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Preface

“Fermionen und Bosonen sind fundamental verschiedenenTypa Quan-
tenteilchen. So wenig ein géhnlicher Spiegel einen Apfel wie eine Birne
aussehendst, so wenig vermag eine déblichen Symmetrien Fermionen in
Bosonen zu verwandeln. Das schafft erst der Zauberspieg&upersymme-
trie” (Prof. Dr. J. Jolie [30])

Lie superalgebras and their representations continueap ot important role in
the understanding and exploitation of supersymmetry irsiglay systems. The Lie su-
peralgebras under consideration here, namgly.|n) or sl(m|n) (sometimes denoted
by U(m|n) or SU(m|n)), have applications in quantum mechanics [1, 42], nuclear
physics [6, 14, 27], string theory [19, 23], conformal fieltedry [21], supergrav-
ity [2, 35], M-theory [20], lattice QCD [7, 9, 15], solvablattice models [62], spin
systems [24] and quantum systems [58]. Also their affinerssitms [21, 24] org-
deformations [1, 58] play an important role. In most of thelations, it are the
irreducible representations or “multiplets” gf(m|n) (sometimes referred to as sim-
ple gl(m|n) modules) that play a role. But, despite the fact that Lie salgebras
and their representations have been the subject of mudttiattethere is no complete
description of the finite-dimensional complex irreducibdpresentations of even the
simplest family of basic classical Lie superalgebed&n|n).

Representation theory of Lie superalgebras, and in péatiofigl((m|n) or its sim-
ple counterpart((m|n), is not a straightforward copy of the corresponding theory
for simple Lie algebras. The developmentgdfm|n) representation theory is quite
remarkable. Shortly after the classification of finite-ditsienal simple Lie superal-
gebras [31, 59], Kac considered the problem of classifyihdjrate-dimensional ir-
reducible representations of the basic classical Lie sigelbras [32]. For a subclass
of these irreducible representations, known as “typicapresentations, Kac derived
a character formula closely analogous to the Weyl chardotenula for irreducible
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representations of simple Lie algebras [32]. The problembddining a character for-
mula for the remaining “atypical” irreducible represeiias has been the subject of
intensive investigation.

From a computational and practical point of view, it is usefuidentify charac-
ters with supersymmetric S-functions, since it is easy tokweaith S-functions, for
which many properties are known. Although this identificatholds for covariant and
contravariant irreducible representations [10, 22], whbe corresponding S-function
is labelled by a single partition, it fails for mixed tensor irreducible representations,
where the corresponding S-function is labelled by a comegsirtitionr; .. The prob-
lem is well described and analysed in [70], where furtheevecharacter formula for
atypicalgl(m|n) irreducible representations is conjectured. Since themespartial
solutions to this problem were given, e.g. for so-calledeggenrepresentations [53],
for singly atypical representations [12, 68, 71], or for &arapresentations [34]. More
recently, the character problem fgi(m|n) was principally solved by Serganova [60],
who gave an algorithm to compute composition factor muttifies of so-called Kac-
modules, and thus indirectly the character. In [73], a suliglly simpler method was
conjectured to compute these composition factor muliiis; this conjecture was
proved by Brundan [13]. Still, the method using compositiactor multiplicities of
Kac-modules remains a rather indirect way of computing attars. Recently, there
was a further breakthrough for this problem. Developingtenwork of Brundan, Yu-
cai Su and Zhang [66] managed to compute the generalizedddazbhusztig polyno-
mials of gl(m|n) irreducible representations, leading to a relatively ieiptharacter
formula for all these irreducible representations, and throving that the character
formula conjectured in [70] holds.

The main idea of Chapter 1 is to fix some notation and termggland to discuss
briefly the ring of symmetric functions. As already mentidnsymmetric and super-
symmetric functions will be parametrized by either pastis or composite partitions.
Those objects play an important role in this thesis. So, wkeghwie their definition,
their representation by means of Young diagrams and we wjilaén the notion of
(composite) tableaux. In the second section we consideririgeof symmetric func-
tions. The bases, known for this ring, are discussed bribliigxt to those bases, there
still exists another and even more important basis: the sgtmenSchur functions. As
several bases of the ring of symmetric functions are defithedelation between those
bases is given by means of transition matrices. Due to th¢ioalbetween symmetric
functions and characters of the irreducible represemstithe remainder of the chapter
is dedicated to the symmetric Schur functions. Here we malkffeaence beween the
symmetric functions parametrized by either a partition @omposite partition. For
both families, we give the definition and a lot of propertiaesl éormulas. Some prop-
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erties, known for symmetric functions parametrized by difian, are generalized to
symmetric functions parametrized by composite partitidiesend this chapter, and for
further reference, we put together all the definitions amthfdas of this chapter.

The supersymmetric functions and in particular the supensgtric Schur func-
tions are the main objects of this thesis. They are discussétapter 2. This chapter,
which is essentially a supersymmetric analogue of the pusvchapter, is composed
of three parts. Broadly speaking, the first part is dedictiedipersymmetric functions
indexed by a partition, the second part summarizes thereiffdases of the ring of su-
persymmetric functions and the third part deals with supamsetric functions indexed
by a composite partition. The three most important baseshathe elementary, the
complete and the Schur supersymmetric functions are defasedell as their mutual
relations. Next to those definitions, we also introduce thtgon of a supertableau, and
the formula for supersymmetric Schur functions by meansipégableaux. In the sec-
ond part, we extend the number of bases by defining the rengglidises, analogous to
the symmetric case. We prove that the supersymmetric pawes,2he monomial and
the so-called ‘forgotten’ supersymmetric functions adeied supersymmetric. The re-
lations between all those bases is proved to be given by the gansition matrices as
those given in the first chapter. As the supersymmetric basgshe symmetric bases
are defined in a similar way, their generating functions uhto be similar as well.
The third part dedicated to the supersymmetric Schur fanstindexed by a composite
partition, generalizes the definition and properties of posite symmetric functions.
To make the similarity complete, we introduce the notionamhposite supertableaux.
Those composite supertableaux give rise to a new formuladorposite supersym-
metric Schur functions. This formula looks more complicatigan the other formulas
by means of (super)tableaux, but we illustrate that theaeednditions in the definiton
of composite supertableaux just as in the formula for sypensetric Schur functions
are necessary. Again, we put together all the definitionsfamdulas of this chapter
for further reference at the end of the chapter.

Until this point we did not need the notion of Lie superalgehbut they are essen-
tial for the remaining chapters. As already mentioned, &malgebra is the keystone
in understanding supersymmetry. Although we will only néteel Lie superalgebras
gl(m|n) andsl(m|n) for subsequent use, we give a short introduction definingisup
algebras, Lie superalgebras and the enveloping algebranergl. The Cartan subal-
gebra and the root systems are discussed in particulgt(fain) andsl(m|n). Since
we want to link the first two chapters with the remaining ofttiesis, we need to
introduce representations, irreducible representatiatis highest weight (or highest
weight modules) and their characters. The connectionsdsatihe previous chapters
and the representations is given by the bijection betwgéen|n) highest weights and
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composite partitions. The covariant and contravariant utesdare well known; the
mixed tensor modules give rise to characters which do natagh coincide with su-
persymmetric functions. For the typical representatistisg already proved that the
characters coincide with supersymmetric functions, so Weiso distinguish between
typical and atypical representations. Seeing that thei@iity will play an important

role, we define atypicality and the atypicality matrix inrtex of highest weights and in
terms of (composite) partitions.

It was already known [10, 22] that the characters of irredleccovariant and
contravariant tensor representationglifm|n) yield the supersymmetric S-functions.
Comparing the different formulas for symmetric and supensyetric S-functions, one
formula is missing with regard to supersymmetric Schur fiams. In Chapter 4,
we derive a new, determinantal formula for the supersymm&chur polynomial
sa(x/y). The origin of this formula goes back to representation thed the Lie su-
peralgebragl(m|n). In particular, we show that all covariant representatemestame’
by performing a sequence of simple odd reflections. Thisesecglis determined by
a well-considered sequence of simple odd roots. This wayameapply a character
formula due to Kac and Wakimoto, leading to our new expresgio s, (x/y). The
special choice of\ being the zero partition, gives rise to the denominatortitiefor
gl(m|n). This identity corresponds to a determinantal identity borimg Cauchy’s
double alternant with Vandermonde’s determinant. Nexhéorepresentation theoretic
proof, we provide two other independent proofs for this dateantal formula. The
first proof makes use of Macdonald’s four characterizingpprties of supersymmetric
Schur functions; we prove that the determinantal formutminogeneous and that the
cancellation, factorization and restriction properties flfilled. A last and a more
direct proof ties up our formula with that of Sergeev-Pragathis chapter is based
on [47, 49].

In Chapter 5 we intend to show that there is still another fawfi atypical repre-
sentations for which the character is given by a composfienStion. We distinguish
between normally, critically and quasicritically relatesbts. If all the roots are crit-
ically related, the representation and its highest weigatadso called critical. The
relation between a highest weight and a composite parigiconnected to the notion
of being critical, and the notion of a critical compositetfiam is introduced. Next to
the covariant and contravariant representations whicleréieal, we indicate that the
class of critical representations is much larger. It is ghowith the same techniques
as in Chapter 4, that the representations correspondingritiGal composite partition
(subject to a technical restriction) are tame, and its adtardormula is computed us-
ing the character formula of Kac and Wakimoto. Again, thi& espression gives rise
to a determinantal expression for the characters of irrietRicritical representations.
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The main goal of this formula is to link this determinantatrfula to composite su-
persymmetric S-functions. This last equality however isjectured. The proof of this
conjecture is outlined and the difficulties encountereddiseussed. In fact, the proof
of the conjecture is reduced to the proof of an identity famposite supersymmetric
Schur functions presented as a lemma. Altough we are cositihat for critical com-
posite partitions with no zero in the overlap (if presentecémnm x n-rectangle) the
composite supersymmetric Schur functions are the chasagtehe irreducible repre-
sentations with corresponding highest weight, the remgitémma is not proved yet.
The results of this chapter can be found in [50, 51].

In the previous chapters we have given different formulatefine supersymmetric
functions. The formulas by means of the complete supersyrimienctions given in
Chapter 2 and the new determinantal formulas deduced int€hé&pespectively Chap-
ter 5 gives rise to new formulas for thedimension of covariant respectively mixed
tensor representationis of the Lie superalgebrgl(m|n) by means of a determinant.
The parametet keeps track of th&-grading ofV/. If we compare both formulas for
covariant representations, the equality gives rise to akklatheterminant identity for
a special choice of. For the mixed tensor representations, the equality betles
two formulas gives also rise to a determinant identity fopacsal choice of; ui. In
this last case, the analysis of the determinant requires af ladvanced determinant
calculus. The first part of this chapter with respect to disi@mformulas of covariant
representations is based on [48, 49].






Chapter 1

Symmetric Schur Functions

The purpose of the first chapter is on the one hand to fix sonatiootand ter-
minology, on the other hand, to discuss briefly the ring of syatric functions.
A lot of these notions, notation and terminology will be takeom [46, Part
[]. As most of the objects considered turn out to be paramedrby partitions
and composite partitions, we will introduce them in the feesttion, as well as
their presentation by means of Young diagrams and the nofiGcomposite)
tableaux. The second section is dedicated to the ring of stnorfunctions
and the bases known for this ring. A special class of symméirictions,
the Schur functions, is defined in the third section as arertbst important
properties related to this thesis. In the next section, wesicker the generat-
ing functions and in the fifth section we give a lot of propestand formulas
for the symmetric functions parametrized by either a partibr a composite
partition. To end this chapter, and for further referenoe pwt together all the
definitions and formulas of this chapter.

1.1 Partitions and composite partitions

1.1.1 Partitions and diagrams

A PARTITION X of a non-negative numbéY, is any sequence = (A1, A, ...) of non-
negative integers with; > Ao > ..., containing only finitely many non-zero terms
and) ", \; = |[A| = N. The number of non-zero partsig\) and is called theENGTH

of A and the sum of the parta| is thewEIGHT of \ (see Figure 1.1).
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The YOUNG DIAGRAM F* of shape) is the set of left-adjusted rows of squares
with \; squares (or boxes) in thih row reading from top to bottom. We shall usually
denote the diagram of a partitionby the same symbal. The boxes are often referred
to by means of their row and column number; e.g. (1,4) refetke fourth box on the
first row. For example, the Young diagram(éf 2, 1, 1) is given in Figure 1.1.

| S\ =9

- o) =4

F(5,2,1,1) _

Figure 1.1: Young Diagram of\ = (5,2,1,1)

The CONJUGATEOf a partition) is the partition\’ whose diagram is the transpose
of the diagram\, the diagram obtained by reflection in the main diagonal. déek,
is the number of boxes in th#h column of \. In Figure 1.2, this is illustrated for
A=(5,2,1,1) and its conjugate’ = (4,2,1,1,1).

F(.2,1,1) — and F@21,1,1) _

Figure 1.2: A partition and its conjugate partition

Given two partitions\, i, we can define several operations. Hwm A + p of the
partitionsA andy is defined by(A + 11); = A; + ;. TheUNION AU p of the partitions
A and p is given by the partition whose parts are of those\adind i, arranged in
descending order.

For example, ifA = (4,2) andp = (3,3,1), thenA 4+ p = (7,5,1), AU
(4,3,3,2,1), see Figure 1.3 where the shaded boxes correspond to tlseopart
The operations+ andU are dual to each othefA + ) = N U p'. Eg. YUy =
(2,2,1,1)U(3,2,2) = (3,2,2,2,2,1,1) = (A + ).
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Figure 1.3: Sum and union of = (4,2) andu = (3,3,1)

The setPy of partitions of N can be ordered in different ways. The only orderings
that we will use are the lexicographic orderiig; and the reverse lexicographical
orderingLy,. The orderingLy (resp.L’y) is the subset oPy x Py consisting of
all (A, p) such that eitheh = p, or else the first non-vanishing differenge — ; is
positive (resp. negative). Notice that both orderings atal brderings. For example,
whenN = 5, the lexicographic ordering oRs is given by

(5). (4,1), (3,2),(3,1%), (2%, 1), (2.1%), (1°);
whereas the reverse lexicographical orderinggns given by
(17),(2,1%),(2%,1), (3,1%), (3,2), (4,1), (5).
Notice that in this notation the exponent indicates the nemd$ times each integer

occurs as a part.

1.1.2 Skew diagrams and tableaux

If A\, n are partitions, we shall writd O 1 to mean that the diagram gfis embodied
in the diagram of\, i.e. u; < \; for all i > 1. The set-theoretic differende= X —
is called a skew diagram. Far= (5,4,2,1) andu = (3, 3, 1) the skew diagram is the
shaded region in Figure 1.4. The conjugate of a skew diagram\ —pis6’ = X —p’
and|f] = > 6; = |\| — |u|. A PATH in a skew diagrand is a sequencey, s1, ..., S,

Figure 1.4: A skew diagran?®
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of squares if such thats; _; ands; have a common side, fdr< i < m. A subset of

0 is CONNECTEDIf any two boxes in that subset are connected by a path. Thé max
mal connected componentsare themselves skew diagrams, and they are called the
CONNECTED COMPONENTSf 6. In Figure 1.4 there are three connected components.

A skew diagram is @ORIZONTAL m-STRIP(resp. &/ERTICAL m-STRIP) if |0| =
m and@, < 1 (resp. §; < 1) for eachi > 1. In other words, a horizontal (resp.
vertical) strip has at most one square in each column (resp. A skew diagrand is
aBORDER STRIR also called &IBBON, if # is connected and contains o< 2 block
of squares, so that successive rows (or column8g)aserlap by exactly one square. In
Figure 1.5 there is an example of a horizontal, a verticg sind a border strip.

(a) Horizontal strip (b) Vertical strip (c) Border strip
0 =1(0,2,0,1,1) 0=(1,0,1,1,1) 0=(0,3,1,2,1)

Figure 1.5: A horizontal strip, a vertical strip and a border strip.

A (COLUMN STRICT) TABLEAU T, often referred to aSEMISTANDARD Y OUNG
TABLEAUX or SSYT, is a sequence of partitions

p=A0c XU c A=)

such that each skew diagrafff¥) = X — \(=1) (1 < § < r) is a horizontal
strip. Graphically, a tableau is a numbered skew diagramiodd by numbering each
square of the skew diagra@i?) with the numberi. The numbers inserted ik — 1
must increase strictly down each column and weakly from teftight along each
row. The skew diagram — . is called thesHAPE of the tablead’, and the sequence
(|61, ...,|6")]) is thewEIGHT of T.. Hence, the weight can easily be obtained by
counting the absolute frequency of the numbersthe tableay1 < i < r), i.e.|0®|

is the number of’s in the tableau (see Figure 1.6).
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1
12|
4]
Figure 1.6: Tableau with shapg — . = (6,5,3,3,2,1,1) — (4,2,1,1) and weight(4, 4, 2, 3)

1.1.3 Composite partitions

The COMPOSITEYOUNG DIAGRAM F¥# = F(... —uvs, —v1; i1, fia, - - .), Specified
by the pair of partitiong. = (p1, po,...) andv = (v, o, ...), consists of two con-
ventional Young diagramsg* and F”. The former is composed of boxes arranged in
left-adjusted rows of lengthg,, o, ... (from top to bottom), and the latter of boxes
arranged in right-adjusted rows of lengths s, . . . (from bottom to top).

HEEE

[ ]

Figure 1.7: Composite Young Diagrany”# = F(3:8):(5,3,1)

A manner of juxtaposition of"# and I’V to form F”# was given in [18]. To
some extent this is a refining of the back-to-back notatiof8pénd [36]. By way of
illustration, forv; . = (3,8); (5,3, 1) the composite Young diagram is displayed in
Figure 1.7. Note that i3, 8) we have used the convention of putting the minus-signs
on top of the integers; so in the given example= (5, 3,1) andv = (8, 3). We shall
refer tov; 1 as being acOMPOSITE PARTITION A composite partition is called an

m-STANDARD COMPOSITE PARTITIONIf and only if (i) + £(v) < m.

1.2 The ring of symmetric functions

In [46, §1.2] the ring of symmetric functions is described for infelit many variables.
In this section we will give a survey of it but only for a finitetof variables:y , . . . , z,,.
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Consider the rind’[z1, ..., x,,] of polynomials inm independent variables =
(z1,...,2zm) with integer coefficients. The symmetric groSp, acts on this ring by

permuting the variables. The symmetric polynomials, i@ypomials invariant under
the action ofS,,,, form a subring\,,, = Z|xz, . .. ,a:m]sm, which is a graded ring. For

Am = DAL,

k>0

whereA¥, consists of the homogeneous symmetric polynomials of @éggueith A%,
spanned by the zero degree polynoniial

Several different bases are defined/gp.

1. Let) be any partition of length(\) < m. For eachn-tuplea = (aq, ..., a.) €

7, we denote byr* the monomialz{* ... x5 The polynomial
ma(@) = ma(@1,...,2) = > 2° (1.1)

summed over all distinct permutationsof A = (A1,..., A,,), is clearly sym-
metric, and then,, as\ runs through all partitions witlf(A) < m, form a
Z-basis ofA,,,. Them, are called theaONOMIAL SYMMETRIC FUNCTIONS.

. For each integer > 0 therth ELEMENTARY SYMMETRIC FUNCTION e, is the

sum of all products of distinct variables:;, so that

epo=1 and e, = Z T, Tiy .2y, = M), fOrr >1.(1.2)
i1 <ip<...<ip

In particulare,. is defined to be zero for < 0 ande,, = 0 for » > m. For

each partitiol = (A1, Ag,...), e, is defined ag, = ey, ey, . ... Given that the
functionse,. are algebraically independent ovérthee, with £(\') < m form

aZ-basis forA,,.

. For each: > 0 therth COMPLETE SYMMETRIC FUNCTIONA,. is the sum of all
monomials of total degreein the variables:,, zo, . . ., such that
he =Y ma. (1.3)
|X|=r

In particularhy = 1 andh; = e;. It is convenient to definé,. to be zero if
r < 0. For each partitiol = (A1, Ao, ...), hy is defined asy = hy hy, - ..
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Ay = Z[hy, ..., hy,] where theh, are algebraically independent. Note that
Romt1s Bmt2, - - ., @re non-zero polynomials ihq, ..., hy,. So, thehy, with
£(N') < m, form aZ-basis ofA,,; for example, ifm = 2, h(g2) = 4h(e2 12) —
4h(2)14) + h(lﬁ).
4. For eachr > 1 therth POWER SUMis

br = Zx: = mr(w) (14)
In the same way asy andhy, px = px, P, - - .- Itis shown [46] thatnh,, =
S prhn_. Soitis clear thaQ[ps,...,p,] = Q[h1,...,hy]. Since the
complete symmetric functions,. are algebraically independent ové&r and
hence also ove), the p,. are also algebraically independent o@r So, the
py form aQ-basis ofA,,,. But they do not form @&-basis ofA,,,; for example,

hy = %(p% + p2) does not have integer coefficients when expressed in terms of
thep,.

On the ring of symmetric polynomials,,,, a ring homomorphisny is defined as:
w:A, —=A,:e — h, Forallr > 0. (1.5)

This homomorphism is an involution [46], i.e? is the identity map.
The involutionw maps a power sum onto itself:

w(pa) = expa With ey = (—1)PI=4), (1.6)
Using this involution, a fifttZ-basis ofA,,, can be defined for any partitioxy namely
fr=w(my). (1.7)

These elements are called theRGOTTEN SYMMETRIC FUNCTIONS as there is no
simple direct description.

1.3 Symmetric Schur functions

1.3.1 Symmetric Schur functions indexed by a partition\

Letx = (x1,...,2,,) be a set of variables),,, the ring of symmetric functions im
and letA = (A, A2,...) with £()\) < m be a partition. One can associate with any
partition an alternant, which is the x m determinant

axys = det(@ T ) gijem (1.8)
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where
d=(m—-1,m—-2,...,1,0). (1.9

In particular, forA = (), the zero partition, we have Vandermonde’s determinant
as = H1§i<j§m($i - ;).
The SCHUR FUNCTIONS often called SFUNCTIONS, are defined as

a
sx(@) = sa(x1, ..o xm) = 2;5. (1.10)

It is clear from the definition that, is symmetric and homogeneous of degree
Note that for any positive integer

SOt (T) = (les)s@lwq&nxmy (1.11)

There is also a more combinatorial definition of a Schur fimmdn terms of column
strict tableaux of shap&. Each tableau determines a monomial

(%)
A= T

i=1

where(|6™)],...,[0(™)|) is the weight of the tableau. Far = 5 and\ = (4,3,1) a
possible tableau and corresponding monomial are givergiar&il.8.

— T 23,2
T=|2]|2]|s — rt = rirswiTs.

Figure 1.8: Tableau of shapg = (4, 3,1) and weight(2, 3,0, 2, 1).

Then, the symmetric Schur function can be expressed by noéaalsleaux:
salx) = ZIT (1.12)
T

where the sum is taken over all column strict tableaux of ehapnd with entries
from 1 tom. E.g. supposen = 4 and\ = (2,1,1). Then all the tableaux and the
corresponding terms are given in Figure 1.9.
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1] 1] 1)1 1)1 1]2 12
2 2 3 2 2
3 4 4 3 4
1]2 3 1]3 3 1]a
3 2 3 2
4 3 4 3
4] 1]a 22 23 2[4
2 3 3 3
4 4 4 4 4

2

2 2 2 2
5(2,1,1)(961706279&3,%4) =x1°r2x3 + 172204 + 172324 + X122° X3 + T1X27 T4

2 2
+ z122w3T4 + T1X2X3° + T1T2T3T4 + L1237 T4 + T1T2T3T4

2 2 2 2 2
+ r1w2w4” + 123047 + X27T3T4 + T2X37 T4 + T2T3T4

Figure 1.9: All tableaux and corresponding terms fore= (2,1, 1).

If 1 C A, then one defines tr&KEW SYMMETRIC SCHUR FUNCTIONSs) /, () @s
sx/u(x) = ZxT, (1.13)
T

where the sum is taken over all column strict tableaux of shap- 1, otherwise
sx/u(x) = 0.

The Jacobi-Trudi formula and thedlgelsbach-Kostka formula givg, in terms of
the elementary and complete symmetric functions [46] :

sx(x) = det(h,\i,iﬂ- (x)) e (1.14)
sx(z) = det(% _Hj(x)) <<t (1.15)
So, if A = (n) andX = (1"), we have that
5(n)(x) = hp(x) and s1my(x) = en(x). (1.16)
These formulas can be extended to skew symmetric Schuridasdé6,1.5]:
Sx/ul@) = det(h,\i_l,,j_iﬂ-(z))lﬁ o (1.17)
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Sa/ulT) = det(eA;_H; —itj (ac)) it (1.18)

The symmetric Schur functions can also be expressed in tefrie symmetric
monomial functions, namely:

5)\(3:) = Z K)\umu(x) (119)
H<A

where the sum is taken over all partitions< A in the lexicographical ordering. The
numbersk),,, are called KWSTKA NUMBERsand it is shown that

K),, = the number of (column strict) tablealXof shape\ and weight:.  (1.20)

Therefore, Ky, > 0 and K, = 1. For example, if\ = (2,2, 1) thenK 3 5 1)(2,13) =
2andK ;2 1y(15) = 5 (see Figure 1.10). Thus,

8(27271)(‘%) = m(2271)(ac) + 2m(2713)(x) + 5m(15)(x)

1 2 1 2 1 3 1 3 1 4
3 4 3 5 2 4 2 5 2 5
5 4 5 4 3

Figure 1.10: The different tableaust” of shape(2, 2, 1) and weight(1°).

Other determinantal formulas fag are Giambelli’s formula [46] and the ribbon
formula [45]. Giambelli’'s formula depends on the Frobeniasation for partitions.
Suppose that the main diagonal of the Young diagram obnsists ofr-boxes(i, i),
(1 <i <) Leta; = \; — i be the number of boxes in théh row of A to the
right of (i,4), for 1 < i < r, and3; = X, — i be the number of boxes in th¢h
column of A below (4,4), for1 < i < r. We havea; > as > ... > «, > 0 and
B> (2 > ... > B, > 0, and we denote the partitionby

A= (0517... 7ar|ﬁ17"-aﬁ’r‘) = (O[|B)

Clearly, the conjugate div|3) is (5]«).
Then, Giambelli’'s formula is given by

S(alp)(®) = det(s(a,18,)(T))1<ij<r

where, fora,b > 0, s(ap) = hat1€s — hasoep—1 + ...+ (—1)’hatpiieo; if aOrbis
negative s, = 0 except whem + b = —1, in which cases, ;) = (—1)b.
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A o= (5,4,4,1)
(4,2,1/3,1,0)

Figure 1.11: Frobenius notation for partitions.

1.3.2 Symmetric Schur functions indexed by a composite paition

vip
Letz = (z1,...,x,) be the set of variables. Let . be a composite partition with
() = p, L(v) = gandp + ¢ < m. Thus,7; 1 is am-standard composite partition.
Then, we can associate antuple (u1, ..., 1,0, ...,0, =1, ..., —1vq) with the com-

posite partitionz; . Extending (1.11), the symmetric Schur function indexedHhy
composite partition is defined by:

soiu(@) = (H xi”) sa(z)  with A = (g +vi, potvr, ..o, —va+v1,0). (1.21)
i=1

The formula analogous to (1.15) for symmetric Schur funtimdexed by a com-
posite partition was postulated by Balantekin and Barsrj3grms of characters (see
Chapter 3), and proved in [18], namely

(1.22)

a1 e, —jri_1(T
S;;M(Z‘)Zdet ' | +k l( ) ‘ wi—k+j 1( )

éu—iti—1(2) | eutij(2)
where the indices, j, k resp.l run from top to bottom, from left to right, from bottom
to top resp. from right to left. The dotted functiep(z) = ¢.(Z) = e (77, ., 7-)-
In the same way, we also have that

hy, - ht:— i
Sy;p(x)—det< . itk l(x) ‘ pj—k+j 1(33) )

i) | By i (@)

(1.23)

where the indices, j, k resp.l run from top to bottom, from left to right, from bottom
to top resp. from right to left and with the functién (x) = h..(Z).
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Example 1.1 Letr = (1,1) andu = (3,1),

eQExg | elgxg (() ) 0
é1(x) | ea(z) eo(x 0
s(T,T);(S,l)(JT) = det éo(2) | es(z) e?(x) (o)
0 |ea(x) exz) ei(x)
hi(z) ho(z) | ba(z) 0
= det ho(x) ]:7'1(”3) ha(z) 0
0 ho(z) | hs(z) ho(x)
0 0 | ha(z) hilz)

The formulas (1.22) and (1.23) are defined independent ohtimber of variables
z. So, these formulas can easily be generalized for comppaiti#tions which are
not necessarilyn-standard. Suppose . is a not am-standard composite partition,

i.e. (p) + £(v) > m then thesy,,(z) is related to a Schur function indexed by a
standard composite partition:

sp(@) = (=) T s (o) (1.24)

whereh = ¢(u) + ¢(v) —m — 1 andp — h andv — h are the partitions obtained from
the diagrams# and F"¥ respectively, by the removal of continuous boundary strips
each of lengthh starting at the foot of the first columns 6% resp. F” and extending
overc andeé columns respectively. Thi@ODIFICATION RULE was introduced in [37].
The boundary strip is said to be removablé if> 0 and if the juxtaposition of*#~"
andF¥~" yields a regular composite Young diagrdifi:’ i.e. the resulting diagrams
FB andF™ correspond to the partitionando. If o or 3 is not partition, therF 4 is
said to be irregular. If"®# is irregular then the strip is not removable ans.; is to

be interpreted as being identically zero. This modificatige can be illustrated using
Formula (1.22) and Example 1.1.

Example 1.2 Supposen = 3. Given (1.24)h, = 2+ 2 -3 —1 = 0 and hence
c=¢=0. So,

S(T,T);(3,1)(93) = —S(T,T);(s,n(ﬂc) A 5(11);(3,1)(@ =0.
The same result follows from (1.22):

éa() ‘ e1(x) 0
é1(x) | ea(x) eq
) )

B B (
sanen@) = et o e@) el eo
0 0 62(

@
D
8
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as the second column is proportional to the first column sin¢e) = er() é1(x) =

.'L'].’IJQ.’L'g’
2)_andég(z) = 2
T1T2T3 T1T2T3

Supposen = 2. Applying (1.24), witth = 1 and hence: = ¢ = 1, gives

3(1?);(3,1)(3?) = T51)3) (z),

which also follows from (1.22):

SRR
é1(x) | ea(x) eq(x 0
SAen (@) = det éo(z)| 0 e(l)(m) eo(z)
0 0 ea(z) ei(w)
é1(z) | eo(x) 0 0
éo(x) | ex(x) eo(z) O

Il

|
o
@
=+

= =5 (2)

where the second determinant is derived from the first byiphyitig the first column
and dividing the second column with the factgr:, and swapping over the first two
columns.

If necessary, the modification rule (1.24) should be appiiwde than once until
eitherh < 0 i.e. the resulting composite partitionsis-standard, or else the resulting
symmetric Schur function is shown to be zero. This is illatgd in Figure 1.12 for

m=4andr;p = (1,1,1,2,3,3,3); (3,3,2,2,1,1) with

SD;#(m) = (_1)4+3+18E;a1 = (_1)1+1+18E;a2 = _Sg;az

1.4 Generating functions

We briefly recall some generating function expansions imsawf symmetric functions,
taken from [46].
The generating functions for the andh,. are given by

n

E(t) =Y et" =[]0 +t) (1.25)

r>0 i=1
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hy = 8 ho = 1
C1 = 4 Co = 1
a1 = 3 ¢, = 1
ar = (4,1,1) ay = (4,1)
pi = (3,2,1) p2 = (3,2)

Figure 1.12: Modification rules form = 4 andv = (3,3,3,2,1,1,1) andu = (4,4,2,2,1,1).

and

n

Ht)=> ht" =]] ﬁ (1.26)

r>0 i=1
From (1.25) and (1.26) we have that

H()E(—t) =1 (1.27)

or, equivalently,

> (=1)erhyp =0,  foralin>1. (1.28)

r=0
The generating function of the. is

P(t) = %log H(t) = Z ((f;

E'(t
E(t)”

~—

or P(-t)= ilogE(t) =

== (1.29)

Letz = (z1,229,...) andy = (y1,ye,...) be two finite or infinite sequences of
independent variables. The prod{igf (1 — z;y;) ! has three expansions in terms of
the different bases.

The first of these expansions is, with the sum taken over ditijpas A,

[[a=ziy)™ = D ma@haly) =D ha(z)ma(y). (1.30)
X N

]
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The expansion in terms of the symmetric Schur functionsvsrgby
[T =iy Z sx(z (1.31)
4,J
summed over all partition. The last expansion is one in terms of the power sums:
[Ta=zy)™ = > = 'pa(@nay) (1.32)
i,j A
summed over all partition and with
Z\ = H iMim;!
i>1

wherem,; = m;()\) is the number of parts of equal toi.
By applying the involutionw to the symmetric functions of the variables we
obtain from (1.30), (1.31) and (1.32):

[+ ziy)) Zm,\ ex(y) = > ex(x)ma(y), (1.30)
1,7 A

H (1 + zy5) ZS,\ x)sx (y (1.31)
i,

H 1+ zy;) Zem pA(T)pA(Y) (1.32)
1,J

with ¢ defined in (1.6).

1.5 Properties of symmetric Schur functions

1.5.1 Transition matrices

SeveralZ-bases of the spack,, were constructed above. In this section we will give a
survey of the matrices of transitions between these bage$7]. It is clear that rows
and columns of these matrices are labeled by the partitibAs ®e will arrange them

in reverse lexicographical order (s¢k1).

Let J be the matrix such thafy, = 1 for X’ = pandJy, = 0for X' # p and let
K = (K),) be the matrix composed by the Kostka numbers.
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Given two bases, the transition matfiX(u, v) = (M) ) such that

u) = E M/\NUM
1

is given in Table 1.1 wher&/’ is the transposed matrix off andM* = (M 1)’

e h m f S
e 1 K'JK* K'JK K'K K'J
h | KJK* 1 K'K K'JK K’
m| K 'JK* | K 'K* 1 K 'JK | K1
f| K'K* | K''JK* | KUK 1 K=1J
S JK* K* K JK 1

Table 1.1: Transition Matrices

1.5.2 Operations on symmetric Schur functions

On the symmetric Schur functions, the S-functions, theeesaveral important op-
erations defined [46]. TheoUTER) PRODUCT of S-functions, arises from ordinary
multiplication of polynomials:

su(@)sy (@) = chsa(x). (1.33)

A

Remark that this operation is clearly commutative, as$oeiand distributive over
addition. As a short notation we will also usg, (z) = s,..(z) = s,(x)s, ().

The coefficientsa:ﬁl,, known asTHE LITTLEWOOD-RICHARDSON COEFFICIENTS
may be calculated by a simple combinatorial rule [44] inimdmhe partitions’ and .
The proof of this combinatorial rule can be found in [469]. We have

¢h, =0 unless [\ =|u/+]|v| and pvC A

Let T be a tableau. Frori’ we derive awoRD or sequencev(T') by reading the
symbols inT" from right to left in successive rows, starting with the topvr
Awordw = ajas...ay inthe symbolsl,; 2, ... n is said to be aATTICE PERMU-
TATION iffor 1 <r < N andl < i < n— 1, the number of occurrences of the symbol
1IN ajas ... a, iS not less than the number of occurrences -ofl.

For example, given the tabledu with shape\ — u = (5,3,2) — (1,1) in Fig-
ure 1.13, the word i (7") = 32113241, which is not a lattice permutation.
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T = 2 | s — w(T) = 32113241

Figure 1.13: Tableaul’ and corresponding word (7).

Proposition 1.3 (Littlewood-Richardson rule) Let\, u, v be partitions. Therajw is
equal to the number of tableadx of shape\ — . and weightv such thatw(T) is a
lattice permutation.

For examplecm, 3for A\ = (4,3,2,1,1), p = (3,2,1) andv = (2,2,1), as
illustrated in Figure 1.14; in Figure 1.14(a) the wordu$T) = (1,1,2,2,3), in
Figure 1.14(b) the word is(T) = (1,2,1,2,3) and in Figure 1.14(c) the word is
w(T) = (1,2,3,1,2).

@ (b) (©

Figure 1.14: Different lattice permutations fdF of shape\ — . and weightv.

Several properties can be derived for the outer product.
Together with (1.16), we have

su(x)he(x) = 5,(2)s0)( Z sx(z (1.34)

with A — u a horizontal-strip (Pieri’'s formula) and

su(z)er(z) = su(x)sam( Z sx(z (1.35)
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with A — . a verticalr-strip. An extension of Pieri’s formula is also proved [46]

=Y K pusa(z) (1.36)
A

with |v| = |X\ — u| and K, _,, ,, the Kostka number as defined in (1.20).

As a simple consequence 9f,, = s..5, = SuSu, = 5,5, and (1.33), we have
Z Coo Cruu Z cunczp = Z CorCrp: (1.37)
For the skew symmetric Schur functions, one can show that
Sx/u(T Zcm} (2.38)
This allows one to define
S/ (@ Z o (1.39)
Expanding the last function and using (1.37) implies

S(x/p) /v (T Zcun CovS chcpusﬂ = 50 /w)/w(2)- (1.40)

This means that the ordering pfandr can been changed. So, one can write this as

SOy v (@) = 500 /u) /(@) = 53/ (@) (1.41)

Using (1.37) in the expansion of (1.39), we can easily see tha
SA/( HV) Z Cun€ 1/(7 Z chCZVSU ) = Z CZVS/\/P(J;)' (142)
P

Now letz = (x1,22,...), ¥y = (y1,¥2,...), 2 = (21, 22,...) be three sets of
independent variables. Then, by (1.33) and (1.38) we have

D @ sa(2)su(y) =D su(@)su(2) Y su(2)su(y)
A v o
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Using (1.31) twice

S svu@aa(@)suly) = [ —wiz) IO —yiz)
Ap

ik gk

= Y sy

A
where s, (z,y) denotes the Schur function indexed hyin (z1, z2,...,y1,92,...).
From this equality, we can conclude that
y) = Z s)\/ﬂ(w)s#(y) = Zcf\ws,u(y)su(x) (1.43)
Iz oV
and more generally [46], we have
sx/u(T,y) ZSA/V z)s,,,(y) (1.44)

summed over all partitiong such thatx O v O p. Together with (1.38) this becomes,

sx/ul®,y) ZSA/;W (1.44")

1.5.3 Generalizations to the case of composite partitions

As a first generalization we can extend (1.12) to symmetrmBfunctions indexed by
a composite Young diagam. Hence we have to introduce theepboé a composite
Young tableau [39].

A COMPOSITEY OUNG TABLEAU is a numbered composite Young diagram formed
by inserting positive and negative entries chosen frometeld = {1,2,...,m} and
={1,2,...,m} into each box of"#, resp.F", in such a way that the entries are

e non-decreasing across rows and strictly increasing dowmuts

r(j) +7(j) < jforje {1,2,...,m}, wherer(j) and7(j) are the lowest row
numbers inf'* resp.F" ¢ ontammgj resp.;.

An entryi is to be interpreted asi, and the corresponding weighthas components
w; = n; —ng, fori = 1,...,m, wheren; andn; are the number of entrigsand:
in 77+,



20 Symmetric Schur Functions

N o1|os||

|-J>|oo N[

Figure 1.15: A standard composite tableau

Givenm = 7, this is illustrated in Figure 1.15 for the composite patity; =
(1,1,2):(3,2,1,1) and weightw = (2,0,2,1, -1, —1,0).

Using those standard composite Young tableaux, the synm&thur functions
indexed by a composite diagramyu can be computed as:

soule) = > T (1.45)
TV

The extra condition(j) 4+ r(j) < j on standard composite Young tableau is a simple
consequence of the connection between the symmetric Sehatidns indexed by a
partition and those indexed byna-standard composite partition,

spu() = (H $¢V1> sx(z)  with A = (u1+v1, uotve, ..., —ve+u4,0). (1.46)
i=1

With each composite tabledt:# of shape’; ;. corresponds a tableduof shape\. In
order to fill the boxes of"” we construc#* by appending a rectangle with rows and
v, columns and removing boxes at the bottom of this rectangieesponding to the
boxes of ¥ (see Figure 1.16 for; 1 = (2,3);(3,2,1,1)). Given a standard tableau
F*, a column ofF"” contains if and only if there is na in the corresponding column
of F, if we put 7 on top of F* as shown in the Figure 1.16. The numbeémre
ordered inF"” according to the other conditions of a composite tableau.

According to the condition that the entries have to incredseg a column, it follows
thatr,,(p) < p. Suppose

K, = min({c | p does not occur in columaof F*} U {1 + 11 + 1}).

If K € {1,...,11}, letq = max({t | t < p,toccurs in columnk,'}) and p, its
row number along the cqumh’g. Then it is easy to check that (p) = p — p, and
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el

=

~|lo|lw|r

Nilolw i iNnIR ]| BNyl
~Nio i~ iw ik |N|uol

N o lw N

Figure 1.16: Extra condition:r(5) +7(j) < j

ru(p) < pg. If Kg e{v1+1,...,v1 + p1 + 1}, there is g in the firsty; columns,
and thus, (p) = 0. This implies the extra condition.

In Figure 1.16 K2 = 2 € {1,2,3}, ¢ = 3 andp, = 3 gives7,(5) = 2 andr,(5) < 3;
K} =4€{4,5,6,7}, ¢ =5 andp, = 3 givest, (6) = 0 andr,(6) = 0 < 6.

