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Abstract

In this paper, we will determine the fundamental solution for the higher spin Dirac operator Qj,
which is a generalization of the classical Rarita-Schwinger operator to more complicated irreducible
(half-integer) representations for the spin group in m dimensions. This will allow us to generalise
Stokes’ theorem, the Cauchy-Pompeiu theorem and Cauchy’s integral formula, which lie at the
very basis of the function theory behind arbitrary elliptic higher spin operators.
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1. Introduction

This article is to be situated in the theory of Clifford analysis, a generalisation of classical complex
analysis in the plane to the case of an arbitrary dimension m € Z (in case of a negative dimension,
one is dealing with so-called super Clifford analysis). At the heart of the theory lies the Dirac
operator J, on R™, a conformally invariant first-order differential operator which plays the same
role in classical Clifford analysis as the Cauchy-Riemann operator d, does in complex analysis.
Moreover, the Dirac operator satisfies the relation 92 = —A,, which means that Clifford analysis
can be seen as a refinement of harmonic analysis on R™.

The classical theory is centered around the study of functions on R™ which take values in the
complex Clifford algebra C,,, or a corresponding Spin(m)-subrepresentation, known as the spinor
spaces (cfr. [1, 6, 10]). In recent years, several authors [2, 3, 4, 8] have been studying generalisations
of classical Clifford analysis techniques to the so-called higher spin theory. This brings us to higher
spin Dirac operators (or HSD-operators for short), generalised Dirac operators acting on functions
on R™ which take values in arbitrary irreducible representations Sf of the Spin(m)-group, with
dominant half-integer highest weights. An explicit expression for these HSD-operators, which can
be seen as generalised gradients in the sense of Stein and Weiss, was determined in [7]. The first
generalisation appearing in Clifford analysis was the Rarita-Schwinger operator, originally inspired
by equations coming from theoretical physics (see [12]). In the present context it is considered as the
conformally invariant operator acting on functions taking values in S (see below for a definition).
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In classical Clifford analysis, the Cauchy integral formula has proved to be a corner stone of the
function theory: it can be used to decompose arbitrary null solutions for the Dirac operator into
homogeneous components and forms the basis to develop boundary value theory. This article
explains how a higher spin version of this formula can be obtained. Cauchy integral formulae
naturally rely upon the existence of a fundamental solution for the (higher spin) Dirac operator.
That is why, in the first place, a fundamental solution for Q) will be constructed, hereby relying on
results from distribution theory. Also, this will lead to a generalized Stokes’ and Cauchy-Pompeiu
theorem.

2. On Clifford analysis

The universal Clifford algebra R,, is the associative algebra generated by an orthonormal basis
(e1,...,em) for R™. The multiplication in the Clifford algebra is governed by the relations e;e; +
eje; = —20;5, for all 4,5 € {1,...,m}. The complexification of R, is defined by C,,, = R,, ® C.
Let e4 be a basis element of C,,, defined as e4 = €;, - €;, ... €, with 41 < iy <--- <4p. The
reversion or main anti-involution a — a* is defined on basis elements by means of e*, =e;, -...-€;,,
and is then linearly extended to the entire Clifford algebra C,,:

(ases +apep)” = agely +apep,

for all as,ap € C. This anti-involution has the property that (ab)* = b*a* for all a,b € C,,.
Analogously, we can define the Hermitean conjugation a — af. On the basis elements ey, it is
defined by means of ez = (=1)"e*, = (=1)"e;, - ... €;,, and it is then extended anti-linearly:

(ases + aBeB)Jr = EAeL —i—EBeTB,

for all ag,ap € C. Here, - denotes the complex conjugation. An alternative basis for C,,,, which
will turn out to be very convenient to introduce the spinor spaces, is the so-called Witt basis:

Definition 1. The Witt basis in Cyy, is defined by means of

ej —i€itn € +i€jtn
(f]?f;) = ( : 2J [ ! 2 ]+ ) )

where 1 < j < n.

