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HOMOCLINIC BOUNDARY-SADDLE BIFURCATIONS IN
NONSMOOTH VECTOR FIELDS

KAMILA DA S. ANDRADE, MIKE R. JEFFREY, RICARDO M. MARTINS,
AND MARCO A. TEIXEIRA

ABSTRACT. In asmooth dynamical system, a homoclinic connection is a closed
orbit returning to a saddle equilibrium. Under perturbation, homoclinics are
associated with bifurcations of periodic orbits, and with chaos in higher di-
mensions. Homoclinic connections in nonsmooth systems are complicated by
their interaction with discontinuities in their vector fields. A connection may
involve a regular saddle outside a discontinuity set, or a pseudo-saddle on a
discontinuity set, with segments of the connection allowed to cross or slide
along the discontinuity. Even the simplest case, that of connection to a reg-
ular saddle that hits a discontinuity as a parameter is varied, is surprisingly
complex. Bifurcation diagrams are presented here for non-resonant saddles in
the plane, including an example in a forced pendulum.

1. INTRODUCTION

In smooth dynamical systems, a homoclinic orbit is a closed trajectory connect-
ing a saddle equilibrium to itself. Under perturbation the homoclinic orbit can
create a limit cycle or, in more than two dimensions, chaos. Homoclinic orbits in
nonsmooth systems come in multiple different forms, only the simplest of which
have so far been studied. For example, regular saddles with homoclinic orbits that
involve segments of sliding along a line of discontinuity, or homoclinics to so-called
pseudo-saddles in the sliding dynamics itself, are studied as one parameter bifurca-
tions in [I].

A boundary homoclinic orbit, which involves a regular saddle lying on the dis-
continuity set of a nonsmooth system, is novel so far as classification, because it
involves both a local bifurcation (a saddle lying on the discontinuity set, or a so-
called boundary equilibrium bifurcation [2]), and a global bifurcation in the form
of the homoclinic connection. Its unfolding then involves the transition of the sad-
dle into a pseudo-saddle, and the appearance of not one limit cycle, but multiple.
The precise unfolding is surprisingly complex even in two dimensions. The bifurca-
tion diagrams for non-resonant saddles in the plane are derived here, including an
example in a pendulum with a discontinuous forcing.

Our interest is in systems of the form

. >0,
(1) #=2(x) = { Y(z) h(x) <0,
where h : R? — R is a smooth function having 0 as a regular value, and X,Y € x",
where X" is the set of all C" vector fields defined in R?, and x" is endowed with the
C" topology.
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The righthand side Z is a nonsmooth vector field, which for brevity we may write
as Z = (X,Y). Denote by Q" = x" x x" the set of all nonsmooth vector fields Z
endowed with the product topology. The set ¥ = {p € R?; h(p) = 0} is called the
switching surface and the definition of trajectories follows Filippov’s convention,
see [3].

Our objective is to study bifurcations of a degenerate cycle passing through a
saddle point of X lying on ¥, called a hyperbolic saddle-regular point of Z. We are
thus concerned with vector fields Z = (X,Y’) € Q" where X has a hyperbolic saddle
point Sx € ¥ which is a regular point for ¥ (meaning Y is non-zero and transverse
to ¥ at Sx). The stable and unstable manifolds of Sx are transverse to ¥ in Sx
and the unstable manifold intersects X transversely at a point Px € £\ {Sx}. The
trajectory of Y passing through Px intersects X transversely at Sx and Px. An
example of this kind of cycle is illustrated in figure

Z=(X,Y)

I 3
......... undefined region

FIGURE 1. A degenerate cycle passing through a saddle-regular point. ¥, ¥¢ are,
respectively, the sliding and crossing regions.

An overview of concepts and definitions are given in Section[2} The setting of the
problem and the study of the first return map for the degenerate cycle are given in
Section[3] In Section[d]the main results and the corresponding bifurcation diagrams
are presented. Section[5|presents models having a degenerate cycle through resonant
saddle-regular point. In Section [6] a model presenting a degenerate cycle is given.

2. PRELIMINARIES

The switching manifold ¥ = {p € R?; h(p) = 0} is the hypersurface boundary
between the regions £+ = {p € R?; h(p) > 0} and ¥~ = {p € R?; h(p) < 0}. Tt is
partitioned into the following regions depending on the directions of X and Y:

- the crossing region, where ¥¢ = {p € ¥; Xh.Yh(p) > 0};

- the sliding region, where ¥° = {p € 3; Xh(p) < 0 and Yh(p) > 0};

- the escaping region, where ¥¢ = {p € ¥; Xh(p) > 0 and Yh(p) < 0}.
For all X € x", the scalar Xh(p) = (X,Vh)(p) is the Lie derivative of h with
respect to X at p. The regions 3¢ 3% 3¢ are open in ¥ and their complement in
Y is the set of all points satisfying X h(p).Y h(p) = 0, called boundary singular (if
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p is a singular point of X or Y) or tangency points (p is neither a singular point of
X nor Y). A smooth vector field X is transversal to ¥ at p € ¥ if X f(p) # 0.

Taking Z = (X,Y) € Q", if p € % (resp. p € ¥7) then the trajectory of Z
through p is the local trajectory of X (resp. Y') through this point. If p € 3¢ the
trajectory of Z through p is the concatenation of the respective trajectories of X
in ¥T and of Y in ¥7. If p € ¥* U X¢ then the trajectory of Z through this point
is the trajectory of the sliding vector field Z° through p. The vector field Z° is
defined as the unique convex combination of X and Y that is tangent to X, given
by

(2) 7°(n) !

Yf(p) — Xf(p)
for p € ¥ U X° It is useful to define also the normalized sliding vector field
Zx(p) =Y f(p)X(p) = Xf(D)Y (p).

The singular points of Z° in X% U 3¢ are called pseudo-singular points. Those
singular points of X (resp. Y) that lie on X7 (resp. X7) are called real singular
points, and those singular points of X (resp. Y) that lie on ¥~ (resp. XT) are
called wirtual singular points. The singularities of Z = (X,Y’) are: real singular
points, boundary singular points pseudo-equilibria points and tangency points. The
points that are not singularities are called regular points.

(Yf(p)X() — Xf(p)Y(p)),

Definition 1. A smooth vector field X has a fold singularity or a quadratic tan-
gency at p € ¥ if Xh(p) = 0 and X2h(p) # 0, with X2h(p) = (X,VXh)(p). A
nonsmooth vector field Z = (X,Y) has a fold singularity at p € ¥ if p is a fold for
X orY. A fold point p for X (resp. Y ) is visible if X2h(p) > 0 (resp. Y2h(p) < 0)
and invisible if X2h(p) < 0 (resp. Y2h(p) > 0). If p is a fold for X and a regular
point for Y (or vice-versa) then p is a fold-reqular point for Z.

Definition 2. A nonsmooth vector field Z has a saddle-regular point at p € ¥ if p
is a saddle point for X (resp. Y ), and'Y (resp. X) is transversal to & at p.

Denote a trajectory of & = Z by ¢z(t,q) where vz(0,q) = g. Taking g €
YT UX™, apoint p € ¥, p is said to be a departing point (resp. arriving point) of
wz(t,q) if there exists tog < 0 (resp. tp > 0) such that lim, _,,+ vz(t,q) = p (resp.
hmt%t(,’ wz(t,q) = p). With these definitions if p € X¢, then it is a departing point

(resp. arriving point) of ¢ x (t,q) for any ¢ € v (p) (resp. ¢ € v~ (p)), where

YHp) = {pz(t,p);t € IN{t >0}}, v (p) = {wz(t,p);t € IN{t <O0}},

and I C R is the interval for which ¢z (-, p) is defined. To distinguish between the
main types of orbits and cycles we have the following.

Definition 3. A continuous closed curve I is said to be a cycle of the vector field
Z if it is composed by a finite union of segments of regular orbits and singularities,
Y1,Y2s - - -5 Vn, 0f Z. There are different types of cycle I':

- T' is a simple cycle if none of the v;’s are singular points and the set v; N'%
is either empty or composed only by points of ¢, Vi=1,...,n. If such a
cycle is isolated in the set of all simple cycles of Z then it is called a limit
cycle. See figure[§a);

- T'is a regular polycycle if either, for alli =1,...,n, the set v;NX is empty
and at least one of v}s is a singular point or, for some i =1,...,n, 3, NE
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is nonempty but only contains points of X¢ that are not tangent points of
Z. See figures[4b) and[J(c);

- ' is a sliding cycle if there exists i € {1,2,...,n} such that ~y; is a seg-
ment of sliding orbit and, for any two consecutive curves, the departing or
arriving points in X are not the same. See figure @(d);

- T is a pseudo-cycle if for some i € {1,2,...,n}, the arriving points (or
departing points) of v; and ;41 are the same. See figures @(e) and @(f)

(d) (e) (f)

FIGURE 2. Illustration of different types of cycles: (a) simple cycle; (b), (c) regular
polycycles; (d) sliding cycle; (e) pseudo-cycle and (f) sliding pseudo-cycle.

