
0-7803-9785-1/06/$20.00 c©2006 IEEE 13

Optimal beam forming in the presence of mutual
coupling
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Abstract— An optimal beam forming method is proposed
which incorporates all electromagnetic characteristics of the
antenna array, including mutual coupling. The optimal beam
forming technique minimizes the total power radiated by the
antenna array while the response in a desired direction is
maintained. By considering the active element patterns and
the impedance matrix a computational efficient beam form-
ing algorithm is obtained which is able to manage all mutual
coupling effects. Simulation results show the performance of
the proposed algorithm applied to an antenna array in the
presence of a platform.

I. INTRODUCTION

The demand for wireless mobile communication ser-
vices is growing at an explosive rate. The large number
of mobile users and the increasing data rate for applica-
tions such as mobile internet require a high performance
antenna system. Smart antenna technology, making use of
adaptive antenna arrays, is capable of improving system
capacity and signal quality, and will be an essential com-
ponent in third- and fourth-generation cellular systems.
A huge amount of research has already been performed
on the topic of smart antenna applications, such as beam
forming strategies and direction-of-arrival (DOA) estima-
tion.

There is a tendency to develop more compact antenna
arrays with a larger number of antenna elements. Because
of this the antennas are located closer to each other and
the effects of mutual coupling become more significant.
Mutual coupling is due to the fact that when an antenna
is radiating, some of the energy in one antenna is coupled
into a neighboring antenna. In combination with scattering
effects from the antenna tower and nearby structures the
radiation characteristics of an antenna in such an antenna
array can differ significantly from the stand-alone antenna
characteristics. High performance smart antenna applica-
tions require a correct description of the electromagnetic
characteristics including mutual coupling. In this paper we
propose a beam forming strategy that incorporates all mu-
tual coupling effects relying on the active element patterns
and the impedance matrix. In [1], [2] a coupling matrix
is introduced to compensate for mutual coupling effects.
The coupling matrix transforms the radiation patterns of
the individual antenna elements such that the modified
antenna patterns no longer suffer from mutual coupling
effects, allowing to apply traditional beam forming algo-
rithms. A disadvantage of this method is that the coupling
matrix depends on the elevation angle in the presence of
platform effects [2]. Due to this limitation constructing
a radiation pattern with constraints in different elevation

angles is not possible. In [3] the use of genetic algorithms
in beam forming for an array in the presence of a close-
by mounting tower is investigated. All mutual coupling
effects are taken into account by considering the active
element patterns. The active element pattern of an antenna
is the radiation pattern of this antenna when the antenna
is excited with a unit voltage [4]. In the meanwhile, the
voltage at the other ports remains zero and the internal
impedance remains fixed at all ports. This leads to a set of
active element patterns. Any beam formed by the consid-
ered antenna array is a linear combination of the active
element patterns. A genetic algorithm searches a linear
combination that fits best to the desired specifications.
However, in real-time applications less time-consuming
algorithms are desirable.

We propose an optimal beam forming scheme [5] that
includes all mutual coupling effects such as platform
effects, which occur usually at cellular base stations [3].
We search for the array weights that minimize the total
power radiated by the antenna array while the power in the
direction of the mobile user is maintained. In the up-link
communication data are collected which enable us to es-
timate the direction-of-arrival (DOA) of the mobile users.
Several algorithms, based on MUSIC, are developed to
estimate the DOAs in the presence of mutual coupling [6].
To incorporate all mutual coupling effects we rely on the
exact active element patterns of the antennas. Besides
this set of active element patterns, the electromagnetic
characteristics of the antenna array can be described by an
equivalent circuit model. Whereas a stand-alone antenna
possesses a characteristic antenna radiation impedance, an
antenna array is described by an impedance matrix. The
relation, derived in Section II, between the impedance
matrix and the energy in the active element patterns
enables us to develop an optimal beam forming strategy.
This algorithm is applicable for any array configuration
even in the presence of severe mutual coupling, because
the algorithm relies on the active element patterns and the
impedance matrix.

This paper is organized as follows. In Section II, an ex-
pression for the power radiated by an antenna array is de-
rived. We make use of the equivalent circuit model which
describes the antenna array by means of the impedance
matrix. On the basis of this expression we develop the
optimal beam forming algorithm in Section III. We make
a distinction between the situations where interferers are
either absent or present. In Section IV the proposed
beam forming algorithm is illustrated by means of some
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examples. Attention is devoted to antenna configurations
with very large mutual coupling effects.

