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This paper deals with the problem of ranking a set of alternatives, represented by 
triangular fuzzy numbers (TFN), in decision making situations. Three new methods b ed 
on the notion of preference among alternatives are proposed and applied to a proble of 
investment choice . 
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l. Introduction. 

In a decision making problem the choice between fnzzy alternatives requests a ranking 
of imprecise values. In the literature this problem hasn't already had a definitive solution: 
the lack of a "golden choice" allows different (an d in some cases opposi te) methods of 
ranking. Different approaches lead to a confused situation where there is no procedure 
able to interpret any problem correctly. Indeed, some methods are counterintuitive or 
suffer from lack of discrimination between alternatives. 

The aim of this paper is to propose three new methods of ranking triangular fuzzy 
numbers that consider the propension to the risk of the decision maker and are able to 
discriminate confused alternatives. 

In section 2 we present the pessimistic method and in section 3 the optimistic one. 
These methods make use of a preference function that expresses to what degree every 

alternative is preferred to another. This information could be important especially when 
the best alternative is hardly feasible. 

In section 4 we show two absolute methods that are equivalent respectively to the 
pessimistic and optimistic ones. 

In section 5 a À-combination of the those methods is shown so that any decision maker 
could customize his procedure to his personal features. 

In section 6 we present the application of our methods to a simple problem of investment 
choice. 

l 
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2. The pessimistic method. 

The name attributed to this method points out his peculiar characteristic: it considers 
only the worst results that could be attended from a fuzzy number, therefore it will be 
used by a strong risk-adverse decision maker. 

We suppose for simplicity that the x-axis represents a series of monetary profits. 
Let F be a set of triangular fuzzy numbers: A E F will be identified by its characteristic 

function 
o, O::; x::; a1; 
x- a1 

a 1 ::; x ::; az; 
J-lA(X) = az- a 1 

x- a3 
az ::; x ::; a3; 

az- a3 
o, x 2: a3 

or more simply by the triplet (a 1, az, a3). 

Given A E F, we define Lower of A, in symbols Low(A), the number identified by the 
. following characteristic function: 

{ 
l- J-lA(X ), 

J-l Low(A) (X) = O, 
x:::; a2; 

otherwise. 

Low(A) represents in some way a worse alternative than A. Note that it is nota triangular 
fuzzy number. In figure l we show the sets A and Low(A). 

Low(A) A 
1.oot----, 

0.50 

Fig.l. A and Low(A). 

W e define a so called pessimistic preference function q, p : F x F -> [O, l] in the following 
way: 

<f>p(A,B) = max{min(J-lLow(A)(x),J-lB(x))} 
x 

. az- b1 =mm{max( ,0),1}. 
az - a1 + bz - b1 
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It is worth noting the fact that <f>p(A, B) expresses the highest value of the intersection 
between J-lB and 1-'Low(A)· Simmetrically we have 

<f>p(B,A) = max{min(J-lLowB(x),J-lA(x))} 
x 

. bz- a1 
=mm{max( ,0),1}. 

az - a1 + bz - b1 

Notice that 
<f>p(A, B)+ <f>p(B, A)= l. (2.1) 

The pessirnistic preference function naturally induces on F such a relation: 

A~pB iff <f>p(A,B)=<f>p(B,A). (2.2) 

It is easy to show that ~p is an equivalence relation on F. 
Consider then the quotient set F l ~P : from now on, for simplicity, we will identify 

a class of equivalence with an arbitrary representative. Define on F l ~P the following 
preference relation: 

A?-pB 
l 

iff <f>p(A,B) > 2· (2.3) 

Let us verify that this relation is antirefiexive, antisymmetric, transitive and induces a 
total order o n the set of numbers F l ~p. 

Antirefiexivity. It is immediate since <f>p(A, A)=~ by (2.1). 

Antisimmetry. W e show this property in this equivalent form: given A, B E F l ~p, if 
A >--p B then B >f p A. As A>-- p B means <f>p(A, B) > ~' we get, by (2.1), <f>p(B, A)< ~ 
so that B >f p A. 

