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Abstract
We propose a method to carry out an inequality assessment in a dynamic and cross-
sectional framework, by applying the dynamic version of a suitable inequality index, 
such as the Gini coefficient, as a function of time. We use our methodology to a 
setup where the optimal value functions is the individuals’ income flows while the 
initial conditions characterize their level of wealth. When the Hamilton–Jacobi–
Bellman system of equations can be solved in closed form, the monotone path of the 
income distribution is established. Extending the model according to a government 
intervention gives the possibility to study, first policy for reducing income inequality 
under a specific exogenous target, and second to minimise income inequality across 
individuals.
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JEL Classification  C61 · C72 · D63 · H30

1  Introduction

The rapid increase of income inequality in the past few decades is one of the most 
problematic issues widely discussed in the public debate. In most countries, capital 
accumulation has dramatically raised at the top wealth level, while consumption and 
savings have substantially decreased for the majority of the population. Such dif-
ference contributes to worsening income inequality in most western countries and 
creates the need to understand the origin and the changes in the income distribution. 
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Figure 1 shows for instance the constant increase in the trend of income inequality 
in Italy in the last years.

Investigating their dynamic evolution is indeed necessary for policy targets aim-
ing to control and even potentially reverse this trend justifying even public policy 
instruments like consumption or labor taxes. So far, however, there has been lit-
tle work in the inequality literature that explicitly takes into account the evolution 
of the income inequality over time. It is the purpose of the present paper to make 
some progress in this direction, while modeling the different impact of initial wealth 
conditions on the unfair patterns of income distribution measured by the inequality 
index.

When considering a dynamic scenario, where the relevant income sources are 
functions of time, some different questions may arise: which are the most appropri-
ate models to take into account for the evaluation of inequality over time? Is there a 
way to guarantee that the resulting inequality verifies its dynamic properties? Which 
elements of the model should be modified or manipulated to implement a policy 
aiming to reduce inequality or to keep income inequality below a certain threshold? 
And above all, can an inequality reduction issue be inserted into a typical payoff 
maximization problem?

First, we study some general conditions on capital accumulation that allow for 
a monotonic rise of income inequality over a finite time interval. The choice of a 
finite horizon model may seem unusual in this kind of literature, but we strongly 
uphold that it is useful and economically relevant to analyze the behavior of the 
accumulation of wealth to understand its effect in some short time periods. In this 
way, a better strategy for income inequality reduction can be addressed. Typically, 
governments and decision makers have to decide their strategies over a small num-
ber of years, consequently it makes sense to keep inequality under control during 
small periods. In our framework, we can observe how heterogeneity of initial wealth 
conditions influences the evolution of the optimal income value function of each 
agent and how much it contributes to the overall inequality. Second, inspired by the 

Fig. 1   Inequality in Italy: 2003–2017
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model of Lindner and Strulik (2004), we propose an optimisation problem where 
each agent maximises intertemporal utility from consumption and labour starting 
from different capital endowments. A natural consequence of this structure is that it 
is possible to apply an economic policy leading to the reduction of income inequal-
ity in the future periods. Plausible changes in consumption and labour tax may have 
a significant effect on the unfair distribution. Therefore we study the time paths of 
taxes and accumulated capital according to the optimal choice of a social planner. 
In particular, we focus on two policy options. First, the social planner may be inter-
ested in the reduction of income inequality under a specific target, or second, it can 
try to realise the process of minimising inequality after a time span.

The formal model developed below further generates some new technical 
insights. First, the dynamics of income inequality is captured according to the Gini 
coefficient. We define its properties under a dynamic context when the flow of the 
optimal income value functions are linear in the state variables of the model at hand. 
Introducing heterogeneity of initial wealth conditions as different endowments for 
each agent allows for establishing some general criteria for the monotonicity of the 
income functions over time. We then modify a typical growth model emphasizing 
the aspect of dynamic redistribution. We thus calculate agents’ optimal value func-
tions in closed form, so that inequality assessment can be performed and observed in 
a finite time interval.

When such an option is possible, a policymaker observes the amount of capital 
accumulation and conceives a taxation strategy to minimise it or to prevent its exces-
sive increase. Such a taxation is 2-dimensional because it is supposed to affect both 
labour and capital. Note that the purpose of our policy interventions is to reduce the 
inefficient allocations in an equality of opportunity perspective. In this view, labour 
source is considered as the variable of responsibility of individuals, while capital 
source is interpreted as a general family legacy which requires a dynamic interven-
tion from the government. We do not aim to capture the general equilibrium effects 
but can provide a complete landscape in partial setting on how the government 
should play introducing a taxation frame on the determinants of income inequality.

To the best of our knowledge, our model is the first contribution that applies the 
concept of inequality issue into an optimal control structure. A fuller review of the 
related research with proper comparisons of the procedures is postponed in the next 
section. We finally observe how our model may have implications for empirical test-
ing. For instance, using historical data, the model can be used as a predictor too, 
thus discovering the relative effect of the various parameters on expected income 
inequality. See Iacono and Ranaldi (2020) as a first contribution that addresses this 
concern in Italy for the period 1989-2016. Such line of investigation may constitute 
a fertile ground for future research.

The organisation of the paper is as follows. Section 2 describes the main contri-
butions of the literature, while Sect. 3 sets up the basic structure of the Gini coef-
ficient and establishes general properties on the monotonic evolution of income 
inequality. In Sect. 4, we propose a modified version of Lindner and Strulik (2004), 
and we determine the optimal value function for each agent in a finite time horizon. 
Section 5 applies such methodology proposing two policy interventions for reducing 
inequality. Section 6, finally, discusses the main results and concludes.
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2 � Related literature

The paper is related to the literature that examines the relationship between the 
extent of income inequality and socioeconomic determinants working via the opti-
misation problem of individuals, see Bertola et al. (2006).

The first strand of references is the one discussed in the field of inequality measure-
ment. We apply the static Gini coefficient into a dynamic framework by looking at its 
monotonic stability properties over time. One of the first contributions of Gini is made 
by Shorrocks (1984). He proposes the so-called, natural property, with restrictions on 
the subsets of sources. According to this procedure, Lerman and Yitzhaki (1985) pro-
pose a covariance decomposition of the Gini index building on Fei et al. (1980). They 
obtain the impact of the marginal change of a given income source on overall inequal-
ity.1 We are going to conceive our model by relying on the Gini index as well.

First, we reformulate the analysis by introducing a time dependent structure of 
the index; then we establish the monotonical conditions of its dynamics according to 
the optimal value functions of N agents. We propose a linear framework with hetero-
geneous initial capital conditions among agents.2 The monotonic variations of these 
profiles ensure strict general conditions for the evolution of the wealth distribu-
tion. The literature proposes alternative criteria to measure income disparities. For 
instance, Ebert and Moyes (2007) introduce a Lorenz Dominance condition observ-
ing whether the effective progression in taxation may reduce inequality in a certain 
distribution, see even Marshall et al. (2011) for a highlighting book on the theory of 
Majorization with different applications.