II. CIRCUIT MODEL VS ANTENNA PATTERN

Consider an antenna array consisting of K antenna
elements. No limitations are imposed on the geometry of
the array, nor it is necessary to assume identical antenna
elements. The antenna elements of the compact antenna
array are situated in the near field of the other antenna
elements and an amount of the energy transmitted by one
antenna element will be received by the other elements.
These elements, for their part, will act as radiating an-
tenna elements. Besides neighboring antenna elements we
also consider the presence of nearby scatterers, such as
the feed lines of the antenna elements and a mounting
platform [3]. Because of the neighboring antennas and
the nearby scatterers the radiation pattern of an excited
antenna element will differ significantly from the radiation
pattern of the identical excited antenna element in a stand-
alone environment. To include all these mutual coupling
effects it is possible to consider the detailed current
distribution on all the antennas and the nearby scatterers,
e.g. determined by a method of moments. In this paper,
we go a step further and opt to remove all near field
information by considering the active element pattern and
the mutual coupling matrix. This compact description still
enables us to include all mutual coupling effects.

A single antenna element in transmit mode can be
described by its radiation pattern and an equivalent circuit
model determined by the antenna input impedance. This
approach is extendable to an antenna array of K elements.
Now, the antenna input impedance is replaced by a mutual
coupling matrix Z, which describes all mutual coupling
effects. In Fig. 1 the circuit model for a two-element
antenna array in transmit mode is given. Both antennas are
excited with a voltage source with an internal impedance
Z0. The circuit model can easily be extended to K antenna
elements. The model is fully described by the internal
impedance Z0 and the impedance matrix Z:

[Z]i j = Zi j. (1)

The elements of the impedance matrix can easily be found
by exciting antenna element t with a 1A current source and
by measuring the voltages at the other antennas which are
open circuited. The diagonal elements of the impedance
matrix differ from the antenna input impedance of the
stand-alone antenna elements, due to the presence of
neighboring antennas and nearby scatterers. The off-
diagonal elements of the impedance matrix describe the
voltages that currents in an antenna element induce in the
terminals of the other antenna elements.

The beam pattern, formed by the antenna array, can
be controlled by steering the amplitude and the phase of
the voltage source at each antenna port. To incorporate
all mutual coupling effects we make use of the active
element patterns [4]. The active element pattern of an
antenna element is obtained by exciting the antenna with
a unit voltage, while the other terminals are terminated

Z2
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Z11

Z12I2

Z21I1

V1 V2

Z0Z0

port 1 port 2

Fig. 1. Circuit model for a two-element antenna array in transmit mode.

by an impedance Z0(= 50Ω). For an antenna array with
K antennas this leads to K unit-excitation active ele-
ment patterns {Fi(θ,ϕ)} (i = 1 . . .K). For clearness we
assume that all antenna elements are uniformly polarized,
so that the active element patterns can be treated as
scalar functions of the elevation and azimuth angle (θ,ϕ).
However, the approach proposed in this paper is also
applicable for diversely polarized antennas. All effects
of mutual coupling are incorporated in the concept of
the active element pattern. When an antenna element is
excited by a voltage source, the impedance matrix induces
currents in the other antenna elements. However, the
active element pattern of this antenna is not just a simple
combination of the stand-alone radiation patterns of all
antenna elements. Shadowing effects, induced by nearby
scatterers, can deform the radiation patterns. Beside the
impedance matrix Z, the K active element patterns are
necessary to describe the electromagnetic characteristics
of the antenna array in full detail. By a linear combination
of the active element patterns {Fi(θ,ϕ)}, desired beams
can be synthesized.

When the antenna elements are excited with voltages
{Vi} (i = 1 . . .K) the radiation pattern of the array is

Ftot(θ,ϕ) =
K

∑
i=1

Vi Fi(θ,ϕ) = vf(θ,ϕ). (2)

f(θ,ϕ) is a K × 1 column matrix vector which contains
the K active element patterns of the array,

f(θ,ϕ) = [F1(θ,ϕ),F2(θ,ϕ), . . . ,FK(θ,ϕ)]T . (3)

Whereas v is a 1×K column matrix vector containing the
voltages applied at the antenna elements.

