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Polynomial solutions for arbitrary higher spin Dirac operators

D. Eelbode * T. Raeymaekers T

Abstract

In a series of recent papers, we have introduced higher spin Dirac operators, which
are far-reaching generalisations of the classical Dirac operator. Whereas the latter
acts on spinor-valued functions, the former acts on functions taking values in arbitrary
irreducible half-integer highest weight representations for the spin group. In this paper,
we describe a general procedure to decompose the polynomial kernel spaces for these
operators in irreducible summands for the regular action of the spin group. We will
do this in an inductive way, making use of twisted higher spin operators.
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1 Introduction

This paper deals with higher spin Dirac operators (HSD operators for short), which
are elliptic first-order differential operators generalising the classical Dirac operator from
physics, in the sense that they act on functions f(z) which are defined on R and take
their values in arbitrary irreducible finite-dimensional modules for the spin group or its
orthogonal Lie algebra so(m). In the framework of theoretical physics, these operators
(acting on higher spin fields) are usually defined in terms of the abstract index notation
(tensor notation), but there exists a nice alternative to study these operators within the
setting of Clifford analysis. This is a function theory generalising both classical complex
analysis and harmonic analysis on R™, see e.g. [1, 11, 15, 16]. The advantage of the
latter framework, as opposed to the one involving abstract indices, lies in the fact that one
can make use of explicit realisations and computations in several vector variables to study
function theoretical properties of the HSD operators. Apart from the references mentioned
earlier, centered around the classical Dirac operator, we also mention e.g. [5, 6], in which
the Rarita-Schwinger operator was generalised and studied, and the more recent papers
[3, 9] in which further generalisations were considered. The aim of the present paper is
to study the vector space of polynomial solutions for arbitrary HSD operators as a spin
group module. This is a non-trivial question, which was already treated for the Rarita-
Schwinger operators R;, and Qy, ;, in respectively [5] and [2], but still remains an open
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question for the most general operator Q;, . ;.. The main problem lies in the fact that the
HSD operators stand in sharp contrast to the classical Dirac operator. Whereas the space
of polynomial solutions for the latter defines a model for an irreducible spin representation,
solution spaces for the former are highly reducible and need to be decomposed into several
summands.

In order to tackle this problem, we will first introduce basic concepts from both Clifford
analysis and representation theory in section 2, allowing us to define the HSD operators
in full generality. In section 3, we will turn our attention to two types of higher spin
operators, the higher spin twistor operators (HST operators for short) and the higher spin
Dirac operators, realising them as generators (among other operators) for the transvector
algebra Z(osp(1,2k + 2), 0sp(1,2k)) and proving a few results which are crucial for what
follows. In section 4, we will then define the so-called twisted version for these HSD
operators, and introduce a special class of solutions for HSD operators, in order to prepare
ourselves for the main topic of this article. In section 5, an inductive argument will be
used to formulate a conjecture describing arbitrary solutions (reducing it to a combinatorial
problem), and in section 6 we will illustrate how this can be verified up to order 3 using
a computer package.

2 Notations and definitions

In this paper, we will constantly work with invariant operators acting on functions taking
values in irreducible representations for the spin group (cfr. infra) or its Lie algebra so(m).
A useful model for both this Lie group and its Lie algebra can be given in terms of the
(real or complex) Clifford algebra R,, and C,, = R,, ® C. Both algebras are defined in
terms of the standard orthonormal basis {e; : 1 < j < m} for the underlying vector space
R™ by means of the multiplication rules e;e; 4+ e;je; = —20;;. The space of (real) bivectors
is defined as
R2) := spang{e;; == eej: 1 <i<j<m}CR,,

and one has that so(m) = c® =rPw C, where the Lie bracket is given by the standard
commutator bracket. The (real) spin group, for which so(m) defines the (complex) Lie
algebra, is given by even products of unit vectors:

2k
Spin(m) := ij cwje sy
j=1

where S™~! ¢ R™ stands for the unit sphere. Arbitrary finite-dimensional representations
V) for the spin group or its Lie algebra are then characterised by their highest weight,
containing coordinates A = (l1,...,1,) with respect to the standard basis {L; : 1 < j < n}
for the dual space h*. Here, h denotes a Cartan subalgebra for the algebra so(m) with
m = 2n or m = 2n + 1. Note that we will restrict ourselves to odd dimensions from now
on, which means that so(m) = B,, in Dynkin’s notation.



Remark 1. Although the results are not conceptually different for even dimensions, there
are notational complications arising from the fact that the space of Dirac spinors decom-
poses into even and odd Weyl spinors. All the results in this paper are also true in case
of an even dimension as well, as one can also consider the entire (reducible) space of
Dirac spinors in even dimension. However, if one wants irreducible representations, each
representation has to be split up according to parity of the underlying Weyl spinors.

Let us then introduce models for arbitrary irreducible half-integer highest weight modules.
First of all, we have the spinor space S, characterised by its highest weight (%, e %),
which can be realised as the vector space S =2 SQin 4o The action is then given by standard
multiplication B -1 := B, for all B € so(m) and ¢ € S. The (massless) Dirac operator,
lying at the very core of Clifford analysis, can now be defined as the conformally invariant
elliptic differential operator acting on functions taking values in the spinor space S. This
operator is given by 0, := ) ¢ e;0z;, and factorises the Laplace operator in the sense that
02 = —A,. This implies that the vector space containing polynomial solutions for 9, can
be seen as a subspace of the space of C,,-valued harmonic polynomials. We will often use
homogeneous polynomials, for which we introduce the following notation: homogeneous
polynomials of degree h in a vector variable z will be denoted by Pp(R™,C). Next, we
also need dummy variables u; € R™. We will denote the Euler operator (resp. Dirac
operator and Laplace operator) in terms of the vector variable u; by means of E; (resp.
0; and Aj), and the Euclidean inner product on R™ by (-,-). Also, define the angular
momentum operator by Lj; = x;0y; — x;05,. The following result refines the fact that
spherical harmonics define an irreducible module under the action of the orthogonal Lie

algebra:

Proposition 1 (e.g. [7]). The vector space of li-homogeneous monogenic polynomials,
defined by means of

