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INVARIANT INTEGRATION ON ORTHOSYMPLECTIC AND
UNITARY SUPERGROUPS

K. COULEMBIER AND R.B. ZHANG

ABSTRACT. The orthosymplectic supergroup OSp(m|2n) and unitary supergroup U (p|q)
are studied following a new approach that starts from Harish-Chandra pairs and links
the sheaf-theoretical supermanifold approach of Berezin and others with the differential
geometry approach of Rogers and others. The matrix elements of the fundamental
representation of the Lie supergroup G are expressed in terms of functions on the product
supermanifold Gy ® ROV, with Gy the underlying Lie group and N the odd dimension
of G. This product supermanifold is isomorphic to the supermanifold of G. This leads
to a new expression for the standard generators of the corresponding Lie superalgebra g
as invariant derivations on G. Using these results a new and transparent formula for the
invariant integrals on OSp(m|2n) and U(p|q) is obtained.
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1. INTRODUCTION

Supersymmetry was first introduced into particle physics in the 70s. Since then it has
had enormous impact on the development of theoretical high energy physics, particularly

1991 Mathematics Subject Classification. 58C50, 58A50, 17B99, 16T05.
Key words and phrases. Orthosymplectic and unitary supergroup, supermanifolds, invariant
integration.
The first author is a Ph.D. Fellow of the Research Foundation - Flanders (FWO).
1


https://core.ac.uk/display/55891516?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

2 K. COULEMBIER AND R.B. ZHANG

on the theories of supergravity and superstrings. Supersymmetry has also permeated
many other areas of physics such as random matrix theory and condensed matter physics
(see e.g. [15] 136, 137]).

The algebraic foundation of supersymmetry lies in the theory of Lie supergroups. In
this article we study the orthosymplectic supergroup OSp(m|2n) and unitary supergroup
U(plq), in particular, invariant integration on them. Invariant integration on Lie super-
groups requires a super version of the unique Haar measure on locally compact Lie groups,
which will be developed here within the context of the superalgebras of functions on su-
pergroups with comultiplications (when restricted to the regular functions, they become
Hopf superalgebras). More specifically, we wish to construct formulae of the form (3.4)).
An outline of our construction is given in Section [3| which should be helpful for under-
standing the aims and main results of the paper without going through all the technical
details.

Our main results are explicit and transparent formulae for the invariant integrals (that
is, generalisations of Haar measures) on OSp(m|2n) and U(p|q), which are respectively
given in Theorem and Theorem [6.4, The corresponding results, but written in the
approach to supergroups of [13] 26, 28], 29], are also presented in section . The new ex-
pressions for the invariant integrals enable us to prove their non-degeneracy (see Corollary
and Corollary for the precise statements), which is a question that could not be
resolved previously.

The invariant integrals obtained in the present paper can be applied directly to random
matrix theory. They can be used to extend results on integrals of monomials on classical
Lie groups to supergroups (see e.g. [0, [16]), and to generalize Itzykson-Zuber or Harish-
Chandra integrals to Lie supergroups (see e.g. [I8 19, 23], [37]). One simple application
to random matrix theory is discussed Section [7, where we give an explicit construction
of the invariant measure on UOSp(m|2n) implicitly used in [19]. It was demonstrated in
[37] that Harish-Chandra-Ttzykson-Zuber integrals on supergroups naturally appeared in
the theory of disordered metals within a nonlinear o-model approach (see e.g. [15]) to
computing physical quantities at low wave lengths. It was the supersymmetric techniques
that led to considerable progress in analytical computations in this area.

From a mathematical point of view, the expressions for the integral over supergroups
in the present paper can help to develop Fourier theory (as in [3]) on Lie supergroups.
Note that the invariant integral for the abelian Lie supergroup RPI¢ corresponds to the
ordinary Berezin integral [6 29, 31]. Finally the quantum and graded Haar measure is an
important tool in the study of quantum and supergroups, see e.g. [§].

Our approach to invariant integrals on Lie supergroups is algebraical rather than mea-
sure theoretical as, for instance, in [2]. This approach was started in [31, 32]. Earlier
work on integrals on Hopf algebras can be found in e.g. [8, 21, 34]. In [31] the unique-
ness of invariant integrals over Lie supergroups was proven. In [32] the existence of this
invariant integral was proven for all complex finite dimensional classical Lie superalge-
bras. The Lie superalgebra osp(m|2n) of the orthosymplectic supergroup and the Lie
superalgebra u(p|q) of the unitary supergroup are real forms of such classical Lie superal-
gebras. An explicit formula for the invariant integral was presented in [32]. However, the
resulting expression is very unwieldy in general; only in the cases OSp(1|2n), OSp(2|2n)
and OSp(3|2) the formula [31] becomes readily usable for practical computations. In the
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present paper a new approach to OSp(m|2n) and U(p|q) will be adopted, which will pro-
duce a transparent expression for the unique invariant integrals on these Lie supergroups
for all values of (m,n) and (p, q) respectively.

There are different approaches to Lie supergroups. One approach starts from the sheaf-
theoretical formulation of supermanifolds ([0, 24], 25]) and defines Lie supergroups as
supermanifolds equipped with super multiplications. This is the approach that will be
followed in this article, which implies that a supermanifold is by definition an object of
this category. Although this approach is elegant, explicit examples of Lie supergroups are
more easily obtained in other approaches. In the approach to supermanifolds taken in
[13, 29], a Lie supergroup is defined as a matrix group of supermatrices with their entries
belonging to a certain Grassmann algebra Ay of degree (Q with @) ‘big enough’, see e.g.
[26], 28]. These two approaches are known to be equivalent [5]. Another way to explicitly
construct Lie supergroups makes use of the equivalence between the categories of Lie
supergroups and of super Harish-Chandra pairs [4, 25], where a super Harish-Chandra
pair consists of a Lie superalgebra and a Lie group with certain compatibility conditions.

In this paper we define the orthosymplectic supergroup OSp(m|2n) and the unitary
supergroup U(p|q) as the unique Lie supergroups corresponding to the Harish-Chandra
pairs (O(m) x Sp(2n),esp(m|2n)) and (U(p) x U(q),u(plg)). We then construct the
functor from Harish-Chandra pairs to Lie supergroups, (g,Gy) — G, in a new way. In
order to do this, we consider the fundamental representation of the Lie supergroup. This
corresponds to the defining representation of the Harish-Chandra pair. We express the
matrix elements of the representation in terms of functions on the underlying Lie group
taking values in the algebra of N free Grassmann variables (with N the odd dimension of
the Lie supergroup). This links the first approach to Lie supergroups with the second, and
in some sense, ‘solves’ the second approach by introducing an expression for the matrix
entries in terms of the Grassmann variables. This shows that () ‘big enough’ does in fact
mean () > N. We also very briefly discuss the interpretation of our formulas for the
second approach to supermanifolds. With a minor adjustment we obtain formulas for the
invariant measure discussed in e.g. [19].

The link between the matrix elements of the fundamental representation and the func-
tions on the Lie supergroup introduces the multiplication on the supermanifold, leading to
the structure of a Lie supergroup. Then, we can use the well-known functor from Lie su-
pergroups to Harish-Chandra pairs to derive an action of the Harish-Chandra pair of a Lie
supergroup G on the underlying supermanifold of G. In particular, the Lie superalgebra
g acts by derivations.

Inputting this fact into the characterization of invariant integration used on OSp(m|2n)
in [10], one obtains a differential equation in the Grassmann variables, the solution of
which gives rise to a very explicit and transparent formula for the integral on OSp(m|2n).
In the cases OSp(m|2) and OSp(1|2n), the result is particularly elegant. Results for
the Lie supergroup U(p|q) immediately lead to an expression for the invariant integral
on U(p|q), which is very elegant for all values of p and ¢. The new expressions for the
integrals on OSp(m|2n) and U(p|q) also enable us to prove their non-degeneracy. Our
formula also leads to an explicit construction of the invariant measure on UOSp(m|2n)
implicitly used in [19], see Section

The paper is organized as follows. First, a short introduction into the theory of Lie
supergroups and Lie superalgebras is given. This is followed by a general outline of how
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we will construct Lie supergroups corresponding to Harish-Chandra pairs. The orthosym-
plectic superalgebra osp(m|2n) and unitary superalgebra u(p|q) are introduced using their
corresponding fundamental representations. These representations are used to obtain an
expression for the multiplication of the corresponding Lie supergroups OSp(m|2n) and
U(plq). Then, an expression for the generators of the Lie superalgebras osp(m|2n) and
u(p|q) as derivatives on the Lie supergroups, is calculated. Finally, using the obtained
results, the expression for the invariant integral on OSp(m|2n) and U(p|q) is calculated.
The case OSp(m|2n) needs some extra attention, since OSp(m|2n;C) does not have a
representable compact real form, see discussion in [27, [33]. The simplest case p =1 = ¢
is used to demonstrate the calculation of integrals of monomials over U(1|1). Then we
extend the results to the physical approach to supergroups. Finally a short conclusion
gives an overview of the most important results.

2. PRELIMINARIES

We give a short introduction to superspaces, superalgebras, supermanifolds and Lie
supergroups. The material can be found in, e.g., [0, 35]. For a field K, we introduce the
super vector space (i.e., Zy-graded vector space) V =V, @V} = K*! with the degree 0
subspace V, = K¥ and degree 1 subspace V; = K!. Call V, and V; the even and odd
subspaces of V respectively. The standard basis of K consists of the vectors e; for
1 <5 <k+I, where

2.1 e; =(0,---,0,1,0,---,0) with 1 at the j-th position.
( i = (0, NUSEES j-th p

The elements e; with 1 < j < k span V,, and e; with k+1 < j < k+ [ span V;. A
vector u belonging to Vy UV is called homogeneous, and in this case we define |u| = «
for u € V, where a € Zy = 7Z/(27). We also introduce a function

[]:{1,2,--- Jk+1} = Zy, [j]=0if 7 <k and [j] =1 otherwise.

