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ABSTRACT. In this paper, we will see that the symplectic creed by Weinstein ”everything
is a Lagrangian submanifold” also holds for Hamilton-Poincaré and Lagrange-Poincaré
reduction. In fact, we show that solutions of the Hamilton-Poincaré equations and of
the Lagrange-Poincaré equations are in one-to-one correspondence with distinguished
curves in a Lagrangian submanifold of a symplectic manifold. For this purpose, we will
combine the concept of a Tulczyjew triple with Marsden-Weinstein symplectic reduction.
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1. INTRODUCTION

Lagrangian and Hamiltonian mechanics can both be formulated in the context of symplec-
tic geometry. For a Hamiltonian system, one may simply consider the canonical symplec-
tic form on the cotangent bundle of the configuration space. For the case of a Lagrangian
system, the regularity of the Lagrangian plays a role: if the Lagrangian is (hyper)regular,
one may use the Legendre transformation to pull back the canonical symplectic form to
obtain a symplectic form on the tangent bundle, the so-called Poincaré-Cartan two-form.
Less known is that even in the case when the Lagrangian is singular, there exist sym-
plectic formulations of the dynamics. One such formulation is provided by the so-called
Tulezyjew triple [23, 24], which consists of three (anti)symplectomorphic manifolds. We
will provide all details when needed, but, briefly speaking, it describes the dynamics in
terms of Lagrangian submanifolds of the spaces of the triple, and it ultimately provides
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a unified picture where both Hamiltonian and Lagrangian mechanics can be treated on
the same footing (see [23, 24] and Section [2). The ideas behind this triple have been ex-
tended to more general structures (such as Lie algebroids [9] or Dirac structures [§]) and
to more general classes of systems (such as systems with constraints [7], time dependent
systems [10] and field theories [2], [6], [15]).

Reduction theories provide a way to benefit from symmetry properties of dynamical sys-
tems. One such theory is that of Lagrange-Poincaré reduction which, in a few words,
uses the symmetry group of the dynamics to reduce Hamilton’s principle. The Hamilton-
ian analogue of Lagrange-Poincaré reduction is Hamiltonian-Poincaré reduction. In the
literature, there exist many distinct geometric models for the equations that result from
this procedure, mostly for the case of a regular Lagrangian [4, 5] 14, 22]. It has also been
observed that the Lagrange-Poincaré equations may be considered as Euler-Lagrange
equations on a Lie algebroid, for the case of the so-called Atiyah algebroid [9] [14]. One of
the objectives of this paper is to provide a new framework in which also the case of singular
Lagrangians can be included. In [5] Lagrange-Poincaré reduction and Hamilton-Poincaré
reduction is said to be ”outside the realm of symplectic (and Routh) reduction”. The
main goal of this paper is to show Tulczyjew’s ideas concerning dynamics on the one hand
and symplectic reduction on the other hand can be combined to a model for Lagrange-
Poincaré reduction and Hamilton-Poincaré reduction within a reduced Tulczyjew triple.
The core idea behind the new triple is that it is purely composed of symplectic mani-
folds, as was its unreduced version. To do so, we will need to discuss first the reduction
(via the Marsden-Weinstein procedure) of an invariant Lagrangian submanifold. Then, we
will describe Hamilton-Poincaré and Lagrange-Poincaré equations in terms of Lagrangian
submanifolds of symplectic manifolds. So, we may conclude that the symplectic creed as
formulated by Weinstein [25] in the form ”everything is a Lagrangian submanifold” also
holds in this theory.

In the literature one may find three seemingly related approaches. In [9] the authors
obtain a Tulczyjew triple in a Lie algebroid setting. If one applies these results to the
case when the Lie algebroid is the Atiyah algebroid, one obtains rather a Poisson answer
than a symplectic one. We will relate our approach to theirs in the last section. In a
second approach [14] one may find a different Tulczyjew triple for Lie algebroids. This
triple consists of so-called prolongation bundles of Lie algebroids, which are all so-called
"'symplectic Lie algebroids’. The concept of a symplectic Lie algebroid is a generalization
of a symplectic manifold to the level of a vector bundle, but not a genuine symplectic
manifold in its own right. A third approach (in e.g. [20], 27]) also deals with singular
Lagrangian systems, but within the context of Dirac structures.

The paper is structured as follows. In Section 2] we recall some basic results on Tulczy-
jew’s triple and on Marsden-Weinstein symplectic reduction. In Section [3, we show that
an invariant Lagrangian submanifold of a symplectic manifold endowed with a Hamilton-
ian action may, under additional assumptions, be reduced to a Lagrangian submanifold
of the reduced symplectic manifold. In Section d] we give a one-to-one correspondence
between solutions of the Hamilton-Poincaré equations on the one hand, and distinguished
curves in a Lagrangian submanifold of a symplectic manifold on the other hand. In Sec-
tion Al we discuss two interesting special cases: the case where the configuration space
is the symmetry Lie group and the case where the configuration space is the product of
the symmetry Lie group with a base manifold. In Section [, we prove that there exists a
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one-to-one correspondence between solutions of the Lagrange-Poincaré equations and dis-
tinguished curves in a Lagrangian submanifold of the same symplectic manifold as in the
Hamiltonian side. Finally, in Section [1l we show that, for a hyperregular Lagrangian, the
corresponding Lagrangian submanifolds in the Lagrangian and Hamiltonian side coincide.
The paper ends with our conclusions and with some directions for future research.

2. TULCZYJEW’S TRIPLE AND MARSDEN-WEINSTEIN REDUCTION

We explain the main characteristics of the Tulczyjew triple in some detail. Let @) be the
configuration manifold of a mechanical system. A Lagrangian function L on T'Q) defines
a submanifold dL(T'Q)), which is Lagrangian with respect to the canonical symplectic
structure wpg on T*T'Q).

This submanifold can be mapped into T7T*() via the inverse of Tulczyjew’s diffeomorphism
Ag: TT*Q = T"TQ,
(¢, 4,P) = (4,4, P, p)-

This map is a symplectomorphism when we consider on T7T*() the symplectic structure
wg, which is given by the complete lift of the canonical symplectic form wq on T*Q.
Therefore, also Sp = Ay'(dL(TQ)) is a Lagrangian submanifold. In [23, 24], it is shown
that solutions of the Euler-Lagrange equations are in one-to-one correspondence with
curves in Sy, which are tangent lifts of curves in 7%Q).

In the Hamiltonian formulation it is possible to proceed in a similar way. Here, the
Lagrangian submanifold dH (T*Q) of (T*T*Q,wr+g) may be mapped into T7*Q via the
isomorphism vector bundle
bo: TT7Q — T*T™Q,
(qvpa qap) = (qvpa _pa Q)a
which is induced by the symplectic form wg. Since this map is an anti-symplectomorphism,
Sy = b;; (dH(T*Q)) is a Lagrangian submanifold of (T7*Q, wg). In fact, it is the image
of the Hamiltonian vector field X5. As in the Lagrangian case, solutions of the Hamilton

equations are in one-to-one correspondence with curves in Sy which are tangent lifts of
curves in T%Q).

The following diagram, which is known as Tulczyjew’s triple, illustrates the previous

situation

(T*"TQ,wrq) (TT*Q,wp) (T*"T*Q, wr+q)

. \/

(T*
Throughout the next sections, we shall often apply the Marsden-Weinstein reduction
theorem. For completeness, we now give a concise outline of this technique. This will
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allow us to fix the notations used in the rest of the paper. For a detailed treatment of
this topic, see [T}, 20].

It is well known that if a Lie group G acts freely and properly on a manifold M, the space
of orbits M/G is a smooth manifold and M is the total space of a principal G-bundle
with bundle projection p,,: M — M/G.

