determinantal formula.

Theorem 4.21 Letλ ∈ Hm,n andk be the(m,n)-index ofλ. Then

E(x, y)

D(x)D(y)
det

( 1
x−y Xλ

Yλ 0

)
= ±sλ(x/− y), (4.54)

where the (rectangular) blocks of the determinant are givenby

1

x− y
=

(
1

xi − yj

)

1≤i≤m, 1≤j≤n

,

Xλ =
(
x
λj+m−n−j
i

)
1≤i≤m,

1≤j≤k−1

, Yλ =
(
y
λ′

i+n−m−i
j

)
1≤i≤n−m+k−1,

1≤j≤n

.

Proof. Suppose|x′| = k − 1 ≡ p and|y′| = n −m + k − 1 ≡ q. We will indicate
the indices of the elements ofx′ by it (t = 1, . . . , p) and those ofy′ by jt (t =
1, . . . , q). The determinant in (4.54) has a double Laplace expansion,with partitions
α = (λ1, . . . , λp) − (qp) andβ = (λ′1, . . . , λ

′
q) − (pq) determined byXλ andYλ, so

the left hand side of (4.54) equals :

E(x, y)

D(x)D(y)

∑

x=x′+x′′

∑

y=y′+y′′

(−1)PD(x′)D(y′)sα(x′)sβ(y
′) det

(
1

x′′ − y′′

)
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( with P =
p(p+ 1)

2
+
q(q + 1)

2
+

p∑

t=1

it +

q∑

t=1

jt)

=
E(x, y)

D(x)D(y)

∑

x′+x′′

∑

y′+y′′

(−1)PD(x′)D(y′)sα(x′)sβ(y
′)D(x′′)D(y′′)/E(x′′, y′′)

=
∑

x′+x′′

∑

y′+y′′

sα(x′)sβ(y
′)
E(x, y′)E(x′, y′′)

E(x′, x′′)E(y′, y′′)

=
∑

y′+y′′

( ∑

x′+x′′

sα(x′)E(x′, y′′)

E(x′, x′′)

)
sβ(y

′)(−1)mqE(y′, x)

E(y′, y′′)
.

Now we can apply the Berele-Regev formula (2.8) twice. Puttingη = α+ ((m− k +
1)p) andχ = β + (mq) = (λ′1, . . . , λ

′
q) + ((m− k + 1)q), there comes

±
∑

y′+y′′

( ∑

x′+x′′

sη(x
′/− y′′)

E(x′, x′′)

)
sχ(y′/− x)

E(y′, y′′)

= ±
∑

y′+y′′

( ∑

x′+x′′

sη(x
′/− y′′)

E(x′, x′′)

)
sχ(−y′/x)

E(y′, y′′)
.

Finally, we use Lemma 4.20, and duality (2.11); the last expression becomes :

±
∑

y′+y′′

sα(x/−y′′)sχ(−y′/x)
1

E(y′, y′′)
= ±(−1)|α|

∑

y′+y′′

sα′(−y′′/x)sχ(−y′/x)

E(y′, y′′)
.

As α′ = (λ′q+1, λ
′
q+2, . . .) andχ = (λ′1, . . . , λ

′
q) + ((m − k + 1)q), this is equal to

±sλ′(−y/x) = ±sλ(x/− y), using once more Lemma 4.20 and duality. 2

Thus, the proof uses essentially a double Laplace expansion, twice the application
of the Berele-Regev formula, and twice Lemma 4.20. Finally,observe that the sign in
Theorem 4.21 depends on the partitionλ, to be precise it is equal to

(−1)
Pn−m+k−1

i=1 λ′

i+
m(m−1)

2 +
n(n−1)

2 −
k(k−1)

2 −1.

To end this chapter, we will summarise the main results. We gave a determinantal
formula for the supersymmetric Schur polynomials indexed by a partitionλ:

sλ(x/y) = ±D−1 det




(
1

xi+yj

) (
x
λj+m−n−j
i

)
(
y
λ′

i+n−m−i
j

)
0


 .
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The equivalence between the determinant and the supersymmetric Schur functions is
proved in three different ways. The first proof is a representation theoretic proof (Sec-
tion 4.3), followed by a proof by means of the four characterizing properties given by
Macdonald (Section 4.4). A more straightforward proof, using a double Laplace ex-
pansion and a special case of the formula of Sergeev-Pragacz, is given in Section 4.5.





Chapter 5

Determinantal formula for
composite supersymmetric

Schur functions

It was already known that the characters of covariant and contravariant repre-
sentations correspond to supersymmetric Schur functions.In this chapter we
intend to show that there is still another family of atypicalrepresentations for
which the character is given by a composite S-function. Based upon the def-
inition of critical representations, the notion of “critical composite partition”
is introduced. It is shown that for critical composite partitions (subject to a
technical restriction) the correspondinggl(m|n) representationVΛ is tame, so
its character formula can be computed. This expression gives rise to a deter-
minantal formula forch(VΛ). Analogous to the previous chapter, the main
goal of this formula is to link this determinantal formula tocomposite super-
symmetric S-functions. This last equality however is conjectured. We give the
outlines of a proof and point out the difficulties we encountered. Essentially,
the proof of the conjecture reduces to an identity for composite supersymmet-
ric Schur functions.

5.1 Introduction

This chapter is presenting some new results for irreduciblerepresentations of the Lie
superalgebragl(m|n). For a subclass of these irreducible representations, known as
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“typical” representations, Kac derived a character formula closely analogous to the
Weyl character formula for irreducible representations ofsimple Lie algebras [32].
The problem of obtaining a character formula for the remaining “atypical” irreducible
representations has been the subject of intensive investigation, both in the mathemat-
ics and physics literature. In the early days of Lie superalgebra representation theory,
the notion of graded tensors was introduced [22], and it was believed [4, 5] that the
standard methods of covariant, contravariant and mixed tensor representations with
the corresponding Young techniques yield the characters ofgl(m|n) irreducible rep-
resentations in terms of supersymmetric S-functions. Although this is certainly true
for the covariant and contravariant tensor representations [22, 10], it is not so for the
mixed tensor representations, as already observed in [38, 57]. The problem is well
described and analysed in [70], where furthermore a character formula for atypical
gl(m|n) irreducible representations is conjectured. Since then, some partial solutions
to this problem were given, e.g. for so-called generic representations [53], for singly
atypical representations [12, 71, 68], or for tame representations [34]. More recently,
the character problem forgl(m|n) was solved in principle by Serganova [60], who gave
an algorithm to compute composition factor multiplicitiesof so-called Kac-modules,
and thus indirectly the character. In [73], a substantiallysimpler method was conjec-
tured to compute these composition factor multiplicities;this conjecture was proved
by Brundan [13]. Still, the method using composition factormultiplicities of Kac-
modules remains a rather indirect way of computing characters. Recently, there was
a further breakthrough for this problem. Building on the work of Brundan, Yucai Su
and Zhang [66] managed to compute the generalized Kazhdan-Lusztig polynomials of
gl(m|n) irreducible representations, leading to a relatively explicit character formula
for all these irreducible representations, and thus proving that the character formula
conjectured in [70] holds.

From a computational and practical point of view, it is useful to identify characters
with supersymmetric S-functions, since it is easy to work with S-functions, for which
many properties are known (see Chapter 2). As just mentioned, this identification
holds for covariant and contravariant irreducible representations [22, 10], where the
corresponding S-function is labeled by a single partitionλ, but fails for mixed tensor
irreducible representations, where the corresponding S-function is labeled by a com-
posite partition̄ν;µ. In the present chapter, we intend to show that there is stillanother
family of atypical representations for which the characteris given by a (composite)
S-function, namely the so-called criticalgl(m|n) representations.
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5.2 Normally, critically and quasicritically related roots

Let Λ ∈ h∗ be a highest weight and̄ν;µ the corresponding composite partition as
defined in§ 3.6; we will denote this correspondence byΛ = Λν̄;µ. With the notation
of [26], we distinguish betweennormally, critically and quasicriticallyrelated roots
of the (Λ + ρ)-isotropic set. Consider the set of odd roots{γ1, . . . , γa} with γs =
βis,js such that(Λν̄;µ + ρ, βis,js) = 0 wherej1 < j2 < · · · < ja. Notice that
a =atyp(Λν̄;µ+ρ). If we put all the numbers(Λν̄;µ+ρ, βis,js) in the atypicality matrix
A(Λν̄;µ) (see§ 3.8), then it should be noticed that theγ1, . . . , γa are ordered from
the bottom left-hand corner to the top right-hand corner of this matrix. Letxpq with
1 ≤ p < q ≤ a be the entry inA(Λν̄;µ) at the intersection of the column containing the
γp zero with the row containing theγq zero andxqp the entry at the intersection of the
row containing theγp zero and the column containing theγq zero. As shown in [26],
xpq = −xqp and thereforeA(Λν̄;µ) has the following form:

A(Λν̄;µ) =




...
...

...
...

. . . x1a . . . x2a . . . . . . 0 . . .
...

...
...

...
. . . . . . . . . . . . . . .

...
...

...
...

. . . x13 . . . x23 . . . 0 . . . −x3a . . .
...

...
...

...
. . . x12 . . . 0 . . . −x23 . . . −x2a . . .

...
...

...
...

. . . 0 . . . −x12 . . . −x13 . . . −x1a . . .
...

...
...

...




(5.1)

Let hpq be the hook length between the zeros corresponding toγp andγq, i.e. the
number of steps needed to go from theγp zero ofA(Λν̄;µ) viaxpq to theγq zero, where
the zeros themselves are included in the count.

In Figure 5.1 the atypicality matrix is given for̄ν;µ = (4̄, 6̄, 6̄, 6̄); (3, 3, 2, 2) in
gl(5|7). The weightΛ is threefold atypical withγ1 = β51, γ2 = β32 andγ3 = β14.
The hook lengths areh12 = 4, h13 = 8 andh23 = 5.
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5

_

10974 8

3210237
___

4321126
____

6543104
_____

7654213
_____

0
_______

Figure 5.1: ν̄; µ = (4̄, 6̄, 6̄, 6̄); (3, 3, 2, 2) and the atypicality matrix ofΛν̄;µ in gl(5|7).

Definition 5.1 LetΛ be a highest weight ofgl(m|n) with atyp(Λ+ρ) = a and atypical
roots {γ1, . . . , γa}. Then for every1 ≤ p < q ≤ a: γp and γq are NORMALLY

RELATED if and only ifxpq + 1 > hpq; γp andγq are QUASICRITICALLY RELATED

if and only if xpq + 1 = hpq; γp and γq are CRITICALLY RELATED if and only if
xpq + 1 < hpq.

In Figure 5.1,x12 +1 = 5, x13 +1 = 8 andx23 +1 = 4. Thus,γ1 andγ2 are normally
related,γ1 andγ3 are quasicritically related andγ2 andγ3 are critically related.

If each pair(γi, γi+1) (i = 1, 2, . . . , a − 1) is critically related, then all elements
of {γ1, . . . , γa} are critically related. Then the composite partitionν̄;µ, the highest
weight Λν̄;µ and the representationVΛν̄;µ

≡ Vν̄;µ are calledcritical. This coincides
with the notion oftotally connected, as described in [73, 66]. There is a simple combi-
natorial way to check criticality:

Proposition 5.2 Supposēν;µ is standard ingl(m|n) with atyp(Λν̄;µ + ρ) = a. Let
γs = βis,js so that(Λν̄;µ + ρ, γs) = 0 (s = 1, . . . , a) and

M = {µi1 +m− i1, µi1−1 +m− i1 + 1, . . . , µia +m− ia},
N = {ν′j1 + n− j1, ν′j1−1 + n− j1 + 1, . . . , ν′ja + n− ja}.

Then the composite partition̄ν;µ is critical for gl(m|n) if and only if

M∪N = {µi1 +m− i1, µi1 +m− i1 + 1, . . . , µi1 +m− ia + ja − j1 − a+ 1},

= {µi1 +m− i1, µi1 +m− i1 + 1, . . . , µi1 +m− i1 + h1a − a},

i.e. if and only ifM∪N is a set of consecutive integers.
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Proof. SupposeM∪N 6= {µi1 +m− i1, µi1 +m− i1 + 1, . . . , µi1 +m− ia + ja−
j1 − a+ 1}. This means that at least one integer is missing betweenµi1 +m− i1 and
µia +m− ia. So, there exists ap such that

xp,(p+1) > ip − ip+1 + jp+1 − jp − 1 = hp,(p+1) − 2⇔ xp,(p+1) + 1 ≥ hp,(p+1),

a contradiction. Conversely, supposeM∪N is a set of consecutive numbers. Define,
with p < q, the setsM(pq) andN (pq) as:

M(pq) = {µip +m− ip, µip−1 +m− ip + 1, . . . , µiq +m− iq},
N (pq) = {ν′jp + n− jp, ν′jp−1 + n− jp + 1, . . . , ν′jq + n− jq}.

The setM(pq) ∪N (pq) = {µip +m− ip, µip +m− ip + 1, . . . , µiq +m− iq + jq −
jp − q + p} is also a set of consecutive numbers. This implies that

µiq +m− iq = µip +m− iq + jq − jp − q + p⇔ µiq − µip = jq − jp − q + p

for everyp < q. So, withhpq = jq − jp − iq + ip + 1,

xpq + 1 = µiq +m− iq − (ν′jp + n− jp) + 1

= µiq +m− iq − (µip +m− ip) + 1
= hpq + p− q < hpq,

meaning thatγp andγq are critically related for everyp, q (p < q). 2

This property is illustrated forgl(5|7) in Figure 5.2 of a critical composite parti-
tion. Note how the Young diagrams, together with the(m×n)-rectangle, determine the
numbers attached to these diagrams; how the differences of these numbers determine
the entries in the(m × n)-rectangle and hence also the zeros; and how criticality can
be read off from these numbers.

It is easy to verify that covariant or contravariant representations are always critical.
The class of critical representations is however much larger. To understand this, let us
concentrate again on the above example. In particular, consider µ = (3, 3, 2, 2) fixed
in gl(5|7), and let us determine all possibleν 6= 0 such thatν̄;µ is critical. Using
Proposition 5.2, one finds, listed according to the length ofν′:

• if ℓ(ν′) = 1, all ν̄;µ are critical;

• if ℓ(ν′) = 2, all ν̄;µ are critical as long asν′2 6∈ {1, 2};

• if ℓ(ν′) = 3, all ν̄;µ are critical as long asν′3 6∈ {2, 3}.
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10

7

5

3

2

1

0

0

3

4

6

7–3024567

–4–113456

–6–3–11234

–7–4–20123

–10–7–5–3–2–10

ν̄;µ = (1̄, 1̄, 2̄, 3̄); (3, 3, 2, 2)

(γ1, γ2, γ3) = (β5,1, β4,4, β1,6)
M = {0, 3, 4, 6, 7}
N = {0, 1, 2, 3, 5, 7}

M∪N = {0, 1, 2, 3, 4, 5, 6, 7}

x12 = 3, h12 = 5
x13 = 7, h13 = 10
x23 = 4, h23 = 6

Figure 5.2: Illustration of Proposition 5.2

One can continue with this description forℓ(ν′) ≥ 4, but it becomes slightly more
intricate (some of the representations are no longer multiply atypical, and thus also
not critical). In any case, this illustrates that for givenm, n andµ, one can describe
the corresponding critical representationsν̄;µ using Proposition 5.2, and that the class
of critical representations is indeed much larger than justthe covariant representations
(those withν = 0) and the contravariant representations (those withµ = 0). In general,
it illustrates that̄ν;µ is critical if the size ofµ andν is sufficiently small compared to
m andn.

In §1.1.3 we introduced composite partitions together with thevisualization by
means of juxtaposition. Letm andn be fixed. There is also another way to visualize
ν̄;µ by putting them together in a(m×n)-rectangle. The partitionµ is now composed
of boxes arranged in left-adjusted rows of lengthsµ1, µ2, . . . starting at the top left-
hand corner of this rectangle, and the partitionν of boxes arranged in right-adjusted
rows of lengthsν1, ν2, . . . starting at the bottom right-hand corner of the rectangle. For
ν̄;µ = (1, 1, 2, 5, 5, 9); (5, 4, 4, 1) and(m|n) = (5|7) this is illustrated in (5.2)(b). Ob-
serve that in this second visualization, there can be overlap between the two diagrams.

(a) (b)

(5.2)
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5.3 Some examples

In this section, we shall give some examples of composite partitions, their Young dia-
grams (both in the(m×n)-cross and in the(m×n)-rectangle), their atypicality matrix,
and some related composite partitions. To do so, we will use the notions given in§3.6
and the definition ofσ:

σ =

m∑

i=1

ǫi −
n∑

j=1

δj , (3.23)

or in coordinatesσ = (1, 1, . . . , 1; −1,−1, . . . ,−1).

Let us takegl(m|n) = gl(5|7), and consider as first example the composite parti-
tion

ν̄;µ = (3, 3, 4, 6, 7); (5, 5, 5, 4, 2, 1, 1, 1). (5.3)

The Young diagram of̄ν;µ – in its proper corner position in the(m × n)-cross – is
given in Figure 5.3(a). So in this case,(I, J,K,L) = (0, 5, 2, 5), and hence we find

n

m

(a)

–11–10–6–4–3–13

–9–8–4–2–115

–6–5–11248

–4–3134610

–3–2245711

n

m

(b)

Figure 5.3: Young diagram of a composite partition̄ν; µ in (a) the(m × n)-cross and (b) the
(m × n)-rectangle, together with its atypicality matrix. Here,µ = (5, 5, 5, 4, 2, 1, 1, 1) and
ν = (7, 6, 4, 3, 3).

from (3.27) that the corresponding weightΛ = Λν̄;µ is given by

Λ = (4, 4, 3, 1, 0; 3, 0,−1,−1,−2,−5,−5). (5.4)
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The Young diagram of̄ν;µ is also given in Figure 5.3(b), where it is represented in the
(m× n)-rectangle. Notice that in this case, there is overlap between the two diagrams
(that ofµ given in black and that of̄ν given in gray). Furthermore, in the last figure
we also give the atypicality matrixA(Λ), in the appropriate positions of the(m × n)-
rectangle. Notice that there are no zeros in this matrix, soΛ is typical.

We can now consider the closely related weight

Λ̃ = Λ + σ = (5, 5, 4, 2, 1; 2,−1,−2,−2,−3,−6,−6). (5.5)

Using (3.27), it is easy to work out the composite partition corresponding tõΛ. One
finds

ν̃; µ̃ = (2, 2, 2, 3, 5, 6); (5, 5, 4, 2, 1, 1, 1), (5.6)

with (I, J,K,L) = (5, 1, 6, 0). Now we can consider the Young diagram ofν̃; µ̃, once
in its corner position in the(m × n)-cross – given here in Figure 5.4(a); and once
represented in the(m × n)-rectangle – given in Figure 5.4(b). Also the atypicality

n

m

(a)

–11–10–6–4–3–13

–9–8–4–2–115

–6–5–11248

–4–3134610

–3–2245711

n

m

(b)

Figure 5.4: Young diagram of a composite partition̄ν; µ in (a) the(m × n)-cross and (b)
the (m × n)-rectangle, together with its atypicality matrix. Here,µ = (5, 5, 4, 2, 1, 1, 1) and
ν = (6, 5, 3, 2, 2, 2).

matrix is once again given, and obviouslyA(Λ) = A(Λ̃), since(σ, βij) = 0 for all odd
rootsβij . Notice that in the(m×n)-rectangle (Figure 5.4(b)), the Young diagrams ofµ̃

andν̃ have no overlap and just “touch” each other along their boundaries. All positive
entries in the atypicality matrix are inside the diagram ofµ̃, whereas all negative entries
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ofA(Λ̃) are insidẽν. This is no coincidence. One can show that this is a general feature
of typical weights. More explicitly, let̄ν;µ be a composite partition with corresponding
weightΛ = Λν̄;µ and supposeΛ is typical. Then there is a unique integerj such that
Λ̃ = Λ + jσ, for which the corresponding composite partition isν̃; µ̃, satisfies the
following properties:

• the Young diagrams of̃µ andν̃ have no overlap (no intersection) in the(m×n)-
rectangle;

• each box in the(m × n)-rectangle is either part of the Young diagram ofµ̃ or
else of the Young diagram of̃ν;

• all positive entries in the atypicality matrix are inside the Young diagram of̃µ,
and all negative entries are inside the Young diagram ofν̃.

As a second example ingl(5|7), let us take the composite partition

ν̄;µ = (2, 2, 3, 6, 7); (4, 3, 3, 1, 1). (5.7)

The Young diagram of̄ν;µ , properly situated in the(m × n)-cross, is given in Fig-
ure 5.5(a). Note that(I, J,K,L) = (5, 0, 7, 0), and we find from (3.27) that the corre-

n

m

(a)

0

–9–8–5–3–2–11

–6–5–20124

–5–4–11235

–3–213457

–10–9–6–4–3–2

n

m

(b)

Figure 5.5: Young diagram of a composite partition̄ν; µ in (a) the(m × n)-cross and (b)
the (m × n)-rectangle, together with its atypicality matrix. Here,µ = (4, 3, 3, 1, 1) andν =
(7, 6, 3, 2, 2).

sponding weightΛ = Λν̄;µ is given by

Λ = (4, 3, 3, 1, 1; −1,−2,−2,−2,−3,−5,−5). (5.8)
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The Young diagram of̄ν;µ is also given in Figure 5.5(b), represented in the(m× n)-
rectangle. Notice the overlap between the two diagrams. As for the previous example,
we also give the atypicality matrixA(Λ), in the appropriate positions of the(m ×
n)-rectangle in Figure 5.5(b). Notice that there are two zerosin this matrix, soΛ is
atypical. By the entry “4” in the hook connecting the two zeros (in the terminology of
Definition 5.1,x12 = 4 andh12 = 6), it follows thatΛ is critical.

Let us consider the closely related weight

Λ̃ = Λ− σ = (3, 2, 2, 0, 0; 0,−1,−1,−1,−2,−4,−4). (5.9)

Using (3.27), the composite partition corresponding toΛ̃ is

ν̃; µ̃ = (2, 2, 3, 6); (3, 2, 2), (5.10)

with again(I, J,K,L) = (5, 0, 7, 0). The Young diagram of̃ν; µ̃, properly positioned
in the (m × n)-cross, is given in Figure 5.6(a); and in Figure 5.6(b) it is once again
given but now positioned in the(m × n)-rectangle, together with the atypicality ma-
trix (againA(Λ) = A(Λ̃)). Notice that in the(m × n)-rectangle (Figure 5.6(b)), the

n

m

(a)

57

–10–9–6–4–3–20

–9–8–5–3–2–11

–6–5–20124

–5–4–11235

–3–2134

n

m

(b)

Figure 5.6: Young diagram of a composite partition̄ν; µ in (a) the(m × n)-cross and (b) the
(m×n)-rectangle, together with its atypicality matrix. Here,µ = (3, 2, 2) andν = (6, 3, 2, 2).

Young diagrams of̃µ andν̃ have no overlap, and the zeros of the atypicality matrix are
positioned in the “gap” between the two diagrams. This is a general property of critical
atypical weights. More explicitly, let̄ν;µ be a composite partition with corresponding
weightΛ = Λν̄;µ and supposeΛ is atypical and critical. Then there is a unique integer
j such that̃Λ = Λ + jσ, for which the corresponding composite partitionν̃; µ̃ satisfies
the following properties
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• the Young diagrams of̃µ andν̃, positioned in the(m×n)-rectangle, do not cover
the complete rectangle but leave a connected “gap”;

• all the zeros of the atypicality matrix appear in this connected gap.

It is possible that the Young diagrams ofµ̃ and ν̃ overlap in the(m × n)-rectangle,
but there will be no zeros in that area. In what follows, the composite partition̄ν;µ is
assumed to be critical with no zeros in the overlap.

5.4 A character formula for a special class of composite
partitions

We shall construct a formula forch(Λν̄;µ) where ν̄;µ is standard, critical and such
that ν̄;µ do not overlap if represented in a(m × n)-rectangle (see (5.2)(b)). In what
follows, we will only consider such composite partitionsν̄;µ. Let Λν̄;µ be the highest
weight corresponding tōν;µ. We can generalize the definition of the(m,n)-index of
an ordinary partitionλ (cf. [47]) to composite partitions̄ν;µ in gl(m|n):

Definition 5.3 For ν̄;µ a standard composite partition, the(m,n)-index ofν̄;µ is the
number

k = min

({
i ∈ {1, . . . ,m}|∃j ∈ {1, . . . , n} :

µi +
〈
µ′
n−j+1 −m

〉
+ (m− i) = ν′j + 〈νm−i+1 − n〉+ (n− j)

}
∪ {m+ 1}

)

(5.11)

where〈a〉 = max(0, a). In what follows,k will always denote this number. In the
special case whereν = 0, this definition coincides with the one given in (4.14). Since,
if ν = 0 we have that

µi +
〈
µ′
n−j+1 −m

〉
+ (m− i) = n− j

m

µi + (m− i)− n+ 1 = −j −
〈
µ′
n−j+1 −m

〉
+ 1 ≤ 0

m

µi +m− i+ 1 ≤ n

When the representation is typicalk will be equal tom + 1; otherwisek corre-
sponds to the smallest row number in the atypicality matrix in which there occurs a
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zero. Thus in the following we shall assume thatk ≤ m.

