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Abstract

Let n € N\ {0,1,2}. We prove that there exists up to equivalence one and up
to isomorphism (n + 1)(2n + 1) isometric embeddings of the near 2n-gon H,, into
the near 2n-gon G,.
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1 Basic definitions and main result

A point-line geometry S = (P, L, 1) with nonempty point set P, (possibly empty) line set
L and incidence relation I C P x L is called a partial linear space if every two distinct
points are incident with at most one line. If z; and x5 are two points of a partial linear
space S, then the distance d(z1,z5) between x; and xo will always be measured in the
collinearity graph of S. A set X of points of § is called a subspace if every line having
two of its points in X has all its points in X. If X is a nonempty subspace of S, then we
denote by X the subgeometry of S induced on X by those lines of § that have all their
points in X.

A near polygon is a partial linear space S with the property that for every point x
and every line L, there exists a unique point 77 (x) on L nearest to x. If d is the maximal
distance between two points of a near polygon S, then S is called a near 2d-gon. A near
0-gon is a point and a near 2-gon is a line. Near quadrangles are usually called generalized
quadrangles. We now define two classes of near polygons.

Let n € N. With every set X of size 2n + 2, there is associated a point-line geometry
H.,,(X): the points of H,,(X) are the partitions of X in n + 1 subsets of size 2; the lines of
H.,,(X) are the partitions of X in n — 1 subsets of size 2 and 1 subset of size 4; a point p of
H,,(X) is incident with a line L of H,(X) if and only if the partition corresponding to p is
a refinement of the partition corresponding to L. By Brouwer et al. [1], H, (X) is a near
2n-gon with three points on each line. The isomorphism class of the geometry H,, (X) is
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obviously independent of the set X of size 2n + 2. We will denote by H,, any suitable
representative of this isomorphism class. The near polygon H consists of a unique point,
the near polygon H is the line of size 3 and the generalized quadrangle H, is isomorphic
to the generalized quadrangle W (2) described in Payne and Thas [8, Section 3.1].

Let n € N\ {0,1}, let V be a 2n-dimensional vector space over F, and let B =
(€1,&,...,8,) be an ordered basis of V. The set of all points (32", X&) of PG(V)
satisfying the equation Zfﬁl X3 = 0 is a nonsingular Hermitian variety H of PG(V). We
denote the dual polar space (isomorphic to DH (2n—1,4)) associated with H by DH (V, B).
So, the points of DH(V, B) are the (n — 1)-dimensional subspaces of PG(V') contained
in H, the lines of DH(V, B) are the (n — 2)-dimensional subspaces of PG(V') contained
in H and incidence is reverse containment. The support S, of a point p = (Z?Zl X,é;)
of PG(V) (with respect to B) is the set of all i € {1,2,...,2n} for which X; # 0. The
number of elements of S, is called the weight of p (with respect to B). Observe that a
point of PG(V') belongs to # if and only if its weight is even. Let X denote the set of all
(n — 1)-dimensional subspaces contained in H generated by n points of weight 2 (whose
supports are mutually disjoint). By De Bruyn [3], X is a subspace of DH(V, B) and
G,(V,B) = X is a near 2n-gon with three points on each line. The isomorphism class
of the geometry G, (V, B) is obviously independent of the 2n-dimensional vector space V'
and the ordered basis B of V. We will denote by G,, any suitable representative of this
isomorphism class. By [3], the generalized quadrangle Gy is isomorphic to the generalized
quadrangle @~ (5,2) described in Payne and Thas [8, Section 3.1]. By convention, G; is
the line with three points and Gy is the near 0-gon.

Let &7 and Sy be two partial linear spaces. An embedding of S; into Sy is an injective
mapping e from the point set of S§; to the point set of S; satisfying the following two
properties:

e ¢ maps every line of S into a line of Sy;

e ¢ maps distinct lines of &; into distinct lines of Ss.

An embedding e of §; into Sy will be denoted by e : S; = S>. An embedding e : S; — Sy
is called full if it maps lines of Sy to full lines of S;. The embedding e is called isometric
if it preserves the distances between points.

Suppose e is an embedding of the partial linear space S; into the partial linear space
Ss. If 61 and 6, are automorphisms of respectively S; and S, such that 6,0e = eofy, then
we say that 6y lifts (through e) to 5. If the automorphism 6; of S; lifts through e to an
automorphism of Ss, then we will denote by 0, any of the automorphisms of Sy to which
0, lifts. The set G of all automorphisms of &; which lift through e to an automorphism of
S, is clearly a subgroup of the full automorphism group Aut(S;) of S;. If G = Aut(Sy),
then e is called a homogeneous embedding.

Two embeddings e : S; = Sy and €' : §] — & are called equivalent if there exists an
isomorphism 6; from S; to §] and an isomorphism 6, from S, to S}, such that €'of; = fy0e.
Two embeddings e : S — Sy and €' : & — &) of the same partial linear space S; are
called isomorphic if there exists an isomorphism 6 from S, to S5 such that ¢ =foe. Ife
and €’ are isomorphic, then they are also equivalent.



The following is the main result of this paper.

Theorem 1.1 Supposen > 3. Then there exists up to equivalence a unique isometric em-
bedding of H,, into G,,.. Up to isomorphism, there are (n+1)(2n+1) isometric embeddings
of H,, into G,,.

The conclusion of the theorem is false if n = 2. There is up to isomorphism a unique
isometric embedding of the generalized quadrangle Hy = TV (2) into the generalized quad-
rangle Gy = Q7 (5,2).

This paper is part of a project of the author to study isometric embeddings between dense
near polygons. In the paper [5], we studied isometric embeddings of the near polygon H,,
n > 2, into the symplectic dual polar space DW (2n — 1,2) and isometric embeddings of
the near polygon G,,, n > 2, into the Hermitian dual polar space DH (2n—1,4). Isometric
embeddings between near polygons are important for the study of valuations (De Bruyn
and Vandecasteele [6]) which themselves are very important for obtaining classification
results about near polygons.

We will prove Theorem 1.1 in Section 4. In Section 3, we will give an explicit description
of an isometric embedding of H, into G,,. The background on near polygons and some of
the machinery that are necessary for the proof of Theorem 1.1 will be discussed in Section
2.

2 Preliminaries

2.1 Embeddings between partial linear spaces

In this subsection, we collect some facts regarding embeddings between general partial
linear spaces.

Suppose 81 = (P1, L1,11) and S = (Pq, Lo, ]5) are two partial linear spaces. We call an
embedding e : S — Sy regular if for all points z; and zy of 1, we have that e(z;) and
e(zy) are collinear if and only if z; and zy are collinear. Every isometric embedding is
also regular. If e : §; — &, is an embedding, then we denote by &7 the subgeometry of S,
induced on the point set e(P;) by those lines of Sy that have at least two points in e(Py).

Lemma 2.1 Let §; = (P1, L1,11) and Sy = (Pa, Lo, 15) be two partial linear spaces and
suppose e : S — Sy is a reqular embedding. Then e defines an isomorphism between S

and S7.

Proof. Suppose L; = {z;|i € I} is a line of S; for some index set I of size at least 2.
Then e(L;) = {e(x;)|i € I} is contained in some line Ly of S;. We claim that e(L;) is a
line of 8¢. If this were not the case, then Ly would contain a point e(y) where y € Py \ L.
If z denotes an arbitrary point of L;, then the points y and z must be incident with a
unique line L} of S; as the points e(y) and e(z) are collinear in Sy. Since each of the



sets e(L;) and e(L}) are contained in the same line Ly of Sy, we should have L; = L), in
contradiction with y € L} \ L;. So, e(L1) is indeed a line of S¥.

Conversely, suppose that L} is a line of Sf, let x and y be two distinct points of
e (L)) and let L; denote denote the unique line of S; containing z and y. By the
previous paragraph, e(L;) should be a line of §¢ which necessarily equals L.

So, the bijection e between the point sets of §; and S7 defines a bijection between the
line sets of &7 and S preserving incidence. "

Lemma 2.2 Let §; = (P, L1,11) and Sy = (Pa, Lo, 15) be two partial linear spaces and
let e1 and ey be two embedding of Sy into Sy. Then:

(1) If e1 and ey are regular embeddings and if there exists an automorphism Oy of So
mapping e1(P1) to ea(P1), then ey and ey are equivalent embeddings.

(2) If e is a homogeneous embedding and ey is equivalent to ey, then e; and ey are
1somorphic.

(3) The following are equivalent for an automorphism 6, of Sy: (i) 01 lifts through ey
to an automorphism of Sa; (i1) the embeddings e; and ey o 61 are isomorphic.

Proof. (1) The automorphism 6, of S, induces an isomorphism between S;* = S; and
S = S). Hence, 0 :=e;' 060, oey is an automorphism of S; and ey = 65 0 1 0 6;.

(2) Let #; be an automorphism of &; and #y be an automorphism of Sy such that
ey =0y0e;00;. Then ey =650 évl oey. Hence, e; and ey are isomorphic.

