
Negative parity baryon decays in the 1=Nc expansion

C. Jayalath,1,2,3,* J. L. Goity,1,2,† E. González de Urreta,4,5,‡ and N.N. Scoccola4,5,6,§
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analyzed in the framework of the 1=Nc expansion. The channels considered are those with single

pseudoscalar meson emission. The analysis is carried out to sub-leading order in 1=Nc and to first order

in SUð3Þ symmetry breaking. Conclusions about the magnitude of SUð3Þ breaking effects along with

predictions for some unknown or poorly determined partial decay widths of known resonances are

obtained.
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I. INTRODUCTION

The extensive experimental programs at various facili-
ties, in particular, Jefferson Lab, MAMI, ELSA, GRAAL
and BES, where photo- and electro-production data as well
as J=c decays give unprecedented access to baryon reso-
nance parameters, will lead to significant improvements
over the current knowledge of resonance masses and par-
tial widths. With this progress, further sharpening of the
theoretical approaches is needed. Although successful to a
remarkable extent, the study of decays with quark models
is affected by numerous choices about the mechanism of
decay [1], which result in model dependencies which are
difficult to quantify. An alternative approach, which gives a
systematic connection to QCD is based on the 1=Nc ex-
pansion. As formulated for baryons, it allows one to rep-
resent quantities and observables in a systematic expansion
in effective operators [2–5] where the coefficients encode
the unknown dynamics. The expansion is ordered in
powers of 1=Nc, and the mentioned coefficients are deter-
mined by fitting to data. Tests of the feasibility of the
expansion at each order are provided by relations which
are independent of those coefficients, and by whether the
magnitude of next to leading order effects are or are not of
natural size.

The 1=Nc expansion for excited baryons is based on the
classification of states and operators under the dynamical
symmetry group SUð6Þ �Oð3Þ [4,5]. A contracted SUCð6Þ
spin-flavor symmetry is an emergent symmetry in the large
Nc limit in baryons [2,6], which serves to organize the
1=Nc expansion using effective operators. The Oð3Þ sym-
metry is only approximate even in large Nc in the case of

the 70-plet baryons [4] (it becomes exact in the case of
56-plets [4]), and in the largeNc limit the emergent SUCð6Þ
is a subgroup of the SUð6Þ �Oð3Þ. In the real world, the
breaking of SUð6Þ �Oð3Þ seems to be small, even when it
happens at OðN0

cÞ, as in the case of the masses of the
negative parity baryon 70-plet considered here. It is there-
fore natural to implement the 1=Nc expansion in the frame-
work of an approximate SUð6Þ �Oð3Þ symmetry[4,5,7,8].
Masses and partial decay widths are the main quantities

characterizing baryon resonances. These quantities can be
defined and obtained through partial wave analyses where
the constraints of unitarity and analyticity of the S-matrix
are fulfilled. In principle, they can be given unambiguous
meaning, through pole positions in the complex energy
plane. A rigorous approach in which the 1=Nc expansion
is implemented alongside with those analyses is yet to be
developed, but it has been initiated [9]. The analysis pre-
sented here aims at providing a 1=Nc expansion for the
Breit-Wigner partial decay widths, and is therefore limited
in its rigor in the sense just mentioned.
The present work extends the analysis of partial decay

widths of the negative parity baryons to include the decays
of the strange members of the 70-plet as well as the decays
of the non-strange members into hyperons. The original
analysis with the 1=Nc expansion was carried out in [3],
although an incomplete basis of operators was used. The
improvement in the present work, which is carried out to
include 1=Nc corrections and SUð3Þ breaking to first order,
is in including up to 2-body SUð3Þ preserving and 1-body
SUð3Þ breaking operators. An analysis with a complete
basis at the mentioned order is not possible because of
the incompleteness in the input partial widths. However, it
is expected that, in particular, 3-body operators are going to
be dynamically suppressed. A motivation for the present
study is to extend to the strangeness sector the work in the
non-strange sector in the SUð4Þ �Oð3Þ analysis [10], and,
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in particular, to determine the importance of SUð3Þ
breaking effects. Despite the limitations due to the men-
tioned scarcity of information on strangeness partial
widths, it is possible to conclude that SUð3Þ breaking in
partial decay widths is larger than natural size. We will be
able to show this through the failure of some leading order
coefficient-independent relations as well as at next to
leading order where some SUð3Þ breaking operators are
shown to have contributions of unnaturally large size.
Particular channels had been identified long ago [11],
such as the S-wave �ð1670Þ ! �KN, the D-wave
�ð1690Þ ! �KN, which turn out to be a problem in the
different versions of the quark model. The channels into �
meson were shown to be poorly described at leading order
[10] as well. These channels are a most definite proof of the
large SUð3Þ breaking effects in decays. On the other hand,
we will show that the SUð3Þ preserving components of the
amplitudes are well described in the 1=Nc expansion.

This work is organized as follows: Sec. II presents the
framework, Sec. III gives the construction of the bases of
operators for the partial wave decay amplitudes, Sec. IV
presents the analysis of the Breit-Wigner partial decay
widths as given in the Particle Data Group (PDG) [12],
and Sec. V is devoted to conclusions. An Appendix
presents various results needed for the calculations of
matrix elements.

II. 1=Nc EXPANSION FRAMEWORK
FOR DECAYS

In this section, we present the framework for implement-
ing the 1=Nc expansion for partial decay widths of the
70-plet baryons, briefly reviewing the bases of states and
the formalism for the decays. Some additional details can
be found in Refs. [13,14].

The lowest lying negative parity baryons are assumed to
belong to the [MS, ‘P ¼ 1�] multiplet of SUð6Þ �Oð3Þ,
where MS is the SUð6Þ mixed symmetric representation
ðp; qÞ ¼ ðNc � 1; 1Þ. For Nc ¼ 3, this is the ½70; 1��
multiplet.
The 35 generators of SUð6Þ along with their commuta-

tion relations are

½Si; Ta� ¼ 0; ½Si; Sj� ¼ i�ijkSk; ½Ta; Tb� ¼ ifabcTc;

½Si; Gja� ¼ i�ijkGka; ½Ta;Gib� ¼ ifabcGic;

½Gia; Gjb� ¼ i

4
�ijfabcTc þ i

6
�ijk�abSk þ i

2
�ijkdabcGck;

(1)

where Si are the spin generators, Ta the flavor generators,
and Gia are the spin-flavor generators, and dabc and fabc
are, respectively, the SUð3Þ symmetric and antisymmetric
invariant tensors.
Throughout the approximation of neglecting configura-

tion mixings (i.e., mixing of ½MS; 1�� with other multip-
lets) will be made. This approximation is expected to be
good [15], and it has to be made due to the lack of
completeness and sufficient accuracy of the data on masses
and partial decay widths, which are inputs to the 1=Nc

analyses. The states in the ½MS; 1�� multiplet are con-
structed as follows: a fundamental SUð6Þ representation
(‘‘excited quark’’) is coupled to a totally symmetric (S)
representation (‘‘core’’) with baryon number Nc � 1. The
core carries spin Sc ¼ Sþ �, where S is the spin of the MS
SUð6Þ state and � ¼ �1=2. The SUð3Þ representation of

the core is determined by Sc and is given by Rc ¼
ðpc; qcÞ ¼ ð2Sc; Nc�1�2Sc

2 Þ. The ½MS; ‘� states then read

[7,8],

jJJ3;RðY; II3Þ;SiMS ¼ X
�¼�1=2

CMSðR; S; �Þh‘m; SS3jJJ3ihScSc3; 12 s3jSS3i

�
�

Rc 3
YcIc Ic3 y i i3

�������� R
YI I3

�
jScSc3;RcðYc; IcIc3Þij12 s3; 3ðy; ii3Þij‘mi; (2)

where summation over repeated projection indices is implied, and Sc ¼ Sþ � in the sum. ‘ is the Oð3Þ quantum number
of the baryon, equal to 1 here, and J is the baryon spin. R indicates the SUð3Þ representation of the baryon. The coefficients
CMSðR; S; �Þ are given by [8]:

CMS

�
R; S;� 1

2

�
¼

8>>>><
>>>>:

1 if IR ¼ S� 1

0 if IR ¼ S� 1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2Sþ1�1ÞðNcþ1�ð2Sþ1ÞÞ

2Ncð2Sþ1Þ
q

if IR ¼ S;

(3)

where IR denotes the isospin of the zero strangeness states in the irreducible representation R of SUð3Þ. For R ¼ ðp; qÞ,
IR ¼ p=2. Later on we will indicate some of the quantum numbers of the excited baryons by an upper
label *.
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For Nc ¼ 3, one obtains the 70-plet ‘ ¼ 1 states, which
consist of the following 2Sþ1RJ multiplets: 28ð1=2Þ,

28ð3=2Þ,
48ð1=2Þ,

48ð3=2Þ,
48ð5=2Þ,

210ð1=2Þ,
210ð3=2Þ,

21ð1=2Þ,
21ð3=2Þ. For

generic Nc, the identification of states is given in Table XV
in the Appendix. The 1 and 10 states have core states which
for Nc ¼ 3 are pure Sc ¼ 0 and 1, respectively. The 8’s
with the same J but a different S mix to give the mass
eigenstates. In the limit of SUð3Þ symmetry, two mixing
angles describe these possible mixings. Because of
the breaking of SUð3Þ symmetry by the strange
quark mass, the following sets of states mix with
each other: fN2ð8JÞ; Nð48JÞg, f�ð28JÞ;�ð48JÞ;�ð210JÞg,
f�ð28JÞ;�ð48JÞ;�ð210JÞg and f�ð28JÞ;�ð48JÞ;�ð21JÞg.
The mixings, as discussed later, can be determined primar-
ily by the decays and can be further constrained by the
masses [7,8] and photocouplings, as it has been done in the
non-strange sector [16]. While the two mixing angles in
the SUð2Þ symmetry limit are Oð1Þ, the SUð3Þ breaking
effects areOðms �mu;dÞ. The dimensionless SUð3Þ break-
ing expansion parameter will be denoted by �, where
� / ðms �mu;dÞ. We estimate that in practice its value

can be taken to be �� 1=3. Thus, the mixing angles
involving the octet components should differ by Oð�Þ
corrections, while mixing angles involving states in differ-
ent SUð3Þmultiplets areOð�Þ. Unfortunately, the available
data on strong decays are not sufficient to perform an

analysis that can account for all the different mixing an-
gles. Thus, in what follows, mixing angles involving states
in different SUð3Þ multiplets are set to vanish. The 1=Nc

analysis of the 70-plet masses showed that this is a reason-
able approximation [8]. In this case, the states �00

J ¼
�ð210JÞ, �00

J ¼ �ð210JÞ and �00
J ¼ �ð21JÞ are taken as

unmixed states while the other physical states are obtained
as mixture between octet states according to

BJ

B0
J

 !
¼ cos�B2J

sin�B2J

� sin�B2J
cos�B2J

 !
2BJ

4BJ

 !
; (4)

where for each value of J ¼ 1=2, 3=2 we have four differ-
ent angles, i.e. �N2J

, ��2J
, ��2J

and ��2J
.

