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1. Introduction

Multivalued functions are a particular type of relations rather than a generalization
of single-valued functions. These functions assign more than one value to each input and
often exist while reversing many-to-one functions. These functions rise with several results
as extensions of single-valued functions over continuity, contraction mappings, fixed-point
theorems, optimization, differentiation, integration, and topological degree theory. The
following theorem is the first significant extension that has been done over Brouwer’s work
on fixed points.

Theorem 1 (Kakutani, 1941 [1]). If x - ®(x) is an upper semi-continuous point-to-set mapping
of an r-dimensional closed simplex S into R(S), then there exists an xq € S such that xg € ®(xp).

In 1953, Strother [2] worked on an open question concerning fixed points; he asserted
that a space with a fixed-point property for single-valued functions need not have the
fixed-point property for multivalued functions, and this assertion has added credit to the
multivalued functions. In the year 1969, Nadler extended the Banach Contraction Principle
via multivalued contraction mappings.

Theorem 2 (Nadler, 1969 [3]). Let (X,d) be a complete metric space and CB(X) be the family
of nonempty closed and bounded subsets of X. If F : X — CB(X) is a multivalued contraction
mapping, then F has a fixed point.

Since the establishment of such initiations over multivalued functions, many more
fixed-point theorems for multivalued mappings have been demonstrated in various spaces.
Beg et al. [4], Chaipunya et al. [5], Khan et al. [6], Mutlu et al. [7], Mustafa et al. [8],
Mehmood et al. [9] and Arshad and Shoaib [10] are a few authors whose works have
demonstrated, respectively, these developments in convex metric spaces, modular metric
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spaces, partial metric spaces, bipolar metric spaces, G-metric spaces, cone metric spaces
and fuzzy metric spaces. In the interim, Rodriguez-Lopez and Romaguera [11] introduced
the Hausdorff fuzzy metric for compact sets. By combining the ideas of fuzzy metrics
and Hausdorff topology, Shoaib et al. [12] produced a fixed-point result for a family of
multivalued mappings that are contractive on a sequence enclosed in a closed ball rather
than the entire space.

Since the class of intuitionistic fuzzy metric spaces is more diverse than the class of
fuzzy metric spaces, such a study is then applied to Hausdorff intuitionistic fuzzy metric
spaces [13]. In light of these developments, this work aims to obtain a common fixed-point
result for a family of multivalued mappings constructed over Hausdorff neutrosophic
metric spaces. Additionally, an example is provided to demonstrate the applicability of the
main result.

2. Preliminaries
Definition 1 ([14]). Let Y = [0,1]. A binary operation & defined fromY x Y to Y is called:
(i) a continuous t-norm (shortly, ctn) if

(n1) < is associative, commutative and continuous;
(n2) uGl=u, foralluey;
(n3) uO B <06 whenever u<vand <0 foreachu,B, 0,0 €Y.

(i) a continuous t-conorm [shortly, cten] if

(cnl1) < is associative, commutative, continuous;
(cn2u & O=uforallue;
(cn3)u & B <o O 8 whenever u< vand B <6 foreachu, B,v,6 €Y.

The neutrosophic set [15] is the basis for the space that served as the starting point for
the suggested task. Three different types of values are given to each element in this set,
measuring the degrees of membership, nonmembership, and indeterminacy. It is richer
than the classical set, fuzzy set, and intuitionistic fuzzy set due to this characteristic. There
are publications that define metrics over the neutrosophic sets, with [16-19] a few worth
mentioning. The one selected for this study is found at [18].