(3) The embeddings e; and e; o 6y are isomorphic if and only if there exists an auto-
morphism 6y of Sy such that 6, 0 e; = €1 0 6y, i.e. if and only if 6, lifts through e; to an
automorphism of S,. "

By Lemma 2.2(1)+(2), we immediately have:

Corollary 2.3 Let S; = (P1, L1,11) and Sy = (P2, Lo, 1) be two partial linear spaces and
let e* be a given reqular homogeneous embedding of Sy into Ss. If e is a reqular embedding
for which there exists an automorphism 0y of Sy such that e(Py) = 6y 0 e*(Py), then e is
1somorphic to e*.

Corollary 2.3 can be improved as follows:

Proposition 2.4 Let S = (P, L1,11) and Ss = (Po, Lo, 15) be two partial linear spaces
and let e* be a given regular embedding of 81 into Sy. Let G denote the full automorphism
group of 81 and let H denote the subgroup of G consisting of all automorphisms of Sy
which lift through e* to an automorphism of Sy. Choose an index set I of size |G : H| and
automorphisms Gii), i €1, of Sy such that {H o 05“ |i € I} is the set of all right cosets of
H in G. Then the following holds: _

(1) Any two embeddings of the set {e* o 051) |i € I} are nonisomorphic.

(2) If e is a regular embedding for which there exists an automorphism 0y of Sy such
that e(Py) = 6y 0 e*(P1), then e is isomorphic to (precisely) one of the embeddings of the
set {e* 00\ |i € I}.



Proof. (1) Suppose i; and iy are two distinct elements of I such that the embeddings
e*o 0§i1) and e* o 0§i2) of & into &, are isomorphic. Then also the embeddings e* and
e* o Ggil) o [9§i2)]_1 of & into Sy are isomorphic. By Lemma 2.2(3), this would imply that
0\ o [02))-1 € H, clearly a contradiction.

(2) By Lemma 2.2(1), e* and e are equivalent embeddings. Hence, there exists an
automorphism 6; of §; and an automorphism 65 of S; such that e = 05 0 e* 0 0. Now,
there exists a unique ¢; € H and a unique i € [ such that 6; = 0] o 9@. Then e =
Oy0e*0f o «9@ =050 0~’1 oe*o QY). Hence, e and e* o (9@ are isomorphic. n

2.2 Near polygons

Let § = (P, L,I) be a near polygon. If = is a point of S and ¢ € N, then I';(z) denotes
the set of points at distance i from z. A subspace X of S is called convez if every point
on a shortest path between two points of X is also contained in X. Clearly, the whole
point set P is an example of a convex subspace and the intersection of any number of
(convex) subspaces of S is again a (convex) subspace of S. If X is a nonempty convex

subspace of S, then X itself is also a near polygon. If %1, %5, ..., % are k > 1 objects of S,
each being a point or a nonempty set of points, then (xj,*s, ..., %) denotes the smallest
convex subspace of S containing %, %, ..., *z. The set (1, %o, ..., %) is well-defined since
it equals the intersection of all convex subspaces containing i, *q, . . ., *g.

A near polygon is called dense if every line is incident with at least three points and
if every two points at distance 2 have at least two common neighbors. Suppose now that
S is a dense near 2n-gon. If z and y are two points of S at distance § from each other,
then by Shult and Yanushka [9, Proposition 2.5] and Brouwer and Wilbrink [2, Theorem
4], (x,y) is the unique convex subspace of diameter ¢ containing x and y. The convex
subspace (x,y) is called a quad if 6 = 2 and a maz if § = n — 1. For every point x of S,
let £(S,x) be the point-line geometry whose points are the lines through x, whose lines
are the quads through z, and whose incidence relation is containment. £(S,z) is called
the local space at x. The modified local space ML(S,z) at x is obtained from L(S,z) by
removing all lines of size 2. A proof of the following proposition is essentially contained
in Brouwer and Wilbrink [2].

Proposition 2.5 Let x and y be two distinct points of a dense near polygon S and let L, ,
denote the set of lines through x containing a point at distance d(x,y)—1 fromy. Then: (i)
a line through x is contained in (x,y) if and only if L € L,,; (it) (L|L € Ly,) = (x,y).

If z is a point of a dense near polygon S at distance 1 from a nonempty convex
subspace F', then F' contains a unique point x’ collinear with x and d(z,y) = 1+ d(2/,y)
for every point y of F. A convex subspace F' of S is called classical in S if for every
point = of S, there exists a (necessarily unique) point 7g(x) € F such that d(z,y) =
d(z,7p(z)) + d(7p(z),y) for every point y of F. The map P — F;x +— mp(z) is called
the projection on F. A max M of S is called big in S if every point outside M is collinear
with a (necessarily unique) point of M. Every big max M of S is classical in S and for
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every point x outside M, my(x) is the unique point of M collinear with z. If M is a big
max and F'is a convex subspace meeting M, then either I' C M or FNM is a big max of F.
If M, and M, are two dlsJ01nt blg maxes of S, then the map M; — My; x +— () is an
isomorphism between M1 and Mg, and its inverse map is given by My — My;x — ().

Suppose § = (P, L,]) is a dense near polygon with three points on each line, and that
M is a big max of S. For every point x of M, we define Ry (z) := x. For every point x
outside M, let Rys(x) denote the third point on the line through = and 7y (2). The map
Ry : P — P defines an automorphism of S and is called the reflection about S. So, if F
is a convex subspace of S, then Ry (F) is a convex subspace of the same diameter as F'.
If F' is a big max, then also R/ (F') is a big max.

Let S§; = (P1, L4, 1) and Sy = (P2, Lo,12) be two near polygons. We suppose that the
sets Py, Ps, L1 and Ly are mutually disjoint. We define the following point-line geometry
S=(P,LI:

o P =P x Py

o L = (Pl X Eg) U (£1 X PQ);

e the point (z,y) of S is incident with the line (2, L) € P; x Lo if and only if z = 2
and (y, L) € Iy; the point (z,y) of S is incident with the line (M, u) € £, x Py if and only
if (z,M) €], and y = u.

The point-line geometry S is also denoted by S; x Sy and is called the direct product of
Sp and Sy, If S;, @ € {1,2}, is a (dense) near 2d;-gon, then &; x Sy is a (dense) near
2(dy + dy)-gon. A generalized quadrangle is called an (s; + 1) x (sy + 1)-grid if it is
isomorphic to the direct product of a line of size s; + 1 and a line of size sy + 1. If p is
a point of §; X 8y, then there exist convex subspaces F| and F, through p such that the
following properties are satisfied: (i) F; = &) and Fy = Sy; (ii) every line through p is

contained in either Fy or Fy; (iii) if L;, i € {1,2}, is a line contained in F;, then (L;, Lo)
is a grid.

More information on (dense) near polygons and proofs of the above-mentioned facts can
be found in the book [4]. Regarding isometric embeddings between dense near polygons,
we can say the following.

Proposition 2.6 (Huang [7, Corollary 3.3]) Let Sy = (Py,L1,11) and Sy = (Ps,
Lo, 1) be two dense near polygons with respective distance functions di(-,-) and dy(-,-)
and respective diameters ny and no. Let e be a map from Py to Py satisfying the following
for any two points x and y of Py: if di(x,y) = 1, then also dy(x,y) = 1. Then e is
an isometric embedding of 81 into Sy if and only if there exist points x* and y* in &)
satisfying dy (", ") = do(e(z®), e(y")) = 1.

Proposition 2.7 (De Bruyn [5, Proposition 2.5]) Let S; = (P1,L1,11) and Sy =
(Pa, Lo,15) be two dense near polygons and let e be an isometric embedding of Sy into S.
Then for every nonempty convex subspace F of Sy, there exists a unique nonempty convex
subspace F' of Sy satisfying:

e [ and F have the same diameter;



e 'Ne(Py) =e(F). o o
If Fy and F5 are two distinct nonempty convex subspaces of S1, then Fy and Fy are distinct.

2.3 Properties of the near 2n-gons H,, and G,

In this subsection, we collect some known properties of the near 2n-gons H,, and G,, which
can be found in the book [4].

Let n > 2, let X be a set of size 2n + 2 and put H,, := H,(X).

Let P, and P, be two points of H,,, i.e. P; and P, are two partitions of X in n + 1
subsets of size 2. Let I'p, p, denote the graph with vertices the elements of X, with two
distinct vertices i and j adjacent whenever {i, j} is contained in P;UP,. Then the distance
between P, and P, in the near polygon H, is equal to n + 1 — C' where C' is the number
of connected components of I'p, p,.