The established 70-plet states according to the Particle
Data Group (PDG) [12] along with their partial decay
widths are displayed in Tables I and II. Of the known
states, only the J ¼ 5=2 state Nð1675Þ could have a
G-wave decay into for instance ��, but no empirical
information for such decay exists. Therefore, only S and
D waves need to be considered.
The partial wave decay amplitudes via a single pseudo-

scalar meson can be expressed in the most general form:

M ð‘PYPIP; BGS; B
�Þ ¼ ð�1Þ‘P ffiffiffiffiffiffiffiffiffiffiffiffi

2MB�
p hBGSjB½‘P;RP�

YPIP
jB�i;
(5)

TABLE I. Empirical data for the decay channels of the N’s and �’s in the ½70; 1�� from the PDG.

PDG Mass Total Width Branching ratios [%]

Name State [MeV] [MeV] S-wave D-wave

Nð1535Þ N1=2 1535(10) 150(25) �N: 45ð10Þ ��< 1
�N: 52:5ð7:5Þ

Nð1520Þ N3=2 1520(5) 113(12.5) ��: 8:5ð3:5Þ �N: 60ð5Þ
��: 12ð2Þ
�N: 0:23ð0:04Þ

Nð1650Þ N0
1=2 1657(13) 165(20) �N: 77:5ð17:5Þ ��: 4ð3Þ

�N: 6:5ð3:5Þ
K�: 7ð4Þ

Nð1700Þ N0
3=2 1700(50) 100(50) ��: 90ð5Þ �N: 10ð5Þ

K�< 3
Nð1675Þ N5=2 1675(5) 148(18) �N: 40ð5Þ

K�< 1
�ð1670Þ �1=2 1670(10) 37.5(12.5) �KN: 25ð5Þ

��: 17:5ð7:5Þ
��: 40ð15Þ

�ð1690Þ �3=2 1690(5) 60(10) ���: 45ð10Þ �KN: 25ð5Þ
��: 30ð10Þ

�ð1800Þ �0
1=2 1785(65) 300(100) �KN: 32:5ð7:5Þ

�ð1830Þ �5=2 1820(10) 85(25) �KN: 6:5ð3:5Þ
��: 55ð20Þ
��� > 15

�ð1405Þ �00
1=2 1406(4) 50(2) ��: 100

�ð1520Þ �00
3=2 1519(1) 15.6(1) �KN: 45ð1Þ

��: 42ð1Þ
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where P denotes a meson in the pseudoscalar octet
(RP ¼ 8). B� and BGS are, respectively, the excited and
ground state baryons, ‘P is the partial wave, and YP, IP are
the quantum numbers of the pseudoscalar meson. A factor
involving the meson decay constant,

ffiffiffiffiffiffi
Nc

p
=FP ¼ OðN0

cÞ,
which naturally appears in the expressions of the decay
amplitude [15] is absorbed into the baryon operator

B½‘PRP�
YPIP

. This operator represents the effective vertex

B�BGSP, and will be expanded in powers of 1=Nc and in
SUð3Þ breaking to first order in �. The expansion is per-
formed with a basis of effective operators and has the
general form:

B ½‘P;RP� ¼
�
kP
�

�
‘PX

n

C½‘P;RP�
n ðkPÞB½‘P;RP�

n ; (6)

where kP is the meson momentum, and for convenience, a
centrifugal barrier is factored out to take into account the
chief momentum dependence of the corresponding partial
wave amplitude. TheBn represent operators in a basis, and
are ordered in powers of 1=Nc and �. CnðkPÞ are effective
coefficients, which encode the QCD dynamics, and will be
determined by fitting to the known partial decay widths.
The operators are defined and normalized such that the
Cn’s are all OðN0

cÞ. We arbitrarily choose the scale � ¼
200 MeV.

The basis operators are expressed in terms of spin-flavor
operators Gn:

B ½‘P;RP�
n ¼ ð�‘G½jn;RP�

n Þ½‘P;RP�; (7)

with the obvious notation indicating coupling of angular
momenta. �‘ is an Oð3Þ tensor operator for the transition
from the Oð3Þ state with ‘ ¼ 1 of the excited baryon to the
GS baryon where ‘ ¼ 0. Gn is a spin-flavor operator,
which gives the transition from the initial SUð6Þ MS
baryon state to the GS baryon which is a symmetric state.

Without any loss of generality, one can choose �‘ to satisfy
h0j�‘

m0 j‘mi ¼ ð�1Þ‘�m�m;�m0 .

The partial decay width is then given in terms of the
reduced matrix elements (RMEs) of the operators Bn as
follows:

�‘PQP
¼ kP

8�2

�
kP
�

�
2‘P MB

M�
B

Î2

ðÎ�Ĵ�Þ2

�
��������
X
n

C½‘P;RP�
n ðkPÞ

X
�

R� RP

Y�I� YPIP

����� R

YI

 !
�

�Bn
�ðfS;Qg; fð‘; S�ÞJ�; Q�g; f‘P;QPgÞ

��������
2

; (8)

where throughout we use the customary notation for the

SUð3Þ isoscalar factors, t̂ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2tþ 1

p
, andQ � fR; Y; Ig. In

addition, � labels the possible multiplicities in the coupling
R� 	 RP ! R. Since there is mixing between S� ¼ 1=2
and 3=2 states in the case R� ¼ 8, this mixing is simply
taken into account by replacing Bn

� in the formula by the
corresponding linear combination with the S� ¼ 1=2 and
S� ¼ 3=2 states, and similarly for the SUð3Þ breaking
induced mixings involving states in different R� represen-
tations, i.e., 1, 8 and 10 if one would include those mixings.
Distinguishing the operators into SUð3Þ preserving and

SUð3Þ breaking, the RMEs can be expressed in terms of the
RMEs of the spin-flavor operators Gn. For SUð3Þ preserv-
ing operators, one has:

Bn
�ðfS;Qg; fð‘; S�ÞJ�; Q�g; f‘P;QPgÞ

¼ ð�1ÞjnþJ�þ‘þS Ĵ�‘̂Pffiffiffiffiffiffiffiffiffiffiffiffi
dimR

p
�
J� S� ‘

jn ‘P S

	

� hS; R k G½jn;RP�
n k S�; R�i�; (9)

where one identifies a 6-j SUð2Þ symbol and the RME of
the spin-flavor operator. We use the SUð2Þ conventions

TABLE II. Empirical data for decay channels of the �’s and �’s in the ½70; 1�� from the PDG.

PDG Mass Total Width Branching ratios

Name State [MeV] [MeV] S-wave D-wave

�ð1670Þ �3=2 1675(10) 60(20) �KN: 10ð3Þ
��: 10ð5Þ
��: 45ð15Þ

�ð1750Þ �0
1=2 1765(35) 110(50) �KN: 25ð15Þ

��< 8

��: 35ð20Þ
�ð1775Þ �5=2 1775(5) 120(15) �KN: 40ð3Þ

��: 17ð3Þ
��: 3:5ð1:5Þ
���: 10ð2Þ

�ð1620Þ �1=2 1630(30) 143(7.5) �N: 25ð5Þ ��: 45ð15Þ
�ð1700Þ �3=2 1710(40) 300(100) ��: 37:5ð12:5Þ �N: 15ð5Þ

��: 4ð3Þ
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from Edmonds [17] and the SUð3Þ conventions from Hecht
[18].

To first order in the quark masses, the SUð3Þ symmetry
breaking can be expressed in terms of spin-flavor operators
of the form:

ðM8
fG

½jm;Rm�
m ÞRP

�n
; (10)

whereM8
f is the octet component of the quark masses (we

work in the limit of exact isospin symmetry). Since in the

present case RP ¼ 8, Rm can be 1, 8, 10, 10, or 27. Only
Rm ¼ 1, 8 involve 1-body spin-flavor operators, while 10,

10, and 27 involve 2-body operators. There is, therefore, in
principle, a significant number of SUð3Þ breaking opera-
tors. However, the reality of the matter is that the available
information on partial decay widths sensitive to SUð3Þ
breaking effects is very limited, and for this reason, in
the present work, only a truncated basis of such operators
will be used, namely, 1-body ones.