Definition 4. (See [4]) An unstable (resp. a stable) separatriz is either:

- a regular orbit T' that is the unstable (resp. stable) invariant manifold of
a saddle point p € X+ of X orp € X~ of Y, denoted by W*(p) (resp.
W(p)); or

- a regular orbit that has a distinguished singularity p € ¥ as departing (resp.
arriving) point. It is denoted by Wi(p) (resp. W3(p)) and £ means that
it leaves (resp. arrives) from L.

Where necessary, we use the notation Wi*“(X, p) to indicate which vector field
is being considered. If a separatrix is at the same time unstable and stable then it
is a separatriz connection. A orbit I" that connects two singularities, p and ¢, of Z,
will be called either a homoclinic connection if p = q or a heteroclinic connection if

p#q.

Definition 5. A hyperbolic pseudo-equilibrium point p is said to be a

- pseudonode if p € 3° (resp. p € X¢) and it is an attractor (resp. a repeller)
for the sliding vector field;

- pseudosaddle if p € X% (resp. p € X¢) and it is a repeller (resp. an
attractor) for the sliding vector field.
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3. DEGENERATE CYCLE PASSING THROUGH A SADDLE-REGULAR POINT

We start by establishing the necessary generic conditions to obtain a degenerate
cycle with lowest possible codimension. Consider a nonsmooth vector field Zy =
(X0, Yo) € Q7 satisfying the following conditions:

- BS(1) : Xy has a hyperbolic saddle at Sx, € ¥ and the invariant mani-
folds of Xy at the saddle point Sx,, W*(Xo, Sx,) and W*(Xy, Sx,), are
transversal to X at Sx,;

- BS(2) : Yy is transversal to 3, W* (X, Sx,), and W*(Xy, Sx,) at Sxq;

- BS(3) : the normalized sliding vector field has Sx, as a hyperbolic singu-
larity, by taking z as a local chart on ¥ at Sx,, Z%(x) = px + O(2?) with
p# 0;

- BSC(1) : the unstable manifold of the saddle that lies in ¥, W (Xo, Sx, ),
is transversal to ¥ at Px, # Sx,. We have ¢x, (¢, Px,) € T for all t < 0;

- BSC(2): Yy is transversal to ¥ at Px, and there exists to > 0 such that
@YO(tO,PXD) = Sx, and (pyo(t,PXO) eX forall 0 <t <tg.

Remark 1. Under the conditions above, the saddle-regular point is on the boundary
of a crossing region and an escaping or sliding region, i.e, Sx, € 0¥° U 9X¢ or
Sx, € 0X° U 9x°.

There are two different topological types of cycles satisfying BS(1)-BS(3) and
BSC(1)-BSC(2), see Figure

--------- undefined region
- yre
— 5

FIGURE 3. A degenerate cycle passing through a saddle-regular point: (a)
Wi (Xo,Sx,) contained in the unbounded region and (b) W} (Xo, Sx,) contained
in the bounded region.

Despite the fact that both cases shown in Figure [3| are topologically distinct,
their analysis is similar, so we focus on case (a). Whenever we refer to a degenerate
cycle through a saddle point, we refer to a cycle as given in case (a) of Figure

To study the unfolding of the cycle, we look carefully at the local saddle-regular
bifurcation, after that we perform a study on the first return map defined near the
cycle.

3.1. Bifurcation of a saddle-regular singularity. The simplest case is the codi-
mension 1 bifurcation studied in [4, [I], which we review briefly here for complete-
ness. Consider a nonsmooth vector field Zy = (X, Yp) € Q" satisfying conditions
BS(1)-BS(3). To study bifurcations of Zy near Sx,, the following result from [5]
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is important, describing bifurcations of a hyperbolic saddle point on the boundary
¥ of the manifold with boundary ¥+ =X U X+,

Lemma 1. Let p € ¥ be a hyperbolic saddle point of Xol|s+, where Xo € X.
Then there exist neighborhoods By of p in R? and Vo of Xo in X", and a C"map
B : Vo — R, such that:

(a) B(X) =0 if and only if X has a unique equilibrium px € ¥ N By that is a
hyperbolic saddle point;

(b) if B(X) > 0, X has a unique equilibrium px € By N int(XT) that is a
hyperbolic saddle point;

(c) if B(X) <0, X has no equilibria in Bo N X+,

Since Yj is transversal to ¥ at Sx,, there exist neighborhoods B, of Sx, in %,
and Vp, of Yy in x", such that for any Y € V; and p € By, Y is transversal to X
at p. Taking By as given in Lemma [I] there is no loss of generality in supposing
By N Y = By and then restrict ourselves to the neighborhood Vz, =V x V; of Zj
in Q7.

If B(X) # 0, for X € V), there exists a fold point of X in B;. The fold point
is located between the points where the invariant manifolds of the saddle cross X.
The map s : Vy — X that associates each X € V), to a tangent point Fx € X is
of class C", Fx is visible fold point if 3(X) < 0, Fx is a hyperbolic saddle point if
B(X) =0, Fx is an invisible point if 5(X) > 0.

Each Z = (X,Y) € Vz, can be associated with two curves, Ty and PEz, defined
as follows:

(i) Tx = {p € R?; Xh(p) = 0} is the curve formed by all points in R? where
X is parallel to 3. Therefore, the intersection of Tx with 3 gives the fold
point F'x.

(ii) PEz = {p € R?; X(p) is parallel to Y (p)} is the curve composed by those
points in R? for which X and Y are parallel. So, when the intersection of
PEz with ¥ belongs to »° U 3¢ it coincides with the pseudo-equilibrium
point.

The maps X — Tx and Z — PE are of class C". It follows from conditions BS(1)-
BS(3) that the curves Tx,, PEz,, W"(Xo, Sx,) and W*(Xy, Sx,) have empty in-
tersection in By up to the saddle point Sx,. In fact, all these curves contain the
singular point Sx,. Condition BS(2) guarantees that PEz,, W*(Xy, Sx,) and
W#(Xo,Sx,) do not coincide in By up to the saddle point. Condition BS(3) also
ensures that Tx, and PEy, are different in By except at Sx,.

The continuous dependence of the curves Tx,, PEz,, W*(Xy, Sx,) and W*(Xy, Sx, ),
on the vector field ensures that Vz, can be taken in such a way that the relative
position of these curves do not change for all Z € V. The curve T, is located
between W3 (Xo, Sx,) and W (Xo, Sx,), see Figure

Since Sx, € 0¥° U JX€ there are three different cases to consider depending on
the position of PEz, in relation to Tx,, W$(Xo, Sx,), and W(Xo, Sx,), see
These cases are named BS;, BS; and BS3 as in [1].
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Tx, Txo PRy, PEz, Txo Txo

FIGURE 4. Relative position of the curves Tx,, PEz,, W_f_(Xo,SXO), and
Wi (Xo,Sx,). (a) corresponds to case BSi, (b) corresponds to case BSz and
(¢) — (d) both correspond to case BSs3.

To understand the difference between BSy, BSs and BSs, for Z = (X,Y) € Vg,
let = 5(X) be given by Lemma Then Sx is a real saddle if 8 > 0, a boundary
saddle if 8 = 0, or a virtual saddle if 5 < 0.

1. Case BS;: this happens when W (Sx,,Xo) is between T'x, and PEz, in
¥+, see Figure[[a). If the saddle is virtual (8 < 0), the saddle-regular point
turns into a visible fold-regular point and there is no pseudo-equilibrium.
The fold-regular point is an attractor for the sliding vector field. Also,
when the saddle is real (§ > 0), an invisible fold-regular point emerges and
there exists an attracting pseudo-node. The point in ¥° where the unstable
manifold of the saddle crosses X is located between the pseudo-equilibrium
and the fold-regular point, see Figure [5

N\

B<0 B=0 B8>0

FIGURE 5. Bifurcation of a saddle-regular point: case BS;.

2. Case BS5: this case happens when PEy, is between T'x, and W (Sx,, Xo)
in XT, see Figure (b) There is a visible fold-regular point and there
is no pseudo-equilibrium when the saddle is virtual (8 < 0). The fold-
regular point is an attractor for the sliding vector field. When the saddle is
real (8 > 0), an invisible fold-regular point and an attracting pseudo-node
coexist. The pseudo-equilibrium is located between the point (in ¥*) where
the unstable manifold of the saddle meets ¥ and the fold-regular point. See
Figure [6]
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p<0 B = £>0

FIGURE 6. Bifurcation of a saddle-regular point: case BSs.