Every quad of H, is either a grid-quad or a W(2)-quad, with both types of quads
occurring if n > 3. Every line of H,, is contained in n — 1 W (2)-quads and Wléﬂ grid-
quads. Every W (2)-quad of H,, is classical in H,,. There exists a bijective correspondence
between the nonempty convex subspaces I’ of H,, and the partitions Pr of X in subsets
of even size. This correspondence is as follows: F' consists of all partitions of X in
n + 1 subsets of size 2 that are refinements of the partition Pr. In the sequel, we will
often say that Pp is the partition of X corresponding to F', or that F' is the convex
subspace of H,, corresponding to Pr. The grid-quads of H,, are precisely the convex
subspaces of F' that correspond to the partitions of X in n — 3 subsets of size 2 and two
subsets of size 4. The W (2)-quads of H,, are precisely the convex subspaces of F' that
correspond to the partitions of X in n — 2 subsets of size 2 and one subset of size 6. The
maxes of Hl,, are the convex subspaces of H,, that correspond to the partitions of X in
2 subsets of even size. If P is a partition of X in a subset of size 2m and a subset of
size 2n + 2 — 2m (m € {1,2,...,n}), then the convex subspace corresponding to P is
isomorphic to H,,_; x H,,_,,. The big maxes of H,, are precisely the convex subspaces of
H, that correspond to the partitions of X in a subset of size 2 and a subset of size 2n.
If M is a big max, then M = H,,_;. There exists a bijective correspondence between the
big maxes M of H,, and the subsets Yj; of size 2 of X. This correspondence is as follows:
M consists of all partitions P of X in n + 1 subsets of size 2 such that Y, € P. In the
sequel, we will often say that Yy, is the subset of size two corresponding to M, or that M
is the big max corresponding to Y),.

Let £(H.,) be the following point-line geometry:

e The points of L£(H,) are the subsets of size 2 of {1,2,...,n+ 1}.

e The lines of L(H,,) are of two types: (i) lines of the form {{a, b}, {c,d}} where a, b, c
and d are four distinct elements of {1,2,...,n+1}; (ii) lines of the form {{a, b}, {a, ¢}, {b,
c}} where a, b and ¢ are three distinct elements of {1,2,... ,n + 1}.

e Incidence is containment.

Then every local space of H, is isomorphic to £(H,,).

Suppose M; and M are two distinct big maxes of H,,. Let {x;,y;}, i € {1,2}, be the

subset of size 2 corresponding to M;. If [{z1,y1} N {2, y2}| = 1, say x1 = xs and y; # yo,
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then M, and M, are disjoint and the subset of size 2 of X corresponding to the big max
R (Ms) is equal to {y1,y2}. If {z1, 51} N {z2, 92} = 0, then My N M, # 0.

Every permutation of X determines in a natural way a permutation of the point set
of H,, = H,,(X) defining an automorphism of H,,. Every automorphism of H,, is obtained
in this way. The correspondence between the permutations of X and the automorphisms
of H,, is bijective for n > 2. So, the automorphism group of H,,, n > 2, is isomorphic to
the symmetric group Sa,io.

Let n > 3, let V be a 2n-dimensional vector space over Fy and let B = (€1, és, ..., €s,) be
an ordered basis of V. Put G,, = G, (V, B).

Suppose P, and P, are two points of G, i.e. two (n — 1)-dimensional subspaces of
PG(V) that are generated by n points of weight 2 (w.r.t. B) whose supports (w.r.t. B)
are mutually disjoint. Then the distance between P; and P, in the near 2n-gon G, is
equal ton — 1 —dim(P, N B).

The lines of G, (V, B) are of two types, the special lines and the ordinary lines. The
special lines of G, (V, B) are in bijective correspondence with the (n — 2)-dimensional
subspaces of PG(V') which are generated by (n — 1) points of weight 2 (whose supports
are mutually disjoint): if « is such an (n — 2)-dimensional subspace, then the set of all
(n — 1)-dimensional subspaces of PG(V') through a which are generated by n points of
weight 2 is a special line. The ordinary lines of G, (V, B) are in bijective correspondence
with the (n — 2)-dimensional subspaces of PG(V) which are generated by one point of
weight 4 and n — 2 points of weight 2 such that the n — 1 associated supports are mutually
disjoint: if v is such an (n—2)-dimensional subspace, then the set of all (n—1)-dimensional
subspaces of PG(V') through o which are generated by n points of weight 2 is an ordinary
line.

If o is a permutation of {1,2,...,2n}, if ¢ is an automorphism of F, and if \; €
F; for every i € {1,2,...,2n}, then the unique semi-linear map of V' with associated
field automorphism ¢ that maps €; to \; - €,¢) for every ¢ € {1,2,...,2n} induces an

automorphism of G,, = G,(V, B). Conversely, every automorphism of G,, n > 3, is
obtained in this way. (This latter statement would not be true if n were equal to 2.)
Every quad of G,, is either a grid-quad, a W (2)-quad or a Q~ (5, 2)-quad. Every special
line of G, is contained in exactly n — 1 Q~(5,2)-quads, 0 W (2)-quads and 3%
grid-quads. Every ordinary line of G,, is contained in a unique @~ (5,2)-quad, 3(n — 2)
W (2)-quads and w grid-quads. There exists a bijective correspondence between
the convex subspaces F of diameter k € {0, 1,...,n} of G, and the (n—1—k)-dimensional
subspaces ap of PG(V) which are generated by n — k points of even weight (w.r.t. B)
whose supports (w.r.t. B) are mutually disjoint. This correspondence is as follows: F
consists of all points of G,, which regarded as subspaces of PG(V') contain ap. If M is
a max of Gy, then ay; consists of a unique point x); of even weight. If the weight of
zy is equal to 2m, then M = Hy,_1 X G- In particular, if zp has weight 2n, then
M = H,_,. The big maxes of G, are precisely the convex subspaces F' for which ar
consists of a unique point of weight 2. If M is a big max, then M = G,,_;. If M is a big
max and @ is a @~ (5,2)-quad meeting M, then either Q C M or Q@ N M is a special line.



Now, suppose that M; and M are two distinct big maxes of G,, and let z;, i € {1,2},
denote the unique point of weight 2 contained in ajy,. We can distinguish the following
three cases.

(i) 1 = (€;, + - €;,) and xo = (€;, + - €;,) for some iy,is € {1,2,...,2n} with i; # iy
and some «, 3 € F; with a # 8. Then M; and M, are disjoint and every line meeting
M, and M, is a special line. Moreover, if v is the unique element in F, \ {0, a, 3} and
M3 = RMl (Mg), then ThMy = <éi1 + v - éi2>.

(i) 21 = (€, + a - é;,) and xo = (€;, + 5 - €;,) for some mutually distinct iy, iy, €
{1,2,...,2n} and some «a, f € F;. Then M; and M, are disjoint and every line meeting
M, and M, is an ordinary line. Moreover, if Ms = Ry, (Ms), then xp, = (€;, + af - €;,).

(ili) 1 = (&;, + - &;,) and x9 = (€, + [ - €;,) for some mutually distinct iy, s, 3,74 €
{1,2,...,2n} and some «, 8 € F;. Then M; N M, # ().

Let £(G,,) be the following point-line geometry:

e the points of £(G,,) are the points of PG(n —1,4) whose weight is either 1 or 2 with
respect to a given reference system of PG(n — 1,4);

e the lines of £(G,,) are the lines of PG(n — 1,4) which contain at least two points of
L(Gy);

e incidence is derived from PG(n — 1,4).

Then every local space of G, is isomorphic to £(G,,).

3 A full isometric embedding of H,, into G,

Let n > 2 and let V be a 2n-dimensional vector space over Fy = {0,1,w,w?} with
ordered basis B = (€1, €a,...,6€2,). Put X ={1,2,...,2n + 2}. Define H,, := H,(X) and
G, := G, (V, B). We now define a map e* from the point set of H,, to the point set of G,,.
We consider the following two possibilities for a point p of H,,:

(1) pis of the form {{ay, b1}, {as, b2}, ..., {an, bn},{2n + 1,2n + 2}}. Then we define
e*(p) 1= (Cay + €, €ay + Eby, - - -, €a, + E,).

(2) pis of the form {{a1,b1},{az, b2}, ..., {an_1,bn_1}, {an,2n+1},{b,,2n+2}}. Then
we define €*(p) 1= (€4, + €, €ay + €pyy - -5 €ap_y + €,y Cay +W - Ep,).

It is easily seen that e* is injective.

Proposition 3.1 The map e* defines a full isometric embedding of H,, into G,,.

