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Abstract

We provide a Hopf boundary lemma for the regional fractional Laplacian (—A){, with
Q c RY a bounded open set. More precisely, given u a pointwise or weak super-solution
of the equation (—A)ju = c¢(x)u in Q, we show that the ratio u(x) /(dist(x, 0Q))>~!is strictly
positive as x approaches the boundary d€Q2 of Q. We also prove a strong maximum principle
for distributional super-solutions.

Keywords Regional fractional Laplacian - Hopf boundary lemma - Pointwise super-
solution - Weak super-solution - Distributional super-solution

Mathematics Subject Classification 47G20 - 35B50 - 45K05

1 Introduction and main results

Let s € (1/2,1) and let Q C RV (N > 2) be a bounded domain with C'-! boundary. The
regional fractional Laplacian (—A)j, of a function u : © — R is defined as

u(x) — u(y) . u(x) — u(y)
(_A)s M(X) =c gPV// _— 7 dy = Cp lim / —_— dy, 1.1
Q N, Q |x _ y|N+2s N, e—0+ Q\B.) Ix _ y|N+2s ( )

provided that the limit exists. We recall that “P.V.” stands for the Cauchy principal value
and that the normalization constant cy , is explicitly given by
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L 1 —cos(¢)) -l _ ZZSF(N%ZS)
CN,s‘_ </[R;N|C|Td§> —S(l—S)m.

For functions u belonging to Cif:re(Q) N L*(Q) for some € > 0, the integral in (1.1) is
finite. In this way then, we say that (1.1) is defined pointwisely in Q.

The study of the regional fractional Laplacian has received some growing attention in
recent years. However, in contrast to that of the' fractional Laplacian

(=AY u(x) = cy P.V. / ulx) = uly)

dy,
RN |x_y|N+25 Y (12)

the theory of elliptic problems driven by the regional fractional Laplacian is less developed
in spite of some known results. We are concerned here in particular with the Hopf bound-
ary lemma, which is a powerful tool for the study of qualitative properties of solutions like,
for example, their monotonicity and symmetry, also via moving plane arguments.

In [13], the authors obtained a Hopf lemma for pointwise super-solutions for an ellip-
tic equation involving the fractional Laplacian (—A)® under the assumption that an interior
ball condition holds. For the Hopf boundary lemma for weak super-solutions related to the
fractional p-Laplacian, we refer to [9] and references therein. Other references on the Hopf
boundary lemma for fractional Laplacian can be found in [1, 5, 7, 12, 16, 17]. However, to
the best of our knowledge, an analogue result for the regional fractional Laplacian has not
been investigated before. Let us mention here that while the Hopf lemma is usually used
to run a moving plane method in the case of the fractional Laplacian, as recalled above,
this does not seem to be the case for the regional fractional Laplacian. The moving plane
method for (—A){, remains indeed a challenging question: the main difficulty relies on the
fact that the operator depends on the domain and therefore, upon scaling the domain, the
operator changes as well. We expect a symmetry breaking in the case of the regional frac-
tional Laplacian defined on bounded domains.

Here, we investigate the validity of a suitable Hopf-type lemma for super-solutions of
the equation

(=A)ju =c(x)u in Q. (1.3)
We analyze this both for the case of pointwise and weak super-solutions. Moreover, we also
study a strong maximum principle for distributional super-solutions to (1.3). So, before

stating our main results, let us recall the following definitions (notations are defined in
Sect. 2).

Definition 1.1 We say that a function u : Q — R is a pointwise super-solution of (1.3) if
u € Ci¥t(Q) N L*(Q) for some e > 0 and
(=A){u(x) = c(x)u(x) for any x € Q.

Definition 1.2 We say that a function u : Q — R is a weak super-solution of (1.3) if
u € H°(Q) and

! Sometimes it is also called restricted fractional Laplacian.
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A Hopf lemma for the regional fractional Laplacian 97

Eu, p) > / cug for any ¢ € C°(€2), ¢ > 01in Q.
Q

Definition 1.3 We say that a function u : Q — R is a distributional super-solution of (1.3)
ifu € L'(Q) and

/ u(=Ayue = /cuqﬁ forany ¢ € C°(Q), ¢ > 0in Q.
Q Q

In this case, we briefly write
(=A){u > c(x)u in D'(Q).