Up to an overall constant to be absorbed by the normal-
ization procedure discussed below, the RMEs of SUð3Þ
breaking operators can be shown to be of the most general
form [19]

Bn
�ðfS;Qg; fð‘; S�ÞJ�; Q�g; f‘P;QPgÞ

¼ ð�1ÞjmþJ�þ‘þS Ĵ�‘̂Pffiffiffiffiffiffiffiffiffiffiffiffi
dimR

p
�
J� S� ‘

jm ‘P S

	

� 8 Rm

00 YPIP

����� RP

YPIP

 !
�n

hS; R k G½jm;Rm�
m k S�; R�i�:

(11)

Note that the index m is determined by the index n.
Basis operators will be normalized such that the coef-

ficients Cn are allOðN0
c � �0Þ and their natural size within

a given partial wave be the same. In this manner, just by
looking at the size of a coefficient, one can infer whether
the corresponding operator is giving contributions within
the expectations of its 1=Nc and � power countings. Effects
of SUð6Þ symmetry breaking are reflected in the momen-
tum kP, which are then taken into account by the decay
operators and are therefore encoded in the effective coef-
ficients Cn. In the case of the 56-plet decays, where all
SUð6Þ breaking effects are Oð1=NcÞ or Oð�Þ, the kP de-
pendencies are sub-leading in the respective expansions.
For this reason, such effects are simply taken into account
by the expansion itself if one neglects the kP dependence of
the coefficients Cn. In the case of the 70-plet, the OðN0

cÞ
effects on mass splittings are small, and thus a similar
approach of neglecting the momentum dependency of the
coefficients is expected to work.

III. OPERATOR BASES

The construction of the bases of operators was already
discussed in [10] for the case of SUð4Þ, and is briefly
reviewed here. The spin-flavor transition operators Gn

from the MS to S representations are built using tensor
products of the SUð6Þ generators �c and �, which operate
on the ‘‘core’’ and ‘‘excited quark,’’ respectively. The re-
duction rules established in [20] are used to reduce products
of core generators, and products (	;
; . . . , SUð6Þ generator
indices) �	�
 can be reduced to 1-body operators. In

addition, using the fact that any generator of SUð6Þ � ¼
�c þ � has vanishing matrix elements between MS and S
states, one obtains the additional equivalences:

1-body �c	¼��	

2-body �c	�c
¼��	�c
��
�c	þ1-body operators:

(12)

Therefore, only the following types of operators need to be
considered,

1-body �

2-body
1

Nc

�	�c


3-body
1

N2
c

�	�c
�c�:

(13)

There is only one 1-body operator, namely

G ð1Þ ¼ g½1;8�; (14)

which is identified with the axial current of the ‘‘excited
quark’’ in quark model language. On the other hand,
2-body operators can be built with products ��c, which
can be coupled to angular momentum j ¼ 0, 1, 2. For
‘ ¼ 1, ‘P can be 0, 2, 4, therefore j ¼ 1, 2. They have to
be coupled to an 8 of SUð3Þ for the decays involving
pseudoscalar mesons in RP ¼ 8. The following possible
monomials can appear in the 2-body operators:

ðsTcÞ½1;8�; ðtScÞ½1;8�; ðsGcÞ½j;8�; ðgScÞ½j;8�;
ðtGcÞ½1;8�; ðgTcÞ½1;8�; ðgGcÞ½j;8�; (15)

where j ¼ 1, 2, and the coupling of the two 8s to 8 involves
two possibilities, namely f-and d-type couplings. There
are four such cases in this list of operators, and therefore
the total number of possible monomials is equal to 14.
This set of 2-body operators can be reduced using op-

erator identities, resulting in nine independent operators,
namely:

Gð2Þ
1 ¼ 1

Nc

ðsTcÞ½1;8� Gð2Þ
2 ¼ 1

Nc

ðtScÞ½1;8�

Gð2Þ
3 ¼ 1

Nc

ðsGcÞ½1;8� Gð2Þ
4 ¼ 1

Nc

ðgScÞ½1;8�

Gð2Þ
5 ¼ 1

Nc

ðgTcÞ½1;8��¼1 Gð2Þ
6 ¼ 1

Nc

ðgTcÞ½1;8��¼2

Gð2Þ
7 ¼ 1

Nc

ðsGcÞ½2;8� Gð2Þ
8 ¼ 1

Nc

ðgScÞ½2;8�

Gð2Þ
9 ¼ 1

Nc

ðgGcÞ½2;8��¼1:

(16)

NEGATIVE PARITY BARYON DECAYS IN THE 1=Nc . . . PHYSICAL REVIEW D 84, 074012 (2011)

074012-5



So far, we have discussed the operators that appear in the
limit of exact SUð3Þ symmetry.

As mentioned earlier in the SUð3Þ breaking operators,

Eq. (17), Gm belong to 1, 8, 10, 10 or 27 of SUð3Þ. The
operators of interest here are the 1-body ones, which are
Oð�� N0

cÞ. The basis of 1-body SUð3Þ breaking operators
is constructed from the following three monomials:

G ðSBÞ
1 ¼ ðt8sÞ½1;8� GðSBÞ

2 ¼ ðt8gÞ½1;8��¼2 �
ffiffi
2
3

q
Gð1Þ

GðSBÞ
3 ¼ ðt8gÞ½1;8��¼1:

(17)

Note that GðSBÞ
1 only couples to the � meson. For conve-

nience GðSBÞ
2 has been defined in such a way that channels

with emission of a � meson are not affected. GðSBÞ
3 auto-

matically has that property. For a list of the 2-body sym-
metry breaking operators, see [13].

Three-body basis operators can be constructed following
similar procedure. One would however expect that they
will be dynamically suppressed, as it has been noted in the
particular case of mass operators.

The list of basis operators used in this work is shown in
Table III. Throughout, it is assumed that the number of
strange quarks in the baryons isOðN0

cÞ, while of course the
number of u and d quarks is assumed to be OðNcÞ. This
reflects in the counting of powers of 1=Nc in the decay
amplitudes involving strange baryons. Since the only
strange baryons included as inputs in the analysis have

strangeness (�1), it seems that the assumption is reason-
able. We then have the following general 1=Nc power
countings: the amplitudes of nonstrange baryons decaying
via � or � meson emission are allOðN0

cÞ up to corrections
Oð1=NcÞ, while their decay amplitudes via K-meson emis-
sion are Oð1= ffiffiffiffiffiffi

Nc

p Þ. Similarly, the decay amplitudes of
strange baryons via � emission are OðN0

cÞ, and via
K-meson emission are Oð1= ffiffiffiffiffiffi

Nc

p Þ, except for the singlet
�ð1405Þ and �ð1520Þ baryons where it is reversed. These
properties can be traced back to the 1=Nc-dependence of
isoscalar factors. A similar situation occurs with the SUð3Þ
breaking operators used here, except that for these the
�-emission amplitudes are identically zero.
For arbitrary Nc, the number of SUð3Þ preserving basis

operators is equal to seven for S waves and to ten for D
waves. The RMEs Bn

� are shown in Tables IV and V. The
tables also show the normalization factors (	n) necessary
to have each operator give natural size matrix elements. As
explained earlier, these are chosen in such a way that the
largest spin-isospin RME of OðN0

cÞ operators is equal to
one in magnitude when evaluated at Nc ¼ 3, and 1=3 for
the case ofOð1=NcÞ SUð3Þ preserving operators. Similarly,
the latter normalization is implemented in SUð3Þ breaking
operators as well. Note that the spin-isospin RMEs are
defined by the sum over � of the product of B�

n with the
corresponding isoscalar factor (see Eq. (8)).
The necessary isoscalar factors needed in the calcula-

tions of the actual matrix elements for the different chan-
nels are given in the Appendix.
It turns out that the sets of operators listed in Tables IV

and V are linearly dependent when restricted, for arbitrary
Nc, to the SUð3Þmultiplets corresponding to the ones in the
70-plet (according to Table XV of the Appendix). For the
SUð3Þ preserving operators, one finds the following set of
bases after eliminating linear dependencies, namely, for the
S-wave decays the LO basis is given by fB1;B2;B6g and
the NLO basis is given by fB1;B2;B3;B4;B6g and, in
addition, the SUð3Þ breaking operators fBSB

1 ;BSB
2 ;BSB

3 g.
For the D-wave decays, the LO basis is given by
fB1;B2;B6;B8g and the NLO basis is given by
fB1;B2;B3;B5;B6;B8;B9g and the SUð3Þ breaking op-
erators fBSB

1 ;BSB
2 ;BSB

3 g. For the available data inputs to

the fits, one finds that one of the D-wave SUð3Þ breaking
operators can be eliminated due to linear dependency. We
will choose in this case to eliminate the third one. The
normalization factors for the symmetry breaking operators

are as follows: for the S-wave operators, they are 	SB
1 ¼ffiffi

3
p
2 , 	SB

2 ¼
ffiffi
2
3

q
and 	SB

3 ¼
ffiffi
6
5

q
, and for the two D-wave

operators, we use in the fit, 	SB
1 ¼ 2

3

ffiffiffiffi
10
21

q
and 	SB

2 ¼
ffiffiffiffi
3
10

q
.

One comment concerning the mixing of states. In the
SUð3Þ symmetry and strict large Nc limits, the two mixing
angles have definite values independent of coefficients,
namely, �1 ¼ arccosð 1ffiffi

3
p Þ and �3 ¼ arccosð 1ffiffi

6
p Þ [21]. It was

found [10] that to leading order in 1=Nc with these mixing

TABLE III. The effective operators for 70-plet baryon decays.
The first operator set represents the symmetric operators and the
second set represents the SUð3Þ symmetry-breaking operators.
‘ ¼ 0 for S-wave and ‘ ¼ 2 for D-wave decays.