Proof. (a) We first prove that e* is full. Let {p;,p2,p3} be an arbitrary line of H,.
Without loss of generality, we may suppose that one of the following five cases occurs (in
each of these cases, we have {a,b1,...,a,,b,} = {1,2,...,2n}):

CASE 1I:

P = {{ahbl})"'7{an—17bn—1}7{an7bn}7{2n+]-72”—‘[_2}}7
p2 - {{a'17b1}7"'7{an717bn71}7{an72n+1}7{bn72n+2}}7
ps = {{a'17b1}7"'7{an—labn—1}7{an72n+2},{bn,2n+1}}.
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Then the points

e* (pl) = <éa1 + ébl? R éan—l + ébn—l? éan + ébn>7
6*(])2) - <éa1 +é€b,---y€q, ; T €, ;,€q, TW- ébn>’
e’ (p3) - <éa1 + €y €a, g T Eh, 4y Ep, TW- éan>

of G,, are incident with the special line of G, corresponding to the subspace (é,, +
€byy- s éan—1 + ébn—l)'

CASE 1II:

P11 = {{al,bl},{aQ,bz},{ag,bg},...,{an,bn},{2n+1,2n+2}},
P2 = {{a17a2}7{blabQ}a{a3ab3}7'"7{anabn}7{2n+172n+2}}7
P33 = {{a17b2}7{a27b1}7{a37b3}7'"7{anvbn}7{2n+172n+2}}'

Then the points

e’ (p1) = (€ay + @by Cay + by, €ay + €y, Cay + Eb,,),
€*<p2) = <éa1 +éa2>éb1 +ébzaéa3 +éb37"'7éan +ébn>7
e*(p3s) = (€ay + €pysCay + €by, €qy + €y, - Cay + Eb,)

of G, are incident with the ordinary line of G,, corresponding to the subspace (€., + €, +
€ay + Cbyy €ag + by - - - Eq, + €Ep, )

CAsg [I1:

P11 = {{al,bl},{ag,bQ},{ag,bg},...,{an,l,bn,l},{anﬂn—l—1},{bn,2n+2}},
P2 = {{alaG'Q}a{b17b2}7{a3>b3}7---v{an—labn—l}a{ana2n+ 1}7{bn72n+2}}7
ps = {{alabQ}a{a27b1}7{a’37b3}7"'a{an—labn—l}a{ana2n+1}7{bn72n+2}}‘

Then the points

* _ _ _ _ _ _ _ _ _ _

€ (pl) - <ea1 +6b176a2 +€b276a3+6b37"'76an71 +€bn717€an +W'€bn>,
* _ _ _ _ _ _ _ _ _ _

€ (pQ) == <€a1 + ea27 ebl + 6(,2, €a3 + 6537 . 7ean,1 + ebn7176an +w - €bn>,
% _ _ _ _ _ _ _ _ _ _

¢*(p3) = (Cay + Cbys Cay + by, Cay T Ebyy - - -5 Cap g + by 1, Ca, + W Ep,)

of G, are incident with the ordinary line of G,, corresponding to the subspace (€,, + €4, +
€b, + by, Caz + Cgs -5 Cay 1 + Eb, 15 €a, +W"Ep,)-

CAskE 1V:

P = {{alabl}a"'7{an—%bn—2}7{an—l7bn—1}){an72n+ 1}7{bn72n+2}}7
P2 = {{a17b1}7---7{anf27bn72}7{anfban}a{bnfl?zn—i_ 1}7{bn72n+2}}7
ps = {{alabl}a'">{an—27bn—2}7{an—172n+1}a{bn—1aan}a{bn72n+2}}'
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Then the points

% _ _ _ _ _ _ _ _

€ (pl) - <€a1 + €,y €a, o T €, 5,€a, ; T €, ;,Eq, T W- ebn>’
% . _ _ _ _ _ _ _ _

e (p2) - <€a1 t €y €ay o T €y 95 €a, T €apy€h, T W ebn>7
« _ _ _ _ _ _ _ _

€ (p3) = <6a1 + €b17 A ean—2 + ebn—Q’ ebn—l + eﬂn’ ean—l + w - ebn>

of G,, are incident with the ordinary line of G,, corresponding to the subspace (é,, +
ébl’ R/ éan—Q + ébn—2’ éan—l + ébn—l + éan + w - ébn)'

CASE V:

S {{alabl}a'-~7{anf27bn72}a{anfbbnfl}:{an?zn—i_ 1}7{bn72n+2}}7
b2 = {{alabl}a"-7{an—27bn—2}7{an—hbn}){anaQn+ 1}7{bn—172n+2}}7
p3s = {{alabl}J"'7{an—27bn—2}7{an—172n+2}7{an72n+1}7{bn—17bn}}~

Then the points

« _ _ _ _ _ _ _ _

€ (pl) - <€a1 +€yy---r€a, o T €, 5,€a, 4 T €, 1,€Eq, TW:- ebn>7
% _ _ _ _ _ _ _

e (pZ) = <€a1 + €53 €apy 5 T €, 5, €a, ;T Ch,;s€q, T W ebn—1>7
« _ _ _ _ _ __ _

€ (p3) = <€a1 + €bhyy-- -y Cap_o + €by_23 Cby_1 + €b, 5 Can +w- ean71>

of G, are incident with the ordinary line of G,, corresponding to the subspace (€., +
ébl? BRI éan_z + ébn—Q’ éan—l + ébn—l + ébn + w_l : éa'n,)'

(b) We now prove that e* is isometric. By Proposition 2.6, it suffices to prove that there
exist opposite points p; and p, in H,, such that e*(p;) and e*(ps) are opposite points in
G,,. Take

= {{1,2},...,{2n—1,2n},{2n 4+ 1,2n + 2}},
2 = {{2,3},...,{2n,2n+ 1}, {2n + 2,1} }.

Then p; and p, are opposite points of H,, and

e*(p1) = (é1+€y,...,E 1+ ),
e (p2) = (ea+é3,...,69, +w-éy).
Since (ég + €3) + -+ + (€2, +w-€1) — (61 + €2) — -+ — (E2p—1 + €2,,) = (w — 1)&y, we

have €; € (€1 + €2,...,69,_1 + €2p,E0 + €3,...,69, +w-€1). If 1 € {2,3,...,2n}, then
ei=¢é + (e +e)+ -+ (61 +¢) € (61 + ... 81+ 2y Ea+E3,...,E0, T W:EL).
Hence, <él —|—ég, ey égn,1 +(§2n7 éz+ég, Ce ,égn —i—w-él> = <él, ég, ey égnfl, égn> and 6*(p1)
and e*(py) are opposite points of G,,. n

Lemma 3.2 Leti,j € {1,2,...,2n} withi # j. Let M be a big maz of H,, and let M be
the mazx of G,, corresponding to M in the sense of Proposition 2.7.
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(1) If M is the big maz of H, corresponding to {i,j}, then M is the maz of G,
corresponding to (€; + €;).

(2) If M is the big max of H,, corresponding to {i,2n + 1}, then M is the maz of G,
corresponding to (w - €; + (€1 + €z + -+ - + €9,)).

(3) If M is the big max of H,, corresponding to {i,2n + 2}, then M is the maz of G,
corresponding to (w? - & + (€14 € + -+ + €2,)).

(4) If M is the big max of H,, corresponding to {2n + 1,2n + 2}, then M is the max
of G,, corresponding to (€1 + €3+ -+ + €9,).

Proof. In order to show that (7) is the point of PG(V') corresponding to M, it suffices
to show that (Z) is contained in all subspaces e*(p), p € M. The verification of this claim
is rather straightforward in each of the four cases. "

Lemma 3.2 has the following corollary.

Corollary 3.3 Ifn > 3, then for every big maz M of H,, M is isomorphic to either H,_,

or G,_1. Moreover, M is isomorphic to G,_ if and only if the pair {i,j} corresponding
to M is contained in {1,2,...,2n}.

Lemma 3.4 Let n > 3. Let 0 be an automorphism of H,, and let o be the permutation
of {1,2,...,2n + 2} corresponding to 6. Then 0 lifts through e* to an automorphism of
Gy, if and only if o leaves the partition {{1,2,...,2n},{2n + 1,2n + 2}} invariant.

Proof. (1) Suppose @ lifts through e* to an automorphism of G,,. Let 4, j be two arbitrary
distinct elements of {1,2,...,2n}, let M; denote the big max of H,, corresponding to {7, j}
and let M, denote the big max of H,, corresponding to {o(i),o(j)}. We will now apply

Corollary 3.3. Since M; is isomorphic to G,_; also M, must be isomorphic to G,_; and

hence {c(i),0(7)} C {1,2,...,2n}. Since i and j were arbitrary distinct elements of
{1,2,...,2n}, o leaves the partition {{1,2,...,2n},{2n + 1,2n + 2}} invariant.

(2) Suppose o leaves the partition {{1,2,...,2n},{2n + 1,2n + 2}} invariant. Then
0 = 01 0 09, where oy is a permutation of {1,2,...,2n + 2} fixing 2n + 1 and 2n + 2 and
09 is either the identity or the transposition (2n 4+ 1 2n + 2). Let 6;, i € {1,2}, denote
the automorphism of H,, corresponding to ;. It suffices to show that #; and 0 lift to
automorphisms of G,,. N

(a) Consider the automorphism 6, of H,,. Let #; be the automorphism of G,, induced

by the following linear map of V: €; — &,,(j), j € {1,2,...,2n}. Then i 0c* =c* o).
(b) Consider the automorphism 6y of H,. If o9 is the identity, let é; be the trivial

automorphism of G,,. If oo = (2n + 1 2n + 2), let é; denote the automorphism of G,

corresponding to the following semi-linear map of V: 2?21 Xe; — 21221 X?e¢;. In either

case, we have #y o e* = €* 0 0,. n

Corollary 3.5 Suppose n > 3. Then:
(1) The embedding e* is not homogeneous.
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(2) If G is the full automorphism group of H,, and if H is the group of all auto-
morphisms of H, which lift through e* to an automorphism of G,, then |G : H| =
(n+1)(2n +1).