M, (R™,S) = {Mj, (v1) € P, R",C) @S : 01 M;, (u1) =0},

gives a model for the irreducible so(m)-module with highest weight (Iy +%,1,...,3) under

the (derived) regqular dL-action, for all e;; € so(m) given by

dL(eij) - My, (u1) €' My, (e uret®) = (eij - 2L;§‘1> My, (1) -

::£

t=0

This can be generalised to arbitrary (half-integer) highest weights of the form

N o= (lh...,lk)/: <l1+;,lg+;,...,lk+;,;,...,;> ,
where [ > lp > ... > l;; > 0 (the so-called dominant weight condition), and where we
have introduced a short-hand notation for half-integer highest weights (the prime denotes
the Cartan product with the spinor space). To do so, one only needs to consider functions
f(u1,...,ux) in the dummy vector variables u; € R™, taking values in the spinor space and
satisfying a certain system of differential equations. For notational ease, we will denote
(u1,...,ux) by ugy). Then one has (see e.g. [7, 15]):



Proposition 2. A polynomial Sy(u()) € Pr(RF™, C)®S is simplicial monogenic of degree

A= (l1,...,1lg) in the variables (u1, ..., uy) if it satisfies the following equations:
E; S\ = ;S\ V1<j<k
9;S» = 0 V1<j<k
<ui78j>S)\ = 0 Vi<i<ji<k.

In casely > 1o > ... > I, the vector space S,\(ka, S) containing A-homogeneous simplicial
monogenics defines a model for the irreducible s0(m)-module with highest weight X' under
the (derived) regular action, for all e;; € so(m) given by

d

7 elcii SA(e_te”' wpel€ii ... et ukete”)
t=0

k
= 61’]’ -2 Z LZ-D S)\(U(k)) .
p=1

In [7], it was shown that the irreducible finite-dimensional representation Sy, with highest
weight ), is generated by the highest weight vector

Py(ugy) = (ur, 7)) 2 (ur Aug, fr AF)2 7B (ug A A Fr A AFRETL (1)
where each of these inner products is defined by means of

(i, 1) - (un i)
(Ui A Aug, i A Af) = det | : :

<Uk;f1> <Uk;fk>
= > sen(0){usqy, 1) - (o), i)

ogeSy,

with S the symmetric group in k elements, and where I = H;‘L:1 fjf} with

A A i€j+n € + i€j+n
() o= (50 )

defines the Witt basis. We then have that

Sy = Spang{sP\(s*uys,...,s"ugs) : s € Spin(m)}.

One can now consider smooth functions f(z;uy)) € C*(R™,S)) taking values in the
module §y. This means that for each x € R™ fixed, the resulting polynomial in the dummy
variables u; satisfies the requirements from the proposition above. On these functions, two
types of conformally invariant differential operators can be defined: generalisations of the
Dirac operator (HSD operators) and higher spin twistor operators (HST operators). The
former preserve the values and are elliptic, whereas the latter map functions taking values
in S) to functions taking values in S, with A # p. Our main interest is the following
operator:



Definition 1. For an arbitrary half-integer highest weight X', the associated HSD operator
O\ s given by

k
u;0;

= 1+ —22 )9, :C®°R™S)) = C®R™,S)) .
o, ll(+m@+m_2>x (B",8) = C¥(B™, )
Note that the product is understood to be ordered, with indices increasing from left to right,
and that the Euler operator in the variable u; in the denominator acts as the constant l;.
Also note that in case X' = (I1)', which corresponds to higher-dimensional versions of the
classical Rarita-Schwinger operator coming from physics [23], the operator is denoted by

means of R, rather than Q.
Remark 2. We refer the reader to section 3 for the construction of these operators.

The true aim of this paper is to describe polynomial null solutions f(z;wu ) satisfying
the equation Q) f(x; u(k)) = 0. To do so, we will make use of the twistor operators, whose
existence is implied by Fegan’s result and the theory of generalised Stein-Weiss gradients,
see [13, 25].

3 Higher spin operators

For the detailed construction of HSD and HST operators, we refer to the recent article [12],
but we will give a brief overview here as well. The idea is to construct these operators as
generators of the transvector algebra Z(osp(1,2k+2), 0sp(1,2k)). The abstract definitions
of such algebras can be found in e.g. [22, 26, 27]. We will recall the definitions in the
present Clifford analysis context. First, we need the definition of the Lie superalgebra
osp(1,2k) as an operator subalgebra of the Clifford-Weyl algebra

W@ Cpy = Algg (uij,0uy; 11 < i<k, 1< j<m) ®@Cp.
Lemma 1. The orthosymplectic Lie superalgebra osp(1,2k) is the algebra generated by
osp(1,2k) = Alg(uy, ..., uk,O1,...,0k),
whereby the even Lie subalgebra sp(2k) is generated by
sp(2k) = & = Alg((0, 0y, (s, w3), (i, 05) : 1 < i, < k).
Let us introduce the subalgebra h C osp(1, 2k)
h:Alg(Ei—l—%:lﬁiSk’) ;

which serves as our Cartan subalgebra. One can now define a crucial object posp(12)
inside the algebra U’(osp(1,2k)), which is defined as the tensor product of the universal
enveloping algebra U (osp(1, 2k)) for the algebra osp(1, 2k) and the field R(h) of fractions in
the Cartan subalgebra (this means that Euler operators will appear in the denominator).



Definition 2. The extremal projector for the Lie algebra osp(1,2k) is the uniquely defined
element Posp(1,2c) € U'(05p(1,2k)) satisfying the requirements pogy(1,26) 8~ = € Posp(1,26) = 0
and pgsp(172k) = Posp(1,2k)- 1 he subalgebras ¥t are hereby defined as the subspaces containing
positive (resp. megative) root vectors:

o= i ot

= span (A, (Oa, ), (u3,05) : 1 <i<j<k,1<a#b<k)®span(0d,:1<a<k)
= ot

= span(\ua|2,<ua,ub>,<uj,(9¢>:1§i<j§k:,1§a#b§k>@span(ua:1§a§k).

Hereby, the subindex 0 and 1 refer to the even and odd part of osp(1,2k) respectively.