This basis has the properties that f;fi, = —f&f;, fjfl = —f;f; and fjfL —&—f;fj = d;;. In terms of these
basis elements, one can then define the idempotent I = flﬂ - fufl, satisfying I? = I. We will now

introduce the spinor space(s) Sétn, vector spaces carrying the basic half-integer representations for
the Spin(m)-group, which can be realised inside the Clifford algebra C,, by means of

2k
Spin(m) := < s = ij ckeNw; e s™ 3,

Jj=1

where S™ ! denotes the unit sphere in R™. Note that the parity sign will only play a role in case the
dimension m = 2n is even. First of all, we define the complex vector space Sy,, = C,,,I. This space
carries a canonical multiplicative action of the Clifford algebra Ca,,, denoted by v : C,, — End(Sa,,)
and defined by means of v(a)[¢] = av, for all a € Cyy, and ¢ € Sy,,. As Spin(2n) C Cyy,, we can now
also restrict this representation for Cs,, to the spin group. However, as each element of Spin(2n)



belongs to the even subalgebra C3,, of Cay,, the restriction of v to Spin(2n) splits into 2 irreducible
subrepresentations (the so-called spinor representations), respectively given by

p+ : Spin(2n) — Aut(SE)),

where Sy, = S5, ©S,,,, and S, are the graded subspaces of Sg,,. The highest weights for these
representations are the basic half-integer highest weights (%, ceey %, j:%) In case the dimension
m = 2n + 1 is odd, there exists a unique spinor representation for Spin(m), which amounts to
saying that the parity index can be omitted. To define this representation, we first note that
Spin(2n +1) C (C;'n 11 = Cyyy, where the algebra isomorphism can be defined in terms of the basis
vectors by means of

Y :Cop = C3 e eje, (1<j5<2n).

Using this isomorphism, we can define the spinor representation for Spin(2n + 1) as follows:
p: Spin(2n+ 1) — Aut(Sa,) : s — 7(1/)71(5)) .

Another option is to define the action of Spin(2n + 1) on S3, 1, taking into account that both
spinor spaces then become isomorphic. Note that we will from now on omit the dimension in the
notation for spinor spaces, and write S* instead of S2in. The parity index should then be omitted
in case m = 2n + 1 is odd.

As was mentioned in the introduction, the Dirac operator is a key operator in Clifford analy-
sis (cfr. [1, 6, 10]). It is defined by means of

0y =Y e;j0p, € Homc(C®(R™ S%),C*(R™,S¥)) .
j=1

In order to define general HSD-operators we need to define the spaces of (homogeneous) simplicial
and harmonic polynomials in several vector variables, as they provide explicite models for more
complicated representations for the spin group (e.g. [5]). For notational convenience, we will use
the notation 0; for the Dirac operator 0,, in the vector variable u;, and the short-hand notation
Uy = (u1,...,up) € R (with p € N the number of dummy indices).

Definition 2. A function P : RP™ — ST : (u(,)) — P(ugy) is called simplicial monogenic if it
satisfies the system
o; P 0 (i=1,...,p)

The space of S*-valued simplicial monogenic polynomials which are homogeneous of degree I; in
u;, will be denoted by Slﬂf ol OF S;E for short (A = (l1,...,1p)).

Definition 3. A function P : RP™ — C : (uy) = P(u(y) is called simplicial harmonic if it
satisfies the system
(ui,8j>P 0 (1§i<j§p) .

The vector space of C-valued simplicial harmonic polynomials which are homogeneous of degree [;
in u; will be denoted by H;, .., or Hy for short. The space of polynomials H, can be seen as a



module for the spin group under the induced regular representation, also known as the H-action,
defined for all s € Spin(m) by means of

H(s)P(up) = P(s"ug)s),

where s*u(,)s = (s*u1s, ..., s"u,s). The polynomial space Siﬁ can also be seen as a module for the
spin group under the induced representation, known as the L-action, defined for all s € Spin(m)
by means of L := H ® p+. In other words:

L(s)P(up)) = sP(s us).

Remark 1. We will also need the L-action for arbitrary vectors x € R™ (hereby slightly abusing
the notation, as x € R™ is not a spin element). With xu,)x = (zurz,...,zupz), this action is
defined as follows: L(x)P(uy) := xP(x*upx). This action is well-defined, since x*u;x = xu;r =
—2(x, us)w + |x|?u; € R™ is still a vector.

