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Abstract: In this article, we defined the generalized intuitionistic P-pseudo fuzzy 2-normed spaces
and investigated the Hyers stability of m-mappings in this space. The m-mappings are interesting
functional equations; these functional equations are additive for m = 1, quadratic for m = 2, cubic for
m =3, and quartic for m = 4. We have investigated the stability of four types of functional equations
in generalized intuitionistic P-pseudo fuzzy 2-normed spaces by the fixed point method.
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1. Introduction

Functional equations generalize the subject of a modern branch of mathematics. The
first articles in the field of functional equations were published by J. D’Alembert during
1747-1750. The apparent simplicity and harmonic nature have caused the subject of func-
tional equations to be studied by many mathematicians. In the fall of 1940, Ulam [1]
presented several unsolved problems in his famous speech at the University of Wisconsin.
This lecture became the starting point for the theory of stability of functional equations. The
question raised by Ulam was as follows: When is it true that a function which approximately
satisfies a functional equation D must be close to an exact solution of D? If the problem
admits a solution, we say that equation D is stable.

Ulam’s problem was solved by Hyers [2] for additive mappings in 1941, and Hyers's
results were generalized by Rassias [3] for linear mappings by various control functions.
The results of Rassias had a great impact on the issue of the stability of functional equations.
Today this type of stability is called the Hyers-Ulam-Rassias stability.

Mathematicians have proposed and proved many other theorems in the field of stability
by changing the type of functional equation, control function, and space in the above theorem.
In some of the articles in this field, the control function € has been replaced by another function,
and the stability theorem has been re-examined with new conditions. Similarly, by changing
the type of functional equation in the above theorem from additive to quadratic, cubic, Jensen,
etc., or replacing the functional equation with a differential or integral equation, the condi-
tions of the stability theorem have been investigated and proven. We refer readers to [4-13]
references for consideration of the stability of various functional equations in different spaces.

L. Zadeh [14] proposed the concept of fuzzy sets in 1965. The fuzzy metric space was
introduced by Kromosil and Michalek [15]. This space is a generalization of the probabilistic
metric space. In 1986, Atanasos [16] founded the concept of intuitionistic fuzzy sets by
developing fuzzy sets. The idea of intuitionistic fuzzy normed space by Saadati and Park [17]
was introduced in 2006.
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In 2012, Gordji et al. [4] introduced the following functional equation
flru+0)+f(ru—ov) = " 2[f(u+0v) + f(u —0)]
m—2)(1— (m—2)?
—1-2(1’2—1) rm_zf(u)—l-( ) G ( ) )f(v) (1)

for every fixed integer r with £ 0, £1. It is easily proven that f (1) = cu™ (1 € R,m=1,2,3,4)
satisfies the functional Equation (1). More precisely, if m = 1, the functional Equation (1) is
additive, if m = 2, then it is quadratic, if m = 3, 4, then it is the cubic and quartic functional
equation, respectively. We call a solution of the functional Equation (1) m-mapping.

Theorem 1 ([18]). If (A, d) is a complete generalized metric space and Z : A — A is a strictly
contractive mapping with Lipschitz constant x < 1, then for each element u € A, either

d(Z"u, 2" ) = +oo,

for every non-negative integer n, or there exists a ng € 7" such that

(1) d(Z™u, Z" ) < 40 for every n > ny;

(2)  The sequence { Z"u} — v*, where v* is a fixed point of Z;

(3) v* is the unique fixed point of Z in the set V.= {v € A | d(Z2"u,v) < +o0}.
4) d(v,v*) < {-d(v, Zv) for every v € V.

Let A be a linear space over the field F and % be a continuous t-norm and 4 be a
continuous t-conorm, in the following; we define the concepts of fuzzy and anti-fuzzy
2-norm.

Definition 1 ([19]). A fuzzy subset u of A x A x R is said to be a fuzzy 2-norm on A if and only
ifforu,v,we A, p,q € R, and a € F the following items hold.

(FT1) u(u,v,p) =0ifp <O0.

(FT2) u(u,v,p) = 1ifand only if u, v are linearly dependent for all p > 0.

(FT3) u(u,v,p) is invariant under any permutation of u, v.

(FT4) u(

(FT5) u(

(FT6) u(

u,a,p) = y(u,v,%),forall p>0anda # 0.
u+w,v,p+q) > u(u,o, p)ku(w,v,q) foral p,q > 0.
u,v,.) is a non-decreasing function on R and

lim p(u,0,p) =1.

p—
In this case, the (A, p) is said to be a fuzzy 2-normed space.