Then |e;| = [j] for all j.

A superalgebra A over K is a super vector space equipped with a multiplication m :
A® A — A that preserves the gradation in the sense that |m(a®b)| = |a|+ |b| for a and b
homogeneous. The sum |a|+b| is understood to be (mod 2) since it is inside Z,. Hereafter
definitions for various algebraic structures will often be given for homogeneous elements
only and assumed to be defined for the entire super vector space through linearity.

A super K-bialgebra is a superalgebra A with a comultiplication A : 4 — A ® A,
which is an algebra homomorphism and preserves the gradation. Here the multiplication
on A® A for A being a superalgebra is defined by

(a@b)(cad) = (=1 (ac® ba).

The fact that the comultiplication is an algebra homomorphism can then be expressed as
A(ab) = A(a)A(b) for a,b € A.

The algebra of regular functions on a Lie group becomes a bialgebra with comultiplica-
tion given by the pullback of the multiplication, A(f)(A® B) = f(A- B) for f € C*(Gy)
and A, B € G for a Lie group Gy. For a matrix Lie group the matrix elements z;; € C*(Gy)
(defined by x;;(A) = A;j for A € Gy) clearly satisfy A(z;;) = >, T ® ;.
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Definition 2.1. A corepresentation x of a super bialgebra A with comultiplication A on
a super vector space V is a gradation preserving linear mapping

X : V—oARYV

satisfying (e ®idy)ox = idy with € the counit and (T ®idy)o (idg@x)ox = (A®idy)ox,
where the flip operator is defined by T(a®b) = (—=1)Ilb®a for all homogeneous a,b € A.

For any two super vector spaces V = Vy @ V; and W = W, & W, we denote by
Hom(V, W) the vector space of C-linear maps from V to W. It is naturally Zs-graded,
thus is a super vector space, with

Hom(V, W), = Hom(Vy, Wy) @ Hom(Vy, W),
Hom(V, W), = Hom(Vy, Wi) @ Hom(V;, W).

We denote Hom(V,V) by End(V), which forms an associative superalgebra under the
composition of linear maps.

The super vector space End(K*") can be identified with the super vector space K+ +0)
of matrices. It has a homogeneous basis consisting of elements F,, given by

Eab'ec - 6bcea7

with {e. | ¢ = 1,--- ,k + [} the standard basis for KFI!. The Z,-gradation is given by
Bl = [a] + 8]

Recall that a Lie superalgebra is a superalgebra where the multiplication satisfies a
graded version of the Jacobi identity and is super anti-symmetric, see e.g. [22], 25]. Now
End(K*') is a Lie superalgebra with Lie superbracket given by the graded commutator,

(2.2) X,Y] = XY - (—D)XIWyx

for homogeneous elements X,Y € End(K*"). This is the general linear Lie superalgebra
gl(k|l; K). We denote the natural representation of gl(k|l;K) on K*! by p™. For X €
gl(k|l; K), we have the (k + 1) x (k + [)-matrix (X) defined by

k41
(2.3) Pr(X)ec = Y X
a=1

The standard definition of a supermanifold (see e.g. [5, [6] 24, 25, 26]) is of a sheaf
theoretical nature. A sheaf O of superalgebras with unity on an m-dimensional manifold
M, consists of a map from each open subset U of My into a superalgebra O(U) and
a collection of superalgebra homomorphisms O(U) — O(V) for each pair of open sets
U and V of My such that V' C U. These superalgebra homomorphisms, called the
restriction maps, satisfy a series of axioms, see, e.g., [24]. In particular, given a sheaf of
superalgebras, one automatically has a sheaf of superalgebras OV on each open subset
V of My with OV(U) = O(U) for each open subset U of V. The standard example
is the sheaf of smooth functions on a manifold My, denoted by Cg; . We will also use
the notation C*(My) = C3y, (M) for the commutative algebra of smooth functions on
the manifold. For a continuous map of manifolds f : My — Ny and a sheaf O on M,
the push forward of O is a sheaf on Nj defined by f,O(U) = O(f~*(U)), for each open
U C MN.
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Definition 2.2. A supermanifold M = (Mo, Orm) of super dimension D|N is a ringed
space with Mg a smooth D-dimensional manifold and On a sheaf of R-superalgebras
with unity on Mg, where Oy is required to satisfy the local triviality condition that there
exists an open cover {U;}ier of Mo and isomorphisms of sheaves of superalgebras T; :
(9/({}'1 — CF ® Ay, where Ay is the Grassmann algebra of degree N (that is generated by
N anti-commuting variables).

Here Oy is the structure sheaf of M. TIts sections (the elements of the superalgebra
Om(My)) are referred to as superfunctions on M.

Remark 2.1. The existence of T; : O/I{}'l — CpZ @ Ay corresponds to the expansion, in
the physics literature, of superfunctions in the Grassmannian coordinates with coefficients
being usual smooth functions on Uj.

A morphism of supermanifolds ® : M — AN is a morphism of ringed spaces (¢, ¢%).
The mapping ¢ : My — Nj is a manifold morphism and ¢* : Ox — ¢.O is a morphism
of sheaves local on each stalk. The morphism & is entirely determined [24] by its induced
mapping of sections

O, On(No) = O (671 (ND)) -
To keep the notation simple, we will also denote ¢/ﬁ\/0 by ¢*.

Each point p € M, defines a morphism 4§, : ({*},R) — (Mg, Or), with {*} the
manifold consisting of one point. This is defined by

(2.4) 03(f) = [flo(p)

where [-]o is the canonical projection O (M) — C35,(Mo), also denoted by &% The
identity morphism on a supermanifold M is given by
idp = (idpgy, idyy) : M — M.
We define the supermanifold morphisms p : M — M & M by po(u) = u ® u and
P(f®g) = fg,and C : M — (x,R) by C*(\) = Al with 1y = 1,4, the unit function
on M.

Definition 2.3. A Lie supergroup is a supermanifold G = (Go, Og) equipped with the
additional structure of a supermanifold morphism p = (po, 1¥) : G® G — G, an involutive
diffeomorphism v = (v, V%) : G — G and a distinguished point eg € Gy. These satisfy
po (idg ® po (idg ®idg)) = po(uo (idg® idg) ® idg)
[,L O (ng ® (569) - @dg e Iu o (66(_; ® ng)
pro(idg@v)op = 0eq0C = po(v®idg)op.
With this definition, the underlying manifold G, of a Lie supergroup ¢ becomes a Lie
group with multiplication py and inversion 1.
The structure sheaf of a Lie supergroup is always globally split, see e.g. [25]. This
means that for any Lie supergroup G of dimension D|N, the structure sheaf satisfies
(2.5) Og = Cg @Ay.

In other words, the anti-commuting variables correspond to global coordinates and that
the properties of the sheaf Og correspond exactly to those of Cg.
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For the definition of the multiplication pu, the product supermanifold G ® G was intro-
duced. The corresponding sheaf Oggg is a completion of the product of sheaves Og ® Og,
see [20]. Since the sheafs are globally split this completion is the same as that for ordinary
Lie groups. Restricting to the superalgebra Og(Gy) of regular functions on the supergroup
(generated by the matrix elements of representations of G), we obtain a supercommutative
super Hopf algebra ([I, 34]) with multiplication p*, comultiplication x#, antipode v#, unit
1g and counit ¢* o

Let DerA denote the super vector space of derivations of a super (Zy-graded) algebra
A. The homogeneous derivations are the homogeneous endomorphisms X on A which
satisfy the graded Leibniz rule

X(ab) = X(a)b+ (=1)Xllelg X (b),  for a,b € A (with a homogeneous).

It is easily checked that DerA is closed under the graded commutator (2.2). Therefore
the super derivations form a Lie superalgebra.

Definition 2.4. The Lie superalgebra g corresponding to the Lie supergroup G is the
algebra with elements given by

{X € DerOg(Go)|if o X = (X ®@id}) oy}
and with multiplication given by the supercommutator [X,Y] =X oY — (—=1)XINVy o X

The distinguished point eg of Gy will also be denoted by 0. The evaluation at that

point (2.4) therefore is denoted by (5?). The following lemma is an immediate consequence
of Definition 2.4l

Lemma 2.1. An R-vector space basis for the Lie superalgebra g is given by the derivations
Zj = (5go}g®idﬁg> o pf

for {Y;,7 = 1,--- D} the bosonic derivatives with respect to a set of local coordinates
on Gy in a neighborhood around the origin and {Y;,j =D +1,--- , D+ N} the N global
Grassmann derivatives.

This lemma in particular enables us to obtain explicit realisations of the Lie superalge-
bra in terms of derivations on the superalgebra of functions on the supergroup, see, e.g.,
equations and for the orthosymplectic supergroup. Also we immediately see
from the lemma that the superdimensions of a Lie supergroup and its Lie superalgebra
coincide.

In view of Definition [2.4], we can define a mapping from Lie supergroups to pairs of Lie
groups and Lie superalgebras, G — (Gp, g). The Lie group and Lie superalgebra satisfy
the compatibility conditions of a super Harish-Chandra pair:

Definition 2.5. A Harish-Chandra pair is a pair (Go, @), consisting of a Lie group G
and a Lie superalgebra g = go @ g1 with go the Lie algebra of Gy and a representation Ad
of Gy on g such that

o Ad on g is the usual adjoint action,
e the differential of the action at the identity is equal to the Lie superbracket, re-
stricted to go X @.
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In order to complete the Harish-Chandra pair corresponding to G, the adjoint repre-
sentation of Gy on g is defined as

(2.6) Ad(g)X = (6 @idf) o pfo X o (6% x idf) o 4if,

for g € Gp and X € g. This action of Gy on g is canonically extended to the universal
enveloping algebra U(g). The functor G — (G, g) from the category of Lie supergroups
to the category of Harish-Chandra pairs described above is an equivalence (see [24]). The
inverse functor is constructed in [4, 25].