By doing so, we investigate an intertemporal optimisation process of each agent 
with consumption and labour as inputs of their utility functions subject to the budget 
constraint. Our setting borrows initially from the contribution of Lindner and Strulik 
(2004), according to Alesina and Rodrik (1994). Our approach extends their original 
scenario with a further dependence in the individuals’ payoff structure. Differently, 
from Lindner and Strulik (2004), where individuals only choose their consump-
tion level, we also consider labour as a strategic variable. Note that the use of an 
individual payoff function formulated as a bundle of consumption and labour has 
often occurred in literature, especially in dynamic macroeconomic models. Golosov 
et al. (2003) propose a similar analysis in a model of optimal taxation of the capital 
income, and alternatively, Liu and Turnovsky (2005) focus on the investigation of 
production and consumption externalities in the long-run. Another difference com-
pared to Lindner and Strulik (2004) is the adoption of a finite horizon model that 
allows us to obtain more general results looking at the subintervals of the inequal-
ity. This is extremely helpful to implement and capture the efficacy of the proposal 
interventions to reduce income inequality.

This gives us the opportunity to discuss two alternative policy strategies matching the 
procedures discussed above. There have been many contributions analysing the mechanics 

1  In this direction, the Gini coefficient is axiomatised by Plata-Pérez et  al. (2015), whereas Mornet 
(2016) provides an axiomatization of the weakly decomposable inequality indices.
2  The decomposition of inquality is also related to the network structures, see Kets et al. (2011) and Pal-
estini and Pignataro (2016).
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of the different variants of consumption and labour taxation by looking at their potential 
efficient and distributional aspects. Interestingly, Bernasconi and Profeta (2012) investigate 
the relation between taxation and public redistribution in a discrete dynamic structure with 
overlapping generations. Our analysis extended this discussion by looking at a social planner 
with two different tasks. On one side, the idea would be reducing inequality below a specific 
exogenous target in a finite time horizon under optimal control. On the other side, the social 
planner may decide to impose a certain level of taxation on consumption and labour to mini-
mise the overall inequality in a specific range of time.

Our interpretation of labour, capital and consumption as inputs and outcome in 
the utility functions even combines with the recent literature on equality of opportu-
nity, see Pignataro (2012). Usually, labour is interpreted as a variable of responsibil-
ity of individuals. It identifies a factor over which individuals have control, while of 
course, the individual cannot be responsible for the amount of capital inherited for 
instance from the family. It implies that from social planner’s viewpoint, taxing cap-
ital should be considered more objectionable from moral equality of opportunity and 
even much more volatile. However, we should point out that labour taxation primar-
ily involves the poor and middle classes. This is one of the reasons why in our sim-
ple applications we model taxation on both consumption and labour. In the perspec-
tive of equality of opportunity, an analysis of long-term effects have been recently 
proposed by Aaberge et al. (2011) while a comparison between ex ante and ex post 
equality of opportunity has been proposed by Fleurbaey and Peragine (2013).

3 � The dynamics of inequality

We focus on an economy that is populated by N agents in a finite time interval I = [0, T] . 
The choice of a finite horizon is reasonable in our context as we are studying the dynamic 
process of inequality also from the viewpoint of the policymakers. It is well-known that 
policymakers must decide their fiscal strategies, i.e., the potential taxation of agents’ con-
sumption and labour, over a short time period, typically some years. For this reason, an 
infinite horizon model, despite being more common in economic models, would be defi-
nitely less realistic in terms of political decisions and of taxation efficacy.

Let us define J∗
i
(t) the outcome function of the i-th agent at time t ∈ I . We first 

look at the dynamic consistency of the Gini Coefficient, where the time-dependent 
functions involve the incomes accrued to the agents,3 ,4

3  The literature on Gini index is very vast: his original paper (Gini, 1997) was published in Italian in 
1912.
4  A similar analysis can be proposed by investigating the Atkinson index (see (Atkinson, 1970)) 
IA ∶ I ⟶ ℝ as follows:

IA(t) = 1 −
N

�

�−1

�

∑N

j=1
(J∗

j
(t))1−�

�
1

1−�

∑N

j=1
J∗
j
(t)

.
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To ensure that G(t) is well-defined, Eq. (1) requires that for ∀t ∈ I , there exists at 
least one j such that J∗

j
(t) ≠ 0 . In this presentation we assume there are no dynamic 

interactions among agents, and therefore this model cannot be presented as a stand-
ard differential game. It can be described instead as a collection of optimal control 
problems, each one of them played by a single agent. According to the theory of 
optimal control,5 the choice of the solution concept is particularly relevant. In prin-
ciple, different kinds of solution concepts can be applied, and a typical prerogative 
of the related analyses is the choice of one specific solution concept for technical 
reasons. As general as possible, we assume the existence of a Nash equilibrium as 
agents’ optimal strategy which can be either open-loop, closed-loop or feedback, 
depending on the structure of the problem. Note that no steady-state analysis is car-
ried out because the model’s horizon is finite. In the solution of the model, we deter-
mine its feedback Nash equilibrium as it represents a complete solution involving 
dependence on the initial conditions. In particular, denote Kit as the amount of the i-
th capital available at t ∈ [0, T] , and the i-th optimal value function of the income 
flow is Vi(Kit, t) as the i-th individual’s discounted payoff at t ∈ [0, T] . We can now 
replace J∗

i
(t) with Vi(Kit, t) measuring the agent’s income payoff function rather than 

his profile such that:

to gauge unfair distribution of the income flows through the use of Gini coefficient. 
If for all i = 1,… ,N , the optimal value functions Vi(⋅) are linear and only depend 
on Kit and t, i.e., there exist N functions Ai(t) ∈ C1(I) and N functions Bi(t) ∈ C1(I) 
such that Vi(Kit) = Ai(t) + Bi(t)Kit . In economic terms, this implies that the individ-
ual i’s income payoff at time t is composed by a wealth component Ai(t) interpreted 
as initial conditions in the distribution plus an accumulation process Bi(t)Kit with a 
different parametrization (trend) among individuals. Ai(t) identifies the stock vari-
able in our framework.

In this case, the modified Gini index of the model is:

Once defined the dynamic Gini coefficient, we can verify different properties of the 
index over a finite horizon. In particular, the following proposition reformulates the 

(1)G(t) =
1

N − 1

∑N

i=1

∑N

j=1
�J∗

i
(t) − J∗

j
(t)�

2
∑N

j=1
J∗
j
(t)

.