Recall that∆+ corresponds to the distinguished choice, andΠ is the distinguished
set of simple roots (3.10). The highest weight ofVν̄;µ is given byΛν̄;µ. With respect to
another set of simple rootsΠ′ (with the correspondingρ′), Vν̄;µ has a different highest
weightΛ′. We shall follow the technique of simple odd reflections, described in§4.2.
DenoteΛ(1) = Λν̄;µ, ρ(1) = ρ andΠ(1) = Π. Now we perform a sequence of simple
oddα(i)-reflections [47]; each of these reflections preserve∆0,+ but may changeΛ(i)+
ρ(i) andΠ(i). Denote the sequence of reflections by:

Λ(1) + ρ(1), Π(1) α(1)

−→ Λ(2) + ρ(2), Π(2) α(2)

−→ · · ·
α(f)

−→ Λ′ + ρ′, Π′

(5.12)
where, at each stage,α(i) is an odd root fromΠ(i). For givenν̄;µ, consider the follow-
ing sequence of odd roots (with positions on rowm, rowm− 1, . . ., row k):

rowm : βm,1, βm,2, . . . , βm,min{n,µk−k+m}

rowm− 1 : βm−1,1, βm−1,2, . . . , βm−1,min{n,µk−k+m−1}

...
...

row k : βk,1, βk,2, . . . , βk,µk

(5.13)

in this particular order (i.e. starting withβm,1 and ending withβk,µk
). Then we have:

Lemma 5.4 Let ν̄;µ be standard and critical ingl(m|n) and supposeν andµ do not
overlap in the(m × n)-rectangle. Then the sequence (5.13) is a proper sequence of
simple odd reflections forΛν̄;µ, i.e.α(i) is a simple odd root fromΠ(i). At the end of
the sequence, one finds:

Π′ = {ǫ1 − ǫ2, . . . , ǫk−2 − ǫk−1, ǫk−1 − δ1, δ1 − δ2, δ2 − δ3, . . . , δµk−1 − δµk
,

δµk
− ǫk, ǫk − δµk+1, δµk+1 − ǫk+1, ǫk+1 − δµk+2, . . . , δµk+m−k − ǫm,

ǫm − δµk+m+1−k, δµk+m+1−k − δµk+m+2−k, . . . , δn−1 − δn}.
(5.14)

Furthermore,

Λ′ + ρ′ = Λλ + ρ+

k+a−1∑

i=k+1

µk−k+i∑

j=µi+1

βi,j +

m∑

i=k+a

max{0,n−νm−i+1}∑

j=µi+1

βi,j . (5.15)
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Proof. This proof is similar to the proof of Lemma 4.3 (see also [47]). But observe
that in the first stage (i.e. the reflections with respect to odd roots of rowm), µk −
k + m < n is not necessarily true. So the sequence of odd reflections will end either
with βm,µk−k+m or with βm,n. In the first case,Π(µk−k+m+1) has three odd roots; in
the second case,Π(n+1) contains only two odd roots. However, in both cases the set
is ready to continue the reflections with respect to the elements of rowm − 1, since
βm−1,1 belongs toΠ(λk−k+m+1) as well as toΠ(n+1). Continuing with the other
stages of (5.13) leads to (5.14). Remark that this sequence of simple odd reflections
can always be performed, independent of whetherν̄;µ is critical or not.

Criticality does, however, play an important role in (5.15), since the changes of the
atypicality matrix at each step of the sequence are governedby

Λ(i+1) + ρ(i+1) = Λ(i) + ρ(i) if (Λ(i) + ρ(i), α(i)) 6= 0,

Λ(i+1) + ρ(i+1) = Λ(i) + ρ(i) + α(i) if (Λ(i) + ρ(i), α(i)) = 0. (5.16)

Suppose that in the original situation the first zero is in thelast row, soγ1 = βm,µm+1.
This assumption does not harm the generality, asΛν̄;µ+ρwill not change anyway until
the first zero is reached in the atypicality matrix, according to (5.16). Examining the
sequence of odd reflections explicitly for the elements of row m yields

Λ(min{n,µk−k+m}+1) + ρ(min{n,µk−k+m}+1) = Λν̄;µ + ρ+

min{n−ν1,µk−k+m}∑

j=µm+1

βm,j .

(5.17)
More generally, we have thatµk − k + i ≤ n − νm−i+1 if k + 1 ≤ i ≤ k + a − 1,
andµk − k + i > n − νm−i+1 if k + a ≤ i ≤ m. This explains the two different
contributions in (5.15). To see that criticality is necessary, consider two consecutive
rootsγp andγp+1. For simplicity, consider againγ1 andγ2 with γ1 on rowm. If γ1

andγ2 are critically related, then there appears a zero on rowm− 1 of the atypicality
matrix after finishing the first stage, and one can continue until there appears an extra
zero in the row ofγ2. If they are not critically related, then no extra zero can beobtained
in this row. To follow the argument, this is illustrated in the following examples, where
the atypicality matrix is given in the initial situation, after finishing the first stage, and
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after finishing the second (and in this case final) stage:

Critically related roots:

–4–3–10

–2–112

034 1

−→
–1 –201

–2–101

0123

−→
–2–2–11

013

0013

0

Non critically related roots:

–5–3–10

–3–112

0245

−→
–3–11

–3–101

0234

0
−→

–3–2–11

–1013

0124

Thus, if ν̄;µ is critical, there is at least one zero at rowm − 1 after the first stage.
This zero corresponds toβm−1,µm−1+1. At the second stage, the elements of row
m− 1 play the same role as the elements of rowm in the first stage, and one continues
the process. Schematically, the zeros in the atypicality matrix move up along those
positions corresponding to boxes that are not covered by theYoung diagramsF (µ)
andF (ν). Continuing with the remaining stages leads to (5.15). 2

Corollary 5.5 The critical representationVν̄;µ is tame.

Proof. Having performed the simple odd reflections (5.13), one can compute the atyp-
icality matrix forΛ′ + ρ′ using (5.15). This gives:

(Λ′ + ρ′, βij) = 0 for all (i, j) with k ≤ i ≤ k+ a− 1, µk +1 ≤ j ≤ µk + a. (5.18)

Therefore the set

SΛ′ = {ǫk − δµk+1, ǫk+1 − δµk+2, . . . , ǫk+a−1 − δµk+a} (5.19)

is a (Λ′ + ρ′)-maximal isotropic subset. Furthermore,SΛ′ ⊂ Π′, see (5.14). This
implies thatVν̄;µ is tame [47]. Ifν̄;µ is not critical, (5.18) does not hold, as explained
in the proof of Lemma 5.4. 2

Let us illustrate some of these notions forν̄;µ = (3̄, 3̄); (9, 5, 3, 3, 2, 2, 1) in gl(5|7):
In (5.7)(a), the atypicality matrix associated withν̄;µ is given. In (5.7(b)) the positions
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k

–6–5–4–1024

–4–3–21246

–3–2–12357

01256810

56710111315

(a)

k

x
xxxxxxx
xxxxxx
ixxxxxx

ixxxxx

(b)

* *
*

i***
ik

(c)

Figure 5.7: Some of the notion illustrated for̄ν; µ = (3̄, 3̄); (9, 5, 3, 3, 2, 2, 1) in gl(5|7).

marked with “i” refer to the(Λ′ + ρ′)-maximal isotropic set (5.19). For convenience,
let us refer to these positions as “the isotropic diagonal.”The positions of the odd roots
that have been used for the sequence of reflections to go fromΛν̄;µ andΠ to Λ′ and
Π′ are marked by “x” in (5.7(b)). So, they are simply all positions to the left of the
isotropic diagonal. Finally, (5.7(c)) shows the positionsof thoseβij that appear on the
right hand side of (5.15); they are marked by “*”. These are all positions to the left of
the isotropic diagonal that are not insideF (ν̄;µ). One can see from this example and
others that the(m,n)-indexk determines all other necessary ingredients.

5.5 A determinantal formula for ch(Vν̄;µ)

Let ν̄;µ be a standard and critical composite partition without overlap in the(m× n)-
rectangle. As theg-moduleVν̄;µ is tame, a character formula is known due to Kac and
Wakimoto [34] (see also§ 4.2). It reads, in terms ofΛ′:

chVν̄;µ = j−1
Λ′ e

−ρ′R′−1
∑

w∈W

ε(w)w
(
eΛ

′+ρ′
∏

β∈SΛ′

(1 + e−β)−1
)
, (5.20)

where
R′ =

∏

α∈∆0,+

(1− e−α)
/ ∏

α∈∆′

1,+

(1 + e−α) (5.21)

andjΛ′ is a normalization coefficient to make sure that the coefficient of eΛ
′

on the
right hand side of (5.20) is 1. By definition ofρ andR

e−ρ
′

R′−1 = e−ρR−1 = D−1
m∏

i=1

x
(m−n−1)/2
i

n∏

j=1

y
(n−m−1)/2
j
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with D given in (5.23). As usual in this context we put

xi = eǫi , yj = eδj (1 ≤ i ≤ m, 1 ≤ j ≤ n). (5.22)

Now we have
chVν̄;µ = j−1

Λ′

ν̄;µ
D−1

∑

w∈W

ε(w)w(tν̄;µ),

with

D =

∏
1≤i<j≤m(xi − xj)

∏
1≤i<j≤n(yi − yj)∏m

i=1

∏n
j=1(xi + yj)

(5.23)

and, using (5.15) and (5.19),

tν̄;µ =
k−1∏

i=1

xµi+m−i−n
i

l−1∏

j=1

y
µ′

j+n−j−m

j

k+a−1∏

i=k

yri−k+l
xri (xi + yi−k+l)

×
n∏

i=k+a

x
m−i−νm−i+1

i

n∏

j=l+a

y
n−j−ν′

n−j+1

j (5.24)

wherel = µk + 1 andr = n −m+ k − l andjΛ′

ν̄;µ
= a! (due to symmetry there are

a! elements ofSm × Sn that leavetν̄;µ invariant).
This expression can be written in a nicer form:

Theorem 5.6 Let tν̄;µ be given by (5.24) andr = n−m+ k − µk − 1. Then

1

a!

∑

w∈Sm×Sn

ε(w)w(tν̄;µ) = (−1)(m−a)(l−1)+n(m−a−k+1) det(C), (5.25)

whereC is the following square matrix of ordern+m− a:

C =




0 Yµ′ 0
Xµ R(r) Xν

0 Yν′ 0


 with R(r) =

(
yrj

xri (xi + yj)

)

1≤i≤m, 1≤j≤n

(5.26)
and with

Xµ =
(
x
µj+m−n−j
i

)
1≤i≤m,

1≤j≤k−1

, Xν =
(
x
m−j−νm−j+1

i

)
1≤i≤m,
k+a≤j≤m

,

Yµ′ =
(
y
µ′

i+n−m−i
j

)
1≤i≤l−1,
1≤j≤n

, Yν′ =
(
y
n−i−ν′

n−i+1

j

)
l+a≤i≤n,
1≤j≤n

.
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Proof. The proof is similar to that of Lemma 4.5 (see also [47, Lemma 3.1]). Apply
Laplace’s theorem for the expansion ofdet(C) with respect to columns1, 2, . . . , k −
1, k + n, k + n+ 1, . . . , n+m− a. Keeping track of the zero blocks, one finds

det(C) = (−1)P
∑

1≤i1<···<im−a≤m

(−1)i1+···+im−a+(m−a)(l−1) det(Cx) det(Cy),

(5.27)
whereP = (m−a)(m−a+1)

2 , Cx is the(m − a) × (m − a)-matrix consisting of rows
i1, i2, . . . , im−a of the matrix

(
Xµ Xν

)
, andCy is then× n-matrix




Yµ′

R̃(r)

Yν′


 ,

whereR̃(r) is obtained by removing rowsi1, i2, . . . , im−a in R(r). The number of
terms on the rhs of (5.27) is

(
m

m−a

)
(m − a)!n! = m!n!/a!; due to symmetry con-

siderations this is the same as the number of distinct terms on the lhs of (5.25). For
(i1, . . . , im−a) = (1, . . . , k−1, k+n, ..., n+m−a), and the diagonal term indetCx
anddetCy, the contribution on the rhs of (5.27) is now easily seen to be

(−1)(m−a)(l−1)+n(m−a−k+1)tν̄;µ.

But by definition of the determinant, every term on the rhs of (5.27) is (up to the overall
sign factor(−1)(m−a)(l−1)) of the formε(w)w(tν̄;µ) with w ∈ Sm × Sn. Conversely,
every term of the formε(w)w(tν̄;µ) appears as a term on the rhs of (5.27). It follows
that (5.25) holds. 2

With the same notation, one finds

Corollary 5.7 The character of a critical representation labeled by a standard com-
posite partitionν̄;µ (without zeros in the overlap) has the following determinantal
form:

chVν̄;µ = (−1)(m−a)(l−1)+n(m−a−k+1)D−1 det(C) (5.28)

withC defined in (5.26).
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As an example, letm = 4, n = 5 andν̄;µ = (1̄, 1̄, 4̄); (3, 1). One finds

–7–4–3–20

–6–3–2–11

–4–1013

–12346
k = 2
l = µk + 1 = 2
a = 2

⇒ r = n−m+ k − l = 1
⇒ n+m− a = 7

Thus, according to formula (5.26),

chV(1̄,1̄,4̄);(3,1) = D−1 detC,

with

C =




0 y2
1 y2

2 y2
3 y2

4 y2
5 0

x1
y1

x1(x1+y1)
y2

x1(x1+y2)
y3

x1(x1+y3)
y4

x1(x1+y4)
y5

x1(x1+y5)
x−4

1

x2
y1

x2(x2+y1)
y2

x2(x2+y2)
y3

x2(x2+y3)
y4

x2(x2+y4)
y5

x2(x2+y5)
x−4

2

x3
y1

x3(x3+y1)
y2

x3(x3+y2)
y3

x3(x3+y3)
y4

x3(x3+y4)
y5

x3(x3+y5)
x−4

3

x4
y1

x4(x4+y1)
y2

x4(x4+y2)
y3

x4(x4+y3)
y4

x4(x4+y4)
y5

x4(x4+y5)
x−4

4

0 y0
1 y0

2 y0
3 y0

4 y0
5 0

0 y−3
1 y−3

2 y−3
3 y−3

4 y−3
5 0




.

5.6 The character formula andsν̄;µ(x/y)

The determinantal formula is very explicit. The main goal ofthis determinantal formula
however is that it allows us to make the link with another explicit formula that is even
more useful, namely:

Conjecture 5.8 Let ν̄;µ be a standard and critical composite partition with no over-
lap. The characterchVν̄;µ is equal tosν̄;µ(x/y) as defined in (2.34).

The purpose of this section is to investigate whether the techniques of§ 4.5 can be
extended to the current case of critical composite partitions.

Recall that

D(x) =
∏

1≤i<j≤m

(xi − xj) and E(x, y) =
m∏

i=1

n∏

j=1

(xi − yj).
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Suppose|x| = m and|y| = n. From the definition ofD(x) andE(x, y) we derive, for
x = 1

x andy = 1
y , that:

D(x) = (−1)
m(m−1)

2 D(x)

(
m∏

i=1

x−m+1
i

)
, (5.29)

E(x, y) = (−1)mn

(
m∏

i=1

x−ni

)


n∏

j=1

y−mj


E(x, y), (5.30)

D(x)D(y)

E(x, y)
= (−1)P

(
m∏

i=1

xn−m+1
i

)


n∏

j=1

ym−n+1
j


 D(x)D(y)

E(x, y)
(5.31)

with P =
m(m− 1)

2
+
n(n− 1)

2
+mn

Lemma 5.9 Supposeν is a partition, then

sν(x) =
(−1)

m(m−1)
2

D(x)

∣∣x−νi+i−1
j

∣∣ =

∣∣∣x−νm−i+1+m−i
j

∣∣∣
D(x)

.

Proof. This formula is derived from the determinantal formula (1.10) for S-functions
[46], applying properties of determinants:

sν(x) = sν(x) =

∣∣xνi+m−i
j

∣∣
D(x)

= (−1)
m(m−1)

2

m∏

i=1

xm−1
i

∣∣x−νi−m+i
j

∣∣
D(x)

= (−1)
m(m−1)

2

∣∣x−νi+i−1
j

∣∣
D(x)

=

∣∣∣x−νm−i+1+m−i
j

∣∣∣
D(x)

.

2

If ν is an arbitraryt-tuple overZ andµ an arbitrarys-tuple overZ, we can still de-
finesν̄;µ(x|y) through formula (2.34). Note thatν+δt andµ+δs must be nonnegative
distinct integers forsν̄;µ(x|y) to be nonzero. We need the following generalization of
Lemma 2.6.

Lemma 5.10 Supposey = y(n) = (y1, . . . , yn). Letν be an arbitraryt-tuple overZ
andµ an arbitrarys-tuple overZ, then

sν̄;µ(x/y) =
∑

α,β

sβ;α(x/y(n−1))ya−bn , (5.32)
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wherea = |µ − α|, b = |ν − β|, and the sum is taken over allα and β such that
(ν − β)i ∈ {0, 1}.

Proof. (Compare with the proof of Lemma 4.19.) This follows from theprevious
lemma and the determinant (2.34) forsν̄;µ(x/y). If there are two identical columns in
this determinant, thensν̄;µ(x/y) ≡ 0. But then also in the right hand side of (5.32),
the terms will either vanish or else cancel each other two by two. If all columns in the
determinant are different, they can be permuted such thatsν̄;µ(x/y) = ±sφ;ψ(x/y)
whereφ andψ are partitions. Applying Lemma 2.6 and performing the inverse permu-
tation for the S-functions in the right hand side yields the result. 2

Lemma 5.11 For m = p + q, let ϕ = (ϕ1, . . . , ϕp) and σ = (σ1, . . . , σq) be two
partitions andλ = (ϕ1 + g − q, . . . , ϕp + g − q,−σq + h, . . . ,−σ1 + h). Suppose
g, h ∈ Z, then

∑

x′+x′′

(
∏
x′)g(

∏
x′′)hsϕ(x′)sσ(x

′′)

E(x′, x′′)
= sλ(x), (5.33)

where the sum is over all possible decompositionsx = x′+x′′ with the size ofx′ equal
to p and the size ofx′′ equal toq.

Proof. We can rewrite the left hand side of (5.33) using the determinantal formula (1.10)
for S-functions and the equality

D(x) = (−1)
p(p+1)

2 +r1+···+rpD(x′)D(x′′)E(x′, x′′), (5.34)

with the elements ofx′ denoted byxr1 , . . . , xrp
(r1 < · · · < rp) and those ofx′′ by

xs1 , . . . , xsq
(s1 < · · · < sq):

∑

x′+x′′

(
∏
x′)g(

∏
x′′)hsϕ(x′)sσ(x

′′)

E(x′, x′′)

=
∑

x′+x′′

(
∏
x′)g(

∏
x′′)h

E(x′, x′′)
·

∣∣∣∣
(
xri

ϕj+p−j
)
i=1...p
j=1...p

∣∣∣∣
D(x′)

·

∣∣∣∣
(
xsi

−σq−j+1+q−j
)
i=1...q
j=1...q

∣∣∣∣
D(x′′)

=
1

D(x)

∑

x′+x′′

(−1)P

∣∣∣∣∣
(
xri

(ϕj+g−q)+(p+q−j)
)
i=1...p
j=1...p

∣∣∣∣∣

×

∣∣∣∣∣
(
xsi

(−σm−j+1+h)+(m−j)
)

i=1...q
j=p+1...m

∣∣∣∣∣ .
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with P = p(p+1)
2 + r1 + · · ·+ rp. The numerator of this sum is the Laplace expansion

of the following determinant with respect to columns1, . . . , p:
∣∣∣x(ϕj+g−q)+(m−j)
i x

(−σm−j+1+h)+(m−j)
i

∣∣∣ =
∣∣xλ+δm

∣∣

with λ = (ϕ1 + g− q, . . . , ϕp+ g− q,−σq +h, . . . ,−σ1 +h) andδm = (m−1,m−
2, . . . , 0), so the result follows. 2

Observe that in this result,λ is not necessarily a partition, but it could be an arbi-
trary integerm-tuple. In such a case,sλ(x) is still well defined by|xλ+δm |/|xδm |.

Now we are almost in a position to prove Conjecture 5.8. However, as we shall
see, there remains a complication. First we will give the outlines of a proof and the
problem occurring for a special case (Conjecture 5.12), andthen finally for the general
case (Conjecture 5.13).

The special case consists of a subclass of all standard and critical composite parti-
tions without overlap. This subclass is characterized byn = l+ a− 1; in other words,
we will consider standard composite partitions where the first zero in the atypicality
matrix (the zero in the row with indexk) is in the last column. An example is given in
Figure 5.8, with̄ν;µ = (2, 6); (6, 4, 2, 2, 1) in gl(8|5). In this casek = 4, l = 3, a = 3
andr = −2. Remark that we can also consider the conjugate case wherem = k+a−1,

0

0

0

Figure 5.8: ν̄; µ = (2, 6); (6, 4, 2, 2, 1)

meaning that all the zeros are in the lasta rows.

Conjecture 5.12 Supposēν;µ is a standard and critical composite partition with no
overlap ingl(m|n) with n = l + a− 1 or m = k + a− 1. Then

ch(Vν̄;µ) = ±sν̄;µ(x/y). (5.35)
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We only have to prove the equality (5.35) ifn = l + a − 1; whenm = k + a − 1 the
equality follows from the casen = l + a− 1 and the fact that

sν̄;µ(x/y) = sν′;µ′(y/x). (5.36)

We shall give the outlines of a proof, and show that it finally reduces to an identity for
composite supersymmetric Schur functions.

Let p = k+ a− 1 andq = m− k− a+ 1. Note that in this special caser = −q. First
substituteyj by −yj in the determinantal formula (Corollary 5.7) ofch(Vν̄:µ). Next,
take the Laplace expansion of this determinant with respectto columns1, 2, . . . , n+k−
1. So, with the elements ofx′ denoted byxr1 , . . . , xrp

and those ofx′′ byxs1 , . . . , xsq
,

we have the following expression for the character:

E(x, y)

D(x)D(y)
det


 0

(
y
µ′

i+n−m−i
j

)
0

(
x
µj+m−n−j
i

) (
yr

j

xr
i
(xi−yj)

) (
x
−ν′

m−j+1+m−j

i

)



=
E(x, y)

D(x)D(y)

∑

x′+x′′

(−1)P

∣∣∣∣∣∣∣∣

0
(
y
µ′

i+n−m−i
j

)
1≤i≤n−a
1≤j≤n(

x
µj+m−n−j
ri

)
1≤i≤p

1≤j≤k−1

(
yr

j

xr
ri

(xri
−yj)

)
1≤i≤n−a
1≤j≤k−1

∣∣∣∣∣∣∣∣

×

∣∣∣∣∣
(
x
−ν′

j+j−1
si

)
1≤i≤,q
1≤j≤q

∣∣∣∣∣ ,

with P = (n+k−1)(n+k)
2 + r1 + · · ·+ rp.

In the right hand side of this expression we can rewrite the first determinant, using
Theorem 4.8:

E(x′, y)

D(x′)D(y)

∣∣∣∣∣∣∣∣

0
(
y
µ′

i+n−m−i
j

)
i=1,...,n−a
j=1,...,n(

x
µj+m−n−j
ri

)
i=1,...,p

j=1,...,k−1

(
yr

j

xr
ri

(xri
−yj)

)
i=1,...,p
j=1,...,n

∣∣∣∣∣∣∣∣

=
E(x′, y)

D(x′)D(y)

∏p
i=1 x

q
ri∏n

j=1 y
q
j

∣∣∣∣∣∣∣∣

0
(
y
µ′

i+n−p−i
j

)
i=1,...,n−a
j=1,...,n(

x
µj+p−n−j
ri

)
i=1,...,p

j=1,...,k−1

(
1

xri
−yj

)
i=1,...,p
j=1,...,n

∣∣∣∣∣∣∣∣

= ±

(∏p
i=1 xri∏n
j=1 yj

)q
sµ(x

′/− y),
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where the minus sign depends on the partitionµ only. So, the Laplace expansion equals

±
∑

x′+x′′

(−1)P
E(x, y)

D(x)D(y)

D(x′)D(y)

E(x′, y)

(∏p
i=1 xri∏n
j=1 yj

)q
sµ(x

′/− y)D(x′′)sν(x
′′)

(5.34)
= ±

∑

x′+x′′

E(x′′, y)

E(x′, x′′)

(∏p
i=1 xri∏n
j=1 yj

)q
sµ(x

′/− y)sν(x
′′)

(5.30)
= ±

∑

x′+x′′

(−1)qn(
∏q
i=1 x

n
si

)(
∏n
j=1 y

q
j )E(x′′, y)

E(x′, x′′)

∏p
i=1 x

q
ri∏n

j=1 y
q
j

sµ(x
′/− y)sν(x

′′).

Applying a special case of the Sergeev-Pragacz formula (2.8) yields

±
∑

x′+x′′

(
∏p
i=1 xri

)
q
(
∏q
i=1 xsi

)
n

E(x′, x′′)
sµ(x

′/− y)sν+(nq)(x
′′/− y) (5.37)

The only step remaining to prove the conjecture, is to prove that this sum equals
±sν̄;µ(x/− y). Substituting everyyj by−yj , will yield the theorem. 2

So, the important fact to note is that the proof finally reduces to verifying iden-
tity (5.37). Next, we move our attention to the general case.Also here, the proof
reduces to an identity of the form (5.37):

Conjecture 5.13 Let ν̄;µ be a standard and critical composite partition with no over-
lap in gl(m|n). Then

ch(Vν̄:µ) = ±sν̄;µ(x/y).

Letp = l+a−1 andq = n−l−a+1. First substituteyj by−yj in the determinantal
formula ofch(Vν̄:µ). Next, take the Laplace expansion of the determinant with respect
to rows1, 2, . . . ,m + l − 1. So, with the elements ofy′ denoted byyr1 , . . . , yrp

and
those ofy′′ by ys1 , . . . , ysq

, we have the following expression

E(x,−y)

D(x)D(y)
det




0
(
y
µ′

i+n−m−i
j

)
0(

x
µj+m−n−j
i

) (
yr

j

xr
i
(xi−yj)

) (
x
−νm−j+1+m−j
i

)

0
(
y
−ν′

n−i+1+n−i

j

)
0




=
E(x,−y)

D(x)D(y)

∑

y′+y′′

(−1)PC1

∣∣∣∣∣
(
y
−ν′

q−i+1+q−i
sj

)
i=1,...,q
j=1,...,q

∣∣∣∣∣ ,
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with P = (m+l−1)(m+l)
2 + r1 + · · ·+ rp. The determinantC1 equals

∣∣∣∣∣∣∣∣

0
(
y
µ′

i+n−m−i
rj

)
1≤i≤l−1
1≤j≤p

0

(
x
µj+m−n−j
i

)
1≤i≤m

1≤j≤k−1

(
yr

rj

xr
i
(xi−yrj

)

)

1≤i≤m
1≤j≤p

(
x
−νm−j+1+m−j
i

)
1≤i≤m

k+a≤j≤m

∣∣∣∣∣∣∣∣

=

(∏p
j=1 yrj∏m
i=1 xi

)q
∣∣∣∣∣∣∣

0
(
y
µ′

i+p−m−i
rj

)
0

(
x
µj+m−p−j
i

) (
yr′

rj

xr′

i
(xi−yrj

)

) (
x
−νm−j+1+q+m−j
i

)

∣∣∣∣∣∣∣
,

wherer′ = r−q = p−m+k−l. Thus, this determinantal expression coincides with the
determinantal formula (5.26) ofch(Vη:µ) in gl(m|p) with η = (ν1, . . . , νm−k−a+1)−
(qm−k−a+1). According to Conjecture 5.12, the determinantC1 equals

±
D(x)D(y′)

E(x, y′)

(∏p
j=1 yrj∏m
i=1 xi

)q
sη;µ(x/− y

′).