Definition 2 ([18]). A 6-tuple (U,,B,&, &, @) is said to be an Neutrosophic Metric Space
(shortly, NMS) if U is an arbitrary nonempty set, & is a ctn, & is a cten, and A,B, and € are
neutrosophic sets on U% x R* satisfying the following conditions for all {,v,8,w € U, A e R*:

1. 0<A(C,v,A) <L, 0<B(C,v,A) <1, 0<¢(,v,A)<T;
2. AL v,A)+B(C,v,A)+€(C,v,A)<3;

3. A, v,A)=1ifandonly if T =v;

4. AL, v,A) =4, ,A);

5 ACv,A)OUW,6,u) <A, 0,A+u), forall A, u>0;
6. 2A(Z,v,-):[0,00) — [0,1] is neutrosophic continuous;

7. /\ll_)n;lo A(Z,v,A) =1forall A >0;

8. B(C,v,A)=0ifandonly if { = v;

9. %(é,l/,)\) = Ql(l/,g,)\);

10. B(C,v,A) © B(v,0,u) 2B(L,0,A+u) forall A,y > 0;
11. B(g,v,-):[0,00) — [0, 1] is neutrosophic continuous;
12. /\ll)n;> B(g,v,A)=0forall A >0;

13. €(g,v,A)=0ifandonlyif { =v;

14. &, v,A) =C€(v,{,A);

15. €L, v,A) © €(v,6,1) > €(,0,A+p) forall A, u>0;
16. €(g,v,-):[0,00) — [0,1] is neutrosophic continuous;
17. Alirn €(Z,v,A)=0forall A >0.
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Then, (2,8, €) is called a Neutrosophic Metric on U. The functions 2, B, and € denote,
respectively, the degrees of closedness, neturalness, and non-closedness, between (,v, and § with
respect to A.

The last condition of the aforementioned definition is omitted here since the domain
of Ais R™.

Example 1 ([18]). Let (U,d) be a metric space. Define w &t = min{w, 7} and w & T =
max{w, T} forall w,T € [0,1], and let Ay, By, &4 : U2 x R* - [0, 1] be defined by

A B ) =Y ey V)

A(¢,v,A) = A+d(0) A+d(Z,v) A

forall {,v,e Uand A > 0. Then, (U,A,B, €, O, ¢) is an NMS.

Remark 1 ([18]). In an NMS (U,2A,B,¢, O, @), A(L,v,-) : [0,00) — [0,1] is nondecreasing,
B(C,v,-): [0,00) > [0,1] is nonincreasing, and €(g,v,-) : [0,00) — [0,1] is decreasing for all
Z,vel.

Definition 3. Lef (U, 2,3, ¢, O, <) be an NMS.

(a) A sequence {{,} converges to a point { € U if for all A > 0, Ah_)ngo A(Ln, C,A) =1, A11_)r£1o%
(Cn,C,A) =0and Ahﬁn:o €(Cn,C,A) = 0. In this case, { is called the limit of the sequence (y,
and we write 7111520 ln=C0rl, = (.

(b)  Asequence {C,}in (U,A,B,C, O, &) is said to be a Cauchy sequence zf)}g& A(Cn, CnepsA) =
1, )\11_1)1010 B(Cn,Cnrp,A) = 0and /\lin:o €(Cn,Cn+p,A) =0 forall A > 0and p > 0.

(c)  The space U is said to be complete if and only if every Cauchy sequence in U is convergent. It
is called compact if every sequence has a convergent subsequence.

Definition 4. Let (U,A,B,¢, O, @) bean NMS. Let 0 <e <1, A > 0. An open ball B({,€,))
with center { € U and radius € is defined as

B(Z,€,A) = {1/ eU:A(L,v,A)>1-€, B(L,v,A) <€, €, v,A) < e}.

Definition 5. Let B be a nonempty subset of an NMS (U, A,B,¢, O, ). For w e Uand A >0,
we define that

A(w, B,A) =sup {A(w,T,A): Te B},

B(w,B,A) =inf{B(w,T,A): TeB},

¢(w,B,A) = inf{@(w,r,)\) iTE B}.