Example 1 ([19]). Let (A, ||.,.||) be a 2-normed linear space. Define

¢ >0
wo,p) = 4 pluel P
p(u,0,p) {0 b <0

where u,v € Aand p € R. Then (A, ) is a fuzzy 2-normed linear space.

Definition 2 ([20]). A fuzzy subset v of A x A x R is said to be an anti fuzzy 2-norm on A if and

only if forallu,v,w € A, p,q € Rand a € F, the following items hold.

(FN1) v(u,v,p) =1, for every p < 0.

(FN2) v(u,v,p) = 0if and only if u, v are linearly dependent for all p > 0.

(FN3) v(u,v, p) is invariant under any permutation of u, v.
v(

(FN4) v(u,av,p) = v(u,v, ﬁ) forevery p > 0,a # 0.
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(FN5) v(u,v+w,p+q) <v(u,v,p)®v(u,w,q) forall p,q > 0.
(FN6) v(u,v,.) is a non-increasing function and

ph_r}olo v(u,v,p) =0.

In this case, the (A, v) is said to be an anti-fuzzy 2-normed linear space.

Example 2 ([20]). Let (A, ||.,.||) be a 2-normed linear space. Define

[[uo]l

v(u,v,p) = {PHWI p>0

1 p <0
where u,v € Aand p € R. Then (A, v) is an anti-fuzzy 2-normed linear space.

Lemma 1 ([20]). We define the set Y* and operation <y~ by

Y* = {((71,(72) S (o1,09) € 0,12 and o7 + 05 < 1}

(01,02) <y« (1, M2) <= 01 <M, 02 > T2
forall (04,02), (111, 12) € Y*. Then (Y*, <y-) is a complete lattice.

Definition 3 ([20]). A continuous t-norm T on' Y = [0,1)2 is said to be continuous t-representable
if there is a continuous t-norm & and a continuous t-conorm 4 on [0,1] such that, for every
o= (,0m),mt=(m,m)eyY

(o, ) = (01K 711, 02 9772)
2. Main Results

2.1. Generalized Intuitionistic P-Pseudo Fuzzy 2-Normed Space

In this section, we introduce generalized intuitionistic P-pseudo fuzzy 2-normed space,
and then we investigate the stability of functional equations in this space.

Definition 4 ([8]). Let A be a linear space over the field F, y and v be a fuzzy 2-norm and anti fuzzy
2-norm, respectively, such that v(u,v, p) + u(u,v,p) <1, T is a continuous t—representable, and

Puv: AXAXR =Y
Py,v(”/ o, p) = (l’l(u/ 0, P)rv(”r 0, P))

is a function satisfying the following condition for all u,v,w € A, p,q € Rand x € F
(P1)  puuv(u,v,p) = (0,1) = Oy« forall p <O0.

(P2)  puy(u,v,p) = (1,0) = 1y« ifand only if u, v are linearly dependent for all p > 0.
(P3)  puuv(au,v,p) = puy (u, v, %) forall p > 0and o # 0.

(P4 puu(u,v,p) is invariant under any permutation of u,v.

(P5)  puy(u+w,0,p+q) >y T(ouv(1,0,p), puu(w,v,q)) forall p,q > 0.
(P6) oy (u,v,.) is continuous and

Fl}ii)rbp%v(u, v,p) =0y- and I}grgopyly(u, v,p) = ly-

Then py, is said to be an intuitionistic fuzzy 2-norm on a linear space A, and the 3-tuple (A, py,v, T)
is called to be an intuitionistic fuzzy 2-normed space (for short IF2NS).
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Example 3. Let (A, ||.,.||) be a 2-normed space,
T(r,s) = (r1s1, min(ry +s3,1))

be a continuous t-representable for all r = (r1,12),s = (s1,52) € Y* and y be a fuzzy 2-norm and
v be an anti fuzzy 2-norm. We put

u,v
py,u(u,v,p):( p [[u, ] )

p+mllu,of" p+mu, o

forall p € R" in which m > 1. Then (A, py,y, T) is an IF2NS.
Definition 5 ([8]). A sequence {uy} in (A, py,T) is said to be convergent to a point u € A, if
nlijrolopﬂ,V(”n —u,0,p) =1y (vEA)

forall p > 0.

Definition 6. In Definition (4), we replace condition (P5) with the following condition; in this
case, (A, Py, T) is called to be an intuitionistic pseudo fuzzy 2-normed space.