We can now introduce the HSD-operator Qx ([7]):

Definition 4. Let A be an arbitrary half-integer dominant highest weight for Spin(m). The HSD-
operator is then defined as

d u;0; N
— s et . (00 m o] m F
QA.i||1<1+m+%_2i>ax.c (R™, 8F) — C=(R™, 87).

The product should be seen as an ordered product (with i = 1 to p from left to right) since the
factors do not commute.

This first-order differential operator Q, is elliptic and conformally invariant. Its existence and
uniqueness (up to a multiplicative constant) are guaranteed by tools coming from representation
theory, see e.g. [9, 13].

3. Fundamental solution

Before turning to the fundamental solution for the operator Q) , we will first consider a few examples
to get a grip on the general idea behind its construction and properties.

8.1. HSD-operators of order < 2
The fundamental solution N(z) for the Laplace operator A, is given by

1
m > 2
(2 —m)A,|x|m2
N(z) =
LIS _9
5 10|z m =2,
where A, is the surface area of the unit sphere S™~!. In view of the fact that A, = —d?, the

fundamental solution E(x) for the Dirac operator is easily obtained as

1 =z

E(r) = —0,N(z) = —va

This expression is also called the Cauchy kernel and, as a fundamental solution for the Dirac op-
erator, it satisfies the relation 0, F(z) = §(x). Denoting R™\{0} by means of R, we can say that



E(z) is an element of the function space C*>°(Ry",C,,). Because C,, can be seen as the space of
endomorphisms of the (total) spinor space S = ST@®S™, we thus have that E(z) € C> (RS, End(S)).

For the Rarita-Schwinger operator R;,, the first higher spin generalisation of the Dirac opera-
tor, the fundamental solution has been constructed in [3] as

1 m+2l; —2 x
An m—2 |zmt2h

Ey (zyur,u)) = — Ky, (zuqz, ul).

Here, K, (u1,u}) denotes the so-called reproducing kernel for I;-homogeneous monogenic polyno-
mials, which has the property that

(Kh (u17 ull)v Pll (ul))(u1) = Pl1 (u/1)7
where the notation (.,.),,) refers to the Fischer inner product on P(R™, S*), given by:

(f(ur), 9(u1)) uyy = [£(01)Tg(ur)]

Uyl =0

The fundamental solution then satisfies Ry, Ej, (z;u1,u}) = 6(z) Ky, (ug,u}). This time, the fun-
damental solution for the operator R;, belongs to the function space C*(Ry?, End(Slf)). In full

generality, we can therefore expect the fundamental solution for Q) to belong to the function space
C> (R, End(SY)).

8.2. HSD-operators of general order.
The main result of this section is the following:

Proposition 1. Let Cy € R be a constant. For every Px(uy,)) € Sf, the function

Ex(w5uy) == Cxlx|™ mtlp, <| |> Py (u(p))

belongs to C*=(Ry, Sf) Furthermore, Ex(x;u () belongs to the kernel of the operator Qx and has
a singularity of degree (—m + 1) in z = 0.

The first step in proving Proposition 1 is showing that Ex(z;u,)) belongs to C*(Rg", Sit) To do
so, we need the following relation:

Lemma 1. For all indices 1 < a < p, we have the relation
O = TO0pu, 2% (1)

Proof. We prove this by direct calculation. Let (u,); be the j-th component of the vector variable
ug. We then get that

9 = D €0,

j=1
= D05 Y Do gy (2 D) Lo (wa)i)
j=1 k=1 @
= Zej Za(mm)k (=2zjzp + |2*08)
j=1 k=1
= |J}| 8zuam - 2<8muamyl‘>x
= xaxuazx 3
which proves the lemma. O



Lemma 2. For all P\(u(p) in Si, the polynomial Py (zu(yyx) belongs to C>(R™, S). Moreover,
we also have that Py(zu(pz) € C°(R™, Hy @ ST).

Proof. Due to Lemma 1, we have that
Oz Pr(zu(pyz) = —2|2?0pu,0 Pr(zugpyz) = 0,

since ;P (u(p)) = 0. From (1), we have that 0py,o = ﬁx@ix, leading to
1
(2w, Opujz) = W(wuixmajx) = (u;,0j) .