(2)G(t) =
1

N − 1

∑N

i=1

∑N

j=1
�Vi(Kit, t) − Vj(Kjt, t)�

2
∑N

j=1
Vj(Kjt, t)

(3)G(t) =
1

N − 1

∑N

i=1

∑N

j=1

�

�

�

Ai(t) + Bi(t)Kit − Aj(t) − Bj(t)Kjt

�

�

�

2
�

∑N

j=1
Aj(t) +

∑N

j=1
Bj(t)Kjt

� .

5  For an exhaustive overview of these solution concepts in differential games, see Dockner et al. (2000).
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structure of the Gini ratio when the initial wealth conditions Ai(t) are equal among 
agents, while capital endowments (and their related coefficients) are monotonically 
increasing at time t. Such requirements are pretty general as measuring the income 
inequality trend simply requires a different accumulation process among individuals 
even without disparities in the initial conditions. The next Proposition summarizes 
the results proposing a simplified formulation under certain symmetry assumptions.

Proposition 1  If at time t ∈ I , the following conditions are verified: 

1.	 Ai(t) = Aj(t) = A(t) for all i ≠ j , i, j = 1,… ,N;
2.	 K1t ≤ K2t ≤ ⋯ ≤ KNt;
3.	 B1(t) ≤ B2(t) ≤ ⋯ ≤ BN(t);

then the Gini index at time t can be reformulated as follows:

Proof  See Appendix. 	�  ◻

It is worth to note that under Eq. (4), inequality can be assessed at each instant of 
the interval I. When t = 0 , the evaluation of inequality considers the whole path in 
the analysis and a complete picture of the unfair distribution is captured. If instead, 
the evaluation is carried out at the final time t = T  , by construction all discounted 
profit flows Vj(KjT , T) are equal to the scrap values e−�TKjT . Hence the Gini index 
boils down to:

In other words, if no dynamics occurs, i.e., the model is basically static, the inequal-
ity is perfectly maintained: a typical outcome under circumstances where no ine-
quality-reducing policy can be implemented. The above properties are both due to a 
well-known property of such indices: scale independence.

Interestingly, we can push the analysis a bit further. We can indeed try to under-
stand if the heterogeneity of initial conditions may realise a monotonic increase of 
income inequality over time.

We are going to expose some results and examples to provide a mathematical 
structure which underlies the analysis of the dynamic behaviour of the Gini index. 
Before proceeding, we briefly outline our approach.

We intend to make our assumptions as general as possible and for this reason 
we will not impose conditions on the whole time interval under consideration, 
which would be too restrictive. Namely, we are going to consider any possible 
decomposition of I such that the dominance of the functions may be reversed 

(4)G(t) =
1

N − 1

∑N−1

j=0
(N − 1 − 2j)BN−j(t)K(N−j)t

NA(t) +
∑N

j=1
Bj(t)Kjt

.

(5)G(T) =
1

N − 1

∑N

i=1

∑N

j=1
�e−�TKiT − e−�TKjT �

∑N

j=1
e−�TKjT

= ĜT .
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from one subinterval to the following one. This means that the analysis on the 
derivative of the Gini index with respect to time is basically local. The conditions 
stated in Lemma 1, Proposition 2 and Lemma 2 are criteria to capture the local 
behaviour of the Gini index and of inequality itself.

Lemma 1  Given two functions f (t), g(t) ∈ C1(I) and the function 
h(t) ∶=

|f (t) − g(t)|

f (t) + g(t)
 , provided that there exists a decomposition of the interval

such that:

then the following results hold for h(t): 

1.	 h�(t) > 0 at all t ∈ I2k such that 
(

f (t)

g(t)

)�

> 0 and h�(t) < 0 at all t ∈ I2k such that 
(

f (t)

g(t)

)�

< 0 , for all k = 1,… ,
M

2
;

2.	 h�(t) > 0 at all t ∈ I2k+1 such that 
(

f (t)

g(t)

)�

< 0 and h�(t) < 0 at all t ∈ I2k such that 
(

f (t)

g(t)

)�

> 0 , for all k = 0,… ,
M

2
− 1;

Proof  See Appendix. 	�  ◻

If one of the 2 above functions is larger than the other one over the whole inter-
val under consideration, the behaviour of h(t) is even easier to be determined. In 
particular,

Corollary 1  Given two functions f (t), g(t) ∈ C1(I) , if f (t) ≥ g(t) for all t ∈ I , then 
h(t) is:

•	 increasing at each t ∈ I such that 
(

f (t)

g(t)

)�

> 0;

•	 decreasing at each t ∈ I such that 
(

f (t)

g(t)

)�

< 0.

I =

M
⋃

k=1

Ik,

⎧

⎪

⎨

⎪

⎩

f (t) ≥ g(t) in I2k, for k = 1,… ,
M

2
,

f (t) ≤ g(t) in I2k+1, for k = 0,… ,
M

2
− 1,
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On the other hand, given two functions f (t), g(t) ∈ C1(I) , if f (t) ≤ g(t) for all t ∈ I , 
then h(t) is:

•	 increasing at each t ∈ I such that 
(

f (t)

g(t)

)�

< 0;

•	 decreasing at each t ∈ I such that 
(

f (t)

g(t)

)�

> 0.

Inequality measured by the static version of the Gini coefficient is merely a snapshot 
of outcomes. It does not tell why income disparities have opened up or what the trend is 
over time. The picture can thus be misleading of the issue at hand. We solve this prob-
lem by taking into account the unfair distribution in a subinterval and searching for the 
wealth conditions that allow income gaps to increase. Indeed Lemma 1 and Corollary 
1 shows that it is always possible to establish dominance condition of functions f(t) and 
g(t) for N = 2 case such that the ratio of the two derivatives monotonically increases or 
decreases in a subinterval. If the dominance conditions are always satisfied in I, then 
the monotone trend is even more remarkable. The following Example simply outlines a 
scenario in which the subintervals where h(t) is increasing and decreasing are explicitly 
determined (Fig. 2).

Example 1  Consider the two linear functions f (t) = 1 + t and g(t) = 2 +
t

2
 in the 

interval I = [0, 4].
It is immediate to check that f (t) ≤ g(t) in I1 = [0, 2] and f (t) ≥ g(t) in 

I2 = [2, 4] , therefore the function h(t) is:

Fig. 2   Functions f(t) and g(t) 
and the two subintervals I

1
 

and I
2

�

�

t0

f(t), g(t)

f(t) = 1 + t

g(t) = 2 +
t

2

���������������

I1

2
I2

4

•
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Since

for all t ∈ I , then by the above results h�(t) < 0 in I1 and h�(t) > 0 in I2.