Although the determinantal formula (1.22) does not seeneta practical compu-
tational tool, King showed [36, 41] that its Laplace expansjields the formula

Spyu(T) = Z(‘l)lqsu/é(@su/C’ (@). (1.47)
¢
Conversely [3, 37]
su(@)su(@) =D sz 0 (@), (1.48)
¢

where the symmetric functions in the right hand side are ddfby
SW;V/n(x) = Z Céucgnsf;s (z). (1.49)
(€13
Often, we will use the notation by means of composite partttito denote, (7):
. 1
$u(T) = sp(x), WithD = (=14, —ve,...) andz; = ot (1.50)

K2

Analogous to (1.42), this definition can easily be extended t

S)\/;u/;n/n-r(x) = Zciycﬁrsmm/g(x)' (151)
¢,€
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Formula (1.48) can be generalized to a product of two Schaetfons indexed by skew

partitions.
SA/U« 877/” an/l/p,/\/p,p

Proof.
Sr )80y (@) (139 (;cﬁmsam) (Z ch,50(3))

ECID SEREN O D= RE)
(1;19) i Z Z Cg//:czyc;'ycgésﬁ;é (I)

p o7 7,8

- T (e (Zgjcf,/tcz(s)s%a(:c)

P76 T

4 S (St (S el rate

(e S
(1;19) ZZCVP Cup n/a A/ﬁ( )
P opB

(L.5) Z SW%>\/HP($)
p

The combination of (1.47) and (1.48) yields
soi(t) = Z(_l)lqsm;#/@(m)
¢p
Further generalizations of (1.47) and (1.53) are,

STy (T) = Z(—l)'% Ju¢' (T)sx7¢ ()

¢

SW;A/T(x) - Z(_l)lglsu/u@p;)\/r(p(x)

C.p

Proof.

Syzmayr (@) 129 ZCUMCUTSU

(1.52)

(1.53)

(1.54a)

(1.54b)
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1505 ety (S s @y (o))

¢
Applying (1.40) provides (1.54a); (1.54a) together wittb@) gives (1.54b). ]
Finally, to end this section we will generalize (1.44) and44l). Let (z,y) =
(z1,22,...,y1,¥2,...) be a set of variables, then:
Sulmn/u (,y) Z 5u/ne; /\/M o/p;T/p(y) (1.553)
P,0,T
Sulmn/u (z,y) Z S/ /\/T 0/71p;7/np(y) (1.55D)
PO, T
Sulmn/u (z,9) EE: SV/UPA/TP 0/nw/u(y) (1.55¢)
pP,O,T
Proof.
Sm;)\/“(‘fvy) (1.5:4a) Z(_l)ldsv/n(:’(fvg)s)\/u((‘rvy)
¢
(1.38) :E: (— )\Qc¢2,c Su)o(TT)Sx /0 (T, Y) (%)
¢t
(1'i4,) Z Z mc g/cﬂcsu/wo(f)‘s)\/w'r(I)SU(@)ST(y)
o 0T
(1.38) Z(Z(1)4su/ncla(z)swcf(x)>sa(y)sT(y)
o,T ¢

Applying (1.54a) and (1.48) proves (1.55a). Replacimgresp.ur by ¢ resp.i pro-
vides (1.55b). Starting frorfi) and applying (1.44) we have that

ST/W;)\/“(Ian) = Z Z ‘C‘C C’CICSV/(T( )S)\/T( ) H/Lp(y)sT/w(y)
G 0T
. 38) ZSV/O' 3/\/7 )(Z(_l)ICSo/nC’(y)ST/uC(y))
¢

Finally, applying (1.54a) and (1.48) proves (1.55c). ]
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1.6 Appendix: Formulary

In this appendix we want to gather all the definitions and fdaw derived in this

chapter. That way, we provide an overview of the differemtrfolas for symmetric

functions indexed by a partition or a composite partitiohe humbering used in this
section is the same numbering as used in the text. That waypumbers will not

increase as the formulas are rearranged. On the other lendpihtext or proof can
easily be found in the text and we maintain an overview.

A o A0 AT
g CooCpy = E CunCop = g CorClp- (1.37)
[eg n T

1.6.1 Symmetric Schur functions indexed by a partition\

aX\+5

sa(x) = sa(xy, ..y xm) = . (1.10)
sa(x) = Z z7 T a (column strict) tableau of shape (1.12)
T
Sx/ul) = Z zT T a (column strict) tableau of shape— . (1.13)
T
sx(z) = det(h)\i,iﬂ- (3:)) . (1.14)
sx(z) = det(eA; ,M(x))m o’ (1.15)
sx/ul@) = det(hAi,Hj,i+j (m)) . 1.17)
svu(@) = det{ex—i1(2) . (1.18)
5(n)(w) = hn(x) and sy (z) = en(2). (1.16)

sa(x) = Z Ky, my,(z) with K, the Kostka numbers (see (1.20))  (1.19)
P

n

E(t)=> eit" =[]0 +ait) (1.25)

r>0 =1
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S bt = [ (1.26)
>0 i=1 (1 —at)

P(t) = 4 log H(1) = I;((f)) or  P(~t) = 5 log B(t) = ]?E (tt) (1.29)
[ —wiyy)~ me (y) =Y ha@)ma(y) (1.30)
i, A
[T+ @) Zm/\ (y) = Z ex(x)ma(y) (1.30)
i

TG =2y~ st (1.31)

i,j
[T+ ziy)) Z sa(x (1.31)

i,j
H —xiy;) " Zz)\ palx (1.32)

i
[T +ziyy) Zﬁm pa(@)pay) (1.32)
i.J
with z, = H 1" m;! wherem; = m;()) is the number of parts of equal toi.
i>1
su(w)s, (@) =Y b sa(@). (1.33)
A

=> sa(z)  A— pahorizontal-strip. (1.34)
x) =Y sia(x)  A-— paverticalr-strip. (1.35)
= Kacuwsale)  with v = [A— g, (1.36)
Sx/u(® Z ey su(T (1.38)
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S /) (@ Z ChSns(@ (1.39)
sx/ ) ( Z ch,\/n (1.42)
Sy v (®) = $x/0) () = 500y /(). (1.41)
D=3 sru(@sp(®) = 3 s (9)s, () (1.43)

1 v
Sx/u(T,y) ZSA/U )8,y with A D v D p. (1.44)
sx/ul(z,y) ZSA/WJ (1.44")

1.6.2 Symmetric Schur functions indexed by a composite paitton

7;
Spop(T (Hx_"1> sa(z)  with A = (1 +v1, uo+va, ..., —ve+11,0). (1.56)
o) = det .eug+k—z($) | e —ktj1(@) 7 (1.22)
' €vy—it1-1() ‘ eufrifj(fv)
swu(x) = det < o oi(2) | by (2) > (1.23)
ho—iri1(@) | iy (@)

where the indices, j, k resp.l run from top to bottom, from left to right, from bottom
to top resp. from right to left.

Spu(x) = (fl)CJrEHsﬂwfh(x) with h = £(p) + (v) —m —1.  (1.24)

St = Y 277" with T%# a standard composite Young tableau.  (1.45)
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Sou(T) = Z(—l)msu/c(l‘)su/c' (T) (1.47)
¢
537w fn (& Z CCuCenSce: (1.49)
SXTavin/nr ZCW Cr 378 (1.51)
su(T)sp(x) = Z So7emsc (@) (1.48)
sx/u(®)8y /0 (T Z SoTvm: /\/up (1.52)
sop(@) = > (=1)Cs e (@) (1.53)
Gp
Sy (@) = D (1)1, 0 (@) sy jrc () (1.54a)
¢
Sy (@) = ;(—1)\<\smﬂ/fcp(x) (1.54b)
P
Sm;/\/u(z’y) - Z SW;/\/M(I)STMT/p(y) (1.55a)
po.T
Sulmn/n (z,y) Z Sufo; A/T U/np;T/np(y) (1.55b)
po.T
SW;A/u(m’y) = Z SW;A/TP(QC)STM;T/#(:U) (1.55¢)

PO, T






Chapter 2

Supersymmetric Schur
Functions

Where Chapter 1 was dedicated to symmetric functions, wegiié a su-
persymmetric analogue in this second chapter. Essentihis/chapter con-
tains three parts. In the first section, we define the superstnit functions
indexed by a partitiol\. We introduce the elementary and complete super-
symmetric functions as well as the supersymmetric Schuctioms. Apart
from the relation between those functions we also introdbeenotion of a
supertableau. The second section gives a summary of albgesljor the ring
of supersymmetric functions. Next to the known bases (temehtary, com-
plete supersymmetric functions and the power sums), weatfsnmonomial
and the so-called forgotten supersymmetric functions. Vdegthat those
functions are indeed supersymmetric and that the relatietvgeen the differ-
ent bases, in terms of the transition matrices, are stihaid the same as in
the symmetric case. To end this section, we prove that thestizs/e similar
generation functions as the symmetric bases. The thirdgbatis chapter
deals with supersymmetric Schur functions indexed by a it partition.
After giving the definition and some properties equivaleithvthe proper-
ties of composite symmetric functions, we give a definitibcamposite su-
pertableaux and introduce a new formula for the composipersymmetric
Schur functions by means of those composite supertablegue definitions
and properties of the supersymmetric Schur functions deiircthis chapter
are summarized in the last section.
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2.1 Supersymmetric functions indexed by

Letz = 2™ = (21,29,...,2,) andy = ¥ = (y1,y2,...,y,) be two sets of
independent variables. A polynomip(x/y) is said to beDOUBLY SYMMETRIC if

it is symmetric inz andy separately. The ring of all doubly symmetric polynomi-
als iSZ[xy, ..., Tm, Y1, ..., yn) 5. A function f(x/y) satisfies the cancellation
property if the result of substituting,,, = ¢t andy,, = —t in f(z/y) is given by
f(ztm=1 /y(=1)) Then, a functionf(z/y) is said to besUPERSYMMETRICIf it is
doubly symmetric and if the cancellation property is fudfill So, the supersymmetric
functions form a subring\., |, of Z[z1, ..., &, y1, ..., yn]* ",

2.1.1 Elementary and complete supersymmetric functions

Letz = 2™ = (21,29,...,7,) andy = ¥ = (y1,y2,...,9,) be two sets of
independent variables. The generating funcfig(n) in formula (1.25) can be general-
ized [46,§1.3, Exercise 23] to a rational functibwof ¢,

Eyy(t) = ;Jer(x/y)tr = w (2.1)

Thus, theELEMENTARY SUPERSYMMETRIC FUNCTIONScan be written in terms of
the elementary symmetric and the complete symmetric fonsti

er(z/y) = Zek (2.2)

Applying the involutionw (1.5) on (2.2) prowdes theOMPLETE SUPERSYMMETRIC
FUNCTIONS

hy(w/y) = Z he(@)er—i( (2.3)
which are generated by
HT‘L1(1 + yjt)
H, he(z /it = S (2.4)
it Z T2, (1 — i)

From (2.1) and (2.4) follows that the symmetric equality2@).is still valid in the
supersymmetric case, namely:

Eyy(—t)Hy (1) =1 (2.5)

1Remark that our definition is slightly different from the détiion of Macdonald's2%: we have a minus
sign in the denominator, such that(z/y) = eMa(x/ — v)
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Therefore, the supersymmetig andh,. fulfill the same properties as the symmetric
e, andh,.. So, for any partitiol\ = (A1, Aa,...),

ex(z/y) = HeA (z/y)  and  ha(z/y) = HhA (z/y). (26

2.1.2 Supersymmetric Schur functions
Definition

Given the elementary supersymmetric functions(z/y), a generalization of
Formula (1.15) gives theUPERSYMMETRICSCHUR FUNCTIONSs ) (x/y), namely:

sx(@/y) = det(e,\;ﬂ'ﬂ' (ff/y)) : (2.7)

1<i,j<e(N)

Macdonald shows that the supersymmetric Schur functidisiséour properties which
also characterize these functions.

e Homogeneity: sy (z("™) /y(™)) is a homogeneous function of degrigé

e Restriction: Letm > 1 (resp.n > 1). The result of setting.,,, = 0 (resp.y,, =
0) in s (z(™ /(™) is the functions (z(™~Y) /y(™) (resp.sy (z(™ /y(—1)).

e Cancellation: Letm,n > 1. The result of substituting,,, = t andy,, = —tin
sx(z(™) /y(™) is the functionsy (z(m =1 /y(n=1),

e Factorization: If the partition \ satisfies\,,, > n > \,,.1, SO that\ can be
written in the formA = ((n™) 4+ 7) U n (see Figure 2.1), with (resp.n’) a
partition of length< m (resp.< n), then

m n

(x(m)/y(n)> = s.(z (m) (ﬂ H H T + y] (2.8)

i=1j=1

Formula (2.8) was first derived by Berele and Regev [10, Tér@o8.20] and will be
referred to as the Berele-Regev formula. Stembridge [66jvel that the supersym-
metric Schur functions areZbasis ofA,,,),.
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|
A= (M) +7)uUn
FA = with = = (2,1,1)
n = (3,1,1)

Figure 2.1: Factorization if\,, > n > Ay,q1 With (m|n) = (4/5).

Properties

It is also possible to prove that the determinantal expoes€l.14) can be extended
to supersymmetric Schur functions, giving¢gz/y) in terms of the complete super-
symmetric functions:

sx(@/y) = det(hn, i1 (x/y)) (2.9)

1<i,<0(N)
Obviously,
) (@/y) = hiy(@/y) and s (2/y) = e (@/y). (2.10)

It is clear from the definition o¢, (x/y) andh,.(z/y) together with formulas (2.7)
and (2.9) that
sx(y/x) = sy (x/y). (2.11)
In addition to (2.7) and (2.9), the supersymmetric Schucfions can be written in
terms of the symmetric Schur functions [46.5, Exercise 23], namely

Sk(x/y) = Z S/L(I)S(A/u)’(y) = Z SA/V(:E)SV’ (y) = ZC/};\,DS/L(I)SU’ (y) (212)

I3 7 pov

From this equation it is clear thaf = 0if A,,,1 > n, ass,(z) = 0if {(u) > |z| =
m.
It is shown [69] that the supersymmetric Schur functionsyahe same outer prod-

uct rules:
su(@/y)su(z/y) = ZCWSA z/y). (2.13)
This allows us to define the supersymmetrlc Schur functiabsled by a skew parti-

tion:
sx/ulT/y) = ZCW (x/y). (2.14)
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Analogous to (1.17) and (1.18) these skew supersymmetharScnctions can
also be expressed by a determinantal formula in terms ofiémeemtary and complete
supersymmetric functions:

sx/u(@/y) = det(exg—u;—iﬂ(x/y))1<ilj<w,)’ (2.15)

s/l /y) = det( By, —i45(2/y)) . (2.16)

1<i,5 <E(N)

In combination with (2.12) and (2.143, ,,(x/y) can be written as an expansion
of symmetric functions in different ways.

S)\/[L .I'/y Z CuVCJTSU (y)

v,o,T

Applying (2.14), (2.12) and (1.37) in various ways, this mes
Sx\/u(x/y) = Zcﬁu ( )S(V/U)( ) ZSU( ) S(N\/po)’ (y) (2-17a)

= Z CavSv /(2 Z $x/pur (2 (2.17b)

= Zcp[,cwsg ZS)‘/P )8,/ (y) (2.17¢)
p,0,T

= ZCpTCZUSg ZSP/M sia/py (y) (2.17d)
PO, T

2.1.3 Supertableaux

A SUPERTABLEAUOr BITABLEAU S of type (m|n) and shape. — p (wherep C \)
[46, 81.5, Exercise 23] is a sequence of partitions

p=X0 cX® c ) =)

such that the skew diagraff¥) = \() — \(:=1) is a horizontal strip fot < i < m and

a vertical strip form + 1 < i < m + n. Graphically, each square 6f") can be filled
by the symbol, 1 < i < m, and each square 6f"*+7) by the symboli’, 1 < j < n.
With respecttothe order < ... < m < 1’ < ... < n/, there are two conditions on
S:

1. the symbols € {1,...,m} andj’ € {1’,...,n’} increase in the weak sense
from left to right along each row and from top to bottom in eaclumn of S,
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2. there is at most one symbglin each row, and at most one symhah each
column.

With each such supertableauve associate a monomiat/y)° obtained by replacing
each symbot (resp. j') by z; (resp.y,) and forming the product of alt’s andy’s.

Then,
sxu(afy) =) (x/y)® (2.18)
S
summed over all supertablea§xof type (m|n) and shape\ — u. A supertableau and
its associated monomial are given for|n) = (2/3) and\ — p = (7,5,2,2,2,1,1) —
(2,2,1,1) in Figure 2.2.

1]2]2]3]
2|3

—  (z/y)® = 2t 23y} v 3

|°Q|'—: N

Figure 2.2: A supertableaw and corresponding terfa: /).

2.2 Supersymmetric bases

With reference to the similarity of the elementary and catgkymmetric functions
and supersymmetric functions, we will define the supersytmmequivalent of the
symmetric power functions, the monomial and the forgotienraetric functions.

2.2.1 Supersymmetric power functions
In order to define these functions we generalize (1.29):

H;/y(t) _
Hy(t)

d
PL/y(t) = 7 logHw/y(t) =

dt > pela/yt! (2.19)

Then, we have the following property:
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Proposition 2.1 The supersymmetric power functions are given in terms ofyne
metric power functions by:

pr(x/y) = pr(z) + (=1)""'p,(v). (2.20)

Proof. Using (2.4) we have that

L) = jt(Hu Fn [J0 a0 )

jl i=1

Z ] 1,J7ék 1+y.7 +§: H?:1(1+yjt)
1 Hz 1(1 — x;t) ) (1- xlt Hizll,i#(l — zt)

I +yt) /& Yk Zy
H(lxz)(z(lﬂkt) 2 11115))

=1

+

n

w0 (X e+ 3 )

=1

m

Expanding the generating function for the symmetric powens gives us that

= Zprtr_l = szrtr_l = Z 1 fixit)

r>1 i>1r>1 i>1
Thus,Px/y@)=ZT(pT<m>+<—1>7'-1p <y>)t7 LOS (gt 0

2.2.2 The monomial supersymmetric functions and the forgoén
supersymmetric functions

For any given partitioml we can define th@ONOMIAL SUPERSYMMETRIC FUNG
TION my(x/y) and theFORGOTTEN SUPERSYMMETRIC FUNCTION ) (z/y) in terms
of the monomial and forgotten symmetric functions:

ma(z/y) = Y mu(@)fu(y) (2.21)
pUr=X\
and
P@fy) =wmi(z/y) = > fule (2.22)

pUr=X\
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wherew is the involution defined in (1.5). We shall prove that thes®tions are indeed
supersymmetric and that the connections between the d@liffdrases, the transition
matrices, are the same matrices as for the symmetric bases.

Proposition 2.2 For anyr > 0,
er(z/y) =man (z/y), (2.23)
and

he(x/y) = ZmA x/y), with|\| =r (2.24)

Proof. Both expressions follow from the definitions of the differenpersymmetric
functions.

man(@/y) = > man@) fay) = Y mas(@w(man(y)

s+t=r s+t=r

= D ew@wler—g®) =D e @)ho—g )
s=0 s=0

= €r (l‘/y)

The second expression (2.24) can be deduced in a similar way:

2, m/)= 3 ) mua

A A|=r A A |=r pUr=X

= D > mu@)fuly) (with || + [v] =)
ZTI’@,(.’L’)&)( Z y)) = Zmﬂ(x)w(hrf\u\(y))
" v,|v|=r—|p w
Zmu z)er— i (y) = Z( > mu(w)>erk:(y)

k=0 N p
|nl=Fk

th z)er—k(y) = he(z/y)
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Asm,(z/y) = m) (@) +w(me)(y) = pe(x) + (=1)" " pe) (y) the supersym-
metric equivalence of (1.4) is valid, namely:

pr(x/y) = my(z/y). (2.25)

In order to prove the connection between the supersymntgtticr functions and
the monomial supersymmetric functions, we need the folhgemma.

Lemma 2.3 Let \, ¢, x be partitions and = ¢ U x then

Kye =Y cn,Kup Koy (2.26)

8%
whereK,,, are the Kostka numbers amgl, the Littlewood-Richardson coefficients.

Proof. As h¢ = h,h, and taking into account Table 1.1 then, by (1.33),

ZKx\fsk(x) = ZKusoKszu(x)Su(x) = Z KquvxcﬁuS/\(@
A v [TR7Z9N
= Z ( Z CﬁuKusoKVx> sx(@)

A v

a
Relying on this lemma, we have the following proposition.
Proposition 2.4 Let A be a partition, then
sa(w/y) = Kaeme(z/y). (2.27)
3

Proof. The right hand side of (2.27) is equal to

S Ko ( 3 m¢<x>fx<y>) =3 Kem(2) iy (y) with ¢ U y = &
3 P,X

PUX=¢E

The left hand side of (2.27) is equal to ($8e5.1):

S @) = ;%(mew(x))(Z(mefx(w)

X
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As (JK )y =3 JurypKyy = Koy, this becomes
Z Cf‘ws#(x)s,,/ (y) = Z Cﬁu ( Z K;wmcp(x)> <Z Kuxfx(y)>
v v 2] X
Z ( Z C,iuKmpKux) me (@) fx (y)
w,v

@, X

Using (2.26), the left hand side equals

> Kxeme () fi(y) with o U x = €.
0.

In a similar way, we can prove that, given a partitign
sa(@/y) =D (JK)xefe(x/y).
3

Therefore, the relations, in terms of the transition masjcare still valid for the
supersymmetric monomial functions, the supersymmetrigdiben functions and the
supersymmetric Schur functions.

This also implies that the supersymmetric monomial (resmdtten) functions as
defined in (2.21) and (2.22) are indeed supersymmetric.

2.2.3 Generating functions

Supposer = (z1,22,...), ¥ = (y1,Y2,...), 2 = (21,22,...), u = (u1,us,...) and
v = (v1,v2,...) are finite or infinite sequences of independent variables.

In [69] the generating function for the (x/y) is given by

Hi,a(l + yiz@)
Hj,b(l — T;2)

Using (1.31) and (1.31’), Formula (2.28) is equal to

(Z e) (Z su(@su(2)) = 3o ) (502152

v, 1

1295 5,5 0) 3 o (2) = 0 (o husndals) ) a2
Vit A A Vi

Gla,y,2) = (2.28)
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Applying (2.12), we have that

3 1 iZa
TR ) NS (2.29
Js J N

Then, it is easy to prove that:

G(z,y,2) =

Ha,j(l + uayy) Hb,i(l + vp;)
Ha,i(l — Ua;) Hbﬂ'(l — UpYj)

Proof. Applying (2.29) twice and taking into account that(y/z) = s,/ (z/y), the
right hand side of (2.30) equals:

ZS,\ x/y)sx(u ZS“ (y/x)s( Zs)\ (x/y)sa(u ZS“ z/y)su(

This gives rise to the left hand side of (2.30), using (2.1%) €.13),

ZSA(x/y)SA(u/v) = (2.30)
A

Z cxusv(T/y)sa(u Zs (x/y)sy(u/v)
A,V
0
Using (2.30), we can also prove that
I, (1 + tay;) Tl (1 + o)
ha(z/y)my(u/v) = =2 = (2.31)
2 (e fymaul) = e T, (T = o)

Proof. Using (2.30) and the transition matrices, the left hand belomes
S o lmu/e) = (X Kiaaten) ) ( S rsmature)
B

AsY, K5 Kos =3\ K\ Kxg = ag, With 6,5 the Kronecker delta, this yields
Zéaﬁh (x/y)mp(u/v) = Zh (x/y)mea(u/v) O
a,B
Similar to Section 1.4, there is a third expansion:

[1.; (1 +way;) [1,,;(1 + vews)
Ha,i(]' — Uqa ;) Hb,j(l — vY;)

> 2t pala/y)pa(ufv) = (2.32)
A
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Proof. First of all we prove that

pa(m/y)pa(u/v) = pa(z/w) (2.33)
where

z={uzila=1,2,...;i=1,2,.. JU{wpy;[b=1,2,...;5 =1,2,...},
w=A{uyjla=12,...;5=12,.. JU{upxi|b=1,2,...;i=1,2,...}.

Sincepy(x/y) = [, p»,(z/y), and as the outer product is commutative, it is sufficient
to prove this statement for = (r).

pe(x/y)pr(uf/v) = (pr(x) + (=1 pr (1)) (pr(u) + (1) py(v))
= (pr(uz) + pr(vy )) (=1 (pr(va) + pr(uy))
= pr( ) + ( )T ( ) pr(z/w)

wherep, (ux) is the power sum in the variables: with

ur = {ugzila=1,...,.M;i=1,...,m}.

14yt
On the other sideli, ,,(t) = E zglpA(gg/y)tIM = M S0, H. /(1) =
. —X;
A
[T, (1 +wy)
§ N oa(z/w) = , which proves formula (2.32), using (2.33). O

LA =)

2.3 Supersymmetric Schur functions indexed by; u

2.3.1 Definition and properties

Given a composite partition; 1 (§ 1.1.3), one can define the corresponding supersym-
metric Schur function, also called supersymmetric S-fioncf4, 5]. Leth,(z/y) =
h,(T/7), wherez; = ;" andy; = y;'. Then:

husi—1(z/y) ‘ P —k—j+1(x/y) >
Spyu(x/y) = det | — 2.34
wlely) ( hyy—i—i41(z/y) ‘ hjij(x/y) ( :

wherei, j, k resp.l runs from top to bottom, from left to right, from bottom to top
resp. from right to left. For = 0, this supersymmetric S-function is the so-called
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supersymmetric Schur function as defined in (2.9). Obvigusbrmula (2.34) is the
supersymmetric equivalent of (1.23). For a genuine con@sirtition, the functions
sz:u(2/y) have many properties similar to ordinary Schur functior?s [IB, 28, 29, 41].
For instance, it is shown [18] that from this determinantefition the following
identity can be derived:

soi(@/y) = Y (=Ds,/c(2/y)s,/¢(T/7) (2.35)
¢
Using this formula we can prove the following identities:
son(@/Y) = D Sy7m (@550, (Y) (2.36a)
p,o,T
son(@/) = D Sy7me @S Ty W) (2.36b)
p,0,T
son(@)y) = D syro o (@)5 5 () (2.36¢)
Py

Proof. As the supersymmetric functions occurring in the right haite of (2.35) are
indexed by ordinary skew partitions, we can apply the prisgepf Chapter 1.

Sﬂgu(w/y) (2£5) Z<_1)|qsu/((‘r/y)sv/g/(f/y)

21m) :Z<—1><smT(x)sTf<y>su/c,5<x>sgf<y>

= CZ (=DM (s30/¢+ ()50 /010 (T)) (57 (4) 507 ()
0.32) ?(—1)4(;sm;#/@pm)@smf,m(y)
- T;p(;(—lwsmm/@p@))swwp(y)

Applying (1.54b) provides (2.36a). Replacipgby p’ and observing that’/p’ =
(c/p)’, Formula (2.36b) follows immediately. Replaciagp resp.7/p by ¢ resp. ’(/J
proves the last expression (2.36c).

By analogy with (1.49), we can define

5ol A/u (@/y) = Z CCuCenSec (z/y). (2.37)
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The generalization of (2.36b) is then given by

Sria T = Y Sy )55 5770y W) (2.382)
p,0,T

Y B D AV COL o () (2.38b)
0,0,T

Proof. These formulas can easily be deduced from (2.36b) by agp(@r87), (1.49),
(1.51) and (1.37). O

We can also prove that
sou(T/y) = sy, (y/ ). (2.39)
Proof.

SDW(x/y) (2'161)) ZSW;#/T(x)S(J/p)/;(T/p)/(y)

p,0,T

(149) Z ZZCZUCETCZWC%S@B(I)SV;& (v)
o, a,B 7,0

(1.37) Z Z Z c,’;ccgpcgéciﬁsa;g(z)s@é, (y)
a,B 7,6 p,C,¢

1.49 _ _

(129 Z 527mie/0 )5y uyey )
A3

= D St e Wscrmye oy @)
£,¢,¢

It is clear that in the last expression the sum can be takenadvg’, (’, ¢’ instead of
p, ¢, & without changing the expression. Applying (2.36b) prosid2 39). O

2.3.2 (m|n)-standard composite partitions and supertableaux

Definition 2.5 A composite partition is said to be dm/|n)-STANDARD COMPOSITE
PARTITION if and only if there exist/ and L such that

J=min{j| g +v,_ 0 <mp with 0<J <n, (2.40)
L=min{l|pgm—i+1 +vi4+1 <n} with 0< L <m, (2.412)

Insuchacaselef=m — LandK =n — J.
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Due to the definitions off and L as minimum values of and! satisfying the
given conditions, it follows that; + v}, ; > ;14 + v, (;_1)4 > m and
Pm—L VL 2> P —(L—1)41 T V(L—1)41 > M, SO thaty’; +- v > mandu; +vg > n.
Thus, for eacl{m|n)-standard composite partition there exists a compositeyali-
agram that fits inside a cross of arm widthand leg widthn [17, 40] as shown in
Figure 2.3. The corresponding composite diagram is aldedccah(m|n)-STANDARD
COMPOSITE DIAGRAM

K J
\Y
— T
m
~

Figure 2.3: (m|n)-standard composite partition

In order to definédm/|n)-standard composite supertableaux, we need another prop-
erty of composite supersymmetric Schur functions.

Lemma 2.6 Suppose = 3™ = (yi,...,y.). Letr andu be partitions, then

son(@/y) =Y syramy am @/ )y (2.42)
a,b
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Proof. We prove this statement using the formulas given earlieni;dhapter.

Siu (/) 2259 Z sm;u/(pw)<x)‘9?;w’(y)

RN

1.55a (*1) _
(1-554) Z Su TGt (o) (& (Z Starmys(w/ry Y )sﬂ/n’;T//n’(y")>
P0.p KT
= Z Z v/ (pe)su/ (p) ( )s S(o/r)3(w/7) ZS T /! (4n)
KT @,,p

(1'48)i2'38b) Z 51,/7;#/—,— (x/y(n—l))sﬁl (%)ST’ (yn)

As sx(z(™) = 0if £(A) > [z(™)| = m, the right hand side equals

Zb Su/(lb);u/(la)(x/y(n_1)>8(b) (%)S(a) (y’ﬂ> = Zb Su/(lb);u/(la)(m/y(n_l))y'z—b' O
a, a,

Thus, isolatingy,, indicates that we can separate a vertical strip in othand F”,

the diagrams of: resp.v. Repeating this construction for aJ}, j = n,...,1, suc-
cessively, the remaining S-function in the right hand siti€a12) becomes indepen-
dent of the variableg. This symmetric Schur function is indexed by a composite
partition which is not necessarily.-standard. So, we possibly need the modification
rules (1.24) [37]. Let > 0 be the number of times we need to apply the modification
rules. So, we have three kind of boxes; those corresponditiget separation of the
y;, the boxes removed by the modification rules, and the remgiboxes. We can
put j/ resp.j’ in the boxes of the vertical strips iR* resp.F” corresponding to the
separation of;;. The boxes corresponding to the removal due to the modificatiles
are filled with aj* resp.j*, j = 1,...,t. The remaining boxes are filled witrands,

i € {1,...,m}, in such a way that it becomes a composite Young tableau asedefi
in §1.5.3. In order to define apn|n)-standard composite supertablegiti, let us fix
some notations. Let(i*) resp.n(i*) be the number of boxes &* resp. " contain-

ing i* resp.i*. Letr(i) resp.R(i*) (7(i) resp.R(:*)) be the lowest resp. greatest row
number of F'* (resp.F") containingi* (resp.i*). And finally, letc(i*) resp.e(i*) be
the greatest column number Bf resp. F containingi* resp.;*.

A (m|n)-STANDARD COMPOSITE SUPERTABLEAUS”** is a numbered composite
Young diagramF”3#, not necessarily atn|n)-standard composite diagram, formed
by inserting positive and negatlve entries chosen flam= {1,...,m,t*, ..., 1%,
1,...,n'}yandM = {T,. R0’ (> 0) |nto each box otF#
resp F” in such a way that the following condmons are fulfilled.
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e The elements obey an orderifig< ... <m <t* <...<1* <1 <...<n/.

e The entries € {1,2,...,m} andi € {1,2,...,m} are non-decreasing across
rows and strictly increasing down columns; the entriess {1’,2',...,n'},
andj’ € {1/,2/,...,n'}, are strictly increasing across rows and non-decreasing

down columns; the boxes filled by an entryresp. i*, 1 < i < ¢, form a
connected component starting in the first columiéfresp. .

o (i) +7(i) <iforalli e {1,2,...,m}.
o n(i*) = n(i*) = R(i*) + R(i*) —m — 1.
o R(*) =m+1+e@) — () and R#) =m + 1+ c(i*) — r(i*).

With each composite supertableau, we can link a rational farthe variabless =
(x1,...,2m) andy = (y1,...,yn). The entries and: are the positive and negative
powers ofz;, the entries with a dasfi and;’ are the positive and negative powers of
y;, and we will not take into consideration the entries witha sis there are as many
entriesi* in F'* as there aré* in F".

This is illustrated in Figure 2.4 far; i = (1°,3°,5,6°,7); (8,6,52,4,3%,2,12). The
2.4

term corresponding with the giveB|2)-standard composite supertableag—;iy%. Re-
3Y2

mark thatz; i itself is not a(3|2)-standard composite partition.

Then, the supersymmetric Schur functions are given by:

S;W(x(m)/y(")) — Z (—1) iz (@) F2E)FD)A=d00) (5, /)5 (2.43)
SD:;L

where the sum is taken over &th|n)-standard composite supertableaux of shape
and withéy; the Kronecker delta.

Formula (2.43) is illustrated in Figure 2.5 and Figure 2rvthose figures the standard
composite supertableaux are given together with the qooresing terms o5, . (z/y).

From this formula, we get that

2
X1 xr xr
Q_F Yi +71+72+£+£+1.
Y1 T1r2 U Y1 T1 T2

S(T,T);(1,1)(I(2)/y(1)) =
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£
o

£l
N

H
4
.
N
slala]afa]n]a]=]~]

T|T|F|F|F
T|T|F|F|F
T|T|F|F]| 3

T|lT|TF|ZF|F]| 7

3 2 1 1
2 2 1 1
1 1|1
1 2

Figure 2.4: (3]2)-Standard composite supertableau

Let us check this expansion using Formula (2.36a).

5(?);(12)(1'(2)/!/(])) = 5(’,1);(1,1)(@5();()(9) + 5(1,1);(1)($)5();(1)(Z/)
+53.1),0@)30:@Y) + 510,10 (@)@, (¥) + $@),1) () (5<1>:(1)(9) + 8();()(y))
+ S(I);()(l') (5(1);(2) (y) + S();(1)(y)> + 8();(1,1)(55)5(5);()(11)

+ 50,0 (%) <5(2);(1)(y) + 5(1);0(9)) +50;0(2) (5(2);(2) () + s, (W) + S<);(>(’y))
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Y Y1

+ o + o,
T s
2 1

1 2

1* 1* 1*
T2 1

Figure 2.5: (2|1)-standard composite supertableaif& for v; u = (1,1); (1, 1).

Using the modification rules and substitutifng,y = 1, this becomes
s@)12)(@/Y) = = Sy (@) + 0+ 511, ()505(2) () + 0 + 53,1 (%)
+ 510 @) (50:0)®) + 50:0.) (@5 @), (¥)
+50:) (@) (51, () +1
thus,
8 (12y;012) (1Y) =511;0 (@)5052) (W) + 51,0 ()50 (¥) + 50:0,1) (@)53),0 (¥)
+ 50,00 (@)8(1),0 () +1

which is exactly the same as the expansion gathered fromHar(®.43).

Observe that it is necessary to make the requirements orrdee of the entries.
For, supposg’ < * for all 7/ andi*, the following tableau (Figure 2.6) would have
been standard, giving an extra term fr,, (x/y).

In the expression (2.43) a minus sign appears in contrakt (ki 2), (1.45) and
(2.18). The minus sign is needed in applying the modificatides and is necessary as

illustrated fors 1 1 1),(2,1)(z/y).
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Figure 2.6: Extra tableau under the assumptign< * for all j andi*

The composite partitior(1,1,1);(2,1) is (2|1)-standard but the expansion of
$(11.1),(2,1)(¥/y) contains negative terms.

2 2 2
3T 1Ty | T1 T2 X3 T X2 Y1 N
(z/y) = —5=+ + 542 +3+
@2 O A

Those terms and their sign are given in Figure 2.7.
We obtain (2.44) using (2.36a):

5(1%);2,1) (@ 22 [y M) = s 31100 @)50:0 ) + 531102 (@)50:0) (¥)
TSA 11011 (2)s0:1)(¥) + S(TTT)~(1)(x)5();(1,1)(y) +5117); (1)( )5 (;2) (¥)
51110 (@502, (¥) + 511502, (2)35(1),0 ()
+51.1):(2) ( m)( W) +s0.0 ) + 511)(1,1) (@) (S(T);u)(y) +50;0 1))
+511); x)( (y) +50;) () + $(1,1); (1)( )(S(T);(Ln(y) + 5();(1)(3/))
+ST1):0 58) (5@, 1>(y) + 50,2 ) + 50:a,1) ()
1 (@)8@.0 (W) + 5(1),2) (@) (33000 @) + 51,0 (®))
(93)( )(y) (y ) + ) (1 (5(5);(1,1)(19) + 5(1);(1)(3/))
+s1); <1> (@) (5 @):(2) (W) +5<1> (1)(y) $050(¥))
+51:0 (@) (5@).2,0) W) + 512 ¥) + 51,0 ®) + 500 ()
(®)53).0 W) + 50:2 (@) (5@),1)(¥) + 53,0 ()
50501, 1)(90) (8<3> W) +5@.0®))
) (5@)2) W) + 5@;(1)(?/) +5m,0))
+S50;1) x)(s( 30,0 ) + 5(5);(1)(3/))
+50:0/(2) (3 20 33,2 W) + 53,11 + 3(?);(1)(1/))

\_/\_/

+8T):(2,1

~

51y,

+S0;2,) (@

+50);(1) x
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T T T T N
i b T T i
T i 2 2 Z
1]1] 1] 2] 1]1] 1]2] 2]2
2] 2] 1] 1] 1]
.'1?1.'IJ2 L[Lg L% 1 T
yf yf r2Y1 Y1 Y1
T s T T s
T i T T i
1 Z z 1 s
2] 2] 1]1] 2]1] 2]1] 1]1
S 1] 1] S 1]
2 2
Ty x1 T2 Ty
+11y1 + x2 + 1 1 y%
T b T T b
T T T T T
T b T T i
1]2] 2] 2] 1|r 1]1] 2|1
X 1] 2] N 1]
2
1T Za Z1Z2 z1 T2
+ v3 + v3 + v3 1 91
T b T T i
™ i i ™ z
- z z 1 1
1[1 1{2 2|2 2|2 1*|1
1] Eul 1] 1] 1]
_ @ T z w3 i
r2Y1 Y1 Y1 T1Y1 T1T2
™ il T T s
i i i i i
1 Z 1 z z
1+ 1 1+|1 2|1 2]1] 1|r
1* 1* 1* 1 1*
_ own _ YL _ z2 1 zy
X ) X xTro

Figure 2.7: Supertableaux for; . = (1,1,1); (2, 1) and corresponding terms
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After simplification using the modification rules this becesn

519)20) (@ 1Y) = =501),0 @)50:0) (V) = $7.17:0 (@)50:) ¥) = 51,02 (®) 5170 ¥)
—3(1);(1)( ) + S(1); (2( ) (y)—|— ( )+ 80s2.1) (% )5(3)'()(3/)
+505(2) ()8 @50 (¥) + 5050, 1)( z)s3), ( )+S(> W (@)s 150 ()
= — 51,0 @)50:0®) = 57.1,0@)50:2) (V) + $0:2.1) (%) 53,0 (V)
+50:2) (@) 53,0 (¥) + 50:1,1) (®)520.0¥) + 5051 (@) s (1)) ()

This expression is equal to (2.44).

2.4  Appendix: Formulary

2.4.1 Supersymmetric functions indexed by a (skew) partitin

e-(x/y) = Z er(x (2.2)
he(z/y) = Z hi(x)er—i(y (2.3)
pr(x/y) = pr(x) + (=1)""p(y) (2.20)
ma(e/y) = Y mu(e)f(y) (2:21)
pUr=X\
a@/y) =wimr(z/y) = D fule (2.22)
pUr=AX\
SX\/u x/y ZCMV x/y ZSA/uu(x)SV'(y) (214)
ssu(z/y) =Y (x/y)¥, S asupertableaux of shape- . (2.18)
s
sx(z/y) = det (6,\;—i+j($/y)>Kméé(/\,) (2.7)
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sa(@/y) = det(hy, i+ (2/y)) e (2.9)

sy/ule/y) = det(ex, _ug_iﬂ(x/y))Km_gw (2.15)

snjulaly) = 0t ivs(e/y) (2.16)

Bupalt) = 3t/ = Hﬂ:ﬁ - ;2 2.1)

Hayy (1) = ; ()Y}t = 1;[718 fijz)) (24)

Py (t) = % log H, /() = m = zr:pr(m/y)t’“’l (2.19)

RCTREN v v B

SNSRI S

aniaman- AR

s (@/y) = hy(x/y) and  san(z/y) = eq)(z/y) (2.10)

sx(y/x) = sx(z/y) (2.11)

sx(z/y) = s, (x ﬁf[ (xi+y;), ifAn>nandd=(k+7)Un (2.8)
=11

sa(z/y) = Z $u(2)5(x /) ( Z say( Z hsu(@)su(y) (2.12)
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su(@/y)su(@/y) = s (/y) = chsA (x/y) (2.13)
sx/ul/y) = ng )85 /oy (Y) (2.17a)
sx/ula/y) = ZSWT (2.17b)
sx/ulz/y) = ZSA/[, x)S(p/u)y (Y) (2.17¢c)
sx/ul(@/y) = Zsp/u )5(x/p) () (2.17d)

2.4.2 Supersymmetric Schur functions indexed by a composifpar-
tition 7;

huks(@/y) | By (a/y) > (2.34)

huy—i—141(z/y) ‘ by i—(x/y)

wherei, j, k resp.l runs from top to bottom, from left to right, from bottom to top
resp. from right to left.

spiu(@/y) = det (

o (T/y) = Z(*l)ms;t/C(x/y)SV/C/(f/@) (2.35)
¢

Sy 7mayu(2/Y) ch:u% sg.c(@/y). (2.37)

son(@/y) = Y 7z @5 (1) (2.36a)
p,0,T

o3 (@/Y) = Y 55757 @S0y W) (2.36D)

p,0,T

S’jéﬂ(i/y) = Z Sm;lt/d)p(x)sy;w/ (y) (2360)

P

ST = D S5z e (OSG 77,2y () (2.38a)

0, T
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S /(1Y) = ;‘:T Su7ain/ @S Toycr fupy W) (2.38D)

sosu(@/y) = 557, (y/ ). (2.39)

so(a/y) = azb: Sy 1oy @YD)y (2.42)

S () ) = 37 (1) s VPN A0 ()5 (2.43)
STin

where the sum is taken over é&h|n)-standard composite supertableaux.