Definition 6. Let (U,2,B,¢, O, ) be an NMS. Let C(U) be the collection of all nonempty
compact subsets of U. Let A,B € C(U) and A > 0. Define Hy, Hys, and He : C(U) x C(U) x
(0,00) = R* by:

Hy(A,B,A) = min{c;l}r;g%l(w, B,A), inf2A(4, T,/\)},

Hg (A, B,A) = max { sup B(w, B,A), sup %(A,T,A)},

weA TeB
H¢(A,B,A) = max { sup €(w,B,A), sup€(A,T, /\)}
weA TeB

The 5-tuple (Hy, Hys, He, ©, ©) is called a Hausdorff NMS (shortly, HNMS).

Proposition 1. Let (U,A,B,, O, &) be an NMS. Then 2,8 and € are continuous functions on
U xUx(0,00).
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Proof. Consider a sequence ({y, v, Ayn) in U x U x (0, 00). For the sake of simplicity, let us
denote it by {S,; }. Suppose the sequence {S, } converges to S = ({,v,A), where {,v € U and
A>0.

Then, the sequences A(S,), B(S,) and €(S,) lie in (0,1]. As [0,1] is compact, each
of these sequences has converging subsequences, say, (S5, ), B(Sy, ), and €(S,, ), to some
points in [0,1].

Choose ¢ > 0 such that ¢ < % Then there is an ng € N such that [A - A,,| < ¢ for all
n, > ng. Hence,

A(Sy,) > m(gn,,g, g) SAS-26) & m(v,um, g)

B(Sy,) < %(gn,,g, g) & B(S-26) & %(V,vn,, g)

)

E) ©€(S-25) @(v,vn,, é),

¢(Sn,) < c(én,,a, :

for all n, > ng. We also have that

A(L, v, A +26) > AT, Cn, g) SA(SH) om(vnr,v, g)
BT, v, A+20) <B(L,n, g) ©B(S) @%(un,,v, g)
(L, v, A +28) < €L, T g) ©C(Sn) @ Qi(vnr,v, g)

for all n, > ny.
Letting 11, — oo in the above inequalities, we obtain that

lim A(S,,)21OAS-26) 01 =A(S -20)

ny—o0
lim B(S,,) <00 B(S-20) 0= B(S-29),
1im_€(Sn,) <06 €(S-26) &0 = €(S -24);

A(L,v,A+26) >1 On}i_r)rlo A(Sy, ) O 1= n}l_l;llo A(Sy,,),
B(L,v,A+28) <0 <>nlri_r)r;o B(Sp,) 0= n}l_)rr})o B(Sn,),
E(L,v,A+26)<0® n}l_l)rlo €(Sy,) 0= n}l_r)rlo €(Sy,)-
Since the functions A — A(S),A —» B(S) and A » €(S), we can deduce that
lim 2A(S,) = 2(S),
lim B(S,,) = B(S),
nl,Lnlo (S, ) = €(S).

Therefore, 2,8 and € are continuous on U x U x (0,00). 0

3. The Main Result

Results that were essential to proving the main result are initially presented in
this section.

Lemma 1. Let (U,2U,B,¢, O, &) be an NMS. Then for w e U, B e C(U) and A > 0, there is a
Ty € B such that
A(w, B, A) =Ad(w, 1, A),
B(w,B,A) =B(w,19,A),
¢(w,B,A) =€(w, 19, A).
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Proof. By the continuity of the functions v - (w,v,A), v > B(w,v,A), v - €(w,v,A) and
by the compactness of B, we can find a 1) € B such that

sup A(w, T,A) = Aw, 10,A),
TeB

inlg%(w, T,A) =B (w, 1, M),
TE

inf €(w,T,A) =€(w, 19, A).
T€B

Then, it is easy to conclude that

A(w, B, A) =A(w, 0, A),
B(w,B,A) =B(w,19,A),
¢(w,B,A) =€(w, 19, A).

O

Lemma 2. Let (U,%,B,¢, &, ®) be an NMS. Let (C(U), Hy, Hy, He, &, ®) be an HNMS.
Then for all A,B € C(U), for each w € A and for all A > 0 there exists T, € B such that

Hy(A,B,A) <U(w, Tw, M),
Hy(A,B,A) 2 B(w, Tw,A),
He(A,B,A) > €(w, Tw, A).