Studying the dynamics of income disparities may provide at least a partial 
answer to understanding the initial wealth conditions and their likely trajectory over 
time. This is possible by simply replacing the general properties of f(t) and g(t) in 
Lemma 1 with the optimal payoff V1(K1t, t) and V2(K2t, t) . In particular, for N = 2 
case, the dynamic Gini coefficient boils down to:

Relying on (6) and its similarity with function h(t), the next Proposition relabels 
Lemma 1 in the context of linear value functions to describe the behaviour of G(t) 
over time.

Proposition 2  Consider a 2-agents model, where agents’ payoff profiles are 
described by value functions Vi(Kit, t) = Ai(t) + KitBi(t) , where agents have (K1t,K2t) 
as the initial capital endowments, for i = 1, 2 . Assume that there exists a decomposi-
tion of the interval

such that:

then the following results hold for G(t): 

h(t) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

1 −
t

2

3
�

1 +
t

2

� if t ∈ I1

t

2
− 1

3
�

1 +
t

2

� if t ∈ I2

.

�

f (t)

g(t)

��

=

⎛

⎜

⎜

⎝

1 + t

2 +
t

2

⎞

⎟

⎟

⎠

�

=
3

2
�

2 +
t

2

�2
> 0

(6)G(t) =
|V1(K1t, t) − V2(K2t, t)|

V1(Kit, t) + V2(K2t, t)
=

|A1(t) + K1tB1(t) − A2(t) − K2tB2(t)|

A1(t) + K1tB1(t) + A2(t) + K2tB2(t)
.

I =

M
⋃

k=1

Ik,

⎧

⎪

⎨

⎪

⎩

A1(t) ≥ A2(t) and K1tB1(t) ≥ K2tB2(t) in I2k, for k = 1,… ,
M

2
,

A1(t) ≤ A2(t) and K1tB1(t) ≤ K2tB2(t)) in I2k+1, for k = 0,… ,
M

2
− 1,
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1.	 G
�(t) > 0 at all t ∈ I2k such that 

(

A1(t) + K1tB1(t)

A2(t) + K2tB2(t)

)�

> 0 and G�(t) < 0 at all t ∈ I2k 

such that 
(

A1(t) + K1tB1(t)

A2(t) + K2tB2(t)

)�

< 0 , for all k = 1,… ,
M

2
;

2.	 G
�(t) > 0 at all t ∈ I2k+1 such that 

(

A1(t) + K1tB1(t)

A2(t) + K2tB2(t)

)�

< 0 and G�(t) < 0 at all 

t ∈ I2k such that 
(

A1(t) + K1tB1(t)

A2(t) + K2tB2(t)

)�

> 0 , for all k = 0,… ,
M

2
− 1;

Proof  See Appendix. 	�  ◻

Proposition 2 claims that differences among classes, in this simple case, between 
richer and poorer classes, e.g., A1(t) ≥ A2(t) and K1tB1(t) ≥ K2tB2(t) , necessarily origi-
nate a systemic increase of inequality as G�(t) > 0 . If the dominance condition is large 
in I, then this means that differences in initial wealth among classes create greater dis-
parities between rich and poor that cannot be inverted or reduced without interventions. 
This helps to explain why the income gap between rich and poor began to widen due to 
capital accumulation as confirmed by empirical evidence. See for instance an interest-
ing analysis recently made in Italy by Iacono and Ranaldi (2020) on this issue. They 
show the evolution of inequality in both capital and labor income between 1989 and 
2016. Similar results are made by Ranaldi (2021) looking at the global distributions 
of capital and labor income among individuals in 2000 and 2016. The extension of 
previous results to the N−individuals case is somewhat complex, because the number 
of involved functions and the related intervals to be considered, grows dramatically. 
However, we can establish sufficient conditions to ensure that G(t) has a monotonic 
behaviour at certain intervals. The next Lemma and Proposition resemble Lemma 1 
and Proposition when agents are N > 2.

Lemma 2  Given N functions f1(t),… , fN(t) , and the functions

for all i, j = 1,… ,N , provided that for all i ≠ j there exists a decomposition of the 
interval

such that:

hij(t) ∶=
�fi(t) − fj(t)�
∑N

k=1
fk(t)

,

I =

Mij
⋃

k=1

I
ij

k
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then the following results hold for all hij(t) , i ≠ j : 

1.	 h�
ij
(t) > 0 at all t ∈ I

ij

2k
 such that 

(

fi(t)

fl(t)

)�

> 0 for all l ≠ i and 
(

fl(t)

fj(t)

)�

> 0 for all 

l ≠ i, j ; moreover, h�
ij
(t) < 0 at all t ∈ I

ij

2k
 such that 

(

fi(t)

fl(t)

)�

< 0 for all l ≠ i and 
(

fl(t)

fj(t)

)�

< 0 , for all l ≠ i, j , for all k = 1,… ,
Mij

2
;

2.	 h�
ij
(t) > 0 at all t ∈ I

ij

2k+1
 such that 

(

fi(t)

fl(t)

)�

< 0 for all l ≠ i and 
(

fl(t)

fj(t)

)�

< 0 for 

all l ≠ i, j ; moreover, h�
ij
(t) < 0 at all t ∈ I

ij

2k+1
 such that 

(

fi(t)

fl(t)

)�

> 0 for all l ≠ i 

and 
(

fl(t)

fj(t)

)�

> 0 , for all l ≠ i, j , for all k = 1,… ,
Mij

2
− 1.

Proof  See Appendix. 	�  ◻

It is simple to note why Lemma 2 relates to the function h(t) =
∑

i>j hij(t) , which 
is proportional to G(t) if fi(t) = J∗

i
(t) for all i = 1,… ,N . Hence, that result provides 

a sufficient condition to determine the behaviour of G(t) . If the above conditions do 
not hold, then Lemma cannot be employed and it is necessary to study function h(t) 
in the standard way.

The next Example amends the previous one by adding a third function to treat the 
3-individuals case. As will be shown, Lemma 2 is not useful in this context, hence 
the normal calculation of the first order derivative will be carried out (Fig. 3).

Example 2  Consider the 2 linear functions f1(t) = 1 + t and f2(t) = 2 +
t

2
 and the 

constant function f3(t) = 3 in the interval I = [0, 4].
It is immediate to check that f3(t) ≥ f2(t) ≥ f1(t) in I1 = [0, 2] and 

f1(t) ≥ f2(t) ≥ f3(t) in I2 = [2, 4] , therefore the relevant functions are:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

fi(t) ≥ fj(t) in I
ij

2k
, for k = 1,… ,

Mij

2
,

fi(t) ≤ fj(t) in I
ij

2k+1
, for k = 0,… ,

Mij

2
− 1,
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Note that in this case, h12(t) = h23(t) over both intervals, then the behaviour of both 
functions is the same. Since

h12(t) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

1 −
t

2

3
�

2 +
t

2

� �� t ∈ I1

−1 +
t

2

3
�

2 +
t

2

� �� t ∈ I2

.

h13(t) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

2 − t

3
�

2 +
t

2

� �� t ∈ I1

t − 2

3
�

2 +
t

2

� �� t ∈ I2

.

h23(t) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

1 −
t

2

3
�

2 +
t

2

� �� t ∈ I1

−1 +
t

2

3
�

2 +
t

2

� �� t ∈ I2

.