Chapter 3

Lie superalgebras and their
representations

As Lie superalgebras play an important role in understansiipersymmetry,
we will discuss those superalgebras here. After a shodduottion, we will
define the Lie superalgebras, the enveloping algebra, an€#ntan subal-
gebra and root systems. This description is based on [59%t, Méthin the
scope of the earlier chapters, we consider the irreducépeesentations of
the Lie superalgebrag(m|n) ands((m|n) and their characters. We consider
the highest weight representations and discuss the tyaichhtypical repre-
sentations. We prove that there is a unique correspondertaedn a highest
weight and an(m|r)-standard composite partition gi(m|n). The connec-
tion between those two notions makes it possible to link tawg contravari-
ant and mixed tensor modules to ordinary partitions and omite partitions
and to transfer representation theoretic notions as alfgi@and atypicality
matrix to the context of partitions.

3.1 Introduction

Many attempts have been made to make general relativitystenswith quantum field
theory. In all the most successful attempts a new symmetggigired. So the “super”-
symmetry, which successfully combines the interactiots&éen gravity and the gauge
symmetries, had to move beyond Lie algebras to “graded” Igetaas, namely to Lie
superalgebras.
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In this chapter we will describe Lie superalgebras based58n 71, 72]. Lie
superalgebras and their representations continue to playgortant role in the un-
derstanding and exploitation of supersymmetry in physigatems. The Lie super-
algebras under consideration here, namglyn|n) or sl(m|n) (sometimes denoted
by U(m|n) or SU(m|n)), have applications in quantum mechanics [1, 42], nuclear
physics [6, 27, 14], string theory [19, 23], conformal fielteory [21], supergrav-
ity [35, 2], M-theory [20], lattice QCD [7, 9, 15], solvablattice models [62], spin
systems [24] and quantum systems [58]. Also their affinersitas [21, 24] org-
deformations [1, 58] play an important role. In most of thelagations, the irreducible
representations or “multiplets” @ff(m|n) play a role.

A first review was given by Corwin, Ne’eman and Sternberg [J8gsenting the
subject as it was known in 1974. A complete classificatiorheffinite dimensional
simple Lie superalgebras ov€rhas been given by Kac [31] and Scheunert [59].

Representation theory of Lie superalgebras, and in péaticfigl(m/|n) or its sim-
ple counterparél(m|n), is not a straightforward copy of the corresponding theory f
simple Lie algebras.

3.2 Definition of Lie superalgebras

In this chapter, denote hly the field of real numberR or the field of complex numbers
C. LetI be one of the ring& or Z,. The two elements df, will be denoted by) and
1.

Definition 3.1 LetV be a vector space over the field. AT'-GRADING OF THE VEG
TOR SPACEV is a family (V5 ). cr of subspaces df such that

V=@v..
~el’

A vector spacé’ is said to bel’-GRADED if it is equipped with d’-grading.

An element ofl/ is calledHOMOGENEOUSOf degreey, v € T, if it is an element of
V,. Inthe case of' = Z,, the elements ofj (resp.V7) are called even (resp. odd).
Every elemeny € V' has a unique decomposition of the form

y:Zy,y with yy € Vy,yvel
yel
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where only finite many., are different from zero. The element is called the homo-
geneous component gfof degreey.

A subspacé/ of V' is calledI’-graded if it contains the homogeneous components
of all of its elements, i.e. if
U=Punv,).

yel

On anyZ-graded vector spacg = EBJEZ V;, there exists a naturd,-grading
which is said to be induced by tt#grading and which is defined by

‘/(j = @ ng and Vi = @ V2j+1.
JEZ JEZL
Definition 3.2 An algebraA over a fieldK is I'-graded if the underlying vector space
of AisT"-graded,
A=DA,

yel’

and if
AAg C Aays, forall o, 3 €T

Evidently, A, is a subalgebra ofl.
Definition 3.3 A Z,-graded algebra is called 8UPERALGEBRA

Definition 3.4 A superalgebra is said to beZ-graded if there exists a family; ) jcz
of Z,-graded subspaces af such that

A=A, and AiA; C Ay, foralli,j € Z.
jez
TheZ-grading(A4,) ez is said to be consistent with tl#&-grading ofA if
A(‘) = @AQJ and Ai = @AQjJrl-
JEL JEZ

Definition 3.5 A LIE SUPERALGEBRAg is a Z,-graded algebra over a field of char-
acteristic 0 (typicallyR or C) together with a bilinear operatiof, .] from g x g into
g, called theLIE SUPERBRACKETOr SUPERCOMMUTATOR such thatva € g,,Vb €
gs, Ve € g, andVa, 8 € Zs:

[a,b] € gatp (3.1a)
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[a,b] = —(=1)*"[b,q] (3.1b)
[a.bsell = [la. 8], + (=1)*"[b, [a, ]]. (3.1c)
Equation (3.1b) indicates that this bracket is “supersytnicieand (3.1c) is called the

“super Jacobi identity”.
It is obvious that the subalgebgg of g is a Lie algebra.

Example 3.6 The simplest example of a Lie superalgebrglisn|n), m,n € Z>.
This algebra is, analogous §(m), the algebra of all matrices of order + n.

A B
g[(mln) :{< C D > =T | A S mem,vB € Man?C S MVLXHMD S MYLXH}?

with M, », the vector space of aflx ¢ complex matrices. The even subspgtgm|n)
and the odd subspagé; (m|n) are defined by:

i) = {(6 D)= 14€MunD € My
gly(m|n) = {(g §>:m|B€Man,C€MnXm}7

0 B 0 0
(8 ) rmeadef(80) —ricem)

= gl(m[n)11 & gl(m|n)
So,gl(m|n) has aZ-grading consistent with th&,-grading:

gl(m|n) = glg(m|n) @ glz(m|n) = gl_;(m[n) & gly(m|n) & gl;,(m|n)
gl(m) @ gl(n).

L=}
=
El
2
I

The bracket is determined in the natural matrix represiemtéty
[a,b] = ab— (—=1)*Pba,  Va € g, andVb € gg,
where the juxtaposition in the right hand side denotes mattiltiplication.

For a matrix ingl(m|n) the supertrace [16, 31, 59] is definedsas(x) = tr(A) —
tr(D). Observe that the supertrace does not depend upon the dfdloe homoge-
neous basis fog; & g;.
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Definition 3.7 A bilinear formf(a,b) on a Lie superalgebrg = g5 ¢ g7 is called

consistent <  f(a,b) =0forall a € ggand forallb € g1,
supersymmetric < f(a,b) = (=1)*?f(b,a), forall a € g4 and for allb € g3,
invariant < f([a,b],c) = f(a,[b,c]).

In [31], V. Kac proved the following lemma.

Lemma 3.8 The bilinear formf(a,b) = str(ab) is consistent, supersymmetric and
invariant.

As a corollary of the supersymmetsty([a, b)) = str(ab — (—1)*’ba) = 0. So, one
can define the subalgebsg{m|n):

sl(m|n) = {x € gl(m|n) : str(z) = 0}. (3.2)

Definition 3.9 A Lie superalgebra is calledimPLE if it does not have any non-trivial
graded ideals and ifg, g] # {0}.

A Lie superalgebra is calledEmI-sIMPLE if it does not contain any non-trivial solv-
able ideals.

A (two-sided) ideall of a Lie superalgebrg is aGRADED IDEAL of g if I is a graded
vector space.

This definition of simple Lie superalgebras implies thgatg] = g as|g,g] is a
graded ideal. It can be shown [59] that a left or right gradisai ofg is automatically
a two-sided ideal. According to the definition, a simple Ligaralgebra might still
contain a non-trivial non-graded ideal. Actually, howetkis is not the case (see [59]).

Proposition 3.10 A simple Lie superalgebrg does not have any left or right ideals
(graded or not) except fof0} andg.

The Lie superalgebra(m|n) is simple ifm # n. In the casen = n, the algebra
sl(m|n) contains the&m x 2m identity matrixIs,,. ThenC.Is,, is a graded ideal of
sl(m|m). The quotient algebrai(m|n)/C.I2,, is again a simple Lie superalgebra.

In [31] V. Kac gave a classification of the different familiessimple Lie superal-
gebras over an arbitrary field of characteristic
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3.3 The enveloping algebra of a Lie superalgebra

Letg = g5 @ g7 be an associative Lie superalgebra okefK = R or K = C) and let
7 (g) be the tensor algebra of the vector spac8&o,

+o0 /To(g) =K,
7(g) = P T (g) with ntimes (3.3)
n=0 T.(9) =9g®---Qg

The multiplication on a tensor algebra is given by the userasor product.

TheZ,-grading ofg induces &,-grading of7 (g) such that the canonical injection
g — 7 (g) is an even linear mapping and thAtg) is a superalgebra. We consider the
two-sided ideal of 7 (g) which is generated by the elements

a®b—(—1)*Pb®a—[a,b] witha € go, b € gg;a, B € Zo. (3.4)

These elements are of course homogeneous and heigca,graded ideal. Therefore,
if we define

U(g) =T (g)/1, (3.5)

it follows thati/(g) is an associative superalgebra. This algebra is calledthes ER-
SAL) ENVELOPING SUPERALGEBRA OFj.

3.4 A Cartan subalgebra and simple root systems

A subalgebray of a Lie algebrag is called a @QRTAN SUBALGEBRA if it is nilpo-
tent and equal to its normalizer, which is the set of thosenefgsx in g such that
[z,b] C bh. The Cartan subalgebra is the maximal Abelian subalgebgg.ofThe
Cartan subalgebra of the subalgeggaof g is also called the Cartan subalgebra of
the Lie superalgebrg. All Cartan subalgebras of a classical superalgghnave the
same dimension. By definition, the dimension of a Cartanlgebaal is the rank of.

From now on, we will only consider the Lie superalgebt@an|n) or si(m|n). The
Cartan subalgebra gff(m|n) is given by the vector spadgeof diagonal matrices and
has dimensiomn + n. The restriction ta((m|n) requires the supertrace condition to
be satisfied. Hence the Cartan subalgépodsi(m|n) has dimensiom: 4+ n — 1 and
is spanned by

h; = By —Eif1,i11 (1§i§m—10rm—|—1§i§m—|—n—1),
hm - Emm +Em+1,m+17 (36)
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whereF;; is the matrix with entry 1 at positioft, j) and O elsewhere.

Consider, the dual spa®é of the Cartan subalgebta Theed-basis ofy* is given
by{e; |1 <i<m}U{d,;|1<j<n}. Thisdual spacg* contains special elements
« such that

g= @ga, whereg, = {z € g | [h, 2] = a(h)z, h € b}. (3.7)

(o3

The setA of those eigenvalues is by definition theRoOT SYSTEMof g, namely:

A={aeh|g. #0} (3.8)

Aroot a is calledeVEN (resp.obD) if g, N gy # 0 (resp.g. N g1 # 0). The set of all
the even resp. odd roots is indicateddy resp.Aj.

Let nowbg be a Borel subalgebra g@f;, i.e. by is @ maximum solvable subalgebra
of gg. Obviously, the Cartan subalgeliyas a subalgebra df;. We can extend; to a
Borel subalgebré = b5 4 by of g (usually, this extension is not unique!). Then

b=hont and g=n ohonT, (3.9)

wheren™ andn™ are subalgebras g@fand[h,n™] C n", [h,n”] C n~ anddimn™ =
dimn~. Aroot is calledPOSITIVE (resp.NEGATIVE) if g* N n™ # 0 (resp. g® N
n~ # 0). Denote byA* A¥ AT (resp.A™,Aj, A7) the subsets of the positive
(resp. negative) roots i, Ag, Aj.

A positive root is calledsIMPLE if it cannot be decomposed into a sum of positive
roots. The set of all simple roots is calledaPLE ROOT SYSTEMOf g and is denoted
here byll.

The so-calledISTINGUISHED CHOICE[31] for a triangular decompositiog =
n~ ®bh@ntissuchthag,; € n™ andg_; C n~. Note that contrary to the case of
simple Lie algebras not all the choices of a set of simplesrao¢ equivalent.

In this ed-basis theeVEN ROOTSOf g = gl(m|n) are of the forme; —¢; or 6; — 4,
and theobb rRooTsare of the formt(e; — §;). As a system oBIMPLE ROOTSONe
takes the so-calledISTINGUISHED SET[16]

II = {61 — €2,€2 —€3,...,6py — 51, 51 - 62, ey 5n—1 - 5%}- (310)
For this choice we have

A = {a—gl<i<j<m}u{s -l <i<j<n},
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AT = {By=e—61<i<m, 1<j<n} (3.11)
Thus, in the distinguished basis there is only one simpléwdich is odd.
As usual, we put

p=3(X @), m=g(X 0 s=m-p (312)

a€lo, + a€Aq 4

Or, explicitly in theed-basis

1 m n
> (m+n—2j+1)5;. (3.13)
j=1

p:§Z(m—n—2i—|—l)ei+

i=1

1
2

There is a symmetric forri, ) on bh* induced by the invariant symmetric form gn
and in the natural basis it takes the fofen €,) = 0, (€;,0;) = 0 and(é;, d;) = —dij,
whered;; is the usual Kronecker symbol.

It is easy to check that the odd roots are isotrogie,.«) = 0if & € A;.

The WEYL GROuPof a root system is generated by reflections with respecteo th
simple roots for any choice of a set of positive roots. The Myegup of a Lie superal-
gebrag is the Weyl grougV’ of gg [31]. The Weyl group ofy{(m|n) is hence the direct
product of symmetric groups,,, x S,,. Forw € W, we denote by (w) its signature.

TheWEIGHT SPACEW* is spanned by; (i = 1,...,m)andd; (j =1,...,n). So,
a weightA € h* can be written as

A=Xeg 4+ + Ap€m + 11101 + -+ pn 6, (3.14)

which we will usually write as
A=A,y A iy e ey ) (3.15)
A weight A € b* with A = 377 ) \ie; + >°7_, ;05 is callediNTEGRAL if and only
if A\; € Z, u; € Z; itis calledINTEGRAL DOMINANT if and only if it is integral and

AleQZZAmandNIZHQZZMm

To every weightA € b*, with A = 37", Aje; + Y7, 11;0;, we can associate its
so-calledkAC-DYNKIN LABEL namely:

A= [ala A2y vy Am—15Am; Am4-1y - -+ aernfl] (316)
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wherea; = \j — X\ip1, fori < m, am = Ay, + 1, aNda,4j = 1 — prj41, for j < n.

In terms of the Kac-Dynkin labels, a weighte h* is said to be integral dominant
if and only if its Kac-Dynkin label is such that; € Z> for i # m, whereas,, can
be any complex number. For our purpose it is sufficient to ickensonly thoseA for
whicha,, € Z.

Note thatA expressed in terms of thié-basis represents a unique weighgtfn|n)
whereas the Kac-Dynkin labels df represent a unique weight ef(m|n) rather
than gl(m|n). For example, folm|n) = (4]5), = (5,4,4,1;0,2,2,4,4) and
Ay =(4,3,3,0;1,1,1, 3, 3) have the same Kac- Dynkm labgl 0, 3;1;2,0,2,0].

3.5 Representations

3.5.1 Irreducible and faithful representations

Definition 3.11 Let g be agl(m|n) or sl{(m|n). LetV = V5 @& V; be aZ,-graded
vector space and consider the superalgebral(V') = Endg (V') @ End; (V') of endo-
morphisms o¥/. A linear representatiog of g is a homomorphism gf into End(V),
that is
plax + By) = ap(x) + Be(y),
pllz.y)) = o <x>, W),
e(a0) © Endy(V) andip(gr) € Endy(V),

forall z,y € ganda € C.

The vector spac# is the representation space. It has the structuregsfredule by
z(v) = p(x)vforz € gandv € V.
For example, theDJOINT REPRESENTATIONad : g — End (V) is defined as

ad, : g — End(V) : z — ad,(x) = [a, 2] (3.17)

The dimension (resp. the superdimension) of the repretsemtais the dimension
(resp. graded dimension) of the vector spice

dimey = dimVj+dimVj
sdimyp = dimV—dimVj.

A representation is said to BITHFUL if (x) = p(y) implies thatz = y for
x,y € gandTRIVIAL if p(z) =0forall z € g.
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A representationp : g — End(V) is calledIRREDUCIBLE if the g-module V/
contains no non-triviag-submodules. Thg-moduleV is then called &IMPLE MOD-
ULE. Otherwise, the representatignis said to beREDUCIBLE. In that case, one has
V =V’ + V", as asum of vector spaces, where ghmmoduleV”’ is an invariant sub-
space undep. Note that considered as modules, the sdm= V' + V' might be
either a direct or semidirect sum. If the representatiorgisvalent to a direct sum of
irreducible components, it is said to b®@MPLETELY REDUCIBLE Theg-moduleV
is then called aseEMI-SIMPLE module. A representation which is not equivalent to a
direct sum of two or more non-zero representations is cale¢ COMPOSABLE

Let » andy be two representations gfwith representation spac&sandV’. We
can define the direct supb ) with representation spadéd V'’ and the tensor product
» ®1 with representation spadéx V' of those two representations. The action of the
representation® @ 1 andy ® v on the corresponding representation spaces is given
by,z € g, veVandv € V"

(o) (@var = p@)voy() (3.18)
(pRY)(r)hver = pEvev +vep(z). (3.19)

If ¢ andy are both irreducible representations, the tensor proddcy will be in gen-
eral reducible but, contrary to the Lie algebra case, theigoroduct of two irreducible
representations is not necessarily completely reducible.

Any representation of a basic Lie superalgepra gz @ g; can be decomposed
into a direct sum of irreducible representations of the estdyspace

3.5.2 Highest weight representations

Letg be a Lie superalgebr#|(g) its universal enveloping superalgebgaa subalgebra
of g andV ag’-module.V can be extended told(g’)-module. We consider thés-
graded spack (g) @y V. This space is defined as the factor spadd @) @ V' by
the linear span of the elements of the fogm® v — g ® h(v), g € U(g), h € U(g')
andv € V. The so constructegrmodulel{(g) @) V' is said to beNDUCED FROM
THE g/-MODULE V and is denotedindy, (V).

Let g be a basic classical Lie superalgebra gnts Cartan subalgebra. We fix the
Borel subalgebra of g, containingh as defined in (3.9):

b=hant.

Let A € h* be a linear function ofy. We define a one-dimensional evermodule
(va) = span(vy) by

nt(ua) =0 and  h(uva) = A(h)va, (b € B).
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The equalityn™v, = 0 means that the action of the positive root elements upean-
ishes, and the conditidi(vy ) = A(h)v, implies thatA is a weight with corresponding
weight vector, .
The induced modul® (A) = Ind{ ((va)) for any integral dominant weight € h*
is called the Kkc MODULE. This g-module contains a unique maximal submodule
I(A), and we set
V(A) =V (A)/I(A).

The g-module V(A) is called anlRREDUCIBLE REPRESENTATION WITH HIGHEST
WEIGHT A or aHIGHEST WEIGHT MODULE

Kac [31] proved the following proposition:

Proposition 3.12 (a) va is a unique vector i/ (A), up to a constant factor, for
whichn™ (vy) = 0.

(b) Any finite dimensional irreducible representationgofs of the formV'(A) =
V(A)/I(A) whereA is an integral dominant weight.

(c) Any finite dimensional simpemodule is uniquely characterized by its integral
dominant weight\: two g-modulesi/(A) andV (A’) are isomorphic if and only
if A=A

(d) The finite dimensional simplemoduleV (A) = V(A)/I(A) has the weight
decomposition

V(A) =PV, withVy ={veV|h@) =R, heh},  (3.20)
A<A

where) is called a weight of the representatiéfy and V), is the corresponding
weight space.

3.5.3 Typical and atypical representations and characterdrmulas

Every finite dimensionag-module of a (semi)-simple Lie algebgais completely re-
ducible. Unfortunately, this property is not valid for Lieperalgebras, since there
exists the famous Djoko&iHochschild theorem:

Theorem 3.13 Let g be a Lie superalgebra over an algebraically closed field. All
the finite dimensional representations golire completely reducible if and only gf

is isomorphic to the direct sum of a semi-simple Lie algebith finitely many Lie
superalgebras of the typB(0, n).
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The root system oB(0,n), one of the families of orthosymplectic superalgebras, is
given by
A‘) = {iél + (Sj, i261} and Ai = {iéj} (321)

So, all simple Lie superalgebras, except i@, n) algebras, have so-calledDE-
COMPOSABLE i.e. not completely reducible, representations.

This leads to the definition of two types of irreducible reganetations for a Lie
superalgebrg. Let A be a highest weight for a finite dimensional irreducible espn-
tationV(A) of g:

(i) either the representatidri(A) can not be extended to an indecomposable repre-
sentation ofy. In this casd/(A) is called arYPICAL REPRESENTATION

(i) or else the representatidri(A) can be extended with anothgimodule in such
a way that the new representation is an indecomposableseiegion ofy. In
this casél/(A) is anATYPICAL REPRESENTATIONOf g.

The typical representations are the ones which satisfynall'hice” properties of the
irreducible representations of Lie algebras; the atypatesentations usually cause a
great deal of worries. But we cannot avoid the atypical osigge, for instance, they
appear in the decomposition of the tensor product of twachipiepresentations.

Kac proved the following useful theorem to distinguish tgbirepresentations from
atypical representations by means of their highest weight.

Theorem 3.14Let A € bh* be a highest weight of a finite dimensional irreducible
moduleV'(A) of a classical Lie superalgebrg. Then the following statements are
equivalent:

(i) V(A) is typical;
(i) (A+p,a)#0,foralla € AT, whereA; = {a € A7 | 2a ¢ Ag};
(iii)
ch(V(A) =L ) e(w)e ™), (3.22)
weWw

HaeAg (ea/Q o 6*04/2)

HaeAf (ea/Z + e—a/?)
1
e’ is the formal exponential function dyf such thate* (1) = 65, for A, u € b*,
which satisfieg*et = eM .

with L = , W the Weyl group ang defined in (3.12).
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Remark that fol = sl(m|n), AT = AT,

Expression (3.22) gives the character formula for a typieptesentation of a sim-
ple Lie superalgebra. The problem of obtaining a charactendla for the remaining
“atypical” irreducible representations has been the slgéintensive investigation,
both in the mathematics and physics literature.

At this point it is convenient to say something about the emtion between rep-
resentations ofil(m|n) and ofsl(m|n), which is similar to that betweegl(m) and
sl(m). Recall that((m|n) consists of those elementsgifm|n) with zero supertrace.
Define the element in the standard-/-basis by

n

o= iei -6 (3.23)
i=1 j=1

orin coordinates = (1,1,...,1; —1,—1,...,—1). Theno = 0 in the weight space
of s[(m|n) (but not in the weight space @f(m|n)). So two highest weightd and

A + jo of gl(m|n) stand for the same highest weightst{m|n). This implies that
the corresponding highest weight representatignsind V., j, must have the same
character asl(m|n) representations. Then thgif(m|n) characters are also the same,
up to a factor. More explicitly,

chViijo = (€7) chVy, (3.24)

with e? the formal exponential.

3.6 Highest weight and composite partitions

Often it is useful to represent a highest weighty a composite Young diagram. There
exists a bijection betwegyi(m|n) integral dominant weightd and an(m/|n)-standard
composite partitiomw; u.

Lemma 3.15 Let A be agl(m|n) integral dominant weight and letL be the set of all
(7,0) with0 < j <mnand0 <! < m such that

either j=0 or Apq; >l
andeither j=n or A,y <l
andeither I=m or A, >}
and either [ =0 or  Ap_iy1 <J.

(3.25)
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Then letJ = min{j|(j,!) € JL} andL = min{l|(J,1) € JL}. Then the corre-
sponding composite partition; 12 is (m|n)-standard, where

i = A; fori=1,2,....,.1=m~—L andu; <J for i>1I,
Wy =m+ Ay for j=1,2,...,J and p; < I for j > J,
v, =—Nmyn—pt1 Ffork=12... . K=n—-J andy, <L for k> K,
vi=n—ANpn_i11 fori=1,2,...,L and v, < K for [ > L.
(3.26)
Conversely, if the composite partition i is (m|n)-standard withl, J, K, L as in
Definition 2.5 then the corresponding(m|n) integral dominant weighd is given by

A= (/1/1,/1/2,...,/j/],n—l/L,...,n—VQ,n—U]_‘
py =
Proof. Suppose we have a weightand the corresponding = min{j | (j,!) € JL}
andL = min{l | (J,1) € JL} according to (3.25). Let, by (3.26),

3.27
My — My oy fl — My =V, =V, —17). (3.27)

o = (Al,...,Am,L)U(Am+1+L,...,Am+J+L)/

v = (TL - Ayn, e — Ame+1) @] (*Amﬁkn - L, ceey *Am+,]+1 - L)I
,U,/ = (Am+1+m,...,Am+J+m)U(A1—J,...,Am_L—J)/

I/ = (_Am+nu EERE _Am+J+1) U (J - Ama <. ~7J - Am7L+1)/

From this construction we see that

pm—r41+Vie1 < J+(n—=J)=n
<

W1+ Vno g (m—L)+L=m

Thusp; i is (m|n)-standard by construction, since there exist (see Defii6) num-
bersJ* = min{j | p)q +v,_ ;11 <m}andL* = min{l | iy —141 + 41 < n} with
J* < JandL* < L.

As J* andL* are minimal, we have the following relations:

fm—rry1 = J* and Wy >m—L*,
Vp_gey1 = L7 and v >n—J%
Taking into account thaf* < J andL* < L, we have:
1. Um—L*+1 +Vp41 <1 & J+(n—Ap—p+) <n,
Wregr FVpgepr S0 (Amyg=g1+m)+L* <m,

~
Wy >m—L* & Aprgs+m >m— L*,
v >n—J* =4 ’n—An,L*+1 >n—J*.

= 0N
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Simplification proves that the four equations (3.25) arélfed for (;,1) = (J*, L*),
that is:

Ame* 2 J*v Am.JrJ*Jrl S _L*a Am+J* > _L*» and AnfL*Jrl < J.
Thus,J* > JandL* > L and soJ* = J andL* = L. O

Remark that it is not important whethégror L is minimized first. Indeed, suppose
J=min{j|(j,1) € JL} and L =min{l|(J,]) € JL}

and
L' =min{l|(j,1) € JL} and J'=min{j|(j,L) € JL}.

If L' = Lthenitis clear that alsd = J’'. So, supposé’ < L (L’ > L is similar).
If J* < J then there existJ’, L") € JL with J’ < J which is a contradiction withy
being minimal. IfJ" = J, then(J, L") € JL which is a contradiction wittL. being
minimal. So, ifL’ < L thenJ’ > J. Then we have the following relations:

Ay > ANy >—L'>—L>Npygi1 > Mgy,
A > Ny > T > T > A1 2 Ap—r/41.

Thus,(J, L’) € JL which is a contradiction witi being minimal.
Let us illustrate this Lemma ig((7|10) for

For j = 0, it is impossible to find ar such thatA,,,;; = 0 < —I. Forj = 1, we
have to find arl such thatA,,,; = 0 > —l andA,,1» = —2 < —[; so,l € {1,2}.
For neither(j,1) = (1,1) nor (j,1) = (1, 2) is the third conditiom\,,,_; =0 > j =1
fulfilled. Forj = 2, we find that—A,, 2 =2 <[ < —A,,43 = 5. ASA,,—4 > 2 and
Apm—a11 < 2 we find thatl = 4. Therefore we findJ, L) = (2,4).
So,p = (7,4,4) U (4,2) = (7,4,4,2,2,1,1), v/ = (7%,6,5%) U (4,22,1) =
(73,6,5%,4,3,1%) andv = (12,10, 10,9,8, 4, 3).
(J, L) = (2,4) using Definition 2.5. This is illustrated in Figure 3.1.

As every integral dominant weight defines a composite partition p, we will
indicate this correspondence Ry, . In the special case where= () we will write
A,
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Figure 3.1: Highest weight and corresponding composite partition.

3.7 Covariant, contravariant and mixed tensor mod-
ules

Berele and Regev [10], and Sergeev [61], showed that thet@nsduct of N copies
of the naturalm +n)-dimensional representatidn = C™*" of g = gl(m|n) is com-
pletely reducible, and that the irreducible componéftgan be labeled by a partition
A of N such that) is inside the(m,n)-hook, denoted by € H,, ,, i.e. such that
Am+1 < n. These representatioh§ are known a&£OVARIANT MODULES.

Analogously, they showed that the tensor produciVo€opies of the dual’* of
the naturalm + n)-dimensional representatidn of g = gl(m|n) is also completely
reducible. The irreducible componerity are again labeled by a partition of N
such that\ € H,, ,. These representationi§ are known as th€ ONTRAVARIANT
MODULES.

In the early days of Lie superalgebra representation thebeynotion of graded
tensors was introduced [22]. ThaXED TENSOR MODULES the mixed tensor irre-
ducible representations, occur as irreducible comporiaritse tensor product of/
copies of the naturghn + n)-dimensional representatidn and N copies of the dual
V* of V. This tensor product however is in general not completedycéle.
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It was believed [4, 5] that the standard methods of covariemmtravariant and
mixed tensor representations with the corresponding Yaecdigniques yield the char-
acters ofgl(m|n) irreducible representations in terms of supersymmettfierfgtions.
Although this is certainly true for the covariant and cowméirdant tensor representa-
tions [10, 22], it is not so for the mixed tensor represeatedj as already observed
in [38, 57].

From a computational and practical point of view, it is uséfudentify characters
with supersymmetric S-functions, since it is easy to worthv@-functions, for which
many properties are known (see Chapter 2). As just mentjotinésl identification
holds for covariant and contravariant irreducible repnéstions [22, 10], where the
corresponding S-function is labeled by a single partitigrout in general fails for
mixed tensor irreducible representations, where the sparding S-function is labeled
by a composite partition: y.

In Chapter 5 we show that there is still another family of &gprepresentations for
which the character is given by a (composite) S-functiomels the so-called critical
gl(m|n) representations.

3.8 Atypicality and the atypicality matrix of A

Up to here, we studie®” or V(A) within the distinguished basis. For this basis we
found a unique highest weight and we gave a definition of glnd atypical repre-
sentations. However, there are different choices for ashakich are not necessarily
isomorphic. In another basis we will have evidently anothighest weight. In this
section we will point out that the atypicality does not depeipon the choice of the
simple roots. In order to do so, we start with Theorem 3.14nfthis theorem we
know thatV (A) being typical is equivalent toA + p,«) # 0, for all « € AI*. In
the same way, we will say that the highest weight= A, and the corresponding
composite partitiom; 11 are typical. The modul® (A, ) resp.V (A, ) will be denoted
by V) resp.Vy.,..

If (A+ p,a) = 0, for somea € A{, the representatioli, is called atypical. If
there is only one such positive roet the representation is called singly atypical. Let
A € h*; the ATYPICALITY OF A, denoted by atyp\ + p), is the maximal number of
linearly independent roots; such that(3;, ;) = 0 and(A + p, ;) = 0 for all s and
j [34]. Such a sefp;} is called aA-MAXIMAL ISOTROPIC SUBSETOf A.

Given a set of positive roota™ of A, and a simple odd roat, one may construct
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a new set of positive roots [34, 52] by
AT = (AT U{-a})\ {a}. (3.28)

The setA ™’ is called asiIMPLE REFLECTIONof A*. Since we use only simple reflec-
tions with respect to simple odd roothL remains invariant, buﬁ}“ will change and
the newp is given by :

p=p+a. (3.29)

Let V' be a finite-dimensional irreducibfemodule and\ the highest weight of
in the distinguished basis. £/ is obtained fromA~* by a simplex-reflection, where
« is odd, and\’ denotes the highest weight Bfwith respect taA™’, then [34]

N=A-aif(A,a)£0; A =Aif (A,a) =0. (3.30)

If « is asimpleodd root fromA™ then (p,a) = %(a,a) = 0 [34, p. 421], and
therefore, following (3.29) and (3.30) :

N+p = A+pif (A+p,a)#0,
N+p = Ad+p+aif (A+p,a)=0. (3.31)

From this, one deduces that for themoduleV, atyp(A + p) is independent of the
choice ofA™; then atygA+p) is referred to as the atypicality &f. If atyp(A+p) = 0,
V iS TYPICAL, otherwise it iSATYPICAL .

Let us first consider the covariant case witke H,, ,, where we compute the atyp-
icality of V, in the distinguished basis. For this purpose, it is sufficiertompute the
numberg Ay +p, 8;;), with 3;; = ¢;,—d;,for1 <i < mandl < j < n, and count the
number of zeros. Itis convenient to put the numkers+ p, 5;;) in a(m x n)-matrix,
the ATYPICALITY MATRIX A(A) [70, 71], and give the matrix entries in tlie:, n)-
rectangle together with the Young frame)ofThis is illustrated here in Figure 3.2 for
A= (11,9,4,3,2,2,2,1) in gl(8]5). So for this example, atyp + p) = 3, since
the atypicality matrix contains three zeros. In the follogi we will sometimes refer
to (4, j) as the position of3;;; the position is also identified by a box in tie:, n)-
rectangle.

In the more general casg,corresponds to a composite partitionu. Let us now
consider the atypicality df7,,, in the distinguished basis. The entries of the atypicality
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18(16(13(12) 11|10
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Figure 3.2: Atypicality matrix A(A) of Ay = (11,9,4,3,2;3,2,0,0,0,0,0,0).

matrix A(Az,,) in terms of the composite partition 4 in gl(m|n) are given by:

AN)ij = pit+pf—i—j+1 fort <i<Tandl<j<J,;
AN)im—p+1 = pi—v,—i+k+m—n forl<i<Tlandl <k<Kj,
AMN)m—141; = pj—v—j+l-—m+n forl <li<Landl<j<.;

AN m—it1p—k41 = —v—v,+l+k—1 fori<lI< Landl <k<K.
(3.32)

This is illustrated in general in Figure 3.3.

It might be noted thatl(A);; = h;; resp.A(A)m—i41,n—k+1 = —hi, Whereh;;
is the hook length of the box in thgh row and;jth column of the Young diagrarf*
resp.F”. These entries of the atypicality matrix are non-zero, esing and hy,; are
necessarily positive. IV, is atypical, the zero’s occur in palrt or [ or in both of
them, see Figure 3.3.

The properties of the atypicality matrit(A) have been studied in detail in [26].
We summarize here some of these properties.

Lemma3.16 1. LetA = [a1, a2, .., Qm—1;0m;Gmi1,-- -, Gmin—1] bE the Kac-
Dynkin label ofA in gl(m|n); then
A(A)” — A(A)H—Lj = a; + 1, 1 < ) <m— 1, 1 Sj < n,
AN)m1 = ao, (3.33)
AN)ij —AN)ij41 = amej+1, 1<i<m,1<j<n—1

2. An atypicality matrixA(A) satisfiesA(A);; + A(A)g = A(AN)i + A(A)g;.
Conversely, anym x n) matrix satisfying this condition for all pairg, j) and
(k,l)with1 < ik <mandl < j,1 < nis the atypicality matrix of a unique
elementA € h*.
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aij:—(lji-ﬁ-l/;—i—j—ﬁ-l)

K

J

aji = pj — v —(m—1)+(n—7j)

—

41—,—1 I

aik = pi — v+ (m—1)— (n—k)

aij = pi+py—i—j+1

D]

O

o | ]:

Figure 3.3: Atypicality matrix of Az, ,,.

3. Aisdominant if and only if

AN)ij — A(N)iy1,5,— 120,
A(A)ij — A(N)ij1—1>0,

1<i<m,1<j<n,
1<i<m, 1 <7< n.

(3.34)

Moreover,A is integral dominant if the expressions on the left-hane siti3.34)

are all integers.

As for finite dimensional modules the highest weighis necessarily integral dom-
inant, the zeros ofi(A) lie in distinct rows and columns. Furthermore, a zero lies to
the right of another zero if and only if it lies above it.



Chapter 4

A determinantal formula for
supersymmetric Schur
polynomials

In this chapter we derive a new formula for the supersymm&chur polyno-
mial s (x/y). The origin of this formula goes back to representation heo
of the Lie superalgebrgl(m|n). In particular, we show how a character for-
mula due to Kac and Wakimoto can be applied to covariant septations,
leading to a new expression fex(x/y). This new expression gives rise to a
determinantal formula fos, (x/y). In particular, the denominator identity for
gl(m|n) corresponds to a determinantal identity combining Cawctipuble
alternant with Vandermonde’s determinant. We provide @iséa@nd inde-
pendent proof of the new determinantal formula by showirad thsatisfies
the four characteristic properties of supersymmetric Sgalynomials. A
third and more direct proof ties up our formula with that ofgeev-Pragacz.

4.1 Introduction

Just as the functions, (z) are characters of simple modules of the Lie algefifa:),
the supersymmetric S-functions are characters of (a cfssimople modules of the
Lie superalgebrgl(m|n) [10]. In this context, a different formula fory(x/y) was
found by Sergeev (see [55]) and in [70]; the first proof of filisnula was given by
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Pragacz [55]. To describe the so-called Sergeev-Pragacuifa, let\ be a partition
with \,,,+1 < n. Consider the Young diagrai*, let ' be the part ofF* that falls
within the m x n rectangle, and lef'”, resp.F", be the remaining part to the right,
resp. underneath this rectangle; le= (x + 7) U n. This is illustrated, form = 5,
n=8and\ = (11,9,4,3,2,2,2,1), as follows :

1T

L ko= (8,8,4,3,2)

F* = hence 7 = (3,1) (4.1)
n = (2,2,1)

Then, the Sergeev-Pragacz formuladqfz/y) is given by

s(ofy) =05t Y cwyw(a iyt I @), @2)

WESm X Sn (i,j)EF"

where(i, j) € F* if and only if the box with row-index (read from left to right) and
column-index; (read from top to bottom) belongs #0°, and

1<i<j<m 1<i<j<n

This formula is useful for the computation &f(z/y), and even for the computation of
Littlewood-Richardson coefficients [11, 69]. Note that foe special case that,, >
n, (4.2) becomes the Berele-Regev formula (2.8).

Observe thaDy in (4.2) is just Weyl's denominator fagl(m) & gl(n). So when
A =0, (4.2) does not yield a new denominator identity relategle:|n); it only gives
the denominator identity fagl(m) andgl(n).

A simple comparison between symmetric and supersymmairictions reveals
that most of the formulas of Chapter 1 have a supersymmetnn.f Nevertheless, a
determinantal formula for supersymmetric functions samib (1.10) did not exist yet.
In this chapter, we shall give a new formula fer(x/y). In its simplest form, this
yields a new determinantal formula for supersymmetric i&fions. Furthermore, this
formula yields a genuine denominator identity related({on|n).

First, we introduce some new notations. Let

D(z) = H (zi — zj) and  E(z,y) = H H(ffi —Yj) (4.4)

1<i<j<m i=17j5=1
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and defineD by
o H1§i<j§7n(xi — ;) H1§i<j§n(yi —vj) ~ D(z)D(y)

D= — = . (4.5)
[LZ I (i + wy) E(z,—y)
Let A be a partition with\,, 1 < n and put
k=min{j|\; + m+1—j <n}; (4.6)
since)\,,+1 < n, we have that < k& <m + 1. Then the new formula reads
R X
_ (_1\ymn—m+k—1pn—1 A
sa(z/y) = (-1) D det( Y. 0 ) , 4.7)
where the (rectangular) blocks of the determinant are gayen
1
Ro= < + >1<'< ’
€Z; 7 1<m,
Y 1<j<n
Xy = (x;\jm_"/_j) 1<i<m, Y\ = (yj‘\i-‘_n_m_i)lgignferkfl,'
1<<k—1 1<j<n

For example, letn = 3, n = 5and\ = (7,2,2,2,1). Thenk = (5,2,2), 7 = (2),
n = (2,1) andk = 2 (see Figure 4.1).

HEEE

k = 2 since:

M+3+1—1=10>5,
Mo4+3+1-2=4<5.

Figure 4.1: The partition\ = (7,2,2,2,1) in g((3]5).

Thus, according to formula (4.7),

1 1 1 1 1 x4
T1+Y1 z1+Y2 T14Ys3 T1+Ya T1+Ys5 1
1 1 1 1 1 1.4
$2Ty1 I241*y2 I241*y3 13241*?44 05241*?45 i
_ -1 = . . . . T3
= — 3tY1 r3+y2 r3+ys  T3tys  T3+Ys
872,221 = —D7" det ¢ ¢ ¢ ¢ & 0
Y1 Y2 Ys Ya Ys
4 4 4 4 4
Y1 ) Ys3 Yi Ys 0
0 0 0 0 0
Y1 Y2 Y3 Ya ys O

(4.8)
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When\ = 0 it follows from (2.9) or (4.2) that (x/y) = 1. The new formula (4.7)
gives rise to a denominator identity fgf(m|n). Supposen < n (m > n is similar);
when\ = 0, it follows from (4.6) thatt = 1. So theX,-block and0-block disappear
in (4.7). Changing the order of the-block andY\-block, implies

n—m-—1 . y::fmfl
0 Yo - [hcicjem@i =) [licicj<n(i —v;)
det 1 . 1 - m n :
z1+y1 T1+Yn I, Hj:l(wi +v5)
1 1
Tm+Y1 Tm+Yn

(4.9)
Clearly, whenm = n, this is simply Cauchy’s double alternant; when= 0, it is just
Vandermonde’s determinant. Whén< m < n, it is a combination of the two. These
type of determinants have already been encountered ineaetiff context [8] (we found
this reference in [43]); here they are for the first time rdtio a denominator identity.