4 Proof of Theorem 1.1

Let n > 3. Let X be a set of size 2n + 2 and let V' be a 2n-dimensional vector space over
Fy = {0,1,w,w?} with basis B* = (&}, &,...,&,_1,8,). Theset of all points (32", X,&})
of PG(V) satisfying S22, X? = 0 is a nonsingular Hermitian variety H(2n — 1,4) of
PG(V).

The dual polar space DH (V, B*) associated with H(2n — 1,4) is a dense near 2n-gon.
If pis a point of H(2n—1,4), then the set of all maximal singular subspaces of H(2n—1,4)
containing p is a max M, of DH(V, B*), and every max of DH(V, B*) is obtained in this
way. We call M, the max of DH(V, B*) corresponding to p and p the point of H(2n—1,4)
corresponding to M,. Every max of DH(V, B*) is big. If L is a line of PG(V) intersecting
H(2n — 1,4) in three points p;, ps and ps, then {p1,pe, ps} is called a hyperbolic line
of H(2n — 1,4). The set {M,,, M,,, M,,} of maxes of DH(V, B*) corresponding to this
hyperbolic line {p1, p2, ps} satisfies the following properties.

(1) The maxes M,,, M,, and M,, are mutually disjoint.

(2) Every point of M,, is contained in a unique line meeting M,, and this line also
meets M,,.

Now, put H,, := H,,(X) and G,, := G,,(V, B*). Before we will study isometric embeddings
of H,, into G,,, we need to give some introductory lemmas (4.1 till 4.5)

Lemma 4.1 Letk € {1,2,...,2n} and let nl, i E {1,2,...,k} be strictly positive integers
such that ny +ng+ ... +ny = 2n Then % e nilnil) > (2n 1)(n—2) if and only if one
of the following two condztzons hold:

o there exists a j € {1,2,...,k} such that n; € {2n,2n —1,2n — 2};

en=3 k=2 and ny =ny = 3.

Proof. If there exists a j € {1,2,...,k} such that n; € {2n,2n — 1,2n — 2}, then
k n;(n;—1 ni(n;—1 2n—2)(2n—3 2n—1)(2n—4
S ) s malnal) s @noEns) o, @uol@nd) (9 q)(n—2). Ifn =3, k =2

and n; = ny = 3, then Zf 12 "2'_1) =6>5=02n—1)(n—2).
Conversely, suppose that Y% w > (2n—1)(n—2). Together with 3_F_ n; = 2n,

this implies that 21:1 n? > (2n— 1)(2n 4)+2n = 4n?—8n+4. On the other hand, we also
2
know that >2% nF+2-y 5 inimy = (Zle nl) = 4n®. Hence, Y, nin; < 2(2n—1). Let

J*€{1,2,...,k} such that n;- is as big as possible If n >4 and nj» € {3,4,...,2n—3},
then >, _.nmn; > >, . ninge = (2n—nj-)ng > (2n—3) -3 > 2(2n — 1), a contradiction.

If n > 4 and nj. € {1,2}, then >.F 1"(”2’_1) <k <2n < (2n—1)(n — 2), again a
contradiction. Hence, n;e € {2n,2n — 1,2n — 2} if n > 4. If n = 3, 3.1, M >
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(2n —1)(n —2) = 5 and nj« &€ {2n,2n — 1,2n — 2} = {6,5,4}, then one readily verifies
that £ =2 and n; = ny = 3. n

Lemma 4.2 Fvery modified local space of H,,,, m > 2, is connected.

Proof. Every modified local space of H,, is isomorphic to the subgeometry of £(H,,)
obtained from L(H,,) by removing all lines of size 2. So, every modified local space
is isomorphic to the point-line geometry A whose points are the subsets of size 2 of
{1,2,...,m + 1} and whose lines are all the sets of the form {{a, b}, {a,c},{b,c}} where
a, b and c are three distinct elements of {1,2,...,m + 1} (natural incidence). The point-
line geometry A is easily seen to be connected of diameter 2. Indeed, if a, b, ¢ and d are
four distinct elements of {1,2,...,m+ 1}, then {a, ¢} is a common neighbor of {a, b} and

{c,d}. n

Lemma 4.3 Let G/, be the subgeometry of G, having the same point set but obtained
from G,, by considering only those lines of G,, that are special. Then G!, has precisely

2n)! .
7(1'7;)" connected components, each of size 3".

Proof. Let P’ denote the point set of G/ and let A be the set of all partitions of
{1,2,...,2n} in n subsets of size 2. Then [A] = @2\ Let s be the map from P’ to A

nl.2n
mapping the point p = (€;, +a1€},, €, +a2€j,, ..., € +a,€; ) of G, to the element x(p) :
{{il,jl}, {ig,jg}, cee {ln,jn}} of A Here, ay,ag,...,q, € FZ and {’il,jl,’ig,jg, Ce ,in,
Jnt = {1,2,...,2n}. Without loss of generality, we may suppose that i; < iy < -+ <
in and i < j, for every I € {1,2,...,n}. Let p/ = (é;‘,l + a’lé;fi, ey T a’zé;fé,...,é;‘, +

a,€j) be another point of GJ,, where we again suppose that ay,as,...,a, € F; and

{h 30 i g il gty = {1,2,...,n} such that # < @ < --- < i, and iy < jj for every
l€{1,2,...,n}. Now, the points p and p’ are contained in a special line of G,, if and only if
(11, J15 925 J25 -« + 5 ny Jn) = (7, 71,05, Jhs -« .y, jh) and there exists an [ € {1,2,...,n} such
that ax = aj, for every k € {1,2,...,n} \ {{}. It now easily follows that the connected
components of G/, are the sets k!(A) where A € A. So, there are |A| = 7(12,"2)71 connected

components, each of size 3". "

Lemma 4.4 LetY be a set of size 2m + 2, m > 1, and let s be an arbitrary element of
Y. Let H,,(Y,s) denote the subgeometry of H,,(Y) defined on the point set of H,,(Y") by
those lines of H,,(Y) whose corresponding partition of Y has a 4-subset containing the
element s. Then H,,(Y, s) is connected.

Proof. We will prove this by induction on m. Clearly, the lemma holds if m = 1, since
H,,(Y,s) = H,,(Y) is this case. So, suppose m > 2. Let P, = {{s, 22}, {x3, 24},...,
{Zomi1, Tomaa}} and Py = {{s,y2},{ys, ¥a},- - -, {¥2ms1, Yoms2}} be two arbitrary points
of H,,(Y,s). Then there exists a point Ps in H,,(Y,s) which is collinear with or equal
to P, and which has the form {{s,ys}, {vs, *},...}. There exists a point P, in H,,(Y,s)
which is collinear with P3 and which has the form {{s,*}, {ys,v},...}. Now, the map
P — PU{{ys,ys}} between the point set of H,, 1(Y \ {ys,ys4},s) and the point set of
H.,, (Y, s) defines a full embedding of the geometry H,,_1(Y \ {ys, y4}, ) into the geometry
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H.,, (Y, s). By the induction hypothesis, the points Py \ {{ys,y4}} and P> \ {{ys,vs}} of
H,,—1(Y \ {ys,ys}, s) are connected by a path of H,, 1(Y \ {ys, 94}, s). Hence, the points
P, and P of H,, (Y, s) are connected by a path of H,,(Y,s). This implies that also the
points Py and P, of H,,(Y, s) are connected by a path of H,, (Y, s). .

Definition. We will use the notation H/ , m > 1, to denote a suitable geometry belonging
to the isomorphism class of H.,, (Y, s), where Y is some arbitrary set of size 2m + 2 and
seY.

Lemma 4.5 Let My and M be two disjoint big maxes of H,,. Let L denote the set of lines
L contained in My such that (L, 7y, (L)) is a W(2)-quad of H,,. Then the subgeometry of

M, induced on My by the lines of L is isomorphic to H_,.
Proof. Suppose the big max M; of H,, corresponds to the pair {z1, x5} C X and that the
big max M, of H,, corresponds to the pair {x;,z3} C X. The map P — P U {{z1,22}}

defines an isomorphism between H,,_1(X \ {z1,22}) and M;. We will now prove that this
isomorphism defines an isomorphism between H,,_; (X \ {1, 22}, z3) = H,_, and the sub-

geometry of M; induced on My by the lines of £. Let Py = {{z1, 22}, {z3, 24}, {z5, 26}, . . |
{Tont1, Tans2}} be an arbitrary point of M;. Then P, = {{x, z3}, {z2, x4}, {75, 26}, ...,
{Tant1, Tant2}} is the unique point of M, collinear with P;. The lines L of M; through
Py such that (L, my, (L)) is a W(2)-quad of H,, are precisely the lines @ N M; where @ is
a W (2)-quad through P;P,. Now, the line P, P, corresponds to the partition

{{Ih X2, T3, 134}, {1‘57 $6}; sy {$2n+1, $2n+2}}

of X, and the W(2)-quads through the line P; P, correspond to the partitions

Hzr, w2, 3, 04, Toi11, T2iga} U ( U {{1U2j+1,332j+2}}>-
2<j<n, j#i

These W (2)-quads intersect the max M; in lines whose corresponding partitions have the

form
{{5171,332},{$3,$4,272i+1,332i+2}}U( U {{372]'—&-173323'—%-2}})-

2<j<n, j#i

The lemma now readily follows. "

In the sequel, let e be an isometric embedding of H, into G,. For every convex subspace
F of H,, let F' denote the convex subspace of (G, having the same diameter as F' and
containing e(F') (see Proposition 2.7).