From this, we can then derive that (u;, 0;)Px(zupyz) = (us, 05)xPa(zupyz) = 0, for all 1 <i <
J < m. Putting everything together, it then follows that Py (xu ) is an element of C*°(R™, Sf)
As a result, one also has that Py (zu(,z) € C°(R™, Hy ® S*). O

In [5], it was shown that the irreducible finite-dimensional representation Sf, with highest weight
A, is generated by the highest weight vector

(ur, 1) 72 (g Aug, Fr AFa) 270 (un A A, fr A AT,
where each of these inner products is defined by means of
(ui,f1) - (ua, )
(ur Ao Nug, fr Ao Afg) = det : : (2)
(g, 1) - (uk, fi)
> sen(o) (o), fr) - (o), ) (3)

o€Sk

Sk, being the symmetric group in k elements, and where IT = I and I~ = fl I. Without loss of
generality, we can now choose

Py(upy) = (ur, fi) 2wy Ao, Fr A )T (A A, Fr A A )P TE
since all operators in Alge{x, 0y, u1,...,up,01,...,0,} are Spin(m)-invariant, and
Sy = Spanc{L(s)Px(u(y)) : s € Spin(m)}.

Defining |A| =l + - - - + 1, this choice for Py then leads to

_ T Tr(ruix, ll*l2~~xu:v/\~~~/\xux, A Afp)te
2| mAlp [ P, = (zurz, f1) (Tuy e pTs f1 f;D> & (4)
|z |21

We will now prove the second part of Proposition 1, namely that the expression (4) indeed belongs
the kernel of Q) for |z| # 0. Let us define 7 as the projection operator

T 1 CO(R™, Hy ® ST) — C(R™, S5).

Recalling the definition Q) = m)\0, for the HSD-operator on S)j\[—valued functions, and invoking
the operator identity 0,z = I';, — [E, — m for the Dirac operator, we arrive at

A (|z| 2w Py(zuy)x))
(m+ 2\)\|)|x|7m72|)‘|7r>\P,\(xu(p)x) + |x\7m72|)“7r,\8x(xpk(zu(p)x))

|x|_m_2|)‘|7r>\F$P,\(mu(p)x) .



Here, I', denotes the Gamma-operator (the tangential part of the Dirac operator, see e.g. [6]). So
we are left with proving the statement

AL Pr(zupyz) = 0.

Let us recall that, in full generality, we have the following decomposition for spinor-valued poly-
nomials in the variables (u,)) € RP™

PRP™, S%) = S @ (wiP(R™,ST) + -+ + 4, P(R™,SF)) .

The summations between brackets are obviously not direct, but we will only use the fact that the
operator my is the projection operator onto the first summand S/\i. So it suffices to work modulo
the vector spaces u; P(R™,S¥). This means for example that

Iy{z,u;) mod u;P = u; Az mod u;P = 2(x,u;) mod u;P.
This, and the fact that {2 = 0, allows us to prove the following:
(Paa ) @ F)Rfl ) mod wyP = (2w, uy) @ ) + s Al u)fif! ) mod u,P

(@, u;) (2(x, ;) + fix) ] mod u;P
— (&, uj)zfififl mod u;P =0 .

In view of the fact that Pj(zu,)x) consists of factors of the form

Z sgn (o) (Tuey 2, 1) - - (TU ()T, )

o€Sk

k
= Z sgn(o H |z Ug(i), fi) — <x,f¢><$,ug(¢)>)~
i=1

o€Sk

it is clear that the first terms between brackets will also not contribute, since they depend on the
norm of z only (on which T, acts trivially). We are now ready to explain why we indeed have that

Fmp,\(J,‘U(p)JZ) mod Ujp =0.
First of all, as T',, is a first order differential operator, it suffices to verify that
To{zurz A+ Azugz, fr A+ A fk>“Ii mod u;P =0,

for all 1 < k < pand a € N. In view of the chain rule, it suffices to prove this for a = 1, which
amounts to showing that

k
I, z sgn(o H 2|2 (u o(i)> i) — 2<x,fi)<z,ug(i)>) mod u;P = 0.
i=1

oc€Sk

But as was explained above, none of these factors will survive, which proves Proposition 1.