4.2 Covariant modules forgl(m|n)

The first step to find a determinantal formula for the superaginic functions labeled
by a partition)\ is showing that the covariant modules are tame. The covariadules
can be labeled by a partitioh € H,, ,, (See§ 3.7). This means that is inside the
(m,n)-hook, i.e. such that,,, 11 < n.

Let us first consideV,, in the distinguished basis fixed by (3.10), namely

IT={e1 —€a,e0 —€3,...,6pm — 01,01 — 02y ..y Op1 — O}
Then, the highest weight, of V) in the standard-é-basis is given by [70]
Ay =Xer+ 4+ A + V101 + -+ V00, (4.10)
Whereu;- = max{o,)\; —m} for1l < j <n. See Figure 4.2.
From the combinatorics of atypicality matrices [71], itltal's that theA ,-maximal
isotropic subset (s€g3.8) is given by:
Say = {Bintm+1—ill <i<m, 1 <A +m+1—i<n}.

That is to say, one finds the zeros in the atypicality matrifodews : on rowm in
column\,, + 1; on rowm — 1 in column\,,_; + 2; in general one has, see also
Figure 4.3 :
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— A\=1(11,9,4,3,2,;3,2,0,0,0,0,0,0)

Figure 4.2: The Young diagram of a partitioh and the corresponding highest weight.

18116|13]12|11]10
15113]10

Rlirkr|w]|©
NIOoiIN | o
(S BN IEN|
NiNIO|lo|©
ol wli Rl o] oo

Figure 4.3: Atypicality matrix A(A ) together with\

Proposition 4.1 The atypicality matrix has its zeros on ravand in columm\; +m —
i+ 1@ =m,m—1,...)as long as these column indices are not exceeding

If one can choose A + p)-maximal isotropic subsef, in A* such thatS, C
II ¢ A™ (Il is the set of simple roots with respect4o"), then theg-moduleV is
called TAME, and a character formula is known due to Kac and Wakimoto. [3%]

reads :
chV =jyte”R7! Z e(w)w(eAer H (1+ eiﬁ)%), (4.112)
weW pBeESA
where
rR=]] (1_(;&)/ I a+e™ (4.12)
acAY acAT

and;j, is a normalization coefficient to make sure that the coefiiciée® on the right
hand side of (4.11) is 1.
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Clearly, Sa, is in general not a subset of the set of simple rddt&incell con-
tains only one odd root,,, — 01). So formula (4.11) cannot be applied. The purpose is
to show that there exists a sequence of simple@ddflections such that for the new
AT, where the modulé’, has highest weighd’, there exists 4A’ + p’)-maximal
isotropic subsef . with Sy, C II' ¢ AT,

In § 3.8 we already introduced the notion of a simple odd reflective will repeat
these notions here. Given a set of positive radbtsof A, and a simple odd roet, the
new set of positive roots [34, 52/, the simple reflection of\, is given by

AT = (AT U{-a})\ {a}.

Since we use only simple reflections with respect to simple rtnnbts,Aar remains
invariant, butA;r will change and the new is given bypy’ = p + «.

Let V' be a finite-dimensional irreducibemodule and\ the highest weight o¥
in the distinguished basis. f£ is obtained fromA™ by a simplex-reflection, where
a is odd, and\’ denotes the highest weight Bf with respect taA*’, then [34]

N=A-aif(A,a)£0; A =Aif (A,a)=0.

If o is asimpleodd root fromA* then (p,a) = 1(a,a) = 0 [34, p. 421], and
therefore, following (3.29) and (3.30) :

N+ 9 A+pif (A+pa)#0,
N+p = A+tp+aif (A+p,a)=0. (4.13)

Definition 4.2 For A € H,, ., the(m, n)-index of\ is the number
k= min{i|\;, + m+1—1i < n}, (I1<k<m+1). (4.14)

In what follows, & will always denote this number; it will be a crucial entityr four
developments. In the atypicality matrik, corresponds to the smallest row number
in which there occurs a zero; see Figure 4.3. By Propositién4 — k + 1 is the
atypicality of V. If K = m + 1, thenS,, = 0 andV is typical and trivially tame.
Thus in the following, we shall assume that< m. To begin with,A™ corresponds
to the distinguished choice, amtlis the distinguished set of simple roots (3.10). The
highest weight ofi/ is given byA,. DenoteA) = A, p™) = p andII® = II.
Now we perform a sequence of simple add -reflections; each of these reflections
preserveA’ but may change () + p() andII(*). Denote the sequence of reflections
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by :
A Lo g Y e e ge o e
(4.15)
where, at each stage(? is an odd root fromiI(*). For given), consider the following
sequence of odd roots (with positions on rowrowm — 1, ..., rowk) :
rowm : ﬂm,h ﬂm,27 .o 75m,)\k7k+m
rowm—1: Bm-11,8m-125- s Bm—1 —k+tm—1
. (4.16)
rowk : Bre1s Bre,2s -+ 5 Broag

in this particular order (i.e. starting with,, ; and ending withgy, », ). Then we have :

Lemma 4.3 The sequence (4.16) is a proper sequence of simple odd iefleédrA »,
i.e.a(? is a simple odd root fronil(*). At the end of the sequence, one finds :

' ={e; —€2,62 —€3,...,€k—1 — 01,01 — 02,02 — I3,...,0xn,—1 — Oxs,
5)\k, — €L, € — 6z\k+17 5)\k+1 — €k4+1,€k+1 — 6)\k+2, P ;5)\k+m—k — €m, (4.17)
€m = Onptma1—k> O tmt1—k — ONgtm42—ks -+ 0n—1 — On}.
Furthermore,
m Ax—k+i
Nap =A+p+ > > Bij (4.18)

i=k+1j=X;+1

Proof. Let us consider, in the first stage, the reflections with relspethe roots in
rowm. Clearly,a") = ,, 1 = €,, — d; is an odd root fromil(") = TI. Performing the
reflection with respect t@,,, ; implies thatlT® containse,,, _; — 01,01 — €, €m — 02
as simple odd roots. Thag? containsa(?) = 3, ». A reflection with respect t@,,,
implies thatITI(®) containse,,,_1 — 1,02 — €m, €m — 05 @s simple odd roots. So this
process continues, and after — k& + m such reflections (i.e. at the end of ram), we
have

A —k+ 1
H( k met ) :{61 — €2, ..., €EMm—2 —€E€m—1,€m—1 _617
01 =02,y Ox—kbm—1 — Ox—ktm> Org—ktm — €Em, (4.19)
€m — 5)\k—k+m+17 5)\k+m+1—k - 5>\k+m+2—k’a ceey 671—1 - 5n}

Observe that this process can continue sikge- £ + m < n by definition of the
(m,n)-index k of A. So after the first stage (i.e. after the reflections with eesjo
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odd roots of rowm) there are three odd roots M+ —k+m+1) "and the set is ready
to continue the reflections with respect to the elementswfro— 1, sinces,,_1,1
belongs tdI*+—k+m+1) Since at each stage? is a simple odd root, (3.31) implies
AGHD 4 p+D) = A 4 500 (A(i) + p(i),a(i)) 40,
AGHD G+ = AG) 4 o0 1 o) (AD 4 @) o@D) =,

Examining this explicitly for the elements of row yields

Ag—k+m
AQe=ktm1) o sQukdmtl) — A\ 4y 4 Z Bm,j- (4.20)
J=Am+1

If &£ = m the lemma follows. I < m the process continues; suppose this is the case.
But now we are in a situation where the elements of row- 1 play completely the
same role as those of row in the first stage. This means that at the end of the second
stage, the new set of simple roots is given by
H(z) :{61 —€2,...,€m_3 — €En_2,Em_2 — 517
51 - 627 e 55)\]@—]6+m—2 - 5)\k—k+m—17 Jkk—k+m—1 — €m—1, (421)
€Em—1 — 5>\k—k:+m7 5>\k—k:+m — €m,yE€m — 6/\k—k+m+17

O ptmtl—k — Oxpdmt2—ks -+ 0n—1 — On},
and the newA(" + p() by

. ‘ A —k+m Ap—k+m—1
A® 4 p(l) =A\+p+ Z Bm,j + Z Bm—1,j (4.22)

J=Am+1 J=Am-1+1

(the last addition follows by inspecting the atypicality tnitg. Continuing with the
remaining stages (i.e. rows in (4.16)) leads to (4.17) arntB O

Corollary 4.4 The covariant modul&), is tame.

Proof. Having performed the simple odd reflections (4.16), one cempuite the atyp-
icality matrix for A’ 4+ p’ using (4.18). This gives :

(A +p,B;;) =0forall (i, j) with k <i <m, A\, +1<j < Ng+m+1—Fk. (4.23)
Therefore the set

Sar = {€k — Orpt1, €kt1 — Ong25 - -+ Em — Onpfmt1—k ) (4.24)
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isa(A’ + p’)-maximal isotropic subset. Furthermof®,, C I’, see (4.17). a

Let us illustrate some of these notions for the partitiaof Figure 4.3 in Figure 4.4
and in Figure 4.5.

[ ] [ ]

(@) (b)

Figure 4.4: Notions concerning simple odd reflections.

In Figure 4.4(a) the positions marked with “" refer to tli&’ + p’)-maximal
isotropic set (4.24). The first element, with row indexis simply the position of
the box just to the right of the Young diagrafi in row k. For the remaining positions
one continues in the direction of the diagonal until one heacrowm. For conve-
nience, let us refer to these positions as “the isotropigatial.” The positions of the
odd roots that have been used for the sequence of refleatigiosftomA , andII to A’
andIIl’ are marked by “x” in Figure 4.4(a). So, they are simply alliposs to the left
of the isotropic diagonal. Finally, Figure 4.4(b) shows pusitions of thosegs;; that
appear on the right hand side of (4.18); they are marked byThese are all positions
to the left of the isotropic diagonal that are not insiee.

This is illustrated in more details in Figure 4.5 for the sakme
In this figure, the boxes indexed by “X” refer to the simple addts inII’ at that
stage. The boxes marked with “0” refer to the positions ofzé®’s in the atypicality
matrix. The odd roop; ; above every arrow, is the simple odd root used for the simple
reflection at that stage. For the given partitigrthe corresponding set of simple roots
IT contains only one odd root, more specificatly,. Using3s; in the first step to
perform a simple odd reflection, provides us three simplerodts;3s 1, 5,2 andfy 1.

So we can uses » in the next step and the new set of simple roots contains tte od
roots4 2, 5,2 andps 3. Looking at the position of the zeros in the atypicality matr
in the first two steps in this sequence of odd reflections, wesea that for neithess ;
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0 X 0o X 0 KX 0
X[ 1O XIXIO [ X® )
Bs,4 ol |Ps.5 ol |Ps.6 00
— K[ oo — X[ Lo T X
BK R[] BB ]
Row4 F41 X oo | P42 [X oo | P43 [X 00| A+.4 [X [e][e]
XX 1O ] XXIO ] x@ ] @m ]
Rl | Rl | [ R[] | (Rl ]
Bas [X 000
R
ORX)
[
X X X X \
Row3 %o pX-0RO %2 LXK H%%%* 2 Xxﬁg%ﬁi“ BB
ORI | ORR[ | OlRR| | ORI |

Figure 4.5: The simple odd roots dfi’ and the positions of the zero’s in the atypicality matrix

or (s » the atypicality matrix contains a zero on the position cgpanding to these odd
roots. Following (4.13), the atypicality matrix will not ahge in the first two steps. To
accomplish the simple odd reflection with respecig, the atypicality matrix will
change as on positigi3, 3) the atypicality matrix contains a zero. According to (4,13)
elements in the fifth row of the atypicality matrix will incxse by one, the elements in
the third column will decrease by one. Given the atypicatitgtrix (see Figure 4.3),
we can see that a zero appears on positiod). In the next step, the atypicality matrix
will change again by increasing the last row and decreasiadaurth column by one.
This will make the zeros to move along the last row as showménnext rectangle.
After finishing the simple reflections with respect to the oddts in the last row, we
can continue the process in the fourth row,fas became a simple odd root in the
first step. In the same way, the process will continue witlpeesto the odd roots
in the remaining rows corresponding to (4.16). At the endhef $imple reflections
with respect to the fourth row, there will be nine zeros indpicality matrix placed
together in a square. We still need the reflections with resjeethe roots in the third
row, with row indexk, in order to obtain a set of three independent odd r@eis3s
andgs such that A’ + o/, 3;) = 0,fori =1, 2 or 3.

One can see from these examples that(then)-index % determines all other nec-
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essary ingredients.

We are now in a position to evaluate the character formuleL{4.

ch Vi = jile” R Z a(w)w(e/\/“’/ H (1+ 6_5)_1)7 (4.25)
weWw BESp
whereRR’ is given by (4.12) witmi+ replaced byA | (Ag remains unchanged). The
mn elements ofAi*’ are+(;;, where one must take the minus-sigrgjf appears in
the list (4.16) (i.e. if its position is marked by “x” in Figard.4(a) and the plus-sign
otherwise. However, all this information is not necessamehsince by definition gf

andR
e PRl =ePRL.

Putting, as usual in this context,
zi=e, yy=e%  (1<i<m,1<j<n), (4.26)

one has . .
_ _ _ m—n—1)/2 n—m-—1)/2
e PR1=D 1HIZ(m =1/ Hyj( m )/,

i=1 j=1

with D given in (4.5). Using (4.18) and (4.24), one finds

m n k—1
A +p' —By\—1 __ (1—=m+n)/2 (1+m—n)/2 Xi+m—i—n
S | IR | £ [1v [Larm
BES,/ i=1 j=1 i=1
Ag+m+1—k

m Ak N )
Agt+m+1—k—n H jtn—j—m H n—Ag—m—1+k
<[ Yj Y
i=k j=1 j=Ap+1

n m

< 1 yffj/ 1@ +yatirin)-

J=Ap+m+2—k i=k

In order to rewrite this in a more appropriate form, let usddtice some further no-
tation related to the partitioh € H,, ,,. Clearly, the(m, n)-indexk defined in (4.14)
plays again an essential role. Related to this, let us also pu

=X+ 1, r=n—m+k—1L (4.27)

The numberg, [, r are illustrated in Figure 4.6.
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[ ]

Figure 4.6: The numberg, [, r for a given partition\ in gl(m|n).

Now we have
ch Vi = j'D™? Z e(w)w(ty),
weWw
with

-1 n

k—1
) i )\+n m Yl .
tn=[Lad = [T H e e | Y
1=1

j=1 wH_yl“ k)g ltmt1—k
(4.28)

This form also allows us to dedugg’ = ja,. Indeed, consider iV = S, x S, the
subgroupH of elementsv = o, x0,, Whereo, is a permutation ofzy, zx11, ..., Zm)
ando, is the same permutation 6§, yi+1, - .., Yi+m—&). Each element off leaves
t, invariant. Furthermore;(w) = 1 for w € H. SinceH is isomorphic taS,, —x+1,

D e(w)w(ty) = (m —k+ 1)l .

weH
So, in order to have multiplicity one for the highest weight, one must take
ja=(m—k+ 1)L
We can now conclude this section by the following two altékeaformulas for the
computation oth Vy (i.e. of sx(z/y)) :
D*l
chVy = ——mM— Z e(w)w(ty) (4.29)

_ |
(m —k + 1>‘ WESm X Sn

= D! Z e(w)w(ty), (4.30)

WE(Sm XSn)/Sm—k+1

where the second sum is over the coset&cE S, k11 iN Sy X Sh.
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4.3 A determinantal formula for sy(x/y)

Let A\ € H,, »; the important quantities related foare given by thgm, n)-index

k (see (4.14)) and the related numbéendr (see (4.27)). Sinceh V) = sy(z/y),

(4.29) or (4.30), together with the expression (4.28)fotyield a (new) expression for

the supersymmetric S-function. In this section we shalritew4.29) in a nicer form;

in particular we shall show that it is equivalent to a deteramital form fors, (x/y).
The first step in this process is the following :

Lemma 4.5 Lett, be given by (4.28). Then

1 e
(CELES] weszm:xs,,, e(w)w(ty) = (~1)*DE=D get(C), (4.31)

whereC' is the following square matrix of order+ k — 1 :

0o v
cC=| x, R0 (4.32)

0o Y™

with
X)\ - (x;\frminij) 1<i<m, R(T) - ( T y; ) ) (433)
155 <h—1 i (i + ;) il
Ai+n—m—i . r—i
Y)fl) - (yﬂ7+ )1<z<l717’ Yy = (yj )151‘9: (4.34)
1<5<n 1<j<n

Proof. Applying Laplace’s theorem [63, Section 1.8] for the expan®f det(C') with
respect to columns, 2,.... k — 1, one finds

det(C) = (-7 3T R e
1<) <o<if_ <ntk—1
(4.35)
whereCf’.'_'_",f_’“;1 is a minor ofC of orderk — 1 (i.e. the determinant of the subma-
trix of C' obtained by keeping only row, ..., , and columnd, ...,k — 1), and

C*if_’_'i",;i_’jl is the complementary minor (i.e. the determinant of the satbmof C
obtained by deleting rows,, ..., , and columnsl, ..., k — 1). Because of the
zero blocks inC, the only row indices that yield a nonzero minor are thosen wit
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I <id <---<i_, <l+m—1 Soitisconvenientto put, = i, —1+1
(1 <k <k-—=1). Then,

k(k—1) i1t 1+ (k=1)(1=1) Ai1seeslh—1 A1,k —1
det(C) = (~1)" = § (=" LA )Cl,...,k—l (G
1<ip < <ig—1<m
(4.36)
where
I%\l-‘r('rn—l)—n L x{\k_1+(mfk+1)fn
71 1
U1y llo—1
Cpt " =det : : )
A1+(m—1)—n Ag—1+(m—k+1)—n
x€X. e €T.
Th—1 Tk—1
AN +(n—1)—m AN +(n—1)—m
y11 - ynl
)\;_1+(n7l+1)7m )\;_1+(nfl+1)fm
yl - DY yn v
o, (@i 1) xf, (@i, +yn)
ALyl —1
Cl,...,kfl = det 3
z7 (@i, Y1) z] (Zip, +yn)
r—1 —1
yl DRI y:‘l
1 1
yl DRI yn
0 0
yl e yn

The number of terms on the right hand side of (4.36)1,) (k — 1)!n! = m!n!/(m —
k+1)!, so this is the same as the number of distinct terms on thiedefi side of (4.31).
For (i1,...,ik—1) = (1,...,k — 1), and the diagonal term in the minor and in the
complementary minor, the contribution on the right hane %l (4.36) is now easily
seen to bg —1)kE-D+E=DU=Dz, — (_1)(k=DU=1¢,  But by definition of the
determinant, every term on the right hand side of (4.36)pstdLthe overall sign factor
(—1)E=D0=1) of the forme(w)w(ty) with w € S,,, x S,,. Conversely, every term
of the forme(w)w(t,) appears as a term on the right hand side of (4.36). It follows
that (4.31) holds. O

Lemma 4.6 With k&, [ andr defined as in (4.14) and (4.27), one has

(i) Ag—1 — A >7r >0,
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(i) N_j,=k—1for1<i<r.

Proof. By (4.27),r = n—m+k—1 =n—m+ k — A\ — 1, so by definition
of k it follows thatr > 0. Suppose thah,_; — A\ < r; this would imply that
Ai—1+m—(k—1)+1 < n, contradicting the definition df as the minimal index for
which A; +m —j+1 < n holds. So (i) holds. To prove (ii), observe that by definition
of the conjugate partition,

Ny=k—1forA\,+1<7 <X\
Using (i), \; =k —1for A, +1<j < Ap+rieforl <j<l+r-1 a

Lemma 4.7 LetC be defined as in Lemma 4.5. Then

m R X
. (n—m)+1(k—1) A
det(C) = (—1) det < Yo 0 > , (4.37)

where X, has been defined in (4.33), and

)\;—Q—n—m—i
) Y)\ = (yj

( 1 ) )
Tit i/ 1<i<m, 1<j<n 1<i<n—m+k—1, 1<j<n

Proof. If » = 0 the result is easy; so suppose that 0. ConsiderC, and letR; denote
its row . Forl <14 < m, multiply R;_;, by 27 yielding the matrixC’ with rows R..
Clearly,det(C) =[]/, z; " det(C"), and the element on positigh— 1+, k— 1+ )
(lgigm;lgjgn)inC”isxfj-:yj
onC’ (foralliwith1 < i <m):

. Now consider the following row operations

r—1

/ / S,.S /
Ri_ i — R4 — E (—1)%z; Ry s
s=0

This means the matrix eIemeg% at position(l — 1 + 4,k — 1 4 j) becomes

y; _ TZ(_l)Sxajyrfsfl _ y; _ 1/}" + (*1)7‘ 1:17;7 _ (_1)7.,1:;
T + Y 5—0 idj T + Y i + Y i+

Dividing these rows by(—1)"z] (and then the firsk — 1 columns by(—1)") finally
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leads to
0o v
det(C) = (—=1)™+ Vet [ x, R
0o Y
R X\
_ (_1)r(m+k—l)+m(l—1)+n(k—1) det Y/\(l) 0
Yy o

Using lemma 4.6 (ii), it follows that —i = \;_, ,; +n — (I — 1 +i) — m, thus

(1)
Y,
< % > . (4.38)
Simplifying the sign leads to (4.37). a

Combining lemmas 4.5 and 4.7 leads to the main result :

Theorem 4.8 Let\ € H,,, , andk be the(m, n)-index ofA. Then

S)\(:L‘/y) = (_1)mn—m+k—1D_1

1 Ajtm—n—j
Tity; )1<i<m T 1<i<m (4.39)
155<n 1<5<k—1 '
x det N . .
itn—m—1 0
( j 1<i<n—m+k—1
1<j<n

In section 4.1 we have already pointed out that for= 0 andm < n, (4.39)
gives rise to the determinantal identity (4.9) combiningi€g/’s double alternant with
Vandermonde’s determinant. It is easy to verify that fo= 0 andm > n we have
thatk = n — m + 1, and then (4.39) gives rise to an identity equivalent to)(4.9

Finally, let us consider the case with= m + 1 (corresponding to a typical repre-
sentationV, in terms of the previous section). Then the blodks andY, are square
matrices, and one finds :

)\;Jrnfmfi

_ Ajbm—n—j
sa(@/y) = D7hdet(@ " ) 1< jam det(y] )1<i,j<n

= se(@)sy ) [T (@i +vj) = s-(2)syy () E(z, —y), (4.40)
i=1j=1

wherer andrn are the parts ok defined in (4.1). This is in agreement with (2.8).
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4.4 Four characterizing properties

As mentioned irf; 2.1.2, supersymmetric S-polynomials satisfy four prapenivhich
also characterize these polynomials. Here we shall showthiegpolynomials defined
by means of the right hand side of (4.39) do indeed satisfyettfieur properties. This
gives an independent proof of the determinantal expreg4i89).

So letz™ = (x1,...,2m), ¥™ = (y1,.. -, Yn)s A € Hum.n, denote byk the
(m,n)-index of A, and define :

m n mn—m - - R X
sa(@™ ™) = sa(w/y) = (=) le}ndet<YA OA>, (4.42)

1
n= (e g
X; +y] 1<i<m

1<5<n

o Aj+m—n—j
Xo= ()

where

Y o )\;—&-n—m—i
1<i<m A= (yj )1§i§n7m+k71’
1<5<k—1 1<j<n
andD,, ,, is an obvious notation for (4.5). K & H,,, ., thensy (z(™ /y(™) is defined
to be zero.
Before showing that (4.41) satisfies the four charactenstperties, we need some

preliminary results. First of all, it will sometimes be c@mient to use an alternative
formula to (4.41) :

Lemma 4.9 Let\ € H,, p, k the(m,n)-index of\, I = A\, +1,r=n—m+k—1,

and i,
R = Yj
i (z; +y;) ) 1<i<m

1<j<n

then

sx (2™ fy™)) = (1) m=k+D(=D+n(k=1) p—1 det( Jiﬁr) X(')A > . (4.42)
A

m,n
Proof. The equivalence of the two determinants follows from (4.37) ad

Lemma 4.10 Let A\ € H,,,, andk the (m,n)-index of\. Then) € H,, ,, and the
(n,m)-index of\” is given byn — m + k.
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Proof. For any partition\ and any two positive integetsandv, we have that
A Sv = Ay Su—L (4.43)

Applying this toA € H,, ,, for (u,v) = (m + 1,n) implies that\’ € H,, ,,. Put
k" = n—m+k. Sincek is the(m, n)-index of A, one has by definition that, < &’'—
Applying (4.43) gives\), <k —1=m —n+ k' — 1, implying that the(n, m)-index
of \ is less than or equal . On the other hand, suppose that them)-index of \’
is strictly less thak’. Then\), _; < m—n+k —2 = k—2. Butthen (4.43) implies
Ai—1 < k' —2=n—m+ k — 2, contradicting the fact that is (m, n)-index of \.O

Corollary 4.11

sx (™ /2™ = s (2™ /y™). (4.44)
Proof. Using (4.41), Lemma 4.10, and the fact that transposing aixrietves the
determinant invariant, the result follows. O

Now we are in a position to prove the validity of the four clweaistic properties.

Proposition 4.12 (Homogeneity)s, (z(™ /y(™)) is a homogeneous polynomial of de-
gree|A|.

Proof. The factorD;}n on the right hand side of (4.41) stands for the multiplicatio
by all (z; +y;) and for the division by al{z; — ;) and(y; — y;) (¢ < j). Clearly, the
determinant on the right hand side of (4.41) is divisible by @& — z;) and(y; — y;)

(i < j). Hencesy (z(™) /y(™) is a polynomial, and by definition of the determinant it
is also homogeneous. From this determinant, one finds

k—1

degsx(z™ /y™) = mn—m(m 71)/27nn—1/2+(z j+m—n—j)
j=1
n—m+k—1
+ Y ()\;—&—n—m—i)—(m—k—&-l))zp\\,
i=1
since Sy A + SN = A+ (n—m+ k- 1)(k — 1). O

Proposition 4.13 (Factorization) If the partition A satisfies\,,, > n > \,,,+1, SO that
A can be written in the form\ = ((n™) + 7) Un, with T (resp.n) a partition of length
< m (resp.< n), then

sx (@™ /y™) = 5. ()5, () TT T[] s + w)-

i=1j=1
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Proof. If n > A\, 11, thenk = m + 1, and then the right hand side of (4.41) reduces to
the right hand side of (4.40). a

Proposition 4.14 (Cancellation) Letm,n > 1. The result of substituting,, = ¢t and
Yn = —tin sx(z(™ /y(™) is the polynomiaky (z("~1) /y(»=1),

Proof. If k, the (m,n)-index of A, is equal tom + 1, then it follows from Proposi-
tion 4.13 that the result of this substitution is 0; but algx (™1 /y(*~1)) = 0 since
then\ & Hpp—1.n-1.
So letA be such thak < m. Then\ € H,,,_1 ,—1 and the{m —1,n—1)-index of \ is
alsok. Consider the right hand side of (4.41); divifi,,, by (z,, + v,,) and multiply
row m of the matrix by(z,,, + v, ). Now make the substitution,,, = ¢ andy, = —t;
one obtainsD;{Lnfl. In the determinant, all entries of rom are zero except the
entry in columnn, which is 1. So, apart from introducing an extra facterl)™+",
we can delete rown and columm:. But the remaining determinant is exactly the one
in the expression of, (™1 /y(»=1) and because of the factor1)"+" also the
sign works out correctly. ]
The only property that is more tedious to prove is the last.one

Proposition 4.15 (Restriction) Letm > 1 (respectivelyn > 1). The result of setting
T = 0 (resp.y, = 0)in sy(z(™ /y(™)) is the polynomialsy (z(™~1 /y(™)) (resp.
sa(z(m™) [y(n=1)).

Proof. By (4.44), it is sufficient to prove only the cagg = 0. For D,,, ,,, we have

m
_ i=1 Li _
Drtoly=0 = anlle}n,l. (4.45)

Hj=1 Yj

There are now two cases to consider : the n — 1)-index of A is k, or the(m,n —1)-
index of \ is k + 1 (no other values are possible).

First case.We shall use expression (4.42). Suppose thatithe, — 1)-index of X is
alsok. This means thak, +m + 1 — k < n, orr > 0. By (4.38), this also means
that the last row of the matrix in (4.42) consistsobénes followed byt — 1 zeros. But
substitutingy,, = 0 in the matrix of (4.42), means that in columnrall entries except
the last one (which is 1) become zero. Now expand the detarinith respect to
columnn. The result is a new determinant of order— 1) + k& — 1. But when going
from (z(™ y(™) to (2™ y(»~1), k remains the same; reduces tan — 1 andr
reduces to- — 1. So if we multiply row: (1 < ¢ < m) of this new determinant by
x;, and divide columry (1 < j < n — 1) of this new determinant by;, the resulting
determinant is exactly that of, (z(*) /y(»=1) in the form (4.42). Furthermore, the
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factors appearing in (4.45) have been taken care of, and amearify that also the
sign is correct. So in this case the lemma holds.

Second caseSuppose that then,n — 1)-index of A is k& + 1. This means thak, +
m+1—k = n,orr = 0. Consider the matrix in (4.41). It is easy to see that all
powers ofy; are strictly positive (on the last row of the matrix, the powe y; is
Mmiko1 — k+1=X —k+12>1). So substituting, = 0 in (4.41) yields a
matrix of which columrm. consists of(%, R J%, 0,...,0). Let us push this column
to the end, so that it becomes column- k£ — 1. @p to a sign, the determinant remains
the same. Next, we use the factors in (4.45) to multiply indé&rminant row by z;

(1 <4 < 'm)and divide columry by y; (1 < j < n —1). The resulting matrix is of
the following type :

gl . Ty phtmen x>\k—1+m—7‘b—k 1
y1(z1+y1) Yn—1(T1+Yn—1) 1 1
T L Ty x)\1+m_n . x)\k,lerfnfk 1
y1(Tm+y1) Yn—1(Tm~+Yn—1) m m
A +n—m—2 A +n—m—2
1 e o 0 e 0
N —k N —k
n—m+k—1 n—m+k—1
Yy N Yo 0 e 0

(4.46)
Now we can do the following : for every columjn(l < j < n — 1), subtract from this
columnl/y, times the last column of the matrix, i.e.

1
Cj — Cj — 7Cn+k71.
Yj

This implies that the matrix element on positi@gn;), wherel <i <mandl < j <

n — 1, becomes
€T 1 -1

yiri+y) oy wmitys
After dealing with sign changes in rows and columns, we getpla sign :

1 Aj+m—n+1—j
Tity; ) 1<i<m Ly 1<i<m
-1 det 1<j<n-1 1<j<k
mn—1 A 4n+1l—m—i 0 ’
J 1<i<n—m+k—1

1<j<n-—1

(4.47)
where we have used again that+ m —n — 1 — k = 0 to see that the powers af
agree in the last column. But (4.47) is simply the same asiginwe hand side of (4.41)
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with n replaced by — 1 andk by k + 1, so it is (up to a signy, (z(™ /y(»=1). To
verify that also the sign agrees is left as an exercise. |
Finally, we have

Theorem 4.16 The polynomials (z(™) /y(™)), defined by (4.41), are the supersym-
metric Schur polynomials.

Proof. This follows immediately from Propositions 4.12-4.15, dhe result that these
four properties characterize the supersymmetric Schynpahials [56, 46]. O

4.5 A proof of coincidence with the Sergeev-Pragacz
formula

In this final section, we provide a direct proof [75], basedtloea Berele-Regev for-
mula (2.8) and Laplace’s theorem [63, Section 1.8], thatdrierminantal formula
coincides with the Sergeev-Pragacz formula.

Let us writex = 2’ 4+ 2" for a decomposition of = (z1,z2,...,2,,) into two
disjoint subsets of fixed size, s&y| = p and|z”'| = ¢ with p + ¢ = m. Recall the
definition of E(2/, 2) in (4.4).

Lemma4.17 Form = p+gq, letp = (p1,..., pp), v = (11, ..., 1) be two partitions
and\ = (p1, ..., fp, V1, ..., V). Then

Sy (@) 30 (")
E(.%", x//)

= sx(z) (4.48)

o'+

where the sum is over all possible decompositiors ' + " with the size ot equal
to p and the size of” equal tog.

Proof. We can rewrite the |hs of expression (4.48) using the deteamal formula
p(p+1)

for S-functions and the equalith(z) = (1) = T+ D(a')D (2" E (2, 2")
with the elements of’ denoted byz,. , ..., z, andthose of” by z,, ..., z, :

Sq *

p(p+1)

Sut(qr) (@)sy (") (1) 73 3 Py o | fid gD ||ty —i
= —1)m p|pHi TATP—] iTATI |,

E(x’,x”) D(l’) ( ) |$7i H$5i ‘

x4z z/+x!

(4.49)
The numerator of this sum is the Laplace expansion of theviatlg determinant with
respect to columns, 2,....p:

! phH(@)+op  pr+d, |: |$>\+5m

(4.50)
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with A = (g1, ..., pip, V1, - . ., vg) @ndd; given in (1.9). The result follows. a

Remark 4.18 The previous lemma and its proof can easily be extended fartztrary

p-tuple . overZ and an arbitrary-tuple v overZ. In this cases, (z) (« an arbitrary
m-tuple) is defined according to formula (1.14). We can extiaislgeneralization to
the supersymmetric case whetgz/y) is defined as

salx/y) = det(hm_iH (x/y)) (o at-tuple withay; € Z).  (4.51)
1<, <0(e)

Note that for a-tuple overZ, o + d; must consist of nonnegative distinct integers for

s, to be nonzero.

Lemma 4.19 Supposey| = n,y" = (y1,- .., yn—1) andn an arbitrary ¢t-tuple, then

so(x/y) =Y sc(a/y)(yn)?, (4.52)
¢

where the sum is taken over afl ¢-tuples¢ such thatn—¢); € {0,1} andd = |n—(]|.

Proof. First suppose thai is a partition. If we sum only over afl such that(n — ¢)
is a vertical strip, the summation follows from the expressdf s, (x/y) by means
of supertableaux [10]. All the other terms vanish as theist&xan index such that
Gir1 =G + 1.

Suppose now thay is not a partition. Considey + §;. If n + §; has a negative
component, ther, (z/y) = 0; but then also eack(x/y’) is zero since every + &,
has a negative component.7if+ J; has two equal parts, then (z/y) = 0; then the
right hand side of (4.52) consists of zero terms and termsetimg each other two by
two. Finally, ifn+4, consists of distinct nonnegative parts, thgte/y) = £sx(z/y),
with A a partition andr(n+ ;) = A+ 4, for some permutatios. Now apply (4.52) to
sx(z/y); applyingo—! to eacht-tuple in both sides of this equation yields the result.

Lemma4.20Letm = p+q, p = (u1,..., 1) an arbitrary p-tuple andv =
(v1,1v2,...) an arbitrary t-tuple. Denote\ = (1, ..., iy, v1,v2,...). Then,

S)\(CC/ _ y> _ Z S#+(qp)(xE/,(;,’y;f,V)(m /_ y) (453)

x4z

where the sum is over all possible decompositiors =’ + =’ with the size of’ equal
to p and the size of” equal tog.
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Proof. One can use, e.g., induction eni.e. the number of variables= (y1, ..., yn).
If n = 0 then we are reduced to the symmetric case and the resultvilimm
Lemma 4.17 and Remark 4.18. Otherwise, one separates tiableay,,. We can
apply Lemma 4.19 twice on the right hand side of (4.53); wjth— «); € {0,1},
a=|p—aland(v - B); € {0,1},b=|v - 3

Sut(qn) (@) —y)su(@”/ —y)

vt E(a!, ")
- w;Ex 2 <Z Sat(a) @'/ =Y) >(zﬁ:55 (@) —y') yn)b)
_ zﬂ;;(m;” Sa+t(qr)(T 27(;/;, i”)( "/ -y ))(—yn)a+b

Using induction, this expression reduces) s (z'/ — y')(—y»)° with ¢ = a + b,

v = (o,...,qp 01,02,...) and (A — v); € {0,1}. Now it is easy to see that this

expression is equal to\(z/ — y) applying (4.52). ]
We can now give a direct proof of the determinantal formula.

Theorem 4.21 Let A € H,, ,, andk be the(m,n)-index ofA. Then

E(z,y) )
D(x)D(y) t< Yy 0 >ix(/ Y), (4.54)

where the (rectangular) blocks of the determinant are givgn

1 _( 1 )
r—y Ti —Yj 1§i§m71§j§”7

— Ajtm—n—j o Ai+n—m—i
X\ = (mz ) 1<i<m, ° Yy= (yj 1<i<n—m+k—1,"
1<j<k—1 1<j<n

Proof. Supposéz’| = k—1 =pand|y’| =n—m+ k — 1 = ¢q. We will indicate
the indices of the elements af by i, (¢t = 1,...,p) and those ofy’ by j; (t =
1,...,q). The determinant in (4.54) has a double Laplace expansiith,partitions
a=(A1,...,Ap) = (¢P) andB = (\1,..., A;) — (p?) determined byX, andY), so
the left hand side of (4.54) equals :

S S Y (DD el sl et )

z=z'+zx" y=y'+y"’
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(with p = PP D q(q2+1) +§p:’it+§q:jt)

2
bz, ! / / 1 1 "o
- Do T X DD e 55D D B
= Sa(x)ss(y Ez,y)E(',y")
- 'tz y -y’ a< ) B(y ) E(.’E/, N)E(yla y”)

y
Sa(m’)E(wCy”)) sp(y') (=)™ E(y, )
E(y,y") '

Now we can apply the Berele-Regev formula (2.8) twice. Rgiti= o« + ((m — k +
P)andy = 3+ (m?) = (X},..., A}) + ((m — k 4 1)9), there comes

# = y")\ s (') — )

<Y (X ) Hr
B (') =y")\ sy (=y'/x)
= 2 ( > e )E<ycy~>'

y +y// x4z

Finally, we use Lemma 4.20, and duality (2.11); the last egpion becomes :

Salx s x ! — 4(_1)lel sar(=y" /)5y (—y'/2)
iJ% alz/ =y )sx(=y'[2) g By~ Y y; o) ,

As o' = (N 115 Agpas---) andx = (A}, ..., A)) + ((m — k + 1)7), this is equal to
+sy(—y/x) = £sa(x/ — y), using once more Lemma 4.20 and duality. O

Thus, the proof uses essentially a double Laplace expansiare the application
of the Berele-Regev formula, and twice Lemma 4.20. Finalbgerve that the sign in
Theorem 4.21 depends on the partitiorio be precise it is equal to

(_

To end this chapter, we will summarise the main results. We gadeterminantal
formula for the supersymmetric Schur polynomials indexgd lpartition\:

sx(@/y) = £D™" det A(ﬂn) () :
()

1)22:177;«#1@—1 )\;_,’_771(7721—1) +n,(712—1) _ k(k2—1) _1.

f 0
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The equivalence between the determinant and the superdyimi®ehur functions is
proved in three different ways. The first proof is a represton theoretic proof (Sec-
tion 4.3), followed by a proof by means of the four characiag properties given by
Macdonald (Section 4.4). A more straightforward proofnhgsa double Laplace ex-
pansion and a special case of the formula of Sergeev-Pragagizen in Section 4.5.






Chapter 5

Determinantal formula for

composite supersymmetric
Schur functions

It was already known that the characters of covariant antraeeriant repre-
sentations correspond to supersymmetric Schur functionthis chapter we
intend to show that there is still another family of atypiogpresentations for
which the character is given by a composite S-function. Bagmn the def-
inition of critical representations, the notion of “criticcomposite partition”
is introduced. It is shown that for critical composite piotis (subject to a
technical restriction) the correspondigifm|n) representatiofr, is tame, so
its character formula can be computed. This expressiorsgige to a deter-
minantal formula forch(V}). Analogous to the previous chapter, the main
goal of this formula is to link this determinantal formuladomposite super-
symmetric S-functions. This last equality however is conjeed. We give the
outlines of a proof and point out the difficulties we encouatle Essentially,
the proof of the conjecture reduces to an identity for cortp@sipersymmet-
ric Schur functions.

5.1 Introduction

This chapter is presenting some new results for irreductgpeesentations of the Lie
superalgebral(m|n). For a subclass of these irreducible representations, krasv
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“typical” representations, Kac derived a character foancibsely analogous to the
Weyl character formula for irreducible representationssiofiple Lie algebras [32].
The problem of obtaining a character formula for the renmgjriatypical” irreducible
representations has been the subject of intensive inedistig both in the mathemat-
ics and physics literature. In the early days of Lie supetfalg representation theory,
the notion of graded tensors was introduced [22], and it vedie\ed [4, 5] that the
standard methods of covariant, contravariant and mixesloterepresentations with
the corresponding Young techniques yield the charactegs(of|n) irreducible rep-
resentations in terms of supersymmetric S-functions. cAlgh this is certainly true
for the covariant and contravariant tensor representa{i®p, 10], it is not so for the
mixed tensor representations, as already observed in [38, Bhe problem is well
described and analysed in [70], where furthermore a cherdatmula for atypical
gl(mn) irreducible representations is conjectured. Since themespartial solutions
to this problem were given, e.g. for so-called generic regméations [53], for singly
atypical representations [12, 71, 68], or for tame repriegiems [34]. More recently,
the character problem fgif(m|n) was solved in principle by Serganova [60], who gave
an algorithm to compute composition factor multiplicitielsso-called Kac-modules,
and thus indirectly the character. In [73], a substantisilgpler method was conjec-
tured to compute these composition factor multiplicitiftgs conjecture was proved
by Brundan [13]. Still, the method using composition faataultiplicities of Kac-
modules remains a rather indirect way of computing charsctRecently, there was
a further breakthrough for this problem. Building on the kvof Brundan, Yucai Su
and Zhang [66] managed to compute the generalized Kazhdsanty polynomials of
gl(mn) irreducible representations, leading to a relatively iitptharacter formula
for all these irreducible representations, and thus pmotirat the character formula
conjectured in [70] holds.