Proof. First,
A(w, B,A) > inf A(w, B,A) > min{ inf A(w, B,A), infA(4,T,1)},
weA weA TEeB

B(w,B,A) <supB(w,B,A) < max { sup B(w, B,A), sup %(A,T,A)},

weA weA TEB
¢(w,B,A) <sup €(w, B,A) <max { sup&(w,B,A), sup€(A, T,/\)}.
weA weA TeB

Using Lemma 1, one writes

A(w, T, A) > Ho(A, B, A),
B(w, Tw,A) < Hx(A,B,A),
C(w, Tw,A) < He(A,B,A).

To start with the main results, let us take some notes:
(U,2,%B,¢,0,¢) is an NMS, Q) is an index set, and { € U.

Let {5“,,(}%0 be a family of multivalued mappings from U to C(U).
For some w € (), we can then find {7 € .%,({y) such that for all A >0,

A(Co, Fw(C0), A) =A(o,C1,A),
B(Co, Fw(Co),A) =B(Co,C1,M),
Qt(g()/ <g/:a)(éo)//\) = Qt(é(]/ gl//\)'

Choose {3 € #+({1) such that
Ql(gll yr(gl)r)\) = 2['(éll gZ//\)/
B(C1, Fx(C1),A) = B(01,02,7),
(01, F7(G1),A) = €81, 02, A).
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Continuing the process, we get a sequence {{,} in U such that {;,;1 € #5({x), and for
allA >0,

Q[(gnrgzﬁ(gn)l/\) = Q[(gn/ §n+1r/\)/
B(Cn, Fp(Cn)sA) = B(Cn, Cna1, L)
€(Cn, Fp(Cn),A) = €(Cn, Cua1, A)-

For the sake of clarity, let us denote the sequence {,} by {(2I,B, QZ)(L%((CH)}MQ.

We make the below-mentioned assumptions, which stand for the results proposed here:

i) (U,2A,3B,¢,0,6)isacomplete NMS;
(ii) The ctn & and the cten @ are defined, respectively, by

wOw2worwdT=min{w,T};

woOwworwdT=max{w,T};

(111 C(U),HQ[,H%,HQ,O,Q) is an HNMS;

) (
(iv) {Fu }ae q 1s a family of multivalued mappings from U to C(U).

Theorem 3. Let {(,*B, e:)(%(gn)}aeg be a sequence generated by { as above. Suppose that
Z,v e B(Lo,e,A)N {(Ql,‘B,Q:) Fu(ln) e Q} with{ #v,0< pij<x<l, CoeUandi,je Q)
withi# j.
If, forall A > 0,
Ho (Zi(0), Fj(v),pijA) 2 A, v, A),
Hy (7i(0), Zi(v),pijA) < B(,v, M), D
He(7i(8), Zi(v),pijA) <€, v,A),

and, for some A >0,
A(C1,G2,(1-x)A) 2 1-¢,
B(01,02,(1-1)A) <€, (2)
€(C1,02,(1-x)A) <€,

then
(1) {58, e:)(%(gn)}aeﬂ is a sequence in B({o,€,A);
2) {(A,B, o:)(%(gn)}“en converges to some 6 in B({p,€,M);

(3) If (1) and (2) hold for 6, then the family of multivalued mappings {5@}%0 in B(Lo,€,A) has
a common fixed point.

Proof. If {y = {, then { is a common fixed point of .%, for all w € Q).
Let (o # (1. Then, by Lemma 2, we have

Q[(CLgZ/A) 2 Hﬁ(yw(g())/f?‘r(gl)r/\)r
B(01,02,A) < Hp(Fw(Qo), Fx(01), ),
€(81,82,A) < He(Fw(G0), F(C1), ).