3. Case BS3: this case happens when Ty, is between W (Sx,, Xo) and PE,
in Xt see Figures c)—(d). When the saddle is virtual (5 < 0), a vis-
ible fold-point coexists with a pseudo-saddle. There exists no pseudo-
equilibrium when the saddle is real (8 > 0). In this case, the saddle-regular
point turns into an invisible fold-regular point that is a repeller for the
sliding vector field. See Figure [7}

8 <0 5=0 6>0

FIGURE 7. Bifurcation of a saddle-regular point: case BSs.

3.2. Structure of the first return map. Let I'y be the degenerate cycle of Zj.
We show that Vz, can be chosen in such a way that, for each Z € Vz,, a first return
map is defined in a half-open interval, near the cycle T'y.

Proposition 1. Let Zy be a nonsmooth vector field satisfying conditions BS(1)-
BS(3) and BSC(1)-BSC(2). In addition, suppose Sx, is located at the origin.
Then there exists a neighborhood Vz, of Zy in 1" such that, for all Z € Vy,, there
is a well defined first return map in a half-open interval [az,az + dz) with 67 > 0
and az ~ 0. The first return map of Z can be written as

mz(x) = p3 o p2 0 p1(x),
where pa and p3 are orientation reversing diffeomorphisms and p1 is a transition

map near a saddle or a fold point.

Proof. We have already determined a neighborhood Vz, = Vy x V; where, for all
Z =(X,Y) € Vz,, Lemma|l| holds for X and transversality conditions hold for YV’
in By = By N X. The claimed existence follows directly by means of continuous
dependence results and properties of transversal sets.
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Now we determine az for each Z € Vz,. When the saddle of X is not in 3, there
are at least three different points in which the invariant manifolds W**(X, Sx)
meet 3. Denote these points by Pi, i = 1,2,3, where Pk, P2 € By and Py €
I; (I; is a neighborhood of Py, in ¥). Assume Pk, Py € W*%(Sx,X)NY and
P% € W5(Sx,X)NX. We keep this notation if the saddle is on ¥, in this case
Py = P% = Sx. By taking z as a local chart for ¥ near 0 (with z < 0 corresponding
to sliding region and = > 0 corresponding to crossing region) and by denoting
Pi =uxz;,i=1,2, we have 71 < z9. If Sy ¢ X then there exists a tangency point
Fx € By, also Sx = Fx when the saddle is on the boundary. Considering the
previous chart for ¥, denote Fix = xy, then z1 < x5 < xg, see Figure |8 Observe
that limz_,z, z; = 0 for i = 1,2, f. For Z € Vz, let az be defined as ay = x; if
B(X) <0, az =z =2 if f(X) =0, or az = xo if f(X) > 0. Thus, by choosing
0z > 0 small enough the existence of the first return map in [az, az +Jz] is ensured
by continuity.

To study the structure of this first return map for Z € V;,, we analyze it near
the saddle point. Without loss of generality, suppose that ¥ is transversal to the
y axis at the origin. Consider a sufficiently small € > 0 and let ¢ denote a section
transversal to the flow of X, for z > 0, through the point (0,e). There are three
options for the position of Sx in relation to X, in each case the first return map is
analysed differently. As above, consider 5 = §(X) then:

o if 5 < 0, Sx is virtual, then the first return map is limited by the visible
fold point, F'x. So we have a transition map, p;, from ¥ to o near a fold
point. See Figure [§(a);

e if 5 =0, Sy € X, then we have a transition map, p;, from ¥ to ¢ near a
boundary saddle point. See Figure [§|(b);

e if 3> 0, Sx is real, then the limit point of the first return map is the point
P% where the stable manifold W (X, Sx) intersects ¥ near 0. There is a
transition map, p1, from X to o, near a real saddle point. See Figure c).

After crossing through o, the orbits will cross ¥ near Py Since o is a transversal
section, the transition from o to X is performed by means of a diffeomorphism ps.
The flow of ¥ makes the transition from ¥ (near P3%) to ¥ (near 0), then the
transversal conditions satisfied by Y give another diffeomorphism, ps, performing
this transition. The diffeomorphisms py and ps are orientation reversing, so we can
write mz(z) = p3 o paopi(z) for z € [az,az + 0z). O
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FI1GURE 8. Illustration of the first return map with transversal section 7: (a) 8 < 0,
(b) B =0 and (c) B > 0.

Since py and p3 given in Proposition [I] are diffeomorphisms, the difficult part
in understanding the first return map mz is the structure of p;. From now on we
assume Zy = (Xo,Yy) € Q°°, since high differentiability classes are required. We
restrict the analysis to nonresonant saddles, meaning we consider Z = (X,Y) € Vg,
such that the hyperbolicity ratio of Sx, r, is an irrational number, (r = —Xy/A\;
where Ay < 0 < A; are the eigenvalues of DX (Sx)). The point Sx is assumed to
lie at the origin.

According to [6], for each I, X is C'-conjugated, around Sy, to the normal form

3) R(ay) = —rad 4y 2

Ox + yay'

Let us assume that ¥ = h; '(0) where hy(z,y) =y —  + k. Then ¥ intersects the
axes at (0, —k) and (k,0), implying that if k¥ > 0 then the saddle is real, if Kk =0
then the saddle is on the boundary, and if & < 0 the saddle is virtual.

Denote the flow of X by ozt z,y) = (p1(t,2,y), a(t,z,y))T and & be the
transversal section of X associated with the transversal section o of X. Without
loss of generality, assume & C {(z,1) € R*x > 0}. In this case, the transition
time from X to & is easily calculated and it is given by ¢;(x) = —In(x — k) for
each (x,z — k) € X. Therefore, the transition map p, from ¥ to &, is given by
plx) = pa(ty(2), 2,0 — k) = e 1@y = 2(x — k)" = k(z — k)" + (x — k)", Since
X and X are conjugated, there must exist diffeomorphisms ¢ and 1, defined in a
neighborhood of the origin, such that p = ¢ o po ¢ and (0) = ¢(0) = 0. We can
also assume that @ = 1(az) is equivalent to az, i.e., the transition map p of X is
defined in [, @+ 4), & > 0. Then:

k ko —k

e if £ <0, then £ < a = —— < 0. This means that Fx = 7,771 ;
L+r L+r' 147

see Figure [0fa)
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e if £ >0, then a = k. This means P, = (k,0) for k > 0 and Sx = (0,0) for
k = 0; see Figures [9f(b) and [9]c).

FIGURE 9. Illustration of the transition map g, from X to &: (a) k < 0, (b) k=0
and (c) k > 0.

Proposition 2. Consider Z = (X,Y) € Vz,, let r ¢ Q be the hyperbolicity ratio of
Sx and s = [r]. Let B = B(X) be defined in Lemma and wy defined in Proposition
[@ Then:

2

(1) %ﬂ'z(az) =0 and iﬂz(az) >0 Zfﬁ < 0;

dx?
—Tz = =1 75 ' Tz =0 and 1 75 i UVA =
.o 1. . . M
(ii) lim - (z) 1r21 o (z) gna lim o2 (x)

+o if =0andr >1;
o d .
(iii) lim, aﬂ'z(x) =400 if f>0andr <1;

I*)CLZ
s ds+1

d
(iv) Iir?; xwz(x) ng; T 7z (x) an zggg e wz(x) = 400

if >0 andr > 1.

Proof. From Proposition [I] we know 7z = p3 o pa o p1. Observe that ps and p3 are
orientation reversing diffeomorphisms of class C'*°, and that p; = ¢ o p o ¥ where
¢ and 1) are orientation preserving diffeomorphisms of class C', I > s 4+ 2. Define
® = p3o0py0¢, then 1z = ® o po), where ® and ¢ are orientation preserving
diffeomorphisms of class C! with [ > s + 2. By definition, @ = v(az). Let I be a
neighborhood of az where 77 = ® o po¢(x) is well defined for = € Iy. Then the
derivatives of order 1 < ¢ < s+42 of ® and v are limited in Iy, and p is differentiable
in (@,a+ 6) for § > 0 sufficiently small.
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Now

Thus, for each 1 < i < s+ 2, the result follow by means of the chain and product
rules for derivatives and from the fact that ¢ (z) — a* when x — a}. O

Proposition 3. Consider Z = (X,Y) € Vz, and suppose that r ¢ Q is the hyper-
bolicity ratio of Sx. Then the following statements hold:

(i) If mz(az) > az and either r > 1 orr < 1 and B(Z) < 0, then there
exists an attractor fized point of w7, xg € (az,dz), which corresponds to
an attracting limit cycle of Z.

(ii) If mz(az) = az and either v > 1 or r < 1 and B(Z) < 0 then, az is
an attractor for wz. So, there exists an attracting degenerate cycle for Z
through a fold-regular point if B(Z) < 0, a saddle-regular point if 5(Z) =0,
or a real saddle if 5(Z) > 0.