So,η′ = (ν′q+1, ν
′
q+2, . . .) and letβ′ = (ν′1, . . . , ν

′
q). As the minus sign depends on the

composite partitionη;µ only, the Laplace expansion equals

±
∑

y′+y′′

(−1)P
E(x, y)

D(x)D(y)

D(x)D(y′)

E(x, y′)

(∏p
j=1 yrj∏m
i=1 xi

)q
sη;µ(x/− y

′)D(y′′)sβ′(y′′)

= ±
∑

y′+y′′

E(x, y′′)

E(y′, y′′)

(∏p
j=1 yrj∏m
i=1 xi

)q
sη;µ(x/− y

′)sβ′(y′′)

= ±
∑

y′+y′′

(
∏m
i=1 xi)

q
(∏q

j=1 ysj

)m

E(y′, y′′)

∏p
j=1 y

q
rj∏m

i=1 x
q
i

sη;µ(x/− y
′)sβ′(y′′)E(y′′, x),

where we have used (5.30). Simplifying and applying again the special case of the
Sergeev-Pragacz formula and (5.36), this becomes

±
∑

y′+y′′

(∏p
j=1 yrj

)q (∏q
j=1 ysj

)m

E(y′, y′′)
sη′;µ′(−y′/x)sβ′+(mq)(−y

′′/x). (5.38)

If we can prove that (5.38) equals±sν′;µ′(−y/x), the conjecture is established by ap-
plying (5.36) and substituting everyyj by−yj . 2
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Essentially, those two conjectures are proved if we would beable to prove next
lemma.

Lemma 5.14 Suppose that|x| = m, |y| = n and thatp and q are positive integers
withm = p+ q. Let ν̄;µ be a critical composite partition with no zeros in the overlap
when presented in the(m × n)-rectangle. Withν = (κ1, . . . , κq, η1, η2, . . .), we find
that:

∑

x′+x′′

(
∏
x′)q(

∏
x′′)nsη;µ(x

′/y)sκ+(nq)(x
′′/y)

E(x′, x′′)
= sν;µ(x/y) (5.39)

where the sum is over all possible decompositionsx = x′+x′′ with the size ofx′ equal
to p and the size ofx′′ equal toq.

Originally we believed that (5.39) was generally valid for any composite partition
ν̄;µ, since it seemed to be the supersymmetric version of (5.33).However, this is un-
fortunately not the case. Since we do not need (5.39) in general, but only in special
cases (̄ν;µ critical, no zeros in overlap,p andq special values), we believe it is still
valid in those special cases where needed. But we have not been able to prove this.
In the following, we shall describe some of the problems we encountered, indicating
that (5.39) is certainly not valid in general but only for thespecial cases needed.

First of all, we will need an extra restriction on the choice of p andq. In the first
application (5.37) of Lemma 5.14p = k+ a− 1; the second application (5.38) should
be translated to conjugate partitions first. But, by taking the conjugate, it is possible
thatl + a− 1 is not turned over ink + a− 1 as illustrated in Figure 5.9.

0

0

0

(a) p = l + a − 1 = 6

0

0

0

(b) p = k+a−1 = 7

Figure 5.9: In (a) ν̄; µ in gl(5|8) and in (b)ν; µ in gl(8|5).

Nevertheless, the choice ofp andq can not be arbitrary either. Let us illustrate this
for the composite partition̄ν;µ = (3); (1) in gl(3|3) wherek = 1 anda = 2. If
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p = k + a − 1 = 2, then we have thatq = 1, κ = (3) andη = (). In the assumption
that Lemma 5.14 holds, the lhs of (5.39) is in this example given by

lhs (5.32)
=

∑

x′+x′′

(
∏
x′)(

∏
x′′)3(s(1)(x

′/y′) + y3)(s(6)(x
′′/y′) + s(5)(x

′′/y′)y−1
3 )

E(x′, x′′)

(5.39)
= s(3);(1)(x/y

′) + s(2);(1)(x/y
′)y3 + s(3);()(x/y

′)y3 + s(2);()(x/y
′)

(2.36a)
= s(3);(1)(x

′/y).

Here we use the notationy′ = (y1, . . . , yn−1) = (y1, y2). Writing out every term in
both sides of (5.39), tells us that the expression is true. Onthe other hand, if we make
the same computation but with the assumption thatp = 1, thenq = 2, κ = (3, 0) and
η = () and thus:

lhs(5.32)=

∑

x′+x′′

(
∏
x′)2(

∏
x′′)3

E(x′, x′′)

(
s(1)(x

′/y′) + y3
)(
s(6,3)(x

′′/y′)

+ s(5,3)(x
′′/y′)y−1

3 + s(6,2)(x
′′/y′)y−1

3 + s(5,2)(x
′′/y′)y−2

3

)

In this expression there are several terms which are not of the proper type of the lhs
of (5.39) e.g.:

∑

x′+x′′

(
∏
x′)2(

∏
x′′)3

E(x′, x′′)
s(1)(x

′/y′)s(6,2)(x
′′/y′)y−1

3

is not equal to a supersymmetric Schur function as the power of (
∏
x′′) is different

from |y′| = 2. Indeed, by writing out every term in both sides of (5.39), wefind that
the expression are different.

On the other hand, observe that the restrictions on the composite partitionν̄;µ are
necessarily. If we consider a composite partition which is not critical, sayν̄;µ =
(2, 2); (2, 1) in gl(3|3), or a composite partition̄ν;µ which is critical but with zeros
in the overlap, saȳν;µ = (3, 3); (2, 2, 1) in gl(3|3), then (5.39) is not true. These
inequalities were found by writing out every single term in both sides of (5.39).

As Lemma 5.14 looks like a supersymmetric extension of Lemma5.11, one could
hope to reduce it to Lemma 5.11 by induction on|y|, starting from|y| = 0 (where it is
certainly true, since this is Lemma 5.11). In the following,we indicate the problems of
such an attempt by induction.
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The case wheren = 0, coincides with Lemma 5.11, sincesη;µ(x) = (
∏
i xi)

−η1 sξ(x)
with ξ = (µ1 + η1, µ2 + η1, . . . , η1 − η2, 0) [41] and withg = q − η1, ϕ = ξ and
σ = κ + (np). Supposen > 0 and denote byy(n) = (y1, . . . , yn). We can use
Lemma 2.6 to isolateyn, giving:

∑

x′+x′′

(
∏
x′)q(

∏
x′′)nsη;µ(x

′/y)sκ+(nq)(x
′′/y)

E(x′, x′′)

=
∑

x′+x′′

(
∏
x′)q(

∏
x′′)n

E(x′, x′′)


∑

α,β

sβ;α(x′/y(n−1))ya−bn



(
∑

γ

sγ+(nq)(x
′′/y(n−1))y−cn

)

(5.40)

whereµ/α, η/β andκ/γ are vertical strips of lengtha, b andc respectively. Rearrang-
ing terms, this sum equals

∑

α,β,γ

( ∑

x′+x′′

(
∏
x′)q(

∏
x′′)n

E(x′, x′′)
sβ;α(x′/y(n−1))sγ+(nq)(x

′′/y(n−1))

)
ya−b−cn (5.41)

In order to be able to apply induction, the power ofx′′ has to ben− 1 = |y(n−1|. This
is easily solved by applying the formula of Berele and Regev (2.8) twice:

∑

x′+x′′

(
∏
x′)q(

∏
x′′)n

E(x′, x′′)
sβ;α(x′/y(n−1))sγ+(nq)(x

′′/y(n−1))

=
∑

x′+x′′

(
∏
x′)q(

∏
x′′)n

E(x′, x′′)
sβ;α(x′/y(n−1))sγ+(1q)(x

′′)
∏

i,j

(x′′i + y′j)

=
∑

x′+x′′

(
∏
x′)q(

∏
x′′)n−1

E(x′, x′′)
sβ;α(x′/y(n−1))sγ(x

′′)
∏

i,j

(x′′i + y′j)

=
∑

x′+x′′

(
∏
x′)q(

∏
x′′)n−1

E(x′, x′′)
sβ;α(x′/y(n−1))sγ+((n−1)q)(x

′′/y(n−1)) .(5.42)

If we would be able to use induction, the sum (5.41) will reduce to
∑

α,τ

sτ ;α(x/y(n−1))ya−(b+c)
n (5.43)

whereµ/α is a vertical strip of lengtha and(ν− τ)i ∈ {0, 1} with |ν− τ | = b+ c and
τ = (γ1, . . . , γq, β1, β2, . . .). Applying Lemma 5.10, this is equal tosν;µ(x/y), which
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would provide us a proof of Lemma 5.14.

So what went wrong? The problem is in fact the identification of the factor

∑

x′+x′′

(
∏
x′)q(

∏
x′′)n−1

E(x′, x′′)
sβ;α(x′/y(n−1))sγ+((n−1)q)(x

′′/y(n−1))

in (5.42) withsτ ;α(x/y(n−1)) in (5.43). It turns out thatτ ;α not necessarily satisfies
the special conditions of Lemma 5.14, so induction fails.

Let us illustrate this by means of an example. Writing out (5.42) for ν̄;µ =
(1, 1); (1, 1, 1) in gl(4|3) gives the following result whenp = q = 2:

∑

x′+x′′

(
∏
x′)2(

∏
x′′)2

E(x′, x′′)

(
s(1,1,1)(x

′/y′)s(3,3)(x
′′/y′) + s(1,1,1)(x

′/y′)s(3,2)(x
′′/y′)y−1

3

+ s(1,1,1)(x
′/y′)s(2,2)(x

′′/y′)y−2
3 + s(1,1)(x

′/y′)s(3,3)(x
′′/y′)y3

+ s(1,1)(x
′/y′)s(3,2)(x

′′/y′) + s(1,1)(x
′/y′)s(2,2)(x

′′/y′)y−1
3

+ s(1)(x
′/y′)s(3,3)(x

′′/y′)y2
3 + s(1)(x

′/y′)s(3,2)(x
′′/y′)y3

+ s(1)(x
′/y′)s(2,2)(x

′′/y′) + s()(x
′/y′)s(3,3)(x

′′/y′)y3
3

+ s()(x
′/y′)s(3,2)(x

′′/y′)y2
3 + s()(x

′/y′)s(2,2)(x
′′/y′)y3

)

(5.44)

and (5.43) gives rise to

s(1,);(1,1,1)(x/y
′) + s(1);(1,1,1)(x/y

′)y−1
3 + s();(1,1,1)(x/y

′)y−2
3

+ s(1,1);(1,1)(x/y
′)y3 + s(1);(1,1)(x/y

′) + s();(1,1)(x/y
′)y−1

3

+ s(1,1);(1)(x/y
′)y2

3 + s(1);(1)(x/y
′)y3 + s();(1)(x/y

′)

+ s(1,1);()(x/y
′)y3

3 + s(1);()(x/y
′)y2

3 + s();()(x/y
′)y3

(5.45)

Remark that in both expressionsy′ = y(n−1) = (y1, y2).

There occur some problems, although it is possible to check by computing every
term, that the sum (5.44) indeed equalssν̄;µ(x/y). The problems occur as, in some
terms, the composite partitions we should expect using induction are not critical any-
more; for example in the first term(1, 1, 1); (1, 1) is not critical ingl(4|2). In the same
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manner, the second and fourth term do not lead to a critical composite partition ei-
ther. In most of the other terms, the expected composite partition τ ;α would lead to
a different value ofp . So, most of the terms are not exactly equal tosτ ;α(x/y(n−1)).
But, extra terms in every single computation of a term in (5.44) will cancel out. For
example, the first termT1 is equal to:

T1 =
∑

x′+x′′

(
∏
x′)2(

∏
x′′)2

E(x′, x′′)
s(1,1,1)(x

′/y′)s(3,3)(x
′′/y′)

= s(1,1);(1,1,1)(x/y
′) + s();(1,1,1)(x)s(1,1);()(y

′) + s();(1,1,1,1)(x)s(1,2);()(y
′),

whereas the ninth termT9 equals:

T9 =
∑

x′+x′′

(
∏
x′)2(

∏
x′′)2

E(x′, x′′)
s(1)(x

′/y′)s(2,2)(x
′′/y′)

= s();(1)(x/y
′)− s();(1,1,1)(x)s(1,1);()(y

′)− s();(1,1,1,1)(x)s(1,2);()(y
′).

The sum givesT1 + T9 = s(1,1);(1,1,1)(x/y
′) + s();(1)(x/y

′).

So, to conclude this section, we notice that the two conjectures are proved if we can
prove Lemma 5.14. A proof by induction is so far the best hope.However, in such a
proof it remains to be argued why extra terms in the identification of (5.42) and (5.43)
always cancel.





Chapter 6

Dimension formulas for
gl(m|n) representations

In this chapter we investigate new formulas for the dimension and superdi-
mension of the covariant and mixed tensor representationsV of the Lie su-
peralgebragl(m|n). The notion oft-dimension is introduced, where the pa-
rametert keeps track of theZ-grading ofV . A formula for thet-dimension
is derived from the determinantal formula for the supersymmetric Schur poly-
nomialssλ(x/y) and the determinantal formula forsν̄;µ(x/y). It expresses
the t-dimension as a simple determinant. For a special choice ofλ, the new
t-dimension formula forVλ gives rise to a Hankel determinant identity.

6.1 Introduction

In this chapter we consider again the Lie superalgebragl(m|n), denoted byg. Let V
be a finite-dimensional irreducible representation ofg. Let Λ be the highest weight of
V . We shall consider the specialization ofchV determined by

F (eǫi) = 1 (i = 1, . . . ,m)
F (eδj ) = t (j = 1, . . . , n).

(6.1)

This specialization is consistent with theZ-grading ofg, and the correspondingZ-
grading ofV . The specialization of the character ofV underF is referred to as the
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t-DIMENSION of V and denoted bydim t(V ):

dim t(V ) = F (chV ) =
∑

µ

dimV (µ)F (eµ). (6.2)

Often, thet-dimension would be defined [33,§10] asF (e−Λ chV ), with Λ the highest
weight ofV ; but here (6.2) is more convenient. Thet-dimension ofV stands for the
polynomial

F (eΛ)
⊕

j∈Z+

dimV−j t
j , (6.3)

whereV = V0⊕ V−1⊕ V−2⊕ · · · is theZ-grading ofV . Note that for theZ2-grading
V = V0̄ ⊕ V1̄ we haveV0̄ = V0 ⊕ V−2 ⊕ · · · andV1̄ = V−1 ⊕ V−3 ⊕ · · · . Therefore,
the dimension ofV is found by puttingt = 1 in the expression for thet-dimension,
whereas the superdimension ofV is found by puttingt = −1. So thet-dimension can
also be seen as an extension of the notion of dimension and superdimension. For exam-
ple, let us consider the adjoint representation. The weights of the adjoint representation
are the roots. So,

ch(V ) =
∑

i,j

eǫi−ǫj +
∑

i,j

eδi−δj +
∑

i,j

eǫi−δj +
∑

i,j

e−ǫi+δj

Under the specialization (6.1), we have that

dimt(V ) = m2 + n2 +m n
1

t
+m n t

The first part of this chapter is dealing with the computationof thet-dimension of
a particular class of finite-dimensional irreducible representations ofgl(m|n), namely
the covariant representations. In the second part, we consider thet-dimension of the
mixed tensor representations.

6.2 t-dimension formula for covariant representations

There exist a number of expressions forsλ(x/y) (see Chapter 2). In order to compute
the t-dimension, we will use two formulas. The first is the classical formula relating
the supersymmetric Schur functionsλ(x/y) to the determinant of complete supersym-
metric polynomials (2.3). More precisely,

sλ(x/y) = det
1≤i,j≤ℓ(λ)

(
hλi−i+j(x/y)

)
,
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whereℓ ≡ ℓ(λ) is the length of the partitionλ = (λ1, λ2, . . . , λℓ).
The second is a our determinantal formula for supersymmetric Schur polynomi-

als (4.39).

Sincexi = eǫi andyj = eδj , the specialization (6.1) corresponds to putting each
xi = 1 andyj = t in sλ(x/y). For the elementary and complete symmetric functions,
such specializations are well-known:

hr(x1, . . . , xm)

∣∣∣∣
xi=1

=

(
m+ r − 1

r

)
=

(
m+ r − 1

m− 1

)
, (6.4)

er(x1, . . . , xm)

∣∣∣∣
xi=1

=

(
m

r

)
. (6.5)

Thus it follows from (2.3) and (2.9) that

Proposition 6.1 Thet-dimension ofVλ is given by the determinant

dim t Vλ = det
1≤i,j≤ℓ(λ)

(
λi−i+j∑

k=0

(
m+ λi − i+ j − k − 1

λi − i+ j − k

)(
n

k

)
tk

)
. (6.6)

Although this formula is simple to derive, it should be observed that in general the
matrix elements in the right hand side of (6.6) do not have a “closed form” expres-
sion [54]: they remain polynomials int. Even fort = 1, the expression

r∑

k=1

(
m+ r − k − 1

r − k

)(
n

k

)

cannot be simplified in general. Only fort = −1 we have

r∑

k=0

(
m+ r − k − 1

r − k

)(
n

k

)
(−1)k =

(
m− n− 1 + r

r

)
. (6.7)

This is related to the fact that
r∑

k=0

(
m+ r − k − 1

r − k

)(
n

k

)
tk =

(
m+ r − 1

r

)
2F1

(
−r,−n

−m− r + 1
;−t

)
, (6.8)

in terms of the2F1 hypergeometric function [54, 64], and the terminating2F1 series
– with general parameters – is summable only with argument 1.

This implies that fort = −1, i.e. the superdimension formulasdimVλ, the expres-
sion (6.6) can be simplified, leading to the following corollary.
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Corollary 6.2 The superdimension of a covariant moduleVλ is given by:

sdimVλ = det
1≤i,j≤ℓ(λ)

((
m− n− 1 + λi − i+ j

λi − i+ j

))
(6.9)

=

∏
i<j(λi − i− λj + j)
∏
i(λi − i+ l(λ))!

∏

i

(m− n+ 1− i)λi
. (6.10)

Herein, (a)n = a(a + 1) · · · (a + n − 1) is the Pochhammer symbol [64], and the
determinant in (6.9) can be written in closed form using [43,(3.11)]. So in general the
superdimension has a closed form expression (6.10), whereas the dimension has not.

Observe that (6.10) yields: ifm ≤ n thensdimVλ = 0 whenλ1 + m > n and
sdimVλ 6= 0 whenλ1 +m ≤ n; if m > n thensdimVλ = 0 whenλ′1 + n > m and
sdimVλ 6= 0 whenλ′1 + n ≤ m (whereλ′ is the conjugate ofλ).

Remark. Formula (6.10) has the structure of a dimension formula ofgl(m − n).
Indeed, the dimension of the covariant moduleVλ in gl(m) is given by

dimVλ =
∏

(i,j)∈λ

(m+ j − i)

h(i, j)
(6.11)

whereh(i, j) is the hook length given byh(i, j) = λi − i+ λ′j − j + 1 for (i, j) ∈ λ.
If ℓ(λ) ≤ m, this formula can be written in an alternative expression [74]:

dimVλ =
∏

1≤i<j≤m

(λi − i− λj + j)

(j − i)
. (6.12)

By rearranging factors, (6.12) can be rewritten as:

dimVλ =
∏

1≤i<j≤ℓ(λ)

(λi − i− λj + j)

(j − i)

ℓ(λ)∏

i=1

(
λi+m−i
m−i

)
(
λi+l(λ)−i
ℓ(λ)−i

) . (6.13)

This formula is valid for every partitionλ, even whenℓ(λ) > m, in which case it gives
0. It is easy to see that (6.10) is the same expression as (6.13), replacingm bym−n. In
other wordssdimVλ for gl(m|n) coincides withdimVλ for gl(m− n). This equality
between superdimenisons ingl(m|n) and dimensions ingl(m) has been considered
before [10, 25, 38].
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6.2.1 A formula for the t-dimension

In this section we shall consider the new determinantal formula for supersymmetric
Schur polynomials (4.39), and use it to compute thet-dimension. This time, the ex-
pression fordim t(Vλ) is quite different from (6.6): it reduces again to a determinant,
but now the matrix elements are closed forms int instead of hypergeometric series int.
We shall simplify this expression and discuss some applications.

The starting point is the following determinantal formula for the supersymmetric
Schur functionsλ(x/y). Let x = x(m) = (x1, . . . , xm) andy = y(n) = (y1, . . . , yn);
let λ be a partition withλ ∈ Hm,n and letk be the(m,n)-index ofλ. Let us recall
formula (4.39):

sλ(x/y) = ±D−1 det




(
1

xi+yj

)
1≤i≤m
1≤j≤n

(
x
λj+m−n−j
i

)
1≤i≤m

1≤j≤k−1(
y
λ′

i+n−m−i
j

)
1≤i≤n−m+k−1

1≤j≤n

0




(6.14)
with

D =

∏
i<j(xi − xj)

∏
i<j(yi − yj)∏

i,j(xi + yj)
.

Observe that the sign in (4.41) is(−1)mn−m+k−1; since its role is not essential here,
we shall usually just write±.

In order to deduce at-dimension formula from this, we will need some simple
properties of symmetric polynomials and a careful analysisof the determinant in (6.14)
using row and column operations.

We have already mentioned the complete and elementary symmetric functions. An-
other class that we need are the monomial symmetric functionsmλ(x) (see (1.1)). The
number of terms inmλ(x) is easy to count, so that we have the following counterpart
of (6.4) and (6.5):

m(0r01r1 ...krk )(x1, . . . , xm)

∣∣∣∣
xi=1

=
m!

r0!r1! . . . rk!
where

k∑

i=0

ri = m. (6.15)

The following lemma gives some simple decomposition properties of symmetric
functions:
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Lemma 6.3 Letx = x′ + x′′ be a decomposition ofx = (x1, . . . , xm) in two disjoint
subsets. Then

hr(x) =

r∑

k=0

hk(x
′)hr−k(x

′′), and mλ(x) =
∑

µ∪ν=λ

mµ(x
′)mν(x

′′).

Proof. The proof for thehr(x) polynomials follows immediately from the generating
function for these polynomials (1.26). For themλ, we use induction on|x′′|. First, let
x′′ = (xm). By the definition ofmλ(x), with λ = (λ1, λ2, . . .), if follows that

mλ(x) = mλ(x
′) +

∑

λi∪µ=λ

mµ(x
′)mλi

(xm) =
∑

µ∪ν=λ

mµ(x
′)mν(xm).

Now assume that the property holds for|x′′| ≤ q. Let x̄′ = x′\{xi} andx̄′′ = x′′∪{xi}
for a certainxi ∈ x′. Then, using the induction hypothesis:

mλ(x) =
∑

τ∪κ=λ

mτ (x
′)mκ(x

′′) =
∑

τ∪κ=λ

( ∑

µ∪η=τ

mµ(x̄
′)mη(xi)

)
mκ(x

′′)

=
∑

µ∪ν=λ

mµ(x̄
′)

( ∑

η∪κ=ν

mη(xi)mκ(x
′′)

)
=

∑

µ∪ν=λ

mµ(x̄
′)mν(x̄

′′).

2

Next, we shall use a number of times the same sequence of elementary row or col-
umn operations in matrices. So it is convenient to fix these inan algorithm:

Algorithm 1 Given a matrix with at leastm rows, withRi denoting rowi. The algo-
rithm consists of the following row operations:

Step 1: Ri −→
Ri −R1

xi − x1
, for 1 < i ≤ m;

Step 2: Ri −→
Ri −R2

xi − x2
, for 2 < i ≤ m;

...

Stepm− 1 : Rm −→
Rm −Rm−1

xm − xm−1
.

So the total number of row operations ism(m− 1)/2.
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Algorithm 2 Given a matrix with at leastn columns, withCj denoting columnj. This
algorithm consists of the followingn(n− 1)/2 column operations:

Step 1: Cj −→
Cj − C1

yj − y1
, for 1 < j ≤ n;

Step 2: Ck −→
Cj − C2

yj − y2
, for 2 < j ≤ n;

...

Stepn− 1 : Cn −→
Cn − Cn−1

yn − yn−1
.

Lemma 6.4 Let (r1, r2, . . .) be a sequence of (non-negative) integers, and consider
matrices

A =

(
hrj

(xi)

)

1≤i≤p
1≤j≤q

, B =

(
hri

(yj)

)

1≤i≤p
1≤j≤q

.

Then Algorithm 1 transformsA intoA⋆, and Algorithm 2 transformsB intoB⋆, with

A⋆ =

(
hrj−i+1(x1, . . . , xi)

)

1≤i≤p
1≤j≤q

, B⋆ =

(
hri−j+1(y1, . . . , yj)

)

1≤i≤p
1≤j≤q

.

Proof. It is sufficient to give the proof forA only (so we assumep ≥ m). Denote by
A(s) the matrix obtained after steps of the algorithm. We shall prove that the(i, j)-
element ofA(s) is given byA(s)

i,j = hrj−s(x1, . . . , xs, xi), by induction ons. Clearly,
in the first step the elementshrj

(xi) are replaced by

x
rj

i − x
rj

1

xi − x1
= x

rj−1
i + x

rj−2
i x1 + . . .+ xix

rj−2
1 + x

rj−1
1 = hrj−1(x1, xi).