The total power radiated by the antenna array is an
important characteristic in beam forming algorithms and
is given by

Prad =
1

2Rc

��
Ftot(θ,ϕ)F∗

tot(θ,ϕ)dΩ, (4)

where Rc is the impedance of the medium in which the
antenna radiates and ..∗ denotes the complex conjugate.
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Substituting (2) in (4) gives:

Prad =
1

2Rc
v
��

f(θ,ϕ)fH(θ,ϕ)dΩvH (5)

= vRvH , (6)

..H denotes the hermitian of a vector. The matrix R
expresses the correlation between the different active
element patterns:

R =
1

2RC

��
f(θ,ϕ)fH(θ,ϕ)dΩ. (7)

It is obvious that the off-diagonal elements are the re-
sult of mutual coupling between the different antenna
elements. In absence of mutual coupling, the correlation
matrix R is reduced to a diagonal matrix. When we
consider the circuit model, the power inserted in the
circuit model is given by the power supplied by the K
voltage sources:

Pinput =
1
2
ℜ(

K

∑
i=1

ViI
∗
i ) =

1
2
ℜ(viH), (8)

where i is a 1×K column matrix vector containing the
K corresponding currents in the antenna terminals. The
following relationship exists between the excited voltages
and the currents in the antenna elements:

v = i(Z0I+Z). (9)

Substituting (9) into (8) yields

Pinput =
1
2
ℜ(i(Z0I+Z)iH), (10)

where I is the K ×K identity matrix. Notice that part
of the input power Pinput is not used to radiate but is
dissipated in the internal impedances of the ports. The
energy used to radiate is then given by:

P′
rad = Pinput − 1

2
ℜ(

K

∑
i=1

Z0IiI
∗
i ) =

1
2
ℜ(iZiH). (11)

We replace i by v(Z0I + Z)−1 in (11) given (9), which
results in:

P′
rad =

1
2
vℜ((Z0I+Z)−1Z(Z∗

0I+ZH)−1)vH . (12)

Both approaches (active element pattern Prad and circuit
model P′

rad) yield an expression for the radiated power.
Identifying (4) and (12) relates the active element patterns
to the circuit model parameters:

R = (Z0I+Z)−1ℜ(Z)(Z∗
0I+ZH)−1. (13)

In Section III we rely on this relationship to perform beam
steering in an efficient way.

III. OPTIMAL BEAM FORMING

Several algorithms were developed to estimate the
direction of arrival angles of impinging signals in the
uplink of the wireless communication system. To yield
accurate estimates mutual coupling effects have to be
incorporated into the algorithm [6]. In the down link,

the knowledge of the DOAs is used to cancel interfer-
ence effects between different users by beam forming.
First, we demonstrate in section III-A that taking mutual
coupling into account does not complicate the optimal
beam forming algorithm [5]. Quite the contrary, optimal
beam forming is inextricably interconnected with the
impedance matrix Z. Second, in section III-B the optimal
beam forming algorithm is extended to the case where
interference is mitigated by placing nulls in the radiation
pattern.

A. Absence of other mobile users

In the uplink communication it is important to deter-
mine the excitation voltages in such way that most of the
radiated power is transmitted to a desired user. Optimal
beam forming satisfies this condition given that excitation
voltages are determined that minimize the power radiated
by the array while the power in the direction of the mobile
user is maintained. Assume that the desired mobile user
is located along the direction (θ0,ϕ0). The optimal beam
forming algorithm, including mutual coupling, proceeds
by searching for the excitation voltages {Vi} that fulfill
the conditions:{

vf(θ0,ϕ0) = 1

vH Rv is minimized.
(14)

The beam forming algorithm does not consider the
directions-of-arrival (DOA) of the signals of other mobile
users by placing nulls in the radiation pattern in the cor-
responding directions, but instead it globally minimizes
the interference plus noise. Therefore, no tracking of
moving interferers is required, we only need to track the
changing DOA of the desired user. The solution of this
minimization problem can be found by using a Lagrange
multiplier. The Lagrangian of the problem becomes

L(v,λ) = vRvH +λ(vf−1) (15)

and the solution is

vH
0 =

R−1f(θ0,ϕ0)
f(θ0,ϕ0)HR−1f(θ0,ϕ0)

. (16)

Equation (16) expresses that the excitation voltages to
obtain an optimal beam in the direction (θ0,ϕ0) are
determined by the correlation matrix R and the radiation
pattern in the direction (θ0,ϕ0) of all active element
patterns. In Section II it is proven that the correlation
matrix R is described by the impedance matrix Z. So the
optimal beam forming algorithm is linked by the mutual
coupling parameters, e.g. the impedance matrix.