(i) If mrz(az) < az, r < 1, and B(Z) > 0, then there exists a repelling fized
point of Tz, xo € (az,0z), which corresponds to a repelling limit cycle of

Z.
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wz(x) 7wz (x)
2N - mz(r) =g
,/, Wz(w) = ,/ Oé>0
7/
,’/ s a=0
7/ 7/

\>z§i
R
N
o
8
8

() =«
7/

’
/
/
vt a>0
/ a=0
J
/
- //va<0
7
’
/
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FIGURE 10. Illustration of the graph of the first return map 7z (z) for « € [az,az +
dz) where a = mz(az) —az. (a) B(Z) <0, (b) B(Z) > 0and r > 1, (c) B(Z) =0,
and (d) 8(Z) > 0 and r < 1.

Proof. From the definition of 5(x) it is increasing in [a, a+ 5) Also, from the proof
of Proposition [2| we have mz = ® o p o where ® and 1 are orientation preserving
diffeomorphisms, or, in other words, increasing maps since the first derivative of
these maps are positive.

Also from Proposition if r > 1, the tangent vector of the graph of 7z (x) tends
to be horizontal when z — a}. Analogously, if r < 1, the tangent vector of the
graph of 7z (z) tends to be vertical when z — a}. See Figure

So if 7z (az) = az and r > 1, taking the smallest possible § if necessary, az is
the unique fixed point of 7z in [az,az+dz) and 7z (z) < x for all z € (az,az+06z).
Therefore ay is an attracting fixed point of 7z that corresponds to a degenerate
cycle Z. The definition of az gives the different types of cycles as listed in item (7).
Analogously, if 7z(az) = az, r <1 and 8(Z) > 0, az is the unique fixed point of
pz in [az,az +dz) and wz(x) > x for all x € (az,az + Jz). Then ayz is a repeller
for 7wz that corresponds to a repelling degenerate cycle of Z through a real saddle
point. This proves item (ii).
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If 7z(az) > az and either » > 1 or r < 1 and 5(Z) < 0, the analysis is similar
to the case in item (i), the only difference is that the fixed point will change.
Since in these cases the tangent vector of the graph of 7wz tends to be horizontal
at az, for Z sufficiently near Z; (taking the smallest Vy, if necessary), the graph
of 7z intersects the graph of the identity map at a point 2 € (az,az + dz). Also,
wz(x) > x for all z € [az, o) and wz(x) < x for all © € (zg,az + dz). This proves
item ().

To prove item (¢i¢) it is enough to observe that, since the tangent vector of the
graph of 7 tends to be vertical at az, we obtain that the graph of w5z will cross
the graph of the identity map at a point xg € (az,az + 6z). Also, nz(x) < z for
all z € [az,x0) and 7z (z) > z for all x € (zg,az + dz). This proves item (iii). O

4. MAIN RESULTS AND BIFURCATION DIAGRAMS

In this section, we focus on a discussion of all phenomena of codimension 1 that
appear in the characterization of the bifurcation diagram in question. There exist
two independent ways of breaking the structure of the degenerate cycle of Zy: to
translate of the saddle or to destroy the homoclinic connection. More specifically,
there exist two bifurcation parameters to consider, 5 and «, given as following:

- B is a C"-map that determines if the saddle of X is real, on the boundary,
or virtual. This map was determined in Lemma [l} and now it is naturally
extended to Vz,,

B: V(Z) — R
(X,Y) = B(X)~

- « is a C"-map that determines whether or not the first return map has a
fixed point,
a: V(Zy) — R
A = Tz (az) —agz )
Despite the fact that a; was defined in terms of Sgn(f), the quantity «(Z)
is an intrinsic feature of Z.

Define Vy = {Z = (X,Y) € Vz,; Sx has irrational hyperbolicity ratio}. From
now on we only consider vector fields in 1 and describe the bifurcations of Z; in
Vo. To do so, consider a family of nonsmooth vector fields Z, g of vector fields in
Vo, (o, B) € By C R2, such that By is an open neighborhood of 0 € R2, Z o = Z
and «, § are the bifurcation parameters discussed above.

From parameters a = a(Z) and 8 = §(Z) we can obtain all the bifurcations of
the degenerate cycle Ty, of Zy in V. Consider Zy € V, satisfying BS(1)-BS(3)
and BSC(1)-BSC(2). From the previous sections there are six cases to analyze:

- DSC11: Zj has a saddle-regular point of type BS; and the hyperbolicity
ratio of X is greater than one;

- DSCi3: Zj has a saddle-regular point of type BS; and the hyperbolicity
ratio of X is smaller than one;

- DSC5: Zy has a saddle-regular point of type BSs and the hyperbolicity
ratio of X is greater than one;

- DSCs: Zj has a saddle-regular point of type BSs and the hyperbolicity
ratio of X is smaller than one;

- DSCs1: Zy has a saddle-regular point of type BS3 and the hyperbolicity
ratio of X is greater than one;
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- DSCsy: Zj has a saddle-regular point of type BS3 and the hyperbolicity
ratio of Xy is smaller than one.

All the cases have at least four bifurcation curves in the (o, 3)-plane, given
implicitly as functions of o and . To describe the codimension 1 phenomena
curves we identify ¥ with R.

- For Z = (X,Y) € Wy, let Pg(Z) be the point ¥ N PEz and PEy is the
curve where X is parallel to Y. Let yp, be the curve implicitly defined by
W(aza,g) - PE(Za,,B) = O’ i'e'7 VP = {(a76) € BO;W(aZaﬁ) - PE(Z(L,@) =
0}. Then ~yp, is the curve for which there exists a connection between the
pseudo equilibrium and the point (az, ,,0). Thus this curve lies either on
the half plane 8 > 0 or in the half plane 8 < 0.

- For Z = (X,|Y) € Wy, let F(Z) be the fold point of X in ¥ near Sx. Re-
member that Fx is an invisible fold-regular point if 3(Z) > 0, a visible
fold-regular point if 3(Z) < 0, and a saddle-regular point if 3(Z) = 0. De-
fine yr = {(c, B) € Bo;m(az, ,) — F(Za,p) = 0}. Then yp is the curve pro-
viding a connection between the fold point F, , and the point (az, ,,0).
Since, for # <0, (az, ,,0) corresponds to the fold point of Z, g, this curve
coincides with the axis a.

- For Z = (X,Y) € Vy, let Pi(Z) be the points in ¥ where the invariant
manifolds of X at Sx cross X, as defined previously. Define the curve
vp, = {(a, B) € Bo; 8 > 0 and 7(az, ;) — Pi(Za,s) = 0} that provides a
pseudo-homoclinic connection between P;(Z, 3) and the saddle point.

These curves will be illustrated later in the bifurcation diagrams. In some cases
extra bifurcation curves will emerge. To obtain an order relation between the curves,
we denote, with some abuse of terminology, v;(«a,8) = {(o, 8) € Bo;7(az, ;) —
j(Za”g) = 0}, fOI‘j = PE; F,Pl.

It is worthwhile to observe that proofs of the main results go further beyond the
simple combination of the following two codimension one bifurcations: bifurcation
of boundary saddles and bifurcation of homoclinic loop. Now we are ready to
describe the bifurcation diagrams for the family Z, 3. The following three theorems
concern cycles of types DSCq; and DSCqs.

Theorem A. Suppose that Zy is of type DSC11 and B > 0. Then for a family
Zag = (Xap, Ya,8) € Vo, bifurcation curves, yp,, vp,, and yp,, emerge from the
origin, there exists an attracting pseudo-node, and the following statements hold:

(a) if (o, B) € RE, where RY = {(, 8);0 < B < vp,(a, B)}, then there exists a
sliding polycycle passing through Sx, , and Pp(Za.p), which contains two
segments of sliding orbits;

(b) if (o, B) € Ypy, then there exists a sliding polycycle passing through Sx., ,
and Pg(Z,.5), which contains just one segment of sliding orbit;

(©) if (@, 8) € RY = {(e B);1pu (@ B) < B < 7oy (e, B)}, then there exists a
sliding pseudo-cycle passing through Sx., ,;

(d) if (o, B) € vp,, then there exists a pseudo-cycle passing through Sx, ,;

(e) if (o, 8) € R = {(a, B);vp, (v, B) < B < vr(a,B)}, then there exists a
sliding pseudo-cycle passing through Sx., ,;

(f) if (o, B) € vr, then there exists a sliding pseudo-polycycle passing through
SXa,za and F(Zayg);
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(g) if (a,8) € R = {(o,8);vr(c, B) < B and a < 0}, then there exists a
sliding pseudo-cycle passing through Sx, ,;

(h) if a« =0 and B > 0, then there exists an attracting degenerate cycle passing
through Sx., ;;

(i) if (o, B8) € R} = {(, 8); 8 > 0 and a > 0}, then there exists an attracting
limit cycle through °.