Now we can assume that after steps we haveA(s)
i,j = hrj−s(x1, . . . , xs, xi) for all

i > s. Steps + 1 consist of the operationsRi −→ (Ri − Rs+1)/(xi − xs+1) for all
i > s+ 1. Thus the elementA(s+1)

i,j becomes, using Lemma 6.3 a number of times:

hrj−s(x1, . . . , xs, xi)− hrj−s(x1, . . . , xs, xs+1)

xi − xs+1

=

rj−s−1∑

l=0

hl(x1, . . . , xs)
x
rj−s−l
i − x

rj−s−l
s+1

xi − xs+1
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=

rj−s−1∑

l=0

hl(x1, . . . , xs)(x
rj−s−l−1
i + x

rj−s−l−2
i xs+1 + . . .+ x

rj−s−l−1
s+1 )

=

rj−s−1∑

l=0

hl(x1, . . . , xs)hrj−s−l−1(xs+1, xi) = hrj−s−1(x1, . . . , xs+1, xi).

Since the algorithm applies in totali − 1 row transformations on rowi, it follows that
A⋆i,j = hrj−i+1(x1, . . . , xi). 2

Lemma 6.5 Algorithm 1 transforms

R =

(
1

xi + yj

)

1≤i≤m
1≤j≤n

intoR⋆ =

(
(−1)i−1

∏i
l=1(xl + yj)

)

1≤i≤m
1≤j≤n

.

Proof. Denote byR(s) the matrix obtained after steps of the algorithm. We shall prove

that the(i, j)-element ofR(s) is given byR(s)
i,j =

(−1)s∏s
l=1(xl + yj)(xi + yj)

. In the first

step, the operations areRi −→
Ri−R1

xi−x1
for i > 1, so

R
(1)
i,j =

(
1

xi + yj
−

1

x1 + yj

)
1

xi − x1
=

−1

(x1 + yj)(xi + yj)
.

Next we use induction ons. One finds:

R
(s+1)
i,j =

(
(−1)s∏s

l=1(xl + yj)(xi + yj)
−

(−1)s∏s
l=1(xl + yj)(xs+1 + yj)

)
1

xi − xs+1

=
(−1)s∏s

l=1(xl + yj)
·

(−1)

(xs+1 + yj)(xi + yj)
.

Since the algorithm applies in totali − 1 row transformations on rowi, the result fol-
lows. 2

The following is a technical lemma on partitions, using the reverse lexicographic
ordering (see Section 1.1.1) for partitions of the same integer. So when we writeλ ≤ µ,
this means thatλ andµ are partitions of the same integer (i.e.|λ| = |µ|) with either
λ = µ or else the first non-vanishing differenceλi − µi negative.

Lemma 6.6 Assume thatα, β, ν, µ are partitions withℓ(α) = s+1, ℓ(β) = s+2 and
ℓ(ν) = 2. Then, fori, s, t ∈ Z≥0:

α ≤ (i, 1s), µ ∪ (t) = α, ν ≤ (t, 1) ⇔ β = µ ∪ ν ≤ (i, 1s+1).
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Proof. Assume thatα ≤ (i, 1s), µ∪(t) = α andν ≤ (t, 1), then|β| = |µ|+ |ν| = (i+
s−t)+(t+1) = |(i, 1s+1)|. Furthermoreβ1 = max(µ1, ν1) ≤ max(µ1, t) = α1 ≤ i,
soβ ≤ (i, 1s+1).
Conversely, assume thatβ = µ ∪ ν ≤ (i, 1s+1), thenν is of the formν = (βk, βl)
(βl > 0), soν ≤ (βk + βl − 1, 1). Put t = βk + βl − 1 andα = µ ∪ (t). Then
|α| = |µ| + |(t)| = (i + s + 1 − βk − βl) + (βk + βl − 1) = i + s. Sinceℓ(µ) = s
we have that|µ| ≥ s, and|(t)| ≤ i. Soα1 = max(µ1, t) ≤ max(µ1, i) ≤ i, thus
α ≤ (i, 1s). 2

This technical lemma is needed in the following:

Lemma 6.7 LetYj = 1
1+yj

and consider the matrix

R =

(
(−1)i+1

(1 + yj)i

)

1≤i≤m
1≤j≤n

=

(
(−1)i+1Y ij

)

1≤i≤m
1≤j≤n

.

Algorithm 2 transformsR into

R⋆ =

(
(−1)i+j

∑

α≤(i,1j−1)

mα(Y1, . . . , Yj)

)

1≤i≤p
1≤j≤n

.

Proof. Observe that1/(yi − yj) = YiYj/(Yj − Yi). Denote, as usual, byR(s) the
matrix obtained after steps of the algorithm. We shall prove that

R
(s)
i,j = (−1)i+s+1

∑

α≤(i,1s)

mα(Y1, . . . , Ys, Yj), for all j > s.

Step 1 consist of the column operationsCj −→
Cj − C1

Y1 − Yj
Y1Yj , soR(1)

i,j is given by

(
(−1)i+1Y ij − (−1)i+1Y i1

)
Y1Yj
Y1 − Yj

= (−1)i+2(Y ij Y1 + Y i−1
j Y 2

1 + . . .+ Y 2
j Y

i−1
1 + YjY

i
1 )

= (−1)i+2
∑

α≤(i,1)

mα(Y1, Yj).

Next we use induction ons. This yields, using Lemma 6.3:

R
(s+1)
i,j
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= (−1)i+s+1
∑

α≤(i,1s)

(
mα(Y1, . . . , Ys, Yj)−mα(Y1, . . . , Ys, Ys+1)

)
YjYs+1

Ys+1 − Yj

= (−1)i+s+1
∑

α≤(i,1s)

∑

µ∪(t)=α

mµ(Y1, . . . , Ys)(Y
t
j − Y

t
s+1)

YjYs+1

Ys+1 − Yj

= (−1)i+s+2
∑

α≤(i,1s)

∑

µ∪(t)=α

mµ(Y1, . . . , Ys)
∑

ν≤(t,1)

mν(Ys+1, Yj).

Next, we use Lemma 6.6 and finally Lemma 6.3 again:

R
(s+1)
i,j = (−1)i+s+2

∑

β≤(i,1s+1)

( ∑

µ∪ν=β

mµ(Y1, . . . , Ys)mν(Ys+1, Yj)

)

= (−1)i+s+2
∑

β≤(i,1s+1)

mβ(Y1, . . . , Ys+1, Yj).

Since the algorithm applies in totalj − 1 column transformations on columnj, the
result follows. 2

The next lemma is about the specialization of such matrix elements. Byy = 1 we
mean the substitution(y1 = 1, . . . , yj = 1).

Lemma 6.8

Ri,j =
∑

α≤(i,1j−1)

mα(y1, . . . , yj)

∣∣∣∣
y=1

=

(
i+ j − 2

j − 1

)
.

Proof. It is easy to verify (e.g. using (6.15)) thatR1,j = 1 andRi,1 = 1. Now,

Ri,j =
∑

α≤(i,1s+1)

mα(y1, . . . , yj)

∣∣∣∣
y=1

=

(( ∑

µ≤(i,1j−2)

mµ(y1, . . . , yj−1)
)
yj +

( ∑

ν≤(i−1,1j−1)

mν(y1, . . . , yj)
)
yj

)∣∣∣∣
y=1

= Ri,j−1 +Ri−1,j .

Now the result follows. 2

Now we have all ingredients to determine the specializationof (4.41).
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Theorem 6.9 Thet-dimension ofVλ is given bydim t(Vλ) = ±(1 + t)mnR(λ) with

R(λ) =

det




(
(−1)i+j

(1+t)i+j−1

(
i+j−2
j−1

) )
1≤i≤m
1≤j≤n

( (
λj+m−n−j

i−1

) )
1≤i≤m

1≤j≤k−1(
tλ

′

i+n−m−i−j+1
(
λ′

i+n−m−i
j−1

) )
1≤i≤n−m+k−1

1≤j≤n

0


 .

(6.16)

Proof. Consider the determinant in (4.41) and apply Algorithm 1 on the corresponding
matrix. From Lemmas 6.4 and 6.5 it follows that the firstm rows of this matrix become( (

(−1)i−1Q
i
l=1(xl+yj)

)
)

1≤i≤m
1≤j≤n

(
hλj+m−n−i−j+1(x1, . . . , xi)

)
1≤i≤m

1≤j≤k−1

)
,

while the determinant has been multiplied by a factor
∏
i>j(xi − xj). Now we can

make the substitutionxi = 1; then (4.41) becomes

±

∏

j

(1 + yj)
m

∏

i<j

(yi − yj)
det




(
(−1)i−1

(1+yj)i

)
1≤i≤m
1≤j≤n

( (
λj+m−n−j

i−1

) )
1≤i≤m

1≤j≤k−1(
y
λ′

i+n−m−i
j

)
1≤i≤n−m+k−1

1≤j≤n

0


 .

Next apply Algorithm 2 on the firstn columns of this matrix. Using Lemmas 6.4
and 6.7, this becomes ∏

j

(1 + yj)
m det (C) .

with

C =





(−1)i+j

∑

α≤(i,1j−1)

mα(Y1, . . . , Yj)




1≤i≤m
1≤j≤n

( (
λj+m−n−j

i−1

) )
1≤i≤m

1≤j≤k−1

(
hλ′

i
+n−m−i−j+1(y1, . . . , yj)

)
1≤i≤n−m+k−1

1≤j≤n
0



.

Finally, substitutingyj = t, using Lemma 6.8, and the fact that we are dealing with
homogeneous symmetric polynomials, leads to the result. 2

Compared to (6.6), (6.16) has the advantage that each matrixelement is a simple
binomial coefficient multiplied by a power oft or (1 + t), and no longer a finite series
of type 2F1(−t). So in general (6.16) is easier to compute. Furthermore, itssimple
form is more appropriate to deduce certain properties of thet-dimension for particular
Vλ, as we shall demonstrate in the following section.
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6.2.2 Further simplifications, examples and applications

Let λ be a partition,λ ∈ Hm,n, andλ′ its conjugate. Recall the definition of the
(m,n)-indexk of λ in (4.14) and also the definition of the related integerr in (4.27):

k = min{i|λi +m+ 1− i ≤ n}, (1 ≤ k ≤ m+ 1);

r = n−m+ k − λk − 1.

Sinceλ is in the(m,n)-hook,λ′ is in the(n,m)-hook, and we can define its(n,m)-
indexk′ and the corresponding numberr′:

k′ = min{i|λ′i + n+ 1− i ≤ m}, (1 ≤ k′ ≤ n+ 1);

r′ = m− n+ k′ − λ′k′ − 1.

Applying the determinant formula (4.41) forsλ(x/y) and forsλ′(y/x) yields the
same, with determinants of transposed matrices. Comparingthe orders of the matrices
implies thatn+ k − 1 = m+ k′ − 1, so we have

n+ k = m+ k′, r = k′ − λk − 1, r′ = k − λ′k′ − 1. (6.17)

Furthermore, from Lemma 4.6 we know thatλ′λk+l = k − 1 for all 1 ≤ l ≤ r. So the
binomials on the lastr rows of the matrix in (6.16) take the values

(
λ′i + n−m− i

j − 1

)
=

(
r − l

j − 1

)
for 1 ≤ l ≤ r, andi = λk + l.

By the triangularity of the matrix with such binomial coefficients as entries, the deter-
minant in (6.16) can thus be reduced according to the lastr rows.

Completely analogous, the remaining determinant can be reduced according to the
lastr′ columns. What remains is the determinant of a matrix of ordern+k−1−r−r′,
and we have

Corollary 6.10 Thet-dimension ofVλ is given bydim t(Vλ) = ±(1+t)mnR′(λ) with

R′(λ) =

det




(
(−1)i+j+r+r′

(1+t)i+j+r+r′−1

(
i+j+r+r′−2

j−1

) )

1≤i≤m−r′

1≤j≤n−r

( (
λj+m−n−j
i+r′−1

) )
1≤i≤m−r′

1≤j≤λ′

k′(
tλ

′

i+n−m−i−j−r+1
(
λ′

i+n−m−i
j+r−1

) )
1≤i≤λk

1≤j≤n−r

0


 .

(6.18)
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An interesting application follows from this formula for the special case ofλ =(
(n− a)(m−a)

)
, wherea = 0, 1, . . . ,min(m,n). For such a rectangularλ, we have

k = m− a+ 1, k′ = n− a+ 1, r = n− a, r′ = m− a, λk = 0, λ′k′ = 0,

and so the determinant in (6.18) reduces:

dim t(Vλ)

=± (1 + t)mn det
1≤i,j≤a

(
(−1)i+j+r+r

′

(1 + t)i+j+r+r′−1

(
i+ j + r + r′ − 2

j − 1

) )

=± (1 + t)mn−a(r+r
′−1) det

1≤i,j≤a

(
(−1)i+j

(1 + t)i+j

(
i+ j +m+ n− 2a− 2

j − 1

) )
.

The resulting determinant can be further simplified: in the corresponding matrix, mul-
tiply row i by (−1)i+1(1 + t)i+1 for all 1 ≤ i ≤ a, and then multiply columnj by
(−1)1+j(1 + t)j−1 for all 1 ≤ j ≤ a. This yields:

dim t(Vλ) = (1 + t)(m−a)(n−a) det
1≤i,j≤a

( (
i+ j +m+ n− 2a− 2

j − 1

) )
.

Now the matrix elements have no longer a power of(1+ t), but only a binomial coeffi-
cient. The remaining determinant can easily be computed. Taking out common factors
in rows and columns, it becomes

a∏

i=1

(i+m+ n− 2a− 1)!

(i+ n− a− 1)!(i+m− a− 1)!
det

1≤i,j≤a

(
(m+ n− 2a+ i)j−1

)
.

The last determinant is of the form

det
1≤i,j≤a

(
(xi)j−1

)
= det

1≤i,j≤a

(
xj−1
i

)
=

∏

1≤i<j≤a

(xj − xi),

see [43, (2.2)].

So we finally obtain, forλ =
(
(n− a)(m−a)

)
, that

dim t(Vλ) = (1 + t)(m−a)(n−a)
a−1∏

i=0

(m+ n− 2a+ i)! i!

(n− a+ i)!(m− a+ i)!

= (1 + t)(m−a)(n−a)
a−1∏

i=0

(
m+n−2a+i
n−a+i

)
(
m−a+i

i

)
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Using (6.13) we find that

dim t(Vλ) = (1 + t)(m−a)(n−a) dim(Vµ) with µ = (m− a)a in gl(n).

Comparing this with (6.6), we obtain a closed form expression for determinants of

the type (6.6) whereλ =
(
(n − a)(m−a)

)
. Replacingm bym + 1, m − a by s, and

reversing the order of the rows of the corresponding matrix,this yields, using the2F1

notation:

det
0≤i,j≤s

((
n+ i+ j

m

)
2F1

(
m−n−i−j,−n

−n−i−j ;−t
) )

= (−1)s(s+1)/2(1 + t)(s+1)(s+n−m)
m−s∏

i=1

(
2s+n−m+i

s+1

)
(
s+i
s+1

) (s ≤ m).

The change of order of the rows implies we are dealing with a Hankel determinant,
and for such determinants the row and column indices are usually starting from 0. This
determinant identity can be written in a number of alternative ways. E.g. applying a
transformation on the2F1, and denotingt/(t+ 1) by z, one can write

det
0≤i,j≤s

(Ai+j) = (−1)s(s+1)/2(1− z)(s+1)(m−s)
m−s∏

i=1

(
2s+n−m+i

s+1

)
(
s+i
s+1

) , (6.19)

where

Ak =

(
n+ k

m

)
2F1

(
−m,−n
−n−k ; z

)
. (6.20)

Since this is a polynomial identity inn, the condition thatn must be an integer can be
dropped. Replacingn by u andz by−v, one can write this in the following form:

Corollary 6.11 Letm ands be positive integers withs ≤ m, u andv arbitrary vari-
ables, and

Ak =

m∑

l=0

(
u+ k − l

m− l

)(
u

l

)
vl.

Then the Hankel determinant is given by

det
0≤i,j≤s

(Ai+j) = (−1)s(s+1)/2(1 + v)(s+1)(m−s)
m−s∏

i=1

(
2s+u−m+i

s+1

)
(
s+i
s+1

) .

It seems to be difficult to find an independent proof of this corollary, even with the
methods of [43,§2.6]. Here, it is a simple consequence of the two differentt-dimension
formulas for a particularVλ.
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6.3 t-dimension formula for mixed tensor representa-
tions

6.3.1 A formula for the t-dimension

In this section we shall consider the new determinantal formula for the characters of
mixed tensor representations (5.28), and use it to compute the t-dimension. We will
also compute thet-dimension of these representations by means of (2.34). Both ex-
pressions fordim t(Vν̄;µ) are quite different: the first formula reduces again to a deter-
minant, but now the matrix elements are closed forms int instead of hypergeometric
series int. We shall give some examples and discuss a special case.

Since the specializations (6.1) correspond to putting eachxi = 1 andyj = t, we
already described this specialization for the elementary and complete symmetric func-
tions (6.4) and (6.5) and the monomial symmetric functions (6.15). For the symmetric
Schur functions this specialization can be found in [46,§3, Ex. 4] and is equal to the
dimension formula (6.11), more exactly:

sλ(x1, . . . , xm)

∣∣∣∣
xi=1

=
∏

(i,j)∈λ

m+ c(i, j)

h(i, j)
, (6.21)

where the contentc(i, j) is given byc(i, j) = j− i and the hook lengthh(i, j) is given
by h(i, j) = λi + λ′j − i− j + 1 for (i, j) ∈ λ.
For a special class of symmetric Schur functions we can rewrite (6.21) as a binomial
coefficient. Suppose,λ = (a, 1b−1). As the numerator and denominator of (6.21) are
given by
∏

(i,j)∈λ

(m+ c(i, j)) = (m+ 1− 1) . . . (m+ a− 1).(m+ 1− 2) . . . (m+ 1− b)

=
(m+ a− 1)!

(m− b)!
(6.22)

and ∏

(i,j)∈λ

h(i, j) = (a+ b− 1)(a− 1)!(b− 1)!, (6.23)

the number of monomials insλ(x) is equal to:

s(a,1b−1)(x1, . . . , xm)

∣∣∣∣
xi=1

=
(m+ a− 1)!

(m− b)!(a+ b− 1)(a− 1)!(b− 1)!
. (6.24)



146 Dimension formulas for gl(m|n) representations

In particular forλ = (a, 1m−1), we have that

s(a,1m−1)(x1, . . . , xm)

∣∣∣∣
xi=1

=
(m+ a− 2)!

(a− 1)!(m− 1)!
=

(
m+ a− 2

m− 1

)
. (6.25)

In Section 6.2.1 we introduced two algorithms. We will use the same sequence of
elementary row and column operations here.

Lemma 6.12 Let (r1, r2, . . .) be a sequence of (non-negative) integers. We denote by
xi = 1

xi
for all i andyj = 1

yj
for all j. Consider the matrices

G =

(
srj

(xi)

)

1≤i≤p
1≤j≤q

, H =

(
sri

(yj)

)

1≤i≤p
1≤j≤q

.

Then Algorithm 1 transformsG intoG⋆, and Algorithm 2 transformsH intoH⋆, with

G⋆ =

(
(−1)i+1s(rj ,1i−1)(x1, . . . , xi)

)
, H⋆ =

(
(−1)j+1s(ri,1j−1)(y1, . . . , yj)

)
,

in both matrices1 ≤ i ≤ p and1 ≤ j ≤ q.

Proof. It is sufficient to give the proof forG only (so we assumep ≥ m). Denote by
G(s) the matrix obtained after steps of the algorithm. We shall prove that the(i, j)-
element ofG(s) is given byG(s)

i,j = (−1)ss(rj ,1s)(x1, . . . , xs, xi), by induction ons.
In the first step, the elementss(rj)(xi) are replaced by

s(rj)(xi)− s(rj)(x1)

xi − x1
=
−x1 xi(s(rj)(xi)− s(rj)(x1))

xi − x1

=
−s(1)(x1)s(1)(xi)(s(rj)(xi)− s(rj)(x1))

xi − x1

Using (1.33) and the fact thatsλ(x(m)) = 0 if ℓ(λ) > m, we have thats(1)(xi)s(rj)(xi) =
s(rj ,1)(xi) + s(rj+1)(xi) = s(rj+1)(xi). Thus,

G
(1)
i,j = −

( ∑

x′+x′′

s(rj+1)(x′)s(1)(x′′)

E(x′, x′′)

)
(4.48)

= − s(rj ,1)(x1, xi),

with |x′| = |x′′| = 1. Now we can assume that after steps we have thatG(s)
i,j =

(−1)ss(rj ,1s)(x1 . . . , xs, xi) for all i > s. Steps+ 1 consist of the operationsRi −→

(Ri −Rs+1)/(xi − xs+1) for all i > s+ 1. Thus the elementG(s+1)
i,j becomes:

(−1)ss(rj ,1s)(x1, . . . , xs, xi)− (−1)ss(rj ,1s)(x1, . . . , xs, xs+1)

xi − xs+1
=
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(1.33)
= (−1)s+1

∑

µ,ν

c(rj ,1
s)

µν sµ(x1, . . . , xs)(sν(xi)− sν(xs+1))
xi xs+1

xi − xs+1

= (−1)s+1
∑

µ,ν

c(rj ,1
s)

µν sµ(x1, . . . , xs)(sν(xi)− sν(xs+1))
s(1)(xi)s(1)(xs+1)

xi − xs+1

(1.33)
= (−1)s+1

∑

µ,ν

c(rj ,1
s)

µν sµ(x1, . . . , xs)s(ν,1)(xi xs+1))

This implies thatν = (a) andµ = (rj − a + 1, 1s−1). The sum can be rewritten and
is equal to:

(−1)s+1
∑

1≤a≤rj

c
(rj ,1

s)

(rj−a+1,1s−1),(a,1)s(rj−a+1,1s−1)(x1, . . . , xs)s(a,1)(xi xs+1))

= (−1)s+1s(rj ,1s+1)(x1, . . . , xs+1, xi)

In the last step, we used (1.33) and the fact thatsλ(x
(m)) = 0 if ℓ(λ) > m. 2

Theorem 6.13 Thet-dimension ofVν̄;µ is given by

dim t(Vν̄;µ) = ±(1 + t)mntrn det




0 R12 0

R21 R22 R23

0 R32 0


 (6.26)

with

R12 =

(
tµ

′

i+n−m−i−r−j+1

(
µ′
i + n−m− i− r

j − 1

) )

1≤i≤l−1
1≤j≤n

,

R21 =

( (
µj +m− n+ r − j

i− 1

) )

1≤i≤m
1≤j≤k−1

,

R22 =

(
(−1)i+j

(1 + t)i+j−1

(
i+ j − 2

j − 1

) )

1≤i≤m
1≤j≤n

,

R23 =

(
(−1)i−1

(
νm−j+1 −m− r + i+ j − 2

i− 1

) )

1≤i≤m
1≤j≤m−k−a+1

,

R32 =

(
tν

′

n−i+1−n+r+i+j−1

(
ν′n−i+1 − n+ r + i+ j − 2

j − 1

) )

1≤i≤n−l−a+1
1≤j≤n

and withk the(m,n)-index defined in (5.3),l = µk + 1 andr = n−m+ k − l.
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Proof. Consider the character formulachVν̄;µ = ±D−1 det(C) from (5.28) where
det(C) is defined in (5.26). First we multiply the rowsl − 1 + i for i = 1, . . . ,m with
xri and divide the columnsk − 1 + j for j = 1, . . . , n, with yrj . The determinant ofC
becomes

det(C) =

(∏n
j=1 yj∏m
i=1 xi

)r
det




0 Y µ
′

0
Xµ R Xν

0 Y ν
′

0




with

R =

(
1

xi+yj

)

1≤i≤m, 1≤j≤n

Xµ =

(
x
µj+m−n+r−j
i

)

1≤i≤m,
1≤j≤k−1

=

(
hµj+m−n+r−j(xi)

)

1≤i≤m,
1≤j≤k−1

,

Xν =

(
x
−νm−j+1m+r−j
i

)

1≤i≤m,
k+a≤j≤m

=

(
s(νm−j+1−m−r+j)(xi)

)

1≤i≤m,
k+a≤j≤m

,

Y µ
′

=

(
y
µ′

i+n−m−r−i
j

)

1≤i≤l−1,
1≤j≤n

=

(
hµ′

i
+n−m−r−i(yj)

)

1≤i≤l−1,
1≤j≤n

,

Y ν
′

=

(
y
−ν′

n−i+1+n−r−i

j

)

l+a≤i≤n,
1≤j≤n

=

(
s(ν′

n−i+1−n+r+i)(yj)

)

l+a≤i≤n,
1≤j≤n

.

Apply Algorithm 1 on rowsi for i = l, . . . ,m+ l−1; denote the block matrix of those
rows byR(l...m+l−1). From Lemma 6.4, Lemma 6.5 and Lemma 6.12 it follows that

R(l...m+l−1) =

(
X̃µ | R̃ | X̃ν

)

where

R̃ =

(
(−1)i−1

∏i
p=1(xp + yj)

)

1≤i≤m, 1≤j≤n

,

X̃µ =

(
hµj+m−n+r−j−i+1(x1, . . . , xi)

)

1≤i≤m, 1≤j≤k−1

,

X̃ν =

(
(−1)i−1s(νm−j+1−m−r+j,1i−1)(x1, . . . , xi)

)

1≤i≤m, k+a≤j≤m

,

while the determinant has been divided by a factor
∏
i>j(xi − xj). Now we can make
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the substitutionxi = 1; then, using (6.4) and (6.25),±D−1 det(C) becomes

±

n∏

j=1

yrj

n∏

j=1

(1 + yj)
m

∏

i<j

(yi − yj)
det




0 Y µ
′

0

Xµ R1 Xν

0 Y ν
′

0


 = ±

n∏

j=1

yrj

n∏

j=1

(1 + yj)
m

∏

i<j

(yi − yj)
det(C̃)

where

R1 =

(
(−1)i−1

(1+yj)i

)

1≤i≤m, 1≤j≤n

,

Xµ =

((
µj+m−n+r−j

i−1

))

1≤i≤m, 1≤j≤k−1

,

Xν =

(
(−1)i−1

(
νm−j+1−m−r+i+j−2

i−1

))

1≤i≤m, k+a≤j≤m

.