B. Interference cancellation

In the previous section a steering vector is determined
that minimizes the total power radiated by the antenna
array whereas in a given direction the radiated power is
ensured. The presence of other mobile users is disregarded
and no precautions are taken to mitigate interference. In
some situations it is useful to deform the radiation pattern
in such way that nulls are placed in the direction of
undesirable mobile users (null steering) [5]. The algorithm
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described in section III-A can easily be extended such
that nulls are created. Assume N directions, where the
first direction is the direction of the desired mobile user
and the other N − 1 directions determine the directions
of the interfering mobile users. We define the matrix F
where the ith column is the collection of all active element
patterns in the direction (θi,ϕi):

F = [f(θ0,ϕ0), f(θ1,ϕ1), . . . , f(θN−1,ϕN−1)]. (17)

In the 1×N column matrix vector ααα the wanted response
for the total radiation pattern is stored,

ααα = [1,0, . . . ,0]. (18)

The constrained optimization algorithm with nulls along
the directions of the interferers is described by{

vF = ααα
vH Rv is minimized.

(19)

The Lagrangian of this problem becomes

L(v,λλλ) = vRvH +(vF −ααα)λλλ, (20)

where the Lagrange multiplier is now a N×1 row vector
λλλ = [λ1, . . . ,λN ]T . The solution of this combined null
steering and optimal beam forming algorithm is:

vH = R−1F (F HR−1F )−1αααH . (21)

Although the expression is more complex than (16), the
excitation voltages are again determined by the impedance
matrix Z and the collection of the active element patterns.
It is obvious that the power radiated by the antenna array
in case of extra null conditions is higher than in the
case were a single optimal beam is obtained (we assume
that the main beam is constructed at the same direction
(θ0,ϕ0))

vRvH ≥ v0RvH
0 (22)

To compare both optimization problems we scale the last
problem with a factor such that the total radiated power is
the same for both problems. The scaled solution becomes

vH =

√
v0RvH

0

vRvH R−1F (F HR−1F )−1αααH . (23)

Because of this scaling the total radiation pattern in the
desired direction will be lower than the imposed unit
response.

IV. EXAMPLES AND RESULTS

We demonstrate the optimal beam forming strategy
by means of some well-chosen examples relying on
synthetic antenna radiation data generated by means of the
well-established NEC2-code. However, the beam forming
algorithm is generally applicable even in more realistic
and practical antenna array systems. Consider a uniform
circular array consisting of nine dipole antenna elements
(see Fig. 2) tuned to 900MHz (dipole length l = λ

2 =
16.12cm). The array elements are distributed uniformly
on a circle with diameter d = l (≈ λ

2 ). In the center of
the circle there is a short-circuited dipole with length

θ

ϕ

x

y

z

1

2

9

...

. . .

R

Fig. 2. Uniform circular array composed of nine dipole antenna
elements.

l = 16.12cm. The choice for an additional short-circuited
dipole in the center of the array is well-considered, be-
cause in real-life applications antenna arrays are mounted
on a platform and the short-circuited dipole acts like a
mast of the platform. To visualize the mutual coupling
effects, the active element pattern of the dipole element 1
situated on the x-axis is shown. It is clear that this active
element pattern differs from the omnidirectional radiation
pattern of the stand-alone dipole. The presence of a nearby
scatterer (short-circuited dipole) is also important because
we see in Fig. 3 that the active element pattern of the
same dipole element without the short-circuited dipole in
the center is different.