Operator n-bodyness Order

B1 ¼ ð�gÞ½‘;8� 1 N0
c

B2 ¼ 1
Nc
ð�ðsTcÞ½1;8�Þ½‘;8� 2 N0

c

B3 ¼ 1
Nc
ð�ðtScÞ½1;8�Þ½‘;8� 2 1=Nc

B4 ¼ 1
Nc
ð�ðsGcÞ½1;8�Þ½‘;8� 2 N0

c

B5 ¼ 1
Nc
ð�ðgScÞ½1;8�Þ½‘;8� 2 1=Nc

B6 ¼ 1
Nc
ð�ðgTcÞ½1;8��¼1Þ½‘;8� 2 N0

c

B7 ¼ 1
Nc
ð�ðgTcÞ½1;8��¼2Þ½‘;8� 2 N0

c

B8 ¼ 1
Nc
ð�ðsGcÞ½2;8�Þ½‘;8� 2 N0

c

B9 ¼ 1
Nc
ð�ðgScÞ½2;8�Þ½‘;8� 2 1=Nc

B10 ¼ 1
Nc
ð�ðgGcÞ½2;8��¼1Þ½‘;8� 2 N0

c

BSB
1 ¼ ð�ðt8sÞ½1;8��¼1Þ½‘;8� 1 �

BSB
2 ¼ ð�ðt8gÞ½1;8��¼2Þ½‘;8� �

ffiffi
2
3

q
B1 1 �

BSB
3 ¼ ð�ðt8gÞ½1;8��¼1Þ½‘;8� 1 �
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TABLE IV. Reduced matrix elements Bn
� (see Eqn. (8)) for S-wave decays. The factors 
i and Ai are displayed in Table VI.

Decay chanel B1 B2 B3 B4 B5 B6 B7 Overall factor

ð28ð1=2Þ ! 8Þ1 � 12þNc

6
ffiffi
2

p 
1

2
ffiffi
2

p 3þNc

6
ffiffi
2

p
Nc

� 1
4 0 0 
2ffiffi

8
p A2

ð28ð1=2Þ ! 8Þ2 2Nc�3

6
ffiffi
2

p 3�2Nc

6
ffiffi
2

p
Nc

3þNc

6
ffiffi
2

p
Nc

Nc

12 0 0 
3

6
ffiffi
2

p A3

28ð3=2Þ ! 10 � 1
6
ffiffi
2

p 1
6
ffiffi
2

p
Nc

1
6
ffiffi
2

p
Nc

3�Nc

24Nc
� 1

8Nc
� 1

4
ffiffi
6

p
Nc

Nc�2

12
ffiffiffiffi
30

p
Nc

�A1

ð48ð1=2Þ ! 8Þ1 1
6

2þNc

6Nc
� 1

6Nc
� 1

2
ffiffi
2

p
Nc

� 1
4
ffiffi
2

p
Nc

0 Ncþ17

12
ffiffiffiffi
15

p
Nc

�A5

ð48ð1=2Þ ! 8Þ2 1
6 � 1

6Nc
� 1

6Nc

Nc�3

12
ffiffi
2

p
Nc

� 1
4
ffiffi
2

p
Nc

0 11�Nc

12
ffiffiffiffi
15

p
Nc

�A6

48ð3=2Þ ! 10 1
6

ffiffi
5
2

q
� 1

6Nc

ffiffi
5
2

q
1

3Nc

ffiffi
5
2

q ffiffi
5

p ðNc�3Þ
24Nc

0 1
4Nc

ffiffi
5
6

q
2�Nc

12
ffiffi
6

p
Nc

A4

210ð1=2Þ ! 8 1
6 � 1

6Nc
� 2

3Nc

Ncþ3

12
ffiffi
2

p
Nc

0 � 1
4
ffiffi
3

p
Nc

2�Nc

12
ffiffiffiffi
15

p
Nc

A9

ð210ð3=2Þ ! 10Þ1 21þNc

6
ffiffi
2

p 
4

2
ffiffi
2

p � 21þNc

6
ffiffi
2

p
Nc

3ðNcþ1Þ
4Nc

21þNc

8Nc
0 
5ffiffi

8
p A7

ð210ð3=2Þ ! 10Þ2 1
6

ffiffi
5
2

q
� 1

6Nc

ffiffi
5
2

q
� 1

6Nc

ffiffi
5
2

q ffiffi
5

p ðNcþ3Þ
24Nc

ffiffi
5

p
8Nc

0 � Ncþ7

12
ffiffi
6

p
Nc

�A8

21ð1=2Þ ! 8 � 1
4

1
4Nc

0 1
4
ffiffi
2

p
Nc

0 � Ncþ3

16
ffiffi
3

p
Nc

� Ncþ7

16
ffiffiffiffi
15

p
Nc

A5

	n

ffiffiffiffi
27
10

q
9
2

ffiffi
3
5

q ffiffiffiffi
27
40

q
2
ffiffi
6
5

q
6
ffiffi
6
5

q
9
ffiffi
2
5

q
27
11

ffiffiffiffiffiffi
10

p

TABLE V. Reduced matrix elements Bn
� (see Eq. (8)) for D-wave decays. The factors 
i and Ai are displayed in Table VI.