From a computational and practical point of view, it is uséfuidentify characters
with supersymmetric S-functions, since it is easy to worthv@-functions, for which
many properties are known (see Chapter 2). As just mentjotmésl identification
holds for covariant and contravariant irreducible repnésions [22, 10], where the
corresponding S-function is labeled by a single partitigiout fails for mixed tensor
irreducible representations, where the correspondingn8tibon is labeled by a com-
posite partition; iu. In the present chapter, we intend to show that there isastither
family of atypical representations for which the charadésegiven by a (composite)
S-function, namely the so-called critiogl{m|n) representations.
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5.2 Normally, critically and quasicritically related roots

Let A € h* be a highest weight and; ;. the corresponding composite partition as
defined in§ 3.6; we will denote this correspondence by= A, ,. With the notation
of [26], we distinguish betweenormally, critically and quasicriticallyrelated roots
of the (A + p)-isotropic set. Consider the set of odd roéts, . ..,v,} with 4 =
Bi,.j. such that(Az., + p, 5. ;) = 0 wherej; < jo < --- < j,. Notice that

a =atyp(Az,,. + p). If we put all the numbersA ., +p, 5;. ;. ) in the atypicality matrix
A(Ap,,) (see§ 3.8), then it should be noticed that the, ..., v, are ordered from
the bottom left-hand corner to the top right-hand cornethéd matrix. Letz,, with

1 <p < g <abetheentryimd(Ay,,) at the intersection of the column containing the
~p Zero with the row containing the, zero and,, the entry at the intersection of the
row containing they, zero and the column containing the zero. As shown in [26],
Tpqg = —qp and therefored(A,,) has the following form:

T1a N T2q e N 0
A(Aﬁ?ﬂ«) = ... I13 T23 0 —T3q (51)
T12 e 0 ... —XI23 ven —T2q
0 —T12 ... —XI13 PN —T1q

Let h,, be the hook length between the zeros corresponding timd~,, i.e. the
number of steps needed to go from thezero ofA(Az,,) via z,, to they, zero, where
the zeros themselves are included in the count.

In Figure 5.1 the atypicality matrix is given for, u = (4,6,6,6);(3,3,2,2) in
gl(5|7). The weightA is threefold atypical withy; = £51,72 = (32 andvys = (4.
The hook lengths ark,s = 4, h13 = 8 andhsyg = 5.
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713{2{0/1:2!{3
621 1/2:3,1
410:i1{3!4!5!%6
3/!1:!2/4:{5!67
0/{4{5/7{8/910

Figure 5.1: o; u = (4,6, 6,6); (3, 3, 2, 2) and the atypicality matrix ok, in gl(5|7).

Definition 5.1 LetA be a highest weight @ff(m|n) with atyg A+ p) = a and atypical
roots {y1,...,7%}. Then for everyl < p < ¢ < a! 7, and~, are NORMALLY
RELATED if and only ifz,, + 1 > hy,; 7, and~y, are QUASICRITICALLY RELATED
if and only ifx,q + 1 = hpg; v, and~y, are CRITICALLY RELATED if and only if
Tpg + 1 < hypg.

InFigure 5.1x12+1 =5, 213+1 = 8 andxs3 + 1 = 4. Thus,y; andy, are normally
related;y; andvs are quasicritically related ang and~s are critically related.

If each pair(vy;,vi+1) (¢ = 1,2,...,a — 1) is critically related, then all elements
of {y1,...,7.} are critically related. Then the composite partitiorn:, the highest
weight A, and the representatiorly,, = V;,, are calledcritical. This coincides
with the notion oftotally connectedas described in [73, 66]. There is a simple combi-
natorial way to check criticality:

Proposition 5.2 Suppose; . is standard ingl(m|n) with atyg(Az., + p) = a. Let
vs = Bi,.j. sothat(Ag,, +p,7) =0(s =1,...,a)and

M = {,[Lil+m7i1,,u1;1_1+m72.1+1,...,,U,7;a+m7ia}7
N = {V,+n—jiv +n—ji+1,..V +n—jau}.
Then the composite partitian 1 is critical for gl(m|n) if and only if
MUN:{/’LM+m7ila/u‘i1+m7i1+17"'7ﬂi1+m7ia+ja7jlfa+1}7
:{/Lil+m_i1a,ui1+m_i1+1a"-7/1‘i1+m_i1+h1a_a}7

i.e. if and only ifAM U A is a set of consecutive integers.
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Proof. SupposeM UN # {pu;, +m —iy, iy, +m—i1 +1, ..., g, +m —ig + jo —
J1 —a+ 1}. This means that at least one integer is missing betwees m — ¢, and
Wi, +m —i,. S0, there exists asuch that

Tp,(p+1) > bp = lpr1 T Jp+1 = Jp = L = Dy (pr1) =2 S Zp py1) +1 2 Dy (p1),

a contradiction. Conversely, suppas¢ U N is a set of consecutive numbers. Define,
with p < ¢, the setsM (9 and /(P9 as:

M(pq) = {Mip+m_ip7,uipfl+m_ip+17"'7/’biq+m_.iq}7
NP — V) +n—jpv 1 +n—jp+1... v +n—jg}
The setMPD UNCD = {; +m —ip, g, +m—ip+ 1, ., i, +m—ig+jg —
Jp — g+ p}is also a set of consecutive numbers. This implies that

Pig + M =g = i, + M — g+ Jqg = Jp = 4+ P Wiy = Hi, =Jg—Jp =4 +P
for everyp < q. So, withhp,y = jq — jp —iqg +ip + 1,

Tpg +1 = i, +m—iqg—(Vj +n—jp) +1
= Mg +m —iq— (i, +m—ip) +1

= Npg+D0—q < hyg,

meaning thaty, and~, are critically related for every, g (p < q). ]

This property is illustrated fogl(5|7) in Figure 5.2 of a critical composite parti-
tion. Note how the Young diagrams, together with thex n)-rectangle, determine the
numbers attached to these diagrams; how the differencéesé humbers determine
the entries in th¢m x n)-rectangle and hence also the zeros; and how criticality can
be read off from these numbers.

Itis easy to verify that covariant or contravariant repreagons are always critical.
The class of critical representations is however much tafgeunderstand this, let us
concentrate again on the above example. In particularjdens = (3, 3,2, 2) fixed
in gl(5|7), and let us determine all possible# 0 such thatv; . is critical. Using
Proposition 5.2, one finds, listed according to the length of

e if (') =1, all 7; u are critical;
e if £(v') =2, all 7; u are critical as long ag), & {1,2};

e if £(v') = 3, all 7; u are critical as long ag}, & {2, 3}.
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7 7 = (1,1,2,3);(3,3,2,2)
2 (v1:72,73) = (B5.1,04.4,516)
. M = {0,3,4,6,7)
, N — {0,1,2,3,5,7}
MUN = {0,1,2,3,4,5,6,7}
i7 T12 = 3, hiz =5
6 xr13 = 77 h13 - 10

3 N To3 = 4, haz = 6

Figure 5.2: lllustration of Proposition 5.2

One can continue with this description féf') > 4, but it becomes slightly more
intricate (some of the representations are no longer niyléfypical, and thus also
not critical). In any case, this illustrates that for given n and i, one can describe
the corresponding critical representationg using Proposition 5.2, and that the class
of critical representations is indeed much larger thantjusicovariant representations
(those withv = 0) and the contravariant representations (those with0). In general,

it illustrates thatv; . is critical if the size ofy andv is sufficiently small compared to
m andn.

In §1.1.3 we introduced composite partitions together with \tlseialization by
means of juxtaposition. Let andn be fixed. There is also another way to visualize
v; p by putting them together in@n x n)-rectangle. The partitiop is now composed
of boxes arranged in left-adjusted rows of lengths., . .. starting at the top left-
hand corner of this rectangle, and the partitionf boxes arranged in right-adjusted
rows of lengths/ , s, . . . starting at the bottom right-hand corner of the rectangte. F
vy =(1,1,2,5,5,9); (5,4,4,1) and(m|n) = (5|7) this is illustrated in (5.2)(b). Ob-
serve that in this second visualization, there can be quvéddween the two diagrams.

(a) (0)

[TTT] (5.2)
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5.3 Some examples

In this section, we shall give some examples of compositétioass, their Young dia-
grams (both in thém x n)-cross and in thém x n)-rectangle), their atypicality matrix,
and some related composite partitions. To do so, we will ieebtions given i1§3.6
and the definition of:

o= c—» 04 (3.23)
i=1 j=1
orin coordinates = (1,1,...,1; —1,—1,...,—1).

Let us takegl(m|n) = gl(5|7), and consider as first example the composite parti-

tion

D;I"L: (§7§7Z)€77); (5757 5747 27 1? 1? 1) (53)
The Young diagram of; u — in its proper corner position in thgn x n)-cross — is
given in Figure 5.3(a). So in this casd, J, K, L) = (0,5,2,5), and hence we find

n

. 11
10

-1|-2]-4|-8|-9

@ (b)

Figure 5.3: Young diagram of a composite partition 1. in (a) the(m x n)-cross and (b) the
(m x n)-rectangle, together with its atypicality matrix. Heye,= (5,5,5,4,2,1,1,1) and
v=(7,6,4,3,3).

from (3.27) that the corresponding weight= Ay, is given by

A=(4,4,3,1,0; 3,0,—1,—1,-2,—5,—5). (5.4)
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The Young diagram of; 11 is also given in Figure 5.3(b), where it is represented in the
(m x n)-rectangle. Notice that in this case, there is overlap betvtbe two diagrams
(that of i given in black and that of given in gray). Furthermore, in the last figure
we also give the atypicality matrid(A), in the appropriate positions of thie: x n)-
rectangle. Notice that there are no zeros in this matrix\ sotypical.

We can now consider the closely related weight

A=A+o=(554,21;2 —1,-2 -2 -3, —6,—6). (5.5)

Using (3.27), it is easy to work out the composite partitionresponding to\. One
finds

vin=(2,2,2,3,5,6);(55,4,2,1,1,1), (5.6)
with (I, J, K, L) = (5,1,6,0). Now we can consider the Young diagrancofi, once
in its corner position in thém x n)-cross — given here in Figure 5.4(a); and once
represented in thém x n)-rectangle — given in Figure 5.4(b). Also the atypicality

n

.........

|||wmoo’5ﬁ

(@ (b)

Figure 5.4: Young diagram of a composite partitian . in (a) the (m x n)-cross and (b)
the (m x n)-rectangle, together with its atypicality matrix. Hege= (5,5,4,2,1,1,1) and
v=(6,5,3,22,72).

matrix is once again given, and obviouslyA) = A(A), since(o, 3;;) = 0 for all odd
rootsg3;;. Notice that in thém x n)-rectangle (Figure 5.4(b)), the Young diagramg of
andv have no overlap and just “touch” each other along their batied. All positive
entries in the atypicality matrix are inside the diagramupivhereas all negative entries
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of A(A) are insidé>. This is no coincidence. One can show that this is a geneanlrfe
of typical weights. More explicitly, let; ;. be a composite partition with corresponding
weightA = Ay, and supposd is typical. Then there is a unique integesuch that
A=A+ jo, for which the corresponding composite partitiorvigi, satisfies the
following properties:

e the Young diagrams gi andz have no overlap (no intersection) in the x n)-
rectangle;

e each box in thgm x n)-rectangle is either part of the Young diagramyobr
else of the Young diagram of,

e all positive entries in the atypicality matrix are inside tifloung diagram ofi,
and all negative entries are inside the Young diagram of

As a second example ii(5|7), let us take the composite partition

vip = (272333677);(43333a171)' (57)

The Young diagram of; 1. , properly situated in thém x n)-cross, is given in Fig-
ure 5.5(a). Note thatl, J, K, L) = (5,0,7,0), and we find from (3.27) that the corre-

n

7
5

m al2f1|o 256 m
1

1 0|-2|-3|-4|-6|-9 10

@) (b)

Figure 5.5: Young diagram of a composite partitian . in (a) the (m x n)-cross and (b)
the (m x n)-rectangle, together with its atypicality matrix. Hee~= (4,3,3,1,1) andv =
(7,6,3,2,2).

sponding weight\ = A, is given by
A=(4,3,3,1,1; —1,-2,-2,-2, -3, -5, —5). (5.8)
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The Young diagram of; 1 is also given in Figure 5.5(b), represented in thex n)-
rectangle. Notice the overlap between the two diagramsoAfhE previous example,
we also give the atypicality matriX¥(A), in the appropriate positions of tHen x
n)-rectangle in Figure 5.5(b). Notice that there are two zémd$is matrix, SoA is
atypical. By the entry “4” in the hook connecting the two ze(m the terminology of
Definition 5.1,215 = 4 andh5 = 6), it follows thatA is critical.

Let us consider the closely related weight

A=A—0=(3,2200 0,—1,—1,—1,-2,—4,—4). (5.9)
Using (3.27), the composite partition correspondin@ﬁs
Zﬂﬁ - (éﬁ §? §76)7 (3? 23 2)7 (5'10)

with again(I, J, K, L) = (5,0, 7,0). The Young diagram oF; 1, properly positioned
in the (m x n)-cross, is given in Figure 5.6(a); and in Figure 5.6(b) ite® again
given but now positioned in thén x n)-rectangle, together with the atypicality ma-
trix (again A(A) = A(T\)). Notice that in thgm x n)-rectangle (Figure 5.6(b)), the

n

.....

5

413
312 1

-1 -2 -3|-5|-8|-9

7
5

m 4{2|1 o 2|56 m
1
0

‘-2 ‘—3 ‘-4 ~6 |-9 10

() (b)

Figure 5.6: Young diagram of a composite partition 1. in () the(m x n)-cross and (b) the
(m x n)-rectangle, together with its atypicality matrix. Here= (3,2,2) andv = (6, 3,2, 2).

Young diagrams ofi andz have no overlap, and the zeros of the atypicality matrix are
positioned in the “gap” between the two diagrams. This isreegal property of critical
atypical weights. More explicitly, let; . be a composite partition with corresponding
weightA = Ay, and supposa is atypical and critical. Then there is a unique integer
j such thath = A + jo, for which the corresponding composite partitiar: satisfies
the following properties
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e the Young diagrams gf andv, positioned in thém x n)-rectangle, do not cover
the complete rectangle but leave a connected “gap”;

¢ all the zeros of the atypicality matrix appear in this cortadagap.

It is possible that the Young diagrams @fand 7 overlap in the(m x n)-rectangle,
but there will be no zeros in that area. In what follows, theposite partitiorv; . is
assumed to be critical with no zeros in the overlap.

5.4 A character formula for a special class of composite
partitions

We shall construct a formula fath(Az,,) wherer; i is standard, critical and such
thatw; © do not overlap if represented in(a: x n)-rectangle (see (5.2)(b)). In what
follows, we will only consider such composite partitions:. Let Az.,, be the highest
weight corresponding to; .. We can generalize the definition of the:, n)-index of
an ordinary partition\ (cf. [47]) to composite partitions; i in gl(m|n):

Definition 5.3 For 7; i a standard composite partition, ti{e:, n)-index ofv; u is the
number

k:min({ie {1,....om}|3j€{1,...,n}:

i {p s =) 4 (0 = 0) = 2} i =)+ (0= )} U (ot 1))
(5.11)

where(a) = max(0,a). In what follows, & will always denote this number. In the
special case whene= 0, this definition coincides with the one given in (4.14). ®inc
if v = 0 we have that

pi + (M jpa —m) + (m — 1)

wi+(m—1)—n+1

IN <= I < |

Wi +m—1i+1

When the representation is typidalwill be equal tom + 1; otherwisek corre-
sponds to the smallest row number in the atypicality matmixvhich there occurs a
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zero. Thus in the following we shall assume that m.

Recall thatA | corresponds to the distinguished choice, &inid the distinguished
set of simple roots (3.10). The highest weight®f, is given byA;.,,. With respect to
another set of simple roof¥’ (with the corresponding’), V5., has a different highest
weight A’. We shall follow the technique of simple odd reflections,atibed in§4.2.
DenoteA®) = A;.,, pV) = p andII®) = I1. Now we perform a sequence of simple
odda'?-reflections [47]; each of these reflections presexye but may changa () +
p® andII¥). Denote the sequence of reflections by:

Ct(l) a(2) Ol(f)

JX I GO R s (C Gy N NI GO (G R U G R 1
(5.12)

where, at each stage!”) is an odd root froniI(*). For given; 11, consider the follow-
ing sequence of odd roots (with positions on rewrowm — 1, ..., row k):

rowm : /Bm,lv ﬂm,Qa S 7ﬁm,min{n,,uk—k+m}

rowm —1: ﬁmfl,la ﬁmeQa oo 76m71,min n, i —k+m—1

. . i ! (5.13)

rowk : ﬂk,laﬁk,?w"w@k,uk

in this particular order (i.e. starting with,, ; and ending with3;, ., ). Then we have:

Lemma 5.4 Let; u be standard and critical igl(m|n) and suppose and . do not
overlap in the(m x n)-rectangle. Then the sequence (5.13) is a proper sequence of
simple odd reflections fak,.,,, i.e.«) is a simple odd root fronil(?). At the end of

the sequence, one finds:

!
' ={e1 —€2,...,€4—2 — €p—1,€p—1 — 01,01 — 02,02 — 03, ..., 0y, —1 — Opys
Oup — €ks €k — Ot 1 Opup+1 — €kl €h41 — Oppt25 - - -5 Opptm—k — Ems
€m — 6/Lk+m+1—k7 5;Lk+m+1—k - 5,[Lk+7’ﬂ,+2—k,) sy 6n—1 - 571}-
(5.14)
Furthermore,
k+a—1 pr—k+i m  max{0,n—Vm i1}

Nap =A+p+ > > B+ > > 8. (5.15)

i=k+1 j=pi+1 1=k+a J=pi+1
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Proof. This proof is similar to the proof of Lemma 4.3 (see also [4But observe
that in the first stage (i.e. the reflections with respect td ambts of rowm), u, —
k + m < nis not necessarily true. So the sequence of odd reflectidhsmd either
With 3., 1, —ktm OF With 3,, ,,. In the first caselI(#+—*+m+1) has three odd roots; in
the second cas&](" 1) contains only two odd roots. However, in both cases the set
is ready to continue the reflections with respect to the etesnef rowm — 1, since
Brm—1.1 belongs tolTl*x—k+m+1) a5 well as toll"*+1). Continuing with the other
stages of (5.13) leads to (5.14). Remark that this sequeinsienple odd reflections
can always be performed, independent of whetheris critical or not.

Criticality does, however, play an important role in (5.1&%hce the changes of the
atypicality matrix at each step of the sequence are goveéamed

AGHD 4 p+D = A6 500 (A(i) + p@, o) £ 0,
AGHD L) — A6 50 4 6@ (A 4 p0) o) = 0. (5.16)

Suppose that in the original situation the first zero is inlés¢ row, soy; = B 4, +1-
This assumption does not harm the generality\as + p will not change anyway until
the first zero is reached in the atypicality matrix, accogdio (5.16). Examining the
sequence of odd reflections explicitly for the elements of no yields

min{n—vq,pur—k+m}
A(min{n,pk—k—&-m}—&-l) +p(min{n,uk—k+m,}+1) — AD;M +p+ Z Bm,j-
J=pm+1

(5.17)
More generally, we have thaty, — k +i <n — vy ifk+1<i<k+a-—1,
andup — k41 >n— vy if K+ a < i < m. This explains the two different
contributions in (5.15). To see that criticality is necegsaonsider two consecutive
roots~, and~,,1. For simplicity, consider agaif; and~, with +; on rowm. If v,
and~, are critically related, then there appears a zero onrow 1 of the atypicality
matrix after finishing the first stage, and one can continu# there appears an extra
zero inthe row ofy,. If they are not critically related, then no extra zero caobtined
in this row. To follow the argument, this is illustrated iretfollowing examples, where
the atypicality matrix is given in the initial situation,taf finishing the first stage, and
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after finishing the second (and in this case final) stage:

Critically related roots:

4131 O 3121 0 3(1]0 0

211 -1 -2 10 -1 -2 3(1 0 O

0 -1|-3(-4 1 0|-1|-2 1 -1|-2|-2
— —

Non critically related roots:

514 2|0 413 210 412 1|0

2|11 -1({-3 110 -1|-3 3|1 0]|-1

0O -1|-3({-5 1 0|-1|-3 1 -1|-2|-3
— —

Thus, if 7; u is critical, there is at least one zero at rew— 1 after the first stage.
This zero corresponds t6,,—1 ,,, ,+1. At the second stage, the elements of row
m — 1 play the same role as the elements of ravin the first stage, and one continues
the process. Schematically, the zeros in the atypicalityrimenove up along those
positions corresponding to boxes that are not covered by/theg diagramsF'(u)
andF'(v). Continuing with the remaining stages leads to (5.15). O

Corollary 5.5 The critical representatioft;.,, is tame.

Proof. Having performed the simple odd reflections (5.13), one canpuite the atyp-
icality matrix for A’ 4+ p’ using (5.15). This gives:

(A +p',Bi;)=0forall (i,j)withk <i<k+a—1,u,+1<j<pu+a. (518)
Therefore the set
SA/ == {Ek - 6/Lk+1, €k+1 — 51%_,_2, ooy €hta—1 — 51%4_@} (519)

is a (A’ + p’)-maximal isotropic subset. Furthermorg,, C II', see (5.14). This
implies thatV,, is tame [47]. Ifz; 11 is not critical, (5.18) does not hold, as explained
in the proof of Lemma 5.4. O

Let us illustrate some of these notions fop. = (3, 3); (9,5, 3,3,2,2,1) in gl(5]7):
In (5.7)(a), the atypicality matrix associated withy is given. In (5.7(b)) the positions
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15;13;11;10; 7 ;6

2i-1{-2{-3 Kk
1i-2{-3{-4

o INIWIO
XX | X| X
XX X| X
XX | X| X
XXX |X
XX | X|Xx

(@ (b) ()
Figure 5.7: Some of the notion illustrated for; . = (3, 3); (9, 5, 3, 3,2,2, 1) in gl(5]7).

marked with “i” refer to the(A’ + p’)-maximal isotropic set (5.19). For convenience,
let us refer to these positions as “the isotropic diagonai& positions of the odd roots
that have been used for the sequence of reflections to goArgmandII to A’ and

IT" are marked by “x” in (5.7(b)). So, they are simply all pogitsoto the left of the
isotropic diagonal. Finally, (5.7(c)) shows the positi@fishoses;; that appear on the
right hand side of (5.15); they are marked by “*". These algasitions to the left of
the isotropic diagonal that are not insidér; ;). One can see from this example and
others that thém, n)-indexk determines all other necessary ingredients.

5.5 A determinantal formula for ch(V3,,)

Let 7; u be a standard and critical composite partition without laein the(m x n)-
rectangle. As thg-modulel;,, is tame, a character formula is known due to Kac and
Wakimoto [34] (see als§ 4.2). It reads, in terms of’:

ch Vo = jite P RN e (X [T +e)7), (520)
weWw 5651\/
where
rR=]] a —e’a)/ IT a+e (5.21)
QEAO'+ (XEAII’+

andj,. is a normalization coefficient to make sure that the coefitci ¢’ on the
right hand side of (5.20) is 1. By definition pfand R

e_p/R/_l — e PR - p1 H:L‘Z(_mfnfl)/2 H y](_nfmfl)/2
i=1 j=1
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with D given in (5.23). As usual in this context we put

€4

zi=e%,  yy=e¥  (1<i<m,1<j<n) (5.22)

Now we have
ch Vg, = j/:},l.“D_l Z e(w)w(tou),
Y weWw
with
ngiqgm(ﬂci - ;) H1§i<j§n(yi —~ ;)
D= m n
ILZ: I (i + )

(5.23)

and, using (5.15) and (5.19),

k—1 -1,  kta-—1 -
P fitm—i—n Witn—j—m Yik41
PR T; Y, 337(1“ T )

i=1 j=1 imk N T ikt

n

n
"1 I | IR CEY

1=k-+a j=l+a

wherel = up +1andr=n—m+k —1 ande/W = a! (due to symmetry there are
a! elements of5,,, x 5, that leavel;,, invariant).
This expression can be written in a nicer form:

Theorem 5.6 Letty,, be given by (5.24) and=n — m + k — i, — 1. Then

1 —a)(l— n(m—a—
oDty = (- D det(0), - (5.25)
T weS,, XSy

where(C' is the following square matrix of order + m — a:

0 Y. 0

T

c=| x, R® Xx, with R = (Tyf>

0 Y, 0 27 (i +Y5) ) 1<i<m, 1<j<n
(5.26)
and with

wit+m—n—j M—J—Vm—j
Xy = (xi] 1<i<m, X, = (xz o 1<i<m,
1<j<k-1 k+a<j<m

_ wi+n—m—i _ n—i—v,_;
Yo = (yj >1§¢§1_1,v Y, = (yj +1>l+a§i§n,'

1<j<n 1<j<n
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Proof. The proof is similar to that of Lemma 4.5 (see also [47, Lemnid) 3 Apply
Laplace’s theorem for the expansiondft(C') with respect to columng, 2, ... .k —
1,k+nk+n+1,...,n+m — a. Keeping track of the zero blocks, one finds

det(C) = (=1)" > (—1)it e Him—at(m=a)=1) qet(C,) det(C,),
1<iy < <im—a<m
(5.27)

whereP = WZ‘_“H) C, isthe(m — a) x (m — a)-matrix consisting of rows
01,42, .., im—q Of the matrix( X, X, ), andC, is then x n-matrix

Y,

20

Y,
where R(") is obtained by removing rows , is, . .., im_q in R"). The number of

terms on the rhs of (5.27) i§, ™ )(m — a)!n! = m!n!/al; due to symmetry con-
siderations this is the same as the number of distinct temtb® lhs of (5.25). For
(i1y o yim—a)=(1,...,k=1,k+n,...,n+m—a), and the diagonal term ittt C,,
anddet C,;, the contribution on the rhs of (5.27) is now easily seen to be

(_1)(m—a)(l—1)+n(m—a—k+1)tl7;u'
But by definition of the determinant, every term on the rh5a27) is (up to the overall
sign factor(—1)(m=2)(=1) of the forme (w)w(t;.,) with w € S,,, x S,,. Conversely,
every term of the fornz(w)w(tz,,,) appears as a term on the rhs of (5.27). It follows
that (5.25) holds. ]

With the same notation, one finds

Corollary 5.7 The character of a critical representation labeled by a stam com-
posite partitionz; i (without zeros in the overlap) has the following determiain
form:

ch V., = (—1)m=a)U=Dtntm=a=k+1) H=1 qet () (5.28)

with C defined in (5.26).
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As an example, let, = 4, n = 5 andv; u = (1,1,4); (3,1). One finds

6 4 3 2 -1 L o— 9
[ = 1=2
3|1 0 -1|-4 oo
1 -1 -2 3|-6 = r=n-m+k—-I1l=1
= n+m—a=7
0|-2|-3|-4]|-7
Thus, according to formula (5.26),
hVii 1y = D7 detC,
with
0 vt v3 v3 vi vs 0
T Y1 Y2 Y3 Ya Ys x*4
z1(z1i+ty1)  zi(@wity2)  wi(zitys)  zi(eitya)  @(@itys) 1
T Y1 Y2 Y3 Ya Ys x*4
2 Za(zaty1)  z2(z2ty2)  z2(z2tys)  z2(z2tya)  z2(z2+ys) 2
C = T Y1 Y2 Y3 Ya Ys gt
= 3 Z3(zstyi) zs(zztyz) x3(z3tys) c3(zztya) z3(z3+ys) 3
T Y1 Y2 Y3 Y4 Ys LL‘_4
4 Ti(zatyr)  za(waty2) wa(zatys) wa(zatya)  za(zatys) 4
0 y? Y9 Y3 Y4 yg 0
0 y? vz ° ys® vi® v° 0

5.6 The character formula andsg.,(x/y)

The determinantal formula is very explicit. The main goahi$ determinantal formula
however is that it allows us to make the link with another @ipformula that is even
more useful, namely:

Conjecture 5.8 Letv; u be a standard and critical composite partition with no over-
lap. The charactech V7, is equal tos;,, (x/y) as defined in (2.34).

The purpose of this section is to investigate whether thenigces ofy 4.5 can be
extended to the current case of critical composite panttio
Recall that
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Supposéz| = m and|y| = n. From the definition oD (x) and E(z, y) we derive, for
z=Llandy = i that:

DE) = (-)*FD (Hm’”“)
E(xy) = (=)™ (Hmi” ) (z,y), (5.30)

(5.29)

D(j)D(?) P - xnfmjtl . m—n+1 D(.’L‘)D(y)
By Y (U : ) 11+ By &Y
with P = m(m2 D) + n(n2— D) +mn

—Vm—it1t+m—i
| —y,l-+i—1|7 J

N D(x)

Proof. This formula is derived from the determinantal formula Q)).for S-functions
[46], applying properties of determinants:

|£L'V1+m z| ( 5 m v—v,-—m+i|
1) = s@) = Lyt
. mm=1) ’30 Vit 1| ‘x;%ni”ﬁmii
- D@ D@

a
If v is an arbitraryt-tuple overZ andp an arbitrarys-tuple overZ, we can still de-
fine sz, (x|y) through formula (2.34). Note that+ §; andu + §, must be nonnegative
distinct integers fos;., (x|y) to be nonzero. We need the following generalization of
Lemma 2.6.

Lemma 5.10 Supposey = y™ = (y1,...,y,). Letv be an arbitraryt-tuple overzZ
andp an arbitrary s-tuple overz, then

plx/y) = Zsﬁa :v/y(” 1) (5.32)
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wherea = |u — «af, b = |v — (], and the sum is taken over all and 5 such that

(l/ — ﬁ)l S {0, 1}.

Proof. (Compare with the proof of Lemma 4.19.) This follows from theevious
lemma and the determinant (2.34) for,(x/y). If there are two identical columns in
this determinant, thess.,(z/y) = 0. But then also in the right hand side of (5.32),
the terms will either vanish or else cancel each other twanay tf all columns in the
determinant are different, they can be permuted suchsthatz/y) = +s5.,(z/y)
where¢ andi are partitions. Applying Lemma 2.6 and performing the isegpermu-

tation for the S-functions in the right hand side yields teguit. O
Lemmab5.11Form = p+q, lety = (¢1,...,9p) ando = (o1,...,04) be two
partitions and\ = (o1 +9—¢,...,9p +9 — ¢, —04 + h,...,—01 + h). Suppose
g,h € Z, then
(IT=") (1 2")" s (z")sz(2")
3 B = sx(@), (5.33)
x4z ’

where the sum is over all possible decompositiors =’ + =" with the size of’ equal
to p and the size aof” equal tog.

Proof. We can rewrite the left hand side of (5.33) using the deteamtizl formula (1.10)
for S-functions and the equality

D(x) = (~1) 5 D(a!) Da) B(a 2", (5.34)
with the elements of’ denoted by, ,...,z,, (r1 < --- < r,) and those of” by
Tgpyeon, s, (51 <00 < 8g):

> (IT=")(IT2") s, (2")s7(z")
E(J/J, x//)
"):/+£C//
(IT")o(IT=")" (0, #577 j)?:{“” (xsfg‘“”ﬁq*j)?:{”q
_ . Jj=1..p| j=1l...q
B T/_;’_Z,t// E(x/7 'T”) D(l'/) D(Jf//)
! P | (4 (i+g—)+(+a—i)
- g S Ve,
x4z’ Jj=1l...p
X ({L‘ _(_O'mfj+l+h)+(m—j)) ‘
Sq i=1...q
j=p+1l..m
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with P = % +r1 + -+ +r,. The numerator of this sum is the Laplace expansion
of the following determinant with respect to columns. . | p:

Il(wj+gfq)+(mfj) Il(fcfr,,ﬁj+1+h)+(mf.7’) _ |x’\+5m
withA=(p1+9—¢,....,0p+9—q,—0q+h,...,—o1+h) andd,, = (m—1,m—
2,...,0), so the result follows. a

Observe that in this resuld, is not necessarily a partition, but it could be an arbi-
trary integerm-tuple. In such a case, (z) is still well defined byjz*+om| /|20 |.

Now we are almost in a position to prove Conjecture 5.8. Haresas we shall
see, there remains a complication. First we will give thdioes of a proof and the
problem occurring for a special case (Conjecture 5.12) tlaew finally for the general
case (Conjecture 5.13).

The special case consists of a subclass of all standard aicdlaromposite parti-
tions without overlap. This subclass is characterized by [ + a — 1; in other words,
we will consider standard composite partitions where that fiero in the atypicality
matrix (the zero in the row with indek) is in the last columnAn example is given in
Figure 5.8, witho; u = (2,6); (6,4,2,2,1) in gl(8]5). Inthis casék = 4,1 = 3,a = 3
andr = —2. Remark that we can also consider the conjugate case wheré+a—1,

Figure 5.8: ; u = (2,6); (6,4,2,2,1)
meaning that all the zeros are in the lagbws.

Conjecture 5.12 Suppose; . is a standard and critical composite partition with no
overlap ingl(m|n) withn =1l +a—10rm =k +a— 1. Then

ch(Vo,) = £spu(x/y). (5.35)
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We only have to prove the equality (5.35)if= 1+ a — 1; whenm = k + a — 1 the
equality follows from the case = [ + a — 1 and the fact that

Sﬁ;u(x/y) = Suiw (y/x). (5.36)

We shall give the outlines of a proof, and show that it finaligluces to an identity for
composite supersymmetric Schur functions.

Letp =k+a—1andq = m— k —a+ 1. Note that in this special cage= —q. First
substitutey; by —y; in the determinantal formula (Corollary 5.7) @i(V3.,,). Next,
take the Laplace expansion of this determinant with regpeilumnsl, 2, ..., n+k—

1. So, with the elements of denoted byz,, ..., z,, andthose of” by z,,,..., z,,,
we have the following expression for the character:
itn—m—i
e (0 @)
e . T ’ .
Mjtm—n—j Y Vi jp1tm—J
D(x)D(y) (151 ) (m) (xZ i1 )
0 (y,u;+nf’mfi>l< <n—
. E(-ry y) (_1)P ! ] T%;gna
- pwit+m—n—j Yy
D(:E) (y) /! (xT: ) 1<i<p (zr (zrjlfyj))1§¢§n7a
1<j<k—1 ! 1<j<k—1
—vi4j—1
X (xsi ! )ISiS,q )
1<5<q

with P = LW+T’1+"'+T;)-
In the right hand side of this expression we can rewrite tts¢ dieterminant, using

Theorem 4.8:
f4n—m—i
/ J i=1,....n—a
E(x',y) ) j=1,..n
D(z\D Hjt+m—n—j Yj
(z")D(y) (lliri i=1,..,p xy (@r;—y;) ) i=1,...,p
=1, k— ’ j=1,....n
" +n—p—i
0 oy ) B
B y) I, 2%, Y o
T D(2! o4 pjtp—n—j 1
(.I') (y) H]:l yj l’ri i=1,....p T i=1,...,p
j=1,...k—1 j=1,...,n
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where the minus sign depends on the partitianly. So, the Laplace expansion equals

L S (e e DDl (Hglxmysu(x//_y>D<x”>sy<x">

o z)D(y) E(2',y) Hj:l Yj
P q
G314 VSR R ED
/JFZ:L,N 'T// ( Hj:l y] ) :
oo o 5> CVM T LEC D il oy oy
R T ) H;-Ll s

Applying a special case of the Sergeev-Pragacz formula y&eis

q q n
n Z | bt Z‘r (T2 =) su(r') — y)sy+(nq)(fﬂ/ -7) (5.37)

x +I,, x :I: )

The only step remaining to prove the conjecture, is to prdwva this sum equals
+s5,,(x/ — y). Substituting every; by —y;, will yield the theorem. a

So, the important fact to note is that the proof finally redut® verifying iden-
tity (5.37). Next, we move our attention to the general cad&so here, the proof
reduces to an identity of the form (5.37):

Conjecture 5.13 Let 7; ;4 be a standard and critical composite partition with no over-
lap in gl(m|n). Then
Ch(Vp;M) = :l:Slj;,u(l'/y).
Letp = [+a—1andq = n—I—a+1. First substitute/; by —y; in the determinantal
formula ofch(V3.,,). Next, take the Laplace expansion of the determinant wiheet

torowsl,2,...,m + [ — 1. So, with the elements of denoted byy,,,...,y., and
those ofy” by ys, , ..., ys,, we have the following expression

0 (y?,/i+n—m—i) 0

E(z, ~y) py+m—n—j yy g1 tm—j

— 7 det (sz J ) (7 - ) (951 meit

D(z)D(y) (@i Z:ZL . )
0 (yj n—i+1 ) 0

i1t
= Ban) s e (e
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with P = M + 71 + -+ 7. The determinant’; equals

, .
pitn—m—u
0 (yrj >1§i§l—1 0
1<j<p
. ” .
I;}y-H”-”-J Yr; xl—mej+1+m—J
7 1§i§m xf(zi—yrj) 1<i<m 7 1§i§_m

1<<k—-1 1_<j_<;D k+a<j<m

+
I v, q 0 (yg] p—m— 1) 0
= m (x#jerfpfj) y,,r.j ($7Vm7j+1+q+mfj) )
- : o (wi—yr;) i
wherer’ = r—q = p—m-+k—I. Thus, this determinantal expression coincides with the

determinantal formula (5.26) eh(V5.,) in gl(m|p) with n = (v1, ..., Vim—k—at1) —
(gm~F~e+1), According to Conjecture 5.12, the determinghtequals

:I:D(:C)D(y/) (Hf;l yT"j ) ! sﬁ;u(l‘/ _ y/)

E(T/»y') Hizl T

S0, = (Vijy1,Vgra,---) andletd’ = (vq,...,v;). As the minus sign depends on the
composite partitiony; 1. only, the Laplace expansion equals

N e i (Hj;%‘) smale/ =)D )50 (3")

Yy z)D(y) E(z,y') [LZ v
q
B(w.y") (o, o
= 4+ =19\ ) — o)
U%” E(y/vyll) Hi:l iz ]N( / Y ) B (y )

z 1-771 q ( ;1‘:1 y5j> ? 13/?
= j / —// —/] —
= =+ Z " m (I]Sﬁxﬂ(x/_y)sﬁl(y )E(y 7x)a
Y 4y y Y ) Hi:l ZCi

where we have used (5.30). Simplifying and applying agatngpecial case of the
Sergeev-Pragacz formula and (5.36), this becomes

+ ) ( = 1%) (H'?:lySJ Sz (=Y [2)$51 4 (mo) (=7 /7). (5.38)

/! 0’
y+y// y7y )

If we can prove that (5.38) equalss;,,- (—y/x), the conjecture is established by ap-
plying (5.36) and substituting evegy by —y;. O
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Essentially, those two conjectures are proved if we wouldlbe to prove next
lemma.

Lemma 5.14 Suppose thax| = m, |y| = n and thatp and ¢ are positive integers
withm = p + ¢. Let; u be a critical composite partition with no zeros in the overla
when presented in then x n)-rectangle. Withv = (k1, ..., kg, 71,72, .. .), we find
that:

(T2 AT 2")" 752" /y) S+ (o) (F"/Y)

E(Zl’ x//)

= soulz/y)  (539)

x4z
where the sum is over all possible decompositions 2’ + 2" with the size of’ equall
to p and the size of” equal tog.

Originally we believed that (5.39) was generally valid foyacomposite partition
U; 1, Since it seemed to be the supersymmetric version of (5B8)ever, this is un-
fortunately not the case. Since we do not need (5.39) in génfauit only in special
cases ¥; .. critical, no zeros in overlag andq special values), we believe it is still
valid in those special cases where needed. But we have notdige to prove this.
In the following, we shall describe some of the problems weoentered, indicating
that (5.39) is certainly not valid in general but only for gpecial cases needed.

First of all, we will need an extra restriction on the choidepandgq. In the first
application (5.37) of Lemma 5.14= k + a — 1; the second application (5.38) should
be translated to conjugate partitions first. But, by takimg tonjugate, it is possible
that! 4+ a — 1 is not turned over itk + a — 1 as illustrated in Figure 5.9.

L] [ ] 2
o | |

@p=l+a—-1=6 b)yp=kt+a—1=7

Figure 5.9: In (a) 7; . in gl(5|8) and in (b)7; w in gl(8]5).

Nevertheless, the choice pfandg can not be arbitrary either. Let us illustrate this

for the composite partitiow; u = (3); (1) in gl(3|3) wherek = 1 anda = 2. If
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p==k+a—1=2,thenwe have that =1, x = (3) andn = (). In the assumption
that Lemma 5.14 holds, the lhs of (5.39) is in this examplegivy

CONS (") (IT2")* (s (=" /y') + y3) (56) (@ /7) + 5050 (" /7 )y5 ')

Ih
S E(:C/,l‘”)

x4z
(5.39) 5@3);(1) (x/y )+ S@n0) (x/y VU3 + 53, (x/y Jys + 53 ()(x/y )
(2.36a) 3(3);(1)( ' [y).