For the explicit form for this extremal projection operator pysy(1 2r) We refer to [12], as we
will only need a simplified version here. The upshot is that the HSD operators are defined
as the operators pygp(1,2)0x, and the twistor operators as the operators pogp(1,2k)(0x; 9a),
with 1 < a < k. The twistor operators clearly lower the degree in one of the variables u,,
and preserve simplicial monogenicity of the values due to the properties of the extremal
projector. As a matter of fact, since the operators A;, (0;,0;) and 0; commute with
(O, 0q), it is enough to consider the extremal projection operator related to the subalgebra
gl(k) C osp(1,2k) for the twistor operators. Plugging in this expression, and omitting
redundant factors, this leads to the following definitions:

Definition 3. For an arbitrary highest weight X' = (l1,...,lx)" with I, > 0, one can define
the HSD operators
Q)\ : COO(Rm,S)\) — COO(Rm,S)\) .

The (reduced) explicit form for these operators is given by

k
u;0;
O =penciao?e =11 (1 ! W> o

=1

Note that the product in this equation is ordered (i increasing from left to right), as the
factors do not commute. Also, in accordance with Remark 1, one has to mention that the
HSD operators changes the parity of Weyl spinors.

Definition 4. For an arbitrary half-integer highest weight X = (l1,...,lx)" with I > 0,
one can define the HST operators

T C®(R™,S)) = CoO(R™, Sty o111 sdis)

provided l; > lj11. The upper index (j) hereby refers to the variable in which the degree
of homogeneity will decrease. Their explicit form is up to a constant given by

k
; 1
T9 — 02,05 = [1 (1+ : (u ,a~><u,a>> (0,0, ,
A osp(1,2k) J ey Ep—Ej+]—(p+1) ps U5/ \U5, Up J



for 3 < k and ’T)\(k) = (O, 0z). Note that this product is also understood to be ordered,
with increasing indices from left to right. The Euler operators in the denominator again
automatically introduce constants lj in case a fized X is chosen. Considering Remark 1
again, one has to mention that the HST operators preserve the parity of Weyl spinors.

Remark 3. Note that because of the Euler operators appearing in the explicit formulas,
these operators are essentially independent of \. This is why we will from now on also use
the notations TU) := 7j\(j) for the HST operators, and Q := Q) for HSD operators, unless
1t 15 essential to know what space the operators act on. This will considerably reduce the
notation load.

In general, these operators have nice commutation relations, coming from the fact that
they are generators of the transvector algebra mentioned earlier. We will explicitly prove
the relations that will play a crucial role in what follows.

Lemma 2. For all a < b, we have the relation

E,—Ey+b—a+1
E,—E,+b—a ’

T®) (@) — F(a)(b)

which means that HST operators commute up to a coefficient in R(h).

Proof. When expanding the product in the expression of 7(® we get that

Z <ui1 ’ 6a> <ui2> al > T <uis> aisfl > <ais’ alv> (3)

(@) —
T = (0, 0s) + (B —Eiy +i1—a)-- (Eq —Eq, +i5—a)

a<ip<---<is<k

Assume that a < b, then we notice that because of the properties of the extremal projector
and the fact that (9,, 0;) commutes with each factor of the projector in 7®) in its simplest
form (see Definition 4), we get that

Posp(1,2k) (Oa, ax>p05p(1,2k) (Op, 0) = Posp(1,2k) (Oas Or) (O, Or).- (4)
Still keeping in mind that the extremal projector posy(1,2r) has the property that
Posp(1,2k) (U, 0i) = 0,
and using (3) for all i < j, a straightforward calculation gives us

E, —Ey+b—a+1
Posp(1,2k) (O, ax>posp(1,2k) (Oa Or) = Posp(1,2k) (Oas Oz ) (Op, Ox) E —bEb Tbh—a (5)

Thus, if a < b, by combining (4) and (5), we arrive at

E,—Ey+b—a+1
(b)7(a) _ g(a)7(b) Za b
T T TYT R —

as was to be proved. O



Remark 4. In Lemma 2, by commuting, we merely mean that the expressions of the
twistor operators commute up to a coefficient in R(h), as elements of the transvector
algebra. When acting on functions, the operators on the LHS and RHS of (2) are in fact
different operators, as they act on polynomials of a different degree of homogeneity. The
same remark also holds for the following lemma.

Lemma 3. We have the relation
T(a)Q: m—i—IEa—Qa

(a)
m+Ea—2a+2QT ’

meaning that HST operators and HSD operators commute up to a coefficient in R(b).
Proof. On the one hand we have that

Q T(a) = posp(l,Qk)axposp(1,2k) (O, 0z) = posp(l,%)ax<8aa Oz),

since (uj,d;) and 0, commute, and pogy(1,2) (1j, 9;) = 0 for all i < j. On the other hand,
a straightforward calculation shows that

k
Posp(1,2k) (s a90>p¢as;:u(1,217c)aac = posp(1,2k)<aaa Oz) H (1 + m+2Ez—22> Oy
m+E, — 2a

T m+E,—2a+ 2p°5P(1:2k)<aav ) Ox,

again using the properties of the extremal projector. O

4 Recursively defined HSD operators

The explicit form for the operator Q) in definition 1 was obtained in e.g. [9], using the
notion of twisted Dirac operators. It is however also possible to define these operators
through the action of twisted HSD operators, which has the advantage that they allow for
a recursive definition. In [10], we have introduced the following definition, which is based
on the fact that for A = (l1,...,l), one has that Sy C Sy, .1, ® Hiy,-

Definition 5. Given an arbitrary highest weight N = (l1,...,l) with k > 1, one can
define the twisted HSD operator by means of
QT 1 = Ql17---7lk—1 &® 1: Coo(Rm,S)\) — COO(Rmvsll,...,lk_l ® %lk) )

Il

where H;, = Py, (R™,C) Nker Ay denotes the vector space of l-homogeneous harmonic
(scalar-valued) polynomials in the variable uj € R™.

Remark 5. Note that this basically means that the twisted HSD operator Q, . ;. , ® 1
is the HSD operator associated to a related highest weight acting on functions assuming
the ‘wrong’ values. In Clifford analysis, this merely amounts to the difference between e.g.
Ri, f(x;u1) and Ry, f(x;u1,u2). Provided f(x;u1) takes values in My, the former defines
an action of a true HSD operator, whereas the latter is a twisted HSD operator, acting on
functions f(x;ui,u2) taking values in Sy, 4, .



Remark 6. From now on, we will almost never write these twisted HSD operators using
the tensor product symbol. It will be clear from the context or explicitly mentioned when
the ‘twisted’ version of an operator is used (like in the example above).