We denote by Aut(V') the automorphism group on a classical vector space V.

Definition 2.6. A representation of a super Harish-Chandra pair (Go,g) on a graded
vector space V is a pair 11 = (g, p™), with

o my: Go — Aut(Vy) x Aut(Vy) a group morphism

e p": g — End(V) a Lie superalgebra morphism
such that dmy = p™ on g, and p™ (Ad(g)X) = Ad(mo(g))p™(X) for X € g and g € Gy.

The adjoint representation of Aut(Vy) @& Aut(Vy) on End()V) is naturally defined.
A linear functional T" on Og(Gy) is called left-invariant if

(idh @ T) ot = 14T
holds. This corresponds to the definition of invariant integration for Lie groups and to
the notion of invariant integration on Hopf algebras.

The invariance of integration on a Lie supergroup can be expressed in terms of the
Harish-Chandra pair, see [10]:

Lemma 2.2. Consider a Lie supergroup G with multiplication p and corresponding Lie
superalgebra g. A linear functional fg : Og(Go) — R is left-invariant if and only if

o (0 x [J)opt= [, forallgeGy,
ofgoX:O for all X € g.

A (left-)invariant functional on Og(Gy) is called an invariant integral on G.

In the present paper we aim to calculate explicit expressions for this integral which are
useful to do explicit calculations. In [31], B32] an explicit construction was obtained which
we briefly revue here. Denote by fgo the unique left-invariant integral on the Lie group
Go and by

(2.7) & 1 Og — CE

the projection onto the underlying function by dropping the nilpotent part (setting the

Grassmann variables equal to zero), also defined by 0%(f) = (0%(f))(p) using equation
(2.4). Lemma [2.2] then implies the following result:

Corollary 2.1. Consider a Lie supergroup G with Lie superalgebra g. Assume there is
some Y € U(g) such that

o for all X € g, YX is an element of the right ideal gold(g),
o for all g € Gy, Ad(g)(Y) =Y is an element of the right ideal gold(g).

Then the integral [, = fgo 052 oY is left invariant.
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In [32] a method to to find the invariant element Y € U(g) was given. But since it is too
complicated for practical calculations we will develop a new expression for the integral
on G = OSp(m|2n) and G = U(p|q). We will find explicit expressions for integrals of
functions of the matrix elements X;;. The formulas will be of the form

/g F(X) = /g () / AU OSX.0),

where v represents the Haar measure on Gy, U coordinates on Gy, f p the Berezin inte-
gral on the Grassmann algebra, # the Grassmann variables of the supermanifold G and
X;;(U, 8) a mapping from coordinates on G to the matrix elements.

From comparison with Corollary we find that our approach leads to a different way
of calculating the operator (55 oY, as fB Q.

3. OUTLINE OF THE CONSTRUCTION

The most transparent way to introduce a Lie supergroup is by making use of the
equivalence of categories with Harish-Chandra pairs. The functor from the category of
Lie supergroups (Definition 2.3)) to that of super Harish-Chandra pairs (Definition [2.5]) was
constructed in Section [2| The explicit construction of the inverse functor was introduced
in [25] and further studied in [4]. However, in order to obtain the formula for invariant
integration, in this paper we will introduce a different, more analytical construction of the
Lie supergroup corresponding to a Harish-Chandra pair. An overview of that construction
will be presented in this section. First we briefly sketch the construction of [4] 25].

Starting from the Harish-Chandra pair G = (Go, g), the first step in the construction of
the Lie supergroup G is the definition of the supermanifold G = (Gy, Og). The sheaf Og
is defined, for each open U C Gy, by

Og(U) = Homyqy (U(g),CE(U)) ,

where the right hand side is the super vector space of U(go)-linear morphisms from U(g)
to C&(U), which has a natural superalgebra structure induced by the co-superalgebra
structure of U(g). Here the go-action on Cg°(U) is the standard one, i.e., the differential
of left translation. It is clear that

Og(U) = CgU) @ Algy),

as equation demands.

The multiplication i and involution v can then be naturally defined for the sheaf when
expressed in the form Homyq,) (U(g),CE(U)), see [] for the explicit formulas. The
supermanifold § equipped with the morphisms ;o and v then is a Lie supergroup G. The
Harish-Chandra pair corresponding to this Lie supergroup (following the functor between
categories introduced in Section [2) is the original G. So this functor from Harish-Chandra
pairs to Lie supergroups is in fact the inverse functor.

However, this does not define an expression for the comultiplication with respect to
the Cg° @ A(g})-expression of the sheaf. We will find an expression for (one choice of)

the comultiplication on functions in C®(Gy) ® A(g?), starting from G, for G equal to
OSp(m|2n) and U(p|q). This will be approached in the following way.

The Harish-Chandra pairs to be considered can be defined through their natural rep-
resentation (II,V) (see Definition [2.6). This representation can be extended to T'(V) =
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®>0T V)i, where T(V), =V @V ®---®V (k copies). The pairs we will consider cor-
respond to sub-pairs (Go, g) of GL(k|l;K) = (GL(k; K) x GL(I; K), gl(k|l; K)) for certain
values of k and [ and K equal to R or C. This means the representation space is V = K*I.
The groups of the pairs consist of the elements of GL(k;K) x GL(l;K) which leave a
certain even linear functional T': T'(V)s — K invariant. Here T is required to be non-
degenerate when regarded as a bilinear form on V. The superalgebras of the pairs consist
of the elements of Y € gl(k|l; K) such that T oY =0 on T'(V)s.

Then the representation space V and the linear functional 7" can be used to define a
super bialgebra A. We start from an abstract super bialgebra A with a corepresentation
X as in Definition 2.1} Such a corepresentation defines elements X;; € A (not necessarily
independent) for 1 <1, j < k+[ by considering x on the basis elements e; € V in equation

(2.1),
et

(3.1) x(e:) = Zij’@)ej-
j_

For a vector v = .71 ve; we find x(v) = Zfﬂ v ® e; with v = ZkH Xjiv; given by
ordinary matrix multiplication. The gradation of A on X;; is given by | X =[] + 7]
since x has to be even.
The corepresentation is canonically extended to the tensor space T'(V) by taking into
account the gradation, e.g. x : T'(V)y — A® T(V), is given by
k+1
(3.2) x(e: ® e;) Z XX (—DHUHED @ ¢, @ e,

t,s=1

Imposing the condition that the corepresentation fixes T'
(idg@T)ox = 14T on KM oK,

we arrive at relations among the generators X;;. Therefore we can define the super
bialgebra A as the supercommutative super bialgebra generated by the elements X;
subject to these relations. The comultiplication needs to be defined as

B

k+1
(3.3) A(Xy) = Z(_1)([i]+[t])([t]+[j])Xit ® Xy

t=1
in order for x in equation to be a proper corepresentation (Definition . Because
of the correspondence of this corepresentation of A with the defining representation for the
Harish-Chandra pair G, the super bialgebra A can be embedded into C*(Go) ® A(g?). By
calculating such an embedding A C C*(Gy) ® A(g}) we can extend the comultiplication
A on the super bialgebra A uniquely to a multiplication p on the supermanifold G =
(Go,C& @ A(g})). This defines a Lie supergroup G which has as Harish-Chandra pair,

the original G = (Gy, g). We have therefore constructed an alternative formulation of the
inverse functor described above for G equal to OSp(m|2n) and U(p|q).

Using these results we can calculate the invariant derivations on C*°(Gy) ® A(g}), which
generate g and by restriction of the multiplication an action of Gy on C*(Gy) ® A(g7).

Remark 3.1. Although not essential for what follows we remark that the action of g and
Go on G as described above corresponds to an action of the Harish-Chandra pair (Go,g)
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on the supermanifold G. The definition of such an action is given in Proposition 3.3 in
[4].

Schematically, the construction is given by

N

G=(Gg9), (ILV) — G, ACC®G)®Ag) — G — actionofGong.

This action of G on G contains all the information and is a very elegant way to describe
the Lie supergroup. In particular we will use it to construct the invariant integral on the
Lie supergroup G for OSp(m|2n) and U(p|q).

We should note that there are different possibilities for the embedding A C C*(Gy) ®
A(g}), which all lead to different multiplications p. The resulting supergroups are of
course all isomorphic. Also the expression for the integral will differ for these choices, but
the integral of matrix elements of representations of G will still give the same result. In
fact the resulting expressions for the integral will be of the form

/J':/QO[B“' : C%(G) ® Ag]) — R,

with o € C*(Go) ® A(g}) and [, the Berezin integral on A(g}), see [6]. The relevant
integrals will be those of functions f(X) where X represent the elements of A introduced
above, which correspond to the matrix elements of the fundamental representation. The
integral should therefore be calculated as

(3.4 /g F(X) = /g () / O SXW0),

where v represents the Haar measure on Gy, U coordinates on Gy, 6 the Grassmann
variables corresponding to A(g;) and X;;(U,0) € C*(Gy) ® A(g}) the embedding A C
C*(Go) ® A(g;). Each different choice of embedding X (U,#) will lead to a different
expression for the integral (a different (U, #)) such that the resulting expression [, f(X)
remains the same.