Here we use the notatiaft = (y1,...,yn—1) = (y1,y2). Writing out every term in
both sides of (5.39), tells us that the expression is trueth@mther hand, if we make
the same computation but with the assumption that 1, theng = 2, k = (3,0) and
n = () and thus:

nse 3~ AL ,Hx") (s @ J4) + w5) (565 (E"/7)

x' !’

+3(53( 17 ys +3(62( 17 ) ys +8(o2(”/?/)ll3_2)

In this expression there are several terms which are noteoptbper type of the lhs
of (5.39) e.g.:

5o UL st & s

z/

is not equal to a supersymmetric Schur function as the powéfJocr”) is different
from |y’| = 2. Indeed, by writing out every term in both sides of (5.39),fimel that
the expression are different.

On the other hand, observe that the restrictions on the csitepgartitionz; i are
necessarily. If we consider a composite partition whichas eritical, sayv; u =
(2,2);(2,1) in gl(3]3), or a composite partitionr; . which is critical but with zeros
in the overlap, say;u = (3,3);(2,2,1) in gl(3]3), then (5.39) is not true. These
inequalities were found by writing out every single term ottbsides of (5.39).

As Lemma 5.14 looks like a supersymmetric extension of Lerfré, one could
hope to reduce it to Lemma 5.11 by induction|gh starting from|y| = 0 (where it is
certainly true, since this is Lemma 5.11). In the followimg indicate the problems of
such an attempt by induction.
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The case where = 0, coincides with Lemma 5.11, sineg,,,(z) = ([T, z:)~ " se(z)
with & = (p1 + m1, p2 +m1,-..,m — 12,0) [41] and withg = ¢ — 11, » = £ and
o = K+ (nP). Supposen > 0 and denote by = (y;,...,y,). We can use
Lemma 2.6 to isolatg,,, giving:

3 (IT=") AT 2")" 75 (2" /y) 14 () (F" /)

! +ax! E(II] ""E )
(H n— n— —
=2 :c’ ;U" Z%a A st () (@ /5 )y
z' 4z

(5.40)

whereu/a, /3 andk /v are vertical strips of length, b andc respectively. Rearrang-
ing terms, this sum equals

Z ( Z (H;();/(lg/f; " Sﬁ;a(xl/y(n_l))s'v+(n‘1)(x///y(TL_l))>yn b7 (5.41)

a8,y \a'ta"

In order to be able to apply induction, the powergfhas to ber — 1 = |y("~!|. This
is easily solved by applying the formula of Berele and Re@e8)(twice:

> (Hgg;(gﬂx)u)nSa;a(w’/y(””)87+<nq>($”/y(””>

Z Wsﬁ;a(gj//y(n1))5%5-(1‘1)(1:”) H(x;' + y;)
)

z/+ax

o'+

> 4 Ziﬂjff;)n_ (@ [y D)s, @) [ +y))

.3

2%

x4z

E
\q 1\n—1
= 2 (ijz)((ﬂ;f/)) 550 /Y )ss (o (@ /7"Y) (5.42)

x4z

If we would be able to use induction, the sum (5.41) will reglte

> sralw/y" )y 0r) (5.43)

o, T

wherey/« is a vertical strip of lengtlhy and(v — 7); € {0, 1} with |[v — 7| = b+ cand
7= (71,7 B1, P2, ...). Applying Lemma 5.10, this is equal ., (x/y), which
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would provide us a proof of Lemma 5.14.

So what went wrong? The problem is in fact the identificatibthe factor

> (ngzi/nﬁ;)n 55,0 (@ 19" )80t (e (@ /7Y

o'+

in (5.42) with s-.,, (x/y"~ 1) in (5.43). It turns out that; o not necessarily satisfies
the special conditions of Lemma 5.14, so induction fails.

Let us illustrate this by means of an example. Writing out Zp.for v; u =
(1,1); (1,1,1) in gl(4]3) gives the following result whep = ¢ = 2:

Z HI /Hx”) (8(1,171)( /y) o ( ///y ) + 5(17171 ( //y/)s(g,i)(xl//y/)ys—l
'tz

+ 3(1,1,1)(35 /Y )5 ( "1y )y3 + sa,n (' /Y )3(3 3) (=" /1y )ys
+ 8(1,1)(55//9')8(35)( " /y') + sq, (@ 1y )3(55)( " [y )2/3_1
+s0) (@' /Y )5 @3 (@ [y)us + s0) (@' [y )s @2 (" /Y )y
+s0)(@' /Y )s @ (@ 1Y) + 50 [y )s @z (2" [y)v3

T 50 (& 1353, (& 19 + 50 1y )53 @ o >y3>

(5.44)
and (5.43) gives rise to
sy (@/Y) + s @8 )ys '+ soan (@/y)ys
+ 3(1?);(1,1)@/3/’)93 + 5(?);(1,1)@/?/) + 50511 (@/y )3 ! (5.45)

+ 5110 @YY + 510,00 (@Y s + s0u) (2/Y)
+51.1y,0 @/Y)5 + 51,0 @/Y)YE + 0.0 (/Y )ys

Remark that in both expressiops= 4" ~1) = (y;,»).

There occur some problems, although it is possible to chgatomputing every
term, that the sum (5.44) indeed equajs,(z/y). The problems occur as, in some
terms, the composite partitions we should expect usingadtiolu are not critical any-

more; for example in the first ter(i, 1,1); (1, 1) is not critical ingl(4|2). In the same
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manner, the second and fourth term do not lead to a criticalposite partition ei-
ther. In most of the other terms, the expected compositétipart; o would lead to
a different value op . So, most of the terms are not exactly equadg, (z/y™ ).
But, extra terms in every single computation of a term in4pMill cancel out. For
example, the first terr} is equal to:

T= Y (IL=)*(d1=")?

E(a’, ") 3(1,1,1)(55//y/)3(§,§) (" /y)

x4z

=s@1,0,1,0@/Y) + 50,010 @)s31),0) + 50:0.1.1.0)()873.3),0 ),

whereas the ninth terffy equals:

(IL=")*(T=")?

T =
9 B2, 2")

x4z

= s0;0)(x/y) — 5();(171,1)(x)S(T,T);()(y/) - 3();(1,171,1)(55)5(15);()(?/)-

S(1) (CC//y/)S(jj) (=" /y")

The sum gived + Ty = s11).1,1.1)(@/Y) + s0.0) (/).

So, to conclude this section, we notice that the two conjestare proved if we can
prove Lemma 5.14. A proof by induction is so far the best hdpewever, in such a
proof it remains to be argued why extra terms in the identificeof (5.42) and (5.43)
always cancel.






Chapter 6

Dimension formulas for
gl(m|n) representations

In this chapter we investigate new formulas for the dimemsiod superdi-
mension of the covariant and mixed tensor representation$ the Lie su-
peralgebral(m|n). The notion oft-dimension is introduced, where the pa-
rametert keeps track of th&-grading of V. A formula for thet-dimension

is derived from the determinantal formula for the supersytmio Schur poly-
nomialssy(z/y) and the determinantal formula feg.,(z/y). It expresses
the t-dimension as a simple determinant. For a special choice tfe new
t-dimension formula foil, gives rise to a Hankel determinant identity.

6.1 Introduction

In this chapter we consider again the Lie superalggkia|n), denoted byy. Let V'
be a finite-dimensional irreducible representatiog.ofet A be the highest weight of
V. We shall consider the specializationcdfl” determined by

F(e)
F(e%) =

1 (i=1,...,m)
t

G=1,....,n). (6.1)

This specialization is consistent with ti#egrading ofg, and the corresponding-
grading of V. The specialization of the character Wfunder F' is referred to as the
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t-DIMENSION of V' and denoted bylim ;(V):

dim (V) = F(ch V) = dim V (p) F(e"). (6.2)

Often, thet-dimension would be defined [3810] asF' (e~ ch V), with A the highest
weight of V; but here (6.2) is more convenient. Theimension ofl” stands for the
polynomial

F(e*) @ dimV_; ¢/, (6.3)

JEL+

whereV =V, @& V_1 & V_2& --- is theZ-grading ofV. Note that for théZ,-grading
V=VieViwehavelg =1V, ®dV_ o® - andV; =V_1 & V_3@ ---. Therefore,
the dimension ol is found by puttingt = 1 in the expression for the-dimension,
whereas the superdimensionléfis found by puttingg = —1. So thet-dimension can
also be seen as an extension of the notion of dimension areddiogension. For exam-
ple, let us consider the adjoint representation. The weighthe adjoint representation
are the roots. So,

ch(V) =) e 9 43 im0 4y 7% 4y it
¥ i i i

Under the specialization (6.1), we have that
. 9 9 1
dimy(V) =m*+n“+mn n +mnt

The first part of this chapter is dealing with the computatibthe ¢-dimension of
a particular class of finite-dimensional irreducible reyertations ofj((m|n), namely
the covariant representations. In the second part, we @@ntgiet-dimension of the
mixed tensor representations.

6.2 t-dimension formula for covariant representations

There exist a number of expressions §qfx/y) (see Chapter 2). In order to compute
the t-dimension, we will use two formulas. The first is the clagkformula relating
the supersymmetric Schur functien(x/y) to the determinant of complete supersym-
metric polynomials (2.3). More precisely,

sa(@fy) = _det  (ha—ins(@/y)),

1<i,j<E(N)
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wherel = ¢(\) is the length of the partition = (A1, Ag, ..., Ap).
The second is a our determinantal formula for supersymm&hur polynomi-
als (4.39).

Sincer; = e andy; = €%, the specialization (6.1) corresponds to putting each

x; = landy; = tin s\(z/y). For the elementary and complete symmetric functions,
such specializations are well-known:

_ (m—i—r—l):(m—i—r—1>7 (6.4)
vi=1 T m—1

L (T) (6.5)

Thus it follows from (2.3) and (2.9) that

hr(:nl, e ,.’Em)

er(T1y. ey Tn)

Proposition 6.1 Thet-dimension ol is given by the determinant

Ai—i+g . .
i m+XN—1+j—k—=1\/n\
dim;Vy = det . 6.6
e EA 19‘,3‘%@@)( kZ:O ( Ni—i+j—k )(k:) ) (6.:6)

Although this formula is simple to derive, it should be obsefthat in general the
matrix elements in the right hand side of (6.6) do not havelas&d form” expres-
sion [54]: they remain polynomials in Even fort = 1, the expression

("))

cannot be simplified in general. Only foe= —1 we have

i<m+:_:1>(Z>(l)k_(mnrl+r) 6.7)

k=0
This is related to the fact that
N mr—k—1\[n\ m+r—1 —r,—n
th = F ’ s —t 6.8
()@= (e () e

in terms of the, F; hypergeometric function [54, 64], and the terminating; series
— with general parameters — is summable only with argument 1.

This implies that fort = —1, i.e. the superdimension formuldim V), the expres-
sion (6.6) can be simplified, leading to the following coaoj.



134 Dimension formulas for  gl(m|n) representations

Corollary 6.2 The superdimension of a covariant moduleis given by:

PSS I VY
det (<m nedt ,Z+])> (6.9)
1<4,5<e(N) Ai—1+]

Hi<j(Ai*i*)\j+j) .
T ILO =i F ) Iﬂm—”+1—ﬂh- (6.10)

Herein, (a), = a(a + 1)---(a + n — 1) is the Pochhammer symbol [64], and the
determinant in (6.9) can be written in closed form using [8311)]. So in general the
superdimension has a closed form expression (6.10), wh#nealimension has not.

Observe that (6.10) yields: i < n thensdim V), = 0 when\; + m > n and
sdim Vy # 0 when); +m < n; if m > n thensdim V), = 0 when)\| +n > m and
sdim V) # 0 when)] + n < m (where)\’ is the conjugate of).

sdim V)

Remark. Formula (6.10) has the structure of a dimension formulg(6h — n).
Indeed, the dimension of the covariant moduein gl(m) is given by

. (m+j—1i)
(4,5)EX ’

whereh(i, j) is the hook length given b (i, j) = A\i —i + X —j + 1for (4,5) € A.
If £(A) < m, this formula can be written in an alternative expressm] [7

dmvi = ] ““é:%+”. (6.12)

1<i<j<m
By rearranging factors, (6.12) can be rewritten as:

)\+m z)

N—i—=X+17) p
dmvi =[] G —9) H >\+l e )
1<i<j<e(n) i=1 \ e(n)—i

(6.13)

This formula is valid for every partition, even wher{(\) > m, in which case it gives
0. Itis easy to see that (6.10) is the same expression a9 (Gep&cingn by m —n. In
other wordssdim V), for gl(m|n) coincides withdim V) for gl(m — n). This equality
between superdimenisons gfi(m|n) and dimensions igl(m) has been considered
before [10, 25, 38].
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6.2.1 A formula for the t-dimension

In this section we shall consider the new determinantal édanfior supersymmetric
Schur polynomials (4.39), and use it to compute ttBmension. This time, the ex-
pression fordim (V) is quite different from (6.6): it reduces again to a deteiamir
but now the matrix elements are closed formsimstead of hypergeometric seriestin
We shall simplify this expression and discuss some apphicat

The starting point is the following determinantal formuta the supersymmetric
Schur functionsy (z/y). Letz = (™) = (z1,...,z,,) andy = y™ = (y1,...,yn);
let X be a partition with\ € H,,, ,, and letk be the(m,n)-index of A. Let us recall
formula (4.39):

1 Aj+m—n—j
Tity; J1<i<m Ty 1<i<m
-1 1<5< <i<k—
sx(z/y) =£D" " det Nbn—m—i <jsn . 1<5<k—1
Yj 1<i<n—m+k—1
e (6.14)

with
Hi<j(37i - ;) Hi<j(yi —Y5)
Hi7j (7 +y;)

Observe that the sign in (4.41) (s-1)""~™+k=1; since its role is not essential here,
we shall usually just writet.

In order to deduce &dimension formula from this, we will need some simple
properties of symmetric polynomials and a careful analgkibe determinantin (6.14)
using row and column operations.

D=

We have already mentioned the complete and elementary siiofiuactions. An-
other class that we need are the monomial symmetric furetior{z) (see (1.1)). The
number of terms inn (x) is easy to count, so that we have the following counterpart
of (6.4) and (6.5):

k
m!
m(orolrl_“krk)(l'l, N ,.’,Um) = ﬁ where E T, = m. (615)
zi=1 ro:r1:... Tk =

The following lemma gives some simple decomposition prigeof symmetric
functions:
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Lemma 6.3 Letz = 2/ 4+ 2” be a decomposition of = (x4, ..., z,,) in two disjoint
subsets. Then

hy(z) = th(x’)h,._k(a:"), and my(z) = Z my (2" )ym, ("),
k=0

pUr=>X\

Proof. The proof for theh,.(z) polynomials follows immediately from the generating
function for these polynomials (1.26). For the,, we use induction ofx”|. First, let
2" = (z,,). By the definition ofm, (x), with A\ = (A1, Aq, . ..), if follows that

ma(e) = ma(@) + Y mu@)ma(@n) = Y my(a)my (@),
AiUp=A pUr=A\

Now assume that the property holds fef| < ¢. Letz’ = 2/\{z;} andz” = 2" U{x;}
for a certaine; € «’. Then, using the induction hypothesis:

) = X meme) = X (3 ey (e
TUR=A TUr=A “pUn=T1
- Z mﬂ(i‘/)< Z mn(xi)mm(x”)> = Z my, (2" )ym, (Z").
pUr=X\ nUk=vr pUr=X\

a

Next, we shall use a number of times the same sequence of i@y eow or col-
umn operations in matrices. So it is convenient to fix thesmialgorithm:

Algorithm 1 Given a matrix with at least: rows, with R; denoting row:i. The algo-
rithm consists of the following row operations:

R — Ry

Step 1: R; — , forl <i<m;
T — X1
R, — R .
Step 2: Ri—>727 for2 <i<m;
LT — T2
Stepm — 1 : R,, — M

Tm — Tm—1

So the total number of row operationsigm — 1)/2.
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Algorithm 2 Given a matrix with at least columns, withC'; denoting columry. This
algorithm consists of the following(n — 1)/2 column operations:

Step 1: C; — M, forl < j <n;
Yi —
Step 2: Ck%ﬂ, for2 < j <mn;
Yi — Y2
Stepn — 1 : Cnem.
Yn — Yn—-1

Lemma 6.4 Let (r1,72,...) be a sequence of (non-negative) integers, and consider

matrices
A= (h” (%‘)) 1<i<p’ b= (h” (yj)> 1<i<p’

1<j<q 1<j<q
Then Algorithm 1 transformd into A*, and Algorithm 2 transform® into B*, with

B = hy_iv1(yi,...,y; .
1<i<p’ Ti—j+ (Y1, ayj) 1<i<p
1<j<q 1<j<q

A* = (h’r‘jiJrl (xla cee 7xi)>

Proof. It is sufficient to give the proof for only (so we assumg > m). Denote by
A®) the matrix obtained after stepof the algorithm. We shall prove that tfi& ;)-

element ofA(*) is given byAEfj? = hp,—s(x1,...,2s,2;), by induction ons. Clearly,
in the first step the elements, (x;) are replaced by

’I‘j Tj
€r;,” — & i—1 i—2 ;=2 i—1
L =T b al e+t Hal T = hey (2, ).
T — T1
Now we can assume that after stepve haveAEsj) = hy,_s(x1,...,24,2;) for all

i > s. Steps + 1 consist of the operation8; — (R; — Rs11)/(z; — xs4+1) for all
i > s+ 1. Thus the element!*"") becomes, using Lemma 6.3 a number of times:

]

hrjfs(xla R 733'5,51/'1') - hrjfs(xh e ,$5,$5+1)

Tj — Ts1

rj—s—1 rj—s—l rj—s—l

xX; — T
= Y i,z 1
=0

T — Ts+1
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rj—s—1

rj—s—1—1 rj—s—1—2 rj—s—1—1
— E hi(z1,. .. xs)(x,’ +z,’ Topr1+ ...+ 2, )
=0

rj—s—1

= > i@ m e s 1 (@1, i) = By a1 (@1, Tag, T)
1=0

Since the algorithm applies in total- 1 row transformations on row it follows that
Af,j = hrrwl(l’h e ). O

Lemma 6.5 Algorithm 1 transforms

1 ] 1 i—1
R= ( ) __ intoR* = (1()) -
) NAREEEYE

1<j<n

Proof. Denote byR(®) the matrix obtained after stepof the algorithm. We shall prove

o o . (—1)°

that the(i, j)-element ofkR(*) is given byR!*) = —_
T Il @+ ) (i + y5)

step, the operations are, — =4 for i > 1, so

. In the first

a 1 1 I -1

by (mi ty; w0 +yj>$i —x1 (z1+y)(z+y;)
Next we use induction on. One finds:
R(sjﬂ) _ ( _ (=1)° S (-1)° ) 1
B [T (@+y) (@ +y)  TLo(@+y) (s +y;) ) @

(-1)* (-1)

[Tyt y)  (@s1 +ys) (e +y;)
Since the algorithm applies in total- 1 row transformations on row the result fol-
lows. O

i T Ts41

The following is a technical lemma on partitions, using theerse lexicographic
ordering (see Section 1.1.1) for partitions of the sameeteSo when we writa < p,
this means thak andp are partitions of the same integer (il&| = |u[) with either
A = p or else the first non-vanishing differengde— u; negative.

Lemma 6.6 Assume that, 3, v, u are partitions with/(«) = s+1, £(3) = s+ 2 and
¢(v) = 2. Then, fori, s,t € Z>¢:

a<(i,1%), pu)=a, v<(t1) & B=pUv < (i,15Th),
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Proof. Assume thatv < (7,1°), pU(t) = aandv < (¢, 1), then|3| = |u|+|v| = (i+
s—t)+(t+1) = |(i,1°T1)|. Furthermored; = max(u1,v1) < max(u;,t) = oy < i,
sof3 < (i,1511).

Conversely, assume that= p U v < (i,15T!), thenv is of the formv = (B4, 3))
By > 0),sov < (B + 0 —1,1). Putt = B + 5 — 1l anda = p U (¢). Then
lo| = [pl + ) = (i+s+1—0p—B) + (Be + /i — 1) =i+ s. Sincel(u) = s
we have thaty| > s, and|(t)| < i. Soa; = max(u1,t) < max(ui, i) < i, thus
a < (i,1%). 0O

This technical lemma is needed in the following:

Lemma 6.7 LetY; = 7>~ and consider the matrix

(=Dt it1yri
f= m 1<i<m (=D™Y; 1<i<m’
7 Zi<n <i<n

1<j<n

Algorithm 2 transforms® into

R*:((—l)”j > ma(Yl,...,Yj)>l<i<p.

a<(i,19°1) 1<<n

Proof. Observe that/(y; — y;) = Y;Y;/(Y; — Y;). Denote, as usual, bi2*) the
matrix obtained after stepof the algorithm. We shall prove that

RE) = (1)1 N g (V... YY), forall j > s.

a<(i,19)

C;—C

vy 1Y soR!" is given by
J

Step 1 consist of the column operatiatis —

-1 2+1y; — (-1 ZJrlyz 11y

— (71)Z+2(Y72Y1+Y7_1Y12++Y72Y11_1+}/j}/12)
= (=D > ma(1,Y)).

a<(i,1)
Next we use induction og. This yields, using Lemma 6.3:

(s+1)
.3
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, Y.Y,
= (DTN (ma( YY) —ma (Y YY) )
— Y1 — Y,
a<(i,1%)
: Y;Y.
= (—1)tFsHt Vi, YY) — Y )
( ) Z Z mu( 15 ) )( 7 S+l)}f3+1*¥j

a<(i,19) pU(t)=a

= (D™ N m (Y)Y mu (YY)

a<(i,19) pu(t)=o v<(t1)
Next, we use Lemma 6.6 and finally Lemma 6.3 again:

RZ(’S]JH) — (—1)i+s+2 Z ( Z mH(Yi, ey Ys)my(}/s+1, Y))
)

B<(4,15+1) “uUv=p3

= (DN mg(Y, . Yo, Y)).
B<(4,1°11)

Since the algorithm applies in totgl— 1 column transformations on columjp the
result follows. O

The next lemma is about the specialization of such matrisnelgs. Byy = 1 we
mean the substitutiofy; = 1,...,y; = 1).

Lemma 6.8

RiJ: Z mﬂ((yla"'vyj)

ag(i,19-1)

_<z‘+j2)
y=1 i=1 )

Proof. It is easy to verify (e.g. using (6.15)) th& ; = 1 andR; 1 = 1. Now,

Ri; = S malyr,- )
a<(i,1+) y=1
= (( Z mu(ylw--ayjfl))yj‘f'( Z mu(y17~-~>yj)>yj>
p<(4,1972) v<(i—1,1971)
= Ri;j1+Ri—1;.
Now the result follows. |

Now we have all ingredients to determine the specializatioi@.41).
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Theorem 6.9 Thet-dimension oWy, is given bydim (V) = £(1 + ¢)™" R(\) with

(=1)"I (i+jf2) (Aj+nmfnfj)
A+ Fi-T\ j—1 1<i<m i—1 1<i<m
det 1<j<n 1<j<k-1
t)\;—&-n—m—i—j—i-l()\;Jrn*m*i) 0
j—1 1<i<n—m+k—1
1<j<n
(6.16)

Proof. Consider the determinant in (4.41) and apply Algorithm 1llendorresponding
matrix. From Lemmas 6.4 and 6.5 it follows that the firstows of this matrix become

_q)i-1
( (Fotm)izien (mnign@n o 20) 1im )
= 1<y

< 1<5<k-1

while the determinant has been multiplied by a fadtpr. ;(z; — 2;). Now we can
make the substitution; = 1; then (4.41) becomes

L+y;)™ (- Xjtm—n—j
H( yﬂ) W 1<i<m (] ;’iln j) 1<i<m
+d det Ve N 1<5<k—1
i n—m-—1
H(yi - yj) (yj >1§i§n—m+k’—1 0
1<j 1<j<n

Next apply Algorithm 2 on the first, columns of this matrix. Using Lemmas 6.4
and 6.7, this becomes

[I@+y)mdet(C).
J
with
(_1)i+j Z ma(Yh ERE) )/}) ( (>\j+?1_1n_j) ) 1<i<m
C = a<(i,19-1) 1<i<m 1<j<k—1
1<5<n
(hargn—m—i—je1 (W1, - ¥5)) 1<i<n—mtk—1 0
1<j<n
Finally, substitutingy; = ¢, using Lemma 6.8, and the fact that we are dealing with
homogeneous symmetric polynomials, leads to the result. ]

Compared to (6.6), (6.16) has the advantage that each nederixent is a simple
binomial coefficient multiplied by a power ofor (1 + ¢), and no longer a finite series
of type o F1(—t). So in general (6.16) is easier to compute. Furthermoresintple
form is more appropriate to deduce certain properties of-ienension for particular
V., as we shall demonstrate in the following section.
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6.2.2 Further simplifications, examples and applications

Let A be a partition A € H,,,, and )\ its conjugate. Recall the definition of the
(m, n)-indexk of A in (4.14) and also the definition of the related integér (4.27):

kE=min{il\; + m+1—1i <n}, (I1<k<m+1)
r=n—m-+k— X\ — 1.

Since) is in the(m, n)-hook, \’ is in the (n, m)-hook, and we can define ita, m)-
indexk’ and the corresponding numbeér
E' = min{i|\; + n+ 1 —1i < m}, (1<K <n+1);
r=m-n+k -\, -1
Applying the determinant formula (4.41) fex(z/y) and forsy: (y/x) yields the

same, with determinants of transposed matrices. Comptrengrders of the matrices
implies thatn + k — 1 = m + k' — 1, so we have

n+k=m+#k, r=k -\, —1, r=k—X\,—1. (6.17)

Furthermore, from Lemma 4.6 we know th>e§tk+l =k—1foralll < <r.Sothe
binomials on the last rows of the matrix in (6.16) take the values

/ _ _ _
(Aﬁrﬁ m 2):<7f l) for1 <i<r, andi =\, + L.
j—1 Jj-1

By the triangularity of the matrix with such binomial coefénts as entries, the deter-
minant in (6.16) can thus be reduced according to therlesivs.

Completely analogous, the remaining determinant can h&egtlaccording to the
lastr’ columns. What remains is the determinant of a matrix of ordek — 1 —r —1”,
and we have

Corollary 6.10 Thet-dimension o¥), is given bydim (V) = £(1+¢)™" R/(\) with

R'(\) =
(71)i+j+7‘+7" (i+j+r+7"72) (/\j_i_m_n_j)
(Ttt)itatrer —1 j—1 , / it —1 1<i<m—r’
1<i<m—r 1< i<\
det 1<j<n—r SIS
N4n—m—i—j—r41 (Aj+n—m—i
(t ( L1 ) 1<i<Ag 0
1<j<n-—r

(6.18)
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An interesting application follows from this formula foretspecial case of =
((n - a)(m_“)), wherea = 0,1, ..., min(m,n). For such a rectangulay;, we have

k=m—-a+1,k=n—a+1l,r=n—a,r=m-a, \y =0, A\, =0,

and so the determinant in (6.18) reduces:

dlmt(V)\)
_ mn (_1)i+j+T+T/ 1 +] +r+ ’I‘/ -2
=+ (1 +)"™" det <(1+t)i+j+r+r’—1 -1
, S —1)" (it —2a—2
. (1 +t)mn—a(r+r —1) det ( ) — 1+ +m+n a )
1<i,j<a (1 + t) J j—1

The resulting determinant can be further simplified: in theesponding matrix, mul-
tiply row 4 by (—1)*1(1 + ¢)**! for all 1 < i < a, and then multiply columry by
(-1 (1 +¢t)~tforall 1 < j < a. Thisyields:

dlmt(V)\) — (1 + t)(m—a)(n—a) det ( (Z +7+m+n— 2a — 2) ) .

1<i,j<a j—1

Now the matrix elements have no longer a poweflof t), but only a binomial coeffi-
cient. The remaining determinant can easily be computedngaut common factors
in rows and columns, it becomes

a

(i+m+n—2a—1)! )
H(i+nfa—1)!(i+m—a71)! 1Sc}7ejtga<(m+n—2a+z)J,1).

=1
The last determinant is of the form
151?5@((%)]*1) 1§C11;3t§a(x’ ) H (5 — ),
1<i<j<a

see [43, (2.2)].
So we finally obtain, for — ((n - a)<m—a>) , that

(m+n—2a+1)! il
n—a+i)!(m—a+i)!
a—1 (m+n72a+i)

= (14 t)mmatnme) T nzett 2
i=0 ( i )

a—1
dim(Vy) = (14¢)m-an=a) H(
=0
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Using (6.13) we find that
dim(Vy) = (1 4 )m=2"=9) qim(V,)  with u = (m — )@ in gl(n).

Comparing this with (6.6), we obtain a closed form expreséiw determinants of
the type (6.6) wherg = ((n — a)(m_“)). Replacingn by m + 1, m — a by s, and
reversing the order of the rows of the corresponding maithis, yields, using the F;
notation:

TL—|—Z—|—] m-—n—i—j,—n, _
og(%g'tgs (( m ) 2 (" )

m—s (25+n71m+i>
_ s(s+1)/2 s+1)(s+n—m s+
= (=1)36HD/2( 4 )1+ )HW
=1 s+1
The change of order of the rows implies we are dealing with akdbdeterminant,
and for such determinants the row and column indices ardlystiarting from 0. This
determinant identity can be written in a number of altermatvays. E.g. applying a
transformation on theF, and denoting/(t + 1) by z, one can write

(s <m).

m—s (2s+nfm+i)

N — (1)s(s+HD) /201 N\ (sH+1)(m—s) s+1
pdet (Aiy) = (=1) (1-2) [[ Gy 619
where L
n+ —m,—n
A= (") aR () (6.20)

Since this is a polynomial identity in, the condition that. must be an integer can be
dropped. Replacing by v andz by —v, one can write this in the following form:

Corollary 6.11 Letm and s be positive integers with < m, «» andv arbitrary vari-

ables, and
72’” u+k—1\[(u\ ,

=0
Then the Hankel determinant is given by

m—s (25+u—m,+i)
) = (_1)s(sHD)/2 (s4+1)(m—s) N s+l
Jdet (Aiy) = (~1)°TVE (14 0) [T
=1 s+1
It seems to be difficult to find an independent proof of thisodary, even with the
methods of [43§2.6]. Here, it is a simple consequence of the two diffetetfimension

formulas for a particulaV,.
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6.3 t-dimension formula for mixed tensor representa-
tions

6.3.1 A formula for the t-dimension

In this section we shall consider the new determinantal édanfor the characters of
mixed tensor representations (5.28), and use it to competedimension. We will
also compute thé-dimension of these representations by means of (2.34)h 8ot
pressions forlim(V3,,) are quite different: the first formula reduces again to ardete
minant, but now the matrix elements are closed formsiitstead of hypergeometric
series int. We shall give some examples and discuss a special case.

Since the specializations (6.1) correspond to putting each 1 andy; = ¢, we
already described this specialization for the elementadycmplete symmetric func-
tions (6.4) and (6.5) and the monomial symmetric functidh&g). For the symmetric
Schur functions this specialization can be found in [¢&, Ex. 4] and is equal to the
dimension formula (6.11), more exactly:

- [ mretd) (6.21)

a1,y ) —
x;=1 (i,j)e)\ h(l,j)

where the content(:, j) is given byc(i, j) = j — ¢ and the hook length(z, j) is given

by h(i,j) = Ni + N} —i —j+ 1for (i, ) € A.

For a special class of symmetric Schur functions we can tei21) as a binomial
coefficient. Suppose\ = (a,1°~1). As the numerator and denominator of (6.21) are
given by

II m+cid) = (m+1-1)...(m+a—1).(m+1-2)...(m+1-0)
(i,7)EX
- e
and
[T 2G.5) =(@+b-1)(a—1)!(b-1), (6.23)
(i,5)EX

the number of monomials isy (x) is equal to:

— (m+a-—1)!
C(m—=b)l(a+b—1)(a—1)(b-1)" (6.24)

S(a-1) (1,5 Tm)
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In particular for\ = (a,1™~1), we have that

(m+a—2)! (m+a—2>.

- - m—1

(a—D!m—-1)! (6.25)

S(a,l""*l)(xla ce ,xm)

Iiil

In Section 6.2.1 we introduced two algorithms. We will use $ame sequence of
elementary row and column operations here.

Lemma 6.12 Let (r1, 72, ...) be a sequence of (non-negative) integers. We denote by
z; = = forall i andy; = yi for all j. Consider the matrices
i J

G = (srj (m))KKP’ H= (s”(yj)>1<i<p'

1<j=<q 1<j=q

Then Algorithm 1 transform& into G*, and Algorithm 2 transformé&/ into H*, with

G* = <(—1)i+15(”}1i—1)($1, .. ,:Ei)>, H* = ((—1)]""15(”,1]‘—1)(%, . ,yj)>,
in both matricesl <i < pandl <j <q.

Proof. It is sufficient to give the proof fo€ only (so we assumg > m). Denote by
G the matrix obtained after stepof the algorithm. We shall prove that thg j)-
element ofG(*) is given bsz(.fj) = (=1)*s¢, 14)(T1, - .., T5, ), by induction ons.
In the first step, the elements, ) (7;) are replaced by

S0 (Ti) = 86 (@) —T T80 (Ti) — 8¢y (T1))
T; —T1 Ty — X1
_ —3m@)s (@) (s(ry) () — 5(ry) (T1))
Ty — X1

Using (1.33) and the fact thag (z(™)) = 0if £(\) > m, we have that)(Z;)s (., (T7) =
S(ry,1) (i) + 5(r,41) (Ti) = 5(r,41) (7). Thus,

G = _( > S(Tﬁl)(f/)i(l)(ﬁ) (1448) — s, 1)(T1, T5)
L ) = T, s )y
x/+x

2]
with |2'| = || = 1. Now we can assume that after stepve have thaGij? =

—1)%s(,. 15y(Z1 ..., T5, T;) forall i > s. Steps + 1 consist of the operation®; —
(rj,1%)
(R; — Rsy1)/(x; — xsyq) foralli > s+ 1. Thus the elemer(ﬂz(.ffl) becomes:

(_1)88(Tj,13)(x71a s 7‘%‘787‘%‘77;) - (_1)88(7‘]’,13)('T717 oo Ts, xs-‘rl) o

Tj — Ts41
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s 5,18 — — — Tixs
(123) (_1)( i Z C;(jzfl )Su(xh cee ,xs)(sy(xi) - Su(strl))f_iH
v T — Ts41
s T _ _ _ 5(1)(Ti)s1) (Ts11)
= DY (@ ) (0 () — ()
v T — Ts41

(123) (_1)S+1 Z c;(jzfls)su(xila te axis)s(u,l)(xiixs-i-l))

This implies thats = (a) andp = (r; — a + 1,1°1). The sum can be rewritten and
is equal to:

s 1 _ .
(—p*t CELj_a)H o1y (1) S(ry—a+1,15-1) (T -+ T5) 8 (a,1) (Ti Teg1))
1<a<r;
= (—1)s+15(7,j715+1)(371, e ,l‘s_;,_l,l‘ii)
In the last step, we used (1.33) and the fact that:(™)) = 0 if £(\) > m. m]

Theorem 6.13 Thet-dimension ol , is given by

0 Rio 0
dimt(me) = i(l + t)mntrn det Ro1 Ros  Ros (626)
0 R3o 0
with
R _ tp,7+nm7,7"]+1 M;+n7m7@77~
12 j—1 1<i<i—1’
1<j<n
R _ Hit+m—n+r—j
2 1—1 1<i<m
1<5<k—1
1) i+ —2
Ry =
( + )it 1( j—1 ))@Sm’
1<5<n
R - ‘_ Um—j+1 —M—T+i+7—2
S i—1 1<i<m
1<j<m—k—a+1
Ry = (v mntrriiot (Vi TR T =2
32 j—1 1<i<n—Il—a+1

1<j<n

and withk the (m, n)-index defined in (5.3),= ux + 1andr =n—m+k —[.
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Proof. Consider the character formuta V;,,, = £=D~!det(C) from (5.28) where

det(C) is defined in (5.26). First we multiply the rows- 1 4+ ifori =1,...,
z} and divide the columng — 1 + jforj=1,...,

m with
n, with y7. The determinant of’

becomes ,
n A\ 0 YH 0
IT-1 9 1 y
. €T; ’
=17 0o YV 0
with
1<i<m,1<j<n
pitm—n+tr—j o
X = (x >1<i<m o (“7+m_"+r_j($i) 1<i<m,’
1<5<k—1 1<5<k—1
v —Vm—j+1Mm+r—7J _ —
X (m 1<i<m o <S(V'" JrTme rd) (T )> 1<i<m,
k+a<j<m k+a<j<m
/ p,lJrn m—r—i
ye ( 1<i<i—1 (h (n—m—r—i(Y) 1<i<i—1,
i<j<n I<j<n
’ +n—r—i
YV — ] Vn— i+1 — Sy B Nt .
y] I+a<i<n, WV, i n+r+z)(yj) I+a<i<n,
1<j<n 1<j<n

Apply Algorithm 1 onrowsi fori =1,.. .,

m+ [ — 1; denote the block matrix of those

rows by R(-+=1) From Lemma 6.4, Lemma 6.5 and Lemma 6.12 it follows that

RU-m+l-1) _ (5@ | R | 55)

where

(-1

()
[l (zp +45) / 1<i<m,1<i<n

Xv =

while the determinant has been divided by a fa¢foc ; (=

= <huj+m—n+r—j—i+1(x17 ..

)

,m) ,
1<i<m, 1<j<k—1

<(—1)i_13(um_j+1—m—r—i—j,li1)(]}1a R a%)) y

1<i<m, k+a<j<m

x;). Now we can make
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the substitutionr; = 1; then, using (6.4) and (6.25%D ! det(C) becomes

HyJHI-i-yJ 0o Y* o0 Hyjnl—i—y]
j=1 j=1 j=1

+? det | X R, Xv | =+ det(C)
1w —v) y 11w —v)
i<j 0 Y 0 i<j
where
_ (O
B = <<1+yj>i) e e
1<i<m,1<j<n
X - ((W“@-_z“-j) 7
1<i<m, 1<j<k—1

X ((—1)73—1(”m—j+1;nlr+i+j2)

1<i<m, k+a<j<m

Next we apply Algorithm 2 on columng for j = k, ..., k+n — 1 of matrix C. Using
Lemmas 6.4, 6.7 and 6.12, this becomes

0 Y© 0
det(C) = H(yl —y;)det | X R, XY
i>j N
0o Y 0
where
va = ( 1)itd ma(}ﬁ,...,Yj)) ;
a<(i,1i-1) 1<i<m, 1<j<n
YIJ«/ — ( +n m—r—i— J+1(y17"'7yj)> 3
1<i<i—1,1<j<n
YV ( vl g e 19— 1)(y17'~~7yj>) .
+a<i<n,1<j<n
In this expressioy; = 1+y forall j = 1,...,n according to Lemma 6.7. Substitut-

ing y; = t and using Lemma 6.8, and Formulas (6.15) and (6.25), fina#lgs to the
result. a
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Similar to Section 6.2.1 we can also derive@imension formula starting from the
definition (2.34) of composite supersymmetric Schur fuorcdi

soul(x/y) = de hocek1(@/y) | Py (x/y)
y;/t( /y) d t( hm_z’—l+1(l‘/y) ‘ huj+i—j($/y) >

wherei, j, k resp.l runs from top to bottom, from left to right, from bottom to top
resp. from right to left. This formula can be rewritten

SP;#(x/y) = det ( thJrl/{flfiJrl(x/y) ‘ hujfl/{fjJri(x/y) )

wherei, j resp.l runs from top to bottom, from left to right, resp. from rigbtleft.
It follows from (6.4) and (6.5) that

Proposition 6.14 Thet-dimension ol is given by the determinant

dim, Vy,, = det (A | B), (6.27)
with
v+, —l—i
. (H_lz +1<m+yl+yi—l—i—k)(n)t_k>
Pt v+ —l—i—k+1 k Vi<l 11
1=V —j+i i .
s <IJ 23 (m+UjV{]+7’kl>(n>tk>
k=0 pi—vi—Jjti—k k 1<i<w) +pf, 1<5<p)

wherei, j resp.l runs from top to bottom, from left to right, resp. from rigbtléeft.

Compared to (6.27), (6.26) has the advantage that in getheraimension of the
matrix is smaller and each matrix element is a simple binbouefficient multiplied
by a power oft or (1 + ¢).

Let us illustrate both formulas far; u = (1,1, 3); (2,1) in gl(m|n) = gl(3|3). It
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is easy to check thdt = 2, = 2 andr = 0. Using (6.27), we have that

dimy Vi,
342 2943546 21+8 43904+ 8 0 0
1 3+2 15+ R 484+ 3 1 0
= det 0 1 10+ 84+ 5+ % 3+3t 0
0 0 6+2+3 6+9t+3¢2 1
0 0 3432 10+ 18t 49> +¢3 3+ 3t
o (t4+5t3+10t2t—5k5t+1) (1+1)"

Using (6.26), we find that

0 t 1 0 0
1 1 1
V' m —mer o !
dimy Vo, = +(1+8)7%det [ 1 — (1#)2 (1+2t)3 - (1ft)4 —3
0 1 __ 3 6 6
(1+¢)3 (1+¢)* (1+¢)®
0 1 _ 3 6

w it i
. (' + 563 + 102 +5t +1) (1 +1)*
1o

6.3.2 Thet-dimension in the special cas@; u = (b°); (b°)

Let us consider the Lie superalgelyi@n|n). When we have the composite partition
i = (b°); (b°) with eithern = m + b — 2c orn = m + 2b — ¢, thet-dimension
turns out to be proportional to a poweriofimes a power ofl + ¢. As both cases are
equivalent, we will only consider the first case where- m + b — 2¢. The other case
is identical tov’; i/ in gl(n|m), which coincides with the first one. An example of
;= (b°); (b°) is given in Figure 6.1 where = m + b — 2c.