Next we apply Algorithm 2 on columnsj, for j = k, . . . , k+n−1 of matrix C̃. Using
Lemmas 6.4, 6.7 and 6.12, this becomes

det(C̃) =
∏

i>j

(yi − yj) det




0 Ỹ µ′ 0

Xµ R̃1 Xν

0 Ỹ ν′ 0




where

R̃1 =

(
(−1)i+j

∑

α≤(i,1j−1)

mα(Y1, . . . , Yj)

)

1≤i≤m, 1≤j≤n

,

Ỹ µ′ =

(
hµ′

i
+n−m−r−i−j+1(y1, . . . , yj)

)

1≤i≤l−1, 1≤j≤n

,

Ỹ ν′ =

(
(−1)j−1s(ν′

n−i+1−n+r+i,1j−1)(y1, . . . , yj)

)

l+a≤i≤n, 1≤j≤n

.

In this expressionYj = 1
1+yj

for all j = 1, . . . , n according to Lemma 6.7. Substitut-
ing yj = t and using Lemma 6.8, and Formulas (6.15) and (6.25), finally leads to the
result. 2
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Similar to Section 6.2.1 we can also derive at-dimension formula starting from the
definition (2.34) of composite supersymmetric Schur functions:

sν̄;µ(x/y) = det

(
ḣνl+k−l(x/y) hµj−k−j+1(x/y)

ḣνl−i−l+1(x/y) hµj+i−j(x/y)

)

wherei, j, k resp.l runs from top to bottom, from left to right, from bottom to top,
resp. from right to left. This formula can be rewritten

sν̄;µ(x/y) = det
(
ḣνl+ν′

1−l−i+1(x/y) hµj−ν′

1−j+i
(x/y)

)

wherei, j resp.l runs from top to bottom, from left to right, resp. from right to left.
It follows from (6.4) and (6.5) that

Proposition 6.14 Thet-dimension ofVν̄;µ is given by the determinant

dim t Vν̄;µ = det (A | B) , (6.27)

with

A =

(νl+ν
′

1−l−i+1∑

k=0

(
m+ νl + ν′1 − l − i− k

νl + ν′1 − l − i− k + 1

)(
n

k

)
t−k
)

1≤i≤ν′

1+µ
′

1, 1≤l≤ν
′

1

,

B =

(µj−ν
′

1−j+i∑

k=0

(
m+ µj − ν′1 − j + i− k − 1

µj − ν′1 − j + i− k

)(
n

k

)
tk
)

1≤i≤ν′

1+µ
′

1, 1≤j≤µ
′

1

wherei, j resp.l runs from top to bottom, from left to right, resp. from right to left.

Compared to (6.27), (6.26) has the advantage that in generalthe dimension of the
matrix is smaller and each matrix element is a simple binomial coefficient multiplied
by a power oft or (1 + t).

Let us illustrate both formulas for̄ν;µ = (1, 1, 3); (2, 1) in gl(m|n) = gl(3|3). It
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is easy to check thatk = 2, l = 2 andr = 0. Using (6.27), we have that

dimt Vν̄;µ

= det




3 + 3
t

9
t + 3

t2 + 6 21 + 45
t + 30

t2 + 6
t3 0 0

1 3 + 3
t 15 + 30

t + 18
t2 + 3

t3 1 0

0 1 10 + 18
t + 9

t2 + 1
t3 3 + 3 t 0

0 0 6 + 9
t + 3

t2 6 + 9 t+ 3 t2 1

0 0 3 + 3
t 10 + 18 t+ 9 t2 + t3 3 + 3 t




= 48

(
t4 + 5 t3 + 10 t2 + 5 t+ 1

)
(1 + t)

4

t5

Using (6.26), we find that

dimt Vν̄;µ = ±(1 + t)9 t0 det




0 t 1 0 0

1 1
1+t − 1

(1+t)2
1

(1+t)3 1

1 − 1
(1+t)2

2
(1+t)3 − 3

(1+t)4 −3

0 1
(1+t)3 − 3

(1+t)4
6

(1+t)5 6

0 1
t3 − 3

t4
6
t5 0




= 48

(
t4 + 5 t3 + 10 t2 + 5 t+ 1

)
(1 + t)

4

t5

6.3.2 Thet-dimension in the special casēν; µ = (bc); (bc)

Let us consider the Lie superalgebragl(m|n). When we have the composite partition
ν̄;µ = (b

c
); (bc) with eithern = m + b − 2c or n = m + 2b − c, the t-dimension

turns out to be proportional to a power oft times a power of1 + t. As both cases are
equivalent, we will only consider the first case wheren = m+ b− 2c. The other case
is identical toν′;µ′ in gl(n|m), which coincides with the first one. An example of
ν̄;µ = (b

c
); (bc) is given in Figure 6.1 wheren = m+ b− 2c.

It is easy to verify thatk = 2c + 1, l = 1, r = b anda = n − b. In order to have
a critical composite partition with no zeros in the overlap,there is an extra condition
2c ≤ m. If 2c = m then the composite partition will be typical as the two partitions
will fill the whole (m× n)-rectangle.



152 Dimension formulas for gl(m|n) representations

...
0

0

n-b

n-b

Figure 6.1: ν̄; µ = (b
c
); (bc) in gl(m|n).

The t-dimension of a mixed tensor representation is given by a determinantal for-
mula (6.26). Translated to the composite partitionν̄;µ = (b

c
); (bc) this formula reads

dimt V(b
c
);(bc) = (1 + t)mntbn det(C) (6.28)

with

C =




((
b+2c−j
i−1

))
i=1,...,m
j=1,...,c

((
c−j
i−1

))
i=1,...,m
j=1,...,c

(
(−1)i+j

(1+t)i+j−1

(
i+j−2
j−1

))
i=1,...,m
j=1,...,n

0 0
(

(−1)j−1

ti+j+c−1

(
i+j+c−2
j−1

))
i=1,...,b
j=1,...,n




(6.29)
We will prove that

Theorem 6.15 Let ν̄;µ = (b
c
); (bc) be a composite partition withn = m+b−2c and

n− b ≥ 0; the t-dimension ofVν̄;µ is then given by:

dimt V(b
c
);(bc) = ±((b+ c)!)ct−bc(1 + t)2cb

×

n+c∏

j=1

(j + c− 1)!

c−1∏

j=1

(c+ b+ j)c−j
c∏

j=1

(j − 1)!

b∏

j=1

(j − 1)!

n−b∏

j=1

(j − 1)!

m−c∏

i=1

(i+ c− 1)!

b∏

i=1

(i+ c− 1)!

n∏

j=1

(j − 1)!

2c∏

j=1

(b+ j − 1)!

.
(6.30)
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First simplifications

By the triangularity of columnsc + i, wherei = 1, . . . , c, the determinant can be
reduced according to those columns;det(C) becomes

det(C) = ±det




((
b+2c−j
i+c−1

))
i=1,...,m−c
j=1,...,c

(
(−1)i+c+j

(1+t)i+j+c−1

(
i+j+c−2
j−1

))
i=1,...,m−c
j=1,...,n

0
(

(−1)j−1

ti+j+c−1

(
i+j+c−2
j−1

))
i=1,...,b
j=1,...,n

.




(6.31)
In the lastb rows, a factorti+n+c−1 with i = 1, . . . , b, can be put in front. Next,

we apply the following operations on the lastb rowsRi:

for j from 2 to b do

for i from b to j by − 1 do

Ri+m−c → Ri+m−c −Ri+m−c−1.

After s steps the entries in the lastb rows become(−1)j−1tn−j
(
i+j+c−2−s
j−1−s

)
. Since

the algorithm applies in totali − 1 row transformations on rowi +m − c, the entries
in those lastb rows become

(−1)j−1tn−j
(
j + c− 1

j − i

)
. (6.32)

On the firstc columnsKj we apply the following operations:

for i from c to 2 by − 1 do

for j from 1 to i− 1 do

Kj → Kj −Kj+1.

(6.33)

After s steps the elements on columnKj become
(
b+2c−j−s
i+c−1−s

)
. At the end of this

sequence (6.33), we applied(c − j) transformations on columnKj . This way, the
entries become ((

b+ c

i+ j − 1

))

i=1,...,m−c, j=1,...,c

.

Changing the order of thosec columns the entries in the firstc columns are converted
into ((

b+ c

i− j + c

))

i=1,...,m−c, j=1,...,c

. (6.34)
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So,det(C) can be replaced by:

det(C) = ±F det




((
b+c
i−j+c

))
i=1,...,m−c
j=1,...,c

(
(−1)i+c+j

(1+t)i+j+c−1

(
i+j+c−2
j−1

))
i=1,...,m−c
j=1,...,n

0
(
(−1)j−1tn−j

(
j+c−1
j−i

))
i=1,...,b
j=1,...,n




(6.35)
and

F = t−
b(b+1)

2 −b(n+c−1).

Eliminating the denominators and common factors

First of all, we substitute(t+ 1) by T . In the next step we eliminate denominators and
common factors by multiplying

• the firstm− c rows by(−1)i+c−1(i+ c− 1)! Tn+i+c−1,

• the lastb rows by(i+ c− 1)!, wherei = 1, . . . , b,

• the firstc columns by
(−1)c(b+ j − 1)!

(b+ c)! Tn+c
.

• finally, the lastn columns by
(−1)j−1(j − 1)!

(j + c− 1)!
, j = 1, . . . , n.

The resulting determinant is given in the next formula:

det(C) = ±t−
b(b+1)

2 −b(n+c−1)T−(n+c)(n−b)−
(m−c)(m−c−1)

2

×

((b+ c)!)c
n∏

j=1

(j + c− 1)!

m−c∏

i=1

(i+ c− 1)!

n∏

j=1

(j − 1)!

c∏

j=1

(b+ j − 1)!

b∏

i=1

(i+ c− 1)!

× det



(
(−1)i−1(i+ c− 1)j−1(b+ j − 1)i−1 T

i−1
) (

(c+ j)i−1T
n−j
)

0
(
(j − 1)i−1t

n−j
)




(6.36)

Herein,(a)r = a(a+ 1) · · · (a+ r − 1) is the Pochhammer symbol or rising factorial,
and by(a)r = a(a− 1) · · · (a− r + 1) we denote the falling factorial.
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Generalisations by means of variables

In order to compute the remaining determinant, we introducesome variables in such
a way that the expansion of the determinant is proportional to a factorization in these
variables. More exactly:

A(b, c, n)

=



(
(−1)i−1(Rj + i− 1)j−1(b+ j − 1)i−1 T

i−1
) (

(C + j)i−1T
n−j
)

0
(
(Ai + j − 1)i−1t

n−j
)




=

(
(A11)i=1,...,m−c, j=1,...,c (A12)i=1,...,m−c, j=1,...,n

0 (A22)i=1,...,b, j=1,...,n

)

(6.37)

From now on, we can even assume that the dimension variablesb, c, n are independent.
The variablesRj , for j = 1, . . . , c,Ai for i = 1, . . . , b andC are parameters.

The determinant is independent of the variablesAi

To prove thatdet(A(b, c, n)) is independent of the variablesAi we will only consider
the lastb rows and more exactlyA22. The entries ofA22 are:

(A22)ij = tn−j(Ai + j − 1)i−1. (6.38)

It is clear that the first row ofA22 is independent ofA1 as the elements are equal to
tn−j(A1 + j − 1)0 = tn−j . So, we can replaceA1 by no matter what variable, for
exampleA2. Next, let us consider the row operation where we replace thesecond row
R2 byR2 −R1. The entries become

tn−j(A2+j−1)1−t
n−j = tn−j(A2−1+j−1) = tn−j(A∗

2+j−1)1 with A∗
2 = A2−1.

This implies thatdet(A(b, c, n)) = det(A(b, c, n))|A2=A∗

2
. Since we can perform this

transformation several times, we can replaceA2 by any value. Suppose that we already
considered the firstk rows, and that we can replace the variablesAj , j = 1, . . . , k by
arbitrary variables. Then we can choose to putAk = Ak+1 − 1. Next, replace the
(k + 1)-th rowRk+1 byRk+1 − kRk:

tn−j(Ak+1 + j − 1)k − k t
n−j(Ak+1 − 1 + j − 1)k−1

= tn−j(Ak+1 + j − 2)k−1(Ak+1 + j − 1− k)

= tn−j(Ak+1 − 1 + j − 1)k

(6.39)
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So, we may replaceAk+1 byAk+1 − 1, and by repetition by any value. We can con-
clude that the determinant is independent of the choices of the value of everyAi.

Without a loss of generality, we putA(b, c, n) = A(b, c, n)
∣∣
Ai=0,i=1,...,b

:

A(b, c, n)

=



(
(−1)i−1(Rj + i− 1)j−1(b+ j − 1)i−1 T

i−1
) (

(C + j)i−1T
n−j
)

0
(
(j − 1)i−1t

n−j
)




(6.40)

The determinant det(A(b, c, n)) is divisible by
c∏

p=2

p−1∏

q=1

(Rp + b + q)

The entries of(A11)ij have the following form:

(A11)ij = (−1)i−1T i−1(Rj + i− 1)j−1(b+ j − 1)i−1 (6.41)

We will prove the existence of every factor(Rj + b + 1) and illustrate the other
factors and the algorithm by an example. First of all, we replace columnKj by
Kj − (Rj)j−1K1; the entries transform into:

(−1)i−1T i−1
[
(Rj + i− 1)j−1(+j − 1)i−1 − (Rj)j−1(b)i−1

]
= (−1)i−1T i−1X

If i < j then

X = (Rj)j−i

[
(Rj + 1)i−1(b+ (j − 1))(b− 1 + (j − 1)) . . . (b− i+ 2 + (j − 1)

− (Rj + i− 1− (j − 1))(Rj + i− 2− (j − 1)) . . . (Rj + 1− (j − 1))(b)i−1

]

= (Rj)j−i

[
(Rj + 1)i−1

i−1∑

k=0

(j − 1)kei−1+k(b, b− 1, . . . , b− i+ 2)

− (b)i−1

i−1∑

k=0

(−1)k(j − 1)kei−1+k(Rj + 1, Rj + 2, . . . , Rj + i− 1)

]
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If i ≥ j then

X = (b)i−j

[
(Rj + i− 1)j−1(b+ 1)j−1 − (Rj)j−1(b+ j − i)j−1

]

= (b)i−j

[
(b+ 1)j−1

j−1∑

k=0

(i− 1)kej−1−k(Rj , Rj − 1, . . . , Rj − j + 2)

− (Rj)j−1

j−1∑

k=0

(i− 1)kej−1−k(b+ 1, b+ 2, . . . , b+ j − 1)

]

As both expressions become zero when puttingRj = −b − 1, columnKj can be di-
vided by a factorRj + b+ 1, with j = 2, . . . , c.

The same process can be repeated for columnKj , with j = 3, . . . , c, usingK2 in
the operations and yielding a factorRj + b + 2; next we can repeat this process for
Kj , with j = 4, . . . , c, usingK3 in the operations and yielding a factorRj + b + 3,
etc. The computation is always the same, so we will not give itexplicitly. But let us
illustrate the whole process forb = 2, c = 4 andn = 3. The matrix is then given
by a(7× 7)-matrix. As the column operations only affect the firstc columns, we will
consider only those columns. The lastb rows have a zero in columns 1 toc; therefore
they will not been mentioned either.0BBBBBBBBBBB� 1 R2 R3 (R3 − 1) R4 (R4 − 1) (R4 − 2)

−2 − 2 t −3 (R2 + 1) (1 + t) −4 (R3 + 1) R3 (1 + t) −5 (R4 + 1) R4 (R4 − 1) (1 + t)

2 (1 + t)2 6 (R2 + 2) (1 + t)2 12 (R3 + 2) (R3 + 1) (1 + t)2 20 (R4 + 2) (R4 + 1) R4 (1 + t)2

0 −6 (R2 + 3) (1 + t)3 −24 (R3 + 3) (R3 + 2) (1 + t)3 −60 (R4 + 3) (R4 + 2) (R4 + 1) (1 + t)3

0 0 24 (R3 + 4) (R3 + 3) (1 + t)4 120 (R4 + 4) (R4 + 3) (R4 + 2) (1 + t)4

1CCCCCCCCCCCA
for j from 2 to c doKj → Kj − (Rj)j−1K1.0BBBBBBBBBB� 1 0 0 0

−2 − 2 t − (R2 + 3) (1 + t) −2 R3 (R3 + 3) (1 + t) −3 R4 (R4 + 3) (R4 − 1) (1 + t)

2 (1 + t)2 4 (1 + t)2 (R2 + 3) 2 (R3 + 3) (5 R3 + 4) (1 + t)2 6 R4 (R4 + 3) (3 R4 + 2) (1 + t)2

0 −6 (R2 + 3) (1 + t)3 −24 (R3 + 3) (R3 + 2) (1 + t)3 −60 (R4 + 3) (R4 + 2) (R4 + 1) (1 + t)3

0 0 24 (R3 + 4) (R3 + 3) (1 + t)4 120 (R4 + 4) (R4 + 3) (R4 + 2) (1 + t)4

1CCCCCCCCCCA
for j from 2 to c doKj →

1

(j − 1)(Rj + b+ 1)
Kj .
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−2 − 2 t −1 − t − (1 + t)R3 − (1 + t)R4 (R4 − 1)

2 (1 + t)2 4 (1 + t)2 (5R3 + 4) (1 + t)2 2 (3R4 + 2)R4 (1 + t)2

0 −6 (1 + t)3 −12 (R3 + 2) (1 + t)3 −20 (R4 + 2) (R4 + 1) (1 + t)3

0 0 12 (R3 + 4) (1 + t)4 40 (R4 + 4) (R4 + 2) (1 + t)4

1CCCCCCCCCA
for j from 3 to c do j → Kj − (Rj)j−2K2.0BBBBBBBBB� 1 0 0 0

−2 − 2 t −1 − t 0 0

2 (1 + t)2 4 (1 + t)2 (1 + t)2 (R3 + 4) 2 (1 + t)2 R4 (R4 + 4)

0 −6 (1 + t)3 −6 (1 + t)3 (R3 + 4) −2 (R4 + 4) (7R4 + 5) (1 + t)3

0 0 12 (R3 + 4) (1 + t)4 40 (R4 + 4) (R4 + 2) (1 + t)4

1CCCCCCCCCA
for j from 3 to c doKj →

1

(j − 2)(Rj + b+ 2)
Kj .0BBBBBBBBB� 1 0 0 0

−2 − 2 t −1 − t 0 0

2 (1 + t)2 4 (1 + t)2 (1 + t)2 R4 (1 + t)2

0 −6 (1 + t)3 −6 (1 + t)3 − (7R4 + 5) (1 + t)3

0 0 12 (1 + t)4 20 (R4 + 2) (1 + t)4

1CCCCCCCCCA
for j from 4 to c doKj → Kj − (Rj)j−3K3.0BBB� 1 0 0 0

−2 − 2 t −1 − t 0 0
2 (1 + t)2 4 (1 + t)2 (1 + t)2 0

0 −6 (1 + t)3 −6 (1 + t)3 − (1 + t)3 (R4 + 5)
0 0 12 (1 + t)4 8 (1 + t)4 (R4 + 5)

1CCCA
for j from 4 to c doKj →

1

(j − 3)(Rj + b+ 3)
Kj .0BBBBBBBBB� 1 0 0 0

−2 − 2 t −1 − t 0 0

2 (1 + t)2 4 (1 + t)2 (1 + t)2 0

0 −6 (1 + t)3 −6 (1 + t)3 − (1 + t)3

0 0 12 (1 + t)4 8 (1 + t)4

1CCCCCCCCCA
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In the end, the entries ofA12 are independent ofRj . The product

c∏

p=2

p−1∏

q=1

(Rp + b+ q)

is a polynomial inR1, R2, . . . , Rc with highest degree termR2R
2
3R

3
4 · · ·R

c−1
c . This

polynomial dividesdet(C), thereforedet(C) is also a polynomial inR2, . . . , Rc.
Looking at (6.40), it is easy to see that the highest degree possible in the computa-
tion of the determinant is alsoR2R

2
3R

3
4 · · ·R

c−1
c . Therefore, we found every factor

in the variablesRj . To compute the coefficient, it is sufficient to look at the leading
coefficients inRj in every term ofA11. So,

Lemma 6.16 LetA(b, c, n) be the matrix defined in (6.40).

det(A(b, c, n)) = ±
c∏

p=2

p−1∏

q=1

(Rp + b+ q) det(A(b, c, n)) (6.42)

where

A(b, c, n) =



(
(b+ j − 1)i−1T

i−1
)
i=1,...,m−c
j=1,...,c

(
(−C − j)i−1T

n−j
)
i=1,...,m−c
j=1,...,n

0
(
(j − 1)i−1t

n−j
)
i=1,...,b
j=1,...,n


 .

(6.43)

Remark that we first eliminated the minus sign in the firstc columns.

det(A) is divisible by
n−b∏

p=1

c∏

q=1

(C + b + p + q − 1)

One of the methods given in [43] to compute determinants is the method by identifica-
tion of factors. To prove that a determinant is divisible by afactorC + b+ p+ q − 1,
we have to find a vector in the kernel of the matrix.
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For every(p, q) we construct a vectorv(p,q) ∈M(n+c)×1:

v(p,q) =




(
−
(
q−1
i−1

)
Tn−b−qtq−i

)
i=1,...,c

(0)i=1,...,p−1

(
(−1)i−1

(
b
i−1

)
T p−1ti−1

)
i=1,...,b+1

(0)i=1,...,n−b−p




(6.44)

Lemma 6.17 For A(b, c, n) given in (6.43), andv(p,q) defined in (6.44), we have that

if C = −b− p− q + 1 ⇒ A(b, c, n) · v(p,q) = 0. (6.45)

Proof. Part 1: the firstn+ b− c rows in the productA(b, c, n) · v(p,q).
AsC = −b− p− q + 1 it follows that(−C − j)i−1 = (b+ p+ q − j − 1)i−1.

(A(b, c, n) · v(p,q))i

=

c∑

j=1

−(b+ j − 1)i−1

(
q − 1

j − 1

)
T i−1+n−b−qtq−j

+
n∑

j=1

(b+ p+ q − j − 1)i−1T
n−j(v(p,q))c+j

=
∑

j

−(b+ j − 1)i−1

(
q − 1

j − 1

)
T i−1+n−b−qtq−j

+
∑

j

(b+ p+ q − j − 1)i−1T
n−j(−1)j−p

(
b

j − p

)
tj−pT p−1

=
∑

j

(−1)i(1− b− j)i−1

(
q − 1

j − 1

)
T i−q−1+n−btq−j

+
∑

j

(−1)i−1(−b− q + j + 1)i−1T
n−j−1(−1)j

(
b

j

)
tj

=

(∑

j

(−1)i(1− b− j)i−1

(
q − 1

j − 1

)
tq−j
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+
∑

j

(−1)i+j−1(−b− q + j + 1)i−1T
b+q−i−j

(
b

j

)
tj
)
Tn−b+i−q−1

In order to have a product equal to zero, we will prove the following identity:

∑

j

(
q − 1

j − 1

)
(1− b− j)i−1t

q−j =
∑

j

(1 + j − b− q)i−1(−1)j
(
b

j

)
tjT b+q−i−j .

lhs =
∑

J

(
q − 1

J

)
(1− b− q + J)i−1t

J

In the rhs we expand the power of(1 + t), change summation indices, and perform the
Chu-Vandermonde (binomial) summation theorem:

rhs =
∑

j

(1 + j − b− q)i−1(−1)j
(
b

j

)
tj(1 + t)b+q−i−j

=
∑

j

(1 + j − b− q)i−1(−1)j
(
b

j

)
tj
(∑

k

(
b+ q − i− j

k

)
tk
)

=
∑

k,j

(−1)j(1 + j − b− q)i−1

(
b

j

)(
b+ q − i− j

k

)
tk+j

=
∑

K,j

(−1)j(1 + j − b− q)i−1

(
b

j

)(
b+ q − j − i

K − j

)
tK

=
∑

K,j

(−1)j(1 + j − b− q)i−1

(
b

j

)(
b+ q − j − 1

K − j

)
(−b− q +K + 1)i−1

(−b− q + j + 1)i−1
tK

=
∑

K

(1 +K − b− q)i−1


∑

j

(−1)j
(
b

j

)(
b+ q − j − 1

K − j

)
 tK

(6.7)
=

∑

K

(1 +K − b− q)i−1

(
q − 1

K

)
tK = lhs

Part 2: the lastb rows in the productA(b, c, n) · v(p,q).
For the entries in the lastb rows, we first simplify the expression, put common factors
in front and perform the Chu-Vandemonde (binomial) summation theorem:

0 +

n∑

j=1

(j − 1)i−1t
n−j(v(p, q))c+j
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=
∑

j

(j − 1)i−1t
n−j(−1)j−p

(
b

j − p

)
tj−pT p−1

=
∑

j

(j − p− 1)i−1t
n−p(−1)j

(
b

j

)
T p−1

= (−1)i−1tn−pT p−1
∑

j

(−1)j
(
b

j

)
(p+ 1− j)i−1

= (−1)i−1tn−pT p−1
∑

j

(−1)j
(
b

j

)(
p− j + i− 1

p− j

)
(i− 1)!

= (−1)i−1tn−pT p−1
∑

j

(−1)j
(
b

j

)(
p− j + i− 1

p− j

)
(i− 1)!

(6.7)
= (−1)i−1tn−pT p−1(i− 1)!

(
i− 1− b+ p

p

)
.

As 1 ≤ i ≤ b, we find thatp− b ≤ p+ i− 1− b ≤ p− 1. Therefore,
(
i−1−b+p

p

)
= 0.

The result follows. 2

As the determinant can be divided by

n−b∏

p=1

c∏

q=1

(C + b+ p+ q − 1), (6.46)

det(A(b, c, n)) is a polynomial inC of degree at least(n− b)c.

det(A(b, c, n)) is a polynomial of degree(n − b)c in C and b(b−1)
2

in t

In order to put an upper bound to the degree ofdet(A(b, c, n)) in C and to determine
the degree ofdet(A(b, c, n)) in t, we apply some new column and row operations.
First of all, we putt = T − 1 in A(b, c, n). The first sequence of operations affects the
columnsKj , with j = c+ 1, . . . , c+ n− 1:

for i from 1 to n− 1 do

for j from c+ 1 to c+ n− i doKj → Kj − TKj+1,
(6.47)
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whereas the second sequence of operations changes rowsRi, with i = 2, . . . , b:

for j from 2 to b do

for i from b to j by − 1 do

Rn+c−b+i → Rn+c−b+i − (n− i+ 1)TRn+c−b+i−1.