An action ¢: G x M — M of a Lie group G on a symplectic manifold (M,w) is called
G-Hamiltonian if for each g € G the map ¢,: M — M is a symplectomorphism (i.e.
¢pw = w) and ¢ admits an Ad*-equivariant momentum map J: M — g*. Here Ad*-
equivariance means

J(¢g(z)) = Ad—1 J (), forany xz € M, g € G,

where Ad*: G x g* — g* is the dual of the adjoint action. The momentum map J guaran-
tees that the infinitesimal generators &,; of the action ¢ are globally Hamiltonian vector
fields: &y becomes a Hamiltonian vector field for the Hamiltonian function J¢: M — R

defined as
Je(x) = (J(x),&), forallze M and € € g,

that is, i¢,,w = dJe. Throughout the paper, unless otherwise stated, we will impose the
following two assumptions:

1) We assume that p € g* is a regular value of the momentum map, which guarantees
i
that J=!(u) is an embedded submanifold of M. If we consider the isotropy group of
1 with respect to the coadjoint action,

G.={9€G: Ad} .= p},

one can prove that G, is a closed subgroup of G which, due to the equivariance
condition of the momentum map, leaves J~!(x) invariant. Thus, it makes sense to
consider the G -action on J~!(u),

Gt G x J7H (1) = T ().

(2) We will assume that G, acts freely and properly on J~!(x). Then, the space of orbits
J(w)/G, admits a manifold structure such that the canonical projection

Dy-1y- J(p) — Jﬁl(ﬂ)/Gu

is the bundle projection of a principal G,-bundle. The main result in [20] is that
the reduced manifold J~'(x)/G, admits a symplectic form w,, characterized by the
equation pl_, Wy, = i'w, where i: J~!(u) — M is the canonical inclusion.

Remark 2.1. The following observations are important in the forthcoming sections:

i) In the presence of a G-action ¢ on M, it is customary to simply write gz for ¢, (x).
We will use this notation when there is no risk of confusion.

ii) For the rest of the paper we will assume, unless otherwise stated, that all the actions
are free and proper. Under these conditions, the assumptions on the regularity of the
momentum map and on the freeness and properness of ¢, hold. Indeed in this case
J is a submersion and the induced action of G, on J~(u) is free and proper, and it
follows that the quotient space M /G is a manifold and that p,,: M — M/G is the
bundle projection of a principal G-bundle. Moreover, the connected component of
J~1(w)/G, may be identified with the symplectic leaf of the Poisson manifold M/G.
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Recall that the symplectic manifold M induces a Poisson structure {., .}/ on M/G
which is defined by

{f7 h}M/G OpM = {f opM7h'OpM}M7 fOI' all fah S COO(M/G)v
where {.,.},, is the Poisson bracket on M defined by the symplectic structure.

iii) In what follows, we will mainly use Marsden-Weinstein reduction for the case where
p = 0. In that case, however, it actually coincides with coisotropic reduction (see [I]).

Example 2.2. A typical example of Marsden-Weinstein reduction is cotangent bundle
reduction. A G-action ¢ on M may be lifted to a G-action ¢” ™ on T*M which is given
by cotangent lifts:

goy, = (T;xgbgfl)(&x), for all a, € T*M and g € G.

If ¢ is free and proper, then so is ¢? ™. This action preserves the Liouville one-form Ay,
and therefore it also preserves the canonical symplectic form wy; of the cotangent bundle
T*M. It admits an Ad*-equivariant momentum map Jr«p: T*M — g* given by

(Jrenr(ap), &) = (ag, En(2)), for all o, € T*M and € € g.

As the assumptions of the aforementioned reduction apply, it follows that J.2,,(1)/G plisa
symplectic manifold. In [I7], one finds a broad study of cotangent bundle reduction which
characterizes the cases in which the reduced symplectic manifold J;.,,(1)/G,, is again a
cotangent bundle and in particular, it is shown that for © = 0 one has an identification

(Jr22(0)/G, (war)o) = (T(M/G), wiiyc) -

The vector bundle isomorphism Wy : J;.},,(0)/G — T*(M/G) (over the identity in M/G)
which realizes this identification is characterized by the following condition:

<\I’0 (pJ;jM(o)(az)> ) (TacpM) (U$)> = <axa Ua:> )

for a, € Jz4,(0) and v, € TM. TIn fact, J;.},(0) is identified with the annihilator
V°p,, of the vertical bundle Vp,, of the canonical projection p,;: M — M/G. Thus,
J74,(0)/G = V°p,,/G and the latter space is canonically identified with T*(M/G). <

Finally, we recall that if two symplectomorphic manifolds are both Marsden-Weinstein
reducible for the same symmetry group and have compatible actions, then the reduced
spaces are also symplectomorphism (see, for example, [12]). More specifically, let f: M; —
M, be a symplectomorphism between the symplectic manifolds (M, w;) and (Ms, wy) and
suppose that both M; and M, admit G-Hamiltonian actions with Ad*-equivariant mo-
mentum maps J; and J, respectively. If f is G-equivariant and J, o f = Jp, then for a
fixed value p € g* it follows that the reduced manifolds J;'(u1)/G, and Jy ' (u)/G,, are
symplectomorphic, with symplectomorphism

[fu] : (Jl_l(lu)/Gw Wlu) - (J2_1(N)/Gw WQM)'

In the next lines, we will briefly explain how this map is defined. Observing that the
map f: M; — M preserves the momentum maps, it follows that f (J;' (1)) = J5 (k)
for each value p € g*. If we denote by f,: J; (1) — J5 (1) the restriction of the map
f to the submanifold J;'(u), then f, is a G,-equivariant diffeomorphism (because f is
G-equivariant) which therefore descends to the quotient. In other words, there exists a
symplectomorphism

[l = I () /G = I3 (1) /G



6 E. GARCIA-TORANO ANDRES, E. GUZMAN, J.C. MARRERO, AND T. MESTDAG

which is defined by [f,.] (p, (%)) = pag, (f(2)), for all z € J; ' (u), where py, : M; — M;/G

are the canonical projections for 7 € {1, 2}.

3. REDUCED LAGRANGIAN SUBMANIFOLDS

In this section, we will prove a result which will be important for the rest of the paper.
We will show that in the presence of a G-Hamiltonian action on a symplectic manifold
(M,w), a Lagrangian submanifold of M can be reduced to a submanifold on the symplectic
reduced space and that, under certain conditions, it retains its Lagrangian character.

We first need the following preparatory lemma.

Lemma 3.1. Let ¢: G x M — M be a (free and proper) action of a Lie group G on a
manifold M and S be a G-invariant embedded (respectively connected, closed) submanifold
of M. Then the quotient manifold S/G is a embedded (respectively connected, closed)
submanifold of M/G.

Proof. The action restricts to a (free and proper) action ¢g: G x S — S, and therefore,
S/G is a smooth manifold. We will denote by pg: S — S/G the canonical projection, by
1: S — M the canonical inclusion of S on M and by i S /G — M /G the corresponding
inclusion between the quotient manifolds.

Since pg: S — S/G is a surjective submersion there exists, for all x € S, an open

subset U C /G with pg(z) € U and a smooth local section 5: U — S of pg satisfying
S(pg(z)) = . In fact,

where p,;: M — M /G is the canonical projection. This implies that the map?is smooth.
Due to the fact that i: S — M is an immersion and due to the commutativity of the
following diagram

S - M
Psl/ lPM
S/G L~ M/G

we obtain that ¢ _is an immersion as well. Next we will show that if 7: S — M is an
embedding, then i: S/G — M/G is also an embedding. Recall that the topology on S/G
is the final topology for the projection pg: S — S/G. This means that a set UC S/G
is open in S/G if, and only if, pgl(ﬁ) is open on S. Since S has the induced topology
by M, there exists an open subset V' on M such that pgl(ff )=V nNS. We also observe
that p,,: M — M/G is an open map and thus p,, (V) = V is an open set of the quotient
manifold M/G. Now, using that S is G-invariant we conclude that p,,(VNS) = VNS/G.
This last statement follows from the relation pa (V' 1 S) = pu(G -V N S). Therefore,
i(U) =V N S/G. This concludes the proof that 7 is an embedding.