Despite the fact that the tensor product at the right hand side of the definition above
becomes quite complicated in general (it is not even multiplicity-free, except for a few
trivial cases), the image of the twisted version of the operator Q) acting on Sy-valued
functions is contained in the sum of two submodules only (see [10]):

Proposition 3. Given an arbitrary highest weight N = (ly,...,lx)" with k > 1, one has:
Qf 4 CO(R™,Sy) = CO(R™, 8\ ®Sx-1,) -
More explicitly, the action on Sx-valued functions decomposes as follows:

k)

T
Qll,...,lk_l = Q)\ + Wllv---alk—l[uk]7;\(

20, +m — 2k

Hereby, the operator m, 1., has to be seen as the projection of the multiplication operator

uy, on the space Sy, .1, , @ Hy,, i.e.

k—1

;0

Tyt k] = H <1 + 21+jmj—2> g : CO(R™,Sy) = CO(R™,S), 1, ®Hy,) -
j=1 !

Remark 7. Note that the factor m, i, [uk] in the proposition is often referred to as
the so-called embedding factor. This notation stems from the fact that decomposing tensor
products like the one from above, i.e. Sy, 1., ® Hy,, consists of two tasks: first of all,
one can make a list of all highest weights of irreducible modules which are included as a
submodule. Secondly, for each of these submodules there is an embedding factor explicitly
realising the way in which this submodule occurs inside the tensor product. For example,
in abstract notation one has for all 1y > 0:

1 1
(ll) ® (57 SO 5) = (ll)/ S (ll - 1)/ )
whereas in Clifford analysis this becomes
Hi, (R™,S) = My, (R™,S) & ulMll_l(Rm,S) .
The factor uy plays the role of embedding factor in this formula (Fischer decomposition).

Proposition 3 will be crucial in our reasoning, as it reveals a relation between solutions of
HSD operators of different order, and a twistor operator. This will be the key ingredient
to an inductive structure on the kernel of Q. We then conclude this section with the
description of a special class of solutions for the operator @), which are known as solutions
of type A (see [9]). To do so, we need the following space of polynomials:



Definition 6. For all integers h € N and highest weights X' = (l1,...,l)", we define the
vector space

M}i;)\ = {Mh;)\(JZ;U(k)) € 'Ph(Rm,S)\) : 835Mh7>\(:6;u(k)) = 0} .

This means that this vector space contains S-valued polynomials which are monogenic in
each of the variables (x;uy,y) and satisfy extra conditions (u;, ;) Mp,x = 0 in the dummy
variables (for i < j).

Remark 8. In the case where k =1, Mi;ll is the space of double monogenic polynomials,
i.e. polynomials that are monogenic in both x and u.

In view of the fact that the operator Q) can be seen as a suitable projection operator
applied after the action of the operator d,, see Definition 1, it is clear that the vector space

ho COntains h-homogeneous solutions for the operator Q). These are then precisely the
solutions of type A. In [9], these spaces were decomposed into irreducible summands under
the so(m)-action, hereby relying heavily on the Howe dual pair Spin(m) xsp(2k) underlying
Clifford analysis in k& vector variables. Note that this was done under the restriction that
the degree in homogeneity satisfies h > I1:

Theorem 1. For all highest weights X' = (l1,...,lx) and integers h > 1y, one has that

fz;)\ = @ Su(d) )

(d1,-,dg)

where p(d) denotes the dominant highest weight (po, p1, - - -, k), with po == h + Z?:l d;
and pi; = l; —d;. In order for ji to be dominant, the integers d; must satisfy the conditions
OgdjSlj—lj+1,f0rall1§j§k.

It is now clear that if one knows how to relate arbitrary polynomial solutions to these
special solutions of type A, that this automatically solves the question of how to decompose
the former in terms of irreducible summands under the so(m)-action. This approach will
be worked out in the next section.

5 Higher spin kernel decompositions

From now on, we will fix an arbitrary highest weight X' = (I1,...,lx)" with k¥ > 2 and
focus on the following problem: How can one decompose the space

ICh;A = Pp(R™,S)) Nker Qy

as a (highly reducible) module under the regular action of the algebra so(m), with h € N
the degree of homogeneity of the polynomial solutions (i.e. in x € R™)?

Sometimes, it will be necessary to explicitly attach the highest weight as an index (i.e. in
vector notation), but in that case we will omit the prime to enlighten the notations:

’Ch;)\ = ’Ch;(l1,--~7lk) :

10



Note that we exclude k € {1,2} as these polynomial kernel spaces have been described in
respectively [5] and [2]. We briefly recall these results to illustrate the type of result we
are after:

Theorem 2. For all integers h > 11 > 0, the kernel of the Rarita-Schwinger operator Ry,
decomposes as follows:

,Ch;(ll) = Ph(Rm, Mh) N ker Rll

J1

)

l .
= (Kh;(ll) N ker T(1)> o2 619 (Kh§(ll) N ker (T(l))]1+1 )/(’Ch;(ll) N ker (T(1)>

ji=1

1
~ S
- @ Mh—jl;l1—j1

j1=0
l1

. S

= P M i -
11=0

We can visualise the latter sum as a line of dots on an axis, whereby each dot represents
the space Mj_; . . (see Figure 1).

R
Figure 1: The kernel space of R;,, where each dot represents a space My _, ., .

Theorem 3. For all highest weights X' = (l1,12)" and integers h > 1y + la, the kernel of
the HSD operator Qy decomposes as follows:

Khiiy 12) = Pr(R™,8x) Nker Qy
ly , ,
Jo+1 i
= <Ich;(l1,lz) N ker T(2)> ® @ (Kh;(ll,lz) N ker (T(Q)> ’ )/(/Ch;(ll,ZQ) N ker (7'(2)> 2)
jo=1
11—y s
= D DM piti—itain
Jj1=0 j2=0
I lo
= @ @Mz—l1—l2+i1+i2;i1,i2 :
11=l2 i12=0

The second sum is easier to interpret, as the summation indices ¢, represent the degree of
homogeneity of u, of the polynomials in the spaces contained in the direct sum. We can
visualise this sum over the dots in the rectangular grid in Figure 2.

By comparing Figure 1 and 2, we see a cuboid grid structure appearing in respectively
a 1-dimensional and a 2-dimensional space. This emerging pattern raises the question
whether this would be true in general, allowing us to formulate a proposition for general
highest weights ).