Transitivity. Suppose that A >--p B and B >--p C: the thesis is A >--p C i. e. q, p(A, C) > 
~- With a simple calculation we obtain 

(2.4) 

and similarly 
B ?-p C iff b1 +bz 2: c1 +cz. (2.5) 

From (2.4) and (2.5) we get a1 +az 2: q + cz so that A >--p C and this concludes the 
proof. 

3. The optimistic method. 

The optimistic method is the symmetrical of the pessimistic one: it considers only the 
best results that arise from a fuzzy number, therefore i t is preferred by a decision maker 
that presents a strong propension to the risk. 
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We define Upper of A, in symbols Upp(A), the number identified by the following 
characteristic function: 

{ 
1- fLA(x), 

ILUpp(A) (x) = O, 
x 2:: a2; 

otherwise. 

Upp(A) represents in some way a better alternative than A and it is nota triangular fuzzy 
number. In figure 2 we show the sets A and Upp(A). 

A Upp(A) 

• 

Fig.2. A and Upp(A). 

The so cali ed optimistic preference function <P o : F x F --> [0, l J is defined as follows: 

<Po(A, B) = max { min (!LA (x), fLUpp(B)(x))} 
x 

It is worth noting the fact that <Po(A, B) expresses the highest value of the intersection 
between fL A an d fLUpp(B). Symmetrically we ha ve 

<Po(B,A) = max{min(!LB(x),fLUpp(A)(x))} 
~(; 

Notice that 

</>o(A, B)+ </>o(B, A) = l. 

The optimistic preference function naturally induces on F an equivalence relation of the 
kind 

A ~aB iff </>o(A, B) = </>o(B, A). 

Consider then the quotient set F l ~o and define on F l ~o the following preference 
relation: 

l 
A >-o B iff </>o(A, B) > 2· 

( 
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Such a relation is antireflexive, antisymmetric an d transitive on F l ~o ( the proofs are 
analogous to the case of the pessimistic method), therefore F l ~o is totally ordered. 

4. Absolute equivalent methods. 

In this section we are interested to determine two rea! functions defined on F that 
naturally generate two order relations equivalent to the ones induced respectively by the 
pessimistic and the optimistic preference functions. 

Define a function x p : F --> JR+ of the kind 

( ) 
a1 + a2 

Xp A = 2 . 

This function naturally induces on F the equivalence relation 

A ~xp B iff xp(A) = xp(B) . 

and on F 1 ~ the order relation 
X p 

A >-xp B iff xp(A) > xp(B). 

It is not difficult to see that the relation defined in (2.2) can be written as: 

A ~p B iff xp(A) = xp(B), 

and analogously the relation defined in (2.3) can be written as: 

A >-p B iff xp(A) > xp(B), 

hence the order relations >-p and >-x p are equivalent. 
Symmetrically, define the function x o : F --> JR+ of the kind 

With the same argument previously illustrateci we can conclude that 

A ~o B i.ff xo(A) = xo(B), 

A >-o B iff xo(A) > xo(B). 

(4.1) 

( 4.4) 

Remark. Denote with A(<>) = [al"), a~")] the alpha-cut of the number A, a E [0, 1]. · It 

is easy to see that x p( A)= ai0
·
5

) and xo(A) = a~0 · 5l. 
In figure 3 we give a geometrica! representation of xp(A) and xo(A). 
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A B A B 

Fig.3. A geometrica! representation of xp(A) and xo(A). 

5. The method of the convex combination between the optimistic and pes­
simistic methods. 

The goal of this section is to find out a generai method of choice to use when the decision 
maker prefers an intermediate situation between the pessimistic and the optimistic point 

of view. 
W e could simply link with a convex combination the optimistic and pessimistic functions 

of preference as follows: 

c/.>À(A, B)= À c/.>o(A, B)+ (l-.\) c/.>p(A, B), À E [0, l]. 

The function q, À naturally induces o n F the equivalence relation 

A~ B iff c/.>À(A, B)= c/.>À(B, A) 

and on F l~ the following preference relation: 

A>- B iff c/.>À(A, B)> c/.>À(B, A). 