It is easy to verify thatk = 2¢+ 1,1 = 1, = banda = n — b. In order to have
a critical composite partition with no zeros in the overltgere is an extra condition
2¢ < m. If 2¢ = m then the composite partition will be typical as the two pismtis
will fill the whole (m x n)-rectangle.
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n-b .
0

n-b

Figure 6.1: 7; yu = (5°); (b°) in gl(mn).

The ¢t-dimension of a mixed tensor representation i is given by erdenantal for-
mula (6.26). Translated to the composite partitiop = (5°); (b¢) this formula reads

dimy Vige). ey = (1+ 1) det(C) (6.28)
with
b+2c¢ c—j —1)" -2
(( +171 j))z:l,...,m ((ifi))i:L..wm ((1(+t)'i+j*1( jil ))i:l,...m@
C = j=1,...c j=1,...c 1yt ) j=1,..,n
- it+jtc—
0 0 (7 (19579 i
Jj=1,.

(6 29)

We will prove that

Theorem 6.15 Leti; 1 = (b°); (b°) be a composite partition with = m +b—2¢ and
n — b > 0; the t-dimension ol , is then given by:

dimy Vige). ey = £((b 4 ¢)1) (1 4 £)>

n+c c—1 c b n—>b
[TG+e-Te+b+n [IG-D ]G -1 H(j —1)!

5 3=t j=1 j=1 j=1 j=1 (6.30)
m—c b n 2c :
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First simplifications

By the triangularity of columnsg + i, wherei = 1,...,¢, the determinant can be
reduced according to those columdst(C') becomes

(b+2c—j) (=1)itets (i+j+c—2>
itc—1/ )i=1,...m—c (1+4t)itite-1 j—1 i=1,...,m—c

_ j=1,....c ) j=1,....n
det(C) = +det 0 ( (._1),71 (i+j+c—2))
tiFTFe—1 j—1 i=1,....b
=1,...,n
(6.31)
In the lastb rows, a factort!*"*+c=1 with i = 1,...,b, can be put in front. Next,

we apply the following operations on the lastows R;:

for j from2to b do
forifrombtoj by —1do

Rier,fc - Ri+mfc - Ri+mfc71~

After s steps the entries in the lalstows become—1)7~'¢"~7 ("*71{727%) . Since

the algorithm applies in totdl— 1 row transformations on row+ m — ¢, the entries
in those lasb rows become

(-1 =i <j e 1). (6.32)
J—1
On the firstc columnsK; we apply the following operations:
forifromcto2by —1do

forjfrom1toi—1do (6.33)

After s steps the elements on colunit; become(’ 27~ %), At the end of this

i+c—1—s

sequence (6.33), we appliéd — j) transformations on columi’;. This way, the

(< i >) = — =
? ] 7 seey—0C, J c

Changing the order of thogecolumns the entries in the firstcolumns are converted

into
(( bt )) . (6.34)
t=1J +c i=1,....m—c, j=1,...,c
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So,det(C) can be replaced by:

( b+c ) (—1)itetd (i+j+c—2)
i—j+c/ Ji=1,...m—c (14t)itite—1 j—1 i=1,...,m—c

det(C) = £F det J=Lyne 4 o J=1,m
0 ((_1)1 Lgn J(J?_i ))2:% ,
j=1,....,n

(6.35)

and .
F = t—%—b(n—&-c—l).
Eliminating the denominators and common factors

First of all, we substitut¢t + 1) by 7. In the next step we eliminate denominators and
common factors by multiplying

e the firstm — c rows by(—1)" "1 (i 4+ ¢ — 1) T et
e the lasth rows by(i + ¢ — 1)!, wherei = 1,...,b,

(=D)(b+5 1)
(b+ o)l Tnte

(=1 =1t

o finally, the lastn columns by GT 0!
Jg+c—1)

The resulting determinant is given in the next formula:

e the firstc columns by

J=1,...,n.

det(C) = = 5 ~blntem 1) p(ne) (n-b) - Le=ep=e=t)

((b+))° H(j +e—1)!

J

—

g b

1:[‘(2' +e= LG =D [+ - D ]G +e—1)
x det ((_l)i_l(i Fe=1)j-1b+j =i Ti_l) ((c+7)iaT)
! ((G = 1)iat" )

(6.36)

Herein,(a), = a(a+1)--- (a +r — 1) is the Pochhammer symbol or rising factorial,
and by(a), = a(a —1)---(a —r + 1) we denote the falling factorial.
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Generalisations by means of variables

In order to compute the remaining determinant, we introdsaree variables in such
a way that the expansion of the determinant is proportiamal factorization in these
variables. More exactly:

A(b,c,n)
(DT R == 0 TY) (O i)
0 (A +j — 1)_1t™9)
(A11)i=1,....m—c, j=1,...c (A12)i=1,...m—c, j=1,....n
- < 0 (A22)i=1,....b, j=1,...n )
(6.37)

From now on, we can even assume that the dimension variahles are independent.
The variablesk;, forj =1,...,¢, A;fori =1,...,bandC are parameters.

The determinant is independent of the variablesA;

To prove thatdet(A(b, ¢, n)) is independent of the variablet we will only consider
the lastb rows and more exactlyl,o. The entries ofd,, are:

(Aga)ij =t" (A +j — i1 (6.38)

It is clear that the first row ofiy is independent ofi; as the elements are equal to
t"I(A; +j —1)p = t" 7. So, we can replacd; by no matter what variable, for
exampleA,. Next, let us consider the row operation where we replacegend row
Ry by Ry — R;. The entries become

" (Agtj—1)1—t"7 =" (Ay—1+j—1) = t" 7 (Aj+j—1); with A5 = Ay—1.

This implies thatet(A(b, ¢,n)) = det(A(b, ¢,n))|a,=a;. Since we can perform this
transformation several times, we can replaeeby any value. Suppose that we already
considered the first rows, and that we can replace the variablgsj = 1,...,k by
arbitrary variables. Then we can choose to gut= A1 — 1. Next, replace the
(k + 1)-throw Ry 41 by Ri1 — kRy:

I (A + G = D = k" (A =1+ = Dy
=" (Apr1 +J = 21 (Apa +5 — 1 — k) (6.39)
=" (App1 — 147 — 1)
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So, we may replacd,, by A;.1 — 1, and by repetition by any value. We can con-
clude that the determinant is independent of the choicdseofdlue of every,;.

Without a loss of generality, we put(b, ¢,n) = A(b,¢,n

A(b,e,n)
(DT R = D = i TY)(C T )
0 (G = 1izat"™7)
(6.40)
c p—1
The determinant det(A(b, ¢, n)) is divisible by [] J] (Rp + b+ q)
p=2qg=1

The entries of A:1),; have the following form:
(An)ij = ()" N Ry +i— 1)1 (b+5 — )i (6.41)
We will prove the existence of every fact¢R; + b + 1) and illustrate the other

factors and the algorithm by an example. First of all, we aeelcolumnk; by
K; — (R;);j-1K7; the entries transform into:

(=1 (R + 1= Dy (45 = Dica = (By)jma ()i | = (-1 71X
If i < jthen
X = <Rj>j_i[<Rj+1>i_1<b+<j1)><b1+<j1>>...<bz‘+2+<j N

—(Rj+i—1—(j—l))(Rj+i—2—(J'—l))---(Rj+1—(j—1))(%—1}

i—1
= (R;);_i [(Rj + 11> G = DFeiign(bb—1,...,b—i+2)
k=0

— ()i Y (—D*G - D*e1an(Rj +1,Rj +2,..., R +i — 1)}
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If i > jthen

X = ()i {(Rj +i—1)j-1(b+1)j-1 — (R)j—1(b+j — i)jl]

J—1
= (b)i; {(b +1)j21 > (=11 k(R Ry —1,...,R; —j+2)
k=0

j—1
— (R])QZ(Z - 1)k6j,1,k(b +1,b42,...,04+7— 1):|
k=0

As both expressions become zero when putfifjg= —b — 1, columnK; can be di-
vided by a facto?; + b+ 1, with j =2,... ¢

The same process can be repeated for colémmwith j = 3,..., ¢, usingKs in
the operations and yielding a facté; + b + 2; next we can repeat this process for
K;, with j = 4, ..., ¢, usingK3 in the operations and yielding a fact&y; + b + 3,
etc. The computation is always the same, so we will not giexlicitly. But let us
illustrate the whole process for= 2, ¢ = 4 andn = 3. The matrix is then given
by a(7 x 7)-matrix. As the column operations only affect the figstolumns, we will
consider only those columns. The lasbbws have a zero in columns 1 ¢ptherefore
they will not been mentioned either.

1 Ro Rg (R3 — 1) Ry (Ry — 1) (Rg —2)

—2—2¢ —3 (Rg + 1) (1L +1t) —4 (R3 4+ 1) Rg (1 +t) —5 (Ry +1) Ry (Rgy — 1) (L + ¢)

2 (14 t)2 6 (Ry +2) (1 +1t)2 12 (Rg +2) (Rg + 1) (1 + )2 20 (Rg 4+ 2) (Rg 4+ 1) Ry (1 + )2
0 —6 (Ry+3) (1+6)3 —24 (Rg+3)(R3 +2)(1+6)3  —60 (Rg +3) (Rg+2)(Rg +1) (1 + )3
0 0 24 (Rg +4) (Rg +3) (1+0)* 120 (Ry +4) (Rg +3) (Ry +2) (1 + 0)*

forjfrom2tocdo K; — K; — (R;);-1K1.

1 0 0 0
—2-2¢ —(Ry+3)(1+1) —2R3 (R3 +3) (1+1) —3Rg (Rq +3) (Rg — 1) (1+1)
2(1+62  40+02(Ry+3) 2(R3+3)(5R3+4) (1+1)? 6 Ry (Ry +3) (3Rg +2) (1+16)?
0 —6 (Ro +3) (1 +t)3 —24 (R3+3)(R3 +2)(14+t)3  —60 (Rg +3) (Rg +2) (Rg + 1) (1 + )3
0 0 24 (R +4) (Rg +3) (1+ )% 120 (Rg +4) (Rg +3) (Rg +2) (1 + )%
1

for j from2tocdo K K.
’ R VI V0 NI )
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0 0
—(1+t)R4(R4—1)
2 (3R4 +2) Ry (141)?

1 0
—2 -2t —1—t —(1+1t)Rs
2 (1+1)2% 41 +1)? (5R3 +4) (1 +1t)?
0 —6 (14+t)® —12(R3+2)(1+1t)* —20(Rs+2)(Rs+1)(1+1t)*
0 0 12 (Rs +4) (1 +t)* 40 (R4 +4) (Ra +2) (1 +t)*

forjfrom3tocdoj — K; — (R;),;—2K>.

1 0 0 0
—2 -2t —-1—-t 0 0
2 (1+1)2% 41 +1)? (1+t)2(Rs +4) 2 (1+t)2 Ry (Ra +4)
0 —6 (14+1t)> —60Q+t)>(Rs+4) —2(Rs+4)(TRs+5)(1+1)>
0 0 12 (Rs4+4) (14+6)* 40 (Ra+4) (Ra +2) (1 +1)*
forjfrom3tocdo K; — — ! K;.
(J—2)(Rj +b+2)
1 0 0 0
—2—2¢ —1—t 0 0
2 (1412 41 +1t)? (1+1t)2 Ra (14 t)?
0 61+t —601+1t)°> —(TRi+5)(1+1)°
0 0 12 (1+6)* 20 (Ry+2) (14 t)*

for jfrom4tocdo K; — K; — (R;);_3K3.

1 0 0 0
—2-2t —1—t 0 0
2 (1462 401+1)? (1+1)? 0
0 -6 (14+t)° -6+t —A+1)>(Rs+5)
0 0 12(1+6)* 8 (14t)*(Rs+5)
for j from4tocdo K L K
c j— B
J I G =3) (R +b+3)
1 0 0 0
—2—2¢ —1—t 0 0
2 (1+18)2% 4 (1+1)? (1+1)? 0
0 -6 (141> —-6@0+1t)° —@14+10t)°

0 0 12 (14+6)* 8 (1+4+t)*
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In the end, the entries of,, are independent d®;. The product

HH o+ b+ q)

p=2q=1

is a polynomial inRy, Ry, ..., R. with highest degree termRy RZR3 - - - RS~1. This
polynomial dividesdet(C'), thereforedet(C') is also a polynomial inRs,..., R..
Looking at (6.40), it is easy to see that the highest degrasiple in the computa-
tion of the determinant is alsBy RZR3 - - - R¢~1. Therefore, we found every factor
in the variablesk;. To compute the coefficient, it is sufficient to look at thediey
coefficients inR; in every term of4,;. So,

Lemma 6.16 Let A(b, ¢, n) be the matrix defined in (6.40).

c p—1

det(A(b,e,n)) =+ H H (Ry + b+ q) det(A(b, c,n)) (6.42)
p=2q=1
where
. ((b +.7 - 1)ﬂTi_1)i=41,.1..,m—c ((_C - j)ﬂTn_j)i;I,i..,nl,—c
Alb _ j=1,...,c ' o j=l..n
(b, ;) 0 ((j = 1)i—1t™) =L
T 6.43)

Remark that we first eliminated the minus sign in the firsblumns.

n—b ¢
det(A) is divisible by [[ [[(C+b+p+q—1)
p=1qg=1
One of the methods given in [43] to compute determinantsasitathod by identifica-

tion of factors. To prove that a determinant is divisible HaetorC' + b+ p + g — 1,
we have to find a vector in the kernel of the matrix.
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For every(p, q) we construct a vectary, ) € M,1c)x1:

(s

1=1,...,c
(0)7::1,...4)—1
v = (6.44)
1) L b 11
(( ) (171) )i:1,...,b+1
(O)i:L... n—b—p

Lemma 6.17 For A(b, ¢, n) given in (6.43), and, ,) defined in (6.44), we have that
if C=-b—p—q+1 = A(b,c,n) vgpq =0. (6.45)
Proof. Part 1: the firstn + b — c rows in the productd (b, ¢, n) - v, q).
AsC = —b—p—q+litfollowsthat(—C —j)i1 = (b+p+q—37—1)i_1.
(A(b,e,n) - V(p,q))i

. q-—1
- —1)ia|
(b+j—1) 1<J_1

M-

)TilJrantqj
1

J

+ (b+tp+ag—j— DﬂTnﬂ (U(p7q))c+j

=

|
-Q_M N

—(b+j—1)i1<q_1

)Ti—1+n—b—qtq—j
j—1

- - b
+ (b+p+q—j—1)i_1T”J(—1)Jp<,

)tjprl
J—Pp

<.

= Y- b— i (q. - D pi-a-1+n-byaj
i

+ oo
-4

(“1) (b — g+ j + 1)y T (< 1)) (b) ¥

J
= (Zeva-s-pe (1))

J
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+Z(_1)i+j—l<_b —q +] + 1)i_1Tb+q—i—j <b> t]) Tn—b+1'—q—1
- J
J
In order to have a product equal to zero, we will prove theofeihg identity:

> (j: D (I=b—j)iat" =Y (1+j—b-qh1(-1) (?) pbta=ici,

J J

lhs = Z(qJ1>(lbq+J),;_1t"

J

In the rhs we expand the power @f+ ¢), change summation indices, and perform the
Chu-Vandermonde (binomial) summation theorem:

s = S (14i-b- (-1 (i) P14 i

= S aney Qs (7))

= Zve o))

= Drrasan ()

- Sevenman () ) e
R =

D YR SRS (q[_(1>tK _hs

Part 2: the lasth rows in the product (b, ¢, n) - v(,,q)-
For the entries in the lagtrows, we first simplify the expression, put common factors
in front and perform the Chu-Vandemonde (binomial) sumomatiheorem:

0+ (= Dicat" ™ (v(p,q))ets
j=1
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= D G- Diat" (= 1)j‘p(. b )ti pp-1

J

R (P

F J

_ ( z ltn PP 12

00}
- B e
/0

(p+1—7)i-

b
J

- (-1 11t"PTplz (p ijZ_1>(z'—1)!

©7)  (—1)iYn—prrl(; - 1)( b'Fp)
p

Asl <i<b wefindthap —b<p+i—1—-b<p—1. Therefore,(i‘1;b+p) =0.
The result follows. O
As the determinant can be divided by

n—b ¢

ITIIC+o+p+a-1), (6.46)

p=1qg=1

det(A(b, c,n)) is a polynomial inC of degree at least — b)c.

det(A(b, c,n)) is a polynomial of degree(n. — b)cin C and @ int

In order to put an upper bound to the degreel@f{( A(b, ¢, n)) in C and to determine
the degree oflet(A(b, c,n)) in t, we apply some new column and row operations.
First of all, we putt = T — 1in A(b, ¢, n). The first sequence of operations affects the
columnsK;, withj =c+1,...,c+n—1:

forifromlton —1do

, , (6.47)
forjfromc+1toc+n—idoK; — K; —TKj4,
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whereas the second sequence of operations changedowgh i = 2, ..., b:

for j from2to b do
forifrombtoj by —1do (6.48)
Rn+cfb+i - Rn+cfb+i - (n —i+ 1)TRn+cfb+i71-

The operations (6.47) only affect the lastolumns. We will first look at the elements
in the firstn — b rows of those columns.

Lemma 6.18 The operations (6.47) transform
(—=C—j)iaT"7  into (=1)" "IN — 1), T (6.49)

Proof. We prove this lemma by induction on the number of transfoionatapplied on
every row. To do so, we will prove that afteisteps the entries become

T" (i —1)s(—C — j — 8)i—s_1. (6.50)
After one step we have that:
(—=C = §)ia "7 = T(=C —j = 1)y T
= (-C=j) = (=C—=j—i+1)))(~C~j—1)ioT"™
= (i—1)(=C—j—1);_oT".

Suppose that after— 1 steps the elements becaffie 7 (i —1),_1(—C —j—s+1);_s,
then we will prove that after another operation those elémleacome (6.50). Indeed,

T (i = 1)1 (=C = j =5+ 1)ims =T (i = 1)so1(=C' = j = 5)izs
= T"7(i=1)(-C=j=8)iana((-C—j—s5+1) = (-C=j—i+1))
= T"7(i—1)s1(~C —j — 8)i—s—1(i — 5)

which is equal to (6.50). As we make— j transformations on columy this yields
the lemma. |

The row operations (6.48) affect the lasbws. The elements in the lasttolumns
of those rows however, are first changed by (6.47), the otfteies are zero.

Lemma 6.19 The operations (6.47) transform the elemepts- 1),_;¢"~7 in the last
b rows into:

(_1)7l_j 3 " ( - 1)q( —i+ 1)i—q— ¢t (6-51)
qz_(:)( q ) 2 q n-—1 1
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Proof. We will prove this Lemma also by induction on the number ofisfarmations;
after s transformations the entries are

. n—i—g ° s\ . .
(=1)°( = 1)izs—at™™ Z (q) (i = 1)g(5)s—qt?. (6.52)
q=0
After one step the elements are changed into:
(= Dicat"™ = (L H)(5)iat" 7
= —Diat" 7 NG — i+ Dt + (14 8)j)
= —(j = Diat" i = 1)t + )

Suppose that we have already applied 1 transformations on a row. In the next step
the entries will become:

(=1)°71(j = 1)ims—1t™ 7 7% x term

with
term = (7 )= 0 (10 = i )mgr = 400G+ Dy )
- qij_: (3 . 1) (i - 1>q<t<j — i+ 8)()sg1 — (14 t)(jL_q)t
- : Dyt a i ) = G )
= (" )= e+ (3716 Damalidate - e
() Dt (7 )i 000 )
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This proves the induction. Since the algorithm applies ialto — j transformations in
columnj, the entries become

(_1)"—1(‘_1)1,771 Jj— 3 " (i_l)q(-)n*ijtq'
’ qu_;)( q ) g

(6.51) follows from the equalityj — 1);—1—n4;(j)n—j—q = (n —i+1);—g—1. ]

Lemma 6.20 The operations (6.48) transform the elements (6.51) in dlsébl rows
into:
(=) I G = 1) (6.53)

Proof. It is easy to prove by means of induction that aiéransformations the entries
in the lasth rows are given by

(_1)n—f§ (” , j) (n—i+ 1)i_q_1tqu:) (;) (i — 1 - p)g(~1)PT?.

As we need — 1 operations in row, we get:

n—j . i—1 .
CHEDY (” ”)(n —it1)igat? Y (Z - 1) (i — 1—p)y(—1)’T". (6.54)
—\ ¢ —\ P -
q p
In this expression:

(2;1)(@'_1_]))(12(i—1)q<i_;_q). (6.55)

Consequently, (6.54) can be replaced by:

S (e a0, Y (7L

p=0 p

Il
—
—_
N—
3
|
<
N
<
<.
"
—
3
|
~.
+
—_
—
T
i
—
~
i}
—
~.
|
—_
—
)
—
—
|
~
N
s
|
i}
|
—

_ (_1)n—j—i+lti—1 <TL ;]) (n — i+ 1)1.7(]71(7; _ 1)1(_1)q
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In this expression the sum can be rewritten:

1M
LUTIL

(n - j) (n— i+ 1)igo1(i — 1)g(~1)1

q

_ (j—nwrﬁﬂ§:( (n—q—1)! @_U!!pnq

(n —1)! n—j—q)!G—-1gi-q-1)

SRR () (e

n—J—q
— Dln—4)/n—i )
(6.7) ( —J): = (i —1);_1.
= (n—1)! n—j (7 izt
This proves the lemma. O
As a result of Lemma 6.20, we can divide the lasbws by a factot’~!,i =1,....b.

Lemma 6.21 The row and column operations described, transfotfh, ¢, n) in

- b+j—1 i T (i - Dpji(=C —n)i—p T
A'(b,e,n) = ( ( )izt ( nl imny—1

0 (=D = 1)
‘* (6.56)
where , S B
det(A (bye,n)) =t~ 2 det(A(b, c,n)). (6.57)
For example, witlb = 3, c = 2 andn = 5,
1 1 0 0 0 0 1
3T 4T 0 0 0 T —-C -5
672 1272 0 0 2772 —2T(C+5) (C+5)
A'(3,2,5)=|6T% 2473 0 673 —6T*C+5) 3T(C+5)y —(C+5)s
0 0 1 -1 1 —1 1
0 0 0 1 -2 3 —4
0 0 0 0 2 —6 12

It is clear that the maximal degree @nis determined by the determinant of the sub-
matrix consisting ofrows + 1, ¢+2,...,c+n—bandcolumng +b+1, c+ b+
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2,...,c+ n; more exactly
(=C —n)e—nypr1 (=C —n)e (=C —n).
(*C - n:)C—7z+b+2 (*C * n)c (*O * ”)C-H (6.58)
(-C - n)e o (-C - n.)c-‘rn—b—Z (-C - n.)c+n—b—1

So, the maximal degree GT(b, ¢,n)in C'is (n —b)c. This proves that we have found
every factor inC'.

The coefficient of("~*)¢ in the computation ofiet(A' (b, ¢, n)) equalslet((A) (b, ¢, n)
with A(b, ¢, n) defined in the next lemma.

Lemma 6.22
_ b+j—1); Tt (=1)nH=i=i(i —1),,_;7"
Ab,e,n) = ( )izt =1 (= Ui (6.59)
0 (=) T I — 1)
( (All)izl,‘..,mfc, j=1,....c (AIZ)i:L.H,mfc, j=1,....n )
0 (Ag2)iz1. b j=1...m
with
n—b c b(b—1) ~
det(A(b,c,n)) = [T [[(C+b+p+q—1)t = det(A(b,c,n)).  (6.60)
p=1¢g=1

In the example mentioned abové(b, ¢, n) becomes

1 1 0 0 0 0 1
3T 4T 0 O 0 T -1
672 1272 0 0 27? 27 1
A(3,2,5) =673 2473 0 6T —6T7> 3T -1 (6.61)
0 0 1 -1 1 -1 1
0 0o 0 1 -2 3 -4
0 0 0 O 2 -6 12
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The determinant of A(b, ¢, n)

The determinant can be divided into nine blocks.

(All)iil,...,c (A12)i=1,...c  (A13) i=1,...c

Jj=1,...,c Jj=1,....,b j=1,...,n—
fl(b c,n) = (A21)i=1,..n—b (A22)i=1,..n—b (A23)i=1,.. .n—b (6.62)
! G=1,....c G=1,...,b j=1,..n—b
(As1)i=1,...b (As2)i=1,..p  (As3) i=1,..b
j=1,...,c 7j=1,...,b j=1,....n—b

In this section we will prove that:

Lemma 6.23 With A(b, ¢, n) defined in (6.59) andl;;, A3 and As; given in (6.62),
we find that

det(A(b, C, n)) = det(Au) det(Agg) det(Agg) (663)
We will first make A1, lower triangular using column operations:

forpfrom1ltoc—1do

 —1
forjfromp+1tocdoK; — K; — (J I)Kp.
p—

i% @ (b - z) N (a ) k) (6.64)

it is easy to prove that the operations transform

(b+j—1)a Tt = (il)!(bwzlﬁil into (1‘1)!(, b .>T“.
i1 - L

Using the equality

Next, we divide the first columns by(j — 1)!77~!. Finally, the element$b + j —
1);—1 7"~ become:

b o
i — 1)y T, .
(i )zy<i - j) (6.65)
More specific, the triangularity of the firgtcolumns with onlyls along the diagonal,
implies:

det(Ay) =det (b+j— 1),y T =T ﬁ(j ). (6.66)

j=1
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In the examplegdet(A(3,2,5)) becomes:

1 0 |o o 0 0 1
37 1 |0 0 0 T -1

672 67 |0 0 27?2 |27 1

det(A(3,2,5)) =T det | 67% 1872 |0 67% —6T2| 3T -1
0 0 [1 -1 1 -1 1

0 0 [0 1 2 3 —4

0 0 [0 0 2 -6 12

Using the first: columns, we transforid;,  A13) into a zero block. The column
operations are:

for j fromc+1toc+ndo
forifromn+c+1—jtocdo

This way, a Laplace expansion reduces the dimension of théxnt@an x n-matrix.
In general, this leads to:

det(A) = 77 f[( 1)1 det (22 Az (6.67)
€ = L1 ] Lae Aég Ag?) .
i

Forb = 3, c = 2 andn = 5, we get for our example:

0 0 272 | 2T —-6T> 14127%4+6T

0 67° —6T2%| 3T —18T% —1+48T7% 41877
det(A(3,2,5)) =T det | 1T —1 1 —1 1

0 1 -2 3 —4

0 0 2 —6 12

The b x b block A3, is upper triangular. First, we divide the lastrows by
(—=1)"~'(i — 1)!, changing the entries in those rows irtte1)"*7 (?~1). This way,

det(A(b, ¢,n)) is divided by

b
det(A%y) = det(Asz) = (1) D (i — 1) (6.68)

i=1

The following column operations tutd into a zero block:
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for j from 1 tob do
forifrom1lton —bdo

it —2\[(b+i—1
i = Ky + (1)1 Kp_jt1-
Ky bi +(—1) < i1 )(i+j—1 b—j+1

The Laplace expansion with respect to the tasiws gives that

b

116G = DG = 1) det (A%) (6.69)

j=1 i=1

c(e—1)
2

det(A) = (=1)!=V7
In the example, we have that:

~ B 27T 1+8T
det(A(3,2,5)) =2 T det <3T —24T% -1+ 96T2>

While making zero blocks ofi;3 and As3 in A the entries ofd,; also changed. To
undo those changes, we apply some new row and column opeatimning the matrix
4, back into the original matri¥l,;. These operations are given by:

forifromn —b—1tolby —1do
for j from1to: do

b
K; K; o K.
+1 — +1+ <Z]+1) J

and

forifromn —b—1to1by — 1doforjfrom1to:do

jei1(bF+i—17 c+1 . i—j
Rirt = Rea + (1™ 1<¢—j+i> <z’—j+1> =+ DT R

To conclude the computation of the determinant, we stiltiteesomputelet(As3),
which is equal to

det(As3) = det (((—1)n—b—c+1—i—an—b—j (i—c— 1)n_b_j)

(n—b)(n—b—1)
2

1§i,j§n—b>

= (=1t det ((1 = ¢ = 1)n_b—)
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n—>b
_ (_1)—c(n—b) Tg(nib)(gibil) H(j _ 1)!

j=1
In the last step we made use of the computation of (6.66). So,

n—>b

c b
det([l) _ (71>b(n71)*c(nfb) TC(Cz_l)Jr(n_b)(;_b_l) H j— 1 | H j— 1 H
Jj=1 Jj=1 Jj=1

(6.70)

Conclusion
To conclude this section, we combine all the results (6.86)(&.37), giving:

dimy V@C);(bc)(ﬁﬁs)(l + t)mntrn det(C)

- 4 b(b;—l) —b(nte—1) p—(nte)(n—b)— (m,—c)(;n,—c—l)

,:13

Il
-

(b+e)H (G +c—1)

m—c n ’
[[G+e=D G -1
i=1 Jj=1 J

x det(A(b, c,n))

X

a

b
(b+j—DJG+c—1)
1 i=1

23

c,j
0,4

I
o=

Herein,
c p—1
det(A(b,c,n))(6:42) H H (Rp + b+ q) det(A(b,c,n))

p=2g=1
c p—1 -

6.6 TT [T (Rp +b+a) H H (CHbtptq—1)t =

p=2 q=1 p=1q=1

o

(A(b,e,n)

c p—1 —

n—b
6710 T [[(Ry +b+a) HH CHb+prq—1)t 7

p=2g=1 p=1g=1

c b n—>b

A6 -0 16 =00 TI6 - vraen =i

j=1 j=1 j=1
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The power oft is

bb—1) b(b+1)
2 2

—bn+c—1)+bn=-bc
Taking into account that, = n — b + 2¢, the power of(1 + ¢) is given by:

clc=1) (n—=>b)(n—>b-1) (m—c)(im—c—1)

mn—+ ) + 5 —(n=b)(n+c)— ) = 2cb
The remaining coefficient is equal to
n c c—1
((b+ ) H(j +ec—1) H(c+ b+ q@)n—b H(c+ b+q)° 1
j=1 q=1 q=1
Hercfl ijl HbJrjfl Hercfl
=1 J=1 j=1 =1
c b n—b
<TG - T[G - ]G -1
=1 =1 =1
n+c—1 — n—b—1

II G+ 1:[ +b+ ) JH]'HJ' H !

—c—1 — 201
H (i+c) Hz—i—c H]'H b+j)!
=0 1= = 7=0

This proves Theorem 6.15.

Comparing this with Proposition 6.14, we obtain a closedfexpression for de-
terminants of the type (6.27) where . = (5°); (b°). This yields, using the, F}
notation and Theorem 6.15, that:

Proposition 6.24 Letb, c andn be positive numbers, withh = n — b + 2¢. Let

4 = m+bt+e—1—i P l+i-b—c—1,-n 1
N bte—1—i+1)2 ! i+l—m—-b—c ' t))1<i<2c,

i<i<c

b i1 S
B mEo—e j+l 2 I cti—b-i-n ;—t ;
b—c—j+i c+j—m-—-b—i+1 1<i<2e,
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wherei, j resp.l runs from top to bottom, from left to right, resp. from riglt left.
Then the determinantal identity is given by

det (A | B)
n+c—1 — c—1 — n—b—1
I G+o Hc+b+]" jH]'H]' IT 4

_ e J=0 j=1 =0 (1+1)*®
- j:((b—FC)') m—c—1 n—1 2c—1 tbe :

b1
H (i+c) Herc H]'H b+ j)!

i=0 j=0







Appendix A

Nederlandstalige
samenvatting

In deze appendix is het ons doel om in het Nederlands eeniokrete geven van de
in dit proefschrift gegeven resultaten. Het is zeker niebéldoeling een Nederlands-
talige vertaling te geven. Wel willen we hier de belangtigksesultaten schetsen in hun
context. Hiertoe zullen we de hoofdstukken doorlopen inblogische volgorde.

A.1 Symmetrische Schur-functies

De objecten, de symmetrische en supersymmetrische fenclie we behandelen in

dit proefschrift worden gekarakteriseerd door partities@mengestelde partities. Het
eerste hoofdstuk vormt bijgevolg de basis waarop de andafelstukken steunen; hier

worden de notaties en terminologie vastgelegd.

A.1.1 Partities en samengestelde partities

EenPARTITIE A van een niet-negatief geheel gedd) is een rijA = (A, \a,...) van
niet-negatieve gehele getallen die voldoen aa» A\, > ... en met enkel een eindig
aantal)\;’s verschillend van nul. Het aantal niet-nul delen van ddifi@rnoemt men
deLENGTEVvan de partitie nl¢{(\). De som van alle delej\| is hetGEwICHTvan en
is gelijk aanN. Partities worden voorgesteld door middel van humuXiG DIAGRAM
FA.



176 Nederlandstalige samenvatting

Veronderstel dad, ;. twee partities zijn, dan bedoelen we met> n dat het di-
agram vary bevat is in het diagram van, nl. p; < A; for all « > 1. Het verschil
60 = A — p noemen we eeACHEEF DIAGRAM

Een (kolom strikt)TABLEAU 7' is een rij van partities
p=A0c AW . A=)

zodat elk scheef diagrami’) = A(¥) — \(=1) (1 <4 < r) een horizontale strip is; dit
betekent dat elke kolom van het scheef diagram hoog&Embox bevat. We kunnen
een tableau ook grafisch voorstellen als een genummerdadiagaarbij elk vierkant
uit het scheef diagram(?) het nummesg krijgt.

EenSAMENGESTELD YOUNG DIAGRAM F/# = F(... —vy, —V1; 1, f2, - - -),
gekarakteriseerd door twee partitigs= (i1, pi2,...) env = (vy, s, ...), bestaat uit
de Young diagrammehR* en F'V. Deze diagrammen worden naast elkaar geplaatst [18]
zoals weergegeven in Figuur A.1. Merk op dat wefifi* = F(3:8):(5:3.1) gebruik
maken van de conventie om het minteken boven het getal tesplaa

LLTT]

[ ]

Figure A.1: Composite Young Diagram”* = F3:8)(5:3.1)

Een SAMENGESTELD YOUNG TABLEAU [39] is een genummerd samengesteld
Young diagram. Dit tableau wordt verkregen door de boxen/Nére vullen met de
positieve getaller/ = {1,2,...,m} en de boxen vai#’” met de negatieve getallen
M = {1,2,...,m}, zodanig dat de getallen niet dalen volgens de rijen, ekt stij-
gen volgens de kolommen. Bovendien{g) +7(j) < jvoorj € {1,2,...,m}, met
r(j) en7(j) de kleinste rijnummers i&* resp.F” die eenj resp.;j bevatten.

A.1.2 De ring van symmetrische functies

We beschouwen de rir[x1, . . ., z,,] van veeltermen imn onafhankelijke verander-
lijken z = (x1,...,2,,) met gehele céfficiénten. De symmetrische groéf, werkt
in op deze ring door de variabelen onderling te permuterea.kWinen nu verschil-
lende basissen defizien voord,,, = Z[xy, . . ., ], de deelring vaiZ|z,, . . ., 7.,
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invariant onders,,,. Voor een partitie\ geven we hier een opsomming van deze basis-
sen. Voor meer details verwijzen we naar de Engelstaligs.tek

De MONOMIALE symmetrische functies: my(z) = >°_ z*.

De ELEMENTAIRE symmetrische functies: e, = > iy Tig - - Ti..

1 <o <y

De compLETEsymmetrische functies: h, = Zm:r my.

De MACHTSOMMEN: Pr=_, ) =my(x).

A.1.3 Symmetrische Schur-functies
Symmetrische Schur-functies gmdexeerd door een partitieA

We nemen opnieuw een set van variabeler= (x1,...,2,,) en een partitiex =
(A1, A2, ...) metl(\) < m. De SCHUR-FUNCTIES, vaak 0ok SFUNCTIESgenoemd,
worden gedefinieerd als

det(z*9
sa(x) = sa(x1, oy xm) = de(t(sc‘s))’

waarbijé = (m —1,m —2,...,2,1,0).
Verschillende formules zijn gekend in verband met symmelie Schur-functies.
Onder andere kunnen we deze Schur-functies ook éeginidoor middel van tableaus

van de vormi:
O
sxa(z) = ZxT metz’ = Hmie )
T i=1
waarbij de som genomen wordt over alle mogelijke tableaus.
Andere belangrijke formules zijn de Jacobi-Trudi-formeitede Nagelsbach-Kostka-
formule in termen van de elementaire en complete symmbgigmcties [46] :

sx(x) = det(h,\i,iﬂ' (m)) = det(e)\g,iﬂ-(x)) .

1<i,5<0(N) 1<d,5<€(N)

Symmetrische Schur-functies gindexeerd door een samengestelde partiti2; p

We vertrekken opnieuw van een set van variabelea (x1,...,x,,). Veronderstel
dat 7; 1 een samengestelde partitie is ndét) = p, {(v) = genp + g < m; we

noemenv; u dan eenn-STANDAARD SAMENGESTELDE PARTITIE De symmetrische
Schur-functie gimdexeerd door een samengestelde partitie kan gekoppetttvaan
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de definitie van een symmetrische functie gekarakterisg@od een partitie\ nl.;

m
Spu(x) = (Hz:”) sx(x) meth = (ug +vi,pue +11,...,—va +114,0).

i=1

Volgende formules werden gepostuleerd door BalantekinBand [5] en bewezen
in [18], namelijk:

é;/-;—k—l(x) B;L’.—k+j—1($)

(@) = det [ =4 i Al

S H(:C) € ( eyl/szHfl(x) ep,.’fH;fj(x) ( )
Py Py g i

&;u(@:det( vk () py—ktj=1(2) > (A.2)
ho—ivi—1(x) | hpy4i-j(@)

waarbij de indices, j, k respectievelijkl lopen van boven naar onder, van links naar
rechts, van onder naar boven en van rechts naar links. \idefieieren we de functies
met een punt als volge,.(z) = e,.(Z) = e,.(X,..., -1 ) enh,.(z) = h.(T).

x1’ ? T

Gebruikmakend van de samengestelde Young tableaus, kueng@msymmetrische
Schur-functies, gadexeerd door een samengestelde partitie, berekenen als:

TUW
Sviu = E €T )

TV

waarbij de som genomen wordt over alle mogelijke samenigiesi®ung-tableaus.

A.2 Supersymmetrische Schur-functies
In Hoofdstuk 2 willen we de theorie van de symmetrische figscvertalen naar de

supersymmetrische functies; functies en formules uit Hstofk 1 krijgen een super-
symmetrische tegenhanger.

A.2.1 Supersymmetrische functies gadexeerd doorA

Neem twee verzamelingen = (z1,z2,...,%,) €Ny = (y1,%2,...,Yn) Van on-
afhankelijke veranderlijken. Een veeltepz/y), symmetrisch inz eny, noemen
we SUPERSYMMETRISCHals na substitutie vam,,, = t eny, = —t in p(x/y) het

polynoom onafhankelijk wordt vah Deze supersymmetrische functies vormen een
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deelringA,,,, vanZ[z1, ..., Ty, Y1, . . ., Yn) om0
De ELEMENTAIRE SUPERSYMMETRISCHE FUNCTIE®N deCOMPLETE SUPER

SYMMETRISCHE FUNCTIESnorden gedefinieerd in termen van de elementaire en com-
plete symmetrische functies [46]:

x/y Zek I — k en h 96/y th er k

Gegeven de elementaire en complete supersymmetrischéefukannen we de
SUPERSYMMETRISCHESCHUR-FUNCTIES s) (x/y) definieren als:

sx(a/y) = olet(eAé _iﬂ(x/y))m o’ (A.3)
Bovendien kunnen we ook aantonen dat:
sx(z/y) = det(hxi—z’ﬂ(ﬂf/y))1<Z_j<£(x)~ (A.4)

Macdonald toont aan dat de supersymmetrische Schur-&snatidoen aan de vol-
gende vier eigenschappen.

e Homogeniteit: s, (z(™) /y(™)) is een homogene functie van graad

e Restrictie: Alswez,, = 0 (resp.y, = 0) stellen ins, (2™ /y(™)) dan krijgen
we de functiesy (z(™=1 /y(™) (resp.sy (z(™) /y(*—1)).

e Annulering: Na substitutie vam,,, = t eny,, = —t wordt sy (2™ /y(™) de
functies,\(a;(m—l)/y(n—n)_

e Ontbinden in factoren: Indien de partitie\ zodanig is dat\,,, > n > A\, 41,
dan kunnen we schrijven als\ = ((n™)-+7)Un metr (resp.n) een partitie met
lengte< m (resp.< n). De bijhorende S-functie kan dan geschreven worden als

(@™ /y™) = s, @) N [ [ @i+ ). (A5)
1=17=1

Formule (A.5) werd afgeleid door Berele and Regev [10, Téen8.20].

EenSUPERTABLEAU of BITABLEAU S van het type(m|n) en vorm\ — u [46,
1.5, Exercise 23] is een rij van partities

p=A0cXB c calmtn) =\
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zodanig dat elke scheef diagraiff) = A — A(=1) een horizontale strip is voor
1 <i < meneen verticale strip voen+1 < i < m+n. Grafisch betekent dit dat elk
vierkant vard(*) kan opgevuld worden met een symbaal < i < m, en elk vierkant
van#(™+7) met een symboo}’, 1 < j <nmetl <...<m< 1 < ...<n/;de
symboleni € {1,...,m} (respectievelijkj’ € {1,...,n’}) zijn niet-dalend volgens
elke rij (resp. kolom); elke rij bevat hoogste#n symbooli’ en elke kolom hoogstens
€én symboolk.

De supersymmetrische Schur-functies kunnen vervolgepaabe worden aan de
hand van deze supertableaus:

syu(e/y) =Y (x/y)°

S

waarbij gesommeerd wordt over alle supertablefiuan het typém|n) en vormA—p.