11



19

e afaiaiah Sl

lQ ll i1

Figure 2: The kernel space of Q, ;,, where each dot represents a space of type A solutions

Proposition 4. For all highest weights X' = (l1,...,lx)" and integers h > 11 + ly, the
kernel of the HSD operator Q) decomposes as follows:

ll—lz lk—l_lk lk

Knx = Ph(RmaSA)ﬂkeerg@'“ @ @MS

~ , et h=3%_ 1 Gpili—g1 e le— 3k
J1= Jk—1=Y Jk=

l1 lkfl lk
= PuR™S)Nker = (P P @ MZ—z’;:l(zp—i,,);il,_..,ik . (6)
’L’1=l2 ikflzlk ’LkZO

Remark 9. The condition h > 1+ 1y appearing in the proposition is easily explained. For
each term in the direct sum to exist, we have to check the condition of Theorem 1, which
translates here to h — 25:1 Jp=>li—jiorh>1l+ 2512 Jp- Due to the boundaries in the
direct sum for j,(p > 2), the latter sum cannot exceed ls.

In the remainder of this article, this is what we will investigate. Since the general case
might be hard to grasp right away, we will illustrate our approach for the case k = 3 first,
and discuss k > 3 afterwards.

5.1 The case k£ =3

We will prove that kery, Qy, 1,1, has a cuboid grid structure, as predicted in (6), which is
visualised in Figure 3. Throughout this subsection, we will assume \ = (l1,1l2,13), with
Iy > 1o >13>0,and h > l; + 5. We will define a grading onto this kernel space, hereby
exploiting the different twistor operators. A first grading will be given by the twistor
operator T®). Therefore, let us introduce the following spaces.

12
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Figure 3: The kernel space of Qy, ;, 5, consisting of (I —lo + 1)(l2 — I3+ 1)(l3 + 1) dots,
where each dot represents a space of type A solutions

Definition 7. For arbitrary highest weights X' = (I1,1l2,13)" with l3 > 0, we put:

K;(L(g\ = Kpx Nker T(B)
]Ci(ﬁ) = (Kna Nker (7-(3)>]3+1 )/ (Kha Nker (7_(3))33 ).

We then have the following lemma

Lemma 4. For all f € C*°(R™,S)), we have that

<T(3)>13+1 f0

13



Proof. Since deg, (f) = I3, and T 3) lowers the degree of us by 1, this is obviously true. [

Remark 10. Keep in mind that a ‘power’ of a twistor operator is just a notation, as each
consecutive twistor operator acts on a different space (since the degree of us is lowered by
one each time).

This lemma allows a decomposition of the form

I3 )
K = @KW (7)

Jj3=0

Assuming for now that we will indeed get a box structure, this decomposition can be
visualised as in Figure 4, where the cuboid structure is split into I3 + 1 rectangular slices,
numbered from 0 to [3, each slice representing a space IC;LJ,:;) (with 0 < js < l3), counting
from right to left. 7

J3 I3 0

Figure 4: A first grading on Ky, 1,15

We have now defined a grading on the kernel space of 9y, 1,1, using the twistor operator
TG From Lemma 2, we know that twistor operators commute up to a Cartan factor.

This means that we can define a second grading on the slices K}(lj:i), this time using the

twistor operator 72, which is independent of the first grading. Let us therefore introduce
the following notations:

Definition 8. For arbitrary highest weights X' = (I1,12,13)’, we put:

IC,S?’AjS) = K;L]f\) Nker 7
- : a1 , ‘
IC,(L]j\’”) = <IC,(ZJf\) N ker (’T@))]Q ) / (IC,(ZJ‘;) N ker (7-(2))j2> :

14



Remark 11. Note that we put the index jo before js, this is done according to the order
of the twistor operators we use to define the gradings.

Similarly as above, we have the following lemma (the proof of which will be given in the
next section, in full generality):

Lemma 5. For all f € C*(R™,S,), we have that

(’r@))lHS+1 F=0

We thus have a decomposition of the form

lo—l3 I3 la—l3
h>\ ~ @ ]C J2,J3 ,Ch;)\ ~ @ @ /C(JQ’]?’
Jj2=0 j3=0 j2=0

Graphically, the grading on the planes are represented by the dashed line segments in
Figure 5. Each line segment stands for a space IC(]2 ]3), where j3 labels the rectangular

slice, and js labels the dashed line segments in the d1rections of the arrows. Until now, we

J3 l3 0

Figure 5: A second grading on Kp., 1,1,

have thus defined a grading using 7 and 7(2). We can define a third and final grading
using the last twistor operator, 7!, on the ‘dashed line segments’ IC(JQ’%) This gives rise

to the following definition:
Definition 9. For arbitrary highest weights X' = (I1,12,13)’, we put:

ICS?;]ZJ:‘) = ’C(JQJS) m kerT
]Cf(LJ;'i\,jQJB) = ([C}(lﬂ;ivjzs) N ker (7-(1)>j1+1> / <[C](53\J3) e (7-(1)>j1> |

15



We then again have:

Lemma 6. For all f € C*(R™,S,), we have that

(7_(1)>l1—l2+1 F—0

This thus leads to

l1—1s I3 la—l3l1—12

ICELJ;Q/\J:%) o @ Kéj;'i\,jmjs) — Kp @ @ @ /C}(Lj;l)\’h’jg) )

J1=0 73=0j2=0 j1=0

Graphically, the final grading on the dashed line segments is depicted by means of the

dots in Figure 6. Each dot here represents a space IC,(fi\j 2:33)

-

lh =1

J1

Figure 6: A third and final grading on KCp., 1, 1,

Remark 12. The problem at hand, i.e. describing the kernel space of Qi 1,15, 5 now

reduced to describing the spaces Ké?;’jz’j3),

5.2 The general case

Let us now take a look at the general case. From now on, we will assume A = (I1,...,x)
with [y > --- > [ > 0 and In order to decompose K.y for arbitrary half-integer highest
weights, we first of all define a grading on the kernel space using the twistor operator 7).
inspired by Definition 7:

16



Definition 10. For arbitrary highest weights N = (l1,...,l;)" with I, > 0, we put:

K = Kna Nker T
,CEL],I;\) = (’Ch;)\ N ker <T(k)>Jk+1 )/(’ChQ)‘ Mker (T(k)>]k ) ’

The following lemma will then again lead to a direct sum decomposition.