The statements about closedness and connectedness can readily be checked. U

We are now ready to prove the main result we had announced at the beginning of the
section.
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Theorem 3.2. Let ¢: G x M — M be a (free and proper) G-Hamiltonian action on
a symplectic manifold (M,w) and let J: M — g* be the corresponding Ad*-equivariant
momentum map. Suppose that S is a Lagrangian submanifold of M which is closed,
connected and embedded. Then:

(1) There exists a value 1 € g* such that the submanifold S is contained in the level set
().

(2) The space of orbits S, = S/G,, is an isotropic submanifold of the reduced symplectic
manifold (J ' (p)/Guywy).

3) The submanifold S, is Lagrangian if, and only if, g =g
p 1

Proof. Recall that S being Lagrangian is equivalent to the following two conditions:
dim S = 1/2dim M, and S is isotropic, i.e.

T.S C (T,9)* = {u € T,M: w(z)(u,v) =0, forallveT,S},
forall z € S.

(1) We must prove that Jig: S — g* is a constant map or equivalently, that for each
¢ € g, the real function J§|S: S — R given by

Jes(@) = (J(2),§) forallz €S,

is constant. Since S is connected it suffices to show d(J¢)s = 0. From the G-
invariance of S, we have &y(x) € T,S, and this fact, together with the isotropy
condition on S (namely T,S C (T,S)*), implies

<d Je)is(@ > ((dJe)(x),v) = ((igy,w)(2),v) = w(ém(x),v) =0, forwveT,S.

We conclude that there exists a p € g* such that S C J ().

(2) When we apply Lemma B.I] to the induced G,-action on J'(u), it follows that
S, = S/G,, is a closed connected embedded submanifold of the reduced symplectic
manifold (M, = J 1 (u)/G,w,).

Now, we will show that S/G,, is an isotropic submanifold of (J~'(u)/G,,w,). This
means that

Tips@)S/Gr € (Tips2)) S/ Gy ) ., for all pg(z) € S/G,,

where pg: S — S/G, is the canonical projection and the orthogonality L is under-
stood with respect to the symplectic structure w,. Let u,v € TS5, then T,pg(u)
and T,pg(v) are elements of T),(,)(S/G). By considering the following commutative

diagram
S )
pS‘/ lp.ll,u,
S)Gy ———= T (1) /G,

it follows that

wu(ps (@) (Taps (), Taps(v) = Wu(py-1,(2))(Tep -1, (w), Top -1, ()
((Py=1) wp) (@) (u, v).
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Recall that the symplectic form w, on J~!(u)/G, is characterized by (pJ_lﬂ)*wu =
i*w, where i: J~'(u) — M is the canonical inclusion. Then

((ps-1)" W) (@) (u,0) = (i*w) () (u, v) = w(@)(u,v) = 0,

where in the last equality we have used the assumption that S is Lagrangian (in
particular, that it is isotropic).

(3) Since by assumption dim.S = 1/2dim M and since
dim (J~'(n)/G,) = dim M —dim G — dim G,,,
dim (S/G,) =dim S —dim G,,

it follows that S/G,, is Lagrangian if, and only if, dim G = dim G,,. In other words,
S/G, is Lagrangian if, and only if, g = g,,.

0

Ezxample 3.3. Let ¢: G x M — M be an action of a Lie group G on a connected manifold
M and H € C®(M) a G-invariant function. Then, the image of the differential of
H, dH(M), is a Lagrangian submanifold of the cotangent bundle (7%*M,wy;) which is
invariant with respect to the cotangent lifted action ¢* * of ¢. Indeed,

¢p M(dH(q)) = d(H o ¢4-1)(gq) = dH (gq),

for each g € G and ¢ € M, where the last equality holds by the invariance of the function
H.

Applying Theorem to the (closed, connected and embedded) Lagrangian submani-
fold dH (M), there exists a value p of the momentum map Jp«p: T*M — g such that
dH(M) C Jpt, (). In fact,

(Jr-am(dH(q)), &) = (dH(q),énm(q)) = Em(H)(q) = 0,

for all £ € g and ¢ € M, where again the last equality is a consequence of the invariance
of H. This shows that dH (M) C J;1,,(0), so in this particular case u = 0.

Given that the submanifold dH (M) is G-invariant, we may consider the reduced sub-
manifold dH (M)/G of the reduced symplectic manifold J..,,(0)/G and, in view of The-
orem B2 dH(M)/G is Lagrangian. Actually, as we have already seen (Example [22),
J74,(0)/G may be identified with T*(M/G) and, under this identification, the La-
grangian submanifold dH(M)/G is just dh(M/G), where h: M /G — R is the reduced
Hamiltonian induced by H. <

4. HAMILTON-POINCARE REDUCTION

In this section we will obtain an intrinsic description of the solutions of the Hamilton-
Poincaré equations.

Let ¢: G x M — M be an action on the symplectic manifold (M,w), and consider its
tangent and cotangent lift to T'M and T*M respectively. Unlike the cotangent action,
the tangent action is not always Hamiltonian. Only when ¢ is required to be Hamiltonian
so will also be gZ)ZM = T¢,, as we show next.
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We will make use the following result from [23]. Let w be a closed two-form on a manifold
M and consider the vector bundle morphism

bo: TM — T*M

induced by w, which sends v, € T, M to the 1-form defined by (b, (v:), w,) = w(vy, wy),
for all w, € T, M. One can show that the canonical symplectic form wy; of T*M and the
complete lift w® of the closed two-form w to T'M are related by the morphism b, in the
following way:

(4.1) b (war) = —w°.

This equation may in fact be used as an alternative definition of the complete lift of the
form w. From the definition of b, it is clear that it is a vector bundle isomorphism in
case w is non-degenerate. Combined with (A1), this shows that w® is a symplectic form
on T'M (and that b, is an anti-symplectomorphism).

Theorem 4.1. Let (M,w) be a symplectic manifold with a Hamiltonian action ¢: G X
M — M and equivariant momentum J: M — g*. Then:

(1) The vector bundle isomorphism b,,: TM — T*M is G-equivariant with respect to the
actions "™ : G x TM — TM and ¢*"™: G x T*M — T*M.

(2) ™™ is a G-Hamiltonian action on the symplectic manifold (T M, w®) whose associated
Ad*-equivariant momentum map Jry: TM — g* is given by
(Jrm(vg), &) = v, (Je),  for allv, € TM and for all £ € g.

Equivalently, Jry satisfies Jpyy = —Jpep 0 b, where Jpep: T*M — g* is the mo-
mentum map associated with the symplectic action ¢T M.

Proof. (1) If z € M and g € G, using that the action ¢: G x M — M is symplectic, it is
straightforward that

bo(@g(2)) 0 Tpy = T3, ) Pg1 © b ().

(2) Recall that the equivariant momentum map associated to the cotangent action is
given by (see Example 2.2))

(Jpsp (o), &) = (o, & (),  for all a, € T*M and for all £ € g.

