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Abstract

The thermal impedance Zth(jx) has been calculated numerically, using the boundary element method, for a silicon substrate with a
uniform heat source on top. The key feature is that the dynamic thermal behaviour is calculated directly in the frequency domain. The
calculations were performed for a wide range of values for the thickness of the substrate. By representing the thermal impedance in a
Nyquist plot (i.e. Im[Zth(jx)] vs. Re[Zth(jx)] with x as parameter), mainly two circular arcs are observed. For the lower frequency
arc, the impedance values as well as the frequency scale are found to be largely influenced by the substrate thickness. The arc correspond-
ing to high frequencies on the other hand remains unchanged under thickness variations.

Further analysis revealed an almost perfectly linear relationship between the thermal resistance Rth = Zth(jx = 0) and the substrate
thickness, even when the heat source is not centred on the substrate. Both the slope and intersection value obtained from the curve fitting
can be explained by a simple geometrical model including the fixed-angle heat spreading approximation, used since many years in the
literature.
� 2006 Elsevier Ltd. All rights reserved.
1. Introduction

To characterise an electronic package thermally, the
thermal resistance Rth is commonly used. By definition this
is nothing else than the junction temperature T divided by
the power P dissipated in the same junction, under the
assumption that the ambient air is at a zero reference tem-
perature. In other words, T denotes the relative tempera-
ture rise of the heat source to ambient.

The concept of thermal resistance can be easily extended
to the frequency domain. The resulting complex quantity
Zth is called the thermal impedance and given by (in phasor
notation):
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ZthðjxÞ ¼
T ðjxÞ
P ðjxÞ ð1Þ

where x is the angular frequency of the heat source. The
thermal impedance Zth can be seen as the thermal fre-
quency response of the structure, which in fact captures
the complete dynamic behaviour in an elegant and efficient
way. Although pure AC thermal sources (having negative
heat power dissipation each other half of the period) can-
not exist in reality, the frequency response can be measured
experimentally. Typically the transient temperature re-
sponse to a power step or impulse is recorded. Fourier
transformation of these data eventually leads to the com-
plex thermal impedance [1,2].

The frequency dependency is visualised most commonly
by means of a Nyquist curve, i.e. Im[Zth(jx)] vs.
Re[Zth(jx)] with x as a parameter. As it represents the fre-
quency response, such a Nyquist plot can be seen as a ther-
mal blueprint for the electronic structure [3]. Additionally,
these thermal impedance curves have some interesting and
powerful properties. Both experimental and theoretical
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works have shown earlier that they are composed of a lim-
ited number of circular arcs [1,4–6], allowing a simple and
compact description (centre coordinates and radii of the
arcs) of the thermal impedance and thus the entire dynamic
thermal behaviour. From the thermal impedance, one can
also derive an equivalent thermal network, as demon-
strated by Székely and his co-workers [7].

In this contribution we will consider a simple microelec-
tronic structure consisting of a rectangular heat source
mounted on a silicon substrate. The influence of the sub-
strate thickness on the thermal impedance of the structure
is investigated by means of numerical calculations. The
obtained Nyquist plots are mainly composed of two circu-
lar arcs. The arc corresponding with the lower frequencies
is largely influenced by the substrate thickness whereas the
higher frequency part remains unchanged. The latter will
be explained physically by considering a basic characteris-
tic of thermal AC sources. Next, the thermal resistance is
given a closer look to. A linear relation between Rth and
the substrate thickness is observed, even when the heat
source is not centred on the substrate. The curve fitting
parameters extracted from the simulations correspond very
well to those obtained by a simple geometrical model where
a fixed angle heat spreading is assumed.
2. Numerical analysis

2.1. Boundary element method

A numerical approach offers the advantage that a lot of
parameters, including structure dimensions and thermal
parameters, can be varied. In addition, the method des-
cribed hereafter has already proven its efficiency by repro-
ducing experimentally measured thermal impedance curves
[4].

We will calculate the thermal impedance of a structure
directly in the frequency domain. The temperature distribu-
tion T (relative to ambient) in the material is obtained by
solving the thermal conduction equation (in phasor
notation):

kr2T � jxCvT ¼ 0 ð2Þ

where k is the thermal conductivity (in W/m K) and Cv the
specific heat per volume unit (in J/m3 K). For the numeri-
cal solution of (2), the boundary element method (BEM)
will be used. Therefore, the fundamental solution of Eq.
(2) is needed. This so-called Green’s function is found to
be [8]:

Gð~rj~r0Þ ¼ 1

4pkj~r �~r0j exp �
ffiffiffiffiffiffiffiffiffiffi
jxCv

k

r
j~r �~r0j

 !
ð3Þ

in which ~r and ~r0 denote the field point and source point
respectively, and where j~r �~r0 j is the distance between
the field and source point. After some manipulation, the
following boundary integral can be obtained:
T ð~r0Þ ¼
Z Z

S
Gð~rj~r0Þ oT ð~rÞ

on
� T ð~rÞ oGð~rj~r0Þ

on

� �
dS ð4Þ

This relates the temperature and its normal derivative
in each point~r 2 S of the surface S of the material. Inser-
tion of the boundary conditions and appropriate discreti-
sation finally results in an algebraic set, from which the
remaining unknowns (T or the normal derivative) are
obtained.