The bifurcation diagram is illustrated in Figure [T1]

Proof. For 8 > 0 we have a real saddle Sx,_ ,. Since Zy is in the case DSC1y, the
saddle-regular point of Zj is in the case B.S1, so there exists an attracting pseudo-
node, Pg(Z,, ), satistying Pr(Za,5) < Pi(Zap) in X. Also, P\(Za) < F(Zag) <
Py(Z,p) and, for i = 1,2, E, (a,ﬁl)lgl(O,O)F(Za’ﬂ) = (a,ﬂl)1£n>(0,0) P(Zy,p) = 0.
So, the curves yg,, vp,, and yr emerge from the origin and lie on {(«, 8);a <
0 and B > 0}. The existence of the limit cycle follows from Proposition The
result follows by analyzing the dynamics of the system for the possible values of

Wzayﬁ(azaﬁ). O

Theorem B. Suppose that Zy is of type DSC1o and f > 0. Then for a family
Zag = (Xap, Ya,3) € Vo, bifurcation curves, yp,, vp,, and yp,, emerge from the
origin, there exists an attracting pseudo-node, and the following statements hold:

(a) if (o, B) € RE, where RY = {(a, 3);0 < B < vpy(a, B)}, then a repelling
limit cycle through ¢ coexists with a sliding polycycle passing through Sx,, ,
and Pg(Z,,3), which contains two segments of sliding orbits;

(b) if (o, 8) € vpg, then a repelling limit cycle through 3¢ coexists with a
sliding polycycle passing through Sx,, , and Pg(Za,p), which contains only
one segment of sliding orbit;

() if (o, B) € RE = {(, B); vy (v, B) < B < vp, (v, B)}, then a repelling limit
cycle through ¢ coewists with a sliding pseudo-cycle passing through Sx., ,;

(d) if (a,8) € ~vp,, then a repelling limit cycle through X¢ coexists with a
pseudo-cycle passing through Sx, , ;

(e) if (o, B) € Rt = {(a, B);vp, (0, B) < B < vr(a, B)}, then a repelling limit
cycle through 3¢ coexists with a sliding pseudo-cycle passing through Sx,, ,;

(f) if (o, B) € v, then a repelling limit cycle through ¢ coexists with a sliding
pseudo-polycycle passing through Sx, , and F(Za,p);

(g) if (o,B8) € RL = {(a, B);vr (v, B) < B and o < 0}, then a repelling limit
cycle through 3¢ coexists with a sliding pseudo-cycle passing through Sx,, ,;

(h) if @ =0 and B > 0, then there exists a repelling degenerate cycle passing
through SXM; ;

(i) if (o, B) € Ry = {(, B); B> 0 and a > 0} then no cycle was detected.

The bifurcation diagram is illustrated in Figure

Proof. The proof is identical to the proof of Theorem A except that, as seen in
Proposition [3] limit cycles appear for a@ < 0 and the degenerate cycle for o = 0 is
a repeller. ([
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FIGURE 11. Bifurcation diagram of Z, g: case DSCy;.
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FIGURE 12. Bifurcation diagram of Z, g: case DSC1a.
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Theorem C. Suppose that Zy is of type DSC11 or DSCs and § < 0. Then for
a family Zop = (Xa,8,Ya,p) € Vo there exists no pseudo-equilibrium, Sx, , is as
attractor for the sliding vector field, and:
(a) if B =0 and « < 0, then there exists a sliding cycle passing through the
SXa,g N
(b) if o =0 = B, then there exists an attractor polycycle passing through Sx, ,;
(¢) if =0 and o > 0, then there exists an attracting limit cycle through X¢;
(d) if (o, B) € R} = {(, B); B < 0 and a < 0}, then there exists a sliding cycle
passing through the fold-regular point F(Z, g);
(e) if a =0 and B < 0, then there exists a degenerate cycle passing through the
fold-regular point F(Zy g);
(f) if (o, B) € RS = {(, 8); B < 0 and « > 0}, then there exists an attracting
limit cycle through °.

The bifurcation diagrams for DSCy; and DSCys are illustrated in Figures
and [12] respectively.

Proof. If B = 0 then F(Z,p3) = Sx,, € X. Items b and c follow directly from
Proposition If @« < 0 then the unstable manifold of the saddle in X%t inter-
sects X, after that it follows the flow of Y, o and it intersects the sliding region.
Since F(Z,,p) is an attractor for the sliding vector field (see the bifurcation of a
saddle-regular point of type BSj), then there exists a sliding cycle through the
saddle-regular point. If 8 < 0, then the saddle is virtual and there is no pseudo-
equilibrium, the only distinguished singularity is the fold-regular point. The result
follows similarly to the proof of Theorem B. ]

The following theorems concern cycles of type DSC5; and DSCas.

Theorem D. Suppose that Zy is of type DSCqi. Then for a family Z,pg =
(Xa.p,Ya ) € Vo, bifurcation curves, ypy, Yrg, VP, and Yp., emerge from the
origin and the following statements hold:

1. for B < 0: identical to the cases given in Theorem Cl
2. for > 0: there exists an attracting pseudo-node and
(a) if (o, ) € R = {(,);0 < B < vp, (v, B)}, then there ezists a
sliding pseudo-cycle passing through Sx., ,;
(b) if (a, ) € vp, then there exists a pseudo-cycle passing through
SXD,ﬁ 5
(c) if (a,B) € RZ = {(o, B);7pi (@, B) < B < vpy (e, B)}, then there
erists a sliding pseudo-cycle passing through Sx,_ ,;
(d) if (o, B) € vpg, then there exists a sliding polycycle passing through
Sx,. 5 and Pg(Za,p), which contains only one segment of sliding orbits;
(e) if (o, B) € RZ = {(a, B); vpy (v, B) < B < vr(a, B)}, then there ex-
ists a sliding polycycle passing through Sx., , and Pg(Za,p), which contains
two segments of sliding orbits;
(f) if (o, B) € v, then there exists a sliding polycycle passing through
SXmﬁ’ PE(ZQ,B) and F(Za’g);
(9) if (o, B) € RS = {(e, B);vr(e, B) < B < Apy (e, B)}, then there
ezists a sliding pseudo-cycle passing through SXQ,B"
(h) if (a, B) € Apy then there exists a sliding polycycle passing through
Sx..s and Qz, 5, which contains only one sliding segment;
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(i) if (o, B) € RF = {(, B); B > Apg (v, B) and o < 0}, then there ex-
ists a sliding polycycle passing through Sx,, , and Pg(Za.g), which contains
two sliding segments;

(j) if « =0 and B > 0, then there exists an attracting degenerate cycle
through Sx., ;;

(k) if (o, B) € RE = {(«, 8); 83 > 0 and o > 0}, then there exists an
attracting limit cycle passing through the crossing region near Px,, ,.

The bifurcation diagram is illustrated in Figure

Proof. In the case DSC5, the saddle-regular point satisfies case BS5. The position
of the curves yp, and vp, change between cases DSC}; and DSC9, so that a new
bifurcation curve, vp,, emerges from the origin in the half plane where 5 > 0. Since
a<0and yr < B <0, then F(Zy3) < 7z, ;(az, ;) < az, 5, the trajectory that
contains the unstable manifold of the saddle crosses the crossing region twice before
reaching the sliding region from X%. Therefore, by continuity, there exist values of
«a and B so that this trajectory reaches 3° at the pseudo-equilibrium point. This
new curve provides a connection between Sy, , and Pr(Z,s). The rest of the
proof is similar to the proof of Theorem A. (I

Theorem E. Suppose that Zy is of type DSCa. Then for a family Z,pz =
(Xa.8,Ya,8) € Vo, bifurcation curves, vYpy, Yrg, YP,, and Yp., emerge from the
origin and the following statements hold:

1. for B < 0: identical to the cases given in Theorem C.
2. for B > 0: there exists a pseudo-node which is an attractor for the sliding
vector field and:

(a) if (o, B) € R2 = {(, 8);0 < B < vp, (v, B)}, then a repelling limit
cycle through 3¢ coexists with a sliding pseudo-cycle passing through Sx,, ,;

(b) if (o, B) € yp, then a repelling limit cycle through 3¢ coexists with
a pseudo-cycle passing through Sx, ,;

(C) Zf (Oé,ﬂ) € R% = {(Oé,ﬂ);’)/Pl(Ohﬂ) < ﬂ < ’YPE(aaﬂ)}; then a
repelling limit cycle through 3¢ coexists with a sliding pseudo-cycle passing
through Sx., ,;

(d) if (o, B) € ypg, then a repelling limit cycle through ¢ coexists with
a sliding polycycle passing through Sx., , and Pg(Za,p), which contains only
one segment of sliding orbits;

(¢) if (,8) € R2 = {(a,B)ivpu(esB) < B < yp(c, B}, then a
repelling limit cycle through ¢ coexists with a sliding polycycle passing
through Sx, , and Pgp(Za,p), which contains two segments of sliding or-
bits;

(f) if (o, B) € v, then a repelling limit cycle through 3¢ coexists with
a sliding polycycle passing through Sx., ,, Pe(Za,5) and F(Zap);

(9) if (a,8) € RE = {(a, B);vr(a, B) < B < Apg(c, B)}, then a re-
pelling limit cycle through ¢ coexists with a sliding pseudo-cycle passing
through SXa,Bf

(h) if (o, B) € Apy, a repelling limit cycle through X° coezists with a
sliding polycycle passing through Sx, , and Qz, ,, which contains only one
sliding segment;
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(i) if (a,8) € R: = {(o,B);8 > Fpy(a,B) and o < 0}, then a
repelling limit cycle through ¢ coexists with a sliding polycycle passing
through Sx, , and Pg(Za,p), which contains two sliding segments;

(5) if « =0 and B > 0, then there exists a repelling degenerate cycle
through Sx., ;;

(k) if (a,8) € R3 = {(o,3); 8 > 0 and a > 0}, then no cycle was
detected.