Note that, until now, we have excluded the pointwise singularity of E\(z;u,)) at = 0. In
order to investigate this singularity, we use results from distribution theory.



3.3. Riesz potentials

Consider the function z ~ |2|*~2* 2Py (zu(,)z), for a fixed a € C. This is obviously an element of
the function space C*° (R}, S)j\[) Under the action of the HSD-operator, using similar calculations
as above, we get

O (|2]* Mz Py (zugpyr)) = —(a + m)|2* 2Nz Py (2 ). (5)

For a = —m, we thus have that |z|* 2} 2Py (2u(,) ) belongs to the kernel of the operator HSD-
operator Q. Furthermore, it clearly has a pointwise singularity in the origin = 0 of degree
(=m 4+ 1). The function defined by

x \a:|o‘_2"\|xPA(xu(p)x)

is an element of the space of locally integrable functions L{¢(R™,SY) if R(a) > —m — 1, so it
defines a distribution on the space D(R™,S;) of test functions ¢ in C>°(R™, SY) with compact
support. Consider, for R(v) > —m, the distribution |z|7, whose action is defined by the integral
formula

(ol".0) = [ lal"oa)d.
Rm
for all test functions ¢(x) € D(R™). We will use the following result, see e.g. [11]:

Lemma 3. The mapping v — |z|7 can be uniquely extended to a meromorphic mapping from the
complex numbers to the space of tempered distributions on R™ (i.e. holomorphic on C, except for
a few isolated points). The poles are the points v = —m — 2a (for all a € N), and they are all
stmple.

Define for v € C\{m + 2a,—2b : a,b € N} the action of the Riesz potential I7 on a rapidly
decreasing test function ¢ as follows:

r(#5%)
INp = 2 * x|
1= w0
where * is the convolution product on R™ and I%¢ = lim,_,0 IJ¢ = ¢. Note that he poles of |z|"~™
are cancelled by the poles of ' (%) The Riesz potential for v = 2 can be seen as an ‘inverse’ of
the Laplace operator A, because it satisfies the following relation in distributional sense:

DAL= AN =—11"2¢.
For all b € N, we have that I = (—1)°A%1772% 5o if we define
L2 = (1) A%8(x),

where §(z) is the Dirac-delta distribution, then this is an analytic continuation of the mapping
~v — I7 to a holomorphic function with poles in {y = m + 2ala € N}. These are the poles
of I' (™52). If we reformulate our findings in terms of the distribution |z|=™%7, then we can
analytically extend the mapping v + |z|~™%7 to C\{—2a : a € N}, according to Lemma 3. Its
singularities are simple poles, with residues

Res[|z|™™7 7,y = —2a] = Res




In view of the fact that

Res [F (%) Y = —2@} = lim (y+2a)T (—) =2

y——2a

it then follows that
272a+17.r%
Res[lz| ™" 7,y = —2a] = —————ALi(z).
I'(Z+a)al
Thus, the mapping a — [z|*~2*zPy(zu(,) is holomorphic in C\{—m + 2|A| — 2a,a € N}.
Moreover, the poles at the values {—m + 2(J]A] — 1),...,—m + 2, —m} are removable singularities.
For instance, for the pole &« = —m, we have that

Res[|:c|o‘*2"\|:cPA(xu(p)x),a =-—m] = Lirfl (o + m)|x|a*2|)“xP>\(xu(p)x).

Putting = rw with r = |z|, this can then be rewritten as

: a+1 _
al_l}rgﬂ(u +m)r* T wPy (wupyw) = 0.

Similar calculations can be done for the other singularities. So we have proved the following
proposition:

Proposition 2. The mapping a |x|a_2|)“xP,\(xu(p)x) can be continued holomorphically in
C\{—-m — 2a,a € N}.