Lemma 7. For all f € C*(R™,S)), we have that

(T(k))lk-i-l fo0

Proof. Since deg,, (f) = lx, and T*) lowers the degree in uy by 1, this is trivial. O

From Lemma 7, and Definition 10, we thus have:

I '
Knx = @Ky .

Jr=0

Remark 13. Comparing this to the case k = 3, where this translated into a decomposition
into rectangular slices, this amounts to a decomposition in rectangular hypercuboid slices.

Since (O, Ok) = ’T)\(k) when acting on Sy-valued polynomials, one immediately sees that

KO = Py(R™, Sy) nker QF

A D RATE AT =, k—1 °

In view of the fact that the twisted operator is essentially the HSD operator O, . ;. ,
acting on Sy-valued functions, this clearly suggests using induction on the length of the
highest weight of the underlying representation characterising the values.

Lemma 8. Given an arbitrary highest weight N = (I, ..., 1) with Iy > 0, one has:

m+2Ek—2k
m+2Ek—2k‘—|—2

(O, Ok) QN = Or—1,,(0x, Ok) -

Proof. This follows directly from the fact that (9, 0k) = 7;\(k), and Lemma 2. O

This lemma actually tells us that for each f € ker Q,, we have that either (9,,0k)f = 0,
or (Og,0k) f € ker Qy_p,. Or more generally, we have the following theorem.

Theorem 4. Given a fized highest weight N = (I1,...,l;)" and an integer h € N, one has
the following property for all 1 < ji <l

Phiji, = (O, Op)’ ICELJ;};\) - IC}(L_)jk§>\_jkLk ) (8)

Proof. From Definition 10, it follows that the operator (9., dx)?* maps polynomials in IC%J:’;)
to elements of the vector space ker(9,, Jx). Together with Lemma 8, this then proves the

assertion. O
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Remark 14. Note that the target space at the right-hand side of (8) contains solutions

for the twisted version of the operator Qy, . i, ., acting on Sx_j, 1, -valued functions.

Remark 15. Note that (D, 0y) is the twistor operator T*), which results in the fact that
Pk, = (T(k))]k, keeping in mind that we can ‘write’ a power of a twistor operator due to
the fact that we use the Fuler notations. One should realise that each consecutive twistor
operator actually acts on a different polynomial space, as the degree of uy lowers with each
consecutive action of TK).

Remark 16. [t is hereby crucial to point out that the mappings @y.;, from the previous
proposition are not necessarily surjective, which means that not all irreducible summands
in the 0-graded image space at the right-hand side (containing null solutions for a twisted
HSD operator) will be present in the ji-graded subspace at the left-hand side of the arrow.

From Theorem 4, the question arises whether an analogue of this theorem holds for the
other twistor operators as well. This is indeed the case, as we will show in the following
theorem, but first we need a lemma.

Lemma 9. For all f € C*(R™,S,), we have that
<7-(a))l“_l“+1+1 f=0.

Proof. Denoting g = (7‘(“))“71‘”r1 [, we have that g € C®(R"™, S, 10 1 dortdassnls)
where deg, (g9) = deg,,,,(9) = lo+1. Remember that Sy is generated by (1). Moreover,
the highest weight vector of Sy, 1. 1 1ui10us1,. 0, 1S Symmetrical in u, and uq41. Since
(Ua+1,0,) is Spin(m)-invariant, this means that

<ua+17 aa).q = 07 (9)

or ¢ is an element in the kernel of an extra operator which is not in the definition of
simplicial monogenicity. We find that

k
(@) g — 1 {45, 00)(ua, 9j) ) o o
T j=111< E,—Ej+j—a+1 (Oa; O02)g

Using the relation (ugt1,94)(Ua, Oat1) = (Uq, Oat1) (Uat1, Oa) + Eqy1 — Eq, this equals

k
<Uj, aa> <Ua, a])
ay Oa a+1,Ya - ;
(u 3+1><U+10>j:112( E.—Ej+j—a+1

) (s ) g.

Inductively running (u41,0,) through each factor, using the fact that (uq41,09;)g = 0, for
all j > a+ 1, and (9), we find that
T@Wg =0.

This proves the lemma. O
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This lemma is crucial for what follows, and basically gives us an upper boundary on the
number of times a twistor operator on K, y until the result becomes trivial. Also, let us
recall a result that was proved in [8]. It essentially tells us that certain twistor operator
compositions are trivial. For the sake of completeness we briefly recall the proof here.

Proposition 5. For a fized highest weight X = (l1,...,lj—2,1;,1;,ljt1, ..., 1) (note that
l; =1;_1), one has that
=) () —0.

o
Ugeeslj—2,l5, b =Ll 1 5000 Uyesli—2,l5,l5 41500l

Proof. First of all, we note that this twistor operator composition connects the following
three dominant highest weights:

(lb "'alj*27lj7lj7lj+1a "'7lk), = (ll -1, "'7lj72 - 17l] - 17l] - 1vlj+1a "'alk)/
+(,..,1,1,1,0,...,0)

(ll, ...,lj,Q,lj,lj — 1,lj+1, ...,lk), = (ll -1, ...,lj,Q — 1,l] — 1,l] - 1,lj+1, ...,lk)/
+(1,..,1,1,0,0, ..., 0)

(ol by — 11— Ll = (1= 1yeesljon — 1,0 — 1,0 — 1, Ly, o L)

+(1,...,1,0,0,0,...,0) .