The bifurcation diagram is illustrated in Figure

Proof. The only difference from the proof of Theorem A is the position of the limit
cycles given in Proposition [3 O

The following theorems concern the last two cases, DSC3; and DSCss.

Theorem F. Suppose that Zy is in the case DSC3y and B > 0. Then for a family
Zog = (Xa,p,Yap) € Vo, bifurcation curves, yp, and yp, emerge from the origin,
there exists no pseudo-equilibrium, Sx, , is a repeller for the sliding vector field,
and the following statements hold:

if (o, B) € RE, where RS = {(a, 3);0 < B < vp,(a, )}, then there exists a
sliding pseudo-cycle through Sx,, ,;

if (a, B) € yp,, then there exists a pseudo-cycle passing through Sx, ,;

if (a, ) € R = {(a, B);vp, (o, B) < B < vr(a,B)}, then there exists a
sliding pseudo-cycle through Sx., ,;

if (o, B) € vp, then there exists a sliding pseudo-polycycle through Sx, ,
and F(Zy,8);

if (, ) € R = {(a,8);7r(a, ) < B and a < 0}, then there exists a
sliding pseudo-cycle through Sx., ,;

if o =0 and 8 > 0, then there exists an attracting degenerate cycle through
SXO“/;;

if (o, B) € R} = {(a, B); B > 0 and o > 0}, then there exists a limit cycle
passing through 3°.

The bifurcation diagram is illustrated in Figure

Proof. Since Zj is in case DSC3p, the saddle-regular point is of type BSj3, i.e.,
the pseudo-equilibrium points appear when the saddle is virtual (8 < 0). Thus,
there is no pseudo-equilibrium for 8 > 0. The position of the limit cycles given in
Proposition [3] implies that they happen for o > 0. The rest of the proof is similar
to the proof of Theorem A. O
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Theorem G. Suppose that Zy is in the case DSCss and 8 > 0. Then for a family
Zag = (Xa,p,Ya,p) € Vo, bifurcation curves, yp, and yp, emerge from the origin,
there exists no pseudo-equilibrium, Sx, , is a repeller for the sliding vector field,
and the following statements hold:

(a) if (a,B) € RE, where R3 = {(a, 8);0 < B < vp, (o, B)}, then a repelling
limit cycle through 3¢ coexists with a sliding pseudo-cycle through Sx, ,;

(b) if (a,8) € vp,, then a repelling limit cycle through 3¢ coexists with a
pseudo-cycle passing through Sx, ,;

(c) if (o, B) € RE = {(a, B);vp, (@, B) < B < yr(e, )}, then a repelling limit
cycle through 3¢ coexists with a sliding pseudo-cycle through Sx, ,;

(d) if (o, B) € yF, then a repelling limit cycle through 3¢ coexists with a sliding
pseudo-polycycle through Sx., , and F(Z,p);

(e) if (o, B) € RE = {(o, B);vr(, B) < B and a < 0}, then a repelling limit
cycle through 3¢ coexists with a sliding pseudo-cycle through Sx, ,;

(f) if « =0 and 8 > 0, then there exists a repelling degenerate cycle through
SX&,B 5

(g) if (o, B) € R} = {(, B); B> 0 and « > 0}, then no cycle was detected.

The bifurcation diagram is illustrated in Figure

Proof. The position of the limit cycles given in Proposition [3| implies that they
happen for a < 0. The rest of the proof is similar to the proof of Theorem F. [

Theorem H. Suppose that Zy is in the case DSC31 or DSC3o and f < 0. Then
the a Zog = (Xa,p, Ya,8) € Vo satisfies: there exists no pseudo-equilibrium, Sx., ,
is an attractor for the sliding vector field, and:

(a) if B =0 and a < 0, then there exists a sliding cycle passing through the
SX(V,/a ;

(b) if « = 0 = B, then there exists an attracting degenerate cycle passing
through Sx, ,;

(¢) if =0 and o > 0, then there exists an attracting limit cycle through X¢;

(d) if (o, B) € R} = {(a, B);vpp(a, B) < B < 0}, then there exists a sliding
cycle passing through the fold-regular point F(Zy g);

(e) if (o, B) € vpy, there exists a polycycle passing through F(Zy g) and Pg(Za.g);

(f) if (o, 8) € Ry = {(o,B);a < 0 and B < vpy(a, B)}, then there exists a
sliding cycle passing through Px, ,;

(g) if « =0 and B <0, then an attracting degenerate cycle through F(Z, g);

(h) if (o, B) € R = {(a, B); B < 0 and o > 0}, then there exists an attracting
limit cycle through X7 .

The bifurcation diagram for DSC3; and DSC35 are illustrated in Figures [15|and
[16] respectively.

Proof. The position of the limit cycles given in Proposition [3] implies that they
happen for a > 0. The rest of the proof is similar to the proof of Theorem A. [
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FIGURE 15. Bifurcation diagram of Z, g: case DSC3;.
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FIGURE 16. Bifurcation diagram of Z,, g: case DSC3a.
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5. THE RESONANT CASE

5.1. Class of Vector Fields with Hyperbolicity Ratio = 1. Let A be the
set of all nonsmooth vector fields Z = (X,Y) € Q! | > 1 big enough for our
proposes, where X has a hyperbolic saddle Sx and, in a neighborhood of Sx, X is
C2-conjugated to a vector field W (x) = Ax + ¢, where

(4) A<28) and c<:cb‘g)

with a,b > 0, Sx = (%,7), and ¥ = h~1(0) where h(x,y) = y. This conjugacy
preserves the discontinuity set ¥. The eigenvalues of A in equation [4| are +v/ab,
therefore, for all Z € A, the hyperbolicity ratio of any Sx is equal to 1.

By considering vector fields in Vz, N A we now perform an analysis of the first
return map. We proceed similarly to the analysis performed for the case r ¢ Q.
The main difference is that we consider ¥ fixed and the saddle point variable. Then
for each Z € Vz, N A, there is no loss of generality in assuming ayz = 0 (this is
possible up to translation maps) and the image of az by conjugacy is also 0 (this
is possible because the conjugacy preserves ).

Let 7 C 1 be a transversal section to the flow of X such that, if Sx € ¥, then
7 is above Sx. In this case, the transition map of X near Sx is p1 : [0,07) — o with
p1(x) being the projection on the first coordinate of the point where the trajectory
of X passing through (z,0) € [0,d7) x {0} meets 7 at the first (positive) time. Let
mw C {(z,¢) € R?} be the transversal section to the flow of W for some ¢ > 0, such
that this section is contained in the neighborhood where W and X are conjugated.
Without loss of generality we assume that 7 is the image by conjugacy of oy .

Lemma 2. The transition map pw : [0,0) — ow can be differentially extended to
an open neighborhood of 0.

Proof. The trajectories of W lie in the level curves of the function G(z,y) = bx? —
ay? + 2c1x — 2c0y, where ¢; = —b% and co = —aj. Assume that py is defined for
0 <z < 4. For each (2,0) € ¥ with 0 < z < § we obtain

2
2c1 a 2¢o ci

5) f’“”“ﬁ”ﬂ*ﬁ”ﬁ%z-

a
The z-independent part of the expression inside the square root, Q(e) = 552 +

2c
== is a polynomial of degree 2 in . We analyze this polynomial in three

cf
e+ bj,
different cases:
(i) If § < 0 we have ca > 0. As Px = (0,0) we must have ¢; = 0 and since
a,b > 0 it follows that Q(g) > 0 for € > 0.
(if) If § = 0 then Sx = (0,0), consequently ¢; = ¢z = 0 and Q(g) > 0 for € > 0.
(iii) If § > 0, then ¢o < 0. Imposing the condition that the stable manifold of
Sx intersects 3 in (0,0) we obtain ¢; = —ca4/b/a > 0. It implies that Q
has only one root, which is —¢o/a = g and Q(¢) > 0 for alle > 0 and € # §.
However, for our proposes, € > . Thus, Q(g) > 0 for € > .
Therefore, choosing ¢ > max{0, 3} we obtain Q(¢) > 0, and we can find oy > 0
such that the expression inside the square root in is positive for x € (—dw, dw).
It follows that py can be differentially extended to an open neighborhood of 0. [
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Since W is C2?-conjugated to X in a neighborhood of Sx there exists a diffeo-
morphism of class C2-, 1, defined in a neighborhood of Sy, such that ¥(Sy) = Sx
and

(6) p1(x) = o pw o™ ().