Then, it follows from induction that

Q[(gn, gn-%—lr/\) 2 Hﬂ(%(gn—l)rgtx(gn)//\)/
%(gnlgnﬂﬂ\) <Hgy (yi(gn—l)/ya(gn)r)\)/ (3)
Q:((-n/ €n+1rA) < H@(yi(gn—l)/ ytx(gn)/)\)'

Let us first show that {,, € B({g,€,A).
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From (2), we get

m(é@/ Cl//\) = Ql(Co, ﬁw(g())/)\) > Q‘(@O/ (-1/ (1 - K))\) >1- €,
B(Co,C1,MA) = B(Co, Fw(C0),A) < B(Go, 01, (1-x)A) <€,
€(Co,C1,A) = €(Go, Fw (o), A) < €(Lo, 61, (1-K)A) <e.

This shows that 1 € B({g,€,A).
Let (2,03, (j € B(Zo,€,A). From (1), we have

A(Lj, Cjs1,A) 2 Hu(Fp(j-1), Fp(L),A) 2 Q‘(C]‘—LC]» p;\)
0

A A
> H Fu((in), F, AN RN
) Ql(a‘; (€j2), 7p(Gja) Pﬁ/P) 2 A(Gj-2, G Pum Pﬁ,P)
> Q[(gj—Z/gj—L%) > > Q’[(go,gl,%)

Zm(g()/gl/%)' (4)
B(Cj, Gj+1,A) < Hp(Fp(Cj-1), Fp(Gj),A) < %(therP;\)
0

< Hgy (32;4(@_2),?5(@]‘—1)/ p;\) < B(Gj2 61 pﬂ/\W)
0 PR

<

(@j—zréj—l, %) <o %(go,gl,%)

< (€O/§lri)' ©)

K/

€(gj, Cjs1,A) < He(Fp(Gj-1), Fo(Gj),A) < Qt(éj-b@j/ P;\)
0

A A
<Hel Zu(8i-2), Zp(Ci1), — | < €(Cj-2, {jo1, —————
€( T S D g

<e(gagi 55) << €0t )

< c(go,gl,%). 6)
Now,
A(Zo,vjer, A) 2 (20, jur, (1-171)A)
> (20,41, (1= K)A) 0 A(81, 82, (1= 1)K A) & - 0 A(Z, Zjr, (1=K A)

> 2(%o, 61, (1-)A) 0 A(Zo, 61, (1-1)A) &+ 0 A(Z0, 21, (1 - 1))
>(1-e)o(1-e)oO(1-€)
>1-¢,
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B ({0, v,+1,A><%( 0, G, (1-#"1)1)
<B(Co, 01, (1-0)A) © B(21, 82, (1-1)x 1) & = & B(j,Gjun, (1-1)x A)

<%B(0, 01, (1-0)A) & B(Z0, 1, (1-1)A) & - & B(Zo, {1, (1-1)A)

SELEL - O €
<€,

(o, vjr1,A) € ¢(€0,§j+1, (1- Kj”)?\)
< C(éo,él,(l—K))t) & Qf(Cl,@z/(l—K)K )\) O] Q(C]’,Cj+1,(1—K)Kj /\)

<€(g0,01, (1-0A) & €(20,01,(1-10A) & - & (Lo, &1, (1-1)A)
SEQLED - O €
<E.

Hence, we have that §j+1 € B(Lo,€,A).
Now, for all n e Nand A > 0, the inequalities (4), (5), and (6) can be written as

A, Gt ) 2 800,81, 25 ),
B G, ) <B(80, 01, ) @)
&G Cunt N < €(80. 01, %)

For each n,m e N,; m > n, we have

UG, G A) > A( G, Gon, (1-1"7)A)
> (0, et (1= 0)2) O (T, Luszs (1- 1) A)

SO Ql(gm_l, T, (1-x)xm )L)
(€0r gl/ (1 K)A) O QI(CO/ gl/ (1 ;,ﬁ)lK A)

<>"'<>91(€o,€1,

xm-=1

(éo 0,4 K)A)om(g 1, “KK) )<> om(go,gl “K"V‘)

(CO ¢, (- K)A)

As Alim A(L,v,A) =1forall ,v e U, we have 2[(@0,51, (l;f)
Hence, 2(Zy,{m,A) =1 asn — oo.