This means that (5) holds in distributional sense in C, as long as $(a) > —m — 1. Hence, with

this restriction on «,

O (el HaPr(wugy) = = lim (@t m)lal*anP(ug))

—Res [|x|°‘_2|)“,a = —m| T\Px(zup)x)
9—2[Al+1,.2

W(Agwam))m&(m(p)@. (6)

Moreover, in view of the fact that (d, ) = ¢(0), we get:

(ARIS) (maP(zugya)), 0) = (ARG, (myPy(zuy)z))d)
= (6, AR ((mxPx(zugy@))9))
= (0, AR\ (m\Pr(zugpx))d+ )

where the dots indicate all other terms coming from the action of A‘;‘l. They can safely be ignored,
in view of the fact that we still need to act with the distribution §(x), which will make all these
terms disappear. We thus get that

(ANS) (A Pr(zug)), @) = (65, AN (maP)g) = (ARI(maPy)3, ) -
This means that formula (6) reduces to
9—2|Al+1, %

o\ (|1,|7m—2|/\|xp>\(mu(p)x)> = mAB\(WAPA(&CU(p)x))(s(x).
5 !



In order to calculate the remaining expression ALCM(71'>\P,\(;L"u(p)ac))7 we first note that A, and 7

commute. Next, we introduce the operator &, by means of
& :SE— Poa () @ Ha(ug)) @ ST Pr(ug) = Pr(zugp).
It can easily be calculated that the map A‘qf‘lé}; is Spin(m) invariant:
AL/,’\lsz(s)PA(u(p)) = AL;’\lsP,\(s*xss*u(p)ss*xs)

AN py (s"wss up)ss™xs).

The image of the Spin(m)-invariant map A‘;‘lfz equals Sf. According to Schur’s lemma, there

must therefore exist a constant C such that

ABIfIPA(U(p)) = CAP)\(U(p)).

(7)

Let us then determine the constant C) explicitly. We do this by complexifying the variables u;
and choosing a specific value for them: u; := e; + ie,4j, for all j = 1,...,n. Then our results

simplify a great deal, since (u;, ;) = d;; and thus Px(u(,)) = I*. Furthermore,
(xurz A -+ ANzugz, f1 A A i)

= ‘Jj
j=1

k
[oF =2 [ g, @) (2, )

=1

= (2 PR+t al bl g o2l

Putting z9) = (0,... ,0,25,...,20,0,...,0,Zp4j, ..., Zm), we then get that
Py (zupz) = |22 =l |20 =t) g (0) )21 =l) | (1) 20 T

Together with the relation

min(a,b) m .
Azl = Y (a)%ﬂ(b)r(zmmb”ﬂ)ww—jw—j
z j z

=~ i) T(%+E, —b+ta)

which follows from the fact that [A,, |2]?] = 2m + 4E,, we find that
AL’\lPA(a:u( )T)

|2k<u1 A ANug, fr A Afg) — 22|x\2k72<uj,x><(u1 A Aug) i, fi A

= 22\/\||)\‘|
D(Z2+054) D (2+k-1) T(Z+h-k+1)

This then leads to the following conclusion:

A (|$|_m_2"\|xP>\(acu(p)x))

(

—k)

32 A+ 2RI (2 + |A)
- P )
T (% + Al Al (m th—1) (24l —k)T (2 -k A1) ()

mH +2l—2 Pi(u(p))d(x),

To conclude our findings:

10

P(Z4+M)T(Z2+0L-1) T (Z2+bo—k+1)T(Z2+1—k)
r(z

A fr)

P)\ (JTU(p).T) .



Theorem 1. Defining the constant Cy by means of

the distribution
T

ex(x) := Cy|z| "™ 'L ( ) € C=(Ry, End(SY))

||
satisfies, for every Py € Sit, in distributional sense
Q)\e)\(l‘)P)\ = (5(:L‘)P)\

Let us then introduce the notation (., .)(u ) for the Fischer inner product on Py, which is defined
as follows:

(fursyup), glun, - up))(ug,)) = [f(01,.. L) Tg(uy,. ..  tp)]

ur=-=up=0

In order to obtain a fundamental solution for Qy, we then let the distribution e(r) act on the

reproducing kernel Ky (u(p), u’(p)) for S/ﬂ\t, satisfying the defining relation

(Bx (W) u(p))s Pr(p)) (ugyy) = Pr(ufy));
for each Py(u(,) € Si.