(6.48)

The operations (6.47) only affect the lastn columns. We will first look at the elements
in the firstn− b rows of those columns.

Lemma 6.18 The operations (6.47) transform

(−C − j)i−1T
n−j into (−1)n−i−j−1(i− 1)n−jT

n−j . (6.49)

Proof. We prove this lemma by induction on the number of transformations applied on
every row. To do so, we will prove that afters steps the entries become

Tn−j(i− 1)s(−C − j − s)i−s−1. (6.50)

After one step we have that:

(−C − j)i−1T
n−j − T (−C − j − 1)i−1T

n−j−1

=
(
(−C − j)− (−C − j − i+ 1))

)
(−C − j − 1)i−2T

n−j

= (i− 1)(−C − j − 1)i−2T
n−j .

Suppose that afters−1 steps the elements becameTn−j(i−1)s−1(−C−j−s+1)i−s,
then we will prove that after another operation those elements become (6.50). Indeed,

Tn−j(i− 1)s−1(−C − j − s+ 1)i−s − T
n−j(i− 1)s−1(−C − j − s)i−s

= Tn−j(i− 1)s−1(−C − j − s)i−s−1

(
(−C − j − s+ 1)− (−C − j − i+ 1)

)

= Tn−j(i− 1)s−1(−C − j − s)i−s−1(i− s)

which is equal to (6.50). As we maken − j transformations on columnj, this yields
the lemma. 2

The row operations (6.48) affect the lastb rows. The elements in the lastn columns
of those rows however, are first changed by (6.47), the other entries are zero.

Lemma 6.19 The operations (6.47) transform the elements(j − 1)i−1t
n−j in the last

b rows into:

(−1)n−j
n−j∑

q=0

(
n− j

q

)
(i− 1)q(n− i+ 1)i−q−1t

q. (6.51)
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Proof. We will prove this Lemma also by induction on the number of transformations;
afters transformations the entries are

(−1)s(j − 1)i−s−1t
n−j−s

s∑

q=0

(
s

q

)
(i− 1)q(j)s−qt

q. (6.52)

After one step the elements are changed into:

(j − 1)i−1t
n−j − (1 + t)(j)i−1t

n−j−1

= (j − 1)i−2t
n−j−1

(
(j − i+ 1)t+ (1 + t)j

)

= −(j − 1)i−2t
n−j−1(i− 1)t+ j)

Suppose that we have already applieds− 1 transformations on a row. In the next step
the entries will become:

(−1)s−1(j − 1)i−s−1t
n−j−s × term

with

term =

s−1∑

q=0

(
s− 1

q

)
(i− 1)q

(
t(j − i+ s)(j)s−q−1 − (1 + t)j(j + 1)s−q−1

)
tq

=
s−1∑

q=0

(
s− 1

q

)
(i− 1)q

(
t(j − i+ s)(j)s−q−1 − (1 + t)(j)s−q

)
tq

=

s−1∑

q=0

(
s− 1

q

)
(i− 1)q

(
t(j)s−q−1(−i+ q + 1)− (j)s−q

)
tq

= −

(
s− 1

0

)
(i− 1)0(j)st

0 +

(
s− 1

s− 1

)
(i− 1)s−1(j)0(s− i)t

s

+

s−1∑

q=1

((
s− 1

q − 1

)
(i− 1)q−1(j)s−q(−i+ q)−

(
s− 1

q

)
(i− 1)q(j)s−q

)
tq

= −

(
s

0

)
(i− 1)0(j)st

0 −

(
s

s

)
(i− 1)s(j)0t

s

−
s−1∑

q=1

(i− 1)q(j)s−q

((
s− 1

q − 1

)
+

(
s− 1

q

))
tq

= −
s∑

q=0

(
s

q

)
(i− 1)q(j)s−qt

q.
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This proves the induction. Since the algorithm applies in totaln− j transformations in
columnj, the entries become

(−1)n−j(j − 1)i−n+j−1

n−j∑

q=0

(
n− j

q

)
(i− 1)q(j)n−j−qt

q.

(6.51) follows from the equality(j − 1)i−1−n+j(j)n−j−q = (n− i+ 1)i−q−1. 2

Lemma 6.20 The operations (6.48) transform the elements (6.51) in the last b rows
into:

(−1)n−i−j+1(j − 1)i−1t
i−1. (6.53)

Proof. It is easy to prove by means of induction that afters transformations the entries
in the lastb rows are given by

(−1)n−j
n−j∑

q=0

(
n− j

q

)
(n− i+ 1)i−q−1t

q
s∑

p=0

(
s

p

)
(i− 1− p)q(−1)pT p.

As we needi− 1 operations in rowi, we get:

(−1)n−j
n−j∑

q=0

(
n− j

q

)
(n− i+ 1)i−q−1t

q
i−1∑

p=0

(
i− 1

p

)
(i− 1− p)q(−1)pT p. (6.54)

In this expression:
(
i− 1

p

)
(i− 1− p)q = (i− 1)q

(
i− 1− q

p

)
. (6.55)

Consequently, (6.54) can be replaced by:

(−1)n−j
n−j∑

q=0

(
n− j

q

)
(n− i+ 1)i−q−1t

q(i− 1)q

i−1∑

p=0

(
i− 1− q

p

)
(−1)pT p

= (−1)n−j
n−j∑

q=0

(
n− j

q

)
(n− i+ 1)i−q−1t

q(i− 1)q(1− T )i−q−1

= (−1)n−j−i+1ti−1

n−j∑

q=0

(
n− j

q

)
(n− i+ 1)i−q−1(i− 1)q(−1)q
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In this expression the sum can be rewritten:

n−j∑

q=0

(
n− j

q

)
(n− i+ 1)i−q−1(i− 1)q(−1)q

=
(j − 1)!(n− j)!

(n− i)!

∑

q

(n− q − 1)!

(n− j − q)!(j − 1)!

(i− 1)!

q!(i− q − 1)!
(−1)q

=
(j − 1)!(n− j)!

(n− i)!

∑

q

(
n− q − 1

n− j − q

)(
i− 1

q

)
(−1)q

(6.7)
=

(j − 1)!(n− j)!

(n− i)!

(
n− i

n− j

)
= (j − 1)i−1.

This proves the lemma. 2

As a result of Lemma 6.20, we can divide the lastb rows by a factorti−1, i = 1, . . . , b.

Lemma 6.21 The row and column operations described, transformA(b, c, n) in

A
′
(b, c, n) =

(
(b+ j − 1)i−1T

i−1 (i− 1)n−j(−C − n)i−n+j−1T
n−j

0 (−1)n+1−i−j(j − 1)i−1

)

(6.56)
where

det(A
′
(b, c, n)) = t

b(b−1)
2 det(A(b, c, n)). (6.57)

For example, withb = 3, c = 2 andn = 5,

A
′
(3, 2, 5) =




1 1 0 0 0 0 1
3T 4T 0 0 0 T −C − 5
6T 2 12T 2 0 0 2T 2 −2T (C + 5) (C + 5)2
6T 3 24T 3 0 6T 3 −6T 2(C + 5) 3T (C + 5)2 −(C + 5)3

0 0 1 −1 1 −1 1
0 0 0 1 −2 3 −4
0 0 0 0 2 −6 12




It is clear that the maximal degree inC is determined by the determinant of the sub-
matrix consisting of rowsc+ 1, c+ 2, . . . , c+ n− b and columnsc+ b+ 1, c+ b+
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2, . . . , c+ n; more exactly



(−C − n)c−n+b+1 · · · (−C − n)c−1 (−C − n)c
(−C − n)c−n+b+2 · · · (−C − n)c (−C − n)c+1

...
. . .

...
...

(−C − n)c · · · (−C − n)c+n−b−2 (−C − n)c+n−b−1


 (6.58)

So, the maximal degree ofA
′
(b, c, n) in C is (n− b)c. This proves that we have found

every factor inC.

The coefficient ofC(n−b)c in the computation ofdet(A
′
(b, c, n)) equalsdet((̃A)(b, c, n)

with Ã(b, c, n) defined in the next lemma.

Lemma 6.22

Ã(b, c, n) =

(
(b+ j − 1)i−1T

i−1 (−1)n+1−i−j(i− 1)n−jT
n−j

0 (−1)n+1−i−j(j − 1)i−1

)
(6.59)

=




(Ã11)i=1,...,m−c, j=1,...,c (Ã12)i=1,...,m−c, j=1,...,n

0 (Ã22)i=1,...,b, j=1,...,n




with

det(A(b, c, n)) =
n−b∏

p=1

c∏

q=1

(C + b+ p+ q − 1)t
b(b−1)

2 det(Ã(b, c, n)). (6.60)

In the example mentioned above,Ã(b, c, n) becomes

Ã(3, 2, 5) =




1 1 0 0 0 0 1
3T 4T 0 0 0 T −1
6T 2 12T 2 0 0 2T 2 −2T 1
6T 3 24T 3 0 6T 3 −6T 2 3T −1

0 0 1 −1 1 −1 1
0 0 0 1 −2 3 −4
0 0 0 0 2 −6 12




(6.61)
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The determinant of Ã(b, c, n)

The determinant can be divided into nine blocks.

Ã(b, c, n) =




(A11)i=1,...,c
j=1,...,c

(A12)i=1,...,c
j=1,...,b

(A13) i=1,...,c
j=1,...,n−b

(A21)i=1,...,n−b
j=1,...,c

(A22)i=1,...,n−b
j=1,...,b

(A23)i=1,...,n−b
j=1,...,n−b

(A31)i=1,...,b
j=1,...,c

(A32)i=1,...,b
j=1,...,b

(A33) i=1,...,b
j=1,...,n−b


 (6.62)

In this section we will prove that:

Lemma 6.23 With Ã(b, c, n) defined in (6.59) andA11, A23 andA32 given in (6.62),
we find that

det(Ã(b, c, n)) = det(A11) det(A23) det(A32) (6.63)

We will first makeA11 lower triangular using column operations:

for p from 1 to c− 1 do

for j from p+ 1 to c doKj → Kj −

(
j − 1

p− 1

)
Kp.

Using the equality
k∑

i=0

(
k

i

)(
a

b− i

)
=

(
a+ k

b

)
(6.64)

it is easy to prove that the operations transform

(b+ j − 1)i−1T
i−1 = (i− 1)!

(
b+ j − 1

i− 1

)
T i−1 into (i− 1)!

(
b

i− j

)
T i−1.

Next, we divide the firstc columns by(j − 1)!T j−1. Finally, the elements(b + j −
1)i−1T

i−1 become:

(i− 1)i−j

(
b

i− j

)
T i−j . (6.65)

More specific, the triangularity of the firstc columns with only1s along the diagonal,
implies:

det(A11) = det
(
(b+ j − 1)i−1 T

i−1
)

= T
c(c−1)

2

c∏

j=1

(j − 1)!. (6.66)
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In the example,det(Ã(3, 2, 5)) becomes:

det(Ã(3, 2, 5)) = T det




1 0 0 0 0 0 1
3T 1 0 0 0 T −1
6T 2 6T 0 0 2T 2 −2T 1
6T 3 18T 2 0 6T 3 −6T 2 3T −1

0 0 1 −1 1 −1 1
0 0 0 1 −2 3 −4
0 0 0 0 2 −6 12




Using the firstc columns, we transform
(
A12 A13

)
into a zero block. The column

operations are:

for j from c+ 1 to c+ n do

for i from n+ c+ 1− j to c do

Kj → Kj − (b+ j − 1)i−1Ki.

This way, a Laplace expansion reduces the dimension of the matrix to an× n-matrix.
In general, this leads to:

det(Ã) = T
c(c−1)

2

c∏

j=1

(j − 1)! det

(
A′

22 A′
23

A′
32 A′

33

)
(6.67)

For b = 3, c = 2 andn = 5, we get for our example:

det(Ã(3, 2, 5)) = T det




0 0 2T 2 −2T − 6T 2 1 + 12T 2 + 6T
0 6T 3 −6T 2 3T − 18T 3 −1 + 48T 3 + 18T 2

1 −1 1 −1 1
0 1 −2 3 −4
0 0 2 −6 12




The b × b block A′
32 is upper triangular. First, we divide the lastb rows by

(−1)n−1(i − 1)!, changing the entries in those rows into(−1)i+j
(
j−1
i−1

)
. This way,

det(Ã(b, c, n)) is divided by

det(A′
32) = det(A32) = (−1)b(n−1)

b∏

i=1

(i− 1)!. (6.68)

The following column operations turnA′
33 into a zero block:
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for j from 1 to b do

for i from 1 to n− b do

Kb+i → Kb+i + (−1)i−1

(
i+ j − 2

i− 1

)(
b+ i− 1

i+ j − 1

)
Kb−j+1.

The Laplace expansion with respect to the lastb rows gives that

det(Ã) = (−1)b(n−1)T
c(c−1)

2

c∏

j=1

(j − 1)!
b∏

i=1

(i− 1)! det
(
A′′

23

)
(6.69)

In the example, we have that:

det(Ã(3, 2, 5)) = 2 T det

(
−2T 1 + 8T

3T − 24T 2 −1 + 96T 2

)

While making zero blocks ofA13 andA33 in Ã the entries ofA23 also changed. To
undo those changes, we apply some new row and column operations, turning the matrix
A′′

23 back into the original matrixA23. These operations are given by:

for i from n− b− 1 to 1 by − 1 do

for j from 1 to i do

Ki+1 → Ki+1 +

(
b

i− j + 1

)
Kj .

and

for i from n− b− 1 to 1 by − 1 do for j from 1 to i do

Ri+1 → Ri+1 + (−1)i+j−1

(
b+ i− j

i− j + 1

)(
c+ i

i− j + 1

)
(i− j + 1)!T i−j+1Ri−j+1.

To conclude the computation of the determinant, we still need to computedet(A23),
which is equal to

det(A23) = det
((

(−1)n−b−c+1−i−jTn−b−j(i− c− 1)n−b−j

)
1≤i,j≤n−b

)

= (−1)−c(n−b) T
(n−b)(n−b−1)

2 det
(
(i− c− 1)n−b−j

)
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= (−1)−c(n−b) T
(n−b)(n−b−1)

2

n−b∏

j=1

(j − 1)!

In the last step we made use of the computation of (6.66). So,

det(Ã) = (−1)b(n−1)−c(n−b) T
c(c−1)

2 +
(n−b)(n−b−1)

2

c∏

j=1

(j−1)!

b∏

j=1

(j−1)!

n−b∏

j=1

(j−1)!.

(6.70)

Conclusion

To conclude this section, we combine all the results (6.36) and (6.37), giving:

dimt V(b
c
);(bc)

(6.28)
= (1 + t)mntrn det(C)

= ±t−
b(b+1)

2 −b(n+c−1)T−(n+c)(n−b)−
(m−c)(m−c−1)

2

×

((b+ c)!)c
n∏

j=1

(j + c− 1)!

m−c∏

i=1

(i+ c− 1)!

n∏

j=1

(j − 1)!

c∏

j=1

(b+ j − 1)!

b∏

i=1

(i+ c− 1)!

×det(A(b, c, n))

∣∣∣∣ Rj = c, j = 1, . . . , c, C = c
Ai = 0, i = 1, . . . , b

.

Herein,

det(A(b,c, n))(6.42)=

c∏

p=2

p−1∏

q=1

(Rp + b+ q) det(A(b, c, n))

(6.60)
=

c∏

p=2

p−1∏

q=1

(Rp + b+ q)
n−b∏

p=1

c∏

q=1

(C + b+ p+ q − 1)t
b(b−1)

2 det(Ã(b, c, n)

(6.70)
=

c∏

p=2

p−1∏

q=1

(Rp + b+ q)

n−b∏

p=1

c∏

q=1

(C + b+ p+ q − 1)t
b(b−1)

2

×
c∏

j=1

(j − 1)!
b∏

j=1

(j − 1)!
n−b∏

j=1

(j − 1)! (1 + t)
c(c−1)

2 +
(n−b)(n−b−1)

2
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The power oft is

b(b− 1)

2
−
b(b+ 1)

2
− b(n+ c− 1) + bn = −b c

Taking into account thatm = n− b+ 2c, the power of(1 + t) is given by:

mn+
c(c− 1)

2
+

(n− b)(n− b− 1)

2
− (n− b)(n+ c)−

(m− c)(m− c− 1)

2
= 2cb

The remaining coefficient is equal to

((b+ c)!)c
n∏

j=1

(j + c− 1)!
c∏

q=1

(c+ b+ q)n−b

c−1∏

q=1

(c+ b+ q)c−q

m−c∏

i=1

(i+ c− 1)!
n∏

j=1

(j − 1)!
c∏

j=1

(b+ j − 1)!
b∏

i=1

(i+ c− 1)!

×
c∏

j=1

(j − 1)!

b∏

j=1

(j − 1)!

n−b∏

j=1

(j − 1)!

= ((b+ c)!)c

n+c−1∏

j=0

(j + c)!

c−1∏

j=1

(c+ b+ j)c−j
c−1∏

j=0

j!

b−1∏

j=0

j!

n−b−1∏

j=0

j!

m−c−1∏

i=0

(i+ c)!

b−1∏

i=0

(i+ c)!

n−1∏

j=0

j!

2c−1∏

j=0

(b+ j)!

This proves Theorem 6.15.

Comparing this with Proposition 6.14, we obtain a closed form expression for de-
terminants of the type (6.27) wherēν;µ = (b

c
); (bc). This yields, using the2F1

notation and Theorem 6.15, that:

Proposition 6.24 Let b, c andn be positive numbers, withm = n− b+ 2c. Let

A =

((
m+ b+ c− l − i

b+ c− l − i+ 1

)
2F1

(
l + i− b− c− 1,−n
i+ l −m− b− c

;−
1

t

))

1≤i≤2c,
1≤l≤c

,

B =

((
m+ b− c− j + i− 1

b− c− j + i

)
2F1

(
c+ j − b− i,−n

c+ j −m− b− i+ 1
;−t

))

1≤i≤2c,
1≤j≤c

,
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wherei, j resp.l runs from top to bottom, from left to right, resp. from right to left.
Then the determinantal identity is given by

det (A | B)

= ±((b+ c)!)c

n+c−1∏

j=0

(j + c)!

c−1∏

j=1

(c+ b+ j)c−j
c−1∏

j=0

j!

b−1∏

j=0

j!

n−b−1∏

j=0

j!

m−c−1∏

i=0

(i+ c)!

b−1∏

i=0

(i+ c)!

n−1∏

j=0

j!

2c−1∏

j=0

(b+ j)!

(1 + t)2cb

tbc
.





Appendix A

Nederlandstalige
samenvatting

In deze appendix is het ons doel om in het Nederlands een overzicht te geven van de
in dit proefschrift gegeven resultaten. Het is zeker niet debedoeling een Nederlands-
talige vertaling te geven. Wel willen we hier de belangrijkste resultaten schetsen in hun
context. Hiertoe zullen we de hoofdstukken doorlopen in chronologische volgorde.

A.1 Symmetrische Schur-functies

De objecten, de symmetrische en supersymmetrische functies, die we behandelen in
dit proefschrift worden gekarakteriseerd door partities en samengestelde partities. Het
eerste hoofdstuk vormt bijgevolg de basis waarop de andere hoofdstukken steunen; hier
worden de notaties en terminologie vastgelegd.

A.1.1 Partities en samengestelde partities

EenPARTITIE λ van een niet-negatief geheel getalN , is een rijλ = (λ1, λ2, . . .) van
niet-negatieve gehele getallen die voldoen aanλ1 ≥ λ2 ≥ . . . en met enkel een eindig
aantalλi’s verschillend van nul. Het aantal niet-nul delen van de partitie, noemt men
deLENGTE van de partitie nl.ℓ(λ). De som van alle delen|λ| is hetGEWICHT vanλ en
is gelijk aanN . Partities worden voorgesteld door middel van hun YOUNG DIAGRAM

Fλ.
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Veronderstel datλ, µ twee partities zijn, dan bedoelen we metλ ⊃ µ dat het di-
agram vanµ bevat is in het diagram vanλ, nl. µi ≤ λi for all i ≥ 1. Het verschil
θ = λ− µ noemen we eenSCHEEF DIAGRAM.

Een (kolom strikt)TABLEAU T is een rij van partities

µ = λ(0) ⊂ λ(1) ⊂ . . . ⊂ λ(r) = λ

zodat elk scheef diagramθ(i) = λ(i) − λ(i−1) (1 ≤ i ≤ r) een horizontale strip is; dit
betekent dat elke kolom van het scheef diagram hoogstenséén box bevat. We kunnen
een tableau ook grafisch voorstellen als een genummerd diagram waarbij elk vierkant
uit het scheef diagramθ(i) het nummeri krijgt.

Een SAMENGESTELD YOUNG DIAGRAM F ν;µ = F (. . . ,−ν2,−ν1;µ1, µ2, . . .),
gekarakteriseerd door twee partitiesµ = (µ1, µ2, . . .) enν = (ν1, ν2, . . .), bestaat uit
de Young diagrammenFµ enF ν . Deze diagrammen worden naast elkaar geplaatst [18]
zoals weergegeven in Figuur A.1. Merk op dat we inF ν̄;µ = F (3,8);(5,3,1) gebruik
maken van de conventie om het minteken boven het getal te plaatsen.

Figure A.1: Composite Young DiagramF ν̄;µ = F (3,8);(5,3,1)

Een SAMENGESTELD YOUNG TABLEAU [39] is een genummerd samengesteld
Young diagram. Dit tableau wordt verkregen door de boxen vanFµ te vullen met de
positieve getallenM = {1, 2, . . . ,m} en de boxen vanF ν met de negatieve getallen
M = {1, 2, . . . ,m}, zodanig dat de getallen niet dalen volgens de rijen, en strikt stij-
gen volgens de kolommen. Bovendien isr(j) + r(j) ≤ j voor j ∈ {1, 2, . . . ,m}, met
r(j) enr(j) de kleinste rijnummers inFµ resp.F ν die eenj resp.j bevatten.

A.1.2 De ring van symmetrische functies

We beschouwen de ringZ[x1, . . . , xm] van veeltermen inm onafhankelijke verander-
lijken x = (x1, . . . , xm) met gehele cöefficiënten. De symmetrische groepSm werkt
in op deze ring door de variabelen onderling te permuteren. We kunnen nu verschil-
lende basissen definiëren voorΛm = Z[x1, . . . , xm]Sm , de deelring vanZ[x1, . . . , xm]
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invariant onderSm. Voor een partitieλ geven we hier een opsomming van deze basis-
sen. Voor meer details verwijzen we naar de Engelstalige tekst.

De MONOMIALE symmetrische functies: mλ(x) =
∑
α x

α.

De ELEMENTAIRE symmetrische functies: er =
∑
i1<...<ir

xi1xi2 . . . xir .

De COMPLETEsymmetrische functies: hr =
∑

|λ|=rmλ.

De MACHTSOMMEN: pr =
∑
i x

r
i = mr(x).

A.1.3 Symmetrische Schur-functies

Symmetrische Schur-functies gëındexeerd door een partitieλ

We nemen opnieuw een set van variabelenx = (x1, . . . , xm) en een partitieλ =
(λ1, λ2, . . .) metℓ(λ) ≤ m. De SCHUR-FUNCTIES, vaak ook S-FUNCTIESgenoemd,
worden gedefinieerd als

sλ(x) = sλ(x1, . . . , xm) =
det(xλ+δ)

det(xδ)
,

waarbijδ = (m− 1,m− 2, . . . , 2, 1, 0).
Verschillende formules zijn gekend in verband met symmetrische Schur-functies.

Onder andere kunnen we deze Schur-functies ook definiëren door middel van tableaus
van de vormλ:

sλ(x) =
∑

T

xT metxT =

m∏

i=1

x
|θ(i)|
i ,

waarbij de som genomen wordt over alle mogelijke tableaus.
Andere belangrijke formules zijn de Jacobi-Trudi-formuleen de N̈agelsbach-Kostka-

formule in termen van de elementaire en complete symmetrische functies [46] :

sλ(x) = det
(
hλi−i+j(x)

)
1≤i,j≤ℓ(λ)

= det
(
eλ′

i
−i+j(x)

)
1≤i,j≤ℓ(λ′)

.

Symmetrische Schur-functies gëındexeerd door een samengestelde partitiēν; µ

We vertrekken opnieuw van een set van variabelenx = (x1, . . . , xm). Veronderstel
dat ν̄;µ een samengestelde partitie is metℓ(µ) = p, ℓ(ν) = q en p + q ≤ m; we
noemen̄ν;µ dan eenm-STANDAARD SAMENGESTELDE PARTITIE. De symmetrische
Schur-functie gëındexeerd door een samengestelde partitie kan gekoppeld worden aan
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de definitie van een symmetrische functie gekarakteriseerddoor een partitieλ nl.:

sν̄;µ(x) =

(
m∏

i=1

x−ν1i

)
sλ(x) metλ = (µ1 + ν1, µ2 + ν1, . . . ,−ν2 + ν1, 0).

Volgende formules werden gepostuleerd door Balantekin andBars [5] en bewezen
in [18], namelijk:

sν;µ(x) = det

(
ėν′

l
+k−l(x) eµ′

j
−k+j−1(x)

ėν′

l
−i+l−1(x) eµ′

j
+i−j(x)

)
(A.1)

sν;µ(x) = det

(
ḣνl+k−l(x) hµj−k+j−1(x)

ḣνl−i+l−1(x) hµj+i−j(x)

)
(A.2)

waarbij de indicesi, j, k respectievelijkl lopen van boven naar onder, van links naar
rechts, van onder naar boven en van rechts naar links. Verderdefinïeren we de functies
met een punt als volgt:̇er(x) = er(x) = er(

1
x1
, . . . , 1

xm
) enḣr(x) = hr(x).