(1- K)Km‘”‘1 )\)

A):lasn—><>o.
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B(Zn, T A) < B(Tn, s (1-"7)2)
&

<B( Gt (1-%)A) © B(Gnar, Guva, (1-1)x )

& o %(gm_l,ém,(l—")"m_n_l /\)

(Colél, (1= K)A) & %(é 51/(17()1KA)
(1- 1c);c"1 "= 1/\)

& - (CO/CL T

(éOrC-l/ (- K)A) & %(Colélf (1- K)A) & - (COICL (1- K)A)

(1- K)A)

(50,61,
A (1-Kx)A
s lim %B({,v,A) =0 forall {,v ¢ U, we have sB(go,gl, . ) 0asn - oco.
Hence %(gn,gm,A) 0 as n — oo. Further,

(L, Ty A) < e:(gn,gm, (1- Km-")/\)
<€(n Gt (1-0)A) © €(s1, Gnaz, (1-1)x )
& o O Qﬁ(gm,l,gm,(l—x)xm_”_l )\)

(Ml, (1- K)/\) . e(go,a, U}-{W)

& O ¢(C0,§1,

(1-x)xm"-1 A)

xm-1

(€0r€11 (1 K)A) & Q:(C(J/gl/ (1 K)A) - O Q:(gO/Cl/ (1 K) )

(1- K))L)

(CO/ Cl/

As hm ¢(¢,v,A) =0forall {,v e U, we have Q(ZO,Q, a- K)A) 0asn — oo.

e
Hence, €(Cn,§m,A) Oasn — oo.
That is, {(Q[, B,C) %(gn)} is a Cauchy sequence in B({p, €, A).
As every closed ball in a complete NMS is complete, B({p, €, A) is complete. Therefore
there exists a point ¢ in B({p, €, A) such that )}LI’I;[O Cn=C.

We can now choose some &g € () such that
(0, Fuy(0),A) 2A(6,Cn, (1 =x)A) O A(Ln, Fuy (), K A).
By Lemma 2, we have

A0, F4y(0),A) 22A(8,Cn, (1-1)A) & Hy(Fe(Cn-1), Fuy(6),xA)

>A(6,Cn, (1-6)A) & %(gn_l,(s, p"A)

€,0

> A0, Cn, (1 -x)A) OA(Ly-1,0,A).
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Letting n — oo, we have (9, #,(6),A) 2101 =1.

B(6, Fay(0),A) <B(8,0n, (1-%)A) & Hog(Fe(Tn-1), Fuo(6),xA)

<, 0n, (1-1)A) & %(gn_l,z;, p")‘ )

€,40

< sB(5/ C:n, (1 - K)A) & %(gnfl/ 5/A)
Letting 11 - oo, we have B(J, %, (5),A) <0 & 0=0.

(9, Fuy(0),A) <€(0,0n, (1-x)A) & He(Fe(ln-1), Fuy(0),xA)

< C((slgi’l/ (1_K))\) & €(gn—llél pKA)

€,K0

< C(éf gn/ (1 - K))\) & Q:(gn—llé/A)'

Letting n — oo, we have €(4, .%,,(6),A) <0 ® 0=0.

These deductions imply that 6 € .7, (6).

Hence, § € n{ﬁao(é)}aoeo.

This completes the proof. O

Let us bring here another notation for a sequence as before:

Let .# be a multivalued mapping from U to C(U). Then, for all A > 0, there exists
{1 € #(Lp) such that

(Lo, F(C0),A) =2A(Co,C1,A),
B(Co, 7 (C0),A) = B(o,01,7),
€(Go, F(C0),A) = €(Go,C1,A)-

Let {5 € #({1), such that

A(G1, F(41),A) =A4(01, 02, A),
B(C1, 7 (C1),A) =B(01,02,7),
(01,7 (01),A) = €(C1, 82, 7).