For calculation of the thermal impedance the average
source temperature is used, mainly because this is more
representative than e.g. the maximum temperature. In
practical experiments, thermal transient measurements
are usually performed by recording the voltage drop over
the junction. Based on a simple physical model, one can
show this procedure approximately delivers a signal pro-
portional to the average temperature of the device. Even
then, the form of the Nyquist plots obtained for the maxi-
mum source temperature is essentially the same. Hence the
choice for taking the average temperature does not change
or limit the conclusions obtained in Section 3.

Repetition of the whole process for a wide range of fre-
quency values finally leads to a Nyquist plot of the thermal
impedance. Any further technical details about the BEM,
including discretisation strategies and convergence issues,
will be omitted here.
2.2. Boundary conditions

For the following, the bottom surface of the structure is
assumed to be perfectly cooled: T = 0 (ideal heat sink),
while the rest of the surface is supposed to be adiabatic
thermal isolation : oT

on ¼ 0
� �

. The only exception is the heat
source, injecting a heat flux q ¼ k oT

on ¼ p into the material,
where p is the uniform power density (in W/m2) of the
source. Due to the small dimensions of microelectronic
structures, the heat removal by either natural or forced
convection can be reasonably neglected. This approxima-
tion is quite accurate in practice, especially for AC prob-
lems like we are studying here.
2.3. Benefits of the proposed technique

The key feature is the fact of the dynamic thermal
behaviour being calculated directly in the frequency
domain. This avoids sampling and aliasing issues which
are likely to occur with more conventional techniques in
the time domain followed by FFT.

In addition, the BEM which was proposed as numerical
tool is expected to be both faster and more accurate com-
pared with finite difference or finite element methods. Here
only the outer surface of the material (instead of the entire
volume) needs discretisation, explaining the speed gain.
The increased accuracy is due to the fact that the BEM is
based on an analytical solution (Eq. (3), i.e. the Green’s
function).
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3. Results and discussion

3.1. Analyzed structure

We will investigate a structure that is roughly modelling
a transistor or small integrated circuit on top of a semicon-
ductor substrate. A uniform heat source (50 lm · 50 lm) is
centred on a square shaped substrate (150 lm · 150 lm)—
see Fig. 1. As an obvious example, silicon (k = 160 W/m K,
Cv = 1.78 · 106 J/m3 K) is chosen as substrate material. It
has to be pointed out however that this particular choice
will not play any role in further observations and conclu-
sions. It can be proven that for a different isotropic mate-
rial, the thermal impedance curve will show exactly the
same shape. Just the impedance values and frequency along
the curve need to be scaled [9]:

Z2ðjx2Þ ¼
k1

k2

Z1ðjx1Þ where x2 ¼
k2

k1

� Cv1

Cv2

� x1 ð5Þ

More sophisticated (thermally engineered) materials are of-
ten anisotropic, e.g. kk5 kz. These cases can still be ana-
lyzed by considering an equivalent structure with
isotropic conductivity kk and thickness scaled with a factorffiffiffi

kk
kz

q
.

The thickness of the substrate will be varied over a wide
range (H = 50–250 lm). For each chosen value the thermal
impedance is calculated numerically, using the aforemen-
tioned procedure.
Fig. 1. Analyzed structure: heat source mounted on silicon substrate with
thickness H.

Fig. 2. Nyquist plots of thermal imped
3.2. Thermal impedance for various substrate thicknesses

Some calculated thermal impedance plots are presented
in Fig. 2. In all cases, the Nyquist plot is composed of two
circular arcs. For particular points, namely those where
Im[Zth] reaches a minimum, the corresponding fre-
quency—the so called central frequency of the arc—is
marked. Putting all the curves on the same graph provides
the advantage of seeing very easily that all the higher fre-
quency arcs coincide. This holds for the impedance values
as well as for the frequency scale. In other words, above a
certain frequency the thermal impedance is not influenced
by the substrate thickness. This topic will be discussed fur-
ther in the next section.

As one can observe in Fig. 2, the lower frequency arc on
the other hand is largely affected by the substrate thickness.
First of all, and not surprisingly, the impedance values
grow as H increases. Making the substrate thicker deterio-
rates indeed the heat removal capabilities of the structure,
resulting in higher thermal impedances. In addition, the
size is not the only property of the arc being influenced.
Both the extent to which the circle is traversed and the
involved frequencies are subject to change under thickness
variations. Clearly, the central frequency of the arc tends to
drop as the thickness increases.