Define Jpp: TM — g* by the equality Jp«p 0 b, = —Jry. Using that b, is an
equivariant anti-symplectomorphism, it follows easily that Jr,,; is an equivariant mo-
mentum map which satisfies

(Jrar(v2), &) = = (bu(vz), Eu (@) = —w(@)(ve, Ear(2)) = va(J),
for all v, € TM and & € g.

O

Applying the previous theorem to the case of a cotangent bundle (7%Q), wq, Jr+q), it fol-
lows that the vector bundle isomorphism (which is an anti-symplectomorphism) b, : T7*Q
— T*T*Q is G-equivariant with respect to the G-Hamiltonian actions ¢*7 @ and ¢7 7"@
defined as the tangent and cotangent lift of ¢ ¢. Moreover b preserves the momentum
maps of these actions in the way explained above, namely

Jrer+q © by = —Jr1eq-
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Here Jr+r+g and Jpr«g are defined as

<JT*T*Q(5aq), §> = <5aqa §T*Q(O‘q)> )
(Jr7+@(Va,), €) = Va, ((J1-Q)e),
for all f,, € T"T"Q, v, € TT*Q and { € g. Using the results on symplectic re-
duction from Section B the symplectic orbit spaces J;7.(0)/G and J;l7.o(0)/G are
anti-symplectomorphic via the map [(bu,)o]: J77-(0)/G = Jpip.o(0)/G which is char-
acterized by the condition

(4.2) [(bug o] © ;-

o0 Pyl 00 © wa\J‘l )"

T*T* TT*Q

Let us focus on the range of the map [(bu,)o], i.e. the symplectic space (Jy.7.o(0)/G,
(wr+@)o) obtained by a cotangent reduction at the (regular) value p = 0. In Exam-
ple2.2l we explained how this space is symplectomorphic to the canonical symplectic space

T*(T*Q/G), where the symplectomorphism Wy : (JT_*lT*Q(O)/G, (wr+@)o) = (T*(T*Q/G),
wr=q ) is defined by

(4.3) <‘1’o(PJ;3T*Q(o>(%))v Tﬁqu*Q(qu)> = (as,, v3,)

for all 5, € T*Q, ag, € JT_}T*Q(O) and vg, € TT*Q. On the other hand, the symplectic
space on the domain of [(bu,)o], J77-(0)/G, is not symplectomorphic to a tangent bun-
dle. However, it is possible to define a vector bundle morphism = (over the identity of
T"Q/G)

E: Jr-0(0)/G = T(T*Q/G)

which is characterized by the condition

(4.4) E(py-

717+ (0) <UO‘Q>> - TpT*Q(vaq)’
for all v, € Jguo(0).

Recall from Remark 2] that the orbit space T*@Q/G can be endowed with a Poisson
structure by imposing the projection pr.q: T*Q — T*Q/G to be a Poisson epimorphism
(see also [19]). Indeed, if {.,.}s+¢ and {.,.}r+g/c denote the Poisson brackets on 7*Q
and T*Q /G respectively, then

{po Pr+q; yo pT*Q}T*Q = {&, ;Y\}T*Q/G O Pr«q
for all p,7 € C*(T*Q/G). We will write frq/c: T*(T*Q/G) — T(T*Q/G) for the
vector bundle morphism induced by the Poisson structure on 7*Q/G:
(4.5) tr-0/c(dp) = X3, forall p € C*(T*Q/G),
where X3 is the Hamiltonian vector field on 7*Q /G given by

Xs(V) = {7, @tr=qja, forally e C*(T*Q/G).

Thus, if X(gop,.,) 1s the Hamiltonian vector field on 7%} corresponding to the function
Do preg € C(T*Q), it follows that
(4.6) Tpr- © X(gopreq) = X5 ° Preq-

The next lemma summarizes the relation between the maps introduced before.
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Lemma 4.2. The following diagram

Jfl G [(wa)O]—l Jfl G
11+(0)/ 7or-(0)/
] o
T(1°Q/G) ~——f——— T"(T°Q/G)
T°Q/G

15 commutative.

Proof. 1t is sufficient to prove that

11/ ((d2) (pr+g () = (E0 [(bug)ol ™ © ¥ ') ((dD)(pr-q (),
for all p € C*(T*Q/G) and o, € T*Q.

Consider the function @ o pr.g € C*(T*Q). Then, it is clear that d(p o pr-q)(ay) €
Jperg(0). Moreover, from the definition of ¥y in ([3) we have that for all v,, € TT*Q

W (prs,.. 0 (30 Pr-0)(00)) ) Tayprg(ve,)) = (B0 pr-o)(ay), vy
= (dp(pr-@(g)); To,Prq(Vay)),
and this means

U5 ((d2) (pr-qlag))) = py2

T*T*

00 (d((ﬁ © pT*Q)(aq))'
Combining the previous expression with the definition of [(wa)o] in (A2 it follows that
[(bug)ol ™ (¥5  ((dD) (pr-g(ayg)))) = Pzt o) (X @oprg) (@)
and, recalling (£4), we get:
(Z 0 [(bug)o] " 0 W) (dD) (pr-g(ag))) = (Toypr-0) (X Goppe) ()
Finally, taking into account ( [4.6]), we conclude that

(E 0 [(bug)o] " 0 ¥ ) (dB)(pre(ag))) = Xp(preg(ag)) = (f7+0/c) (d2) (Preq(a))).
O

Let H: T*Q — R be a G-invariant Hamiltonian and consider the G-invariant Lagrangian

submanifold dH (T*Q) C J:F}T*Q(O) (Example[3.3]). The reduced submanifold dH (T*Q)/G
is a Lagrangian submanifold of the reduced symplectic manifold J;.7.(0)/G which can
be mapped into a Lagrangian submanifold of J;.7.,(0)/G using the map [(bs, )o]. In other
words, if we denote by Sy the Lagrangian submanifold (b, )~ (dH (T*Q)) of (TT*Q, w§),
then
(4.7) St /G = [(bug)o] (dH(T"Q)/G) C Jpi7.(0)/G
is again a Lagrangian submanifold which coincides with the submanifold

Sh = ([(bug)o] " 0 ¥t 0 dh)(T*Q/G) C Jrip-o(0)/G,
where h: T*Q /G — R is the reduced Hamiltonian.
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The results above imply the existence of a one-to-one correspondence between curves in
T*Q)/G and curves in the Lagrangian submanifold Sj,. This correspondence is defined as
follows: if () is a curve in T*Q /G, then

t = ([(bug)o] " 0 ¥y 0 dh)(7(t))
is the corresponding curve in S,. Conversely, a curve ¥(t) in S, projects onto a curve
(m1+q/c W0 © (g )0) (7(1)) = (T1+qjc 0 E)(7(1)) on T*Q/G.

The next theorem relates this observation with the Hamilton-Poincaré equations. Roughly
speaking, these equations follow from the symmetry reduction of Hamilton’s equations.
A geometric framework for these equation was first introduced in [5] and since then sev-
eral different approaches have appeared in the literature. Here we shall use the following
characterization from [14]: a curve vy: I — T*Q/G is a solution of the Hamilton-Poincaré
equations for H if, and only if, v: I — T*@Q/G is an integral curve of the Hamiltonian
vector field X, € X (T*Q/G) with respect to the linear Poisson structure on 7*Q /G, i.e.

(4.9 tr-ac(dh(2(1) = Xalr(1) = (1)

Theorem 4.3. Let H: T*Q) — R be a G-invariant Hamiltonian. Then, in the one-to-one
correspondence between curves in T*Q /G and curves in Sy, the solutions of the Hamilton-

Poincaré equations correspond with curves in Sy whose image by = are tangents lifts of
curves in T*Q/G.