4. THE LIE SUPERALGEBRAS o0sp(m|2n) AND u(p|q)

In this section we introduce the defining representations of the real Lie superalgebras
osp(m|2n) and u(plq).
The natural representation of gl(k|/; K) on K*! extends to a representation on the tensor
space T(K*!') by the graded Leibniz rule
X (n®@une ®uy) = (X 1) Qv
+ <_1)|XHU1|U1 (X 1)@ Qv
T (_1)\X|(|U1\+'“+|Uj—1|)vl @R @ (X -vy)
for X € gl(k|l; K) and v; € K*! homogeneous.
Definition 4.1. The Lie superalgebra osp(m|2n) is the subalgebra of gl(m|2n;R) consist-
ing of
{Y € gl(m|2n;R)| T(Y - (v®@w)) =0 Yo,w € R},
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with T : R™2" @ R™2" — R bilinear and satisfying T (e; ® e;) = gji for {e;} the standard
basis on R™?". The orthosymplectic metric g € RUMT20xm+2n) 4g given here by

I, 0O , 0o I,
g= with J = .
0o J -1, O

The algebra osp(m|2n) is generated by IC;; € gl(m|2n;R) for 1 <i < j <m + 2n,

(4.1) Kijea = Gajei — (_1)[i][j]gai€ja
with {e;} defined in equation (2.1)). These generators satisfy
(Kij, K] = KK — (_1)([i]+[j])([k}+[l]);ckllgij
(4.2) = griKa+ (_1)[i]([j]+[k})glilcjk - (_1)[k][l}gljlcik - (_1)[i][j]gkzilcjl'

Then osp(m|2n) consists of matrices in RU™T20)x(m+2n) of the form

A C
JCT B

with AT = —A and BT = JB.J. The super dimension of the Lie superalgebra osp(m|2n)
as a super R-vector space is therefore $m(m — 1) +n(2n + 1)|2mn.

There is a well established notion of unitary representations of C-Lie superalgebras, see
e.g. [30, I7]. Here we reformulate it in terms of super Hermitian forms defined in the
following way [7]. Consider the complex vector space CP*? with the standard hermitian
inner product (:|-). Then using the gradation the vector space becomes the super vector
space CPI7 on which we define the super hermitian form (-|-),

(ulv) = "I {u]v)

for u and v homogeneous and extended to general u and v by linearity. This implies that
(u|v) = (—1)""l(v]u) holds, which justifies the term super hermitian form.

Definition 4.2. For T € End(CPl9), the super adjoint T* € End(CPl9) is defined by the
relation

(Tulv) = (=1)"(u|T).

A straightforward calculation shows that 7% = il”IT" holds with 7' the standard adjoint
with respect to (:|-). The behavior with respect to the supercommutator (2.2)) is given by

T,8]" = —[T* 8.

A representation of a Lie superalgebra g on CPl4, \ : g — End(CPl9), is unitary if for
each X € g, A(X)* = —A(X) holds. This naturally leads to the definition of the unitary
Lie superalgebra u(p|q).

Definition 4.3. The Lie superalgebra u(p|q) is the R-Lie superalgebra consisting of
{X € allpl; O] X* = =X}
and with product inherited from gl(p|q; C).
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Thus u(p|q) consists of matrices in CP+9* P+ of the form

A C
—iCt B

with AT = —A and BT = —B. The super dimension of the Lie superalgebra u(plq) as a
super R-vector space is hence p? + ¢%|2pq.

There is a slightly different characterization of the unitary Lie superalgebra, which
will be useful later. To describe it, we introduce the complex conjugate gl(p|q;C)-
representation p™ on CPl7 of p™ in equation ,

p+q

FY)e; = Y Yier
k=1

Using this definition, the following lemma can be proved by a straightforward calcula-
tion.

Lemma 4.1. The Lie superalgebra u(p|q) consists of
{Y € gl(plg; CO)| L((p" ® p")(Y) - (v @ w)) = 0},
with L : CPl4 @ CPl4 — C given by L(e; ® e;) = hy; and bilinear. The matriz h is given by

(B0
0 4, |

Remark 4.1. There exists another compact real form of gl(p; q|C) which corresponds to
the elements of gl(p; q|C) which satisfy Y = —il¥1Y instead of the choice YT = —(—i)¥'1Y
made here. It is straightfoward to extend all subsequent results on U(p|q) from our choice
to the other definition.

5. THE LIE SUPERGROUP OSp(m|2n)

5.1. Definition. The Lie supergroup OSp(m|2n) corresponds to the Harish-Chandra pair
(O(m) x Sp(2n), osp(m|2n)). The adjoint representation of O(m) x Sp(2n) on osp(m|2n)
is implied by considering the representation of the Harish-Chandra pair on R™?"  which
embeds the pair into (GL(m;R) x GL(2m;R), gl(m|2n;R)). We always use the notation
Sp(2n) for Sp(2n;R), which is noncompact. The compact real form of Sp(2n; C) will be
denoted by USp(2n) = Sp(2n;C) N U(2n).
The pair (O(m) x Sp(2n), 0sp(m|2n)) corresponds to
(Go, 9) C (GL(m;R) x GL(2m;R), gl(m|2n; R)) = (Aut(R™) x Aut(R?"), End(R™?"))
acting on R™?" such that
ToS=T on R™MM@R™" VvSecg,
ToY =0 on R™"gR™™ vy eg.
with 7" given in Definition [4.1] From this definition it is clear that the adjoint action is
defined as Ad(S)Y =S oY oS.
Now as described in Section [3| we consider the supercommutative super bialgebra A,

generated by abstract graded elements X;;, 4,5 = 1,--- ,m+2n with comultiplication ((3.3])
and with corepresentation (3.1)) on R™?". For this corepresentation to be compatible with
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the representation of (O(m) x Sp(2n), osp(m|2n)) described above, the corepresentation
x on R™2" @ R™2" should satisfy

(ldag@T)ox = T.
Equation (3.2)) therefore implies that the relation

m-+2n

(5.1) Z(_1)[l]([l]+[j])Xikginjl = Gu

ij=1
must hold for the abstract generators X;; of A.

Remark 5.1. This corresponds to a defining relation of a Lie supergroup within the
approach of [26, 28]. There the matriz entries of the elements of the supergroup sat-
1sfy similar equations. Theorem below describes the matriz elements in terms of free
Grassman variables.

Using the well-known super transpose of a super matrix (X7); = (—1)F0E+F) X3 and
noting that the metric g only has a (I, ) block (which is symmetric) and (I1, IT) block
(which skew symmetric), we can rewrite equation as Z” Xi(XD)kigiy = g In
block matrix form this relation is given by

Xir Xir g X =X _
Xin Xiin X X ’
where Xgﬁ is the classical transpose (X, )" for o, 8 =1,11.
This leads to 3 independent relations for the submatrices:
X1 X+ X[ I X = In,
(5.2) ~ X Xen+ X[ I X = 0,
_X}:]IXLU + XITIJIJXIIJI = J
According to Section [3| we need to calculate an embedding for the generators X;; into

the algebra of functions on the supergroup OSp(m|2n). Equation (2.5 implies that the
supermanifold of OSp(m|2n) is given by

OSp(m|2n) = (O(m) x Sp(2n), Com)xsp(zn) © Mamn),
since dimg(osp(m|2n);) = 2mn. Therefore we must look for an embedding X;; €
C®(O(m) x Sp(2n)) @ Agpn.
We introduce the 2mn independent Grassmann variables of Ag,,, by labeling them as

{0jk;i=1,---,2n;k=1,--- ,m} which leads to the 2n x m matrix § and define 6=67J.
Define the m x m matrix A and the 2n x 2n matrix B with entries in the even part of

Aoy, A as (finite) Taylor expansions,

(5.3) A=1/I,—00 and B =\/I,, —00.
These matrices satisfy the following straightforward properties
(5.4) BYJ = JB and

(5.5) OB = Af.
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Using these definitions we can construct an embedding of the matrix elements, which

will be needed to calculate equation (3.4) for OSp(m|2n).

Theorem 5.1. Consider the matrices = € [C>°(O(m))]™™ and y € [C=(Sp(2n))]*"*" of
matrixz elements of the fundamental representation of O(m) and Sp(2n). The matriz

¥ - ( X X ) € [C* (O(m)) ® C*(Sp(2n)) ®A2mn](m+2n)><(m+2n)
Xrrr Xirar
defined by
Xir=1A Xrr = a:éy
Xnr=0 X = By
satisfies the orthogonality relations of OSp(m|2n) in equation (5.2).

Proof. First we remark that the matrix 00 is symmetric, which implies that A is symmet-
ric. The first relation of (5.2)) follows from the following calculation:

(zA)TzA+60TJ0 = A2 460 = I,
To prove the second relation we use equation , which yields
—(xA)Txéy +60TJBy = —Aby+ Afy = 0.
For the third relation we apply property , this leads to
—(20y) 20y + (By)TJBy = 4" J00y + y" IB*y =y Jy = J,
thus proving the theorem. O

Since the algebra generated by the X;; as defined in Theorem includes the z;;, yu
and O; fori,j =1,--- ,m, k,l =1,---,2n, the comultiplication A on A as in equation
(3.3) uniquely extends to a comultiplication on C*(O(m) x Sp(2n)) @ Agpmn.

Theorem 5.2. The Lie supergroup with supermanifold OSp(m|2n) equipped with the mul-
tiplication p : OSp(m|2n) ® OSp(m|2n) — OSp(m|2n) and the involutive superdiffeo-
morphism v : OSp(m|2n) — OSp(m|2n) given below is the orthosymplectic supergroup

OSp(m|2n). The multiplication u = (uo, u*) is given by

m+2n
(X)) = Z (—1)EHEDERD X @ X,
k=1

for X;; defined in Theorem . The involutive superdiffeormorphism v = (vg, V%) is
defined by

Vﬁ(X[’[) = X?:I Vﬁ(X[’]]) = —XITI’IJ
Vﬁ(X[L]) = _JX}:II Vﬁ(X]L][) = _‘]XITI,IIJ'

Proof. This theorem follows essentially from the fact that the invariant derivations gen-
erate 0sp(m|2n) (see Theorem [5.3) and the equivalence of categories between Harish-
Chandra pairs and Lie supergroups. 0
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The corepresentation given in equation (3.1)) now corresponds to a corepresentation
of OSp(m|2n) (more precisely to a corepresentation of the Hopf algebra of functions on

OSp(m|2n)),
X R™ — Opgpmizny (O(m) x Sp(2n)) @ R™*",
This justifies the terminology matrix elements for X;; defined in Theorem [5.1]

The action of u# on functions in Ay, or C>®°(O(m) x Sp(2n)) can be calculated from
the following relations:

m 2n
(5.6) pH05) = D 02 @ @A)+ > (By)i @ bk
=1 p

(5.7) ,Uﬁ(xij) = Z (Z(xA)zt ® (vA)u — Z(méy)w & 951) Mﬁ(A;jl)

=1 t=1 s=1
m m 2n

(58)  py) = D wW(By ( > 0@ (xfy); + > _(By zs®<By)sj>,
=1 t=1 s=1

with A and B defined in equation (5.3)). Equation ({5.6|) gives the comultiplication on all
the elements of the Grassmann algebra since p*(0r0c) = pf(0r)*(0c) for O, 0c € Agpn.