3.3. Insensitivity of higher frequency arc

As mentioned before, the higher frequency part of the
thermal impedance of the structure is not influenced by
the substrate thickness. This can be explained by taking
into account the oscillating nature of the heat source.
Roughly speaking, the temperature field generated by a
thermal AC source is exponentially decaying in space.
Therefore only a limited amount of material will be consid-
erably heated by the source, and the size of the heated
region is closely related to the AC temperature decay
length. For the latter, the following rule of thumb applies:

decay length / 1ffiffiffiffi
x
p ð6Þ
ance for various thickness values.



Fig. 3. High frequency behaviour: (a) heated region, (b) almost at ambient
temperature.
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This behaviour can easily be understood by looking at the
Green’s function given by Eq. (3). In simple words, the
heated region gets smaller and smaller as the frequency
of the heat source is rising. For the analyzed structure, only
the upper part of the silicon (regions closest to the heat
source) is substantially heated once a certain frequency
has been reached (Fig. 3). At that point, the other parts
of the substrate are almost at ambient temperature. As a
consequence, the amount of material underneath the
heated region does not have any influence on the thermal
AC behaviour of the substrate. In other words, it does
not matter how thick the substrate is, which finally explains
why the influence of the substrate thickness on the thermal
impedance disappears at sufficiently high frequencies.
3.4. Relation between thermal resistance and substrate

thickness

Let us now take a closer look at the thermal resistance of
the substrate. In the context of this paper, the thermal resis-
tance corresponds with the ‘‘starting point’’ of the Nyquist
plots and is nothing else than the thermal impedance at DC
conditions (jx = 0). Fig. 4 shows the values obtained from
the numerical calculations as function of the substrate
thickness H.
Fig. 4. Thermal resistance ve
This thermal resistance versus thickness graph is looking
very similar to those that have been reported before [10].
Apart from the ‘‘transition phenomenon’’ for small thick-
ness values, a linear curve fitting is nearly perfect. This cor-
responds with a relation of the form:

Rth ¼ R0 þ a � H ð7Þ
The curve fitting values for the slope a and intersection R0

are indicated in Fig. 4. It should be noted that R0 is NOT
equal to zero. For very thin substrates however the relation
(7) starts to fail. When H! 0, bringing heat source and
heat sink closer and closer to each other, the source gets
eventually perfectly cooled for H = 0 and the thermal resis-
tance disappears.

3.5. Comparison to geometrical heat spreading model

For quick estimations of the thermal resistance, a fixed
heat spreading angle approximation is often used [10–15].
The assumption is that the heat dissipated by the source
spreads uniformly into the substrate under a fixed angle
U, with the isothermal surfaces being horizontal planes.
Once the spreading heat ‘‘touches’’ the side walls of the sub-
strate, at a depth L in the substrate, the previous assump-
tions lead to a linear 1-D temperature drop across the
remaining thickness H � L of the material. This model sug-
gests two contributions to the thermal resistance (Fig. 5):

Rth ¼ Rgeo þ Rbulk ð8Þ
Rgeo—sometimes called geometrical contact resistance—is
the thermal resistance of the pyramid corresponding to the
fixed angle heat spreading. Rbulk is the resistance of the
remaining material block and is given by Pouillet’s law:

Rbulk ¼
H � L
k � A ð9Þ

where A is the area of the cross-section of the substrate.
Introduction of this result in Eq. (8) yields:
rsus substrate thickness.



Fig. 5. Geometrical model for thermal resistance.

Table 1
Influence of substrate thickness on thermal resistance: simulation results
versus geometrical heat spreading model

Rth = R0 + a Æ H

Curve fitting for simulation results Heat spreading model

R0 38 K/W 43.7 K/W
a 2.72 · 105 K/W m 2.78 · 105 K/W m

Table 2
Estimated heat spreading angle for various materials

Material k [W/m K] Cv [106 J/m3 K] U [deg]

LTCC 4 2.38 36.5
Al2O3 22 2.98 36.8
GaAs 50 1.86 36.5
Si 160 1.78 36.2
AlSiC 200 2.23 36.5
Cu 380 3.47 36.5
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Rth ¼ Rgeo �
L

kA

� �
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

R0

þ 1

kA|{z}
a

�H ð10Þ

which is exactly the same form as observed for the simula-
tion results—see Eq. (7). Both R0 and a can be easily iden-
tified in terms of the geometrical parameters.