Proof. If we consider a solution v: I — T*@Q/G of the Hamilton-Poincaré equations, using
(4.8) and Lemma it follows that

(0 [(bug)o) ™ 0 To™)(dR(1(1))) = tr-q/a(dh(7(1))) = —(?).
Thus, if we take the curve 5: I — S} defined as

¥(t) = ([(bug )]~ 0 o) (dh((1)),
we deduce that = o # is just the tangent lift of ~.

Conversely, let 4: I — S, be a curve on S} such that

(Eo)(1) = (1)

where v: [ — T*Q/G is a curve on T*Q)/G. Then,
(Tr+q/c 0 Z07)(t) = (1),
which implies that
7(8) = ([(bug o] ™" 0 U5 ) (dh((t)).
As a consequence, 7 is the corresponding curve in 7*Q) /G associated with 4 and

%W(t) = (E09)(t) = tr-q/a(dh((t))).

We conclude that the curve v on T*Q/G solves the Hamilton-Poincaré equations for
H. O

Using the previous theorem, we obtain an intrinsic description of the Hamilton-Poincaré
equations.
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Corollary 4.4. Let H: T*QQ — R be a G-invariant Hamiltonian function. A curve
v: I = T*Q/G is a solution of the Hamilton-Poincaré equations for H if, and only if,
the image of = by the corresponding curve in Sp,

t = 3(t) = ([(bug o]~ 0 Tg" 0 dh)(()),
1s the tangent lift of ~.

The following diagram summarizes the results above:

Su(dh(~(t)))
4/%0 b
Trpq(0)/G o TH(T"Q/G)
TT*Q/G
T(T*Q/G)/ e \T*Q/G%
& VT
I

5. SPECIAL CASES

It is possible to give local expressions of the results above in full generality. This would
lead to the coordinate version of the so-called vertical and horizontal Hamilton-Poincaré
equations which can be found in e.g. [, 14, 27, 21]. However in view of the many techni-
calities involved with these local computations (such as invoking a principal connection
and its curvature, choosing adapted coordinates, etc.) we will only treat here two special
cases.

5.1. The case where the configuration space is a Lie group. We will use the action
by left translation on . This will lead to an interpretation of the Lie-Poisson equations
as distinguished curves in a Lagrangian submanifold. For the sake of clarity, we divide
the example in 4 steps.

1) THE VECTOR BUNDLE ISOMORPHISM b, : TT*G — T*T*G. It is well known that
the cotangent bundle T*G of the Lie group G may be identified with the trivial principal
bundle with total space G x g* and base g*. Such identification is given by

ag € TyG = (g, (T Ly)(ay)) € G x g

In the same way, we will identify the tangent bundle T'G to G with the trivial principal
bundle with total space G x g and base space g. Combining these trivializations we
further identify

ITT"G=(Gxg)x(gxg"), TT°G=(Gxg")x(g"xg),
whose elements will be denoted as follows:
((g,m), (w, 7)) € (Gxg*)x(gxg"), ((g7),(T,w)) € (Gxg")x(g"xg).

Under the identifications above it is obvious that the left translation on G is mapped into
the left translation onto the first factor, and that, therefore

T"G/G=g", TI'G/G=g"x(gxg"), T'T"G/G=g"x(g"xg).
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Using the definitions of the Liouville one-form and the canonical symplectic structure on
T*G, it follows that

Aa(g,m)((g,7), (w1, 1)) = (m,wi)
wG(gv 7T) (((gv 7T)7 (wlvﬁ-l))v ((gvﬂ-)v <w27 7T2))) = (7'1'2,LU1> - <7'T17w2> + <7T7 [w17w2]9> )
for all ((g,7), (w1, 1)), (g, 7), (w2, T2)) € (G x g") x (g x g7) =T (T"G).

Finally, from the expression of the canonical symplectic form wg it is straightforward that
the vector bundle isomorphism

boe: TT* G2 (GXxg ) x(gxg) >TT"G=(Gxg")x(g"xg)
is given by
(5.1) b (9, ), (w0, 7)) = (g 7), (=7 + adym, ),
where ad*: g x g* — g* is the dual of the infinitesimal adjoint representation given by
(ad;m)(@0) = (7, [w,@]y), for w,weg and we€g"
2) THE REDUCED SPACES Jy7.,(0)/G AND J71n o (0)/G. Let Jr-g: T*G = (G x g*) —
g* be the momentum map on T*G, defined as

(Jrec(g,m),&) = <T;L971(7r),fg(g)> for all (g,7) € (G x g*) and & € g.

Since the action on G is the left translation, its infinitesimal generators are the right
invariant vector fields. Therefore

(5.2) (Jrec(g,m), ) = (Ty Ly-1(7), TRy (€)) = (m, Ady-1&) = (Ady-17,€)
or, in other words, Jr«g(g,7) = Ad;_m. With a similar computation we get the following
expression for Jpspsg: T*T*G = (G x g*) x (g* x g) — g*:

JT*T*G’((g> 7T), (7T/, CL))) = Ad;—lﬂ-/.

In view of the expression for b,,, and Theorem [4.1, we immediately obtain the expression
for the trivialized momentum Jpp-q:

Jrroc((9,m), (w, 7)) = Adg (7 — adi,m).
In particular, on the zero level sets of the momenta, we have:
Tz (0) = {((g:7), (0,w)) € (G x g") x (g" x 9)} = (G x ¢") x g,
Jr1-6(0) = {((g,7), (w,adm)) € (G x g") x (g x g")} =G x g" x g,
and therefore the reduced spaces
Tripac(0)/G = {(m, (', w)) € g" x (¢" x g): 7' =0} = g" x g,
Tr7+c(0)/G = {(m, (w. 7)) € g" x (g x g"): T = ad;w} = ¢" x g,
can both be identified with g* x g.

3) THE MAPS [(b,.)o], Yo AND =Z. In view of the above identifications and (5.1]), the
map [(by)o] is simply given by the identity
[(bog)o]: 8" x g — 9" x g
(7T,(U) = [(bwG)O](ﬂ-aw) = (7'(',&)).
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On the other hand, we also have the identifications T*(T*G/G) = g* xgand T(T*G/G) =
g x g*, so we may as well work with trivialized expressions for the maps ¥y and =. One
can check that these are given by:

Up:g" xg—g"xg
(m,w) = Yy(m,w) = (m,w),
Zigtxg—ogxg
(m,w) — Z(m,w) = (7, ad] ).
4) THE L1E-POISSON DYNAMICS. Let H: T*G = G x g* — R be a G-invariant Hamil-

tonian and denote by h: g* — R the reduced Hamiltonian. Define the Lagrangian sub-
manifold Sy, by (see Example B3):

Sn = {(m,dh(7)) € g" x g} = ¢".
Consider a curve ¥(t) = (7(t),w(t)) € J;7.5(0)/G = g* x g with values in S}, and which

is such that its image by = is the tangent lift of a curve ¢t — 7(t) € T*G/G = g*. Then,
it is clear that

m(t) =7a(t), wt)=dh(x(t), adiym(t) = —7(t).
Thus, it follows that
. d
adgy () m(t) = Eﬂ(t)-
Therefore, the curve t — m(t) in g* solves the well known Lie-Poisson equations.

Conversely, assume that a curve in g*, t — (), is a solution of the Lie-Poisson equations
for H and consider the following curve in Sj,:

t = () = [(bug)o] " © U ) (dh(m(t) = (w(t), dh(x(t)) € g" x § = Jr7.4(0)/G-
Its image by the map = is the curve
t— (ﬂ(t),adzh(w(t))ﬂ'(t)) €Eg xg 2T(T'G/G).
Using that ¢ — 7(t) is a solution of the Lie-Poisson equations, it follows that
dm .
qdn adgy, ey (1),

i.e., the curve Z o v is the tangent lift of the curve ¢t — 7(t) € g*.