Decay Channel B1 B2 B3 B4 B5 B6 B7 B8 B9 B10 Overall factor

28ð1=2Þ ! 10 1
3 � 1

3Nc
� 1

3Nc

Nc�3

6
ffiffi
2

p
Nc

1
2
ffiffi
2

p
Nc

1
2
ffiffi
3

p
Nc

2�Nc

6
ffiffiffiffi
15

p
Nc

1�Nc

2
ffiffi
6

p
Nc

1
2
ffiffi
6

p
Nc

1
12
ffiffi
2

p
ffiffi
5

p
4 A1

ð28ð3=2Þ ! 8Þ1 � Ncþ12
3 
1

Ncþ3
3Nc

� 1ffiffi
2

p 0 0 
2 0 0 0 �
ffiffiffiffi
10

p
4 A2

ð28ð3=2Þ ! 8Þ2 2Nc � 3 3�2Nc

Nc

3þNc

Nc

Ncffiffi
2

p 0 0 
3 0 0 0 �
ffiffiffiffi
10

p
12 A3

28ð3=2Þ ! 10 1
3 � 1

3Nc
� 1

3Nc

Nc�3

6
ffiffi
2

p
Nc

1
2
ffiffi
2

p
Nc

1
2
ffiffi
3

p
Nc

2�Nc

6
ffiffiffiffi
15

p
Nc

Nc�1

2
ffiffi
6

p
Nc

� 1
2
ffiffi
6

p
Nc

� 1
12
ffiffi
2

p
ffiffi
5

p
4 A1

48ð1=2Þ ! 10 1
3 � 1

3Nc

2
3Nc

Nc�3

6
ffiffi
2

p
Nc

0 1
2
ffiffi
3

p
Nc

2�Nc

6
ffiffiffiffi
15

p
Nc

1�Nc

2
ffiffi
6

p
Nc

ffiffi
2
3

q
1
Nc

3þNc

12
ffiffi
2

p
Nc

�
ffiffiffiffi
10

p
8 A4

ð48ð3=2Þ ! 8Þ1 �1 � Ncþ2
Nc

1
Nc

3ffiffi
2

p
Nc

3
2
ffiffi
2

p
Nc

0 � Ncþ17

2
ffiffiffiffi
15

p
Nc

� 3
ffiffi
6

p
Nc

�
ffiffi
3
2

q
3

2Nc

9
4
ffiffi
2

p
Nc

1
6
ffiffi
2

p A5

ð48ð3=2Þ ! 8Þ2 �1 1
Nc

1
Nc

3�Nc

2
ffiffi
2

p
Nc

3
2
ffiffi
2

p
Nc

0 Nc�11

2
ffiffiffiffi
15

p
Nc

ffiffi
3
2

q
3ðNc�1Þ

2Nc
�

ffiffi
3
2

q
3

2Nc
� 3

4
ffiffi
2

p 1
6
ffiffi
2

p A6

48ð3=2Þ ! 10 �1 1
Nc

� 2
Nc

3�Nc

2
ffiffi
2

p
Nc

0 �
ffiffi
3

p
2Nc

Nc�2

2
ffiffiffiffi
15

p
Nc

ffiffi
3
2

q
Nc�1
4Nc

�
ffiffi
3
2

q
1
Nc

� Ncþ3

8
ffiffi
2

p
Nc

1
3A4

ð48ð5=2Þ ! 8Þ1 1 Ncþ2
Nc

� 1
Nc

� 3ffiffi
2

p
Nc

� 3
2
ffiffi
2

p
Nc

0 Ncþ17

2
ffiffiffiffi
15

p
Nc

�
ffiffi
2
3

q
1
Nc

� 1
2
ffiffi
6

p
Nc

1
4
ffiffi
2

p
Nc

� 1
2
ffiffi
2

p A5

ð48ð5=2Þ ! 8Þ2 1 � 1
Nc

� 1
Nc

Nc�3

2
ffiffi
2

p
Nc

� 3
2
ffiffi
2

p
Nc

0 11�Nc

2
ffiffiffiffi
15

p
Nc

Nc�1

2
ffiffi
6

p
Nc

� 1
2
ffiffi
6

p
Nc

� 1
12
ffiffi
2

p � 1
2
ffiffi
2

p A6

48ð5=2Þ ! 10 1 � 1
Nc

2
Nc

Nc�3

2
ffiffi
2

p
Nc

0
ffiffi
3

p
2Nc

2�Nc

2
ffiffiffiffi
15

p
Nc

Nc�1

2
ffiffi
6

p
Nc

�
ffiffi
2
3

q
1
Nc

� Ncþ3

12
ffiffi
2

p
Nc

�
ffiffiffiffi
14

p
8 A4

ð210ð1=2Þ ! 10Þ1 Ncþ21
3 
4 � Ncþ21

3Nc

3ðNcþ1Þffiffi
2

p
Nc

Ncþ21

2
ffiffi
2

p
Nc

0 
5

ffiffi
2
3

q
Ncþ3
Nc

Ncþ21

2
ffiffi
6

p
Nc

3�Nc

4
ffiffi
2

p
Nc

ffiffi
5

p
4 A7

ð210ð1=2Þ ! 10Þ2 � 1
3

1
3Nc

1
3Nc

� Ncþ3

6
ffiffi
2

p
Nc

� 1
2
ffiffi
2

p
Nc

0 Ncþ7

6
ffiffiffiffi
15

p
Nc

� Ncþ5

10
ffiffi
6

p
Nc

� 1
2
ffiffi
6

p
Nc

1
60
ffiffi
2

p 5
4A8

210ð3=2Þ ! 8 1 � 1
Nc

� 4
Nc

Ncþ3

2
ffiffi
2

p
Nc

0 �
ffiffi
3

p
2Nc

2�Nc

2
ffiffiffiffi
15

p
Nc

0 0 0 �
ffiffi
5

p
6 A9

ð210ð3=2Þ ! 10Þ1 Ncþ21
3 
4 � Ncþ21

3Nc

3ðNcþ1Þffiffi
2

p
Nc

Ncþ21

2
ffiffi
2

p
Nc

0 
5 �
ffiffi
2
3

q
Ncþ3
Nc

� Ncþ21

2
ffiffi
6

p
Nc

Nc�3

4
ffiffi
2

p
Nc

ffiffi
5

p
4 A7

ð210ð3=2Þ ! 10Þ2 �1 1
Nc

1
Nc

� Ncþ3

2
ffiffi
2

p
Nc

� 3
2
ffiffi
2

p
Nc

0 Ncþ7

2
ffiffiffiffi
15

p
Nc

ffiffi
3
2

q
Ncþ5
10Nc

ffiffi
3
2

q
1

2Nc
� 1

20
ffiffi
2

p 5
12A8

21ð3=2Þ ! 8 �1 1
Nc

0 1ffiffi
2

p
Nc

0 � Ncþ3

4
ffiffi
3

p
Nc

� Ncþ7

4
ffiffiffiffi
15

p
Nc

0 0 0 �
ffiffi
5

p
4 A5

	n

ffiffi
6
7

q
9
5

ffiffi
3
2

q ffiffiffiffi
3
14

q
12
5

ffiffiffi
3

p
4
5

ffiffiffi
3

p
6
ffiffi
2
7

q
18
11

ffiffiffi
5

p
12
5

ffiffiffi
2

p
3ffiffi
8

p 3
ffiffiffi
6

p
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angles, the following transitions vanish: the S-wave
Nð1535Þ ! �N, Nð1650Þ ! �N, and the D-wave
Nð1700Þ ! �N and Nð1520Þ ! �N. We have checked
that indeed these cancellations take place. Another channel
suppressed in those limits is�ð1700Þ ! ��. In reality, the
mixing angles differ significantly from the strict large Nc

limit angles, primarily because the subleading in 1=Nc

hyperfine interaction contributes much more to the masses
than the OðN0

cÞ operators (spin-orbit type interactions),
which in the strict large Nc limit give the limit angles.
The deviations from those cancellations in the decay am-
plitudes are thus explained primarily by the mixings, but
also by subleading effects in 1=Nc.

It is useful to asses the potential predictive power of the
analysis presented here. The number of possible different
decay amplitudes in the isospin limit is as follows: 17 in
8!8, 12 in 8!10 or 10 ! 8, 13 in 10 ! 10, and 4 in
1 ! 8. Thus, there are 87 S-wave and 153 D-wave ampli-
tudes. Using the empirical baryon and meson masses to-
gether with the 1=Nc predictions of Ref. [8] for those in the
70-plet which are still unknown, we estimate that the
number of phase space allowed decays are 52 for S waves
and 94 for D waves. For S-wave transitions, there are a
total of seven possible RB� ! RB transitions, which is one
more than the number of SUð3Þ preserving S-wave opera-
tors at NLO. This implies one overall relation between
amplitudes in SUð3Þ symmetric limit. In the isospin limit,
we have 87 channels, and since at NLO we have included
eight operators, there are in principle 79 relations. For the
D waves, there are 12 RB� ! RB transitions, which in
SUð3Þ symmetry limit with the ten operators leave two
relations. The number of different channels in the isospin
limit is equal to 153, and thus, with the 11 operators we
include, there are in principle 143 relations between am-
plitudes. Most of the relations would represent a test of
SUð3Þ symmetry and its breaking by the 1-body operators,
as one may expect. With the available information on
partial widths, we can consider a limited number of rela-
tions at leading order, which we discuss below.

IV. ANALYSIS OF THE PARTIALWIDTHS

Only a fraction of the possible partial decay channels of
the negative parity baryons has been empirically deter-
mined [12]. This relatively poor database imposes

significant limitations in the accuracy and robustness of
the conclusions of the present analysis, as we discuss later.
Of the 87 S-wave and 153 D-wave different partial widths
which would be possible in the ½70; 1�� decays (respec-
tively, 52 and 94 if phase space is taken into account), only
16 S-wave and 25 D-wave partial widths are known, a few
of them only as bounds.
A very important consistency check of the viability

of the 1=Nc analysis is given in terms of coefficient inde-
pendent relations, namely, relations independent of the
values of the coefficients Cn. These relations exist at
each order in the expansion, and can be given at the level
of reduced partial decay widths defined below. These
relations provide in principle predictions for unknown
partial decay widths accurate to the order of the expansion.
Since the widths are quadratic in the fitting coefficients, the
total number of coefficient-independent relations is Nrel ¼
Nch � NparðNpar þ 1Þ=2, where Nrel is the number of rela-

tions, Nch is the number of partial widths, and Npar the

number of coefficients Cn. With the numbers of channels
mentioned above, and the number of operators involved at
LO in 1=Nc, where the SUð3Þ breaking effects are rele-
gated to subleading order, one finds 81 relations for S-wave
decays and 143 for D-wave decays. A smaller number
results because of channels suppressed by phase space,
and a much smaller number yet for the actually known
decays. Various such relations in the form of ratios of
reduced widths are given below. Some of those can be
tested and some give LO predictions for mixing angles.
We do not discuss NLO relations; in principle there are 51
for S waves and 108 for D waves, not taking into account
phase space suppressed channels.
We discuss now some reduced width ratios which can be

tested with the known partial decay widths. The list is not
exhaustive. The reduced partial decay widths are defined

by ~� ¼ �=fphs, where fphs ¼ kP
8�2

MB

MB�
ðkP�Þ2‘P . These are

basically squares of decay amplitudes with the centrifugal
factor removed. For the S-wave decays, we obtain the
ratios shown in Table VII. These results show that there
is a significant discrepancy in the predictions for the mix-
ing angle �1 resulting from nonstrange versus strange
decay channels. The mixing angles get SUð3Þ breaking
corrections which are indeed important as we will find in

the NLO results. The actual ratio
~�ðNð1650Þ!�NÞ
~�ð�ð1750Þ!��Þ is very

TABLE VI. Factors needed in Tables IV and V.


1 
2 
3 
4 
5

3�NcðNcþ5Þ
3Nc

� 15þNcðNcþ2Þ
6
ffiffiffiffi
15

p
Nc

� 3þNcðNcþ1Þffiffiffiffi
15

p
Nc

24þNcðNcþ5Þ
3Nc

ðNc�19ÞðNcþ3Þ
6
ffiffiffiffi
15

p
Nc

A1 A2 A3 A4 A5 A6 A7 A8 A9

1
Nc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðNcþ1ÞðNcþ3ÞðNcþ5Þ
ðNc�1Þ

q
1
Nc

ffiffiffiffiffiffiffiffiffiffiffiffiðNc�1Þ
ðNcþ3Þ

q
1
Nc

ffiffiffiffiffiffiffiffiffiffiffiffiðNcþ7Þ
ðNcþ3Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðNcþ1ÞðNcþ5Þ
NcðNc�1Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiðNc�1Þ
Nc

q ffiffiffiffiffiffiffiffiffiffiffiffiðNcþ7Þ
Nc

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðNcþ5Þ
Ncð45þNcðNcþ6ÞÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðNcþ9ÞðNcþ1ÞðNc�3Þ
Ncð45þNcðNcþ6ÞÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðNc�1ÞðNcþ7Þ
NcðNcþ5Þ

q
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different from the LO prediction. This indicates large
SUð3Þ breaking. Indeed, one expects SUð3Þ breaking to
be a 30% effect at the level of amplitudes or a 60% effect at
the level of the reduced widths. In this case, the deviation is
significantly larger than that.

For the D-wave decays, most relations we can derive
involve the mixing angles. Those not involving mixing
angles and which can be tested are shown in Table VIII.
We have looked at relations that can be tested when only
the 1-body operator is kept. Algebraically, this corresponds
to a quark model with the emission of a meson coupled to
the excited quark, in the SUð6Þ limit. For instance, the
relations that can predict the mixing angles give angles

very different from those obtained in the fit. In fact, we will
see that a 2-body LO operator is important for the D-wave
fits.
Now we proceed to discuss the fits. The coefficients and

mixing angles obtained in the fits are depicted in Table IX.
Tables X, XI, XII, XIII, and XIV show the fitted widths as
well as the predictions. The LO fit is performed using the
operator bases fB1;B2;B6g for the S-wave amplitudes and
fB1;B2;B6;B8g for the D-wave amplitudes. No SUð3Þ
breaking effects are therefore included. The matrix ele-
ments are not expanded in 1=Nc. Both S- and D-wave
partial widths are fitted simultaneously since both depend
on the mixing angles �1 and �3, which are fitted. As a
check, we performed a fit of the nonstrange sector of
decays, with similar results to those obtained in previous
work [10] (we note that the input partial widths have
slightly changed from that analysis to the present one). In
particular, the main problem with that fit is the discrepancy
in the Nð1535Þ ! �N. When all available channels are
included, the �2

dof is quite large, predominantly due to the

difficulty in describing the � channels as well as several of
the excited hyperon decays. For instance, if one would like
to have the mixing angles �1;3 similar to the ones from the

nonstrange analysis, one has to remove the channels
�ð1670Þ ! �KN and �ð1690Þ ! �KN. In fact, in quark
models these channels had been found long ago to be
problematic to describe [11]. The issue of large SUð3Þ
breaking effects is clearly manifested by the shortcomings
of the LO fit, as well as the LO ratios we discussed earlier.
In particular, we find that the result for the S-wave partial
width �ð1700Þ ! �� is rather sensitive to the removal of
the mentioned� channels, and others are also significantly
affected. After analyzing the NLO fit, one realizes that
indeed the mentioned � channels and the � channels
cannot be described consistently at LO. This is based on
the stability of the coefficients of the dominant operators in

TABLE VII. S-wave decays: coefficient-independent ratios of reduced widths at LO.