Gebruikmakend van de samengestelde Young tableaus, kunnenwe de symmetrische
Schur-functies, gëındexeerd door een samengestelde partitie, berekenen als:

sν;µ =
∑

T ν;µ

xT
ν;µ

,

waarbij de som genomen wordt over alle mogelijke samengestelde Young-tableaus.

A.2 Supersymmetrische Schur-functies

In Hoofdstuk 2 willen we de theorie van de symmetrische functies vertalen naar de
supersymmetrische functies; functies en formules uit Hoofdstuk 1 krijgen een super-
symmetrische tegenhanger.

A.2.1 Supersymmetrische functies geı̈ndexeerd doorλ

Neem twee verzamelingenx = (x1, x2, . . . , xm) en y = (y1, y2, . . . , yn) van on-
afhankelijke veranderlijken. Een veeltermp(x/y), symmetrisch inx en y, noemen
we SUPERSYMMETRISCHals na substitutie vanxm = t en yn = −t in p(x/y) het
polynoom onafhankelijk wordt vant. Deze supersymmetrische functies vormen een
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deelringΛm|n vanZ[x1, . . . , xm, y1, . . . , yn]
Sm×Sn .

De ELEMENTAIRE SUPERSYMMETRISCHE FUNCTIESen deCOMPLETE SUPER-
SYMMETRISCHE FUNCTIESworden gedefinieerd in termen van de elementaire en com-
plete symmetrische functies [46]:

er(x/y) =

r∑

k=0

ek(x)hr−k(y) en hr(x/y) =

r∑

k=0

hk(x)er−k(y).

Gegeven de elementaire en complete supersymmetrische functies kunnen we de
SUPERSYMMETRISCHESCHUR-FUNCTIESsλ(x/y) definïeren als:

sλ(x/y) = det
(
eλ′

i
−i+j(x/y)

)
1≤i,j≤ℓ(λ′)

. (A.3)

Bovendien kunnen we ook aantonen dat:

sλ(x/y) = det
(
hλi−i+j(x/y)

)
1≤i,j≤ℓ(λ′)

. (A.4)

Macdonald toont aan dat de supersymmetrische Schur-functies voldoen aan de vol-
gende vier eigenschappen.

• Homogeniteit: sλ(x(m)/y(n)) is een homogene functie van graad|λ|.

• Restrictie: Als wexm = 0 (resp.yn = 0) stellen insλ(x(m)/y(n)) dan krijgen
we de functiesλ(x(m−1)/y(n)) (resp.sλ(x(m)/y(n−1))).

• Annulering: Na substitutie vanxm = t enyn = −t wordt sλ(x(m)/y(n)) de
functiesλ(x(m−1)/y(n−1)).

• Ontbinden in factoren: Indien de partitieλ zodanig is datλm ≥ n ≥ λm+1,
dan kunnen weλ schrijven alsλ = ((nm)+τ)∪η metτ (resp.η) een partitie met
lengte≤ m (resp.≤ n). De bijhorende S-functie kan dan geschreven worden als

sλ(x
(m)/y(n)) = sτ (x

(m))sη′(y
(n))

m∏

i=1

n∏

j=1

(xi + yj). (A.5)

Formule (A.5) werd afgeleid door Berele and Regev [10, Theorem 6.20].

Een SUPERTABLEAU of BITABLEAU S van het type(m|n) en vormλ − µ [46,
§I.5, Exercise 23] is een rij van partities

µ = λ(0) ⊂ λ(1) ⊂ . . . ⊂ λ(m+n) = λ
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zodanig dat elke scheef diagramθ(i) = λ(i) − λ(i−1) een horizontale strip is voor
1 ≤ i ≤ m en een verticale strip voorm+1 ≤ i ≤ m+n. Grafisch betekent dit dat elk
vierkant vanθ(i) kan opgevuld worden met een symbooli, 1 ≤ i ≤ m, en elk vierkant
vanθ(m+j) met een symboolj′, 1 ≤ j ≤ n met1 < . . . < m < 1′ < . . . < n′; de
symboleni ∈ {1, . . . ,m} (respectievelijkj′ ∈ {1, . . . , n′}) zijn niet-dalend volgens
elke rij (resp. kolom); elke rij bevat hoogstenséén symboolj′ en elke kolom hoogstens
één symbooli.

De supersymmetrische Schur-functies kunnen vervolgens bepaald worden aan de
hand van deze supertableaus:

sλ/µ(x/y) =
∑

S

(x/y)S

waarbij gesommeerd wordt over alle supertableausS van het type(m|n) en vormλ−µ.

A.2.2 Supersymmetrische basissen

Naar analogie met de overeenkomsten tussen elementaire en complete symmetrische
functies enerzijds en hun supersymmetrische varianten anderzijds, willen we hier even-
eens het supersymmetrische equivalent van de symmetrischemachtsfuncties, de mono-
miale en de ‘vergeten’ symmetrische functies definiëren.

De supersymmetrische machtsfuncties kunnen eenvoudig bepaald worden als:

pr(x/y) = pr(x) + (−1)r−1pr(y).

Stelλ is een willekeurige partitie. Dan hebben we deMONOMIALE SUPERSYM-
METRISCHE FUNCTIESmλ(x/y) en deVERGETEN SUPERSYMMETRISCHE FUNC-
TIES fλ(x/y) als volgt gedefinieerd:

mλ(x/y) =
∑

µ∪ν=λ

mµ(x)fν(y)

and
fλ(x/y) = ω(mλ(x/y)) =

∑

µ∪ν=λ

fµ(x)mν(y).

Voor meer informatie overω en de vergeten symmetrische functies verwijzen we naar
de Engelstalige tekst. Verder, hebben we ook aangetoond datal deze functies inderdaad
supersymmetrisch zijn en dat de transitiematrices, de matrices die de basisovergangen
weergeven, onveranderd blijven ten opzichte van het symmetrische equivalent.
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A.2.3 Supersymmetrische Schur-functies geı̈ndexeerd doorν̄; µ

Stelν̄;µ is een samengestelde partitie. De corresponderende supersymmetrische Schur-
functie, ook supersymmetrische S-functie [4, 5], wordt gedefinieerd als

sν̄;µ(x/y) = det

(
ḣνl+k−l(x/y) hµj−k−j+1(x/y)

ḣνl−i−l+1(x/y) hµj+i−j(x/y)

)
(A.6)

waarbiji, j, k resp.l van boven naar onder, van links naar rechts, van onder naar boven,
respectievelijk van rechts naar links lopen. Alsν = 0 vinden we de gewone super-
symmetrische S-functies terug. Door de analogie met (A.2) is het evident dat vele
eigenschappen en formules gelijkaardig zullen zijn aan de eigenschappen en formules
gevonden voor gewone symmetrische Schur-functies [17, 18,28, 29, 41].

Definitie A.1 Een samengestelde partitie noemen we een(m|n)-STANDAARD SAMEN-
GESTELDE PARTITIEals en slechts als er eenJ enL bestaan zodat

J = min{j |µ′
j+1 + ν′n−j+1 ≤ m} met 0 ≤ J ≤ n,

L = min{l |µm−l+1 + νl+1 ≤ n} met 0 ≤ L ≤ m,

We stellen danI = m− L enK = n− J .

De grafische weergave van deze definitie bepaalt dat een samengestelde partitie(m|n)-
standaard is als en slechts haar samengesteld Young diagramin een kruis past met arm-
breedtem en beenbreedten [17, 40].

Ook voor samengestelde supersymmetrische Schur-functieshebben we een for-
mule door middel van(m|n)-standaard samengestelde supertableaus. Vooraleer deze
formule hier aan te halen, leggen we nog enkele notaties vast. Steln(i∗) resp.n(i∗)
is het aantal vierkantjes inFµ resp. F ν dat i∗ resp.i∗ bevat;r(i) resp.R(i∗) (r(i)
resp.R(i∗)) is het kleinste resp. grootste rijnummer van de rijen inFµ (resp.F ν) die
eeni∗ (resp.i∗) bevatten;c(i∗) resp.c(i∗) is het grootste kolomnummer van de kolom-
men vanFµ resp.F ν die eeni∗ resp.i∗ bevatten.

Een (m|n)-STANDAARD SAMENGESTELD SUPERTABLEAUSν̄;µ is een genum-
merd samengesteld Young diagramF ν̄;µ, niet noodzakelijk een(m|n)-standaard samen-
gesteld diagram, verkregen door positieve en negatieve symbolen gekozen uitM =
{1, . . . ,m, t∗, . . . , 1∗, 1′, . . . , n′} enM = {1, . . . ,m, t∗, . . . , 1∗, 1′, . . . , n′} (t ≥ 0)
te plaatsen in elk vierkant vanFµ resp.F ν̄ zodanig dat volgende voorwaarden voldaan
zijn voor de geordende symbolen1 < . . . < m < t∗ < . . . < 1∗ < 1′ < . . . < n′:
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• De symboleni ∈ {1, 2, . . . ,m} eni ∈ {1, 2, . . . ,m} zijn niet-dalend volgens de
rijen en stijgen strikt volgens de kolommmen; de symbolenj′ ∈ {1′, 2′, . . . ,m′}
en j′ ∈ {1′, 2′, . . . , n′}, zijn strikt stijgend volgens de rijen en niet-dalend vol-
gens de kolommen; boxen gevuld met een symbooli∗ resp. i∗, 1 ≤ i ≤ t,
vormen een samenhangende component startend in de eerste kolom van Fµ

resp.F ν̄ .

• r(i) + r(i) ≤ i voor allei ∈ {1, 2, . . . ,m}.

• n(i∗) = n(i∗) = R(i∗) +R(i∗)−m− 1 enR(i∗) = m+ 1 + c(i∗)− r(i∗).

Met elk samengesteld supertableau correspondeert een rationale term in de variabe-
len x = (x1, . . . , xm) en y = (y1, . . . , yn). De symboleni resp.i zijn de positieve
resp. negatieve machten vanxi, de symbolen met een accent zijn de machten vanyj ,
de overige symbolen worden niet in rekening gebracht, immers |i∗| = |i∗|.

De supersymmetrische Schur-functie wordt dan gegeven door:

sν̄;µ(x
(m)/y(n)) =

∑

Sν̄;µ

(−1)(
Pt

i=1(c(i
∗)+c(i∗)+1))(1−δ0t)(x/y)S

ν̄;µ

.

De som wordt genomen over alle(m|n)-standaard samengestelde supertableaus van
vorm ν̄;µ en metδ0t de Kronecker-delta.

Voor alle andere eigenschappen, rekenregels en formules inverband met sym-
metrische en supersymmetrische functies verwijzen we naarde Engelstalige tekst.

A.3 Lie superalgebra’s en representaties

Vele pogingen zijn reeds ondernomen om relativiteitstheorie consistent te maken met
quantumveldentheorie. In de meeste succesvolle pogingen is men moeten overstap-
pen van gewone symmetrie naar modellen die gebruik maken vansupersymmetrie. In
de beschrijving van deze ‘super’-symmetrie deed de theorievan Lie-superalgebra’s
haar intrede. Het grote knelpunt in de studie van Lie-superalgebra’s is het feit dat de
representatietheorie van Lie superalgebra’s geen rechtstreekse vertaling is van de cor-
responderende theorie, gekend voor de simpele Lie-algebra’s.

A.3.1 Definities

Een Lie-superalgebra wordt als volgt gedefinieerd:
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Definitie A.2 Een L IE-SUPERALGEBRAg is eenZ2-gegradeerde algebra over een
veld van karakteristiek 0 samen met een bilineaire bewerking [., .] vang×g in g, hetL IE

SUPERHAAKJEof SUPERCOMMUTATORgenoemd, zodat∀a ∈ gα,∀b ∈ gβ ,∀c ∈ g,
en∀α, β ∈ Z2:

[a, b] ∈ gα+β (A.7a)

[a, b] = −(−1)αβ [b, a] (A.7b)

[a, [b, c]] = [[a, b], c] + (−1)αβ [b, [a, c]]. (A.7c)

Vergelijking (A.7b) geeft aan dat het Lie-superhaakje “supersymmetrisch” is; (A.7c)
noemen we de “super Jacobi-identiteit”.

In dit proefschrift beperken we ons tot de Lie-superalgebra’s gl(m|n) ensl(m|n).

Een deelalgebrah van een Lie-algebrag noemen we een CARTAN-DEELALGEBRA

als de deelalgebra nilpotent is en gelijk is aan zijn normalisator. De Cartan-deelalgebra
van een Lie-superalgebrag = g0̄ ⊕ g1̄ is de Cartan-deelalgebra, de maximale abelse
deelalgebra, vang0̄.

Voorg = gl(m|n) kan elk element van de duale ruimteh∗ van de Cartan subalgebra
h kan beschreven worden aan de hand van deǫδ-basis vanh∗, gegeven door{ǫi | 1 ≤
i ≤ m} ∪ {δj | 1 ≤ j ≤ n}. Een gewichtΛ ∈ h∗ kunnen we zodoende schrijven als

Λ = λ1ǫ1 + · · ·+λmǫm+µ1δ1 + · · ·+µnδn, of nogΛ = (λ1, . . . , λm;µ1, . . . , µn).

Zo een gewichtΛ wordt integraal dominant genoemd als en slechts alsλi ∈ Z, µj ∈ Z

en alsλ1 ≥ λ2 ≥ · · · ≥ λm enµ1 ≥ µ2 ≥ · · · ≥ µm.

De verzameling∆ = {α ∈ h∗ | gα 6= 0} met g =
⊕

α gα, wheregα = {x ∈
g | [h, x] = α(h)x, h ∈ h}, noemen we eenWORTELSYSTEEM. In deǫδ-basis worden
deEVEN WORTELSvang = gl(m|n) gegeven doorǫi − ǫj or δi − δj , en deONEVEN

WORTELS door±(ǫi − δj). De verzamelingen van dePOSITIEVE even en oneven
wortels worden aangeduid met

∆+
0̄

= {ǫi − ǫj |1 ≤ i < j ≤ m} ∪ {δi − δj |1 ≤ i < j ≤ n},

∆+
1̄

= {βij = ǫi − δj |1 ≤ i ≤ m, 1 ≤ j ≤ n}.

Een positieve wortel wordtSIMPEL genoemd als hij niet kan geschreven worden als
som van andere positieve wortels. Er zijn verschillende keuzemogelijkheden voor een
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set van simpele wortels. Als systeem vanSIMPELE WORTELSnemen we altijd de
standaard keuze [16]

Π = {ǫ1 − ǫ2, ǫ2 − ǫ3, . . . , ǫm − δ1, δ1 − δ2, . . . , δn−1 − δn}.

In dit systeem van simpele wortels is er slechtséén oneven wortel. Verder stellen we,
zoals gebruikelijk,

ρ0 =
1

2

( ∑

α∈∆0,+

α
)
, ρ1 =

1

2

( ∑

α∈∆1,+

α
)
, ρ = ρ0 − ρ1.

Tot slot van deze paragraaf, voeren we nog het begrip representatie en hoogste
gewicht in.

Definitie A.3 Stelg is gl(m|n) of sl(m|n). Veronderstel verder datV = V0̄ ⊕ V1̄

eenZ2-gegradeerde vectorruimte is en beschouw de superalgebra van endomorfismen
End(V ) = End0̄(V )⊕End1̄(V ). Een lineaireREPRESENTATIEϕ vang is een homo-
morfisme vang in End(V ).

De dimensie (resp. de superdimensie) van een representationϕ is de dimensie (resp. ge-
gradeerde dimensie) van de vectorruimteV :

dimϕ = dimV0̄ + dimV1̄

sdimϕ = dimV0̄ − dimV1̄.

We fixeren de Borel-deelalgebrab van g die h bevat. Het gëınduceerde moduul
V̄ (Λ) = Indg

b(〈vΛ〉), voor een willekeurig integraal dominant gewichtΛ ∈ h∗ noemt
men een KAC MODUUL. Een dergelijkg-moduul bevat een uniek maximaal deelmo-
duul I(Λ). Het quotïent van beiden, genoteerd als

V (Λ) = V̄ (Λ)/I(Λ),

noemt men eenENKELVOUDIG HOOGSTE GEWICHT MODUULof eenIRREDUCIEBELE

REPRESENTATIE MET HOOGSTE GEWICHTΛ.

A.3.2 Hoogste gewichten versus samengestelde partities

Vaak hebben we de voorstelling van een hoogste gewicht nodigdoor middel van een
samengesteld Young diagram. De bijectie tussen een integraal dominant gewichtΛ en
een(m|n)-standaard samengestelde partitieν̄;µ wordt gegeven door volgend lemma.
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Lemma A.4 StelΛ is eengl(m|n) integraal dominant gewicht. StelJL is de verza-
meling van alle(j, l) met0 ≤ j ≤ n en0 ≤ l ≤ m zodat

ofwel j = 0 ofwel Λm+j > −l,
en ofwel j = n ofwel Λm+j+1 ≤ −l,
en ofwel l = m ofwel Λm−l ≥ j,
en ofwel l = 0 ofwel Λm−l+1 < j.

Veronderstel vervolgens datJ = min{j | (j, l) ∈ JL} enL = min{l | (J, l) ∈ JL}.
De corresponderende samengestelde partitieν̄;µ is (m|n)-standaard, met

µi = Λi voor i = 1, 2, . . . , I = m− L en µi ≤ J voor i > I,
µ′
j = m+ Λm+j voor j = 1, 2, . . . , J en µ′

j ≤ I voor j > J,
ν′k = −Λm+n−k+1 voor k = 1, 2, . . . ,K = n− J en ν′k ≤ L voor k > K,
νl = n− Λm−l+1 voor l = 1, 2, . . . , L en νl ≤ K voor l > L.

Anderzijds, als̄ν;µ een(m|n)-standaard samengestelde partitie is metI, J,K,L ge-
definieerd in Definitie A.1, dan wordt het corresponderendegl(m|n) integraal domi-
nant gewichtΛ gegeven door

Λ = (µ1, µ2, . . . , µI ,n− νL, . . . , n− ν2, n− ν1 |

µ′
1 −m,µ

′
2 −m, . . . , µ

′
J −m,−ν

′
K , . . . ,−ν

′
2,−ν

′
1).

Om wille van de connectie tussenν̄;µ enΛ noteren weΛ = Λν̄;µ.

A.3.3 Covariante, contravariante en gemengde tensormodulen

Berele en Regev [10], en Sergeev [61], toonden aan dat het tensorproduct vanN kopie-
en van de natuurlijke(m+n)-dimensionale representatieV = Cm+n vang = gl(m|n)
compleet reduceert. De irreduciebele componenten worden gelabeled door een partitie
λ vanN . Deze representaties noemt men deCOVARIANTE MODULEN. Analoog toon-
den ze aan dat het tensorproduct vanN kopiëen van de dualeV ∗ aanleiding geeft tot
deCONTRAVARIANTE MODULEN. DeGEMENGDE TENSORMODULENverschijnen als
irreduciebele componenten in het tensorproduct vanM kopiëen vanV enN kopiëen
van de dualeV ∗ vanV . Merk op dat het tensorproduct in het algemeen niet volledig
reduceerbaar is.

A.3.4 Atypicaliteit en de atypicaliteitsmatrix van Λ

De symmetrische vorm( , ) in h∗, gëınduceerd door de invariante symmetrische vorm
in g neemt volgende vorm aan in termen van deǫδ-basis:(ǫi, ǫj) = δij , (ǫi, δj) = 0 en
(δi, δj) = −δij , metδij het Kronecker symbool.
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Om de atypicaliteit van een representatie met hoogste gewichtΛ te bepalen, bereke-
nen we alle getallen(Λ + ρ, βij), metβij = ǫi − δj , voor1 ≤ i ≤ m en1 ≤ j ≤ n
en we plaatsen ze in een(m× n)-matrix, deATYPICALITEITSMATRIX A(Λ) [70, 71].
Indien (Λ + ρ, α) 6= 0 dan wordt de representatieTYPISCH genoemd; bestaat er een
α ∈ ∆+

1̄
waarvoor(Λ + ρ, α) = 0 dan noemen we de representatieVΛ atypisch.

De ATYPICALITEIT VAN Λ, genoteerd als atyp(Λ + ρ) = a, is het maximaal aantal
lineair onafhankelijke wortelsβi zodat(βi, βj) = 0 en (Λ + ρ, βi) = 0 voor alle
i en j [34]. Een dergelijke verzameling{βi}i=1,...,a noemen we eenΛ-MAXIMAAL

ISOTROPE DEELVERZAMELINGSΛ.

Eigenschappen van de atypicaliteitsmatrixA(Λ) zijn in detail bestudeerd in [26].

A.4 Een determinantformule voor supersymmetrische
Schur-veeltermen

In Hoofdstuk 4 hebben we een nieuwe formule afgeleid voor supersymmetrische Schur-
veeltermensλ(x/y). De representatietheorie van de Lie superalgebragl(m|n) en meer
bepaald de karakterformule van Kac en Wakimoto ligt aan de oorsprong van deze for-
mule. We gaan hier wat nader op in.

A.4.1 Covariante modulen ingl(m|n) zijn tam

De eerste stap in onze zoektocht naar een nieuwe formule voorsupersymmetrische
functies (gëındexeerd door een partitieλ) is aantonen dat de covariante modulen tam
zijn.

We beschouwen opnieuw de standaard keuze voor de verzameling van simpele
wortelsΠ en het hoogste gewichtΛλ vanVλ in deǫδ-basis vanh∗. Uit de studie van
atypicaliteitsmatrices [71], volgt er dat de(Λλ+ρ)-maximale isotrope deelverzameling
gegeven wordt door:

SΛλ
= {βi,λi+m+1−i|1 ≤ i ≤ m, 1 ≤ λi +m+ 1− i ≤ n}.

Indien weSΛ zodanig kunnen kiezen datSΛ ⊂ Π ⊂ ∆+ dan wordt hetg-moduulV
TAM genoemd. Voor deze representaties is een karakterformule gekend, te danken aan
Kac en Wakimoto [34]. Het is echter duidelijk dat in het algemene gevalSΛλ

geen
deelverzameling is vanΠ, aangezienΠ slechtséén oneven wortel bevat. Met behulp
van een rij van simpele reflecties rond oneven wortels, kunnen we echter overgaan op
een nieuw systeem van simpele wortelsΠ′. In de nieuwe∆+′, waarbij het moduulVλ
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als hoogste gewicht nuΛ′ heeft, is de(Λ′ + ρ′)-maximaal isotrope deelverzameling
SΛ′ nu wel zodanig datSΛ′ ⊂ Π′ ⊂ ∆+′. Bij elke stap in de rij van reflecties houden
we rekening met volgende eigenschappen

Λ′ + ρ′ = Λ + ρ als (Λ + ρ, α) 6= 0,

Λ′ + ρ′ = Λ + ρ+ α als (Λ + ρ, α) = 0. (A.8)

De rij van simpele wortels ligt volledig vast door wat we de(m,n)-index noemen van
een partitie. Dit getalk speelt een cruciale rol in dit proefschrift.

Definitie A.5 Stelλ ∈ Hm,n, dan wordt de(m,n)-INDEX VAN λ gegeven door

k = min{i|λi +m+ 1− i ≤ n}, (1 ≤ k ≤ m+ 1).

De rij van spiegelingen wordt dan gegeven door volgende oneven simpele wortels in
de opgegeven volgorde:

rij m : βm,1, βm,2, . . . , βm,λk−k+m

rij m− 1 : βm−1,1, βm−1,2, . . . , βm−1,λk−k+m−1

...
...

rij k : βk,1, βk,2, . . . , βk,λk

(A.9)

Bij het voltooien van de rij van simpele reflecties, hebben wehet volgende:

Lemma A.6 De rij (A.9) is een rij van spiegelingen rond simpele oneven wortels voor
Λλ. Op het einde van de rij hebben we:

Π′ ={ǫ1 − ǫ2, ǫ2 − ǫ3, . . . , ǫk−1 − δ1, δ1 − δ2, δ2 − δ3, . . . , δλk−1 − δλk
,

δλk
− ǫk, ǫk − δλk+1, δλk+1 − ǫk+1, ǫk+1 − δλk+2, . . . , δλk+m−k − ǫm,

ǫm − δλk+m+1−k, δλk+m+1−k − δλk+m+2−k, . . . , δn−1 − δn}.

Bovendien is er ook voldaan aan:

Λ′ + ρ′ = Λλ + ρ+
m∑

i=k+1

λk−k+i∑

j=λi+1

βi,j .

Als belangrijk gevolg van Lemma A.6 hebben we volgende eigenschap:

Gevolg A.7 Elk covariant moduulVλ is tam.



188 Nederlandstalige samenvatting

Dit betekent dat we nu in staat zijn de karakterformule van Kac en Wakimoto te
vertalen naar de covariante modulen. We voeren eerste enkele nieuwe notaties in:

D(x) =
∏

1≤i<j≤m

(xi − xj), E(x, y) =

m∏

i=1

n∏

j=1

(xi − yj) en D =
D(x)D(y)

E(x,−y)
.

We krijgen uiteindelijk voorchVλ = sλ(x/y):

chVλ =
D−1

(m− k + 1)!

∑

w∈Sm×Sn

ε(w)w(tλ).

waarin

tλ =
k−1∏

i=1

xλi+m−i−n
i

l−1∏

j=1

y
λ′

j+n−j−m

j

m∏

i=k

yrl+i−k
xri (xi + yl+i−k)

n∏

j=l+m+1−k

yn−jj .

A.4.2 Een determinantformule voorsλ(x/y)

Stel λ ∈ Hm,n; de karakteristieke grootheden verbonden aan de partitieλ worden
gegeven door de(m,n)-index k en de daarvan afgeleide groothedenl = λk + 1 en
r = n−m+ k− l. AangezienchVλ = sλ(x/y) kunnen we uit voorgaande paragraaf
een nieuwe uitdrukking voor supersymmetrische S-functiesafleiden. Deze formule kan
in een praktische determinantformule gegoten worden zoalsweergegeven in volgende
formule:

Stelling A.8 Stelλ ∈ Hm,n enk de(m,n)-index vanλ. Dan is

sλ(x/y) = (−1)mn−m+k−1D−1

× det




(
1

xi+yj

)
1≤i≤m
1≤j≤n

(
x
λj+m−n−j
i

)
1≤i≤m

1≤j≤k−1(
y
λ′

i+n−m−i
j

)
1≤i≤n−m+k−1

1≤j≤n

0


 .