Lemma 4.6 For every big maxz M of H,,, either M = H,_, or M = G,,_;.

Proof. Since M is a max of G,, M = Hj_, x G,_; for some k € {1,2,...,n}. If
k € {1,n}, then we are done. So, we may suppose that k € {2,3,...,n —1}.
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Let = be an arbltrary point of M. Since M Hy_1 X G, _i, there exist convex

subspaces F} and Fy of M through e(z) such that (i) Fi =~ Hy (ii) Fy = Gy (iii)
every line through e(x) is contained in either Fy or Fy; (iv) if L;, i € {1,2}, is a line of F;
through e(z), then (Ly, Ly) is a grid-quad of G,,. For every i € {1,2}, e ' (e(M)NF}) is a
convex subspace of H,, through x contained in M having a diameter which is at most the
diameter of F}, i.e. smaller than the diameter n — 1 of M. Proposition 2.5 then implies
that there exists a line in M through x not contained in e~!(e(M) N F};). So, there exist
lines L, L’ C M through x such that e(L) C F} and e(L') C F,. By Lemma 4.2, there
exists a path L = Lo, Ly,..., L, = L' in the modified local space of M = H,,_1 at the
point x. Then there exists ani € {1,2,...,k} such that e(L;_,) C F; and e(L;) C F,. But
then the W(2)-quad (L;_1, L;) of M is mapped by e into the grid-quad (e(Li—1),e(L;)) of

M, which is clearly impossible. So, the case k € {2,3,...,n — 1} cannot occur. "

Lemma 4.7 Let My and My be two disjoint big mazes of H,, and put My := Ry, (Ms).
Then:

(1) Also My and M, are two disjoint mazes of G,,.

(2) If My is big, then My = Ry (Ma).

(3) The points of H(2n—1,4) corresponding to My, My and Ms form a hyperbolic line
of H(2n —1,4).

\_/\_/

Proof. (1) This is a special case of Proposition 2.7 of De Bruyn [5].

(2) Suppose M, is a big max of G,. Since every point of Mj is contained in a line
meeting M; and My, we have e(Mj) C RE(E) Hence, we have M; = RE(M) since
both have the same diameter.

(3) In view of the natural embedding of G,(V, B) into DH(V, B), the map e induces
an embedding ¢’ of H,, into DH(V, B). For every i € {1,2,3}, let M; denote the max of
DH(V, B) containing €'(M;). Similarly as in part (1), Proposition 2.7 of [5] implies that
M, and M, are disjoint maxes of DH(V, B). With a completely similar reasoning as in
part (2), we know that %(ﬁg) = Mj3. So, the three points of H(2n—1,4) corresponding

to ﬁl, ﬁg and ﬁg form a hyperbolic line of H(2n — 1,4). These three points coincide
with the three points of H(2n — 1,4) corresponding to M, M, and Ms;. .

Lemma 4.8 Let My and My be two disjoint big maxes of H,, such thatE ~ M, =2 H,_,.
Let p;, i € {1,2}, denote the point of H(2n — 1,4) corresponding to M;. Then the line
pip2 of PG(V) contains a point of weight 1 or 2 (with respect to B*).

Proof. Let mq, respectively mo, denote the number of ordlnary lines, respectively special
lines, meeting M; and M,. Then my + mo = |M;| = . We count the number of big
maxes of G, meeting M, and M,. Each ordinary line (meetlng M and M2> is contained
in precisely n — 2 big maxes and each special line (meeting M; and M) is contained in
precisely n — 1 big maxgs_.\l/f M is a big max meeting M; and M,, then M N M is a big

max of M; and hence M N M; = H,,_,. So, the total number N of big maxes meeting M;
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and M, is equal to
my - (n—2)+mg-(n—1)

N = 2n—2)! : (1)
2n—1.(pn—1)!
Clearly,
(2n)!
(m1+m2)-(n—2) n—n(n—2)
Nz (2n—2)! == !(2n—2)! = (2n—1)(n—2). (2)
7L (n—1)! PE ]

Now, let p; = (@16} + agés + - - - + a9,€5,) and py = (byé; + byes + - - - + bopes, ). Define the
following equivalence relation R,, ,, on the set {1,2,...,2n}. Ifi,j € {1,2,...,2n}, then
we say that (i,7) € Ry, p, if Z—; = Z—; Let C1,Cy,...,C) denote the equivalence classes
of Ry, ,, and put n; := |Cy|, i € {1,2,...,k}. Suppose M is a big max of G,, and let
(cief + c;j€;) denote the point of H(2n — 1,4) corresponding to M. Then M meets M, if
and only if Z—] = g—] Similarly, M meets M, if and only if z—] = g—] So, if M meets M, and
My, then (i,5) € Ry, ,,. It follows that the number of big maxes meeting M; and M is
equal to

N=3" —"i(”;_ 2 (3)

=1

By equations (2), (3) and Lemma 4.1, one of the following two cases occurs:
(a) there exists a j* € {1,2,...,k} such that n;« € {2n,2n — 1,2n — 2};
(b) n =3, k=2 and ny = ny = 3.

If case (a) occurs, then nj» € {2n—1,2n — 2} since p; and p, are distinct. If nj» =2n—1,
then pips contains a point of weight 1. If n;» = 2n — 2, then p;p, contains a point of
weight 2.

Suppose now that case (b) occurs. So, n = 3, k = 2 and ny = ny = 3. Our
intention is to derive a contradiction. Notice that by equations (1), (3) and the fact that
my1 + mo = 15, we would have that m; = 12 and my = 3, but we will not use these facts.
From the fact that £ = 2 and n; = ny = 3, we may without loss of generality suppose that
P2 = (a1€] + a265 + azél + t - (a4€; + aséi + agéyy)), where t ¢ {0,1}. Consider the point
11 = (@18 + a4€;, ax€l + asek, asel + agey) of My. The point x; is contained in three big
@~ (5,2)-quads which cover all the lines through z;. The points of H(5,4) corresponding
to these three big quads are (ai€} +as€}), (azes+asek) and (azel+agey). Since these three
points are noncollinear with ps on H(5,4), the three deep quads through x; are disjoint
from M,. Hence, no point collinear with x; is contained in M, clearly a contradiction.
So, case (b) cannot occur. .

Lemma 4.9 Let M and M, be two disjoint big mazes of H,, such that M, =2 My, ~H,_ ;.
Put M3 := Ry, (Ms). Let p;, © € {1,2}, denote the point of H(2n — 1,4) corresponding

to M;. If the line pip, contains a point of weight 1, then Ms =2 H,,_1. If the line pips

contains a point of weight 2, then Mz = G,,_;.
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Proof. Since M; and M, are disjoint, {p1, ps, ps} := pip2 N H(2n — 1,4) is a hyperbolic
line of H(2n — 1,4). By Lemma 4.7, ps is the point of H(2n — 1,4) corresponding to Ms.
It is also clear that ps is the unique point of even weight on the line p;ps that is distinct
from p; and po. If pips contains a point of weight 1, then ps necessarily has weight 2n

and hence Ms =2 H,,_;. If p1p, contains a point of weight 2, then this point coincides with

—~

ps and we have M; =2 G,,_;. "

Lemma 4.10 There exists a partition U of the set X such that the following holds for
every big max M of H,: N
(1) If the pair {i,j} corresponding to M is contained in an element of U, then M is
1somorphic to G,_1. -
(2) If the pair {i,j} corresponding to M is not contained in an element of U, then M
18 1somorphic to H,,_;.

Proof. Consider the following relation R on the set X. If i,j € X, then (i,j) € R if
and only if precisely one of the following two conditions is satisfied: (i) ¢ = j; (ii) @7 # j
and M = G,_; where M is the big max of H,, corresponding to {i,j}. Clearly, R is
reflexive and symmetric. In order to prove that R is transitive, we must show that if 7,
j and k are three mutually distinct elements of X such that (i,j) € R and (j,k) € R,
then also (i,k) € R. Let M;, My and Mj denote the big maxes of H,, corresponding
to the respective pairs {i,j}, {j,k} and {i,k}. Then M;, M, and M3 are mutually
disjoint and M3 = Ry, (M;). By Lemma 4.7, My, My and Ms are mutually disjoint and

M; = RE(M) Since Ry is an automorphism of G,, and M, = G,,_;, we must have
M3 = G,_;. So, {i,k} € R.