Unfortunately, this relation is not transitive. Indeed, for instance, with the choice of 
A = (6, 8, 10), B = (1913 +E, 2013- E, 4I3+E), c = (4- <12, 8 + fl2, 12- El2), E E (O, 116) 
and À = 112, it is easy to show that A>- 13, B >-C, but C>- A.~ 

To avoid this problem ]et us use the absolute equivalent methods shown in the previous 
section. Uniting in convex combination the functions xp and xo given respectively in 
(4.1) and (4.2), define a new function xÀ as 

XÀ = ÀXQ + (1- .\)x p, À E [0, lj. 

The function x À naturally induces o n F the equivalence relation 

A ~À B i.ff xÀ(A) = xÀ(B) 
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and o n F l ~ À the or der relation 

A>--.>. B i.ff xÀ(A) > xÀ(B). 

Obviously >- À is equivalent to >-p, >-o respectively in the case À = O and À = l. 
If À = ~, the relation >- À is equivalent to the one induced by the following function [3, 

section 2] proposed by R.R.Yager: 

6. A problem of investment choice. 

In this section we want to test the robustness of our methods in ranking the alternatives 
of an investment problem. It is not important to specify which type of investment we 
are talking about: remember only that we are interested in private investments in a 
microeconomic world. 

Any given choice involves a number of alternatives that is necessarily narrow due to 
the human limits in acquiring and processing the whole data. That's why we speak only 
of "bounded rationality". 
The uncertainty of each alternative requires efforts to compensate the lack of information. 
The decision 'maker perceives of a set of options and estimates the amount of periodic 
payoffs subjectively. That's the reason why the amount of the periodic payoffs could be 
modeled by fuzzy numbers. 

Let A, B, C, D be the alternative investments; n the crisp lifetime of every investment; 
a;, b;, c;, d;, i = l...n, the fuzzy payoffs of investment A, B, C, D respectively; d the crisp 
discount rate. 
Suppose for simplicity the initial expenditure of every investment equa! to zero. 

Given: 
n= 3, 
d= 8%, 
a1 ="" 12.000.000 = (10.000.000, 12.000.000, 15.000.000), 
az ="" 25.000.000 = (22.000.000, 26.000.000, 28.000.000), 
a3 ="" 35.000.000 = (30.000.000, 33.000.000, 40.000.000); 
the formula for discounting future payments to the present is the following: 

a1 az a3 
NPV(A,d,n)= (1+d) + (1+d)z + (1+d)3 

where NPV is the fuzzy net present value of investment A. Applying the rules of op­
erations between triangular fuzzy numbers [15, section 2], we get: NPV(A,d,n) = 

(51.920.000, 59.590.000, 69.630.000). 
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Given: 
N PV ( B, d, n) = ( 50.000.000, 62.000.000, 70.000.000), 
N PV(C, d, n) = (40.000.000, 62.000.000, 80.000.000), 
N PV (D, d, n) = (30.000.000, 60.000.000, 90.000.000) 
(see Figure 4), let's rank according to the leve! of preference the four investments, utilizing 
the methods suggested in this paper. 

1.00 

0.00 30 40 so 

' ' . '*, ._, 
·. \, 

60 

' . \'-. 
\ '· 
\ ' \ ·, 

70 

\ ·, 
' . 
\ '· ' ' \ ·, 

' 
80 

Fig. 4. NPV of investments A, B, C, D. 

90 • 

A 
B 
c 
D 

We can distinguish five cases depending on the decision maker propensity to the risk: 
different risk attitudes imply different methods of ranking. 

Case l) Strongly adverse -+ Pessimistic Method: 

B'rpA'rpC'rpD. 

Case 2) Moderately adverse -+ .\ = 0.2: 

D 'ro.2 B 'ro.2 C 'ro.2 A. 

Case 3) Neutra!-+ .\ = 0.5: 

B 'ro.s C 'ro.s D 'ro.s A. 

Case 4) Moderately inclined -+ .\ = 0.8: 

B 'ro.s A 'ro.s C 'ro.s D. 

Case 5) Strongly inclined -+ Optimistic Method: 

D 'ro C -ro B 'ro A. 

Note that in generai the ranking of the alternati ves is subjective: different persons have 
different preferences. 

( 
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The choice is always subject to the peculiar economie situation of the decision maker, 
to his experience, to his psychology. All of these factors determine a different attitude to 
the risk. 

W e can conclude that our methods take care of the subjectivity of the decision maker, 
allowing the choice to be related to his propensity or aversion to the risk. 
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