Remark 1.4 Sub-solutions can be defined in similar ways as in Definitions 1.1, 1.2, and 1.3.
Also, in the case of Definition 1.2, by density the test function ¢ can be chosen in Hy(€2), if
c is somewhat well-behaved (see Lemma 4.1 for more details).

We are going to denote by 6,(x) = inf{|x — 8| : 0 € 0Q} for x € Q. The main results of
the paper are the following.

Theorem 1.5 (Hopf lemma for pointwise super-solutions) Ler @ C RY be an open bounded
set with C' boundary and s € (1/2,1). Let c € L®(Q) and let u : Q — R be a lower semi-
continuous super-solution (in the sense of Definition 1.1) of (1.3).

(1) Ifc<0inQandu > 0on 0Q, then either u vanishes identically in Q or

Jim inf —*&

im int m >0 for any z € 0Q. (1.4)
X—Z Q

) Ifu>0in 5, then either u vanishes identically in Q or (1.4) holds true.

Theorem 1.6 (Hopf lemma for weak super-solutions) Let Q C RN be an open bounded
set with CY! boundary and s € (1/2,1). Let ¢ : Q — R be a measurable function and let
u € H*(Q) be a weak super-solution (in the sense of Definition 1.2) of (1.3). Suppose that
either

c€eL®(Q) (1.5)
or
N o
ceLiQ), g> 75 and ue Ly (€), (1.6)
s
hold.

(1) Ifc<0inQandu > 0on dQ, then either u vanishes identically in Q or

there exists &5 > 0 such that % > g, inQ. 1.7)

(1) Ifu > 0inQ, then either u vanishes identically in Q or (1.7) holds true.
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98 N. Abatangelo et al.

Let us first comment on the proof of Theorem 1.5. Starting with a strong maximum prin-
ciple, we obtain the strict positivity of non-trivial super-solutions of (1.3): this is where the
lower semicontinuity of u is needed. In a next step, we construct a barrier from below for u in
terms of the torsion function ., i.e., the solution to the boundary value problem

(=AU =1 in Q,
{ Uy = 0 on 0Q. (1.8)
This function is known to satisfy, on smooth domains, the double-sided estimate

C'od ' <uy, <C8F1 inQ (1.9)

for some C > 1, see [3, 6] which are based on some estimates in [2, 8, 14]. Intuitively, (1.9)
gives that the boundary behavior of super-solutions described by (1.4) and (1.7) is opti-
mal. We notice that, in contrast to what happens for the fractional Laplacian, there are no
explicit examples of torsion functions for the regional fractional Laplacian, even in the case
when Q is a ball. In [10], a numerical analysis is performed in the one-dimensional case
Q=(-1,1).

We mention that the existence and uniqueness of pointwise and weak solutions to the Dir-
ichlet problem (1.8) with general bounded right-hand side was obtained in [6]. We notice
also that the Holder regularity up to the boundary of any weak solution of (1.8) was recently
proved in [11], while regularity up to the boundary of pointwise solution of (1.8) was obtained
earlier in [6]. We also mention that the boundary regularity of the ratio u,, / 53{‘1 has been
established in [11] in the case when Q is of class C"’ for some g > 0. Thus, it makes sense to
evaluate u,, /65 ~" pointwisely on Q.

The proof of Theorem 1.6 follows the same line of thought as the one of Theorem 1.5,
although with some more technical difficulties due to the weak character of super-solutions
involved. For example, when ¢ € L7(€2) the strong maximum principle involved in our strat-
egy takes the following form.

Proposition 1.7 (Strong maximum principle for distributional super-solutions) Let Q C RY
be a bounded open set and u € L;° (€2) be a distributional super-solution (in the sense of
Definition 1.3) of (1.3) with

N
c €L, @, q> 7. (1.10)

Ifu > 0 in Q, then either u vanishes identically in Q or

esskinf u>0 for any K CC Q.

The paper is organized as follows. In Sect. 2, we present some notations and definitions.
Section 3 is devoted to the proof of Theorem 1.5, whereas in Sect. 4 we prove Theorem 1.6.
Finally, in Sect. 5 we prove Proposition 1.7.