5.2. The case where the configuration space is a product. The second example of
interest is the case where the configuration space () can be written as G x S and the action
of G on G x S is the left translation on the first factor. If we denote by m;: ) — G and
mp: (Q — S the projections, the canonical symplectic form wg in 7@ can be decomposed
as wg = mjwg + mhwg (where wg and weg can be interpreted as the canonical forms on
T*S and T*G, respectively) and that, as a result, we have

by = (b, bug) : TT*GXTT*S ~T(T*GXT*S) = T*T"GxT*T*S ~ T*(T*G xT"S),
where b, reads like b, in Section 2 with @ replaced by S.

The momentum maps can be computed as before, in the case of a Lie group. In particular,

(Jreq((9,7), 2), w) = (Jr-a(g,7),w) = (m, Adg-100) ,
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for all ((g,7),a,) € (G xg*) xT*S, with z € S. As a consequence we obtain directly the
expressions for Jrp-¢g and Jr«p«g from those in the previous subsection. For example, we

find:
Jrre(((9,7), (w, 7)), Xp,) = Jrrec((g,7), (w, 7)) = Adg (7 — ad;m),
for all (((g,7), (w, 7)), X,,) € (G xg*) x (gxg*)) x TT*S, with p, € T*S, and similarly
for Jp«p-q. Therefore, on the zero level sets we have the identifications:
Ji7e(0)/G = J1tu(0)/G x TT*S = (g x g) x TT*S,
Jrireg(0)/G =2 Jplh.o(0) /G x T*T*S = (g* x g) x T*T*S.

By taking the previous expressions into account, we deduce that the reduced map [(b.y, )o]
is of the form

(b )o] = ([buclos bus) © J77.(0)/G X TT*S = Jpip.g(0)/G x T*T"S.

The map ¥, is the identity and the map = : JT_%*Q(O)/G ~ (g xg) xTT*S —
T(T*Q/G) ~ (g* x g*) x TT*S is given by

E((TI‘, w)? pr) = ((ﬂ-a ad:ﬂ-)v pr)'
Now, suppose that H : T%Q) ~ G x g* x T*S — R is a G-invariant Hamiltonian function
and h : T*Q/G ~ g* x T*S — R is the reduced Hamiltonian function. Then, the
Lagrangian submanifold Sy, in Jy7.,(0)/G ~ (g* x g) x TT*S is given by

Sy =A{(m,dha, (1), X () | 7 € g",a, € T*S}

where h,, : g — R (respectively, h, : T*S — R) is the real function on g* (respectively,
T*S) defined by

he, (") = (7', ), for @' € g*
(respectively, h,(al,) = h(m,al,), for !, € T*S), and X, is the Hamiltonian vector field
in T*S of h;.
Thus, a curve t — (7(t),z(t), ps(t)) on g* x T*S ~ T*Q)/G satisfies the conditions of
Corollary 4.4 if and only if

oh . 0Oh

p!L’ - 8.’]:’

which are the Hamilton-Poincaré equations for H in this case.

T = adp,T, j:za ,
o Pz

6. LAGRANGE-POINCARE REDUCTION

To get an intrinsic description of the reduced Lagrangian equations of motion we will
proceed in a similar way as we have done before for the Hamiltonian case.

The first thing to prove is that Tulczyjew’s diffeomorphism Ag: T7*Q — T*TQ is G-
equivariant and preserves the momentum maps associated to the actions on TT*() and
T*T'Q). The map Ap may be defined in several ways. One possibility is to define Ag as the
composition of two anti-symplectomorphisms, as we will explain in the next paragraphs.
For more details, see [9].

A first element we need is the vector bundle projection v*: T*T'Q) — T™*(@), characterized

<V*<avq)7 wq> = <O‘vqa (wq>¥;q>a
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for all o, € T*T'Q) and w, € T'Q, where ();’}q : 1,Q — T, TQ is the standard vertical lift:

(61) ()t () =5 (et swy),

for each function f on T'Q.

The second element is a vector bundle isomorphism R: T*T'Q) — T*T*() over the identity
of T*(Q) between the vector bundles v*: T*T'Q) — T*Q and mp+«q: T*T*Q — T*Q. It is
completely determined by the condition:

(6'2) <R(avq)’ WV*(avq)> = _<avq7 qu> + <WV*(avq)’ qu >T’
for all o, € T*T'Q, V_Vvq € TTQ and Wy+(a,,) € TT*Q satisfiying
(6.3) T1o(W,) = Tro(Wer(a,))-

Here, (-, \7: TT*Q x7q TTQ — R is the pairing defined by the tangent map of the usual
pairing (-,-): T7Q xo TQ — R.

The Tulezyjew diffeomorphism Ag is then defined as the composition R! o biogy -
Lemma 6.1. Consider the anti-symplectomorphism R: T*TQ — T*T*Q). Then:

(1) R is G-equivariant.

(2) R satisfies Jpsr+qg o R = —Jpg

Proof. (1) First, we check that the map v*: T*T'Q) — T*Q) is G-equivariant. It can readily

be checked that the vertical lift is G-equivariant, or in short g(w,)y, = (gwg)y,,. Thus,
for all av,, € T*TQ, wy € TQ and g € G,

(v (g0 (909)) = (g0, ()i, ) = (g0, g00,)2,)
= (s (), ) = (V" ), (),

where we have used invariance of the natural pairing.

\"
9vq

Secondly we check equivariance of R. Using the equivariance of the maps 77y and
Tmg and the invariance of the pairings, we find

_ _ T
<R(gavq)ag(Wv*(avq))> = _<gavq7viq> + <vi*(avq)7viq>

_ _\T
= _<avq7 qu> + <Wv*(avq)7 qu> )
from where R (gozvq) =gR (avq) follows.

(2) From the definition of the momentum map Jp-7-¢ it follows that for all o, € T*T'Q
and £ € g,

(Jrerq(R(aw,)), §) = (Rlaw,), &r-q(v (av,))) -

Recalling the definition of R for W = &reg(vi(aw,)) and W = &rg(v,) (note that
this choice satisfies (6.3])), it follows that:

(R(ow,), ér-o(v' (aw,))) = = (o, €10 (vg)) + (Ero(v' (aw,)), E1o(vy))

T
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We now show that the last term vanishes. If we write ¢, for the flow of {p around ¢ €
Q, i.e. ¢ = exp(t€)q, then the flows of &rg and &+ are T, and Ty, respectively.
With this, using the invariance of the bracket, we conclude:

(v (o)) Era(tn)) = 35 (T (@2,), Toulvy)

d

— Euzo <v (avq),vq> =0.

Therefore,

(Jrr(R(w,)), &) = — (an,, Erq(vg)) = — (Jrrglow,), €) -

The previous lemma implies the following important result:
Theorem 6.2. Tulczyjew’s diffeomorphism is G-equivariant with respect to the G-Hamil-
tonian actions on T'T*Q) and T*T'Q) and, moreover, Jpr-g = Jrrg © Ag.

Proof. This is now an easy consequence of Theorem 1] and Lemma [G.11 O

The results above imply the existence of the reduced maps
[Ro): J;*ITQ( )/G — J:FIT* (0)/G,
[(AQ)o]: J77:(0)/G = J1q(0)/G,

defined by
(6.4) [RoJ o pys 10 = Pazli o ° Bzl o
and

[(Ag)o Pt o0 = Puzl 0 ° AQ\JTT 0(0)’

respectively. Taking into account the definition of Tulczyjew’s diffeomorphism, it is clear

that
[(Ag)o] = [Ro] ™" © [(bug )o)-

In fact we could have taken the above expression as an alternative definition. It is then
analogous to the definition of the Tulczyjew’s diffeomorphism. For this reason, we shall
refer to [(Ag)o] as the reduced Tulczyjew diffeomorphism.