Thus, we can construct a sequence {{, } of points in U such that ,;;1 € #({,), and

Q[(gn,ﬁ(gn),/\) = Q[(grz/ €n+1//\)/
B(Cn, F(Cn),A) = B(Cn, Cna1, A),
&(Cn, F(Gn), A) = €(Cn, Cnr1, A)-

for all A > 0. We denote this sequence by {(2, B, €)(.F({x)}.

Corollary 1. Let {(2,B,&)(F (gn)} be a sequence generated by (o, as above. Assume that
0<x<1,gpel, gveB(loeA)n{U.F(Cn)} with+v.

If, forall A > 0,
Hﬂ(y(g)/y(v)ﬂc)\) 2 Ql(g, V//\)/
Hy (9(@),9(1}),1{)\) < %(C/V//\)/ 8
H@(ﬁ(g),j(v), KA) < Q:(érvr)\)/
and if for some A > 0,

(G0, Z (o), (1-x)A) > 1~¢,
B(Co, #(Co), (1-x)A) <€, ©)
(o, Z(00), (1-x)A) <€,
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then
i) {(A,B, @)(ﬁ(gn)} is a sequence in B({o,€,A);

(i) {(A,B,C)(F(Cn) } converges to 6 for some § € B({p,€,A);
(ii1) If (8) and (9) hold for 6, then .F has a fixed point in B({o, €, ).

Corollary 2. Let {(2,B,€)(.F ({n)} be a sequence generated by (o, as in the previous corollary.
Assume that for some 0 <x <1, o e U, {,v e B(fo,€,A) with{ #v. If forall A >0,

U(F (D), F (v),kA) 2 (L, v, A),
B(F(0),F (v),kA) <B(L,v,A),
(7 (8), F(v),kA) < €L, v, A),

and if for some A > 0,

(G0, 7 (o), (1-x)A) > 1~¢,
B(Co, 7 (Co), (1-x)A) <€
(o, Z(00), (1-x)A) <€,

then F has a fixed point in B({o, €, A).

Example 2. Let U = [0,2] and d be a Euclidean metric on U. Define that w <& T = min{w, T} and
w & T=max{w, T} forall w,T €[0,1]. A, B, and € are defined by

A
A+d(,v)’
da(g,v)
A+d(Z,v)
A= d(@)cv),

AL, v,A) =
B(L,v,A) =

(g, v,

forall {,veUand A >0. Then, (U,A,B, ¢, O, o) is an NMS. Consider the multivalued mapping
Fn:U—->CU),n=w,l,2,-- defined by

&) #end)
7o {[Bnéﬂmé], ifgel3,2],

where n =1,2,---. Consider { = % and € % then, B(Zo,€,A) = [0, ] Now,

Ao, FulGo)N) =8, Ful3),2) =2(3, 5,4),

2736
AT, 71(00), M) = m(%%(i),A) = 1o )

A2, F2(82),A) =2 gs (108) A= (138'645178')\)'
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1
Thus, we obtain a sequence {F,({n)} = {5 35—6 ' 108’ 648" }, which is generated by . For

C:%,v=g,K=p1,w=%ﬂnd)\=1/wehﬂW

BN = e O, 0

Te._%(s
=0.238,
8 9 1 5
We also have that Q[(g, g,/\) = m = g =0.833.
It is clear that g 9 1 8 9

Forall {,v € B({o,€,A) n{%x(Cn)}, we have

Ho (Fn(0), Fuw(V),kA) :min{ 1nf( A(t, Fu(v),kA), mf( )Q[( w(0),0, K/\)}
v5u|l .  C
Tel/nf(é) ( I|:4118:|, Z/\)’ae;}f(v) Ql([‘ll’l 371] 9 /\)}