In particular (A™1),; = ((Im - 639)’1/2>r € Ao, appearing in equation (5.7)) could in
J

principle be calculated in that way. Equation (5.7) follows immediately from pf(X;) =
Doy (i) F(Aj), so p(yy) = 300 (Xa) pf ((A71)y).

5.2. Action of the Harish-Chandra pair (O(m) x Sp(2n), 0sp(m|2n)). Now that the
comultiplication on elements of C*(O(m) x Sp(2n)) ® Agp, is known, we can use this
to calculate the action of O(m) x Sp(2n) on these functions and to find an expression
for the invariant derivations on C*°(O(m) x Sp(2n)) ® Agm,. This corresponds to an
action of the Harish-Chandra pair (O(m) x Sp(2n),0sp(m|2n)) on the supermanifold

(O(m) x Sp(2n), Com)xsp(an) © Aon).-
The multiplication p leads to a left or right corepresentation of the Hopf algebra

C>®(O(m) x Sp(2n)) by restricting 6* : Oogp(mjzn) — COm)xsp(any: Se€ equation ([2.7).

Lemma 5.1. The left co-action of O(m) x Sp(2n) on Oospimizn), ¢* = (6% @ id*) o p?,
satisfies

2n
(03) =Y yin @ Ohj, & (x) Z ra @ay;  and 9 (yy;) Z Yike ® Yrj-
k=1 k=1

Proof. The first equation is a direct consequence of formula ([5.6)). This first equation also
shows immediately that 00 is O(m) x Sp(2n)-invariant:

(5.9) (6 @ id?) o 1t ((ée)zj) = 1@ (09),;.
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This implies that A™! = (I,, —060) 2 is O(m) x Sp(2n)-invariant. Equation (5.7) therefore
yields

m

(6* @ id*) o p* () ZZ zi @ (zA)) (1@ A szk@)x;ﬂ

=1 k=1

The first equation in the lemma also yields

(@ id) o it ((00)) = =yl Iy )iy © (00)s
from which the formula
(OF@id) o pf(B ")y = —4islJy"J)i; @ (B

follows. The last formula in the lemma is a direct consequence of this result and equation

6. 0

The algebra o(m) is generated by the derivations L;; € DerC>*(O(m)), 1 <i,j < m,
defined by

Lij(zr) = Ojpta — Oinjy.

The algebra sp(2n) is generated by the derivations L;iy, jim € DerC>(Sp(2n)), 1 <i,j <
2n, defined by

Livmjem(Ur) = Jejya + Jrilji-

Lemma for this case means that the Lie superalgebra of invariant superderivations
of OSp(m|2n) is generated by the derivations K;;, 1 <1i < j < m + 2n defined as

<5goL,~j®idﬁ>o,uﬁ 1<i<j<m
(5:10) K= X0 Jima (00, @id) opf 1<i<m, m+1<j<m+2n
<(5goLij®idﬁ>o,uﬁ m+1<i<j<m+2n.

Straightforward but tedious calculations (which have to be performed independently for
the three different types of derivations and the four different types of matrix elements)
show that these derivations satisfy

(5.11) Kop(Xys) = (=1)0HDGHE (g 5 o (—1)llisly x ..

As an example we calculate the case a, 3,7, < m.

m 2n
Kij(Xu) = > (5goLU<xA)ks) Xa-> (5go Lij(xéy)kt) Xy
s=1 t=1

= Xy — 0uXj.
We also define the derivations K,g for @ > 3 by formula (5.11f). This immediately implies
that K3 = —(—1)P K,

Theorem 5.3. The super—derivatz’ons Ki; € DerOospimjan)(O(m) x Sp(2n)) defined in
equation (5.10) or (5.11)) satisfy the commutation relations of the standard generators in
equation (4.2)) and therefore generate the Lie superalgebra osp(m|2n).
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Proof. derivations are completely determined by their action on x, y and 6, which is
equivalent to knowing their action on X5 for 1 <, < m+2n. It is clear from equation
(5.11)) that the derivations do not mix up X,5 with 6 < m and § > m. The case § > m is
given by

Kaﬁ(X'M) = (Q%BX&& - (_1)[a}[ﬁ]ngﬁ5) :

Comparison with equation shows that the supercommutator evaluated on the X ;
for 6 > m gives the correct formula. The case § < m is the same except for the fact that
the odd generators of the algebra obtain a minus sign, which is unimportant due to the
gradation preserving property of the Lie superbracket. 0

The Oospimzn) (O(m) x Sp(2n))-module
DerOosp(m)2n)(O(m) x Sp(2n)) = Der (C*(O(m) x Sp(2n)) @ Agyy,)

is generated by Ly for i,j = 1,--- ,m and 4,5 = m + 1,--- ,m + 2n and 0y, for i =
1,---,2nand j = 1,---,2n. The invariant derivations on O.Sp(m|2n) defined in equation
can therefore be expressed in terms of the invariant derivations on O(m) x Sp(2n)
and the Grassmann derivations. This leads to the following theorem.

Theorem 5.4. The even elements of DerOogp(mjon)(O(m) x Sp(2n)) defined in equation
(5.10) satisfy the following relations:

Kz’j = Lij for ].§Z<j§m
m  2n
Kivmjsm = Litmjim + Z Z (OaJjp + 051 Jip) O, for 1<i<j5<2n.
=1 p=1

The odd elements satisfy for 1 <i<m and1 < j < 2n,

n

N

1 & _
Ki,j+m = (mA)Z-tij(“)@pt +§Z(J]A 10T)thti

t=1

NE

#
Il

—
3
I

—

+
[\DI»—t
M@

( (JB7LT)y;(z0);s Z Z 2 A)ir(JB™ iy (Da,, us)> s+m,t+m

u,p=1 r=1

7

2n
Z IA zt IA ustpa‘%t ((xA)TS) Ly

|
[\DI»—t
MS H

with A and B as deﬁned in equation (5.3)).

Proof. The expression for the even generators follows from a straightforward calculation.
It also corresponds to the derivative of the O(m) x Sp(2n)-action in Lemma [5.1]

In order to prove that the expression for the odd generators holds, it is sufficient to show
that left-hand and right-hand side have the same value when evaluated on the functions
x, y and 6. This is equivalent to having the same value on the functions xA, By and 6
since A and B (given in equation (5.3))) are invertible. The results for the left-hand sides
are given in equation . The theorem is therefore proven if the proposed expression
for K; j;., on the right-hand side gives the same results.
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We evaluate the proposed expression for K;; on these functions. The case 0 is straight-
forward,

m  2n

sz—i—m ekl Z Z IA ztjjpﬁept ekl) ij(IA)z‘l = _gk+m,j+mXil-

t=1 p=1

The case zA is calculated as

1 1
= (@ A)itTjp00, (2 A)ua) + 50520 — §($A_19T)kj($f4)iz

t=1 p=1
1 m 2n m
+ 5 IA zt ZEA )ksjjpaept rs rl . ZZ $A thjpaépt IA)kl)
s,t,r=1 p=1 t=1 p=1

Subtract the last term from the first and replace (zA)y by > 7 _ (A 1) (A (TATH)1)).
We obtain

U 1 1
(zA)i Z Z JipOo,, (Ar) (Ars(xA™ 1)) + §0jl5ik - §($A_19T)kj(xf4)il

DO =
s 'IMS

r,s=1 p=1
1 2n
T3 Z > (@)@ A s jp00, (Ars) An
s,t,r=1 p=1
1 m  2n 1 1
-~ 5 Z Z(xA)itijaept(AIQS)('IA_l)kS + §9jl6ik - §(xA_10T)kj($A)Z‘l
t,s=1 p=1

= 0ibji = griXjimy-

The case By follows from a similar but more complicated calculation,

Kij+m<<By)kl)
m 2n

= Z Z Z’A ztjjpﬁgpt By)kl) - 5 Z (JB*IJ)tj(xé)is ((BJ)ktysl + (BJ>ksytl)
t=1 p=1 s,t=1

+ = Z Z Z I’A “n JB tqup (aepr us) ((Bj)ktysl + (Bj)ksytl>

st 1 u,p=1 r=1

m  2n 2n

1 ~
= > (@A)t 00, (By)w) + 3 > (IBM )i (w)is (B ks
t=1 p=1 s,t=1
1 2n m
+ —Jk] x@y — ZZ .%‘A zr jp (%W(By)kl)

+ %Z Z S (@ A)in (TBYudsy (35, Bus) (BT )t

s,t=1u,p=1 r=1
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Subtract the fourth term from the first and replace (By)x by Zi;ﬁ,u:l (BJ)ks(JB™1)u Busyr-
We obatin

m 2n 2n

1 1 .