(P5") pyup (1 +w,0,K(p+9)) >v+ T(ouv(,0,p), 0p(w,0,9))
for constant K > 1.
Definition 7. The intuitionistic pseudo fuzzy 2-normed space (A, py,y, T) is called generalized

intuitionistic P-pseudo fuzzy 2-normed space, if for all u,v € A, p,q > 0and 0 < P < 1, the
following inequality holds.

Puy(u+w,0, /p+q) >y T(Pum(”r v, %)/Py,v(w/ v, %))

Example 4. Let (A, ||.,.||) be a 2-normed space with conditions of Example (3); we define

u,v
pyrmlv/p):( p [[u, o] >

p+mllu,of"p+mllu, o

then (A, py,v, T) is a generalized intuitionistic P-pseudo fuzzy 2-normed space.

It follows from (P2) and (P5’) that in a generalized intuitionistic P-pseudo fuzzy
2-normed space (A, py,y, T) forallg > p > 0and u,v € A, we have

P (14,0,q) = puu(u 40,0, 1/ pP + (g7 — p)) >+ )
{ou (1,0, p), 00 (0,9, 1/9° = pP)} = o (1,0, p).

Therefore, p;,,,(1,v,.) is a non-decreasing function on R* for all #,v € A. Next, we present
the following concepts of convergence and Cauchy sequences in a generalized intuitionistic
P-pseudo fuzzy 2-normed space (A, oy, T).

Definition 8. A sequence {uy} in A is said to be convergent if there exists u € A such that

lim oy, (up —u,v,p) =1y (v €A)

n—o0
forall p > 0. In this case, we write

Puy .
Uy —> U Or U= pyy — lim uy.
n—oo
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Definition 9. A sequence {uy} in A is called to be Cauchy sequence, if for each 0 < € < 1 and
p > 0 there exists ny € N, such that

O (Un — Um, v, p) 2y (1 —€,€) (n,m>ng) (veA)

If any Cauchy sequence is convergent, then generalized intuitionistic P-pseudo fuzzy 2-
normed space (A, p,,,v, T) is said to be complete and the complete generalized intuitionistic
P-pseudo fuzzy 2-normed space is said to be a Banach generalized intuitionistic P-pseudo
fuzzy 2-normed space.

2.2. Stability of m-Mapping in Generalized Intuitionistic P-Pseudo Fuzzy 2-Normed Space

In this section, using the fixed point theorem, we investigate the stability of m-mapping
in a generalized intuitionistic P-pseudo fuzzy 2-normed space. We suppose that0 < P <1
and Q = %, A is a real vector space, (O, Ouvs 7) and is a Banach generalized intuitionistic
P-pseudo fuzzy 2-normed space and (x,p;,,,T') is generalized intuitionistic P-pseudo
fuzzy 2-normed space. Furthermore, let f : A — © be a mapping. We define

Dyf(u,v) := f(ru+ov)+f(ru—o) frm_z[f(quv) + f(u—0)]

_ _ _7)\2
2P -1) [rm—zﬂuw(’” =2 p)| )

forall u,v € A, fixed integer number r # 0,£1and 0 < m < 5.

Theorem 2. Let ¢y, P : A X A — x be two functions such that for all u,v € Aand p > 0, the
following relations are satisfied,

010 (@ (11, 70), Yy (114, 10), p) >y 07, (@ (10, 0), Y (11, 0), £) @)
moreover,
nli_r;r.}o((pm(r”u, r"u), P (r"u, "), rzanp) =1, (5)
where o > 0 and a® < r™. Let & : A — © be a function so that
G(ru) = 3¢ (u), ©)

forallu € Aand, f : A — © be a mapping such that,

Ppv (D f (u,0), &), p+q) 2y T {00 (@m(u, 1), P (1, 1), p),
p;llv(gom(v,v),i,bm(v,v),q)}. ()

Then there exists a unique m-mapping F : A — © such as that satisfied in (1), and

o (F(0) = (1), 8(0), p) = Pl (@0, 10), 90, 0), (7F = a2)Q) ®)

Proof. Puttingv = 0 and p = gin (7), we have

Oy (2F (rit) = 20" F (), &(1),20) 2+ ' [0}, (Pun (1, ), ru (1, ), p) 1] ©)
= p;,v(gom (u,u), Y (u,u), p),

therefore,

o (f(ru) =" f(u),E(w), p) Zy+ 03, (P (1, 18), P (1, 11), p). (10)
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Now, we define the set S and the function d on it as follows

S:={¢: ¢g:A—0, g(0) =0}

d(g,h) = inf{(S eRT | puu(g(u) — h(u), &(u),6%) >y
p;,v(gom(u,u),q)m(u,u),p), YueAn,Vp> O}, (11)

where inf @ = +o0. The following shows that (S, d) is a complete generalized metric space.