(

f1(t)

f2(t)

)�

=
1

2
(

2 +
t

2

)2
> 0,

(

f1(t)

f3(t)

)�

=
1

3
> 0,

(

f2(t)

f3(t)

)�

=
1

6
> 0,

Fig. 3   Functions f
1
(t), f

2
(t), f

3
(t) 

and the two subintervals I
1
 

and I
2

�

�

t
0

f1(t), f2(t), f3(t)

f1(t) = 1 + t

f2(t) = 2 +
t

2

f3(t) = 3
���������������

I1

2
I2

4

•
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then (h13)�(t) > 0 in I1 and (h13)�(t) < 0 in I2 . However, the hypotheses of Lemma 2 
are only verified for h13(t) . Namely, as far as h12(t) is concerned:

meaning that one derivative does not have the appropriate sign. Then, in order to 
state a unique condition for the behaviour of function h(t), we have to calculate its 
derivative. Note that:

The calculation of its derivative yields:

hence h�(t) < 0 in I1 and h�(t) > 0 in I2.

The next Proposition illustrates the application of Lemma (2) to tackle the 
N-individuals case.

Proposition 3  Consider an N-agents model, where agents’ payoff profiles are 
described by the income value functions Vi(Kit, t) = Ai(t) + KitBi(t) , for i = 1,… ,N , 
where agents have (K1t,… ,KNt) as the initial capital endowments. Assume that for 
all i ≠ j there exists a decomposition of the interval,

such that:

(

f
1
(t)

f
2
(t)

)�

=
1

2

(

2 +
t

2

)2
> 0,

(

f
1
(t)

f
3
(t)

)�

=
1

3
> 0,

(

f
3
(t)

f
2
(t)

)�

= −
1

6

(

2 +
t

2

)2
< 0,

h(t) = h12(t) + h13(t) + h23(t) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

4 − 2t

3
�

2 +
t

2

� �� t ∈ I1

2t − 4

3
�

2 +
t

2

� �� t ∈ I2

.

h�(t) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

−
2

3
�

2 +
t

2

�2
�� t ∈ I1

2

3
�

2 +
t

2

�2
�� t ∈ I2

,

I =

Mij
⋃

k=1

I
ij

k
,
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then the following results hold for G(t) : 

1.	 G
�(t) > 0 at all t ∈ I

ij

2k
 such that 

 and 

 moreover, G�(t) < 0 at all t ∈ I
ij

2k
 such that 

 and 

 for all k = 1,… ,
Mij

2
;

2.	 G
�(t) > 0 at all t ∈ I

ij

2k
 such that 

 and 

 moreover, G�(t) < 0 at all t ∈ I
ij

2k
 such that 

 and 

⎧

⎪

⎨

⎪

⎩

Ai(t) ≥ Aj(t) and Bi(t)Kit ≥ Bj(t)Kjt in I
ij

2k
, for k = 1,… ,

Mij

2
,

Ai(t) ≤ Aj(t) and Bi(t)Kit ≤ Bj(t)Kjt in I
ij

2k+1
, for k = 0,… ,

Mij

2
− 1,

(

Ai(t) + Bi(t)Kit

Al(t) + Bl(t)Klt

)�

> 0 for all l ≠ i

(

Al(t) + Bl(t)Klt

Aj(t) + Bj(t)Kjt

)�

> 0 for all l ≠ i, j;

(

Ai(t) + Bi(t)Kit

Al(t) + Bl(t)Klt

)�

< 0 for all l ≠ i

(

Al(t) + Bl(t)Klt

Aj(t) + Bj(t)Kjt

)�

< 0 for all l ≠ i, j,

(

Ai(t) + Bi(t)Kit

Al(t) + Bl(t)Klt

)�

< 0 for all l ≠ i

(

Al(t) + Bl(t)Klt

Aj(t) + Bj(t)Kjt

)�

< 0 for all l ≠ i, j;

(

Ai(t) + Bi(t)Kit

Al(t) + Bl(t)Klt

)�

> 0 for all l ≠ i



	 Economia Politica

1 3

 for all k = 1,… ,
Mij

2
;

Proof  It is sufficient to apply Lemma  2 taking fi(t) = Ai(t) + Bi(t)Kit for all 
i = 1,… ,N . 	�  ◻

Proposition 3 is a technical result which can be applied to each differential game 
model whose value functions are linear in the initial wealth endowments under some 
specific conditions on the time functions Ai(t) and Bi(t) . Basically, the Proposition 
intends to apply Lemma 2 to G(t) . The most intuitive interpretation suggests that if the 
dominance conditions specified in Lemma 2 are verified, then the trend of inequality 
may increase in the short run. On the other hand, if the ratio is always positive, then 
there are at least some intervals where inequality may reduce. This suggests that when 
income inequality increases, wealth disparities presented at the initial level constitute 
an important determinant of the trend over time, thus requiring appropriate policies to 
be implemented by the Government to keep income inequality at tolerably low levels.

Once the general properties of the evolution of inequality are defined, then we 
can start to investigate an optimisation process of a representative agent as a proxy 
for social welfare.

4 � The dynamic optimization process

Here we devise a model à la Lindner and Strulik (2004) for the evaluation of the 
intertemporal payoff of each agent i. We extend their analysis describing the dynam-
ics of the wealth accumulation taking the time paths of taxes and capital as given. 
In the next Section, we see the optimal strategy of a social planner that modifies the 
level of taxation for a specific target policy.

First, Lindner and Strulik (2004) propose a sequential asymmetric game between 
individuals and government. As mentioned in Sect. 3, we instead focus on the maxi-
mization process of each agent with no interaction among them. Our main pur-
pose is to show the possibility to measure the evolution of income inequality and 
the policy evaluation from a social planner. Second, in their paper, the closed-loop 
equilibrium strategy is determined on an infinite time horizon, whereas we take into 
account a compact interval I = [0, T].