5O 0 @A)adipO, (BI)IB ) ruBustin + 5 > (JB~ Ty (0)is( B sy
t=1 p,s,r,u=1 s,t=1

2n 2n m
1 - 1
+ St s Y Y (@A)n(IB iy (Oa,Bus) (BJ)ksy
s,t=1u,p=1 r=1
1 m 2n ) A
- 5 Z Z (xA>itJjP89pt((BJBT)kuijil)ruyrl + §ka (.Z'Gy)ll
t=1 p,ru=1
2n

1 A~
+ 3 D IB ()i (B sy

s,t=1

By using equations (5.4) and (5.5)), we can further simplify the obtained expression to

2n
1 A 1 _ 1 «
— 5 @AIB™ i + 3 ;(a:AHT)ik(JB s+ 5T (10y)i
1 2n
T3 Z(JB_IJ)tj<x0TBT)ikytl = —Jir(20Y)it = Grrm.jrmXiirm-
t=1
This completes the proof of the theorem. O

Remark 5.2. A choice of embedding, different from Theorem|5.1], is given by

¥ - A 20
yo yB
where A and B are still given by equation (5.3). This choice would have the advantage

that both Kij = Lij and Kiym jim = Liym,jtm would hold in Theorem[5.4. The expression
for K; j1m would however be harder to obtain. Another choice could be

¥ Az 0 7
ybxr yB
which would yield results very similar to Theorem [5.4)

5.3. Invariant integration on OSp(m|2n). The action of (O(m) x Sp(2n), osp(m|2n))
on OSp(m|2n) as calculated in the previous section can now be used to construct the
invariant integral on OSp(m|2n). This integral can also be constructed iteratively from
the supersphere integral (see e.g. [11],12]) according to the formula before Corollary 3 in
[10]. That approach could also be useful to calculate integrals of monomials by extending
the approach to O(m) in [16].

Before we derive the explicit expression for the invariant integral on OSp(m|2n) we
need the following technical lemma.
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Lemma 5.2. The differential equation

Op,, det(I — 00) = 2 ((1 - ée)—lé) det(I — 60)

ji
holds for all 1,7 satisfying 1 <i <2n and 1 < j < m.

Proof. We use the well-known formula det N = exp(—trM) with M = —In(/N). This
implies

det(I —00) = exp (— i @)
k=1

where the summations are actually finite because of the nilpotency of the Grassmann
variables. A straightforward calculation then shows

p,, det (I — é&) = exp ( Z tr(é’@ ) (2 Z 99 ke 19h> )

k=1

which proves the lemma. 0

Lemma implies that for A defined in equation (5.3)),

m

ZA (det A)~ ZA (det T —06)2

__* 2 _ ap\-3 _An\-1) )
(5.12) - 2;Alt(detl 09) 2((1 40) 0) det(I — 06)

= —f;(det A)7!

The obtained results can now be used to prove the main result of integration on
OSp(m|2n). We introduce the ordinary Berezin integral on Asg,,, see e.g. [6, [13], 29]
as

/ = 80271,777,89217,,7%71 o .80271,16927171,771, toe a5’1,1'
Ban

Since Sp(2n) is not compact we need to make a distinction between two types of
functions on OSp(m|2n). We denote the functions with compact support as

Oosp(mjzn) (O(m) x Sp(2n)). = CZ(O(m) x Sp(2n)) @ Agpn
and the Hopf algebra of regular functions as

O0sp(mizn)(O(m) x Sp(2n))o = C(O(m) x Sp(2n))o @ Az
= Alg(zij, yu, Ori) = Alg(Xy;).

There is a unique Haar measure on Sp(2n),

/ . C(Sp(2n)) — R.
Sp(2n)
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There is also a unique invariant Hopf-algebraical integral on Sp(2n), which leads to the
invariant linear functional

/ . (Sp(2n))y — R.
Sp(2n)o

This integral can be identified with the Haar measure on USp(2n),

/Sp(Zn)of<ykl) = /USp(2n)f(Zkl)7

where we make a substitution to the monomials on USp(2n) determined by 27Jz = J
and z'z = I,.

Theorem 5.5. The unique invariant integral on OSp(m|2n),

/ | : Oosp(mizn) (O(m) x Sp(2n))e = C(O(m) x Sp(2n))o @ Aopn, — R
OSp(m|2n)o

/ -:/ / (det )
OSp(m|2n)o O(m)xSp(2n)o ¥ Bamn

where A is defined in equation (5.3)).

s given by

Remark 5.3. Before we prove this formula we show how this integration should be in-
terpreted. Most relevant integrands will be functions expressed in terms of the matrix
elements X;; of the fundamental representation of OSp(m|2n) on R™"  see formula .
The formula in Theorem then states that for a function f(X) = f(Xi1,- -+, Xint2nm+on)

/ r= [ deta) " F(Xwp6)).
OSp(m|2n)o O(m)xSp(2n)o,zxy J Bamn,0
with X (x,y,0) given in Theorem [5.1]

Proof of Theorem[5.5 The result in Theorem 1 in [3I] states that there is at most one
linear functional [ which satisfies (id* ® [) o u* = 1ogpmjan) [+ so only the invariance
of fOSp(m|2n)0 needs to be proven. By Lemma , it suffices to show that the proposed
expression is

e O(m) x Sp(2n)-invariant for the action given in Lemma [5.1| and

e satisfies fOSp(m|2n)0 oK;; =0forall 1 <i<j<m+2n with Kj; given in Theorem

The integral | O(m)xSp(2n)o 1S O(m)x Sp(2n)-invariant and sois [, . The last statement
can be seen immediately from the evaluation of f By, Ol monomials in As,,,, which only
gives a non-zero result on the unique highest order monomial. The O(m) x Sp(2n)-

invariance of | 0Sp(m{2n)o then follows from the invariance of 6 in equation ([5.9)),

m|2n

6ﬁ o uf = (ﬂ o 1t det(A™!
< ®/05p(m2n)o> w) ( ®/O(m)xsp(2n)0 /B%m) e (det( )f)

-/ [ deans= ;
O(m)XSp(Zn)O Bamn OSp(m|2n)0
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This also implies that the relation | 0Sp(m|2n)o oK;; = 0 holds for the even generators.
The condition [, Sp(mlan), ©Fij = 0 for the odd elements of osp(m|2n) (given in Theorem
yields a differential equation for (det A)~! by partial integration,

m  2n
ZZGQW .’L’A ZtJ_]p detA + = ZLn .fCA 10T)tj det A~ !
t=1 p=1 t=1

- %( Z ZLur(xA)it(xAil)uSijaem ((SUA)TS)> det A7L,

s,t,ry,u=1 p=1

The invariance of the proposed expression for the integral is therefore satisfied if this dif-
ferential equation holds. Straightforward calculations show that this differential equation
can be simplified to

m m  2n
(Z Z (Ba,, (. A)is ij> det A1+ Y (2 A)inJ;,05,, det A

t=1 p=1 t=1 p=1

= % <( 1) (ZUA 19T f: Z (A) e (xA )55, (89pt(~’17A)rs)) det A~1

s,t,r=1 p=1

We obtain a m x 2n matrix of differential equations. This set of equations is equivalent
to the set obtained by multiplying the equations with the invertible matrices (xA); and
Jjr and summing over ¢ and 7,

m—1x 1 —
( Z Ay (Do, At) + ZA Oy — —5— O+ 5 > Au (agktArl)> det A~

t,i=1 t,r=1

—1, 1
= (ZA agkt — O + 5 Z (c%ktAlzt)> det A™1
= (Z A?taekt + élk) det Ail =0
t=1

for every 1 < k < 2n and 1 <[ < m. This is exactly differential equation (5.12)) that
det A~! satisfies. O

Remark 5.4. We have expressed the integral in terms of the matriz elements of the
fundamental representation for OSp(m|2n). Another choice for the fundamental repre-
sentation would be where Sp(2n) acts on the even part and O(m) on the odd part. This is
the natural OSp(m|2n)-action on R*™. The matriz elements are denoted by Yy; and can

Yir Yo
again be written in block form as'Y = ’ ' , where now Y has dimension
Yirg Y

2n x 2n and so on. The following relations are then equivalent to ([5.2):
YITI‘]YIJ + YIJ;,I}/}I,I = J,
Yo + Y Y = 0,
_Y}TIIJY],II+§/]7;,[[Y}I,II = I,.
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We can construct a new embedding

Yir Yo B Ly, + 00 0

Yirg Y —zfy 2\ I, + 00 .
Since the calculations are so similar we can immediately give the result. For a function f
of the matrixz elements Y;;, the invariant integral is given by

A\ —L/2
OSp(ml2n), O(m)xSp(2n)o.axy  Basun 6

The expression obtained in Theorem immediately yields the following result.

Corollary 5.1. The invariant integral on OSp(m|2n) is non-degenerate in the sense that
the supersymmetric bilinear form

(f.9) Z(A%m%%fg

on Oogp(m|2n) (O(m) x Sp(2n))y is non-degenerate.

Proof. Assume there is a function f € C*(O(m)xSp(2n))o®@Agm, such that fOSp(m|2n)0 fg=
0 for every g € C*(O(m) x Sp(2n))o ® Agmy,. The function f is of the form

fo=") faba
A

with 04 a basis of monomials for Ay, and f4 € C>*(O(m) x Sp(2n))y. Choose one A such
that f4 is nonzero and 4 is of the lowest degree. There is a monomial fz in A,,,, such
that fB%m 0405 is not zero. By taking g = det(A)hfp with h € C*(O(m) x Sp(2n))y we

obtain
[ =
O(m)xSp(2n)o

for every h € C*(O(m) x Sp(2n))o. This is a contradiction since fO(m)XSp(Qn)O
degenerate on C*(O(m) x Sp(2n))y and f, was assumed to be non-zero.

1S non-

Similar arguments yield the following property of det A.
Corollary 5.2. The differential equations (5.12) for f € Agpmn

m

(5.13) > ALdo,f = —04f  foralll<I<m, 1<j<2n
t=1

uniquely determine (up to a multiplicative constant) f to be det A~

Example 5.1. In case m = 1, we use the notation 0; = 0;, and 0% = Z?,TILC=1 0;Jix0k, the
invariant integral on OSp(1|2n) is then given by

o~ oo
OSp(1]2n)o Sp(2n)o J Ban
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In this case we obtain

P T+
/ 1 — / —' 1 - 1 # O
0Sp(1)2n)o By M T (5) r (5)

In Proposition 2 in [31] it was proven that a Hopf superalgebra 4 admits a left-invariant
integral [ with [14 # 0 if and only if all right A-comodules are completely reducible.
This agrees with the fact that all OSp(1|2n)-representations are completely reducible, see
[14].