So, R is an equivalence relation. The partition / mentioned in the statement of the
lemma is just the set of equivalence classes of R. "

Let U be as in Lemma 4.10. Let {i,j} be a subset of size 2 of X which is contained in

an element of . So, if M is the big max of H,, corresponding to {4,;}, then M = G,,_;.
The point p of H(2n — 1,4) corresponding to M has weight 2 with respect to B*. We
define Q({i, j}) := {k,l}, where k and [ are the unique (up to transposition) elements of
{1,2,...,2n} such that p € (e, ).

Lemma 4.11 Let iy,i9,13,14 € X with iy # is and i3 # i4 such that each of {iy,is},
{is,i4} is contained in some element of U. If {i1,ia} # {is,is}, then Q({i1,i2}) #
Q({is,4}).

Proof. Let M; be the big max of H,, corresponding to {i,is} and let M be the big max
of H,, corresponding to {is,is}. Since {i1,ia} # {is,is}, we have M; # M, and hence
M, # M, by Proposition 2.7. Suppose that Q({iy,is}) = Q({i3,i4}). Then every line
meeting M; and M, is a special line. We will prove that (M) is a connected component

of the geometry of type G/ _, defined on M; by the special lines of M;. Let x be an
arbitrary point of M;. By Lemmas 4.4 and 4.5, it suffices to prove the following:
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(%) e defines a bijection between the set of lines L of M; through x such that (L, m, (L))
is a W (2)-quad and the set of special lines of M; through e(x).

Let L* be the unique line through = meeting M. Then e(L*) is the unique line through
e(z) meeting M. Recall that e(L*) is a special line. So, every quad of G,, through e(L*)
is either a (3 x 3)-grid or a @~ (5,2)-quad. Hence, each of the (n — 1) W(2)-quads of
H., through L* is mapped into a @~ (5, 2)-quad through e(L*). Notice that there are also
n —1 Q™ (5,2)-quads through e(L*) and that these n — 1 Q~(5,2)-quads intersect M, in

the n — 1 special lines of M, through e(x). Hence, () holds.
So, e(M;) is a connected component of the geometry G/,_,. Hence, |M;| = 3" by

Lemma 4.3. On the other hand, we know that |M;| = &2

n!-2n

of points of H,,_;. Now, one can readily verify that 22 < 37 if n < 3 and 22 > 3 if

n!.2n n!-2n

n > 4. So, a contradiction has been obtained. Hence, Q({i1,i2}) # Q({i3,14}). ]

since this is the total number

Lemma 4.12 Let iy, i3 and iz be three distinct elements of X which are contained in the
same element of U. Then Q({i1,i2}) N Q({i1,i3}) is a singleton.

Proof. Let M; denote the big max of H,, corresponding to {i, i} and let My denote the
big max of H,, corresponding to {i;,i3}. Then M; N M, = (). Hence, also M; and M, are
disjoint by Lemma 4.7. This implies that Q({i1,i2}) N Q({i1,93}) # 0. By Lemma 4.11,
we must then have that Q({iy,i2}) N Q({i1,43}) is a singleton. .

Lemma 4.13 Let i1, io, i3 and iq4 be four distinct elements of X such that each of
{i1, 12}, {is,14} is contained in some element of U. Then Q({i1,i2}) and Q({is,is}) are
disjoint.

Proof. Let M; denote the big max of H,, corresponding to {i1, 4>} and let M, denote the

big max of H,, corresponding to {is,is}. Since M; and M, meet, also M, and M, meet.
Hence, Q({i1,i2}) and Q({i3,i4}) must be disjoint. .

Lemma 4.14 For every U € U with |U| > 2, there exists a bijection ¢y between U and a
subset U’ of {1,2,...,2n} such that Q({i,j}) = {ov (i), v (y)} for alli,j € U with i # j.
If [U| > 3, then ¢y is uniquely determined.

Proof. For all 7,5 € U with i # j, let M, ; denote the big max of H,, corresponding to
{i,5}.

Suppose first that |U| = 2, say U = {4, j}. If (€4 + - &) is the point of H(2n —1,4)
corresponding to the big max M, ; of G,,, then there are two possibilities for ¢r. Either
(¢u(i) =" and ¢y(j) = j') or (¢u(i) = j" and ¢y (j) = ¥').

Suppose next that |U| > 3. We claim that for every i € U, there exists a unique
ou(i) € {1,2,...,2n} such that all sets Q({3,j}), j € U\ {i}, contain ¢y (7). Let j; and
Ja be two distinct elements of U \ {i}. By Lemma 4.12, Q({7, 71}) and Q({i, j2}) have a

unique element ¢ (i) in common. If |U| = 3, then all sets Q({7,7}), 7 € U \ {i}, contain
¢u(i). Suppose therefore that |U| > 4 and let j; be an arbitrary element of U \ {4, ji, j2}.
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Put O({i, j1}) = {eu(i), 71} and Q({i, jo}) = {ou(i), 4}, Then Q({jn,jo}) = {174}
by Lemma 4.7. By Lemma 4.13, Q({7, j3}) and Q({j1,7j2}) = {J1, 75} are disjoint, and
by Lemma 4.12 Q({i,j3}) intersects Q({i,71}) = {ov(i),7;} in a singleton. It follows
that ¢y (i) € Q({7,73}). We can conclude that ¢y (i) is contained in all sets Q({i,j}),
je U\ {i}.

In order to prove that the lemma holds, it still remains to show that ¢y is injective.
Suppose i; and iy are two distinct elements of U such that ¢y (i) = ¢p(iz) = i'. Let j
be an element of U \ {iy,ia}. Put Q({i1,i2}) = {¢, 71} and Q({i1,5}) = {7, j5}. Then
J1 # j5 by Lemma 4.11. By Lemma 4.7, Q({i2,j}) = {Jj1, 7%}, but this is impossible since
oulie) =1 ¢ {j1,75}. So, ¢y is indeed injective. n

For every U € U with |U| > 2, let ¢y : U — U’ be a bijection satisfying the conditions of
Lemma 4.14.

Lemma 4.15 If Uy, Us € U with |Uy|,|Us| > 2 and Uy NUs = 0, then also U] N U = 0.

Proof. Suppose |U; NUj| > 2. Then there exists a subset {7,j} of size 2 of U; and a
subset {k, [} of size 2 of U, such that Q({7,5}) = Q({k,}), in contradiction with Lemma
4.11.

Suppose |U; NU| = 1. Then there exists a subset {i,j} of size 2 of U; and a subset
{k,1} of size 2 of U, such that Q({7,j}) has the form {7, ji} and Q({k,[}) has the form
{7, 74} where ¢’ is the unique element in U] NUJ, ;1 € U \ U) and j; € U, \ Uj. This
situation is impossible by Lemma 4.13.

Hence, U; N U} = 0. .

Lemma 4.16 We have [U| < 3.

Proof. Suppose to the contrary that Uy, Us, Us and U, are four distinct elements of U.
Without loss of generality, we may suppose that X = {1,2,...,2n + 2} and that 1 € Uy,
2€U2,3€U3and4€U4.

Forall4,j € {1,2,3,4} with ¢ # j, let p; ; denote the point of H(2n—1,4) correspond-
ing to the max M;; where M, ; is the big max of H,, corresponding to the pair {7, j}.

Since M_” = MH,—1, p;; is a point of weight 2n.

Let i, j and k be three distinct elements of {1,2,3,4}. Consider the three big maxes
M;j, M; and Mjy of H,,. Then Ry, ,(Mir) = M. By Lemma 4.7, the points p; j, pix
and p; form a hyperbolic line of H(2n —1,4). By Lemma 4.9, the unique line of PG(V)
containing {p; ;, pik, pjx} has a unique point p; ;5 of weight 1.

Since {p12, P13, P23} and {p12, P14, P24} are two distinct hyperbolic lines through p; o,
we have pi 23 # pi24. The points py 3, p14, p123 and py o4 are contained in the plane
(p1,2,P1,2,3:P124). Hence, the lines py 3p1 4 and pj23p124 meet in a point distinct from

P1,2,3 and py24. So, the line p; 3p; 4 contains a point of weight 2. But then Mz, = G,
by Lemma 4.9 applied to the maxes M; 3 and M, 4, clearly a contradiction. n

Lemma 4.17 U consists of one subset of size 2n and two singletons.
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Proof. Let Y denote the union of all elements U € U satisfying |U| > 2. By Lemma
4.15, |Y| < 2n. So, there must be at least two singletons in &/. Hence by Lemma 4.16, U
consists of one subset of size 2n, namely Y, and two singletons. "

Lemma 4.18 There exists an ordered basis B = (€1, €, ...,€,) of V such that the fol-
lowing hold:

(1) {{en), (@), (ean) } = {(€1), (&), - - (E3) )

(2) IfP is the point set of H,,, then e(P) consists of all points of G,, of the form (€51 +
€0(2): €o(3) T €o(4), - - - » €a(2n—1) + €o(2n)) for some permutation o of {1,2,...,2n} or
of the form (E,(1) + €5(2), €s(3) + €o(a)s - - - » Eo(2n—3) T Co(2n—2), Ca(2n—1) T W - Ex(2n)) for
some permutation o of {1,2,...,2n}.