Ratio LO Ratio Empirical Prediction

~�ðNð1535Þ!�NÞ
~�ðNð1650Þ!�NÞ

� ffiffi
2

p
cos�1�sin�1

cos�1þ
ffiffi
2

p
sin�1

�
2

0:6� 0:2 �1 ¼
�
0:3� 0:1
1:6� 0:1

~�ð�ð1620Þ!�NÞ
~�ð�ð1700Þ!��Þ 2=5 0:30� 0:15

~�ðNð1535Þ!�NÞ
~�ð�ð1620Þ!�NÞ 3þ cos2�1 �

ffiffiffi
8

p
sin2�1 2:1� 0:7 �1 ¼

�
0:3� 0:1
1:6� 0:1

~�ðNð1535Þ!�NÞ
~�ðNð1650Þ!�NÞ

�
cos�1þ

ffiffi
2

p
sin�1ffiffi

2
p

cos�1�sin�1

�
2

13� 11 �1 ¼
�
0:7þ0:1

�0:3

1:6þ0:3
�0:1

~�ðNð1520Þ!��Þ
~�ð�ð1620Þ!�NÞ 3� 2 cos2�3 þ

ffiffiffi
5

p
sin2�3 0:44� 0:20 �3 ¼

�
2:4� 0:1
2:9� 0:1

~�ðNð1650Þ!�NÞ
~�ð�ð1670Þ!��Þ

�
cos�1þ

ffiffi
2

p
sin�1ffiffi

2
p

cos�1�sin�1

�
2

7:6� 4:3 �1 ¼
�
0:6þ0:1

�0:2

1:3þ0:2
�0:1

~�ðNð1650Þ!�NÞ
~�ð�ð1750Þ!��Þ 1 0:12� 0:12

TABLE VIII. D-wave decays: coefficient-independent ratios
of reduced widths at LO.

Ratio LO Ratio Empirical
~�ð�ð1830Þ!��Þ
~�ð�ð1775Þ!��Þ 3 2:7� 1:4

~�ðNð1520Þ!�NÞ
~�ð�ð1690Þ!��Þ 1 0:5� 0:2

~�ðNð1520Þ!�NÞ
~�ð�ð1670Þ!��Þ 3 2:2� 1:4

~�ð�ð1670Þ!��Þ
~�ð�ð1670Þ!��Þ 1=2 0:12� 0:10

~�ðNð1675Þ!�NÞ
~�ð�ð1830Þ!��Þ 1 0:9� 0:4

~�ðNð1675Þ!�NÞ
~�ð�ð1775Þ!��Þ 3 2:3� 0:6

~�ðNð1675Þ!�NÞ
~�ð�ð1775Þ!��Þ 3=2 7� 4

~�ð�ð1775Þ!��Þ
~�ð�ð1775Þ!���Þ 8=7 0:06� 0:03

~�ð�ð1690Þ!��Þ
~�ð�ð1670Þ!��Þ 3 4:6� 3:2
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the LO fit and of the mixing angles. One learns from the
LO fit that the dominant operators are for the S-wave
decays the 1-body B1 and important but with smaller
contributions the 2-body operator B6, and for the
D-wave decays the B1 and the 2-body B8 operators.

The NLO fit is complicated by the large number of
coefficients and angles, a total of 23 parameters. Since
the number of inputs is at most 41, there are multiple
minima of the �2 function which have similar values.
The criterion is imposed that the coefficients of dominant

TABLE IX. Parameters from LO and NLO fits. Note ambiguities in some angles; the rest of the parameters differ within the errors,
therefore parameters have been given for the first quoted angle in the ambiguous cases.

S-wave coefficient LO NLO D-wave coefficient LO NLO

cS1 20.6(1.0) 19.6(1.6) cD1 2.79(0.12) 2.59(0.20)

cS2 0.92(1.2) �3:1ð1:2Þ cD2 0.03(0.08) �0:28ð0:09Þ
cS3 0 5.2(5.8) cD3 0 0.92(1.0)

cS4 0 9.2(4.0) cD5 0 1.54(0.39)

cS6 �6:36ð1:2Þ �8:2ð1:8Þ cD6 0.03(0.17) �0:26ð0:26Þ
bS1 0 40.3(14) cD8 1.18(0.12) 1.28(0.15)

bS2 0 �0:25ð14Þ cD9 0 0.09(0.85)

bS3 0 �3:0ð14Þ bD1 0 1.0(1.0)

bD2 0 5.6(0.5)

Angle LO NLO LO NLO

�N1
0.58(0.06) 0.42(0.07) �2

dof 4.8 1.52

�N3

�
2:82ð0:05Þ
2:36ð0:06Þ

�
2:74ð0:09Þ
2:36ð0:10Þ dof 30 18

��1
�N1

0.99(0.09)

��3
�N3

1.56(0.07)

��1
�N1

�
0:28ð0:16Þ
3:03ð0:17Þ

��3
�N3

2.19(0.47)

TABLE X. The decay widths of N states in 70-plet whose mass is currently experimentally known. Values are in MeV.

Nð1535Þ Nð1520Þ
�N �N �� �� �N �N

PW S S D S D D D
LO 57(17) 33(6) 0.3(0.2) 8.9(4.3) 8.1(1.0) 77(7) 0.09(0.01)

NLO 57(19) 73(44) 0.9(0.7) 9(11) 10(2) 72(11) 0.26(0.07)

Exp 68(19) 79(17) 0.8(0.8) 9.6(4.1) 13.6(2.7) 69(10) 0.26(0.05)

Nð1650Þ Nð1700Þ
�N �N K� �� �� �N �N K� K�

PW S S S D S D D D D D
LO 143(26) 2.5(1.6) 9.8(2.9) 4.8(2.6) 215(57) 2.9(2.4) 11.4(8.5) 0.52(0.25) 0.13(0.08) �0
NLO 133(33) 12.5(11.0) 11.5(6.4) 5.1(5.8) 297(111) 0.3(2.0) 12(13) 
 0:15 
 0:03 �0
Exp 128(33) 10.7(5.9) 11.5(6.7) 6.6(5) 10(7) 1.5(1.5)

Nð1675Þ
�N �N K� ��

PW D D D D
LO 52(8) 2.6(0.4) 0.02(0.01) 72(9)

NLO 51(12) 6.3(2.5) 
 0:1 75(24)

Exp 59(10) 0.75(0.75)
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operators at LO and the mixing angles which are not
affected by SUð3Þ breaking effects, namely, �N1

and �N3

deviate from the LO results as expected by NLO correc-
tions. A fit satisfying that criterion is obtained. This fit
shows that the coefficients of the SUð3Þ preserving
operators are of natural size, and most of them are actually

smaller than natural size. On the other hand, the SUð3Þ
breaking S-wave operator BSB

1 and the D-wave operator
BSB

2 have coefficients roughly a factor two larger than

natural size. BSB
1 only contributes to � channels, and

eliminating it increases the �2
dof from 1.5 to 1.9, and at

the same time, the coefficients of the S-wave operators

TABLE XI. The decay widths of � states in 70-plet whose mass is currently experimentally known. Values are in MeV.

�ð1670Þ �ð1690Þ
�KN �� �� ��� ��� �KN �� ��

PW S S S D S D D D D
LO 113(24) 0.11(0.12) 1.8(2.0) 0.16(0.09) 7.3(3.5) 9(1) 60(6) �0 9.0(0.9)

NLO 9(15) 6.1(4.3) 15(11) 0.04(0.10) 114(49) 2.1(1.5) 16(5) �0 5.3(2.9)

Exp 9.4(3.6) 6.6(3.6) 15(7.5) 15(4) 18(6.7)

�ð1800Þ �ð1830Þ
�KN �� �� ��� �KN �� �� K� ���

PW S S S D D D D D D
LO 43(13) 30(4) 150(20) 3.0(1.6) 3.0(1.6) 3.5(0.3) 69(6) �0 54(7)

NLO 100(73) 94(47) 109(25) 5.9(5.2) 12(4) 9.6(2.5) 38(11) �0 57(18)

Exp 98(40) 5.5(3.4) 46.7(22)

�ð1405Þ �ð1520Þ
�� �KN ��

PW S D D
LO 50(19) 2.7(0.4) 8.2(1.3)

NLO 50(9) 6.7(1.1) 6.9(1.8)

Exp 50(5) 7(0.5) 6.5(0.5)

TABLE XII. The decay widths of � states in 70-plet whose mass is currently experimentally known. Values are in MeV.