(1) Ttis obvious that d has a symmetry property, ie., d(g,h) =d(h,g).
(2) Using Definition (11), we have

d(g,g) := inf {5 R | puu(g(u) — g(u), &(u),6%) >y

=1y

O (@ (14, 10), Y (4, 1), p), Yu € A, Vp > 0} (12)

The right side of the above definition is satisfied for every § € R*, then d(g,g) = 0.
(3) Letd(g, h) =0, using the definition of 4, the following inequality holds, for every
constant # and p > 0.

o (8(w) = h(u), E(u), p) Zy- p;t,V(q)m(”/”)/lpm(”/”)’ (S%)

As 6 — 0, by (P6), we have
P () —h(u),E(u), p) >y- 1= g(u) = h(u),

forallu € Aand p > 0.
(4) Triangular inequality: Let g, /,j € S such thatd(g,h) < 1 and d(j, h) < 1. Using (7),
we have

Py (§(u) = (), &), 12p) >v+ pyu(g(u) — h(u), &(u),8%) (13)
>y p;,v(qvm(u,u),ll)m(u/u)m)

and

o (1) — (1), (), 42p) >ye oy ((1) — j(u), E(u),69p) (14)
v 00y (@ (10, 1), P (11, 10), ).

Therefore, for all u € A and p > 0, we obtain

o (1) — j(u), E(w), (im + 12)°p) = pyv (g(u) — j(u (1 +12)p")
> T(pu,v(g(u)—j(u)fé(u), vV mpP), e (g(u) ), /2P ))
= s 5t0) = 00, £00), GTP), P 80 = i), ), Wzm)

> (), ), ),
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by (11), we have

d(g,j) <m+m=d(g,j) <d(gh)+d(h,j), (15)

that is, the property of triangular inequality holds, then d is a generalized metric on S.
Next, we show that (S, d) is a complete generalized metric space. For this, we prove that
every Cauchy sequence {g,} in S is convergent to g € S. Let u € A be fixed and € > 0,
€ € (0,1) and p > 0 be given, such that

B om0, 9,0, p) > 1=
Since {g,} is a Cauchy sequence in S for 69 < % there exists ng € N such that

d(gn, gm) < 3 Yn,m = no,

therefore, we have
pu (80000 = (1), £, ) 2 py 80000 — (1), £(0),6% )
2 (ol ) 0,0, p) > 1€ (19

Hence, the sequence {g,(u)} is a Cauchy sequence in ® since © is a Banach space, so
{gn(u)} is a convergent sequence. It means that there exists ¢ : A — © such that

lim g, (u) = g(u).

n—oo

It is enough to show that ¢ € S. Assume that a, B > 0 be given. There is ng € N such that
the following inequality holds for all n > ngand m > 0.

pu (£100) = 21100, 00,06% ) 2y (o) i), ).
Fix n > ng and p > 0, we have
oy (8n (1) = guym (1), &(u), (x + B)p)

— oy (80 (1) — g (1), E(w), {/ (@ + B)pP)

2y (5 0) = 0 0),E000,0%9), s (g (0) — (0,00, %)

2 o (00, 0,10, ),y (g 0) = 0), £00), %) |
By passing m — o0, 50

B (80 0) = 81,60, 0+ B)29) 2y Tl (o0, o0, )1

= O (@ (1, 1), P (1, 10), p). (17)

By (11), we can deduce that ¢ € S. Hence, (S, d) is a complete generalized metric space.
Next, we define the mapping Z : § — S by

Zg(u) == rimg(ru), Vge S uecA.
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Assume that g, 1 € S, such that d(g,h) < 6, where § € (0, 00) is an arbitrary constant. Then,
by (11) we obtain

o (8(u) = h(w),E(),89p) >ye 0}y, (@ (1), P (u,u),p), Yu €A, p>0.  (18)
Replacing ru by u in (18), we have
Oy (g(ru) — h(ru),&(ru), (5Qp) >ys p;w (@m(ru, ), (ru, ru), p). (19)
Therefore, using (P3) and Definition (6), we have