2 Preliminaries
We collect in this section some notations and useful tools. For s € (0, 1), H*(€2) denotes the

space of functions u € L*(Q) such that
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A Hopf lemma for the regional fractional Laplacian 99

S ()_ ()’)
[ H‘(.Q.) = CN // o - dxdy< 0.

|x y|N+25

It is a Hilbert space endowed with the norm
. 2 2 1/2
||u||H~"(Q) = (”I/l” 2(Q) + [M]Hl(g)) .

We denote by H(€2) the completion of C(€2) with respect to the norm || - || (). It is
known that for s € (1/2,1), H{ () is a Hilbert space with the norm || - ||Ha(g) = [
(which is equivalent to the usual one in H*(€2) thanks to a Poincaré-type inequality) and it
can be characterized as follows

HY(Q) :={u € H(Q) : u=00n0Q}.
Next, we define H{(€2), by
H)(Q), :={u € H)Q) : u>0inQ}.

Foru,v € H(S)(Q), we consider the symmetric, continuous, and coercive bilinear form

B : cN‘// (u(x) — u(y)) V(X)—V(y))

|)C y|N+23

The first Dirichlet eigenvalue of (—A), in Q can be defined by

E(u, u)

n .
ue Hy(Q) lull},q 2.0
uz0

4(Q) =

It holds 4,(€2) > 0, with the corresponding eigenfunction unique and strictly positive in Q.

Given x € Q and r > 0, we denote by B,(x) the open ball centred at x with radius r.
We denote by u* := max{u,0} and u~ := max{—u,0} the positive and negative part of
u, respectively. We also recall that, if u € H*(Q), then ut,u~ € H*(Q) as well: this follows
from a simple calculation, indeed u = u™ — u~ and

[u]lz_p(g) =E&u,u)=Eu,ut) = 268w, u) + Eu,u)

where

Ewt,u) =

CNS// (@) —ur ) (u (o) — (y))

2 |x y|N+25

ur @) u(y)
dxdy <0.
//Q Ix y|N+2$‘ V=

3 Proof of the Hopf lemma: the case of pointwise super-solutions

The aim of this section is to prove Theorem 1.5. Before doing this, we need one key result:
we state and prove a strong maximum principle for pointwise super-solutions of (1.3).
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100 N. Abatangelo et al.

Proposition 3.1 (Strong maximum principle for pointwise super-solutions) Ler Q C R" be
a bounded open set. Let ¢ € L*(Q) and u : Q — R be a lower semicontinuous function
super-solution (in the sense of Definition 1.1) of (1.3).

(i) Ifc £0inQandu > 0ondQ, then either u vanishes identically in Q, oru > 0 in Q.
(i) Ifu > 0in Q, then either u vanishes identically in Q, or u > 0 in Q.

Proof Before going into the proof, we start by proving that the function  is nonnegative in
Q as long as the hypotheses of assertion (i) are satisfied.

Let us assume that ¢ < 01in Q, u > 0 on d€2, and that u does not vanish identically on Q.
Then we claim that

u>0 in Q. (3.1)

Assume to the contrary that (3.1) does not hold, that is, u is negative somewhere in Q.
Then, using that Q is compact together with the hypotheses of lower semicontinuity of u,
a negative minimum of the function # must be achieved in Q. In other words, there exists
Xy € Q such that

u(xy) = ggg u(x) < 0. (3.2)

Combining (3.2) with u > 0 on 9Q2, it follows that

(=D)L u(xy) = ey, P.V. / %) — uly)

- dy < 0.

o |x - yVr

But, since by assumption c(x;) < 0, we have that c(xy)u(x,) > 0. Therefore,
0> (=A)ju(xy) = clxg)ulxy) = 0.

which is a contradiction. Consequently, claim (3.1) follows.
So we can now suppose u# > 0 in Q. Suppose that u # 0 in Q and let us prove that

u>0 in Q. (3.3)

First of all, we recall that by the lower semicontinuity of u, there exist x, € Qand e;,r > 0
such that

u(y) > € forall yé€ B,.(x;) C Q.