Before we enter the discussion about Lagrange-Poincaré reduction we need to introduce
a few more maps. Let us consider the manifold (J7./74(0)/G, (wrg)o) (which is obtained
after a cotangent reduction at g = 0) and the symplectomorphism

w0 (J3trg(0)/G. (wrq)o) = (TM(TQ/G),wrqyc)
defined by (see Example 2.2)):
(6.5) <<P0 (pJ_*TQ(O)(Oqu)) ) TvquQ(qu)> = <aq)q7 uvq>7
for all o, € J;l7(0) and u,, € TTQ.

Next there is a vector bundle morphism A: T*(T'Q/G) — T(T*Q/G) (over the identity
in T*Q/G) defined by

(6.6) A =trqa o Roja-
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Here, #r+q/c: T*(T*Q/G) — T(T*Q/G) is the vector bundle morphism induced by the
Poisson structure on 7%Q /G (see (4H)) and the isomorphism

Roja: T(TQ/G) — T'(T"Q/G)
will be described next (see [11] for a general definition).

First of all, we describe how T*(T'Q/G) can be interpreted as a vector bundle over
T*Q/G. Note that T*(T'Q/G) is a vector subbundle (over TQ/G) of the vector bun-
dle [mrgl: T*TQ/G — TQ/G, with inclusion
i: T (TQ/G) = T'TQ/G
defined by
i(Qprg0) = Prerq (T7,p10) (pro ),

for oy € T(TQ/G) and v, € TQ. T*TQ/G is a vector bundle over T*Q/G and
with vector bundle projection [v*]: T*T'Q/G — T*Q/G induced by v*. Let the vector
bundle projection

v TH(TQ/G) — T*Q/G
be the composition
v =[v*] oi.

We can now mimic the construction of R to introduce the vector bundle map Rg /. Ex-
plicitly, Rg/c: T*(TQ/G) — T*(T*Q/G) is the isomorphism between the vector bundles

v THTQ/G) — T*Q/G and mrq)q: T*(T*Q/G) — T*Q/G such that:
(6.7) (Ra/o(@prqton) Wye (O‘PTQ(W>> =
- <%m<vq>v me(vq>> T <WV~*

for all ay, @, € T*(T'Q/G) and W5,
satisfying

W T
(aPTQ(Uq))7 pTQ(Uq)> ’

) € T(T*Q/G), with Wy, ) € T(TQ/G)

PTQ(’Uq

T[TQ] (WPTQ(”q)) - T[WQ] (WVN*(QPTQ(UQ))> ’

where [7g]: TQ/G — Q/G and [mg]|: T*Q/G — Q/G are the canonical projections and
(-, T(T*Q/G) X7@/e) T(TQ/G) — R is the tangent map of the natural pairing

The relation between the different maps introduced so far is summarized in the following
Lemma:

Lemma 6.3. The diagram

Jho(0)/G <L o 0y
El T(%)l
T(T*Q/G) T*(TQ/G)

15 commutative.
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Proof. On the one hand, we know that the inverse of the reduced Tulczyjew diffeomor-
phism satisfies [(Ag)o] ™" = [(buwy)o] ' © [Ro]. On the other hand, we also know from
Lemma that the diagram

[(buwg o] 7t
Tp1e(0)/G ——— J.0(0) /G
| oo
T(1°Q/G) ~———T(T"Q/G)

is commutative. Therefore, it is sufficient to check that the diagram

[Ro]

Jrerg(0)/G Jrepeq(0)/G
T(wo)l ‘Pol
1(1Q/G) 5 T(1°Q/G)

is commutative, for then the result will follow directly from diagram chasing:
A = tr-qg/c © Rgic = (Z0 [(bug)ol ™ 0 g') o (¥o o [Ro] 0 p57) = 0 [(Ag)o] " 005"

Let v, € TQ, Wyr(a,,) € TTQ and f € C*(TQ/G) arbitrary. Using (4.3)), (6.4) and
(X)), we have that

<(\I’0 o [Rp] o g081> (df(pTQ(vq))> , TpT*Q (W"*(O‘vq)>> _
— <(\Ifo o [ROD (pJ;jTQ(O) (d(fo pTQ)(’Uq))> ,Tpro (Wv*(avq)>>
(W00 pss,. 00 R) (A0 © pro) (@) ), Toreg (Wertany ) )

= <R(d<f ° pr)(vy)), W"*(O‘”q)>'

Now, take W, € TTQ satisfying (6.3). From (6.2), it follows that
(R(d(f © prg) () Werian,)) =
_ _N\T
= = {d(f © pro) (vg). Way ) + (War(an,) Wi, )
_ T
= ~(df(pro(v), TPrg(Wa,) ) + (Tor-qWertany Tro(War))

= <RQ/G (df(pTQ(Uq)))  Tppeg (WV*(avq))>'

where in the equality between the second and the third lines,we have used that if (., AT
T(TQ)xroT(T*Q) — Rand (-, )T : T(TQ/G) X1/ T(T*Q/G) — R are the canonical
pairings then

(X Vo) = T, ) (Xoy, Ya,) = (T, p10) (X,), (T, pr-0) (Va, )
for X, € T(TQ) and Y,,, € T(T*Q) such that (T, prq)(Xy,) = (Ta,pr+q) Ya,)-

This concludes the proof. 0
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Let L: T'Q) — R be a G-invariant Lagrangian function. Much like in the Hamiltonian case,
we can show that dL(7TQ)/G is a Lagrangian submanifold of JT_,}TQ(O) /G which, by means
of the reduced Tulczyjew’s diffeomorphism, can be mapped into Lagrangian submanifold
of JT_%*Q(O) /G. More precisely, let S; be the invariant Lagrangian submanifold of the
symplectic manifold (T7*Q,w§) defined by Sp = (Aq) ' (dL(T'Q)). The space of orbits
S1/G is Lagrangian submanifold of J;%*Q(O) /G which satisfies:

(6.8) Sp/G = [(Ag)) ' (dL(TQ)/G).
An alternative description of this submanifold is:

St/G = Sy := ([(Ag)] ' 0wy 0 dI)(TQ/G),
where [: T'QQ/G — R is the reduced Lagrangian function characterized by the condition
L =1loprg.

This implies the existence of a one-to-one correspondence between curves in T'Q)/G and

curves in the Lagrangian submanifold S; defined as follows: if v: I — T'Q/G is a curve
in T7Q/G, then

t — ([(Ag)o] ™" 0 5™ 0 dl)(7(t))

is the corresponding curve in .5;.

As was the case for the Hamilton-Poincaré equations, there exist many different geometric
frameworks for Lagrange-Poincaré reduction. We will use a somewhat indirect approach.
In [I4] it is shown that the Lagrange-Poincaré equations can be thought of as Euler-
Lagrange equations on a Lie algebroid, where the Lie algebroid is the Atiyah algebroid
TQ/G. In [9] the authors give a characterization of the set of solutions of the Euler-
Lagrange equations on a Lie algebroid, which applied to the case of the Atiyah algebroid
is as follows: a curve o: I — T'Q/G is a solution of the Lagrange-Poincaré equations if,
and only if, it satisfies the equation

d
(6.9) S (Froo)(t) = Aldl(a(?)),
where F;: TQ/G — T*Q/G is the Legendre transformation associated with [ defined by
(6.10) Filpro(vy)) = v (dl(pro(vy))),

for all v, € TQ.

Theorem 6.4. Let L: TQ) — R be a G-invariant Lagrangian function. Then, in the
one-to-one correspondence between curves in TQ/G and curves in S;, the solutions of the
Lagrange-Poincaré equations correspond with curves in S; whose image by Z are tangent

lifts of curves in T*Q/G.