Another case that can be easily simplified is OSp(m|2).

Theorem 5.6. If n =1 the relation
A a1 1 . i
det(I — 90) 2 = 1+ étﬂ% =1+ JE 1 01j92j

holds.

Proof. In order to prove this equality we show that the left-hand side above satisfies
the same differential equation ((5.13]) that uniquely characterizes (det A)~! according to
Corollary [5.2}

m 1 ) ) L
> A0, (1+ St00) = Ok + (009)
j=1
= O+ > Ouba;01; 01 — Y Ot 0
j=1 j=1
A~ 1 4
= Oy (1 + —tr99> :
2
which proves the lemma. (]

Example 5.2. In case n = 1 the invariant integral on OSp(m|2) is given by

A
OSp(m|2)o O(m)xSp(2)o </ Bam j=1

This implies f 0Sp(m[2)o 1 =0 if m > 1, which is required since, in that case, not all the
OSp(m|2)-representations are completely reducible, see [22].

Remark 5.5. The same calculations as in Theorem lead to the conclusion that the
invariant integration on OSp(m|2n) for functions with compact support

/ : Oosp(mlan) (O(m) X 5p(2n)). = C°(O(m) x Sp(2n)) ® Agmn — R
OSp(m|2n)

/ .:/ / (det A)7 ..
OSp(m|2n) O(m)xSp(2n) J Bamn

s given by
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6. THE LIE SUPERGROUP U(p|q)

6.1. Definition. The Lie supergroup U (p|q) corresponds to the pair (U(p) xU(q),u(p|q)),
which is the real Harish-Chandra pair

(Go,8) € (GL(p; C) x GL(g; C), gl(plg; C)) = (Aut(C?) x Aut(C), End(C*'1))
acting on CPl4 such that

Lo(@®m)(S)=L on CMlMeC VSecg,
Lo(pr®@p™)(X)=0 on CPM®CPd VXeg,

with L defined in Lemma [4.1]

The Lie group U(p) is a real group and the smooth functions C*°(U(p)) are real functions
U(p) — R. The matrix elements z;; of the fundamental representation of U (p) are however
complex-valued functions, z;; € C*(U(p)) & iC>*(U(p)). The algebra generated by x;;
and T;; (subject to the relations ) . T;jx;x = J;x) can still be seen as a real algebra,

j
although it is embedded in C ® C>*(U(p)). Nevertheless, the invariant integral on U(p),

/ W) R

still satisfies the property that fU(p) evaluated on elements of the algebra generated by
x;; and T;; gives real values.

Similar to the case OSp(m|2n), we can again construct the appropriate real super
bialgebra A for U(p|q). However, as for the Hopf algebra of functions on U(p), the
algebra generated by the matrix elements for U(p|q) corresponds to the product of the
algebra of functions and the complex numbers. The algebra C ® A is therefore generated
by X = lek + @'ijk and their complex conjugates X_yk = lek — iXJZk subject to some
relations. So A is generated by { X jlk, ka} subject to those relations. The comultiplication
on A is defined by equation and the condition A(f) = A(f) for f € C® A.

. . . Xrp Xrar . .

Again we write X as a block matrix X = according to the gradation.

Xrr X
Similarly to Section the natural representation of the Harish-Chandra pair (U(p) x
U(q),u(plq)) leads to 3 independent relations for the submatrices:

XL Xpr+iXh X = I,
(6.1) _X}LJXI,II + Z'XLJXH,H = 0,

According to Section , we need to calculate an embedding for the generators Xj;
into the algebra of functions on the supergroup U(p|q). Equation (2.5 implies that the
supermanifold of U(p|q) is given by

U(p|q) = (U(p) X U(Q)7C?]<2p)><U(q) & A2pq)

since dimg (u(p|q)1) = 2pq. Therefore we must look for an embedding

Xij € CoC™(U(p) x U(q)) ® Agpg-
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We introduce 2pg independent real Grassmann variables, {¢;k|1 <j<gq 1<k<p}

and {@/J?k|1 <j<gq 1<k<p} Weadd them up into pq complex Grassmann variables
labeled as

which leads to the ¢ x p matrix 1. The real Grassmann algebra generated by {5} is
denoted by Ajg,,. Define the p x p matrix A and the ¢ X ¢ matrix B with entries in the

even part of C ® Ay, C® Agj;;) as Taylor expansions,

(6.2) A=/I,— ity and B = /I, — iy,

Note that we do not use complex Grassmann variables, just complexified real Grass-

mann variables, therefore z/J_Jk = Y, and YRy = w_]k ;. In particular this means that
Wik = —Qw}kw?k is real.

Similarly to Theorem [5.1] the following embedding of the bialgebra A in the algebra of
functions on U(p|q) can be calculated, which will be needed to calculate equation (3.4)

for U(plq). -

Theorem 6.1. Consider the matrices x € C® [C®(U(p))]""? and y € C® [C>*(U(q))]***
of matriz elements of the fundamental representation of U(p) and U(q). The matriz

X X
X = < 1,1 LI ) cC® [Coo (U(p)) ®COO(U((])) ® A2pq](p+Q)X(p+Q)

defined by
Xir=2A Xy =ixdly
Xirg =1 X1 = By
satisfies the relations of U(p|q) in equation (6.1)).
Proof. The exact same techniques as in the proof of Theorem can be used. ([l

Again the multiplication introduced from this embedding will turn the supermanifold
U(plq) into a Lie supergroup with Harish-Chandra pair (U(p|q), u(p|q)).

Theorem 6.2. The Lie supergroup with supermanifold U(p|q) equipped with the multipli-
cation p = U(plq) @ U(p|lq) — U(plq) and the involutive superdiffeomorphism v : U(p|q) —

U(plq) given below is the unitary supergroup U(plq). The multiplication p = (g, pu*) is
given by
m-+2n
W(Xg) = S (~)EHED X, @ X,
k=1
for X;; defined in Theorem [6.1] with the property

W) = 1E(f)  for any f € C®C® (U(p) x U()) @ Agpy.
The involutive superdiffeormorphism v = (vy, V%) is defined by
WX =X, H(Xpn) = —iX),,
Vﬁ(XH,I) = _iX},II Vﬁ(XH,H) = X}LI,H'
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Proof. This theorem follows essentially from the fact that the invariant derivations gen-
erate u(p|q) (see Theorem below) and the equivalence of categories between Harish-
Chandra pairs and Lie supergroups. ([l

6.2. Action of the Harish-Chandra pair (U(p) x U(q),u(p|q)). Similarly to Lemma
we can calculate the action of U(p) x U(gq) on C*(U(p) X U(q)) @ Aapq.

Lemma 6.1. The left co-action of U(p) x U(q) on Ougy, ¢* = (0° ® id*) o pif, satisfies

1% Z Yik X wk]; Sou (Ezg) - Zyzk ® Ekj

ng Z Tik @ Llej and 90 ylj Z Yik ® Ykj-

Each element P of the Lie algebra u(p) can be identified with a matrix P € CP*?
satisfying PT = —P. With slight abuse of notation we will also use P for the corresponding
invariant real derivation on U(p), which satisfies

xab g PraXpp.

This is a real derivation in the sense that P( ) = P(f) for f € C®C®(U(p)). It is
straightforward to derive that

Pl(PQ(l'ab))—Pz(Pl(ll?ab)) = [Pl,PQ](%b),

so the Lie algebra structure is preserved by this assigning of the elements of u(p) to real
invariant derivations on U(p). We make the same identification between the realization
of u(q) as anti-hermitian matrices and as invariant derivations on U(q). The embedding
of u(p) and u(q) into u(p) ® u(q) is denoted by ¢; and 5 respectively.

Definition 6.1. Let * : u(p|lq) —Der(C®(U(p) x U(q)) ® Agpy) be a super vector space
morphism defined by

p q
D = (55 ou(P)® z‘dﬁ) o it + (53 0 13(Q) ® z‘dﬁ) ol + 33 (CoYiy + T iy)
j=1 k=1

P C _
for D = ( e ) The odd deriwations Yy; and Yy; are defined as
—1

(6.3) Yij = (00 Oy, @ i) 0t and Vig = (005, @id?) o it

The derivations Y;; and Yy, are not real (Yi; € C®Der(C®(U(p) x U(q)) ® Agp,)),
nevertheless the combinations taken in the morphism * correspond to real derivations.

This morphism is clearly a bijection between u(p|g) and the real invariant derivations
on U(p|q). We can prove that it corresponds to a Lie superalgebra morphism.

Theorem 6.3. The isomorphism of R-super vector spaces between u(plq) and the real
invariant derivations on U(p|q) given in Deﬁm’tion 15 a Lie superalgebra morphism.
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Proof. A straightforward calculation shows that the relations
(6.4) Yij(Xag) = (~1)0i1p0Xjs  and Yij(Xap) = —i(=1)110j0Xi1 5.

hold for the odd invariant derivations. For each matrix C' € CP*? we assign the matrix

C e Cetaxvta) given by
. 0o C
C = . :
—iCT 0

Using this, the result (6.4) can be rewritten as

q p . p+q R
DD (CiYiy +CiiY i) (Xag) = (DI CLaXop.
i=1 j=1 =1

The even derivations satisfy

p q

—_~— —_~—

0(P)(Xag) = Y ((P))o Xis and 15(Q)(Xap) = D (12(Q))ys 0 Xips-

k=1 =1

Putting these results together we obtain for D € u(p|q) C CProxw+a),

p+q
D(X.5) = Z(_D[BK[QHM)DWXW
v=1
The theorem follows from this result. O

All derivations can be expressed in terms of the elements of u(p) @ u(q) and the Grass-
mann derivatives. The even derivations satisfy

o~

11(P) = 11(P) and Lg(/\@ = 15(Q) + Z Z Qi <¢ik8¢jk - wﬂﬂ%m) '

ij=1 k=1

In order to calculate the expression for the odd derivations we introduce the complex
valued invariant derivations S;; on U(p), 1 <14, j < p, given by

Sii(Tap) = 0jaip.
These derivations satisfy S;; = —S;;. The derivations P € u(p) correspond to P =
%:1 P,;;S;;, which again shows that P = P. The corresponding (complex) invariant

derivations on U(q) are denoted by T;;. The derivations S;; and T;; are non-real linear
combinations of elements of u(p) and u(q) and form a basis for the C-vector space of
complex invariant derivations on U(p) and U(g). In fact these spaces correspond to

gl(p; C) and gl(q; C).