In our setting, each agent has two different control variables, i.e., consumption 
Ci(t) and labour li(t) . In particular, each agent i, or i = 1,… ,N , maximises her inter-
temporal utility function as follows:

(

Al(t) + Bl(t)Klt

Aj(t) + Bj(t)Kjt

)�

> 0 for all l ≠ i, j,

(7)max
Ci>0, li∈[0,2L]

Ui(Ci, li) ≡ �
T

0

e−𝜌t
[

log(Ci(t)) − l2
i
(t)
]

dt + e−𝜌TKi(T),
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where Ci(t) ∈ ℝ+ is an i-th control variable denoting consumption. The logarithmic 
utility form has been chosen for consumption in that it verifies the scale-independ-
ence property, which is standard in a framework with income heterogeneity among 
agents. The other control variable is labour, li(t) ∈ ℝ+ , which is quadratic. The state 
variable is instead Ki(t) ∈ ℝ+ defined as the capital of agent i. Finally, 𝜌 > 0 is the  
instantaneous discount factor, i.e., the discount rate of future payoffs, common to all 
individuals, while, e−�TKi(T) is the scrap value, namely the discounted value of one 
unit of capital at the final time. Note that Ki(0) ≠ Kj(0) for ∀ j ≠ i , ∀i = 1,… ,N , are 
ordered in a non-decreasing way as K1(0) ≤ K2(0) ≤ ⋯ ≤ KN(0) . The state dynam-
ics for each agent i is as follows:

where �l ≥ 0 is the tax rate on labour, �C ≥ 0 is the tax rate on consumption and 
ri > 0 is the i-th interest rate on personal capital endowment. Note that the assump-
tion ri ≠ rj , ∀ j ≠ i , ∀i = 1,… ,N implicitly establishes that 2 different agents have 2 
different returns in capital accumulation. Relying on the above assumptions, the i-th 
Hamilton-Jacobi-Bellman (usually indicated by HJB) equation is:

Proposition 4  The solution of 9 is the following value function:

where

Proof  See Appendix. 	�  ◻

By replacing Eqs. (10), (11), (12) into Eq. (3), we can measure income ine-
quality of the community according to the intertemporal utility function of each 
agent. In particular, the behaviour of Gini Coefficient G(t) in Eq. (3) is determined 
by the application of Proposition 2.

(8)
{

K̇i(t) = (1 − 𝜏l)li(t) + riKi(t) − (1 + 𝜏C)Ci(t)

Ki(0) = Ki0

,

(9)

−
�Vi

�t
+ �Vi

= max
Ci, li

{

log(Ci(t)) − l2
i
(t) +

�Vi

�Kit

((1 − �l)li(t) + riKi(t) − (1 + �C)Ci(t))

}

.

(10)Vi(Kit, t) = Âi(t) + KitB̂i(t),

(11)
Âi(t) =

[

1

�
+

(1 + �C)(� − ri)

�2
+

(1 − �l)
2

4(� − 2ri)

]

e�(t−T) −
(1 − �l)

2

4(� − 2ri)
e2(�−ri)(t−T)

−
1

�
[(1 + �C)(� − ri)(t − T) + 1] −

(1 + �C)(� − ri)

�2
.

(12)B̂i(t) =e
(�−ri)(t−T).
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5 � Policy‑target interventions

Widening wealth disparities may have damaging side-effects for the sustainability 
of the community. The mainstream consensus has long been on the opportunity 
for the Government to intervene inverting such trend. One interesting question in 
studying the evolution of inequality over time stands on the role of Government 
should play in helping the rest through the use of taxation instruments. Greater 
mobility of capital relative to labour ensured the trend towards reduced capital 
taxation was broadly shared. This is the reason why we focus on consumption and 
labour taxation as the main objects of our analysis. The ideal tax system strikes 
a balance between efficiency and equity such that different societies make differ-
ent choices. In our simple framework of N = 2 agents, we imagine a benevolent 
social planner that on one side merely searches for reducing income inequality 
under a specific exogenous target, while on the other side, decides to minimize 
income inequality across individuals. As in the previous Section, we assume that 
agents’ initial capital endowments at time t are different, and it is not restrictive to 
posit K1t ≤ K2t . Moreover, we focus on the case in which the return rates of capi-
tals are equal, i.e., r1 = r2.

Given the formulation of the dynamic Gini index described by (6) and after 
some simplifications, its numerator is given by

whereas the denominator of (6) is:

If we consider t = 0 , we are evaluating the inequality assessment on the whole time 
interval [0, T], meaning that we are taking into account the quantity

The approaches we can adopt depend on the target policy to be implemented. In 
both cases, 2 optimal values of �C and �l must be determined at the end of the period 

|

|

|

|

|

[

(1 + �C)(r2 − r1)

�2
+

(r2 − r1)(1 − �l)
2

2(� − 2r1)(� − 2r2)

]

e�(t−T) −
(1 + �C)(r2 − r1)

�2

−
(1 − �l)

2

4

[

(� − 2r2)e
2(�−r1)(t−T) − (� − 2r1)e

2(�−r2)(t−T)

(� − 2r1)(� − 2r2)

]

−
(1 + �C)(r2 − r1)(t − T)

�
+

+K1te
(�−r1)(t−T) + K2te

(�−r2)(t−T)|
|

|

,

[

2

�
+

(1 + �C)(2� − r1 − r2)

�2
+

(� − r1 − r2)(1 − �l)
2

2(� − 2r1 − 2r2)

]

e�(t−T) −
(1 + �C)(2� − r1 − r2)

�2

−
(1 − �l)

2

4

[

e2(�−r1)(t−T)

� − 2r1
+

e2(�−r2)(t−T)

� − 2r2

]

−
1

�

[

(1 + �C)(2� − r1 − r2)(t − T) + 2
]

+

+ K1te
(�−r1)(t−T) + K2te

(�−r2)(t−T).

(13)G(0) =
|V1(K1,0, 0) − V2(K2,0, 0)|

V1(K1,0, 0) + V2(K2,0, 0)
.
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[0, T]. Defining �∗
C
 and �∗

L
 the optimal taxes and according to the original formula-

tion, the i-th dynamic constraint is,

5.1 � A policy for bounded inequality

There are 2 viable approaches that can be adopted. One of them is based on �C and 
the other one on �l.

Firstly, consider an upper bound of inequality Imax acceptable by the Government 
such that G(0) ≤ Imax . According to Eqs. (7) and (14), solving for �C leads to the 
identification of a specific portion of the (�l, �C)-plane where the overall inequality 
does not exceed the level Imax . After some algebraic steps, it follows that G(0) can be 
rearranged as follows6:

 where the following functions are quadratic in �l:

and the above constant is

Imposing the inequality condition on the Gini index leads to a linear inequality on 
�C:

(14)
{

K̇i(t) = 𝜏∗
l
li(t) + rKi(t) − 𝜏∗

C
Ci(t)

Ki(T) = KiT

,

|

|

|

|

|

[

(1 + �C)(r2 − r
1
)

�2
+ N

1
(�l)

]

e−�T −
(1 + �C)(r2 − r

1
)

�2
− N

2
(�l) +

(1 + �C)(r2 − r
1
)T

�
+ CK

|

|

|

|

|

[

(1 + �C)(2� − r
1
− r

2
)

�2
+ D

1
(�l)

]

e−�T −
2

�
− (1 + �C)(2� − r

1
− r

2
)

(

1

�2
−

T

�

)

− D
2
(�l) + CK

,

N1(�l) =
(r2 − r1)(1 − �l)

2

2(� − 2r1)(� − 2r2)
,

N2(�l) =
(1 − �l)

2

4

[

(� − 2r2)e
−2(�−r1)T − (� − 2r1)e

−2(�−r2)T

(� − 2r1)(� − 2r2)

]

,

D1(�l) =
2

�
+

(� − r1 − r2)(1 − �l)
2

2(� − 2r1 − 2r2)
,

D2(�l) =
(1 − �l)

2

4

[

e−2(�−r1)T

� − 2r1
+

e−2(�−r2)T

� − 2r2

]

,

CK = K1,0e
−(�−r1)T + K2,0e

−(�−r2)T .