59
pu ) = o) 1660, S5 ) 2 ol ) o) ). 20

o

It means that
«
oo (Z8(0) = Zh(w), §(), 58P >y plu (g (ri, ra), (s, ), p)
2y Pl (@ (1), 9,0, B). 1)
o
Hence,
DCZ 0 ’
P\ 28(u) = Zh(u), &(u), Z565p | 2v+ Py (@ (1t 1), Y (11, 11), ). (22)
Therefore, by (11), we have
a2\ "
d(Z2g,2h) < <rm> d.
It means that Z is a strictly contractive self-mapping on S with the Lipschitz constant
P
L= (&) <1
Moreover, by (10), we obtain
1\P
15,20 < () -

It follows from (1) that the { 2" f} converges to a fixed point F of Z. Therefore,

F:A—©® (23)
. o1
F(u) := pyp — ,}gI;OZ”f(u) = lim rmnf(r”u),

forallu € A and p > 0. Furthermore,
F(ru) = +"F(u). (24)

Also, F is the unique fixed point of Z in the set S* = {g € S : d(f,g) < oo}. Hence, there
existsa § € R™ such that

pun 5000 = £(00,60,8% ) 2x- g (), ), 25)

forallu € A and p > 0. Furthermore,

1 1
d(f,F) < 7—74(f. 2f) < Sp—2p-
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It means that (8) holds. It is enough to show that F satisfies (1). Putting p = g, v := r"v and
u = r"u in (7), we obtain

O (D f (r"u, r'"0), E(r"u), 2p) >y

r’{p;,,mom(r"u,r"u>,¢m<r"u,r"u>,p>, 6)
0l (o (70, 770), (", r"v>,p>}.

According to (P3), we have

1
Py (mDmf(r”u, v),¢(u), p) >

T/{p;m, ((pm(r"u,r"u),l,bm(r"u,r"u), sz"p>’

p
O <(pm(r”v,r"v),tpm(rnv, "v), S )} (27)
By letting n — oo and using (5) and (23), we have
0w (DwF(1,0),8(1), p) >y- 1 T3 DyF(u,0) = 0, Yu,0 € A, p > 0.
Thus, F satisfies (3) and as a result, F is an m—mapping. O

Corollary 1. Let « be a real positive number with « > 1", such that the mappings @um, Pm:
A X A — x satisfy in the following inequality, for all u,v € Aand p > 0.

O (9 (52 ) 0 (5:5)2) 20 s (1,0), Yo, 0), acp). 28)

7 T
Furthermore, suppose that ¢ : A — © is a function that satisfies
1
() = ~&(u), 29)

forallu € A If f : A — © is a mapping satisfying f(0) = 0 and the inequality (7), then there
exists a unique m—mapping F : A — © satisfying (3) such that

o (f () = F(u), &(w), p) = ploy (@1t 10), (1), (" = 1"7)2) (30)
forallu € Aand p > 0.
Proof. Itis similar to the proof of the above theorem. [

Corollary 2. Let ¢,y be functions from A x A to x such that for all u,v € A and p > 0, the
following inequality is held.

0uu (@1, 0), (4, 0), p) 2y 04, (9(2u,20), P (2u,20),5p). (31)

Furthermore, assume that ¢ : A — © is a function satisfying

¢(u) = 5¢(2u), (32)
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forallu € A If f : A — © is a mapping satisfying f(0) = 0 and the inequality

oy (fx+y)+f2x —y) — f(x+y) — f(x —y) — 6f(x), &(u
>y T{ oy (9(u,u), ¥ (u,u),p), 04y (9(v,0),

), p+4)
¥(v,0),9)}.  (33)

Then there exists a unique quadratic mapping F : A — © such that

o (f (1) = F(u), &), p) = ploy (@ (,0), 9 (1,), (57 = 47)€) (34)
forallu € Aand p > 0.

Proof. Putting m = r = 2 and & = 5 in the above theorem, we can easily show the
stability of quadratic functional equations in generalized intuitionistic P-pseudo fuzzy
2-normed space. [

3. Conclusions

In this paper, we defined the generalized intuitionistic P-pseudo fuzzy 2-normed
space and investigated its features. Furthermore, we defined the convergent and Cauchy
sequences in this space; then, we investigated the stability of m-mapping in this space by
the fixed point method. By changing m and choosing the appropriate 7, « from Theorem
2.1, we can prove the stability of the additive, cubic and quartic functional equation.
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