If the inequality (3.3) were not true, that is, if u(X) = 0 at some % € Q, then it would hold

(=A){ux) = cN,SP.V./Q Ifc—uy% dy < cy,P.V. /Brm) H—i}% <0
Therefore,
0> (=A)nu(x) 2 c(Hu(x) =0,
a contradiction. Thus, the strict inequality # > 0 in Q must hold true. O

Having the above strong maximum principle, we can now give the proof of Theorem 1.5
by following some ideas in [13].
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A Hopf lemma for the regional fractional Laplacian 101

Proof of Theorem 1.5 From Proposition 3.1, it follows that
u(x) >0 forallx € Q (3.4)

provided that u does not vanish identically in Q. In other words, if # does not vanish identi-
cally in Q, then for every compact subset K C Q we have

wfu0) >0 (3.5)

Now suppose that u does not vanish identically in Q and let us prove (1.4). To this end, it
suffices to construct a barrier for u in terms of the solution problem (1.8). Let u,,, denote
the pointwise solution of (1.8).

Next, for n € N, we set

v,(x) = %ulor(x) forx € Q. (3.6)

Then, by definition and (1.9), by the boundedness of € it follows that

v, >0  uniformly in Q as n — co. (3.7

n

We wish now to show that there exists some n, € N such that

u>v, in Q, for any n > ng. (3.8)

In order to prove (3.8), we argue by contradiction: suppose that for every n € N the func-
tion w, defined by

W, i=Vv,—u in Q

is positive somewhere in Q. Then, using that w, = v, —u = —u < 0 on dQ and the com-
pactness of Q, a positive maximum of the upper semicontinuous function w, (since u is
lower semicontinuous by assumption) must be achieved at some x, € Q, that is, there
exists x,, € Q such that

wn(xn) = 1}162}%( wn(x) > 0. (3.9)

This implies together with (3.4) that 0 < u(x,) < v, (x,). From this and thanks to (3.7), we
find that

s u(x,) = 0. (3.10)

Recalling (3.5), we deduce from (3.10) that x, — dQ as n — oo. Taking this into account,
one deduces that for any compact set K C Q there exists 2 > 0 such that |[x, —y| > & >0
for any y € K and n sufficiently large. As a direct consequence, there exist two positive
constants y,, y, > 0, independent of n such that

dy . .
71 < /K m <7 for n sufficiently large(depending on K).  (3.11)

Thus, we have
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102 N. Abatangelo et al.

M(Xn) - M()’)

- dy+ch,P.V./
_y|N+23 S ok |xn -y

u(xn) - M()’)
|N+2x

c(x,ux,) < (=A)gulx,) = CNS/

" Jk |x,
(3.12)

We now aim at estimating the integrals on the right-hand side of the above inequality. Con-
cerning the first integral, we notice that by (3.5), there exists a positive constant y; > 0
such that u(y) > y; for y € K. As a consequence of this and by using (3.10) and (3.11), it
follows that

. u(x,) — u(y)
thUp/ —————dy < -y,73 <0. (3.13)
K

ne oo |xn _y|N+23'

Regarding the second integral in (3.12), we first recall that since x, is the maximum of w,
in Q, then by (3.9)

u(xn) - M()’) < vn(xn) - Vn(y)'

Using this, the second integral in (3.12) can be estimated as follows:

P.V_/ Mdy@,v./ Yn0) = Va0 (3.14)
Q Q

N+2 - N+2
\K |'xn_y| 2 \K |'xn_y| 2

Moreover, a simple calculation yields

cusP.V. /Q Mdy=(_%vn(xn)_% / W) =00 G3.15)

& |, = y|VE K |x, — y[V
Now, from (3.6) and (1.8), it follows that
(A0, 05,) = (=Dt () =
This yields
(A)yv,(x,) =0 as n— . (3.16)

Combining (3.16), (3.7) and (3.11), we observe that the right-hand side in the equality
(3.15) goes to zero as n — oo and therefore

lim P.V./ 205) =0 O) 4o,
Q

n—oo \K |xn _ y|N+25
Consequently, from (3.14), we get

u(x,) — u
lim supP.V./ LNS? dy <0. (3.17)
ok |x, —y[m

n—oo
However, using that ¢ is bounded, it follows from (3.10) that
nlirilo c(x,)u(x,) = 0. (3.18)

Finally, (3.17) and (3.13) into (3.12), lead to a contradiction with (3.18). Therefore, the
inequality (3.8) follows for some n € N large enough. a
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A Hopf lemma for the regional fractional Laplacian 103

4 Proof of the Hopf lemma: the case of weak super-solutions

In this section, we aim at proving Theorem 1.6. Here, the function u,,, defined via (1.8)
above is understood to be a weak solution. Recall the double-sided estimate (1.9). We first
state and prove a technical lemma and a strong maximum principle for weak super-solu-
tions of (1.3).