A.2.2 Supersymmetrische basissen

Naar analogie met de overeenkomsten tussen elementai@®iete symmetrische
functies enerzijds en hun supersymmetrische varianteeraijds, willen we hier even-
eens het supersymmetrische equivalent van de symmetrisatigsfuncties, de mono-
miale en de ‘vergeten’ symmetrische functies défian.

De supersymmetrische machtsfuncties kunnen eenvoudaplibworden als:

pr(x/y) = pr(x) + (=1)" " 'pr(y).

Stel \ is een willekeurige partitie. Dan hebben we Me@NOMIALE SUPERSYM-
METRISCHE FUNCTIESm)(z/y) en deVERGETEN SUPERSYMMETRISCHE FUNC
TIES fi(z/y) als volgt gedefinieerd:

ma(z/y) = Z my(z) fu(y)

pUr=>X\

and
In(@/y) = wima(e/y) = Y ful@)mu(y).
pUr=X\
Voor meer informatie ovep en de vergeten symmetrische functies verwijzen we naar
de Engelstalige tekst. Verder, hebben we ook aangetoorad dete functies inderdaad
supersymmetrisch zijn en dat de transitiematrices, deiceatdie de basisovergangen
weergeven, onveranderd blijven ten opzichte van het synsuobé equivalent.
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A.2.3 Supersymmetrische Schur-functies gadexeerd door; p

Stelv; 1 is een samengestelde partitie. De corresponderende gopeetrische Schur-
functie, ook supersymmetrische S-functie [4, 5], wordtefedeerd als

ho4k—1(x/y) ‘ P, —k—jr1(x/y) )
SD:}L X = de T
w(@/y) t( hoy—i—i+1(x/y) ‘ s vi-j(/y)

(A.6)

waarbiji, 7, k resp. van boven naar onder, van links naar rechts, van onder nganpo
respectievelijk van rechts naar links lopen. Als= 0 vinden we de gewone super-
symmetrische S-functies terug. Door de analogie met (A&2)et evident dat vele
eigenschappen en formules gelijkaardig zullen zijn aangienschappen en formules
gevonden voor gewone symmetrische Schur-functies [1728,89, 41].

Definitie A.1 Een samengestelde partitie noemen we(eem)-STANDAARD SAMEN-
GESTELDE PARTITIEalS en slechts als er eehen L bestaan zodat

J=min{j|p)y +v, ;4 <mp met 0<J<n,
L=min{l|pm—i+1+vi+1 <n} met 0<L<m,

We stellendad =m — LenK =n — J.

De grafische weergave van deze definitie bepaalt dat een gastelue partitiém|n)-
standaard is als en slechts haar samengesteld Young diageamkruis past met arm-
breedten en beenbreedte [17, 40].

Ook voor samengestelde supersymmetrische Schur-furtatielsen we een for-
mule door middel varim|n)-standaard samengestelde supertableaus. Vooraleer deze
formule hier aan te halen, leggen we nog enkele notaties @&stn(i*) resp.n(i*)
is het aantal vierkantjes ifi* resp. F dati* resp.i* bevat;r(i) resp.R(i*) (7(i)
resp.R(i*)) is het kleinste resp. grootste rijnummer van de rijedih(resp.F") die
een;* (resp.i*) bevatteng(i*) resp.c(i*) is het grootste kolomnummer van de kolom-
men vanF* resp.F” die eeni* resp.i* bevatten.

Een (m|n)-STANDAARD SAMENGESTELD SUPERTABLEAUSY# is een genum-
merd samengesteld Young diagr&ii*, niet noodzakelijk eefin|n)-standaard samen-
gesteld diagram, verkregen door positieve en negatievéahiam gekozen uifi =
{1,...om,t*,..., 15, 1',....n'yenM = {1,...,m,t5,..., 15, 1/,....,n/} (t > 0)
te plaatsen in elk vierkant vaii* resp.F” zodanig dat volgende voorwaarden voldaan
zijn voor de geordende symbolén< ... <m <t* < ... <1* <1l <...<n”
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e Desymbolen € {1,2,...,m}eni € {1,2,...,m} zijn niet-dalend volgens de
rijen en stijgen strikt volgens de kolommmen; de symbglea {1/,2',...,m'}
enj’ € {1/,2/,...,n'}, zijn strikt stijgend volgens de rijen en niet-dalend vol-
gens de kolommen; boxen gevuld met een symbbvaksp. i*, 1 < i < t,
vormen een samenhangende component startend in de eelste kan F+
resp.fF”.

e 7(i)+7(i) <ivoorallei € {1,2,...,m}.

o n(i*) =n(i*) = R(i*) + R(*) —m — 1enR(i*) = m + 1 + ¢(i*) — r(i*).
Met elk samengesteld supertableau correspondeert eenalaiterm in de variabe-
lenz = (xq,...,2,) eny = (yi1,...,y,). De symbolen resp.i zijn de positieve

resp. negatieve machten vayp de symbolen met een accent zijn de machtengan
de overige symbolen worden niet in rekening gebracht, irsfigr= |i*|.

De supersymmetrische Schur-functie wordt dan gegeven door

5@y = 37 (1) (Slas (eliHEHDN 1=d00) (g 1957,
Svin

De som wordt genomen over alle:|n)-standaard samengestelde supertableaus van
vorm z; . en metdy, de Kronecker-delta.

Voor alle andere eigenschappen, rekenregels en formulesrband met sym-
metrische en supersymmetrische functies verwijzen weda&ngelstalige tekst.

A.3 Lie superalgebra’s en representaties

Vele pogingen zijn reeds ondernomen om relativiteitstieeconsistent te maken met
guantumveldentheorie. In de meeste succesvolle pogirggeren moeten overstap-
pen van gewone symmetrie naar modellen die gebruik makesuwaersymmetrie. In

de beschrijving van deze ‘super’-symmetrie deed de thea@ieLie-superalgebra’s
haar intrede. Het grote knelpunt in de studie van Lie-sugebaa’s is het feit dat de

representatietheorie van Lie superalgebra’s geen reebkse vertaling is van de cor-
responderende theorie, gekend voor de simpele Lie-algebra

A.3.1 Definities

Een Lie-superalgebra wordt als volgt gedefinieerd:
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Definitie A.2 Een LIE-SUPERALGEBRAGg iS eenZs-gegradeerde algebra over een
veld van karakteristiek 0 samen met een bilineaire bewgikir] vangx g in g, hetLIE
SUPERHAAKJEOf SUPERCOMMUTATORgenoemd, zodata € g.,Vb € gg,Vc € g,
enVa, 8 € Zs:

[a,b] € Gatp (A.79)
[a,b] = —(=1)*[b,d] (A.7b)
[a,[b,c]] = [a,b],c] + (=1)*?b,[a,d]. (A.7¢)

Vergelijking (A.7b) geeft aan dat het Lie-superhaakje ‘sigymmetrisch” is; (A.7¢c)
noemen we de “super Jacobi-identiteit”.

In dit proefschrift beperken we ons tot de Lie-superalgslyim|n) ensl(m|n).

Een deelalgebravan een Lie-algebrgnoemen we een ARTAN-DEELALGEBRA
als de deelalgebra nilpotent is en gelijk is aan zijn norsa&tir. De Cartan-deelalgebra
van een Lie-superalgebta= gg @ g7 is de Cartan-deelalgebra, de maximale abelse
deelalgebra, vapg.

Voor g = gl(m|n) kan elk element van de duale ruinftevan de Cartan subalgebra
h kan beschreven worden aan de hand vaesdeasis varh*, gegeven doofe; | 1 <
i <m}uU{d; |1<j<n}. EengewichiA € h* kunnen we zodoende schrijven als

A= Xer 4+ A€+ 101+ A pnbn, OFNOGA = (A1, .o, A finy ooy i)

Zo een gewicht\ wordt integraal dominant genoemd als en slechtsals Z, u; € Z
enalsh; > Ao > - > A €Ny > g > o0 > Yy,

De verzamelingd = {« € bh* | go # 0} metg = @ g, Whereg, = {z €
g|[h, 2] = a(h)x, h € h}, noemen we eeWORTELSYSTEEM In deed-basis worden
deEVEN WORTELSvang = gl(m|n) gegeven dook; — €; or 6; — d;, en deONEVEN
WORTELS door £(¢; — §;). De verzamelingen van deosITIEVE even en oneven
wortels worden aangeduid met

Al = {a—¢gll<i<j<m}u{s—d;1<i<j<n},
A-{ = {6¢j:6i—(5j|1fi§m,1fj§n}.

Een positieve wortel wordsiIMPEL genoemd als hij niet kan geschreven worden als
som van andere positieve wortels. Er zijn verschillende&mogelijkheden voor een
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set van simpele wortels. Als systeem vamPELE WORTELSnemen we altijd de
standaard keuze [16]

H:{61—62,62—63,...76m—(§1,61—(52,...,6,1,1—(5”}.

In dit systeem van simpele wortels is er sledd&s oneven wortel. Verder stellen we,
zoals gebruikelijk,

p=5( a)  m=5( Y 0 s=s-m

a€lo, + €AY 4

Tot slot van deze paragraaf, voeren we nog het begrip repetse en hoogste
gewicht in.

Definitie A.3 Stelg is gl(m|n) of sl(m|n). Veronderstel verder dat = V5 @& V;
eenZsy-gegradeerde vectorruimte is en beschouw de superalgebr&rdomorfismen
End(V) = Endg(V) @ End; (V). Een lineaireREPRESENTATIEp vang is een homo-
morfisme vary in End(V).

De dimensie (resp. de superdimensie) van een representatiale dimensie (resp. ge-
gradeerde dimensie) van de vectorruiriite

dimy = dimV;+dimVj

sdimp = dimVg—dimVj.
~ We fixeren de Borel-deelalgebtavan g die h bevat. Het ginduceerde moduul
V(A) = Ind((va)), voor een willekeurig integraal dominant gewichte h* noemt

men een Kic MoDUUL. Een dergelijkg-moduul bevat een uniek maximaal deelmo-
duul I(A). Het quotént van beiden, genoteerd als

V(A) =V(M)/I(A),

noemt men eeBENKELVOUDIG HOOGSTE GEWICHT MODUULOf eenNIRREDUCIEBELE
REPRESENTATIE MET HOOGSTE GEWICHN.

A.3.2 Hoogste gewichten versus samengestelde partities

Vaak hebben we de voorstelling van een hoogste gewicht rambg middel van een
samengesteld Young diagram. De bijectie tussen een iatedpaninant gewichi\ en
een(m|n)-standaard samengestelde partitig wordt gegeven door volgend lemma.
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Lemma A.4 StelA is eengl(m|n) integraal dominant gewicht. StdlL is de verza-
meling van alle(j,7) met0 < j <nen0 <! < m zodat

ofwel j=0 ofwel A, ;> —I,
enofwel j=n ofwel A, 441 <1,
enofwel [=m ofwel A,,_;>7,
enofwel [ =0 ofwel A, 141 <.

Veronderstel vervolgens ddt = min{j | (j,/) € JL} enL = min{l|(J,]) € JL}.
De corresponderende samengestelde partitie is (m|n)-standaard, met

i = Ay voori=1,2,....1=m—L enpy; <J voori>I,
Wy =m+ Ny voor j =1,2,...,J en p; < I voor j > J,
v, =—Npmin-p+1 VoOrk=12... . K=n—J env, <L voork>K,
vi=n—ANn_141 voor [ =1,2,...,L en vy < K voor [ > L.

Anderzijds, alg’; 1 een(m|n)-standaard samengestelde partitie is niefl, K, L ge-
definieerd in Definitie A.1, dan wordt het corresponderegtie:|n) integraal domi-
nant gewichtA gegeven door

A:(/1“17/1’27"'7/141377“_VL7"'7n_V27n_V1|
’ ’ ’ ’ ’ /
Wy — My iy — My =y — Ve, — Vs, — V).

Om wille van de connectie tusseny en A noteren we\ = Ay,,.

A.3.3 Covariante, contravariante en gemengde tensormodeih

Berele en Regev [10], en Sergeev [61], toonden aan dat regir@oduct vanV kopie-

en van de natuurlijkém+n)-dimensionale representafie= C™*" vang = gl(m|n)
compleet reduceert. De irreduciebele componenten worelabeled door een partitie
AvanN. Deze representaties noemt menode/ARIANTE MODULEN. Analoog toon-
den ze aan dat het tensorproduct vérkopieen van de dual& ™ aanleiding geeft tot
deCONTRAVARIANTE MODULEN. De GEMENGDE TENSORMODULENverschijnen als
irreduciebele componenten in het tensorproduct VMakopiegn vanl’ en N kopiegn
van de dualé’* vanV. Merk op dat het tensorproduct in het algemeen niet volledig
reduceerbaar is.

A.3.4 Atypicaliteit en de atypicaliteitsmatrix van A

De symmetrische vorrf, ) in h*, génduceerd door de invariante symmetrische vorm
in g neemt volgende vorm aan in termen vare@idasis:(e;, €;) = d;5, (¢;,0;) = 0en
(0;,05) = —0;;, metd;; het Kronecker symbool.
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Om de atypicaliteit van een representatie met hoogste gewite bepalen, bereke-
nen we alle getalleQA + p, 3;;), metg;; = ¢ —d;,voorl <i<menl<j<n
en we plaatsen ze in eém x n)-matrix, deATYPICALITEITSMATRIX A(A) [70, 71].
Indien (A + p, @) # 0 dan wordt de representatierPISCH genoemd; bestaat er een
a € A? waarvoor(A + p,«) = 0 dan noemen we de representdltie atypisch.
De ATYPICALITEIT VAN A, genoteerd als atyp + p) = a, is het maximaal aantal
lineair onafhankelijke wortelg; zodat(g;,5;) = 0 en(A + p,3;) = 0 voor alle
i enj [34]. Een dergelijke verzameling3;},=1 ..., noemen we een-MAXIMAAL
ISOTROPE DEELVERZAMELINGS,.

Eigenschappen van de atypicaliteitsmatti¢\ ) zijn in detail bestudeerd in [26].

A.4 Een determinantformule voor supersymmetrische
Schur-veeltermen

In Hoofdstuk 4 hebben we een nieuwe formule afgeleid vooesymmetrische Schur-
veeltermensy (z/y). De representatietheorie van de Lie superalggkira|n) en meer
bepaald de karakterformule van Kac en Wakimoto ligt aan dspvong van deze for-
mule. We gaan hier wat nader op in.

A.4.1 Covariante modulen ingl(m|n) zijn tam

De eerste stap in onze zoektocht naar een nieuwe formulesupmrsymmetrische
functies (géndexeerd door een partithd is aantonen dat de covariante modulen tam
zijn.

We beschouwen opnieuw de standaard keuze voor de verzgmelimsimpele
wortelsII en het hoogste gewiclity vanV) in deed-basis varh*. Uit de studie van
atypicaliteitsmatrices [71], volgt er dat d&  + p)-maximale isotrope deelverzameling
gegeven wordt door:

Indien weS, zodanig kunnen kiezen dat, c II ¢ A+ dan wordt hegg-moduul vV
TAM genoemd. Voor deze representaties is een karakterforraleng, te danken aan
Kac en Wakimoto [34]. Het is echter duidelijk dat in het algama gevalS,, geen
deelverzameling is vall, aangezierI slechtséén oneven wortel bevat. Met behulp
van een rij van simpele reflecties rond oneven wortels, kanves echter overgaan op
een nieuw systeem van simpele worféls In de nieuweA ™, waarbij het moduul/y
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als hoogste gewicht niy’ heeft, is de(A’ + p’)-maximaal isotrope deelverzameling
S nu wel zodanig dasy, c I’ ¢ A*’. Bij elke stap in de rij van reflecties houden
we rekening met volgende eigenschappen

N+p = A+pals(A+pa)#0,
N+p = A+p+aals(A+pa)=0. (A.8)

De rij van simpele wortels ligt volledig vast door wat we (@e, n)-index noemen van
een partitie. Dit getak speelt een cruciale rol in dit proefschrift.

Definitie A.5 Stel\ € H,, ,, dan wordt dgm, n)-INDEX VAN A gegeven door
k =min{i]\;, + m+1—i <n}, (1<k<m+1).

De rij van spiegelingen wordt dan gegeven door volgende emsimpele wortels in
de opgegeven volgorde:

rl] m 67”,17 ﬁ7n,27 e a/Bm,)\k—k+m
I’I] m—1: 5m—1,1a ﬁm—l,?v e aﬂm—l,kk—k—&-m—l

. (A.9)
rj k - Br,15 Br,25 - - - Bra,

Bij het voltooien van de rij van simpele reflecties, hebberheevolgende:

Lemma A.6 De rij (A.9) is een rij van spiegelingen rond simpele oneventls voor
A. Op het einde van de rij hebben we:

!
IT :{61 — €2,€2 —€3,...,€k1 _51761 _52;52_537"'75)%71 _6>\k7
ONe = €ks €k = ONpt15 Onp+1 — €kt 15 €kt — Ongt2y -+ o5 Ohptm—k — €my
€m — 6/\k+m+1—k; 6/\k+m+1—k - 6Ak+m+2—k7 s 7671—1 - 571}

Bovendien is er ook voldaan aan:

AN+p =A+p+ Z Z Bij-

i=k+1 j=X\;+1
Als belangrijk gevolg van Lemma A.6 hebben we volgende eigkap:

Gevolg A.7 Elk covariant moduul/, is tam.
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Dit betekent dat we nu in staat zijn de karakterformule vac Ka Wakimoto te
vertalen naar de covariante modulen. We voeren eersteeenieelwe notaties in:

m n

D(z) = H (i — x;), E(%,y)zHH(xi—yj) enD =

1<i<j<m i=1j=1 E(z, ~y)

D(z)D(y)

We krijgen uiteindelijk voorch V) = sy (2/y):

D—l
ch V,\ = m Z E(w)UI(t)\)
wWESy XSy

waarin

-1

k—1 N . m yr
_ Ai+m—i—n jtn—j—m I+i—k n—j
S I E e | 17 oy o u
=1

xh(x; i
j=1 i—k i (@i + Yiviok) j=lfmt1—k

A.4.2 Een determinantformule voorsj(x/y)

Stel A € H,,; de karakteristieke grootheden verbonden aan de paktiti@rden
gegeven door dém, n)-index k& en de daarvan afgeleide groothedesa A\, + 1 en
r=n—m+k— . Aangezierch V), = s,(z/y) kunnen we uit voorgaande paragraaf
een nieuwe uitdrukking voor supersymmetrische S-funetilesden. Deze formule kan
in een praktische determinantformule gegoten worden zee¢sgegeven in volgende
formule:

Stelling A.8 Stel\ € H,,, , enk de(m,n)-index van\. Dan is

sn(@/y) = (1R pe

( 1 ) (xk.ﬁm*n*j)
zi+y; J1<i<m i 1<i<m
R 1<j<k-1 (A.10)
X det N bn—m—i .
0
(yj )1§i§nfm+k71
1<j<n

Met behulp van bovenstaande formule hebben we een idénaiedeterminanten
bewezen die Cauchy’s dubbele alternant combineert metigevenonde-determinant;
dit resultaat krijgen we doox de nulpartitie te stellen.
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A.4.3 Vier karakteriserende eigenschappen

Zoals vermeld irgA.2.1 voldoen supersymmetrische S-veeltermen aan viekkexis-
erende eigenschappen. We hebben aangetoond dat hetlidafzer(A.10) aan deze
vier eigenschappen voldoet. Dit geeft ons onmiddellijk erafhankelijk bewijs dat
de determinant inderdaad een supersymmetrische Schiternees.

A.4.4 Een direct en onafhankelijk bewijs

Een derde bewijs is gebaseerd op de formule van Berele-Réggéyen de Laplace
ontwikkeling van een determinant.

Hiertoe voeren we een nieuwe notatie in= 2’ + 2" is een willekeurige decom-
positie vanz = (1,2, ..., ) in twee disjuncte deelverzamelingen met een vaste
kardinaliteit; stellz’| = p en|z”| = ¢ zodatp + ¢ = m. Het bewijs steunt onder
andere op volgend lemma:

LemmaA.9 Stelm = p + ¢ en veronderstel dat = (p1,. .., 11p) €en willekeurig
p-tal is, env = (v1,14,...) een willekeurigt-tal (¢ een willekeurig positief geheel
getal). Noem\ = (u1, ..., tp, 11, 2,...). Danis,

S,\(l‘/ _ y) _ Z s#+(qp)(xé(;/ylfl3(x / - y) (All)

x4z

waar we som wordt genomen over alle mogelijke decompasiitiee 2’ + 2’/ met
kardinaliteit vanz’ gelijk aanp en kardinaliteit vanz” gelijk aang.

Gebruikmakend van Lemma A.9, een tweevoudige toepassin@iva) en een dubbele
Laplace ontwikkeling, kunnen we nu volgende stelling beeri.

Stelling A.10 Stel\ € H,, »; k is de(m,n)-index van\. Dan is

E(z,y) X)L )
D(:U)D(y)det( Yy 0 )—i Az/ —y), (A.12)

waar de (rechthoekige) blokken van de determinant gegewedew door

Tr—vy Ty —Yj 1<i<m, 1<j<n

- Aj+m—n—j o NAn—-m—i
Xx = (l"i ) 1<i<m, Yy= (yj 1<i<n—m+k—1, "
1<j<k—1 1<j<n
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Het minteken is enkel afhankelijk van de partiti@n is gelijk aan

(_1)2?;1m+k71 /\2+7yt(7;71) +7L('n.271) _ k(kz—l) _1.

Tot slot willen we nog even de resultaten van Hoofdstuk 4 aprgge zetten. We
tonen aan dat covariante modulen tam zijn. De karakterftawan Kac en Wakimoto
voor tamme representaties kan dan aangewend worden omteemit@ntformule op
te stellen voor supersymmetrische Schur-functies. Nasmd techtstreekse methode,
geven we nog twee onafhankelijke bewijzen die de equiviglénssen de gevonden
determinant en de supersymmetrische Schur-veeltermencadn een eerste bewijs
steunt op de vier karakteriserende eigenschappen gegeseNdcdonald, een tweede
onafhankelijk en meer direct bewijs steunt op een dubbeiéalca ontwikkeling en de
formule van Berele en Regev.

A.5 Eendeterminantformule voor samengestelde super-
symmetrische S-functies

A.5.1 Inleiding

In Hoofdstuk 5 beschrijven we nieuwe resultaten voor dediroéebele representaties
van de Lie superalgebgg(m|n). De karakters van “typische” representaties zijn ge-
kend dankzij het werk van Kac [32]. Het vinden van een karéteule voor de
overige “atypische” irreduciebele representaties is heleowerp van intensief onder-
zoek zowel in de wiskundige als fysische literatuur. In tesjelling tot de karakters
van covariante en contravariante modulen die samenvaligrdesupersymmetrische
S-functies gekarakteriseerd door een partkjeis dit niet meer het geval voor de
gemengde tensorrepresentaties [38, 57]. Nochtans is ket zit rekenkundig als
praktisch opzicht gemakkelijker indien we de karaktersniamidentificeren met deze
supersymmetrische S-functies. Hiervoor zijn er immerd e rekenregels gekend
(zie Hoofdstuk 2). In Hoofdstuk 5 tonen we aan dat er een anfdenilie van repre-
sentaties bestaat, naast de covariante en contravaneadeyoor het karakter samen-
valt met een supersymmetrische S-functie, de zogenaantielke representaties in

gl(m|n).

A.5.2 Normaal, kritisch en quasikritisch gerelateerde wotels

Neem een hoogste gewicht,,, € h* en de corresponderende samengestelde partitie
v; . In [26] wordt er onderscheid gemaakt tussemmaal, kritisch en quasikritisch
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gerelateerde wortels van dé,, + p)-isotrope verzameling,, . Beschouw de
verzameling van oneven worte{s, ...,v,} mety, = ;. ;. zodanig dat(Ay,, +
p,Bi, ;) = 0metj; < jo <--- < j,. Bermerkdatde kardinaliteit va$y, , gelijk is
aan de atypicaliteit van,,, i.e.a =atyp(As,, + p). We noemern,,, 1 <p < g < a,
het element in de atypicaliteitsmatti( A5, ) in de kolom die de nul bevat correspon-
derend mety, en in de rij die de nul bevat corresponderend mgetMet h,,, duiden
we de hoeklengte aan tussen de verschillende nullen, deepesn de nullen zelf in-
begrepen.

Definitie A.11 StelA is een hoogste gewicht vaif(m|n) met atydA) = a en atypi-
caliteitswortels{~1, ...,7,}. Dan geldt er voor elk& < p < ¢ < a: v, en~, zijn
NORMAAL GERELATEERD als en slechts als;,; + 1 > hy,; 7, €07y, Ziin QUASI-
KRITISCH GERELATEERDAIs en slechts alg,, + 1 = hy,q; v, €Ny, Zijn KRITISCH
GERELATEERDals en slechts als,, + 1 < hyq.

Als alle koppel(~;,vi+1) (i = 1,2,...,a — 1) kritisch gerelateerd zijn dan noemen
we de corresponderende samengestelde partifie het hoogste gewicht;.,, en de
representatié’,, = V3, kritisch. Er is een eenvoudige manier om combinatorisch
na te gaan of een partitie al dan niet kritisch is:

Eigenschap A.12Neem een standaard samengestelde partitie in gl(m|n) met
atyp(Ay;, + p) = a. Stely, = 3;, ;. zodanig da{Az,, +p,7s) =0(s =1,...,a) en

M = {uil—|—m—i1,ul—1,1+m—i1+1,...,pia+m—ia},
N = Wi, +n—ji,vi, s +n—ji+1,...,v +n—ju}.

De samengestelde partitie 1. is kritisch ingl(m|n) als en slechts als
MUN ={pi, +m —idq, iy +m—iv+1,..., s, +m —iq + jo —j1 —a+1},
i.e. als en slechts al81 U A een verzameling is van opeenvolgende gehele getallen.

Op die manier is het eenvoudig na te gaan dat covariante dragariante repre-
sentaties altijd kritisch zijn. De klasse van kritischeresgntaties is echter veel groter.
In het algemeen zal; i kritisch zijn alsm enn groot genoeg zijn ten opzichte van
env.

In §A.1.1 hebben we reeds een voorstelling ingevoerd voor desgestelde par-
tities. Soms is het echter gemakkelijker om de partities W@atellen in eerim x n)-
rechthoek. De partitig: wordt dan in de linkerbovenhoek geplaatst volgens links
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gealigneerde rijen, de partitieis rechts gealigneerd en wordt in de rechterbeneden-
hoek geplaatst. De twee voorstellingen wordeiilgsgtreerd in (A.13) voow; u =

(1,1,2,5,5,9); (5,4,4,1) en(m|n) = (5|7)

(a) (0)

LLT T (A.13)

Algemeen kunnen we voor een willekeurig kritisch hoogsteiget, een kritische
samengestelde partitie 1, vinden zodat er voldaan is aan de volgende voorwaarden:

e de Young-diagrammen vam en v, voorgesteld in dém x n)-rechthoek, be-
dekken de volledige rechthoek niet maar laten een sameahdagussenruimte.

e alle nullen in de atypicaliteitsmatrix bevinden zich in déassenruimte.

Het is evenwel mogelijk dat de diagrammen varen v elkaar overlappen in deze
voorstelling, maap; 1, kan zodanig gekozen worden dat er zich geen nullen bevinden
in dit gebied. In wat volgt, veronderstellen we altijd @aj: kritisch is met geen nullen

in de overlap.

A.5.3 Een karakterformule voor kritische representaties

Net als in§A.4 kunnen we ook eefn, n)-index k toekennen aan een samengestelde
partitie. Deze definitie vook is een veralgemening van de:, n)-index voor gewone
partities en wordt gegeven door:

Definition A.1 Voor een standaard samengestelde partitie wordt de(m, n)-index
gegeven door

kmin({ie {1,....m}|Fje{l,...,n}:

i (g =)+ (=) =} 4 i =)+ (0= )} U (ot 1))
(A.14)

waarbij (a) = max(0, a).
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Analoog als bij covariante en contravariante represesatinaken we opnieuw
gebruik van een rij van spiegelingen met simpele onevenelgrioor een gegeven
v; i, beschouwen we nu volgende rij van oneven wortels, in devgegeolgorde:

rIJ m: ﬁ'rmlv ﬁm,% oo 7ﬁm,min{n,ukfk+m}
”J m—1: ﬁm—l,la ﬁm—l,?v s 7ﬁm71,min n,pur—k+m—1

. o ! (A.15)
rj & : By Br2s - B

Door toepassing van deze rij van reflecties wordt de staddeauze voor simpele
wortels omgezet in

/
II'={e1 —€2,..., €52 — €x—1,€,—1 — 01,01 — 2,02 — O3, ..., 0pp—1 — Oy
5p,k — €k, € — 5Hk+17 5Hk+1 - Ek’-i-lv €k+1 — 5}Lk+23 ceey 6/Lk+7n—k' — €m,
€m — 6p,k+m+lfk> 6uk+m+17k - 6uk+m+27k:a SERE) 67171 - 611}

Hieruit kunnen we volgend resultaat afleiden:
Gevolg A.13 Elke kritische representatig;, , is tam.

Gebruik makend van Gevolg A.13 kunnen we de karakterforvaneKac en Waki-
moto [34] opnieuw toepassen. Het herschrijven van dezeieafarmule in een meer
geschikte vorm geeft volgende formule:

Stelling A.14 Het karakter van een kritische representatie, gekarakésid door een
standaard samengestelde partitigu zonder nullen in overlap heeft de volgende vorm:

ch VD;;L _ (_1)(m—a)(l—l)+n(m—a—k+l)D—l det(C) (A16)
metC' de volgende vierkante matrix van order m — a:

0 Yy 0

y"
c=| X, R" X, met R(T):<TJ>
0 Y, 0 23 (%i +Y5) ) 1<i<m, 1<j<n
en waarbij

_ pjtm—n—j _ M—j—Vm—j+1
Xy = (xij 1<i<m, ° X, = (xz ’ 1<i<m,
1<5<k—1 k+a<j<m

1 . . ’

o pitn—m—i o n—i—v, ;.4

Yo = (yj )1§i§l—1,’ Yoo = (yj )l+a§i§n,'

1<j<n 1<5<n
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A.5.4 De karakterformule ensz,,.(z/y)

Formule (A.16) voorh(V,,) is zeer expliciet. Het doel van deze formule is de iden-
tifacatie van deze formule met de supersymmetrische Scimgties:

Conjectuur A.15 Stelr; i is een standaard samengestelde partitie die bovendien kri-
tisch is en zonder nullen in de overlap. Dan is het karakteV;,.,, gelijk aans;.,,(z/y)
zoals die gedefinieerd werd in (A.6).

Dit vermoeden is bewezen indien we volgend lemma kunnenjbemvi

Lemma A.16 Veronderstel daft:| = m, |y| = n en datp enq positieve gehele getallen
zijn metm = p + ¢. Verder veronderstellen we dat ;. een kritische samengestelde
partitie is met geen nullen in de overlap. Met= (K1, ..., kg, 71,72, . ..) vinden we
dat:

(IT")* (0T 2")" 857 (2"/Y) S04 (ne) (T /7)
Z E(l", ) -

= smu(r/y) (A.17)

'+

waarbij de som genomen wordt over alle mogelijke decomipssit= x’ + z” met
|| = penfa”| = q.

Oorspronkelijk waren we ervan overtuigd dat Lemma A.16 igeisl voor een wille-
keurige samengestelde partitie, omwille van het feit dat dit lemma de supersym-
metrische versie lijkt van Lemma A.9. Helaas, dit blijkt nfeet geval. Aangezien
we Lemma A.16 niet algemeen nodig hebben, maar enkel inapegévallen, zijn
we er wel van overtuigd dat het lemma geldig blijft in de sp&cigevallen die we
nodig hebben. Maar er steken een aantal problemen de kop bpthiewijzen van
Lemma A.16.

Eerst en vooral moet er nog een extra voorwaarde opgelegiewaan de keuze
vanp eng. Door middel van een tegenvoorbeeld wordt de vrije keuzepvan g
immers ontkracht; anderzijds laat de tweevoudige toepgssin Lemma A.16 niet toe
een eenduidig verband op te leggen tugsenq enerzijds en dém, n)-indexk en de
daarvan afgeleide grootheid= )\, + 1 anderzijds.

Bij een bewijs door inductie op het aantal variabejenaakt de eis dat; . kritisch
is en zonder nullen in de overlap, de inductiestap niet nijggelNa het afzonderen
vany, blijven er immers sommen over analoog als in het linkerlid ¢A.17), maar
de identificatie met de door (A.17) verwachte samengesisdeties faalt. Naast de
verwachte term verschijnen er extra termen bij de indutatesGelukkig heffen deze
extra termen elkaar op indien we vertrekken van een samtatdepartitier; . die
kritisch is en geen nullen heeft in de overlap.
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Een bewijs door inductie is tot nog toe onze beste hoop opesudéen argument
waarom de extra termen wegvallen ten opzichte van elkajfir dthter de enige ont-
brekende schakel in het bewijs van Conjectuur A.15

A.6 Dimensieformules voor representaties irgl(m|n)

Hoofdstuk 6 is in feite opgedeeld in twee grote delen. In leeste deel bepalen we
twee formules voor deé-dimensie van covariante representafigs het tweede deel
besteed aandacht aan#ddimensie van gemengde tensorrepresentdtjes In beide
gevallen gaan we dieper in op een speciale keuze\wvamerzijds erv; . anderzijds.

A.6.1 Inleiding

We beperken ons tot de Lie superalgebra= gl(m|n) en de eindig-dimensionale
irreduciebele representati®s Voor elk van deze representaties zullen we aan de hand
van de nieuwe determinantformules een dimensieformulalbapHiertoe maken we
gebruik van de afbeelding die inwerkt opch V' en gedefinieerd wordt door

Fef)=1 (i=1,...,m)
F(ed) =t

(j=1,...,n).

Deze afbeelding is consistent met degradatie vang, en de corresonderende
gradatie vari/. Het inwerken var¥’ op het karakter vaiv” geeft ons de-DIMENSIE
vanV, genoteerdlim ,(V):

(A.18)

dim (V) = F(chV) = dim V() F(e").

Det-dimensie is in feite een veralgemening van de dimensiéAatie we terugvinden
doort = 1 te stellen, en de superdimensie vandie we terugvinden doar= —1 te
stellen.

A.6.2 t-dimensie van covariante representaties

De twee formules waarvan we starten om-aBmensie te bepalen zijn enerzijds (A.4)
en anderzijds (A.10).
De toepassing vah' op (A.4) levert volgende formule:
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Stelling A.17 Det-dimensie varV,, wordt gegeven door volgende determinant

Ai—i+j . .
. m+X—i+j—k—1\/n\,,
\ = E . Al
dim V) 132-%%%) ( : ( ANi—it+75—k ) (k)t ) (A-19)

=0

Aangezienz; = e eny; = €%, correspondeert (A.18) met de substitutie=
1 eny,; = tin de uitdrukking voorsy(z/y). De toepassing van deze specializatie
op (A.10) geeft na rij- en kolombewerkingen volgende forenor det-dimensie:

Stelling A.18 Det-dimensie vaV, wordt gegeven doatim (V) = £(1+¢)™™ R(\)
met

(=1)"*I i+j—2) ()\j+m—n—j)
A1 ( i1 1<i<m i—1 1<i<m
det 1<j<n 1<j<k-1
(t)\;+nfmfi7j+1 (/\,H-n—m—i) 0
Jj—1 1<i<n—m+k—1
1<j<n

(A.20)

Vergelijken we beide formules dan heeft (A.20) ten opzicate (A.19) het grote voor-
deel dat elk matrixelement uit een enkele binomiagfitciént bestaat vermenigvuldigd
met een macht vahof (1 + ¢).

Een interessante toepassing volgt voor de speciale k)eu:zté(n — a)(m*“)) , met
a=0,1,...,min(m,n). Voor een dergelijke rechthoekige partifigs

dlmf(VA)

, 1Y (it —2a -2
_ mn—a(r+r'—1) ( 1) Z+] +m—+n a
+(141) et ((1 e i-1

waarbijk = m—a+1, ¥ =n—a+1, r=n—a, v =m—a, \; =0, \}, = 0. Het
minteken en de macht vd +¢) kunnen voorop geplaatst worden en vervolgens delen
we de noemers weg uit deze uitdrukking. Wat overblijft is determinant waarvan de
ontwikkeling terug te vinden is in [43, (2.2)]. Uiteindddikrijgen we in het rechterlid
een gesloten gedaante:

a—1 (m+n—2q+i)
dim (V3) = (1 + )"0 TT ﬁ
=0 7
Vergelijken we deze uitdrukking met (A.19), die kan hergefen worden in functie
van, F functies, dan krijgen we een uitdrukking voor determinante
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Eigenschap A.19

det ((n +1i+ J) JF) (m—_nn—_ii—_j}—n; —t) )
0<i,j<s m ’/

m—s (2s+n71m+i)
_ (_1)3(5-&-1)/2(1 _|_t)(s+1)(s+n—m) H zil (5 < m)
=1 (erl)
Deze identiteit kan op verschillende manieren geschrexaden. De uitdrukking die

met rechtstreekse berekeningen moeilijk te vinden isyé&nijwe hier als een eenvoudig
gevolg van de gelijkheid van twee formules veetimensie.

A.6.3 t-dimensie van gemengde tensorrepresentaties

Naar analogie met voorgaande paragraaf kunnen we ook haerftvmules opstellen
voor det-dimensie. We passen hierbij (A.18) toe op de formules (Ar6JA.16). De
t-dimensie kan door volgende stellingen berekend worden.

Stelling A.20 De t-dimensie varV;,,, wordt gegeven door volgende determinant

dim, Vy,, =det (A | B), (A.22)
met
v+ —l—i
o m+y+vy—1l—i—Fk\ (n\,_,
> i t ,
P v+ —l—i—k+1)\k L<i<vl 4!, 1<i<v!]
pj—vy—j+i m—f—uj—l/i—]-l-l—k‘—l n\
S i-i+ :
o pj—v —jti=k k 1<i<u] 4, 1<5< )

waar de indiceg, j resp.l van boven naar onder, van links naar rechts, resp. van rechts
naar links lopen.

De tweede formule leunt aan bij (A.20).
Stelling A.21 Det-dimensie varl/;;, wordt gegeven door
0 Ri2 O
dimt(Vp;u) = :t(l + t)mntrn det Ro1 Ros Ros (A22)
0 Rz O
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met
R = t“+nmlrj+1 //Lz‘i‘n—m—’[:—r
; j—1 1<i<i—1’
1<j<n
Ry = pitm-—n+r—j
. i—1 1<i<m ’
1<j<k-1
Ryy = —1) it -2
22 t i+j— (1 1L +)itj—1 _7 -1 1Si§m’
1<j<n
Ros = im1(Vm—j1—m—r+i+j—2
v i—1 1<i<m
1<j<m—k—a+1
R = tYn—is1 AT 1 Vp_jyr1—n+r+itj—2
) J—1 1<i<n—l—a+1

1<j<n

In het algemeen is de orde van de determinantin (A.22) kieiae de orde in (A.21).
Bovendien hebben de matrixelementen een eenvoudigeramfedaet product van een
binomiaalcé@fficient met een macht varof (1 + ¢).
Het speciale geval; 1 = (b°); (b°) metn = m+b— 2¢ leidt ook hier tot een identiteit.
Eigenschap A.22Stelb, ¢ enn zijn positieve gehele getallen met= n — b+ 2¢, dan
is
det (A | B)

n+c—1 — c—1 — n—b—1
H (j+o) H c+b+j)" JH]'HJ' H J!

::I:((b—!—c)')c j:0m7671 — — 25 - J=0 t~ bC(1+t)2cb

H (t+¢) Hz+c H]'H b+ 7)!
=0 7=0 7=0

=0

met

A = m+b+c—1—1 P l+i-b—c—1,-n 1
N bte—1l—i+1)2 1! i+l—m—-b—c ' t))i<i<2c’

1<i<c

b—c—j+i-1 —b—i —
B = me ¢ J+Z 2F1 C+] b Z " 7_t )
b—c—j+1 c+j—m-b—i+1 1<i<2¢,

waarbij 7, j resp.l van boven naar onder, van links naar rechts, resp. van rechis
links lopen.



Appendix B

Erratum

e P19 (L-5) The second item in the definition o€E@MPOSITEY OUNG TABLEAU
should be replaced by(j) + R(j) < jforj € {1,2,...,m}, whereR(j) and

R(j) are the greatest row numbershtt resp. F'” containingj resp.j.

e P20 Figure 1.15 should be replaced by Figure B.1.

NMEIN

1

3

4
5]
Figure B.1: A standard composite tableau

e P21 The caption of Figure 1.16 should be replaced by “Extralition: R(j) +

R(j) <j"

e P20(L-5)-21(L4) should be replaced by:
According to the condition that the entries have to incresleag a column, it
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Erratum

follows thatR,,(p) < p. Suppose

K, = max({c < vy | p does not occur in columnof F*} U {0}).

If K)» =0, there is g in the firstz; columns, and thu, (p) = 0. If K} €
{1,...,m}, letq = max({t | ¢ < p,toccursin columnk,}) andp, its row
number along the columf). Then itis easy to check that, (p) = p — p, and
R,(p) < pq. This implies the extra condition.

In Figure 1.16,K2 = 3 € {1,2,3}, ¢ = 4 andp, = 3 givesR,(5) = 2 and
R,(5)=3<3;K2=0,thusR,(7) =0andR,(7) =4 < 7.

P44 (L-8)r(i) should be replaced by(i*), andr (i) should be replaced by(i*).

P45 The third item in the definition of @n|n)-STANDARD COMPOSITE SU
PERTABLEAU S”* must be replaced bi(i)+R(i) < iforalli € {1,2,...,m}.
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