The result of mutual coupling introduced by neigh-
boring scatterers and nearby scatterers is that traditional
beam forming strategies no longer deliver satisfactory
beam patterns because of the deformation of the active
element patterns. In Fig. 4 the beam patterns are shown
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Fig. 3. The active element patterns of the dipole antenna in three
different electromagnetic neighborhoods.
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for three different strategies of beam forming in the
direction (90◦,110◦). In a first case a phase compensation
is applied assuming that the radiation pattern is not
affected by mutual coupling. This phase compensation
yield a radiation pattern with unit response in the desired
direction when the omnidirectional radiation pattern is
considered. Mutual coupling deforms the radiation pattern
of the individual elements and we see in Fig. 4 that the
unit response is no longer achieved. A maximum in the
radiation pattern in the desired direction is still obtained,
but the destructive interference in the other regions is
insufficiently for creating small side-lobes. Second, a
phase compensation is applied assuming the exact active
element patterns. This elementary beam forming strategy
results in complete constructive interference in the desired
direction and destructive interference in the other regions.
This was not clearly manifested in the beam pattern
obtained by the first method. The final strategy is the
optimal beam forming strategy proposed in this paper. It
is the only of the three methods which minimizes the
radiated power. This is distinctly reflected in the beam
pattern, a smaller beamwidth of the main lobe and smaller
side-lobes are the result of the optimal beam forming.
It cannot be emphasized enough that the complexity for
calculating the excitation voltages by the optimal beam
forming is not higher than the other traditional phase
compensation techniques. Because the algorithm relies on
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Fig. 4. The radiation pattern obtained by: (1) phase compensation while
mutual coupling is neglected, (2) phase compensation when mutual
coupling is incorporated, (3) optimal beam forming algorithm.

the electromagnetic properties of the antenna array, such
as the active element pattern and the impedance matrix,
it can handle all mutual coupling effects.

To demonstrate the optimal beam forming algorithm
combined with null steering we consider again the uni-
form circular array with a short-circuited dipole in the
center of the antenna array. We consider four situations.
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Fig. 5. Comparison of optimal beam forming result at ϕ= 110◦ in four situations: (a) absence of interferers, (b) one interferer, (c) three interferers,
(d) five interferers.
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TABLE I

THE AZIMUTH ANGLES OF THE PRESENT INTERFERERS

directions of the interferers

situation 1 none

situation 2 50◦

situation 3 45◦,50◦,245◦

situation 4 45◦,50◦,90◦,200◦,245◦

In all situations we want to steer a beam to the desired
mobile user in the direction (90◦,110◦). In Table I the
directions of the different interferers are shown and we
assume that all mobile users are situated along the same
elevation angle θ = 90◦. In Fig. 5 the radiation patterns
are plotted in the four different situations. The radiation
pattern obtained in the first situation, where no additional
nulls are present, is taken as a reference situation and is
included in each subplot. We observe that the radiation
pattern is correctly modified such that nulls are present
in the direction of the interferers. As a result of these
additional nulls the unit response in the desired direction
is not maintained, because the radiation pattern is scaled
in such way that the total power radiated by the antenna
array is the same as in the reference situation. In the third
situation, when three interferers are present, we notice that
the beam width of the main lobe increases. This shouldn’t
cause any surprise because imposing extra null constraints
interferes with the requirement of minimizing the total
radiated power. In the fourth situation the direction of the
main lobe differs significantly from the desired direction
whereas in the other situations the main lobe was correctly
directed to the desired mobile user. The cause of this
failure can be attributed to the interferer at the direction
ϕ = 90◦ which is located too closely to the desired
direction. This can be mended by considering a larger
antenna array which has an intrinsically smaller beam
width.

In the previous examples the desired mobile user and
the interferers are all situated in the same azimuth plane
(θ = 90◦). However, this is not a requirement for the
algorithm. We assume that three mobile users are present
in the beam forming problem. A desired user is located in
the direction (90◦,180◦), while the other two interferers
are located in the directions (80◦,230◦) and (90◦,250◦).
In Fig. 6 a limited region of the three dimensional
radiation pattern is shown. The three specified directions
are marked and we notice that at the correct directions
nulls are placed and optimal radiation properties are
obtained. We also observe that the beamwidth in the
azimuth angle is much smaller than in the elevation angle
as a result of the circular antenna array configuration. In
Fig. 6 the direction (100◦,230◦) is marked with a dashed
line, because at that direction another null is formed
although no constraint is imposed in that direction. Yet,
the symmetry of the dipole elements results in a radiation
pattern which is symmetric around θ = 90◦.

Fig. 6. Comparison of optimal beam forming.

V. CONCLUSIONS

Mutual coupling in antenna arrays is always present in
whatever degree. We demonstrated that in beam forming
applications this has not to be a disadvantage. Instead of
compensating mutual coupling we proposed an optimal
beam forming algorithm which relies on the active ele-
ment patterns and the impedance matrix. Because of this
the total power radiated by the antenna array is minimized
while in certain directions constraints are imposed. The
performance of the proposed algorithm is demonstrated
by means of an antenna array that suffers severely by
mutual coupling.
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