6  The notation has been modified for the sake of simplicity.
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where the left-hand side of the inequality is a linear expression in �C , whereas the 
right-hand side of the inequality is quadratic in �l.

Given the form we obtained for the inequality, a this stage another approach can 
be adopted. We might also establish a certain tax rate on consumption, say �C = �∗

C
 , 

to subsequently determine the interval for �l as G(0) ≤ Imax . Provided that the param-
eter values allow for the existence of solutions, solving the second degree inequality 
for �l would identify an interval

such that, for all tax rates �l belonging to 15, the Gini level is bounded. The parame-
ter set is bounded from below because tax rates are supposed to be positive and from 
above by the parabola described by the associated equation. The following Figure 
intends to illustrate the present case. If we sketch the curve describing the function 
of �l in the right-hand side of the above inequality, we know that at each given level 
of �∗

C
 , the tax rate on labour �l must be included in the compact interval 

(

�
l
, � l

)

 and 
below the graph of the function, as is shown in Fig. 4.

5.2 � Minimization of inequality

Instead, when the Government commits to reducing income inequality over the 
whole period [0, T], the related problem directly involves the minimization process 
of the Gini coefficient:

(1 + �C)(r2 − r1)

�2
e−�T −

(1 + �C)(r2 − r1)

�2
+

(1 + �C)(r2 − r1)T

�
+

+

[

−
(1 + �C)(2� − r1 − r2)

�2
e−�T + (1 + �C)(2� − r1 − r2)

(

1

�2
−

T

�

)]

Imax ≤
≤ (CK − D2(�l) − 2∕� + D1(�l)e

−�T )Imax − CK + N2(�l) − N1(�l)e
−�T ,

(15)�l ∈
(

�
l
, � l

)

.

�

�

••

O τ l τ l τl
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�
�
�

�
�
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Fig. 4   The portion of the plane (�l, �C) where inequality does not exceed Imax
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without irrelevant constants. Minimizing G(0) with respect to �l and �C yields the 
optimal tax rate for �l:

whereas, since the expression 𝜕G(0)
𝜕𝜏C

> 0 for all 𝜏C > 0 , there is no finite value of �C 

which minimizes the inequality level. Considering a fixed value �C = �̃C , we can 
evaluate inequality for �l = �∗

l
:

If the Government really wants to increase agents’ welfare, it could do so by axing 
tax rules that reduce income gap between individuals after a period of time. The 
options in our simple framework are twofold. The Government decides to maximize 
continuous social welfare of agents by looking at the difference of the individual 
payoffs that satisfied an exogenous upper bound. Alternatively, the dynamic pro-
cess may require merely the minimisation of inequality of the income distribution. 
Of course, such policies have some effects for labour supply which are outside the 
scope of this analysis. Although it is not possible to make a general comparison 
between the two policies, results in terms of taxation simply suggest that minimizing 
inequality is costly for labour compared to the bounded one where a range of values 
is proposed under the optimal tax on consumption.

6 � Concluding remarks

Although in this paper we made an attempt to propose a theoretical framework for 
a dynamic analysis of inequality, this topic is definitely far from being completely 
treated. We established a preliminary approach to incorporate assessment of ine-
quality in a continuous time model where agents are heterogeneous and during the 
evolution of the economic process, inequality evolves as well.

Both technical and applied aspects can be improved and refined: the choice of the 
most appropriate inequality index, the validity of the solution concepts, the exten-
sion of the time horizon and the policy implementation of a planner which aims to 
reduce overall inequality. The issue of equality of opportunity in a dynamic scenario 
deserves to be treated as well: which characteristics of a dynamic multi-agent model 

(16)min
�C , �l

G(0) = min
�C , �l

|V1(K1,0, 0) − V2(K2,0, 0)|

V1(K1,0, 0) + V2(K2,0, 0)
,

(17)�∗
l
=

(� − 2r)
[

e−�T − e−(�−r)T
]

r
[

e−�T − e−2(�−r)T
] ,

G
|�l

=�∗
l
, �C = �̃C(0) = e−(�−r)T |

|

K1,0 − K2,0
|

|

[

2(� − r)T

�
+

+
2

�

[

L

2
− log �̃C − 2 +

r

�

]

(

1 − e−�T
)

− L(� − 2r)

[

e−�T − e−(�−r)T
]2

r2
[

e−�T − e−2(�−r)T
]+

+e−(�−r)T (K1,0 + K2,0)
]−1

.
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can represent equality of opportunity? And which kind of intervention can be done to 
avoid that inequality of opportunity can transform into income inequality over time?

All the above questions may constitute a fertile ground for future research.

Appendix

Proof of Proposition 1

Provided that Ai(t) = Aj(t) = A(t) for all i ≠ j , their sum amounts to NA(t) we can note 
that some contributions vanish in the sum at the numerator of G(t) . Specifically, all the 
terms of the kind

vanish when i = j . When i ≠ j , Ai(t) − Aj(t) = 0 as well, hence what remains is:

Furthermore,

Hence, for all i ≠ j , assuming without loss of generality that i > j , we have that

Consequently, since the j-th difference is equal to (N − 1 − 2j)BN−j(t)K(N−j)t for 
j = 0, 1,… ,N − 1 , after collecting terms and simplifying, the form of Gini index 
becomes:

Proof of Lemma 1

Firstly, consider any subinterval Il , where l is an even integer number, where 
f (t) ≥ g(t) , implying h(t) =

f (t) − g(t)

f (t) + g(t)
 for all t ∈ Il . Calculation of the derivative of 

h(t) yields:

|

|

|

Ai(t) + Bi(t)Kit − Aj(t) − Bj(t)Kjt

|

|

|

G(t) =
1

N − 1

∑N

i=1

∑

j≠i
�

�

�

Bi(t)Kit − Bj(t)Kjt

�

�

�

2NA(t) + 2
∑N

j=1
Bj(t)Kjt

.