For the calculation of Rgeo, we suppose a square heat
source (side w) being centred on a substrate with square
shaped cross-section (side W). It is clear that the analyzed
structure from Fig. 1 meets these requirements. A horizon-
tal slice with infinitely small thickness dz at depth z of the
pyramid is then contributing (see Fig. 6):

dRgeo ¼
dz

kðwþ 2z � tan UÞ2
ð11Þ

The total resistance Rgeo of the pyramid is nothing else
than the resistance of all the slices put in series which leads
to:

Rgeo ¼
Z z¼L

z¼0

dRgeo ¼
1� w=W

2w � k � tan U
ð12Þ

in which we used the fact that L ¼ W�w
2 tan U. For simplicity rea-

sons, a heat spreading angle of 45� is the most common
choice. However, it has been shown that U = 32.5� pro-
duces the best overall results for a wide variety of geome-
tries [11,12]. Using this value, together with w = 50 lm,
W = 150 lm and k = 160 W/m K, leads to L = 78 lm
and Rgeo = 65.4 K/W. Based on these results, the geometri-
cal model predictions for the slope and intersection values
can be found using Eq. (10). As one can see in Table 1, the
Fig. 6. Calculation of heat s
resulting a and R0 are in close agreement with the curve fit-
ting parameters from Fig. 4. It proves that the proposed
heat spreading model with U = 32.5� is quite accurate for
the investigated structure. Using a heat spreading angle
of 45� yields R0 = 13.9 K/W, clearly being a very poor
estimation.

Instead of using the literature values we have men-
tioned, the spreading angle U (and hence L) can also be
estimated directly from the simulation results. Based on
Eqs. (10) and (12) one obtains:

tanðUÞ ¼ ðW � wÞðW =w� 1Þ
2kW 2R0

ð13Þ

The extrapolation value R0 was determined for some mate-
rials commonly found in electronic packages. The resulting
heat spreading angles are listed in Table 2. For the wide
range of k = 4–380 W/m K, the spreading angle hardly
changes: U � 36.5� (L = 68 lm). Clearly, this is an illustra-
tion of Eq. (5): the qualitative results are not depending on
the particular thermal properties of the substrate material.

3.6. Non-symmetric source configurations

It is interesting to point out that many of the conclu-
sions made earlier, still hold for cases where the heat source
preading resistance Rgeo.



Fig. 7. Thermal resistance versus substrate thickness for various source configurations.
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is not centred on the substrate. Fig. 7 compares the calcu-
lated thermal resistance as a function of the substrate thick-
ness for three different configurations (centred, off-centre
and cornered source). For the latter two cases, a linear
curve fitting approximation is still nearly perfect. The ther-
mal resistance increases as the source is moving further
away from the centre of the substrate. This can be easily
explained: sources closer to the corner are getting closer
to the adiabatic side walls of the substrate, where the heat
will tend to accumulate. The heat removal is less efficient
compared to the centred source and therefore we observe
a rise of the thermal resistance.

More importantly, all curve fittings on Fig. 7 show the
same slope. This indicates that the geometrical model,
and Eq. (10) in particular, remains valid for the non-sym-
metric configurations. Interpretation and calculation of
Rgeo is however much more complicated as the heat spread-
ing pyramid will touch some side walls earlier than others.
Fig. 8. Nyquist plots of thermal impedance for variou
The conclusions concerning the complex thermal imped-
ance Zth also still hold. Some Nyquist plots for the off-cen-
tre source are shown in Fig. 8. Again two circular arcs are
observed. For each arc, the behaviour with respect to thick-
ness variations is the same as observed earlier in Sections
3.2 and 3.3 for the centred source. The difference between
the two configurations (off-centre vs. centre source) reveals
itself in the Nyquist plot by the slightly different shape of
the higher frequency arc, and a shift in some central
frequencies.

4. Summary

Through numerical calculations, we have investigated
the influence of substrate thickness on the complex thermal
impedance of a simple microelectronic structure. Silicon
was used as the substrate material, but it was pointed out
that any other isotropic materials would give rise to the
s thickness values (off-centre source—see Fig. 7).
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same conclusions. For a wide range of thickness values, the
Nyquist plot of the thermal impedance is composed of two
circular arcs. The higher frequency arc remains the same
under thickness variations, which was explained by consid-
ering the frequency dependent decay length of the AC tem-
perature distribution. For the arc corresponding to the
lower frequencies, an expansion of the arc as well as a shift
in the frequency scale was noticed as the substrate gets
thicker. When it comes to the thermal resistance as func-
tion of the substrate thickness, the calculation results could
be fitted almost perfectly with a straight line. Both this lin-
ear behaviour in general and the curve fitting parameters
corresponded very well to the thermal resistance obtained
by a geometrical model for the heat spreading through
the substrate. Finally, it was demonstrated that the
phenomena we have observed are not provoked by the
symmetry of the structure: many of the aforementioned
conclusions remain valid for a structure where the heat
source is not centred on top of the substrate.
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