Proof. Let us assume that a curve o: I — T'Q)/G is a solution of the Lagrange-Poincaré
equations for L. Then, using (6.9) and Lemma [6.3] it follows that
d

— (File(®)) = Adi(a (1)) = (Z o [(Ag)o] ™" © ¢y ) (dlla(1))).

Thus, if we take the curve : I — S; in S; associated with o

a(t) = ([(Ag)o] ™ 0 g )(dl(a (1)),

we deduce that the curve = o 7 is the tangent lift of the curve F; 0 o.
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Conversely, let a: I — S; be a curve in .S; such that

(6.11) Eoa)(t) = Sa(r),

where v: I — T*Q/G is a curve in T*Q/G. Suppose that o: I — T'Q)/G is the curve on
TQ/G associated with &, that is,

(6.12) 5(t) = ([(Ago] " o )(dl(a(t)), Vtel.
Then, using (6.11) and Lemma [6.3] it follows that
V(t) = (Tr+qja 0 Z0 0)(t) = (Tr-g/c 0 A)(dl(a(1))).
From (6.6), (6.7) and (6.10), we obtain that
() = vi(di(a(t))) = Fi(a(t)).

Using (6.10) and (612) and Lemma [6.3] this proves that

C(Froo)(t) = Adi(o (1))

Therefore, o is a solution of the Lagrange-Poincaré equations for L. U

Using this theorem, we obtain an intrinsic description of the Lagrange-Poincaré equations.

Corollary 6.5. Let L: TQ — R be a G-invariant Lagrangian function, : TQ/G — R
the reduced Lagrangian function and F;: TQ/G — T*Q/G the Legendre transformation
associated with 1. A curve o: I — TQ/G is a solution of the Lagrange-Poincaré equations
for L if, and only if, the image by = of the corresponding curve in Sy,

t = ([(Ago] ™ 0w )(dl(a (1)),
1s the tangent lift of the curve F;o 0.

The following diagram illustrates the previous situation

Sidl(o(t)))

poo[(A@)o]

™(TQ/G)

Remark 6.6. Using the above results and proceeding as in the Hamiltonian side (see
Section [B]) one may obtain a description of Euler-Poincaré equations (that is, Lagrange-
Poincaré equations for the particular case when the configuration space is a Lie group)
in terms of Lagrangian submanifolds of a symplectic manifold.
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7. THE EQUIVALENCE BETWEEN THE REDUCED LAGRANGIAN AND HAMILTONIAN
FORMALISM

Consider the Liouville vector field A on T'Q given by A(v,) = (vy)y,, for all v, € TQ.

Suppose that L: TQ — R is an invariant hyperregular Lagrangian and consider its (G-
invariant) energy Ej, = A(L)— L. The corresponding Hamiltonian function H = EjoF; "
is also G-invariant. In many papers (see e.g. [16, 23, 24]) it has been shown that the
submanifolds

Sp = (Ag) ' (dL(TQ)) and Sp = (buy) ™ (AH(T"Q))
coincide.
On the reduced level, by making use of (4.7), (6.8)) and the previous fact, we obtain:

Theorem 7.1. Let L be an hyperreqular Lagrangian. Ifl: TQ/G — R and h: T*Q/G —
R are the reduced Lagrangian and Hamiltonian functions and S;, Sp are the reduced
Lagrangian submanifolds of the symplectic manifold Jf%*Q(O)/G, then S; = Sh.

The reduced Tulczyjew triple below illustrates the situation.

\ /Sh
00] Wo0[(bug )o]

T(TQ/G) ~—"" 4 Jih (0 2 T(TQ/G)
KQ/G [(y (7% Qo] W
X %

TQ/G Q/G

Here, [(T'mq)o]: J1-0(0)/G = TQ/G (respectively, [(7r-q)o] : Jr7-0(0)/G = T*Q/G) is
the  canonical  projection induced by the vector bundle projection
(Tmg)o = (TWQ)‘J;%*Q(O)I J:F%*Q(O) — TQ (respectively, (mr+q)o = (TT*Q)‘J—l L0

Jrr:g(0) = T*Q).

8. CONCLUSIONS AND FUTURE WORK

In this paper, we have described solutions of the Hamilton-Poincaré (respectively, Lagrange-
Poincaré) equations in terms of Lagrangian submanifolds, thereby obtaining a reduced
Tulczyjew triple entirely consisting of symplectic manifolds. In this section, we first want
to place our results better in the context of the existing literature.

Note that, to obtain the dynamics, we have extensively made use of the map = that
we had defined in expression (44]). This map, actually, allows one to relate our triple
with one that appeared in [9], associated with an arbitrary Lie algebroid A. If we apply
the theory of [9] to the particular case when the Lie algebroid A is the Atiyah algebroid
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[70]: TQ/G — Q/G associated with the principal G-bundle py: Q@ — Q/G, then the
resultant construction is the following diagram:

fr+q/c

T*(TQ/G) (1 Q/G)

TQ /G o T*Q/G
Q/ G)

The space T'(T*Q/G) is not, in general, a symplectic manifold. In fact, the complete lift
of the linear Poisson structure on 7*Q/G defines a (non symplectic) Poisson structure
on T(T*Q/G). Thus, T(T*Q/G) is a Poisson manifold. Moreover, if L : TQ) — R is a
G-invariant Lagrangian function and [ : T'QQ/G — R is the reduced Lagrangian function
then (A(dl(TQ/G)) is not, in general, a submanifold of T(7*Q)/G). Note that A is not,

in general, a diffeomorphism.

T(1"Q/G)

Even though one may find in [9] an elegant way to describe the Lagrange-Poincaré and
Hamilton-Poincaré equations, it seems natural to preserve the symplectic nature of the
Tulczyjew triple after reduction. Since the morphism Z: Jy7.4(0)/G — T(T*Q/G) re-
lates both Tulczyjew’s triples, we have conveniently made use of it to relate the reduced
dynamics, as described in [9], with the reduced Lagrangian submanifolds.

The following diagram illustrates the relation between the two triples.

- T(1"Q/G) <

/ W

T*TQ/G) ™(T"Q/G)
W y T*Q/G
TrQ/G J;ill“ Q( g
[(TW/ [(TT *Q)o
TQ/G - T*Q/G

~ T(Q/G)

Using some results from [14], one may also deduce that solutions of the Hamilton-Poincaré
(respectively, Lagrange-Poincaré) equations are in one-to-one correspondence with admis-
sible curves in a Lagrangian submanifold of a symplectic Lie algebroid. We remark, how-
ever, that symplectic Lie algebroids cannot be considered genuine symplectic manifolds.
It would therefore be of interest to compare these two different approaches.

We would also like to extend the results in this paper to classical field theories of first
order. For this purpose, we can use the description in [2] (see also [6] [10) [15]) of these
theories in terms of Lagrangian submanifolds of premultisymplectic manifolds and a suit-
able process of reduction of some special premultisymplectic manifolds. This will be the
subject of a forthcoming paper (see [3]).
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The reduction methods we have applied so far mainly made use of the symmetry, and not
so much of the fact that symmetry can sometimes be related to conservations laws (using
e.g. Noether’s theorem). Two reduction techniques which do make use of conservations
laws are so-called Routh reduction (on the Lagrangian side) and cotangent bundle re-
duction (on the Hamiltonian side). In the papers [12, 13| [I§] the close relation between
these two theories have been brought in the spotlight, completely within a symplectic
framework. It would therefore be of interest to investigate whether these two reduction
theories can also be cast within a framework of a Tulczyjew triple.
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