�ð1670Þ
��� �KN �� ��

PW S D D D D
LO 1.5(0.7) 1.5(0.2) 2.1(0.5) 4.8(0.5) 46(5)

NLO 4(11) 1.5(0.9) 2.5(1.4) 7.0(2.9) 28(11)

Exp 6(2.7) 6(3.6) 27(12.7)

�ð1750Þ
�KN �� �� �� �K� ���

PW S S S S D D
LO 45(8) 51(7) 6.2(5.3) 14(2) 0.07(0.04) 0.5(0.3)

NLO 30(34) 38(12) 4.2(7.6) 53(28) 0.4(0.2) 0.4(0.5)

Exp 27.5(21) 4.4(4.4) 38.5(28)

�ð1775Þ
�KN �� �� �� �K� ���

PW D D D D D D
LO 39(3) 27(3) 3.0(1.2) 0.08(0.01) 1.6(0.2) 7(1)

NLO 55(12) 14(4) 0.6(0.8) 0.22(0.06) 3.9(0.8) 7.4(2.3)

Exp 48(7) 20.4(4.4) 4.2(2) 12(2.8)
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BSB
2;3 become unnaturally large. This exercise indicates

that there is significant correlation among the coefficients
of the S-wave SUð3Þ breaking operators. Evidently, the
SUð3Þ breaking operators are crucial for describing the �
channels. One also finds that SUð3Þ breaking is signifi-
cant in the mixing angles; in particular, it is unnaturally
large for the � baryons.

The analysis leads to the following observations:
(1) The 1-body operators B1 are dominant in S and D

waves. This supports the quark model picture in
which the meson is predominantly emitted from
the excited quark.

(2) The 2-body operators are less important but neces-
sary to obtain good fits. These operators will, in
particular, encode the longer range dynamics of
the decays. At LO, they have smaller or much
smaller coefficients than the 1-body operator B1,
and at NLO their coefficients are in general smaller
than the natural size. Note that this conclusion is
under the criterion of selecting the fits which have
LO coefficients stable as one moves to the NLO fit.
Thus, one can conclude that NLO fits consistent
with a 1=Nc power counting are possible. We also
note that such fits are indeed the ones with lowest �2

we have found.
(3) As Table IX shows, several operators carry coeffi-

cients consistent with zero within error. One can
eliminate those operators and perform a NLO fit
where the coefficients of the relevant operators do
not change significantly, and �2

dof � 1:2.
(4) A lower �2

dof � 1 can be obtained by reducing by a

factor �0:6 the exponent of the centrifugal barrier.
This however does not give any significant change
to the outcome of the analysis.

(5) For the nucleon’smixing angles, previous analysis of
the nonstrange sector gave �N1

¼ 0:39� 0:11 and

�N3
¼ 2:82 or 2:38� 0:11, to be compared, respec-

tively, with 0:42� 0:07 and 2.74 or 2:36� 0:09
obtained in the present analysis. We note that the
ambiguity in �N3

found in the previous analysis

persists in the present analysis at both LO and
NLO level. A similar ambiguity is found at NLO
for the mixing angle ��1. For the nucleons, the
ambiguity can be sorted out by analyzing the photo-
couplings [16,22].

(6) The SUð3Þ breaking effects are of unnaturally large
magnitude by roughly a factor two. In particular,
they manifest themselves in the � channels, where
the LO fit gives very poor description. This problem
had been noticed when those channels were in-
cluded in the analysis of the nonstrange decays
[10]. The very important S-wave channel
Nð1535Þ ! �N is too small at LO by a factor two,
while the small S-wave Nð1650Þ ! �N is also
under-predicted at LO by a factor four. On the other
hand, the �N channels are well described at LO for
both resonances.

(7) The S-wave decay�ð1405Þ ! �� is well described
in all fits. It is sensitive to the presence of the 2-body
operator B6. On the other hand, the D-wave decay
�ð1520Þ ! �� is well described while the
�ð1520Þ ! �KN is poorly described at LO. A clear
example of SUð3Þ breaking effects.

(8) The decays �ð1670Þ ! �KN (S-wave) and
�ð1690Þ ! �KN (D-wave) are poorly described at
LO if one requires that the mixing angles �N1;3

are

similar to the values obtained in fits of the non-
strange decays only or the NLO fits. At NLO, these

TABLE XIII. The decay widths of � states in 70-plet whose mass is currently experimentally known. Values are in MeV.

�ð1820Þ
��� �K� �K� ��

PW S D D D D
LO 2.3(0.6) 2.6(0.3) 10(1) 14(1) 4.2(0.9)

NLO 2.4(2.2) 3.2(0.6) 18(3) 29(4) 0.3(0.6)

Exp

TABLE XIV. The decay widths of � states in 70-plet whose mass is currently experimentally known. Values are in MeV.

�ð1620Þ �ð1700Þ
�N �� �� �N K�

PW S D S D D D
LO 34(5) 62(7) 215(39) 20(4) 22(4) �0
NLO 34(12) 64(14) 157(52) 18(8) 18(11) 
 0:04
Exp 35.7(7.4) 64.3(21.7) 112(53) 12(10) 45(21)
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decays are improved because of the SUð3Þ breaking
in the mixing angles, in particular.

(9) The S-wave decay �ð1700Þ ! �� is particularly
sensitive to the 2-body operatorB2, and found to be
very sensitive to the inclusion or not of the latter �
channels in the LO fit.

(10) The NLO results show that the mixing angles are
strongly affected by SUð3Þ breaking effects. To
obtain a more accurate picture, it will be necessary
to carry out an analysis of masses and photocou-
plings along with the decays [23].

(11) We provide predictions for the unknown channels
of known 70-plet states, and here we discuss some
of them. Little can be concluded from predictions
of small partial widths, except that the correspond-
ing channels will be most likely experimentally
inaccessible. On the other hand, several large par-
tial widths are predicted, which require some dis-
cussion.

(i) TheNð1700Þ is given in the PDGwith three stars, but
its existence is challenged by several recent analyses
[24–26], while other analyses confirm it [27]. Since
the photocouplings and the electrocouplings of the
pð1700Þ and nð1700Þ are small [12,22,28], the access
to Nð1700Þ by these means is limited. In our fits, we
included the PDG estimate for the �N channel, but
disregarding this input gives no significant change to
the fits. The S-wave partial width of Nð1700Þ ! ��
is predicted to be the largest one while the D-wave
channel has a small width. This contradicts partial
wave analyses [27], where it is claimed that the
D-wave is significantly larger than the S-wave.
According to the PDG [12], the total width of the
Nð1700Þ is rather uncertain, and an estimate of the
Nð1700Þ ! �� partial width from the�NN width is
viable provided one assumes it to proceed mostly
through the �� S-wave channel if one is to obtain a
reasonable fit at NLO. This however affects the fit
significantly. We have chosen not to include as input
the estimate of the Nð1700Þ ! �� S-wave partial
width, and this remains therefore an open problem
requiring further empirical progress.

(ii) A similar problem to that with the Nð1700Þ is found
for the �ð1690Þ ! ���, where the empirical
estimate for this partial width, assumed to be
S-wave and estimated from the dominance of this
channel in the decays ��� and ���, is around
20 MeV, while the fits predict it to be larger than
100 MeV. Giving that estimate as input has similar
effects as the input of Nð1700Þ ! ��. We do not
include this input either.

(iii) Briefly, the inclusion of these S-wave inputs leads
to the following: the inclusion of either estimate
leads to the same values of the coefficients within
errors, the main changes with respect to not includ-

ing either of them being the values of the S-wave
coefficients, which in an indirect way alter signifi-
cantly the angle �N1

.

(iv) The prediction for the D-wave partial width
Nð1675Þ ! �� of 75� 22 MeV is in good
agreement with the estimate based on the total
width and the other significant partial width into
�N.

(v) The S-wave partial widths of the�ð1800Þ to�� and
to�� are predicted to be approximately equal to the
empirical one for the channel �KN, and in agreement
with the total width.

(vi) The D-wave partial width �ð1830Þ ! ��� is pre-
dicted to be the largest one, and it agrees with
empirical lower bound of 15% for the branching
ratio. The total predicted width is 116� 20 MeV,
to be compared with the PDG [12] estimate of 60 to
110 MeV.

(vii) For the D-wave �ð1820Þ, the PDG [12] gives a
total width �25� 15 MeV [12]. The predictions
given in Table XIII are dependent on the choice of
the mixing angle ��3 which cannot be determined
by the current analysis. The predictions are given
for the choice ��3 ¼ �N3

¼ 2:74. The dominant

channels are the �K� and �K�. The total width
predicted is about a factor two larger than the
one from the PDG. If one requires that the total
width be reproduced, the mixing angle becomes
��3 � 1:9.

(12) Several channels where there can be SUð3Þ
symmetry-breaking effects are predicted to
have significant partial widths, and could therefore
become empirically accessible. Such channels
are the S-wave �ð1690Þ ! ���, �ð1800Þ !
��, �ð1800Þ ! ��, �ð1670Þ!���, and
�ð1750Þ ! ��, and the D-wave Nð1675Þ ! �N,
�ð1830Þ ! ��, �ð1830Þ ! ���, �ð1670Þ !
��� and �ð1775Þ ! �K�. All these channels in-
volving the�meson are not affected by the 1-body
SUð3Þ-breaking effects, and would give additional
information on breaking at the 2-body level.