It follows from this expression that p; can be at least C2-extended to an open
neighborhood of 0, allowing us to calculate the Taylor series of 7z at = 0 to order
2.

Proposition 4. Consider Z = (X,Y) € ANVyz, and let Sx = (Z,7) be the saddle
point associated with X. Suppose that the first return map is defined in a half-open
interval [0,07), for some 6§z > 0. Then the first return map of Z can be written as

(7) mz(x) = a4+ ki(B)x + k2 (B)2* + h.o.t.,
where 0 < |k1(8)] <1 if B >0 and k1(8) =0, k2(B8) >0 if 5 < 0.

Proof. The proof follows directly from Lemma [2] by calculating the derivatives of

7z(x) = p3 0 p2 0 p1(2). 0
It follows from this result that for Z we have 7;(0) = 0, ‘ZFTZ(O) = 0 and
d;;rf (0) > 0. Let T be the degenerate cycle of Z. Since the first return map is

only defined in a half-open interval, there exists a neighborhood of I'" such that
the orbits of Z in this neighborhood, through points where the first return map is
defined, having I' as w-limit set. Another consequence of this proposition, which
has a similar proof as to that of Proposition [3] is the following.

Corollary 1. Under the hypotheses in the Proposition |, if Z € Vz, N A is such
that a > 0 then, for some x > 0 sufficiently small, Z has a stable limit cycle passing
through (x,0) € X. If Z is such that o = 0, then there exists a degenerate cycle T’
having a neighborhood for which the orbits of Z in this neighborhood passing through
points where the first return map is defined have I' as w-limit set.

Therefore, for Z € V7, N.A the first return 7 has the graph equal to the graph for
nonresonant saddles with hyperbolicity ratio smaller than 1. Therefore, depending
on the structure of the local saddle-regular point, the bifurcation diagram in this

case is given in Figure [I1] or[I3] or

5.2. Model with Hyperbolicity Ratio in Q. Now we consider a model with
hyperbolicity ratio r > 0, and study how the system evolves for some values of r €
Q. Consider Z, = (X,,Y,) witha = (r,k,d,m), ¥ = h=Y(0), h(z,y) = y+x/4—m,
and

T -1
o x( Ly o) w2,

Observe that:

- Forr >0, Sx, =5 = (0,0) is a hyperbolic saddle of X, with hyperbolicity
ratio r.
- W5(S, X,) = {(z,y) € R*%; z = 0} and

) 23 x
We(S, X) = {(x,y) eER%y=—25 - /11}-
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S WS, X)) NE = Py and W¥(S,X,) NS = {Py, P, P}, where P; =
Pi(r,k,m) = (z;,—z;/4+m), j =1,3,4, P, = (0,m) and z4 < 21 < 3.
If m >0 then z1 > 0, z1 < 0 for m < 0, and z; = 0 if m = 0. Also, for

m=0, x4 = — Wandxgz W. Then for k£ < 0,

W (S, X,) crosses 3 in three different points if m ~ 0.
- Fz, = (zp,—xr/4+ m) is the fold point of X, near S for m # 0. Fyz, is
visible if m > 0 and invisible if m < 0.
- Fy = (d - %, —% + % — m) is the unique fold point of Y,, which is invisible.
- Given pg = (zo, —zo/4+m) € X, the trajectory of Y, through py meets
Y. again at the point (2d — 1/2 — x¢, (xg — 2d)/4 4+ 1/8 + m). In this case,
consider p3(xg) = 2d — 1/2 — xy.
- For k<0, m=0, and d > 0 S is a saddle-regular point of type BSs.
- By considering ¥ parametrized by the first coordinate (x — (z, —x/4 +m)
), the sliding vector field is
25() = — 423 + 422 + (4k — 4d —r) + dmr
423 — (b — 4k +r)z +4mr+4d — 17
For any two points p; and po in 3, we can choose the parameter d so that they lie
on the same trajectory of Y,. Phase portraits of X, and Y, for m =0, r > 0, and
k < 0 are given in Figure

(b)

FIGURE 17. Phase portraits of (a) X, and (b) Y, with m =0, r > 0, and k < 0.

In what follows, assume r > 0, k£ < 0, and m = 0 sufficiently small such that
WH(S,X,)NY =3. Fix r > 0 and k,0, for each m, by varying d, we obtain all
configurations given by the curves vr, vp,, 7p,, and vyp,, depending on the signal of
m. By changing m and d we want to show that Z, realizes the bifurcation diagram
DSCsy if r > 1 or DSC35 if r < 1. To do so it is enough to show the existence of
the limit cycles given in that bifurcation diagrams, and that the pseudo-equilibria
appear when m > 0, i.e., when the saddle is virtual. Since a full account of the
algebraic cases is not feasible, we illustrate them numerically.

Graphs of the first return map for some values of the parameters were obtained
numerically. All graphs are given with the variable x having an initial point at
the corresponding az for which the first return is defined. See Figures [I§ [20]
and [22] for some values of r € Q satisfying 0 < r < 1 and see Figures
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and 23] for some values of r € Q with » > 1. For each m fixed, the first return
map varies continuously as the other parameters vary, implying that the results
for nonresonant saddles remains true for this model. By performing a numerical
analysis of the pseudo-equilibrium, we have that the bifurcations of the degenerate
cycles obey bifurcation diagrams given in Figure[I5]if » > 1 and Figure [I6]if r < 1.
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FIGURE 18. First return map: m =0, k = —1, and r < 1.
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F1Gure 19. First return map: m =0, k = —1, and r > 1.
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FIGURE 20. First return map: m = —0.5, k = —1, d = 1.27, and r < 1.
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FIGURE 21. First return map: m = —0.5, k = —1, d = 1.3, and r > 1.
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FIGURE 23. First return map: m = 0.2, k = —1, d = 1.15, and » > 1.
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6. APPLICATION: A PENDULUM WITH ON/OFF CONTROL

Consider the model for a simple pendulum with damping given by

©) (5) = ( oy Lingey ) = Xenlo

where x is the angle with the vertical axis, y = & is the angular speed and a; is a
negative constant.
Let us then apply a control to the pendulum, in the form of an extra driving

0
force, as (w + g) M added to @[) if £ < az —aq(x+ 7). The result is a nonsmooth
Y

system with nonsmooth vector field Z, = (X,,, Ya,.4,), With a = (a1, a2, as, a4),
Y ={(z,y) € R%y+ay(z +7)=az}, and

Yy

Yarx (,y) = < ary — sin(z) + as (a: + g) > '
a1 —/a2+4
a1+ a§+4'
It is a real saddle when a3 < 0, a boundary saddle when a3 = 0, and a virtual saddle
when ag > 0. For asz = 0 there exists a tangency point, in X, near Sx which we
label Pz, and the first coordinate of this point will be denoted by p,. The point
Pz, coincides with Sx when a3 = 0 and it is a fold point if as # 0. A direct
calculation gives that, for x ~ p,, there exists a crossing region when z > p, and
there is a sliding region when x < p,.

This model realizes a degenerate cycle as studied in the previous sections. Some
examples of trajectories are illustrated in Figure These show that the unstable
manifold of the saddle in ¥ meets ¥ in the sliding region, after it passes through
¥:¢, and the unstable manifold of Sx in ¥ meets ¥ in the crossing region twice. It
follows from continuity that Z, presents a degenerate cycle through a saddle-regular
point for ag = —0.77, a3 = 0, a4 = 0.1 and some a; € (—0.2,—0.1).

Sx = (—m,0) is a saddle point of X, , with hyperbolicity ratio r(a;)=—

FIGURE 24. Trajectories of Z,. Left hand side corresponds to a =
(-=0.1,-0.77,0,0.1) and right hand side corresponds to a = (—0.2,—-0.77,0,0.1).
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This system represents the case DSC41, and realizes each one of the regions in
the bifurcation diagram in Figure For simplicity, let ¢, be the first coordinate
of the point @z, (near Pz, ) which vanishes the sliding vector field, i.e., @z, is the
pseudo-equilibrium point when it is in the sliding region.

e Region R}

Consider the following values of parameters and initial conditions: a = (—0.1, —0.77,
0.1,0.1), g1 = (—m,05) € X, and xg2 = (—2.8,0.1 — 0.1(w — 2.8)) € ¥+. For
these values p, = —3.14159..., q, = —2.14159..., 7w(zo1) = —4.51446..., and
7o (zo2) = —4.37873.... Since g, > pq, there is no pseudo-equilibrium point. The
correspondent trajectories are shown in Figure By continuity, the trajectory
passing through Sx intersects ¥ in the sliding region.