Lemma 4.1 Let Q C RN be an open bounded set and ¢ € L% (Q). Then u is a weak super-
solution (in the sense of Definition 1.2) of (1.3) if and only if

Eu,v) > / cuy for any v € H{}(€),.
Q

Proof Fix v € H (), and let (y,),cn C C(Q) a sequence of nonnegative functions con-
verging to v in the H*(Q)-norm. By Definition 1.2, we have

Eu,y,) > /cm//n for any n € N.
Q
On the left-hand side, we have the convergence £(u, y,,) — E(u,v) as n — oo by construc-

tion; so, let us deal with right-hand side. By the Sobolev embedding, we have y,, — v as
n — oo in L% (Q), with 2;“ = % So, we have the convergence

/cm//n—>/cuv asn — oo,
Q Q

if cu € L% (Q) where 1% = (2%)is the conjugate exponent of 2, which is what we show
next. This indeed follows from the Holder inequality:

o N\ 5 w \ Vi
/|cu|m - (/ |C|2x> </ |M|N_2.‘> < oo.
Q Q Q

E(u,v) = r}im Eu,y,) > nlim / cuy, = / cuv.

Then

|

Proposition 4.2 (Strong maximum principle for weak super-solutions) Let ¢ € LI(Q2), with
q> %, andu € H*(Q) N L;? () be a weak super-solution of

(=A)ju = c(x)u in Q. @.1)

(1) Ifc<0inQandu > 0o0n0Q, then either u vanishes identically in Q oru > 0 in Q.
(i) Ifu > 0in Q, then either u vanishes identically in Q or u > 0 in Q.

Proof We first recall the following elementary inequality:

(u@) = u) (™ @) =~ () < —(u(x) — u_(y))z, foranyx,y € Q. (4.2
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104 N. Abatangelo et al.

Assume then ¢ < 0in Q and u > 0 on Q2. Then u~ = 0 on 0Q2. Moreover, by standard argu-
ments, we also know u~ € H*(Q). Therefore u~ € HS(Q) + Hence, by testing (4.1) on u~
(which is allowed by Lemma 4.1), we have from inequality (4.2) that

/Qc(x)u(x)u_(x) dx < Eu,u™) < =Eu ,u").
Moreover, u = ut — u~ with utu~ = 0in Q, which yields
/Qc()c)u_(x)2 dx>Ew ,u) > /11(9)““_”22(9)’
where A, () has been defined in (2.1). Since 4,(Q2) > 0, then from the nonpositivity of c it
follows
1 gy = 0

implying that 4~ = O a.e. in Q, that is, u > O a.e. in Q.

So we can at this point assume that # > 0 in Q. Note that the fact that u is a weak super-
solution implies in particular that u is also a distributional super-solution. Indeed, for any
wE CX(Q),y 20inQ,

Cns (1) = u) (W) = w ()
Eu,p)=— dx;d
/chl//S (u, w) ) /Q/Q M y

v —w®) /
= P.V. y dx = A
cxs /Q () / i u(=A)

Using this remark, we can use Proposition 1.7. O

Remark 4.3 1t is possible to drop the assumption u € L7 (€2) in Proposition 4.2 by paying
the price of assuming ¢ € L*(£2). In this case, the first part of the proof still holds, while,
instead of using Proposition 1.7, the second part simply follows from [15, Theorem 1.2].

We now prove Theorem 1.6. For the sake of clarity, we split its proof into two differ-
ent arguments.