In other words, the highest weights in the composition all sit inside the tensor product of
one fixed highest weight (call it ©) and three fundamental highest weights, which we will
denote by means of w;, wy and w_ respectively (in that order). As a matter of fact, the
spaces Sy, associated to the dominant weights at the left-hand side are precisely the Cartan
products of the fixed space S, and the representations V£ and VU. The latter correspond
to exterior powers of the fundamental representation, and this means that the sequence
of differential operators V' — V9 — V=~ is nothing but a part of the de Rham sequence
for the codifferential operator. If we twist this particular sequence with the representation
S, (i.e. considering Sy-valued forms), we still get a composition which is trivial. So is
the restriction and projection of this composition to the Cartan products. Now, in view
of the fact that the only first-order operators acting between the Cartan products are the
aforementioned twistor operators, we have that the composition

(7-1) o

Uyeesljmaslili =11yl © (Uil L L1 i)

is indeed zero. O

Let us first focus on the space ICEL(,)E\, which would be the first hyperslice (compare to Figure

4). Inspired by Definition 10, we define the following spaces:

Definition 11. For arbitrary highest weights ' = (I, ..., 1), we put:

IC}(L(;)S\J'HL...JIC) — ’ng\ﬂ,m,jk) N ker 7
IC}(ZJ;K]z-Hp--,]k) — (K}(iz)\-}—l,---dk) N ker (T(z))ﬂ > / (’Ci(ijf/\+1,.--ﬂk) N ker (T(z))ﬂ ) .
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Remark 17. It is instructive to realise that the number of upper indices is actually the
codimension of the graphical interpretation of the space. For the case k = 3, we have for
instance that IC(]‘;\) is a rectangular slice of codimension 1, IC(]2 93) s a line segment of

codimension 2, and IC(]MQ’]“‘)

is a dot of codimension 3.
With this definition, we can state the following proposition.
Proposition 6. The kernel space of Q) has the following decomposition:

ll—lg lk—l_lk lk

Knix = @ @ @ Kﬁif\’h,...,jk)_ (10)

J1=0 Jk-1=0 jx=0
Proof. Using Lemma 9 and Proposition 5 we have for all 0 < j; < that

lk 1=l

@ ,C(]k 1,Jk)

Jk—1=0
and in general, that

i 'L+1

.71+17 Jk) @ ,CJzJH—h Jk)

Using this argument inductively on Kj.\ we get a full decomposition of the ‘hyperrectangle’
in ‘dots’. O

5.3 Interpreting the spaces K} Jlm, )

First of all, we will take a closer look the component ICS.)X"’O) of this direct sum.

Lemma 10. We have the following equality:
’C/(zok O = Kpa Nker {(0,,8;) =i € {1,...,k}}.

Proof. From the definition of IC( N 0 , we know that any f € IC ’ 29 gatisfies the relation
TOF =0, foralll<i<k. The k—th twistor operator is deﬁned as

T = (O, Ou),
thus (O, 0,)f = 0. It then follows that

1
Ep—Ep14+k—1—(k+1)

0= k-1 g — (1 ; (s Bt (51 aw) (Or1,00) f

= <8k,]_, 6£E>f7
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where we have used that [(ux_1,0k), (Ok—1,0:)] = —(Ok, 0z). Continuing this argument
inductively on the twistor operators, we find that

k
_ ) — 1 N . _ A,
e p=JH+1 (1 "EEti-ptD) <“p’aj><u”ap>> 04 0x)f = (05,0}

This proves that
K5 C Ky Nker (85,83 i € {1,...,k}}.

From the fact that each twistor operator can be written as (3), whereby each term ends
with an operator of the form (9;, 9,), follows the inverse inclusion, finishing the proof. [J

We can then link this space to the type A solutions defined in section 4.
Theorem 5. One has that ICES’)\'”’O) = Mj,.,.
Proof. We have that

K = Kpa Nker {(85,03) i € {1,..., k)1,

70)

so for all f € lC;LO)\ C Pr(R™,S)), we have

k
u;0;
0= = 1+—22 19, =0,
o f H( +2Ej+m—2> /
since 0;0; = —0;0; — 2(0;, 0z). Thus we have proved that
0,....0 s
Kix ™" € Mis.

On the other hand, for all g € Mz;)\, we have that

(0,009 = %(aiax + 0,99 = 0,

thus
M3 € Kpga Nker {(05,8;) =i € {1, k}} = Ko7,

the inverse inclusion, which finishes the proof. O

Thus far, we have been able to describe the space IC,(ZO/\ Let us take a look at the

other components of the decomposition (10). Let us introduce some operators through
the following theorem.

0)

Theorem 6. Given a fized highest weight X' = (I1,...,lx)" and an integer h € N, one has
the following property for all1 <i<k—1and oll 1 < j; <l; —li1:

Piyji = (T(i)>ji :

. ji+1 X i .
<,Ch§)‘ Mker (T(Z))j ) / (Kh;/\ Mker (T(l))] ) - Kh*ji;/\*jiLi N ker 7-(1) :
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Remark 18. The operators p;.j, give us a way to relate functions in ker Qy Nker (T(i))ji
to functions in the kernel of another HSD operator and the kernel of T itself. In a sense,
this operator gives us a way to ‘lower’ the upper index j; in Definition 11.

Proof. This follows directly from Lemma 3. Lemma 9 gives us a lower boundary for j for
the space (ICh;)\ N ker (T(i))ﬁ_l) to become trivial. O

From the definition of Kﬁlji\j 2oeend ’“), and the properties of the operators ¢;.;,, we find that

/C;Lj;;’j%""jk) = ((pl,jl .- "Pk‘fl,jkﬂ@k,jklch,)\) N ker <T(1), T(Q), - ,T(k)>

((T(k)>j’“ (Tac—l))j’“—l . (T<1>>j1 ICh,A) Aker (70,70, 7).

Using the same argument from Lemma 10, we get
I ) 22 (01, 0,)7" .. Ok, 0)* Konp) Nker (91, 0s), -, (O, D)) -
Then the properties of the operators ¢;.;, tell us that
(1.32,038) = f(050)
]Ch;)‘ - ’Ch—Ziczl Gl =315l —jk
Using Theorem 5, we find that

L) me o 11
hiA - h*Zf:uiJl*Jl,-n,lk*Jk ( )

We know how a space M7 , decomposes (see Theorem 1). This means that if we can
prove the inverse inclusion of (11), we have found a full decomposition of Kp.x. In order

to try and prove this, we will attempt to count the dimensions of both spaces. Therefore,
we need a generalised CK-extension.

5.4 A generalised CK-extension

In the classical case, there exists a CK-extension related to the Dirac operator (e.g. [11]),
which allows the construction of monogenic functions (null solutions of the Dirac operator)
from functions in one variable less. In this subsection, we try to find out if a similar method
can be found to construct solutions of higher spin Dirac operators. Remember that the
higher spin Dirac operator is defined as follows

k
szpw,@(l,%)ax:jljl(lm,mj_%) 0 : C¥(R™,53) = C¥(R™,S)).