Lemma 6.2. For 1 <i < q and 1 < j < p, the invariant derivations Y;; satisfy the
relation

=

p q
Y, = (@A) k0 + > ES+ D giTy

k=1 k=1 s,t=1
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with

p
Ho= =) (@A) (Op, (@A) (A2,
a,b=1
=Y (@A)ja (9, (Bu)) B, — iBg (),
a=1

=1 r=1

g9 =
with A and B defined in equation 6.9
Proof. Since Y;; is a derivation on U(pl|q) it has to be of the form

p
D) DTS SUIEIRS SFTIRD 99 9T

k=1 s=1 k,l=1 s,t=1 k=1 s=1

with hgk o and k;F elements of C ® C®(U(p) x U(q)) ® Agpq. Since

i Jijr 9ij

Mﬁ (Esk) = (V) =

M-

q
Uy @ @A)ji + ) (By)st @ Yy,
]:1 t=1
we find that Y;;(1) = 0, which implies k¥ = 0. Equation 4) implies that Y;;(1sk)
dis(xA) i, therefore hff = §;s(zA);; holds. Equation (6 also implies Y;;((zA)q) =
holds, which leads to the relation

0

M=

(2A)jk (D, (£A) gt +Z Az Ay = 0.

T

1

This defines fX. Finally equation (6.4)) implies Y;; ((BYy)aw) = —idia(z01y) 5, therefore to
the equatlon

P q
Z(IA>jka¢ik ((BY)ap) + Z gz'S;Basytb = _Mia(way)jb
k=1 s,t=1

must hold, which defines g;. O

This lemma also implies the expression for the derivation YU by complex conjugation.
The corresponding real invariant derivations are given by Y;; + Y” and i(Y;; — YZ])

6.3. Invariant integration on U(p|q). The following corollary is essential to calculate
the invariant integral on U(p|q).

Corollary 6.1. The invariant derivation Y;; from equation (6.3) and Lemma satisfies
the relation

Z%n zA)ji + Z Suft + Z Tugs;

k,l=1 s,t=1

with the functions fX and g as defined in Lemma .

]
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Proof. This corollary follows from the calculation

D oSulfl) = = 0w, (zA)u)

k=1
and the fact that T, and gfjt commute. O

We define the Berezin integral on Ay, as

/B f[ f[ (5’% %) :

i=1 j=1

The invariant integral on the supergroup U(p|q) can now be calculated.

Theorem 6.4. The unique invariant integral on U(plq),

/U Oug U)X U(@) = C(U(p) x V@) @ Aoy — B

/ U(plq) /U(p)xU(q /B

Proof. The expression is clearly U(p) x U(q)-invariant. The fact that

/ oX =0
U(plq)

for every X € u(p|q); follows immediately from Corollary [6.1] O

s given by

2pq

This expression immediately yields fU(p‘q) 1 = 0 if pg > 0, a manifestation of the

fact that there are non-semisimple finite dimensional u(p|g)-modules. Using the same
arguments given in the proof of Corollary [5.1], we can prove the following result.

Corollary 6.2. The invariant integral on U(p|q) is non-degenerate in the sense that the
supersymmetric bilinear form
(f.9) = / fg
U(plq)

on Oylg(U(p) x U(q)) is non-degenerate.

According to the super adjoint in Section [4] we define

T vl
X — X;,I X;I,I B XI,I ZXH,I
X?,II X;I,II iX},H X}I,H

Using this definition, the relations on the matrix X can be rewritten as
Xr X+ Xi X = I,
— X} X+ X0 X = 0,
XruXon + XX = Iy

This means that the super algebra generated by X;; and (X*), B =Alg({ X}, {(X*)u})
is a real algebra. The expression in Theorem [6.4], shows that the integral evaluated on
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B will give real values. As in equation (3.4)), the formula in Theorem should be

interpreted as

/ JXX7) = / / F(X (2, 9,0, X (2,9, 0)).
U(plg) U(p)xU(q),xxy J Bapg,¥b

As an illustration we calculate the case U(1]|1). The trivial classical result is given by
fU(l) - 2*7! = 6. Therefore the integral

L X X ) 00 (0 (0

will be zero unless aq1 + a9 = B11 + (o1 and oy + o = (oo + P21 hold. Because of the
Berezin integral, 1) and ¢ must appear an equal amount of times, so g + f21 = o2 + Bi2
needs to hold in order for the integral to be different from zero.

If we assume first ao; + Bo1 = a1 + P12 = 0 (therefore ag; = B1; and agy = Ba), the
integral reduces to

[ e < [ as L S

N / (1+20000%9") (1 — 20000%9")
Bz

= 2(@11 — 0622>.

The other case which gives a nonzero result is awo; +/F21 = aga+ 12 = 1 (with a3 +aq =
B11 + Po1 and g + g2 = [z + F21). The integral then reduces to

/ o (ixay)au (,gb)amyamfﬁu (i%)ﬁm (fdjy)ﬁmyﬁzz
Ui

— Z'a12+[321/B (E)Ozm(w)am(@)ﬁm&p)ﬁm :2(_1)1121512'

Summarizing, we obtained the result
| XX X ) 00 () (X
1

= 5a12+a21+,312+ﬁ2170 50411,31150422,522 2(0511 - &22)
0421/612

+ 504124-512,1 50&21+52171 60111-&-041%511-%52150&12+a22,521+/@22 2<_1>

7. THE SUPERSPACE UOSp(m/|2n)

In this section we extend our results to the more physical approach to supermanifolds.
We will be very brief since this is just a reformulation of the results into another language.
We use complex Grassmann variables, with the second kind of complex conjugation. This
implies that for two complex Grassmann variables o and (3, the following conjugation
rules hold:

a=-a and af=apg.

This implies that (a@) = a@, thus a@ is real, and oz:B = af3. We assume a Grassmann alge-
bra Ayg generated by ) such complex Grassmann variables and their complex conjugates
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with @ very large or infinity. Another way to define supergroups (see also [19] 20] 28]) is
as follows. The unitary group U(p|q) consists of the matrices X € (Agqg)P+9* P+ (where
the p x p and ¢ x ¢ block have entries from the even part of Ag and the p x ¢ and ¢ x p
block from the odd part) that satisfy

X},I X}LI,I X — X
(71) _I_ _'_ X X - ]p+q.

XLH XH,H I1,1 IIII
Usually the minus sign appears with X } ;7 Tather than with X7 ;; but that can be obtained
from a simple relabeling. Then we can introduce coordinates as follows. We introduce

q X p independent complex Grassmann variables in the matrix ). These can be considered
as ¢ X p arbitrary odd elements of Ayg. Then we find that

X = %Z X = m/JT?/
XH,I =1 XH,II = By

satisfy the relations (7.1]), with again x, y the matrix elements of U(p), U(g), but now
A= /I, — Y™ and B = /I, — t. The invariance of the integral is then expressed as

[ = [ 1)

for all A € U(p|q). This can be rewritten in a Hopf-algebraic way. Very similarly as in
our main approach to supergroups it is then proved that the integration of the form

[ ooy = f [ ), X))
U(plg) U(p)xU(q),xxy J Bapg,

is the invariant integration.

The superspace UOSp(m|2n) (which is not actually a supergroup, see e.g. discussion in
[19] and [27]) is then defined as OSp(m|2n; C)NU(m|2n), so the complex matrix elements
X satisty both equations and . To obtain coordinates, we introduce 2mn

complex Grassmann variables # which satisfy § = —J6. This leads to mn independent
complex Grassmann variables. The identification

X[’]:IA X[’]]:IQTJZ
XH,I =0 XU,H = Bz

with = the matrix elements of O(m), z the matrix elements of USp(2n), A = /1, — 67 J0 =
VI, — 010 and B = /I, — 00T J = \/I,,, — 007, satisfies equations (5.2)) and (7.1)). The

invariant integral on UOSp(m|2n) then takes the form

/ f(X) = / / det(I,, — 010)~Y2 f(X (z, 2,0)).
UOSp(m|2n) O(m)xUSp(2n),zxz J Baymn,0

This is an explicit construction of the invariant measure on UOSp(m|2n) implicitly used
in [19].
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8. CONCLUSION

We conclude the paper with a brief summary of the main results. By treating a Lie
supergroup as a Harish-Chandra pair consisting of a Lie superalgebra and an ordinary Lie
group, we have developed explicit formulae for the invariant integrals on the orthosym-
plectic Lie supergroup OSp(m|2n) and unitary Lie supergroup U(p|q) for all m,n and p, q.
The results are presented in Theorem [5.5|and Theorem [6.4. The formulae are elegant and
simple to use. For example, by using the formulae, we have proved the non-degeneracy of
the integrals in Corollary and Corollary [6.2] with very little effort. This is a problem
which eluded solution before.

In Section [7] we have obtained from the invariant integral on OSp(m|2n) an explicit
construction of the invariant measure on UOSp(m|2n) implicitly used in [19]. This already
demonstrates the relevance of our work to the theory of random super matrices, and we
expect further applications of results in the present paper to lead to significant progress
in the area.
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