Proof of Theorem 1.6 under assumption 1.5 Suppose that u does not vanish identically in Q
and let us prove (1.7). In other words, we want to prove that there exists a positive constant
C > O such that

u>CerF~ inQ (4.3)

From Proposition 4.2 and Remark 4.3, it follows that # > 0 in Q. This means that for any
K cc Q there exists € > 0 such that it holds

ux)>e>0 forx e K. 4.4)

Now, let w, :=v, —u where v, is the function defined in (3.6). Then, thanks to (3.7) and
(4.4), we can assume without any ambiguity that

wr=0 in K for n sufficiently large. 4.5)
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A Hopf lemma for the regional fractional Laplacian 105

Now, since w" € H{(Q), (because wt > 0in Q, wh € H*(Q) since w, is, and w} =0 on
0Q since v, = 0 on dQ and u > 0 on 0Q2), one can use it as a test function in Definition 1.2
(by Lemma 4.1) in order to have

Eu,wh) > / cuw’?. (4.6)
Q
Since in {w* > 0} it holds
1
u<v, < ;”utor”b’"(ﬂ)’
we have
1
[ ctmm ) x> = el o ol oo @)
Q
On the other hand,
Eu,w) =Eu—v,,wH + v, wh) = E(-w,, whH) + 1é’(umr,w::)
n
==Ew  wh +Ew, ,wh)+ E(utor,w ).

Since the first term on the right-hand side of the above equality is nonpositive and
Etyor, W) = [ wh = ||Wh |11 thanks to (1.8), then

_ 1
Eu,wh) < Ew,,wh) + ;”W:“LI(Q)' (4.8)
Now,
wo (W (y)
Ewo,wh) =—c ;//% dx dy. 4.9
n n N.s aJa |x_y|N+2s Y ( )

Recall that, by definition (see also (4.5)), K C {w, <0} = {w > 0}and
_ 1 .
w >e— ;||umr||uo(9) in Q,

so, upon plugging this into (4.9), we obtain

w, (x)w+ )
Ew,,wh) < — / / o dx dy
K |x y|N+2S
1 wr ()

1 .
< Coona (5 Mt llimiey = €)1 1

for some C,, > 0 and n sufficiently large. Plugging (4.7) into (4.6), using (4.8) and this last
obtained inequality, we get
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106 N. Abatangelo et al.

1 + 1, 4
COCN,S<Z”ul0r”L°°(Q) - €>||W,, Lo + Z”W,, L@ 2

1 (4.10)
2 _;||C||L°°(Q)”umr“LN(Q)”W:“U(Q)'
For n sufficiently large, we deduce from (4.10) that
wh=0 in Q.
Therefore, (4.3) follows. O

Proof of Theorem 1.6 under assumption 1.6 The very first part of the proof follows the argu-
ment given above. We start here from (4.6). We know from Proposition 4.2 that u > 0 in Q
and so w, < v,, from which it follows

1

i

/cuwn 2——||ut0r||Lw(Q)/ |cu].
Q n Q

By the fractional Sobolev inequality, we have that u € LP(Q) for any
1 <p<2'=2N/(N —2s). As the conjugate exponent of 2N /(N —2s) is 2N /(N + 2s)
which is smaller than N/(2s), we have by an application of the Holder’s inequality that

1

4

/C”W” 2 _;””tor”LDO(Q)”””LZS*(Q)”CHU(Q)-
Q

By repeating the calculations in the preceding argument, we then get the analog of (4.10)
which reads in this case

1 " I, 4
Coew( Mtorllzoe = €)W sy + ~ 193 1y
1
2 _Z””mr”Lm(g)||u||L2f(g)”C”Lq(Q)~
This last inequality, for n sufficiently large, gives

wh=0 in Q.

n

Therefore, (4.3) follows also in this case. a

5 Proof of the strong maximum principle for distributional
super-solutions

This last section is devoted to the proof of Proposition 1.7. In the following, we assume that

u : Q — Ris a distributional super-solution (in the sense of Definition 1.3) of (1.3) and that ¢
satisfies the assumptions in (1.10).