-3t

FIGURE 25. Trajectories of Z, in Ri: a = (-0.1,-0.77,0.1,0.1). The solid trajec-
tory corresponds to to zo1 and the dashed trajectory corresponds to to xo2. Pz,
is the black point and Qz, is the gray point.

e Region R}

Considering the following values of parameters and initial conditions: a = (—0.2,
—0.77,0.1,0.1), g1 = (—7,0.5)) € ¥F and zg2 = (—2.5,0.1 — 0.1(7 — 2.5)) € %,
we obtain p, = —3.13169..., ¢, = —2.14159..., m,(xo1) = —3.06627... and
7o (To2) = —2.90533. ... Since ¢, > p, there is no pseudo-equilibrium point. These
trajectories are shown in Figure By continuity, the trajectory trough Pz, (which
is a fold point) intersects ¥ twice in the crossing region twice. These trajectories
do not cross the sliding region near Pz,. We have m,((—3.1,0.1 — 0.1(7 — 3.1))) =
—3.00766 - -- > —3.1 and 74 ((—2.9,0.1 — 0.1(7w — 2.9))) = —2.9955 - - - < —2.9, since
the first return map is continuous, must exists an attracting limit cycle through a
point (x.,0.1 — 0.1(7 + z.)) for some z. € (—3.1,—2.9). See the graph of the first
return map in Figure 27]
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FIGURE 26. Trajecto- FIGURE 27. First re-

ries of Z, in R;: a = turn map in Ra: a =

(-0.2,-0.77,0.1,0.1). (-0.2,-0.77,0.1,0.1).

The  solid  trajectory The origin is located in

corresponds to to o1 (—2.5,—2.5).

and the dashed trajectory
corresponds to to xg2.
Pz, is the black point
and Qz, is the gray
point.

e Curve ot = {(a,0);a > 0}

When a3z = 0 the saddle point is on the boundary. For the values of param-
eters and initial conditions a = (—0.2,—0.77,0,0.1), o1 = (—7,0.5), and zpy =
(—2.8,—0.1(m — 2.8)) we obtain p, = g, = —3.14159. .., 7wa(xe1) = —3.02473 ...,
and 7, (zo2) = —2.93979.... These trajectories are illustrated in Figure The
unstable manifold of Sy in X7 intersects X¢, at the second time, in a neigh-
borhood of Sx. We have m,((—3.1,-0.1(7 — 3.1))) = —2.96489--- > —3.1 and
Ta((—2.9,—0.1(m —2.9))) = —2.95331 - - - < —2.9. Since the first return map is con-
tinuous, it implies in the existence of an attracting limit cycle through (z., —0.1(7+
x.)) for some z. € (—3.1,—2.9). See the graph of the first return map in figure

e Region R}

Consider the values of parameters and initial conditions:
a=(-0.2,-0.77,-0.1,0.1), 29y = (—7,0.6) € X7, and zpo = (—-2.9,-0.1 —
0.1(r — 2.9)) € S+. We obtain p, = —3.15149. .., g, = —4.14159 . .., 7q(z01) =
—2.99339..., and m,(xo2) = —2.89616 - - - < —2.9. These trajectories are shown in
Figure Hence, the unstable manifold in X1 that intersects ¥ at the crossing
region must intersect 3¢ again near Pz,. We have 7,((—3.1, —0.1(w — 3.1))) =
—3.31943 - - - > —3.1 then there exists an attracting limit cycle through (z., —0.1 —
0.1(m 4+ z.)) for some z, € (—3.1,—2.9). See the graph of the first return map in

Figure 31]

-26

—27h

28

30+

31"




BGAMILA DA S. ANDRADE, MIKE R. JEFFREY, RICARDO M. MARTINS, AND MARCO A. TEIXEIRA

-3
-4 -3 -2 -1 0 1 2 3
FIGURE 28. Trajec-
tories of Z, in at:
a = (—0.2,-0.77,0,0.1).
The solid trajectory
corresponds to to o1
and the dashed trajectory
corresponds to to xp2.
Pz, is the black point
and Qz, is the gray
point.
ol ]

FIGURE 30. Trajecto-
ries of Z, in Ré: a =
(-0.2,-0.77,—-0.1,0.1).
The solid trajectory
corresponds to to o1
and the dashed trajectory
corresponds to to xp2.
Pz, is the black point
and Qz, is the gray
point.
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FIGURE 29. First re-
turn map in at:
a = (—0.2,-0.77,0,0.1).
The origin of this axes is
located at (—2.5, —2.5).
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FIGURE 31. First re-

turn map in Ré: a =
(—0.2,-0.77,—0.1,0.1).
The origin of this axes is
located in (—2.5, —2.5).
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e Region R}

Consider the values of parameters and initial conditions a = (—0.185, —0.77,—0.2,0.1),
zo1 = (—7,05) € ¥, and zg2 = (—2.8,-0.2 — 0.1(m — 2.8)) € ¥ we obtain
Do = —3.15845..., g, = —5.14159..., ma(x01) = —3.33481..., and m,(ze2) =
—2.9545.... These trajectories are shown in Figure [32l The unstable manifold in
T, which intersects X¢, reach the sliding region near Py, after crossing through
> at twice.

e Regions R U~v,, UR}

Consider the values of parameters and initial conditions a = (—0.15,—0.77, —0.1,0.1),
o1 = (—m,0.5) € ¥t and xp2 = (—2.7,—0.1 — 0.1(7 — 2.7)) € ¥ we obtain
the values p, = —3.14657..., q, = —4.14159..., 7a(x01) = —3.57493... and
ma(o2) = —3.41217.... These trajectories are shown in figure The unstable
manifold in X%, which crosses 3¢, intersects Y at a point between the pseudo-
equilibrium and the fold point.

FIGURE 32. Trajecto- FIGURE 33. Trajectories of
ries of Z, in R}L: a = Zqo in Ré U Yz, URé: a=
(—0.185,—-0.77,—0.2,0.1). (-=0.15,-0.77,—-0.1,0.1).
The solid trajectory cor- The solid trajectory
responds to to zo; and corresponds to to o1
the dashed trajectory and the dashed trajectory
corresponds to to xp2. corresponds to to xp2.
Pz, is the black point Pz, is the black point
and Qz, is the gray and Qz, is the gray
point. point.

e Region R}

Consider the values of parameters and initial conditions @ = (—0.1,—0.77, —0.1,0.1),
xo1 = (=2.9,-0.1-0.1(r—2.9)) € ¥T, and zg2 = (—2.9, —0.1-0.1(7 —2.9)) € ©+.
Soa Pa = —3.14159. .. y da = —4.14159. .. s '/Ta(xOl) = —4.46432... s and 7Ta(1'02) =
—4.30114. ... These trajectories are shown in figure The branch of the unstable
manifold in T, which crosses ¥ transversely in X¢, intersects 3* at a point Py such
that the pseudo-equilibrium is located between P; and Py, .
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e Curve o= = {(a,0);a < 0}

Considering the values of parameters and initial conditions a = (—0.1, —0.77,0,0.1),
zo1 = (—7,0.5) € T, and w2 = (—2.8,—0.1(7 — 2.8)) € ¥ we obtain p, = q, =
—3.14159. .., ma(xo1) = —4.54177. .. and 7, (xp2) = —4.33775. ... These trajecto-
ries are shown in Figure So, the unstable manifold in ¥ crosses X¢ once before
it reaches >°.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

FIGURE 34. Trajecto- FIGurRE  35. Trajectories
ries of Z, in R%: a = of Z, in a : a =

(-0.1,-0.77,—-0.1,0.1).
The solid trajectory
corresponds to to o1
and the dashed trajectory
corresponds to to xgs.
Pz, is the black point
and Qz, is the gray
point.

(-0.1,-0.77,0,0.1).The
solid trajectory corre-
sponds to to zp1 and
the dashed trajectory
corresponds to to zp2.
Pz, is the black point
and Qz, is the gray
point.

7. CLOSING REMARKS

We have unfolded the homoclinic connection to a boundary saddle in nonsmooth
dynamical system. The local transition between regular saddle off and pseudo-
saddle on the switching surface, and the global bifurcation of periodic orbits from
the homoclinic orbit, create a complicated bifurcation structure. It would be worth-
while to improve the results by studying those bifurcations taking account the
cyclicity of limit cycles bifurcating from a homoclinic boundary-saddle connection
in the nonsmooth context, [6] can be seen as a guideline to this problem.

We have presented the bifurcation diagrams for non-resonant saddles only. The
application to a forced pendulum demonstrates how readily these bifurcations ap-
pear in practical control scenarios.
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