Definition 5. The fundamental solution for the operator Q) is defined as

Ex(z;up), u'(p)) = ex(@) Ka(up), u/(p))'

4. Basic integral formula

Now that we have constructed the fundamental solution, we can prove the main integral formulas
in higher spin Clifford analysis. Define the volume element dxr = dxy A -+ A dx,,, and surface

element do, = Z;"Zl(—l)j_lejdﬁ:j, where di; = dxy A~ Ndxj_1 Ndxjiq Adep,.

Theorem 2. Let Q' C R™ and Q € Q. Then for f(z) and g(z) € C®(V,SE), where we will
not mention the variables u(,) to avoid overloaded notations, we have the following formulae (for
arbitrary y € ')

(i) (Stokes’ theorem,)
/Q [_(QAQ(ZE), f(z))(u(p)) + (g(m), Qkf(x))(u(p))} do = /E)Q(g(x)’ﬂA(dO-x)f('T'))(u(p))'
(ii) (Cauchy-Pompeiu)
_ /aQ(E/\(Z/ — ), mA(doy) f(2)) (ugyy) + /Q(E,\(y — 1), Oa (@) ug, dt = { f%y) e

(i1i) (Cauchy integral formula) If Oxf =0 in ', one has

f(y)
_/(‘m(E)\(y — z), m(dow) f(2)) (ug,)) = { 0 ! y ¢,
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where mx(doy) f(z) is an Sy -valued (m — 1)-form.

Proof. Let f(z),g(z) € C>(Q,S5). The classical Stokes’ formula for the Dirac operator (e.g. [6])
leads to

/ [ (0o(2)) F(2) + 9(2) (D0 f ()] di = / g(2)tdo, f(2).
Q o0

This identity still depends on the vector variables u(, € RP™. To obtain the generalised Stokes’
theorem for the operator Q,, it is sufficient to take the Fischer inner product with respect to u,),
since we have that

(Qx9(2), F(2)(ug,y) = (T2029(2), [(2)) (ug,y) = (029(2), () ()
(9(2). Q@) = (Madef(2). 90D, )= Do f @) gD, ) = (@), S () ) -
and
(9(2), mx(do) F(@)) ) = (9(2), ([052) F(@)) -
The Cauchy-Pompeiu formula for the operator Q) is then obtained from Stokes’ formula, by
substituting g(z; u(p)) = Ex(y — 5 u(p), u’(p)). We then get
/Q {—(5(?/ — @)K (u@p), ugy)), f(@sue))) + (Ex(y — 25 uep), ug,)), Qaf (@ u(p)))(u(,,))} dx
= /BQ(EA(Q = @3 Uy, U ) TA(A) (25 0(p))) ()
o [ [0 = enflaulyy) + (Br(y — zi), 1) O (@i 0 | d

- /a (Bl = iy, ) ) 051 ) -

In order to further simplify these integrals, we invoke the definition for the fundamental solution
and proceed as follows:

—f(yvul(p)) + /Q(ef\<y - m)KA(“(p)v 0)s QA (@3 u(p))) () A

- /3 (ealy = D) ) 17 () 50 ) -

Using the fact that

(L (;') P(wp)),R(u(p)))(u(m) =~ <P(“(”)>’ . (;) R<u(p))> (u)

for any P(u(y)), R(u)) € S§, we can now rewrite these expressions as
& =Fay) = [ exly =) tly). S (53 )
== [ exly = ) ) I @)
& fly,uy) + /Q ex(y — ) O f (x5 uq,) ) da
=+ /ag ex(y — x)ma(doy) f (25 uf,)).

Invoking the fact that f € ker @) immediately gives us the Cauchy integral formula. O
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5. Conclusion

Using the theory of Riesz distributions and techniques coming from representation theory, the
fundamental solution E)(z; u(p)uép)) for the higher spin Dirac operator Q) was determined. This
fundamental solution allows us to prove a generalised version of the classical integral formulae
(Stokes’ theorem, the Cauchy-Pompeiu theorem and the Cauchy integral formula), which are nec-
essary in order to develop a function theory for the operator Q.
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