5.1 Regional v. restricted fractional Laplacian

Note that
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A Hopf lemma for the regional fractional Laplacian 107

dy

———— forxe Q,
MO |X _y|N+23

(mA)qw = (A 'w — ko inQ, Kq(X) = cy /
R
where we recall (1.2), so that Definition 1.3 is equivalent to (if we extend u = 0 in RV \ ﬁ)

. N
(=A)’u> (c+kg)u inD'(Q), cel! (Q).q> % (5.1)

5.2 Approximation and representation of distributional solutions
Consider a solution u : RY — [0, +o0) to (5.1) with

N.
el (Q), a>—4

s N and u=0inRY\ Q. (5.2)

Take n, € C*(B,)amollifier. If we take an open ' CC Qthen for any y € C*(Q'), y > 0,
itholds y x 5, € C(Q) for £ small independently of y and we can say

[ wsn)eary= [ s carw)= [u-arivsnr [ (et rauly+n)
RV RV Q

[ (s <o g

which implies that
(=AY (u*n,) > <(C+K9)u> xn,  inQ.

Asu=xn, € C®(Q), the above inequality also holds in a pointwise sense. We can then
exploit a Green representation on u * #, (see [4]) to deduce that for any x € Q" cc Q' and
0 < r < dist(Q”, RN \ Q)

(u « ﬂg)(x) > rzs/ G(O,y)[((c+ KQ)M) * ne](x+ry) dy
B,
(5.3)

+ / P(O,y)(u * ng)(x + ry) dy.
RV\B,

Here we have used the kernels G and P which are, respectively, the Green function and the
Poisson kernel of the fractional Laplacian (—A)® on the unitary ball B}, which are explicitly
known, see [4]:

A=li?)a=ly?)

Gl y) = —s o A xy€EB

T (+ 72 e
YNs 1—]x2\° N

P(x,y) = . _ xe€B,yeER B,.

) |x—y|N<|y|2—1 Ly ERTAE

From now on, we assume that # > 0 in Q. We want to send € — 0 in (5.3) and deduce a
representation for u. For the Poisson integral, we use the nonnegativity of # and the Fatou’s
Lemma to say
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lim inf/ P(O,y)(u * na)(x +ry)dy > / PO, y) u(x + ry) dy.
=0 Jrvg, RV\B

For the Green integral, we use that

N
G(0,-) € L”(B f eb, )
O)er®) foraype |l

and

[

< C”(C + KQ)M”

) < Clieulipan + Cllxall po Nl )

LF(QY) (o

forany g € (ﬁ,a>
2s

where moreover, by the Holder inequality

1
B s N
/Qr |Cu| < ”C”Lq(g/)”uﬂ”Lq/(r{fﬁ)(Q/) for 2 < ﬁ <gq,
ba/(a=p) for 2L < o
Jorv ® a=p ’

where the second inequality holds for g close to % in view of (5.2). Therefore, using the
weak topology in Lebesgue spaces,

1% A G(O,y)[((c + KQ)M> * né](x+ ry) dy
= / G(0,y) (c + KQ)(x + ry)u(x + ry) dy.
Bl
Thus,

u(x) > r* / G(0,y) (c + KQ)(X +ry)u(x+ry) dy + / PO, y) u(x + ry) dy
B, RV\B,

forae x € Q".
54

5.3 The Hardy-Littlewood maximal function

Recall that, given f € LfOC(IRN ), p > 1, the Hardy—Littlewood maximal function is defined
as

M0 =swp [l xer® 5:5)
B,(x)

r>0 I

In the following, we are going to need the following fact
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||M[f]||u,(K) < Cllfllpxy for p > 1 and K cc R" measurable. (5.6)

5.4 The strong maximum principle

Having the above ingredients, in this subsection, we are ready to give the proof of Proposi-
tion 1.7.

Proof of Proposition 1.7 We argue by contradiction. Assume that [{u > &} N Q’| > 0 for
some 6 > 0.

In the notations of the previous subsection, and without loss of generality, we assume
that

. " .
there exist ()cj)jeN c Q" and (rj)jGN C(0,00), r; > 0 asj — oo,

such that lim L u=0.
Jjoo (Zr) Bz,-/(X,)

Without loss of generality, we can assume that (r ) 1s decreasing. Extract a subsequence
2
(p])j‘EN C (r])j‘E in such a way that

2s

7
1 u< - and Py for any j € N. 5.7
Y I ) J
J i

In order to ease notation, relabel c¢q = ¢ + k. We apply representation (5.4) with r =r,
and we then integrate it over B p,(xj), obtaining
J

r
LN u> j—N / G(0, y)/ co(x + ry)u(x + ry) dx dy +
P JB,x) p; /B )
1 (5.8)
+ = P@O,y) u(x + r;y) dx dy.
P Jrn\p, B, (x)