⎧

⎪

⎨

⎪

⎩

K1t ≤ K2t ≤ ⋯ ≤ KNt

B1(t) ≤ B2(t) ≤ ⋯ ≤ BN(t)

⟹ B1(t)K1t ≤ B2(t)K2t ≤ ⋯ ≤ BN(t)KNt.

|

|

|

Bi(t)Kit − Bj(t)Kjt

|

|

|

+
|

|

|

Bj(t)Kjt − Bi(t)Kit

|

|

|

= 2(Bi(t)Kit − Bj(t)Kjt).

G(t) =
1

N − 1

∑N−1

j=0
(N − 1 − 2j)BN−j(t)K(N−j)t

NA(t) +
∑N

j=1
Bj(t)Kjt

.
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which is positive if and only if 
(

f (t)

g(t)

)�

> 0 . On the other hand, it is negative if and 

only if 
(

f (t)

g(t)

)�

< 0 . The second case is analogous: consider any subinterval Im , 

where m is an odd integer number. At every t ∈ Im , by definition of the subintervals, 
h(t) =

−f (t) + g(t)

f (t) + g(t)
 . Carrying out the same analysis, where signs are reversed, we 

obtain that h�(t) is positive if and only if 
(

f (t)

g(t)

)�

< 0 . Finally, it is negative if and 

only if 
(

f (t)

g(t)

)�

> 0.

Proof of Proposition 2

When only 2 agents are playing, we know the form of Gini index evaluated at t ∈ I:

Therefore, because in the first case A1(t) + B1(t)K1t > A2(t) + B2(t)K2t > 0 and in 
the second case A2(t) + B2(t)K2t > A1(t) + B1(t)K1t > 0 , we can apply Lemma , 
which ensures that G�(t) > 0 for all t ∈ I.

Proof of Lemma 2

The proof of Lemma 2 closely resembles the proof of Lemma 1. In this case, we 
identify a decomposition of the interval I for each pair of functions fi(t) and fj(t) , 
thus extending the decomposition described in the 2-individuals case. We reproduce 
the same approach and find out that in each subinterval Iij

2k
 where fi(t) ≥ fj(t) , for any 

i ≠ j , we calculate the following derivative:

h�(t) =
(f �(t) − g�(t))(f (t) + g(t)) − (f (t) − g(t))(f �(t) + g�(t))

(f (t) + g(t))2
=

=⋯ = 2
f �(t)g(t) − f (t)g�(t)

(f (t) + g(t))2
=

2

(f (t) + g(t))2

(

f (t)

g(t)

)�

g2(t),

G(t) =
�

�

A1(t) + B1(t)K1t − A2(t) − B2(t)K2t
�

�

�

∑2

j=1
(Aj(t) + Bj(t)Kjt)

� .
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which is positive if 
(

fi(t)

fk(t)

)�

> 0 for all k ≠ i and 
(

fk(t)

fj(t)

)�

> 0 for all k ≠ i, j . 

Reversing signs in the above derivatives yields the negativity of (hit)�(t) in the same 
subintervals. The second thesis concerns the remaining subintervals of the decom-
position, where the procedure is identical given that the sign of hij(t) is reversed.

Proof of Proposition 4

The standard solution procedure yields:

We guess the form V̂i(Kit, t) = Âi(t) + KitB̂i(t) , where Âi(t), B̂i(t) are C1(I) functions 
for all i = 1,… ,N , for the i-th optimal value function. In this case, adopting the 
standard approach, we have that:

(hij)
�(t) =

(f �
i
(t) − f �

j
(t))

�

∑N

i=1
fk(t)

�

− (fi(t) − fj(t))
�

∑N

i=1
f �
k
(t)
�

∑N

k=1
fk(t)

=
f �
i
(t)
�

∑N

i=1
fk(t)

�

− f �
j
(t)
�

∑N

i=1
fk(t)

�

− fi(t)
�

∑N

i=1
f �
k
(t)
�

+ fj(t)
�

∑N

i=1
f �
k
(t)
�

∑N

k=1
fk(t)

=
f �
i
(t)
�
∑

k≠i fk(t)
�

− fi(t)
�
∑

k≠i f �k (t)
�

+ fj(t)
�

∑

k≠j f �k (t)
�

− f �
j
(t)
�

∑

k≠j fk(t)
�

∑N

k=1
fk(t)

=

2

�

fi(t)

fj(t)

��

f 2
j
(t) +

∑

k≠i,j
�

fi(t)

fk(t)

��

f 2
k
(t) +

∑

k≠i,j
�

fk(t)

fj(t)

��

f 2
j
(t)

∑N

k=1
fk(t)

1

Ci

− (1 + �C)
�Vi

�Kit

= 0 ⟹ C∗
i
(t) =

1

1 + �C

(

�Vi

�Kit

)−1

,

− 2li + (1 + �l)
�Vi

�Kit

= 0 ⟹ l∗
i
(t) =

1 − �l

2

�Vi

�Kit

.

C∗
i
(t) =

1

(1 + 𝜏C)�Bi(t)
, l∗

i
(t) =

1 − 𝜏l

2
�Bi(t).

− �̇Ai(t) − Kit
�̇Bi(t) + 𝜌(�Ai(t) + Kit

�Bi(t))

= − log
(

(1 + 𝜏C)�Bi(t)
)

−
(1 − 𝜏l)

2

4

(

�Bi(t)
)2

+ riKit
�Bi(t) − 1,
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whose solution is determined by solving the following dynamic system:

endowed with the final conditions implied by the transversality conditions:

The dynamic system (18) can be simply solved7, leading to the following expression:

where8
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(18)

⎧

⎪

⎨

⎪

⎩

�̇Ai(t) = 𝜌�Ai(t) + log((1 + 𝜏C)�Bi(t)) +
(1 − 𝜏l)

2

4

�

�Bi(t)
�2

+ 1

�̇Bi(t) = (𝜌 − ri)
�Bi(t)

,

lim
t⟶T

e−�tVi(Kit, t) = e−�TKiT ⟹

{

Âi(T) = 0

B̂i(T) = 1
.

Vi(Kit, t) = Âi(t) + KitB̂i(t),

Âi(t) =

[

1

�
+

(1 + �C)(� − ri)

�2
+

(1 − �l)
2

4(� − 2ri)

]

e�(t−T) −
(1 − �l)

2

4(� − 2ri)
e2(�−ri)(t−T)

−
1

�
[(1 + �C)(� − ri)(t − T) + 1] −

(1 + �C)(� − ri)

�2
.

B̂i(t) =e
(�−ri)(t−T).

7  Such calculations are quite standard in literature, however all the steps are available upon request to the 
Authors.
8  Note that the expression for Âi(t) makes sense under the condition � ≠ 2ri , otherwise it gets much eas-
ier.
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