We define a vector variable and the Dirac operator in R~ ! as

m—1 m—1
I ejr; and Oy« = g €jO0z; -
j=1 7j=1
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Then we can also define the higher spin Dirac operator on R™~! as

Qﬁ\ = pasp(172k)8x* .

For any function f one has that

f € kery Qx & Or,, f = —(Dosp(1,2)6m) Q%S

Obviously, posp(1,2k)€m needs to be invertible (see next lemma). The unique solution to
this first order differential equation is given by

flz) = e—wm(paspu,zk)em)*lQif@ﬂ0)

= 3 E ) Q3P 50
=0 L

Lemma 11. The operator pusp(1,2k)€m 1S invertible.

Proof. From [8, Theorem 6], we have that

A" =0\ | Y el NG uaATT TG, L Q)
AeB(N)

where G, 5 is a product of twistor operators, c(u, \) are constants, Gy, is the inverse

operator of Gy x, A = (l,..., k), o = (1., px)s [, Al = Zle |i — 1;], and where
B(X) = [lo, 1] x [l3, 1] X -+ X [lg—1, k] x [0,1x]. Replacing 9, by e;,, we get

(-1)" = Posp(1,2k) lem] Z c(p, A)Gu,k[em](_1)n_‘M7A|_1G>\,,u lem] Posp(1,2k) [em]
AEB(N)

One can choose n = l; + 1. This proves that pogy(1,2x)[em] is indeed invertible. O
The following corollary is crucial.

Corollary 1. As vector spaces,
ker;, Q) = ’Ph(Rm_l) ® Sy,

Proof. This is true, since the generalised CK-extension tells us that each f € ker Q) is in
1 — l-correspondence with an f*(z*) = f(z*,0) € C*°(R™1,S)). O

This means that
dim kerj, Q) = dim(Py,(R™™1)) dim(S)).

Hence, we must find a way to calculate the dimension of Sy.
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5.5 Dimension formula for S,

In order to calculate the dimension of Sy as a Spin(m)-representation, we make use of the
Weyl dimension formula (e.g. [14]), stating that

HHA:A o 12

whereby § = (n — %, n— %, ey 2) half the sum of the positive weights, (-, -) is the Killing

form, and AT the positive root system

dim Sy =

AT ={(1,%1,0,...,0),(1,0,£1,0,...,0),...,(0,...,0,1,£1),
(1,0,...,0),(0,1,0,...,0),...,(0,...,0,1)} .

The denominator of the dimension formula is then given by

[T ¢.)

aEAT

which reduces to

(2n—2)!(2n—4)!---2!(2n_1)(222_ : ;ﬁ (25 —1)!

Jj=1

The numerator of (12), is obtained as follows:

II a+6.0)
aEAT
k —
_ . . (li4+2n—k—i+1)!
- H (zi+zj+2n_z—j+2)(zi_zj+y—z)H T sz_u.
1<i<j<k 7j=1 j=1
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This thus leads to

dim(S\) =2" [[ G+l+2n—i—j+2)Li—1+j—i)

1<i<j<k
k .
o —k—j+1 2k 4 1)!
XH Li+2n—k—j (2n — 2k ) (13)
2n—2k+1 (2n —2k+2j — 1)!

j=1
We can implement it in Maple by means of the code

dimensionFormula:= proc(HW,k,n)

local a, i, j, 1, m;

for i from 1 to k-1 do

for j from i+l to k do
a:=a*x(HW[i]+HW[j]l+2*n-i-j+2) * (HW[i]-HW[j]+j-1):
od;

od;

for 1 from 1 to k do

a:=ax (HW[1]+2*n-k-1+1) !/ ((2*n-2%k+1) I x (HW[1]+k-1)!)
od;

for m from O to k-2 do
a:=(a*x(2*n-2xk+1) 1)/ ((2*n-1-2*m) !) :

od;

a;

end proc:

In this code, HW represents A as a (1 x k)-matrix.

5.6 Open problem

We can use formula (13) from the previous subsection to finish the proof of Proposition
4. Indeed, on the one hand side, we have that

h—ly  le—1=lk U o ' -l l—1=le I
B B DD D DMy
hid . . . hi _, . i hizzzljp;h*]l:“':lkfjk
Jj1=0 Jk—1=0 jr=0 Jj1=0 Jk—1=0 jr=0

due to (11). If we can prove that the dimensions of the spaces on both sides of the equation
are equal, then the proof is finished. Due to Corollary 1, we have:

dim(lCh;A) = dim(Ph<Rm_l)) dim(S)\).
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On the other hand, thanks to Theorem 1, we have that the the dimension of the space on
the righthandside equals

l1—l2 le—1—lg 1

dm |- P P m: o .
. . . h’_z;k)::ljp;ll_.]lv'“’lk_]k
Jj1=0 Jk—1=0 jx=0
l1—l2 k1=l 1 li—ji—la+jo

S D S S

Jj1=0 Jk—1=0 jx=0 i1=0
lk—1—Jk—1—lk+Jk lk—Jjk

Z Z dim (5h+z§:1z‘p—jmll—n—jl,...,zk—z‘p—jp) '

ix_1=0 =0

In the case of k = 1,2 and 3 this is symbolically doable with Maple [21] using the code
above, and the respective dimensions are indeed found to be equal:

k dim ICh;/\
n (h+2n—1\ ([1+2n—1
1 2 () (T
2 on (h+2n—1) (l1+2n—2) (12+2n—3) 6l1+l2+2n—1)(11—l2+1)
h l1+1 lo (2n—1)(2n—2)
3 on h+2n—1) (l1+2n—3) (l2+2n—4) (l3+2n—5
h l1+2 lo+1 I3
> (l1+l2+2n71)(11+l3+2n72) l2+13+2n73)(ll7l2+1)(l17l3+2)(l27l3+1)
(2n—1)(2n—2)(2n—3)2(2n—4)?

However, in full generality this still needs to be confirmed.

6 Conclusion

In this paper, we found a way to decompose the space kerp O, of null solutions for an
arbitrary HSD operator using an inductive procedure (exploiting the power of the twistor
operators and the twisted version of the HSD operators). Invoking the CK-extension, this
reduced the problem to a combinatorial counting argument. For the cases k € {1,2,3}
(the number of dummy variables describing the values of our higher spin fields) this was
verified explicitly, whereas the general case seems to be out of grasp at this point.
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