Proof. By Lemma 4.17, U consists of a set X* = {z},25,... 25, } of size 2n and two
singletons {z3,,,} and {5, ,}. For every i € {1,2,...,2n}, we define ¢(i) := ¢x«(x7).
Then ¢ is a permutation of the set {1,2,...,2n}.

Let M denote the big max of H,, corresponding to {@}, 1, %3,.»}. Then M = H,_;.
So, if u denotes the point of H(2n — 1,4) corresponding to M, then u has weight 2n with
respect to B*. Now, choose an ordered basis B = (€, €, ..., €3,) of V such that: (i) éj;(i)
and e; are parallel vectors; (i) u = (é; +éa+ - - - + €9,,). Note that Claim (1) of the lemma
holds for this ordered basis B.

Let 4,7 € {1,2,...,2n} with ¢ # j. Let M, ; denote the big max of H, corresponding
to {z,z;} and let u;; denote the point of H(2n — 1,4) corresponding to M; ;. Since

M; ; = Gy_1, there exist a,b € F} such that u;; = (€}, + be,;)) = (& + ag;). Since the
maxes M and M; ; meet, also the maxes M and M;; should meet. So, the points u and
w; j are collinear on H(2n — 1,4), implying that a = 1 and v, ; = (&; + €;).

Let i € {1,2,...,2n}. Let M, denote the big max of H,, corresponding to {z}, 5, }

and let M/ denote the big max of H,, corresponding to {z}, 23, ,}. Then M; =M =H,_;.
Let u; and v} denote the points of H(2n — 1,4) corresponding to respectively M; and M.
Since Ry (M;) = M/, the points u, u; and ) are contained in a line of PG(V') by Lemma
4.7. By Lemma 4.9, this line contains a unique point of weight 1 (w.r.t. B* and hence
also w.r.t. B). We denote this point by (€4(;)). We conclude that u; is of the form
(Wi - (i) + €1 + €2+ -+ - + €2y,) and that u} is of the form (W] - ey ;) + €1 + e + -+ - + €2p).
Since u;, u, € H(2n —1,4), we have w; # 1 # w!. Since u, u; and v} are mutually distinct,
we have {w;,w!} = {w,w?}.

We prove that ¢'(i) =i and w; = w; for all 4,5 € {1,2,...,2n} with ¢ # j. Consider
the maxes M;, M; and M; ;. Since Ry, (M;) = M; ;, the points u; = (w; - €g@) + €1 + €2 +
s op), U = (W) - Ee(y) + €1+ + -+ €,) and u;; = (€ + €;) are contained in a
line by Lemma 4.7. Hence, {¢'(i),¢'(j)} = {i,j} and w; = w;. So, if j; and js are two
distinct elements of {1,2,...,2n}\ {i}, then ¢/(i) must be contained in {i, 71} and {4, j },
showing that ¢'(i) = 1.

By the previous two paragraphs, we know that u; = (w; - & + & + é + - - - + €a,) and
u, = (W} - € + € + €z + - + éyy,) for every i € {1,2,...,2n}.
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Now, let p be a point of H,,. Then there exists a permutation o of {1,2,...,2n} such
that p is equal to either {{x7 ), 770\ }, {253, o b - %021 Togany b 103011, Ton g0}
or {{$Z(1)a 95;(2)}7 {%*;(3)7 $:§(4)}, R {x;(Qn—3)7 xr*r(Qn—Q)}v {x;@n—l)’ Tont1} {xZ(Qn)7 Tontat}-

Suppose p = {{z} 1), T5 )} {253 oy b+ AT 201y Toemy b {Z3n115 T3040} Since
p is contained in the maxes My(1),0(2): Mo(3),0(4)s - - - » Mo(2n—1),0(2n), the point e(p) is con-
tained in the maxes M, 1) 0(2), Mo(3)0(1), - - - s Mo(@n—1),0(2n)- S0, €(p) regarded as a maxi-
mal singular subspace of H(2n —1,4) contains the points (€,(1) + €x(2)), (€o(3) + €0 (1)), - - - »
<éa(2n—1) + ég(gn)>. Hence, e(p) = <éa(1) + €5(2); €5(3) T €5(4)s - - -y Eo(2n—1) T+ éa-(zn)>.

Suppose p = {{xiu)a IZ(Q)}ﬂ {x(’;(g), x;(4)}, R {xZ(Qn—ii)? 95;(%-2)}7 {IZ(Qn—U? Toni1)s
{xj;(zn), T30} }. Since the point p of H,, is contained in the maxes My(1),0(2), Mo(3),0(4) - - - »

My (2n-3),0(2n—2)s My(2n—1) of Hi,, the point e(p) of G,, is contained in the maxes M) s (2),
My(3).0(4)s - - -+ Mo(2n—3),0(2n—2), Mo@n—1) of G,. So, e(p) regarded as a maximal singular
subspace of H(2n — 1,4) contains the points (€,(1) + €,(2)), (€o(3) + €o(0)): - - -+ (Ea(2n—3) +
Co(2n-2))s (Wo@n—1) * Co(2n-1) + €1 + €2 + -+ + €2,). So, e(p) = (Eo1) + €r(2);Co(3) +
Co(4); - +1 Co(2n-3) T Co(2n-2), Wo(an—1) * €o(an—1) + €1+ E + -+ Con) = (€o(1) T Co(2): Co(3) T+
Co(4); - +1 Co(2n-3) + Colan—2)sWo(2n-1) * Co(an—1) T Co(n) = (o(1) + Co(2)s Co(3) + Cola), -+
Co(2n—3) T Co(2n-2), Eo2n—1) T (Wo(2n—1))” * Ex(2n))-

So, e(P) consists of all points of G,, of the form (€, (1) +€x(2); €o(3) + €o(4), - - - s Eo(2n—1) +

€o(2n)) for some permutation o of {1,2,...,2n} or of the form (€,1) + €y(2); €0(3) +
€o(4)s - - - €o(2n—3) T €o(2n—2); Eo(2n—1) T W ég(gn)> for some permutation o of {1, 2,... ,Qn}.
So, also Claim (2) of the lemma holds. ]

Proposition 4.19 Let P denote the point set of H,,. If ey and ey are two full isometric
embeddings of H,, into G,,, then there exists an automorphism 0 of G,, such that e3(P) =
6o 61(P) .

Proof. By Lemma 4.18, there exists for every i € {1,2} an ordered basis B; =
@, el ... &)y of V such that the following hold:

(1) {@7), @), ... (€0} = {(E). @), ()}

(2) If P is the point set of H,, then e;(P) consists of all points of G,, of the form
<ég()1)+éc(:()2)v Y, —|—é((;()4), Y, +éff()2n)> for some permutation o of {1,2,...,2n}

o(3) ’ “o(2n—1)
5(1) S S0) 5(1) (1) (1) (0) 5(9)
or of the form <eg(1) + €59y €o3) T oy Coon—3) T Co2n—2) Eoizn-1) T W~ eg(Qn))
for some permutation o of {1,2,...,2n}.

Clearly, the unique element of GL(V') mapping B; to B, determines an automorphism of
G, mapping e1(P) to ex(P). .

The following corollary is precisely Theorem 1.1.
Corollary 4.20 Up to equivalence, there exists a unique isometric embedding of H,, into

G,. Up to isomorphism, there are (n + 1)(2n + 1) isometric embeddings of H,, into G,,.
No isometric embedding of H,, into G,, is homogeneous.
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Proof. This is a consequence of Lemma 2.2, Proposition 2.4, Proposition 3.1, Corollary

3.5 and Proposition 4.19. n
References
[1] A. E. Brouwer, A. M. Cohen, J. I. Hall and H. A. Wilbrink. Near polygons and

2]

[7]

Fischer spaces. Geom. Dedicata 49 (1994), 349-368.

A. E. Brouwer and H. A. Wilbrink. The structure of near polygons with quads. Geom.
Dedicata 14 (1983), 145-176.

B. De Bruyn. New near polygons from Hermitian varieties. Bull. Belg. Math. Soc.
Simon Stevin 10 (2003), 561-577.

B. De Bruyn. Near polygons. Frontiers in Mathematics, Birkhauser, Basel, 2006.

B. De Bruyn. Isometric embeddings of the near polygons H,, and G,, into dual polar
spaces. Discrete Math. 313 (2013), 1312-1321.

B. De Bruyn and P. Vandecasteele. Valuations of near polygons. Glasg. Math. J. 47
(2005), 347-361.

W.-1. Huang. Adjacency preserving mappings between point-line geometries. Innov.
Incidence Geom. 3 (2006), 25-32.

S. E. Payne and J. A. Thas. Finite Generalized Quadrangles. Research Notes in
Mathematics 110. Pitman, Boston, 1984.

E. Shult and A. Yanushka. Near n-gons and line systems. Geom. Dedicata 9 (1980),
1-72.

23