(A.10)

Met behulp van bovenstaande formule hebben we een identiteit van determinanten
bewezen die Cauchy’s dubbele alternant combineert met de Vandermonde-determinant;
dit resultaat krijgen we doorλ de nulpartitie te stellen.
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A.4.3 Vier karakteriserende eigenschappen

Zoals vermeld in§A.2.1 voldoen supersymmetrische S-veeltermen aan vier karakteris-
erende eigenschappen. We hebben aangetoond dat het rechterlid van (A.10) aan deze
vier eigenschappen voldoet. Dit geeft ons onmiddellijk eenonafhankelijk bewijs dat
de determinant inderdaad een supersymmetrische Schur-veelterm is.

A.4.4 Een direct en onafhankelijk bewijs

Een derde bewijs is gebaseerd op de formule van Berele-Regev(A.5) en de Laplace
ontwikkeling van een determinant.

Hiertoe voeren we een nieuwe notatie in:x = x′ + x′′ is een willekeurige decom-
positie vanx = (x1, x2, . . . , xm) in twee disjuncte deelverzamelingen met een vaste
kardinaliteit; stel|x′| = p en |x′′| = q zodatp + q = m. Het bewijs steunt onder
andere op volgend lemma:

Lemma A.9 Stelm = p + q en veronderstel datµ = (µ1, . . . , µp) een willekeurig
p-tal is, enν = (ν1, ν2, . . .) een willekeurigt-tal (t een willekeurig positief geheel
getal). Noemλ = (µ1, . . . , µp, ν1, ν2, . . .). Dan is,

sλ(x/− y) =
∑

x′+x′′

sµ+(qp)(x
′/− y)sν(x′′/− y)

E(x′, x′′)
(A.11)

waar we som wordt genomen over alle mogelijke decompostities x = x′ + x′′ met
kardinaliteit vanx′ gelijk aanp en kardinaliteit vanx′′ gelijk aanq.

Gebruikmakend van Lemma A.9, een tweevoudige toepassing van (A.5) en een dubbele
Laplace ontwikkeling, kunnen we nu volgende stelling bewijzen.

Stelling A.10 Stelλ ∈ Hm,n; k is de(m,n)-index vanλ. Dan is

E(x, y)

D(x)D(y)
det

( 1
x−y Xλ

Yλ 0

)
= ±sλ(x/− y), (A.12)

waar de (rechthoekige) blokken van de determinant gegeven worden door

1

x− y
=

(
1

xi − yj

)

1≤i≤m, 1≤j≤n

,

Xλ =
(
x
λj+m−n−j
i

)
1≤i≤m,

1≤j≤k−1

, Yλ =
(
y
λ′

i+n−m−i
j

)
1≤i≤n−m+k−1,

1≤j≤n

.
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Het minteken is enkel afhankelijk van de partitieλ en is gelijk aan

(−1)
Pn−m+k−1

i=1 λ′

i+
m(m−1)

2 +
n(n−1)

2 −
k(k−1)

2 −1.

Tot slot willen we nog even de resultaten van Hoofdstuk 4 op een rijtje zetten. We
tonen aan dat covariante modulen tam zijn. De karakterformule van Kac en Wakimoto
voor tamme representaties kan dan aangewend worden om een determinantformule op
te stellen voor supersymmetrische Schur-functies. Naast deze rechtstreekse methode,
geven we nog twee onafhankelijke bewijzen die de equivalentie tussen de gevonden
determinant en de supersymmetrische Schur-veeltermen aantoont: een eerste bewijs
steunt op de vier karakteriserende eigenschappen gegeven door Macdonald, een tweede
onafhankelijk en meer direct bewijs steunt op een dubbele Laplace ontwikkeling en de
formule van Berele en Regev.

A.5 Een determinantformule voor samengestelde super-
symmetrische S-functies

A.5.1 Inleiding

In Hoofdstuk 5 beschrijven we nieuwe resultaten voor de irreduciebele representaties
van de Lie superalgebragl(m|n). De karakters van “typische” representaties zijn ge-
kend dankzij het werk van Kac [32]. Het vinden van een karakterformule voor de
overige “atypische” irreduciebele representaties is het onderwerp van intensief onder-
zoek zowel in de wiskundige als fysische literatuur. In tegenstelling tot de karakters
van covariante en contravariante modulen die samenvallen met de supersymmetrische
S-functies gekarakteriseerd door een partitieλ, is dit niet meer het geval voor de
gemengde tensorrepresentaties [38, 57]. Nochtans is het zowel uit rekenkundig als
praktisch opzicht gemakkelijker indien we de karakters kunnen identificeren met deze
supersymmetrische S-functies. Hiervoor zijn er immers heel wat rekenregels gekend
(zie Hoofdstuk 2). In Hoofdstuk 5 tonen we aan dat er een andere familie van repre-
sentaties bestaat, naast de covariante en contravariante,waarvoor het karakter samen-
valt met een supersymmetrische S-functie, de zogenaamde kritische representaties in
gl(m|n).

A.5.2 Normaal, kritisch en quasikritisch gerelateerde wortels

Neem een hoogste gewichtΛν̄;µ ∈ h∗ en de corresponderende samengestelde partitie
ν̄;µ. In [26] wordt er onderscheid gemaakt tussennormaal, kritisch en quasikritisch
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gerelateerde wortels van de(Λν̄;µ + ρ)-isotrope verzamelingSΛν̄;µ
. Beschouw de

verzameling van oneven wortels{γ1, . . . , γa} met γs = βis,js zodanig dat(Λν̄;µ +
ρ, βis,js) = 0 metj1 < j2 < · · · < ja. Bermerk dat de kardinaliteit vanSΛν̄;µ

gelijk is
aan de atypicaliteit vanΛν̄;µ, i.e.a =atyp(Λν̄;µ + ρ). We noemenxpq, 1 ≤ p < q ≤ a,
het element in de atypicaliteitsmatrixA(Λν̄;µ) in de kolom die de nul bevat correspon-
derend metγp en in de rij die de nul bevat corresponderend metγq. Met hpq duiden
we de hoeklengte aan tussen de verschillende nullen, de positie van de nullen zelf in-
begrepen.

Definitie A.11 StelΛ is een hoogste gewicht vangl(m|n) met atyp(Λ) = a en atypi-
caliteitswortels{γ1, . . . , γa}. Dan geldt er voor elke1 ≤ p < q ≤ a: γp enγq zijn
NORMAAL GERELATEERD als en slechts alsxpq + 1 > hpq; γp en γq zijn QUASI-
KRITISCH GERELATEERDals en slechts alsxpq + 1 = hpq; γp enγq zijn KRITISCH

GERELATEERDals en slechts alsxpq + 1 < hpq.

Als alle koppel(γi, γi+1) (i = 1, 2, . . . , a − 1) kritisch gerelateerd zijn dan noemen
we de corresponderende samengestelde partitieν̄;µ, het hoogste gewichtΛν̄;µ en de
representatieVΛν̄;µ

≡ Vν̄;µ kritisch. Er is een eenvoudige manier om combinatorisch
na te gaan of een partitie al dan niet kritisch is:

Eigenschap A.12Neem een standaard samengestelde partitieν̄;µ in gl(m|n) met
atyp(Λν̄;µ+ ρ) = a. Stelγs = βis,js zodanig dat(Λν̄;µ+ ρ, γs) = 0 (s = 1, . . . , a) en

M = {µi1 +m− i1, µi1−1 +m− i1 + 1, . . . , µia +m− ia},
N = {ν′j1 + n− j1, ν′j1−1 + n− j1 + 1, . . . , ν′ja + n− ja}.

De samengestelde partitiēν;µ is kritisch ingl(m|n) als en slechts als

M∪N = {µi1 +m− i1, µi1 +m− i1 + 1, . . . , µi1 +m− ia + ja − j1 − a+ 1},

i.e. als en slechts alsM∪N een verzameling is van opeenvolgende gehele getallen.

Op die manier is het eenvoudig na te gaan dat covariante en contravariante repre-
sentaties altijd kritisch zijn. De klasse van kritische representaties is echter veel groter.
In het algemeen zal̄ν;µ kritisch zijn alsm enn groot genoeg zijn ten opzichte vanµ
enν.

In §A.1.1 hebben we reeds een voorstelling ingevoerd voor de samengestelde par-
tities. Soms is het echter gemakkelijker om de partities voor te stellen in een(m× n)-
rechthoek. De partitieµ wordt dan in de linkerbovenhoek geplaatst volgens links
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gealigneerde rijen, de partitieν is rechts gealigneerd en wordt in de rechterbeneden-
hoek geplaatst. De twee voorstellingen worden geı̈llustreerd in (A.13) voor̄ν;µ =
(1, 1, 2, 5, 5, 9); (5, 4, 4, 1) en(m|n) = (5|7)

(a) (b)

(A.13)

Algemeen kunnen we voor een willekeurig kritisch hoogste gewicht, een kritische
samengestelde partitiēν;µ vinden zodat er voldaan is aan de volgende voorwaarden:

• de Young-diagrammen vanµ en ν, voorgesteld in de(m × n)-rechthoek, be-
dekken de volledige rechthoek niet maar laten een samenhangende tussenruimte.

• alle nullen in de atypicaliteitsmatrix bevinden zich in deze tussenruimte.

Het is evenwel mogelijk dat de diagrammen vanµ en ν elkaar overlappen in deze
voorstelling, maar̄ν;µ kan zodanig gekozen worden dat er zich geen nullen bevinden
in dit gebied. In wat volgt, veronderstellen we altijd datν̄;µ kritisch is met geen nullen
in de overlap.

A.5.3 Een karakterformule voor kritische representaties

Net als in§A.4 kunnen we ook een(m,n)-indexk toekennen aan een samengestelde
partitie. Deze definitie voork is een veralgemening van de(m,n)-index voor gewone
partities en wordt gegeven door:

Definition A.1 Voor een standaard samengestelde partitieν̄;µ wordt de(m,n)-index
gegeven door

k = min

({
i ∈ {1, . . . ,m}|∃j ∈ {1, . . . , n} :

µi +
〈
µ′
n−j+1 −m

〉
+ (m− i) = ν′j + 〈νm−i+1 − n〉+ (n− j)

}
∪ {m+ 1}

)

(A.14)

waarbij 〈a〉 = max(0, a).
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Analoog als bij covariante en contravariante representaties, maken we opnieuw
gebruik van een rij van spiegelingen met simpele oneven wortels. Voor een gegeven
ν̄;µ, beschouwen we nu volgende rij van oneven wortels, in de gegeven volgorde:

rij m : βm,1, βm,2, . . . , βm,min{n,µk−k+m}

rij m− 1 : βm−1,1, βm−1,2, . . . , βm−1,min{n,µk−k+m−1}

...
...

rij k : βk,1, βk,2, . . . , βk,µk

(A.15)

Door toepassing van deze rij van reflecties wordt de standaard keuze voor simpele
wortels omgezet in

Π′ = {ǫ1 − ǫ2, . . . , ǫk−2 − ǫk−1, ǫk−1 − δ1, δ1 − δ2, δ2 − δ3, . . . , δµk−1 − δµk
,

δµk
− ǫk, ǫk − δµk+1, δµk+1 − ǫk+1, ǫk+1 − δµk+2, . . . , δµk+m−k − ǫm,

ǫm − δµk+m+1−k, δµk+m+1−k − δµk+m+2−k, . . . , δn−1 − δn}.

Hieruit kunnen we volgend resultaat afleiden:

Gevolg A.13 Elke kritische representatieVν̄;µ is tam.

Gebruik makend van Gevolg A.13 kunnen we de karakterformulevan Kac en Waki-
moto [34] opnieuw toepassen. Het herschrijven van deze karakterformule in een meer
geschikte vorm geeft volgende formule:

Stelling A.14 Het karakter van een kritische representatie, gekarakteriseerd door een
standaard samengestelde partitieν̄;µ zonder nullen in overlap heeft de volgende vorm:

chVν̄;µ = (−1)(m−a)(l−1)+n(m−a−k+1)D−1 det(C) (A.16)

metC de volgende vierkante matrix van orden+m− a:

C =




0 Yµ′ 0
Xµ R(r) Xν

0 Yν′ 0


 met R(r) =

(
yrj

xri (xi + yj)

)

1≤i≤m, 1≤j≤n

en waarbij

Xµ =
(
x
µj+m−n−j
i

)
1≤i≤m,

1≤j≤k−1

, Xν =
(
x
m−j−νm−j+1

i

)
1≤i≤m,
k+a≤j≤m

,

Yµ′ =
(
y
µ′

i+n−m−i
j

)
1≤i≤l−1,
1≤j≤n

, Yν′ =
(
y
n−i−ν′

n−i+1

j

)
l+a≤i≤n,
1≤j≤n

.
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A.5.4 De karakterformule ensν̄;µ(x/y)

Formule (A.16) voorch(Vν̄;µ) is zeer expliciet. Het doel van deze formule is de iden-
tifacatie van deze formule met de supersymmetrische Schur-functies:

Conjectuur A.15 Stelν̄;µ is een standaard samengestelde partitie die bovendien kri-
tisch is en zonder nullen in de overlap. Dan is het karakterchVν̄;µ gelijk aansν̄;µ(x/y)
zoals die gedefinieerd werd in (A.6).

Dit vermoeden is bewezen indien we volgend lemma kunnen bewijzen.

Lemma A.16 Veronderstel dat|x| = m, |y| = n en datp enq positieve gehele getallen
zijn metm = p + q. Verder veronderstellen we datν̄;µ een kritische samengestelde
partitie is met geen nullen in de overlap. Metν = (κ1, . . . , κq, η1, η2, . . .) vinden we
dat:

∑

x′+x′′

(
∏
x′)q(

∏
x′′)nsη;µ(x

′/y)sκ+(nq)(x
′′/y)

E(x′, x′′)
= sν;µ(x/y) (A.17)

waarbij de som genomen wordt over alle mogelijke decompositiesx = x′ + x′′ met
|x′| = p en|x′′| = q.

Oorspronkelijk waren we ervan overtuigd dat Lemma A.16 geldig is voor een wille-
keurige samengestelde partitieν̄;µ omwille van het feit dat dit lemma de supersym-
metrische versie lijkt van Lemma A.9. Helaas, dit blijkt niet het geval. Aangezien
we Lemma A.16 niet algemeen nodig hebben, maar enkel in speciale gevallen, zijn
we er wel van overtuigd dat het lemma geldig blijft in de speciale gevallen die we
nodig hebben. Maar er steken een aantal problemen de kop op bij het bewijzen van
Lemma A.16.

Eerst en vooral moet er nog een extra voorwaarde opgelegd worden aan de keuze
van p en q. Door middel van een tegenvoorbeeld wordt de vrije keuze vanp en q
immers ontkracht; anderzijds laat de tweevoudige toepassing van Lemma A.16 niet toe
een eenduidig verband op te leggen tussenp enq enerzijds en de(m,n)-indexk en de
daarvan afgeleide grootheidl = λk + 1 anderzijds.

Bij een bewijs door inductie op het aantal variabeleny maakt de eis dat̄ν;µ kritisch
is en zonder nullen in de overlap, de inductiestap niet mogelijk. Na het afzonderen
vanyn blijven er immers sommen over analoog als in het linkerlid van (A.17), maar
de identificatie met de door (A.17) verwachte samengesteldepartities faalt. Naast de
verwachte term verschijnen er extra termen bij de inductiestap. Gelukkig heffen deze
extra termen elkaar op indien we vertrekken van een samengestelde partitieν̄;µ die
kritisch is en geen nullen heeft in de overlap.
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Een bewijs door inductie is tot nog toe onze beste hoop op succes. Een argument
waarom de extra termen wegvallen ten opzichte van elkaar blijft echter de enige ont-
brekende schakel in het bewijs van Conjectuur A.15

A.6 Dimensieformules voor representaties ingl(m|n)

Hoofdstuk 6 is in feite opgedeeld in twee grote delen. In het eerste deel bepalen we
twee formules voor det-dimensie van covariante representatiesVλ, het tweede deel
besteed aandacht aan det-dimensie van gemengde tensorrepresentatiesVν̄;µ. In beide
gevallen gaan we dieper in op een speciale keuze vanλ enerzijds en̄ν;µ anderzijds.

A.6.1 Inleiding

We beperken ons tot de Lie superalgebrag = gl(m|n) en de eindig-dimensionale
irreduciebele representatiesV . Voor elk van deze representaties zullen we aan de hand
van de nieuwe determinantformules een dimensieformule bepalen. Hiertoe maken we
gebruik van de afbeeldingF die inwerkt opchV en gedefinieerd wordt door

F (eǫi) = 1 (i = 1, . . . ,m)
F (eδj ) = t (j = 1, . . . , n).

(A.18)

Deze afbeelding is consistent met deZ-gradatie vang, en de corresonderendeZ-
gradatie vanV . Het inwerken vanF op het karakter vanV geeft ons det-DIMENSIE

vanV , genoteerddim t(V ):

dim t(V ) = F (chV ) =
∑

µ

dimV (µ)F (eµ).

Det-dimensie is in feite een veralgemening van de dimensie vanV , die we terugvinden
door t = 1 te stellen, en de superdimensie vanV , die we terugvinden doort = −1 te
stellen.

A.6.2 t-dimensie van covariante representaties

De twee formules waarvan we starten om det-dimensie te bepalen zijn enerzijds (A.4)
en anderzijds (A.10).

De toepassing vanF op (A.4) levert volgende formule:
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Stelling A.17 De t-dimensie vanVλ wordt gegeven door volgende determinant

dim t Vλ = det
1≤i,j≤ℓ(λ)

(
λi−i+j∑

k=0

(
m+ λi − i+ j − k − 1

λi − i+ j − k

)(
n

k

)
tk

)
. (A.19)

Aangezienxi = eǫi en yj = eδj , correspondeert (A.18) met de substitutiexi =
1 en yj = t in de uitdrukking voorsλ(x/y). De toepassing van deze specializatie
op (A.10) geeft na rij- en kolombewerkingen volgende formule voor det-dimensie:

Stelling A.18 Det-dimensie vanVλ wordt gegeven doordim t(Vλ) = ±(1+t)mnR(λ)
met

R(λ) =

det




(
(−1)i+j

(1+t)i+j−1

(
i+j−2
j−1

) )
1≤i≤m
1≤j≤n

( (
λj+m−n−j

i−1

) )
1≤i≤m

1≤j≤k−1(
tλ

′

i+n−m−i−j+1
(
λ′

i+n−m−i
j−1

) )
1≤i≤n−m+k−1

1≤j≤n

0


 .

(A.20)

Vergelijken we beide formules dan heeft (A.20) ten opzichtevan (A.19) het grote voor-
deel dat elk matrixelement uit een enkele binomiaalcoëfficiënt bestaat vermenigvuldigd
met een macht vant of (1 + t).

Een interessante toepassing volgt voor de speciale keuzeλ =
(
(n−a)(m−a)

)
, met

a = 0, 1, . . . ,min(m,n). Voor een dergelijke rechthoekige partitieλ is

dim t(Vλ)

=± (1 + t)mn−a(r+r
′−1) det

1≤i,j≤a

(
(−1)i+j

(1 + t)i+j

(
i+ j +m+ n− 2a− 2

j − 1

) )

waarbijk = m−a+1, k′ = n−a+1, r = n−a, r′ = m−a, λk = 0, λ′k′ = 0. Het
minteken en de macht van(1+ t) kunnen voorop geplaatst worden en vervolgens delen
we de noemers weg uit deze uitdrukking. Wat overblijft is eendeterminant waarvan de
ontwikkeling terug te vinden is in [43, (2.2)]. Uiteindelijk krijgen we in het rechterlid
een gesloten gedaante:

dim t(Vλ) = (1 + t)(m−a)(n−a)
a−1∏

i=0

(
m+n−2a+i
n−a+i

)
(
m−a+i

i

) .

Vergelijken we deze uitdrukking met (A.19), die kan herschreven worden in functie
van2F1 functies, dan krijgen we een uitdrukking voor determinanten:
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Eigenschap A.19

det
0≤i,j≤s

((
n+ i+ j

m

)
2F1

(
m−n−i−j,−n

−n−i−j ;−t
) )

= (−1)s(s+1)/2(1 + t)(s+1)(s+n−m)
m−s∏

i=1

(
2s+n−m+i

s+1

)
(
s+i
s+1

) (s ≤ m).

Deze identiteit kan op verschillende manieren geschreven worden. De uitdrukking die
met rechtstreekse berekeningen moeilijk te vinden is, krijgen we hier als een eenvoudig
gevolg van de gelijkheid van twee formules voort-dimensie.

A.6.3 t-dimensie van gemengde tensorrepresentaties

Naar analogie met voorgaande paragraaf kunnen we ook hier twee formules opstellen
voor det-dimensie. We passen hierbij (A.18) toe op de formules (A.6)en (A.16). De
t-dimensie kan door volgende stellingen berekend worden.

Stelling A.20 De t-dimensie vanVν̄;µ wordt gegeven door volgende determinant

dim t Vν̄;µ = det (A | B) , (A.21)

met

A =

(νl+ν
′

1−l−i+1∑

k=0

(
m+ νl + ν′1 − l − i− k

νl + ν′1 − l − i− k + 1

)(
n

k

)
t−k
)

1≤i≤ν′

1+µ
′

1, 1≤l≤ν
′

1

,

B =

(µj−ν
′

1−j+i∑

k=0

(
m+ µj − ν′1 − j + i− k − 1

µj − ν′1 − j + i− k

)(
n

k

)
tk
)

1≤i≤ν′

1+µ
′

1, 1≤j≤µ
′

1

waar de indicesi, j resp.l van boven naar onder, van links naar rechts, resp. van rechts
naar links lopen.

De tweede formule leunt aan bij (A.20).

Stelling A.21 De t-dimensie vanVν̄;µ wordt gegeven door

dim t(Vν̄;µ) = ±(1 + t)mntrn det




0 R12 0

R21 R22 R23

0 R32 0


 (A.22)
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met

R12 =

(
tµ

′

i+n−m−i−r−j+1

(
µ′
i + n−m− i− r

j − 1

) )

1≤i≤l−1
1≤j≤n

,

R21 =

( (
µj +m− n+ r − j

i− 1

) )

1≤i≤m
1≤j≤k−1

,

R22 =

(
(−1)i+j

(1 + t)i+j−1

(
i+ j − 2

j − 1

) )

1≤i≤m
1≤j≤n

,

R23 =

(
(−1)i−1

(
νm−j+1 −m− r + i+ j − 2

i− 1

) )

1≤i≤m
1≤j≤m−k−a+1

,

R32 =

(
tν

′

n−i+1−n+r+i+j−1

(
ν′n−i+1 − n+ r + i+ j − 2

j − 1

) )

1≤i≤n−l−a+1
1≤j≤n

.

In het algemeen is de orde van de determinant in (A.22) kleiner dan de orde in (A.21).
Bovendien hebben de matrixelementen een eenvoudigere gedaante: het product van een
binomiaalcöefficiënt met een macht vant of (1 + t).
Het speciale geval̄ν;µ = (b

c
); (bc) metn = m+b−2c leidt ook hier tot een identiteit.

Eigenschap A.22Stelb, c enn zijn positieve gehele getallen metm = n− b+2c, dan
is

det (A | B)

= ±((b+ c)!)c

n+c−1∏

j=0

(j + c)!

c−1∏

j=1

(c+ b+ j)c−j
c−1∏

j=0

j!

b−1∏

j=0

j!

n−b−1∏

j=0

j!

m−c−1∏

i=0

(i+ c)!

b−1∏

i=0

(i+ c)!

n−1∏

j=0

j!

2c−1∏

j=0

(b+ j)!

t−bc(1 + t)2cb

met

A =

((
m+ b+ c− l − i

b+ c− l − i+ 1

)
2F1

(
l + i− b− c− 1,−n
i+ l −m− b− c

;−
1

t

))

1≤i≤2c,
1≤l≤c

,

B =

((
m+ b− c− j + i− 1

b− c− j + i

)
2F1

(
c+ j − b− i,−n

c+ j −m− b− i+ 1
;−t

))

1≤i≤2c,
1≤j≤c

,

waarbij i, j resp.l van boven naar onder, van links naar rechts, resp. van rechtsnaar
links lopen.



Appendix B

Erratum

• P19 (L-5) The second item in the definition of aCOMPOSITEYOUNG TABLEAU

should be replaced by:R(j) +R(j) ≤ j for j ∈ {1, 2, . . . ,m}, whereR(j) and
R(j) are the greatest row numbers inFµ resp.F ν containingj resp.j.

• P20 Figure 1.15 should be replaced by Figure B.1.

7
_

6
_

3 2
_ _

5

4

33

211

Figure B.1: A standard composite tableau

• P21 The caption of Figure 1.16 should be replaced by “Extra condition:R(j) +
R(j) ≤ j”

• P20(L-5)-21(L4) should be replaced by:
According to the condition that the entries have to increasealong a column, it
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follows thatRµ(p) ≤ p. Suppose

Kλ
p = max({c ≤ ν1 | p does not occur in columnc of Fλ} ∪ {0}).

If Kλ
p = 0, there is ap in the firstν1 columns, and thusRν(p) = 0. If Kλ

p ∈

{1, . . . , ν1}, let q = max({t | t < p, t occurs in columnKλ
p }) andρq its row

number along the columnKλ
p . Then it is easy to check thatRν(p) = p− ρq and

Rµ(p) ≤ ρq. This implies the extra condition.
In Figure 1.16,Kλ

5 = 3 ∈ {1, 2, 3}, q = 4 andρq = 3 givesRν(5) = 2 and
Rµ(5) = 3 ≤ 3; Kλ

7 = 0, thusRν(7) = 0 andRµ(7) = 4 ≤ 7.

• P44 (L-8)r(i) should be replaced byr(i∗), andr(i) should be replaced byr(i∗).

• P45 The third item in the definition of a(m|n)-STANDARD COMPOSITE SU-
PERTABLEAUSν̄;µ must be replaced byR(i)+R(i) ≤ i for all i ∈ {1, 2, . . . ,m}.
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