V. SUMMARYAND CONCLUSIONS

This work has extended previous analyses based on the
1=Nc expansion of the low-lying negative-parity baryon
partial-decay widths. The extension includes all known
decay channels, and was carried out to first subleading
order in the 1=Nc expansion and first order in SUð3Þ
symmetry breaking. The approximations involved were
the following ones: for SUð3Þ preserving amplitudes,
only up to 2-body operators and for SUð3Þ breaking am-
plitudes, only 1-body operators were included. Mixings
between states in different SUð3Þ multiplets as well as
SUð6Þ �Oð3Þ configuration mixings were neglected.
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These approximations are necessary due to the limitations
in the available empirical inputs for the partial decay
widths. One important focus of the analysis was on
SUð3Þ symmetry breaking, whose significance is noticed
first by violations in LO coefficient-independent relations.
In fact, the symmetry-breaking effects are of unnaturally
large magnitude as the NLO analysis shows. On the other
hand, the 1=Nc expansion seems to work rather well, as the
coefficients of NLO order symmetry-preserving operators
are in general of natural or smaller than natural magnitude.
This agrees with the conclusions drawn in previous work
where the nonstrange sector had been analyzed. The ex-
istence of other solutions to the NLO fit where the �2 is not
significantly larger than the one presented in this work
is an issue. Such solutions do have, however, unnaturally
large NLO coefficients and lead to an inconsistent 1=Nc

expansion. Obviously, additional and more accurate
partial-decay widths should be available for settling this
issue. An interesting open problem left by the analysis are
the two S-wave decays Nð1700Þ ! �� and �ð1690Þ !
���, which are predicted to be rather large, and are
well correlated in the analysis. More accurate information
on these widths has the potential to modify the results
for the S-wave coefficients and the mixing angle �N1

in

turn.
From the present work, one can draw some conclusions

that seem quite robust, namely, that the 1-body operator
plays a key role in both S- and D-wave decays, as one
would have expected from the quark model picture, and
that 2-body operators are crucial for obtaining an overall
consistent description, although they have smaller strength
than the 1-body ones. Some uncertainties concerning mix-
ing angles, in particular, those affected by large SUð3Þ
breaking corrections seem to remain. Further refinement
of the present analysis, with the aim at improving, in
particular, the determination of mixing angles, can be
carried out by simultaneously analyzing masses, decays,
and photocouplings of the 70-plet baryons [23]. In addi-
tion, present progress in the analysis of recent and new data
will very likely lead to an improvement on the inputs,
allowing for a refinement of the present analysis and
conclusions.
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APPENDIX: SUð3Þ ISOSCALAR FACTORS

This appendix gives the isoscalar factors needed for the
calculations carried out in this work. They correspond to
the emission of mesons belonging to an 8 of SUð3Þ, and are
given for the irreducible representations of SUð3Þ of inter-
est for generic Nc. We denote the isoscalar factors by:

ðp; qÞ ð1; 1Þ
YI yi

����� ðp
0; q0Þ
Y0I0

 !
�

; (A1)

where the SUð3Þ representations are identified in terms of
the two labels defining the Young tableu, namely, ðp; qÞ,
where pþ 2q ¼ Nc.
For baryons, the correspondences between multiplets

for generic odd Nc and Nc ¼ 3 are as follows: ðp ¼ 0;

q ¼ Nc�3
2 Þ ! 1, ðp ¼ 1; q ¼ Nc�1

2 Þ ! 8, and ðp ¼ 3;

q ¼ Nc�3
2 Þ ! 10. Table XV displays these correspondences

more explicitly.
Tables XVI, XVII, XVIII, XIX, and XX give the iso-

scalar factors of interest. The first row of the tables depicts
the excited baryon state, and the second row the final
baryon and meson. The isoscalar factor arguments are in
the order ðB�; PkBÞ, where B�, P and B are the quantum
numbers of the excited baryon, the meson and the final
baryon, respectively.

TABLE XV. Representation correspondences for arbitrary odd Nc. Displayed are the SUð3Þ generic Nc multiplets corresponding to
the ones at Nc ¼ 3, namely, 1, 8, and 10.

1 Baryon 8 Baryons 10 Baryons Mesons

ðp; qÞ ¼ ð0; Nc�3
2 Þ ðp; qÞ ¼ ð1; Nc�1

2 Þ ðp; qÞ ¼ ð3; Nc�3
2 Þ ðp; qÞ ¼ ð1; 1Þ

State ðY; IÞ State ðY; IÞ State ðY; IÞ State ðY; IÞ
� ðNc�3

3 ; 0Þ N ðNc

3 ; 12Þ � ðNc

3 ; 32Þ � (0,1)

� ðNc�3
3 ; 1Þ �� ðNc�3

3 ; 1Þ � (0,0)

� ðNc�3
3 ; 0Þ �� ðNc�6

3 ; 12Þ K ð1; 12Þ
� ðNc�6

3 ; 12Þ � ðNc�9
3 ; 0Þ �K ð�1; 12Þ
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TABLE XVII. Isoscalar factors for 10 ! 10 decays. The listed values should be multiplied by f1 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
45þNcðNcþ6Þ

p and f2 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ðNc�3ÞðNcþ5Þ

ðNcþ1ÞðNcþ9Þð45þNcðNcþ6ÞÞ
q

to obtain the actual isoscalar factors for � ¼ 1 and � ¼ 2, respectively. Note that f2 vanishes at Nc ¼ 3,

as in that case there is a unique recoupling 10 	 8 ! 10.

� ��
�� �� K�� �K� ��� ��� K��

� ¼ 1 Nc 3
ffiffiffi
5

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðNc þ 5Þp � 3

ffiffiffiffiffiffiffiffiffi
Ncþ5

p
2 Nc � 3 2

ffiffiffi
6

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6ðNc þ 3Þp

� ¼ 2 3 � Ncþ6ffiffi
5

p 3�Ncffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðNcþ5Þ

p Nc�3

2
ffiffiffiffiffiffiffiffiffi
Ncþ5

p 4ðNcþ3Þ
Ncþ5 � N2

cþ10Ncþ33ffiffi
6

p ðNcþ5Þ
3�Nc

Ncþ5

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðNcþ3Þ

3

q

�� �
�K�� ��� ��� K� �K�� ��

� ¼ 1 �2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nc þ 3

p
Nc � 6 3 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nc þ 1

p �3
ffiffiffiffiffiffiffiffiffi
Ncþ1
2

q
Nc � 9

� ¼ 2
2ðNc�3Þ

ffiffiffiffiffiffiffiffiffi
Ncþ3

p
3ðNcþ5Þ

5Ncþ9
Ncþ5 � N2

cþ9Ncþ36
3ðNcþ5Þ

ð3�NcÞ
ffiffiffiffiffiffiffiffiffi
Ncþ1

p
Ncþ5

Nc�3
Ncþ5

ffiffiffiffiffiffiffiffiffi
Ncþ1
2

q
6ðNcþ1Þ
Ncþ5

TABLE XVI. Isoscalar factors for 8 ! 8 decays. The listed values should be multiplied by f1 ¼ 1
ðNcþ3Þ and f2 ¼ 1

ðNcþ3Þ
ffiffiffiffiffiffiffiffiffiffiffiffiðNc�1Þ
ðNcþ7Þ

q
to

obtain the actual isoscalar factors for � ¼ 1 and � ¼ 2, respectively.

N �
�N �N K� K� �KN �� �� K�

� ¼ 1 Nc 3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðNc � 1Þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3ðNc þ 3Þp �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðNcþ3Þ

2

q
0 Nc � 3 3

ffiffiffiffiffiffiffiffiffi
Nc�1
2

q
� ¼ 2 3 �ðNc þ 6Þ Ncþ15ffiffiffiffiffiffiffiffiffiffiffiffiffi

3ðNc�1Þ
p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3ðNc þ 3Þp ffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðNcþ3Þ

2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðNcþ3Þ3
3ðNc�1Þ

q
6 9�Ncffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðNc�1Þ
p

�
�KN �� �� �� K�

� ¼ 1 3
ffiffiffiffiffiffiffiffiffi
Nc�1
2

q
Nc � 3 2

ffiffiffi
6

p
0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðNcþ3Þ

2

q
� ¼ 2 Ncþ15ffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðNc�1Þ
p 2ðNc�9Þ

Nc�1 �
ffiffi
2
3

q ðNc�3ÞðNcþ7Þ
Nc�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiðNcþ3Þ3
Nc�1

q
� 5Ncþ3

Nc�1

ffiffiffiffiffiffiffiffiffi
Ncþ3
6

q

�
�K� �K� �� ��

� ¼ 1 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nc þ 3

p
3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nc � 1

p
Nc � 6 3

� ¼ 2 5Ncþ3
3ðNc�1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nc þ 3

p 9�Ncffiffiffiffiffiffiffiffiffi
Nc�1

p 7Nc�15
Nc�1

N2
cþ3Ncþ36
3ðNc�1Þ

TABLE XVIII. Isoscalar factors for 8 ! 10 decays. The listed values should be multiplied by

f ¼
ffiffi
2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðNcþ1ÞðNcþ5Þ

p to obtain the actual isoscalar factors.

N �
�� K�� ��� K��

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðNc�1ÞðNcþ5Þ

2

q
�2

ffiffiffiffiffiffiffiffiffi
Nc�1
3

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðNcþ3ÞðNc�1Þ

3

q
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðNc � 1Þp

� �
�K� ��� ��� K�� ��� ��� �K�� K�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nc þ 5

p
2 Ncþ1ffiffi

6
p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðNcþ3Þ

3

q
2 2Nc

3

2
ffiffiffiffiffiffiffiffiffi
Ncþ3

p
3 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nc þ 1

p
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[25] M. Döring et al., Nucl. Phys. A 829, 170 (2009).
[26] N. Suzuki et al., Phys. Rev. Lett. 104, 042302 (2010).
[27] D.M. Manley and E.M. Saleski, Phys. Rev. D 45, 4002

(1992); U. Thoma et al., Phys. Lett. B 659, 087 (2008).
[28] V. Mokeev (private communication).
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6
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TABLE XIX. Isoscalar factors for 10 ! 8 decays. The listed values should be multiplied by
f ¼ ððNc þ 7ÞðNc � 1ÞÞ�1=2 to obtain the actual isoscalar factors.
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