The Poisson integral can be estimated as follows:

2 Here we briefly comment on inequality (5.7). As we know by assumption that — o )N fB (X)u — 0 as

j — oo, one has also — u — 0as j — oo. Now, using that B, (x; ) C B,, (x ) and that u is nonnega-
/ J

(2 W /Bz, ()
tive, one can write

0< — u—s0 asj — oo.
B, (x) (2r w By, ()

One can then extract a subsequence (p;);en C (r)jen With p; < r; such that (5.7) holds.
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/ PO.y) ulx +ry) d e 1)
,y)ulx +r;y y=VN,s/ — . s @
R¥\B, g r\g, [N (112 = 1)°

>yt / ~ o) dy
B, |y —x] (

]2 — 52}
)
Zer/ u

Q\B,, ()

which entails

1
— P(0.y)

u(x + rjy) dx dy > Cr2Y
p; JRV\B,

5,05 5.9
for some C > 0. Mind that here we have used the assumption that [{u > 6} N Q’| > 0 for
some 6 > 0.

We now deal with the Green integral in (5.8). Fix p € (1, min{g,N/(N —2s)}). We
estimate

LN / G(0,y) / co(x+ ry)ux +ry) dxdy >
p; B, B/'j (Xj)

J
C _
> [l [ gttt avay
/Jj B, B,,(x)

> [P [ leatrer i ax
B, 7 s, 0

-

J

(5.10)
1 =)

X N/ u(x + r;y)e! dy
pj Bp/(-x)

Z—C/ y|@=Np iN/ leg(x +7 y)|§dx dy]

B, p; s,

[/ / luCx + )| 77 dx dy] ' (5.11)

B (x)

Using that

1 _ _
_NA |CQ(x+rj)’)|q deM[|CQ|q](xj+rj)’)
P

by definition (5.5), we obtain for (5.10) the following estimates by means of a Holder
inequality
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/ ly |(Zs N)p / |Cg(x+rjy)|adx dy
B (x)

< / |y|<2S-N>PM[|cg|ﬂ(xj £y dy
B]

2s=N)pg % — q 5
( e dy) ( / M{jcq ] (5 + ) dy)
B
~ing a1nela
<(f 01" @) " e,
25—N)p e
(2s=N)pq Pq - —
< ([ 0 @) a1,
Bl

a-r

2s=N)pg pq
s< Tz dy) lealler
Bl

by (5.6). Remark that the assumption 1 < p < N/(N — 2s) ensures that

IS

(5.12)

2s=Npg _ __Nq
qg-p q-p

> —N,
which guarantees the finiteness of the first factor in (5.12).

Fix now g € (p, ¢) and notice how this implies

P g-1

— > 1.
r—-1 g

Using this, we estimate (5.11) as follows:

1

gl

1 a ot
[ ] wesnpiiac) o
B, pj Bﬁv(x,)

51 17111 1_1) 1 7
<clliig [ (5 e ac) e
B \P; /B,

(E==+E5 - 1
<C|lu ||L;,(Q," / <—N/ u(x + r;y) dx> dy
B\ P JB,x)

1
Ml [ (% [ e as)
7

J pi

<

Note that
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1/ 1
— u(x+r-y)dxdy——/ —/ u(x; +x+y)dxdy
/BI 7 Js, ! s, 0 '

i J '”./

:—/ / u(x; +x+y) dy S—N/ / u(x; +z) dz dx
j F '+P
r; + pj 1 /
= WN( ) 5 u(x; +z) dz |
i (rj + Pj) By (5.13)
< < N/ u(x; +z) dz
(ri+p)" By
c 2rj )N 1 / ‘ yd 0
< ulx; +z)dz — asj — oo.
o) G Jy,

We therefore deduce, by plugging in (5.8) the estimates contained in (5.7), (5.9), (5.12),
and (5.13),

2s
.
J 2s 2s .
7 > Clrj €+ Czrj , for some (ej)jeN C (0, 00), g = Oasj — oo.
But this gives a contradiction for j large enough. a
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