501 1
:mm{%(fn 1; 4)\),91(51,2,4/\)}
i
4

= min

1 1
A /\}

IS RS R
Ho(F(0), F(W) ) = — 30 5 A oz
Q[ 7 7 _i)t+|§_%|_)\+|g—l/|_ rYr .
We have
Hy(%0(0), Z0w(v),kA) =maxy{ sup B(1, F,(v),kA), sup EB(ﬂ’n(C),B,KA)}
teFu(0) 0eF (V)
i} voll ¢ ¢
=max{ sup ‘B(T,[4,18],4)\),a ;i}zu)%([‘ln i ]8 4)\)}

7z 5v1 7 v1
%<3nf1;f4A>f%<sz4A>}

{
{
{

Hy (F(2), 7 (v),kA) =



Axioms 2022, 11, 724 13 of 14

That is,
HQ‘(yn(g)/ ﬁw(v),x)\) = maXx Sup Q(Tr yw(v)/K/\)r Sup Q(gn(g)r a/ K)\)
e 74 (2) 3T (V)
vou|l . C 1
=max{ sup € T,[,],)\ , sup € [, ],B,A
{Tefn(g) ( 418 [ 4 )aefw(v) ( dn'3n| "4 )
_ 6wl fvl
_max{et(gn’18’4A)’¢(4n'4'4/\)
5 - 581 1~ 4l
_max{ 3111 18 , n1 4 },
it it
ar a _ |% B %| ‘g—l/| _
HC(J (g),/(V),K)\) = 1)\ < A - Q:(g,]/,)\).
4

Hence, the contractive conditions hold over B((gy,€,A) N {Fx(Ln)}-

For A =1,

1 53 27 1
m(éO/gl/(l_K)/\)_m(ilgli)_@>§ 1_5/

1 53 1 5 3 27 13 1
% 7 /1_ /\ :%71717 :1_% ~rAasr )= - = = P S
(G081, (1-004) =B(3, 3. 3) G3d " H w2

1 53 1 40 13 1
(G0, (- N =€(5, 2,2 e — -2 120l
(éo gl( K) ) (2 36 4) 6(%,%,%) 27 27< €

Hence, all the conditions of Theorem 3 are satisfied. Therefore, {%,({n)} is a sequence in
B(Co,€,A) and {Fx(Ln)} = 0€ B(Lo,€,A). Moreover, { %, :a=0,1,2,---} has a common fixed
point 0.

4. Conclusions

A common fixed-point theorem for multivalued mappings in the closed ball B({o, €, A)
was developed and demonstrated in this manuscript. Over a complete HNMS, this task
is completed. It guarantees that multivalued mappings have fixed points. In order to
make the primary results effective, this paper additionally presents a specific example. The
outcome presented here could be improved upon to match with generalized NMS.

Author Contributions: Conceptualization, M.].; methodology, formal analysis, investigation, M.].,
H.A. and M.D.L.S; funding acquisition, M.D.L.S.; writing—original draft preparation, M.J.; writ-
ing—review and editing, M.J., H.A. and M.D.L.S. All authors have read and agreed to the published
version of the manuscript.

Funding: This work is supported by the Basque Government under grant IT1555-22.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: The data used to support the findings of this study are available from
the corresponding author upon request.

Acknowledgments: The authors thank the Basque Government, grant IT1555-22. They also appre-
ciate the reviewers’ time, considerations, and suggestions, all of which improved the quality of
this work.

Conflicts of Interest: The authors declare that they have no conflict of interest.



Axioms 2022, 11, 724 14 of 14

References

1. Kakutani, S. A generalization of Brouwer’s fixed point theorem. Duke Math. ]. 1941, 8, 457-459. [CrossRef]

2. Strother, W.L. On an open question concerning fixed points. Proc. Am. Math. Soc. 1953, 4, 988-993. [CrossRef]

3. Nadler, S.B., Jr. Multi-valued contraction mappings. Pac. J. Math. 1969, 30, 475-488. [CrossRef]

4 Beg, I.; Abbas, M. Fixed point theorems for weakly inward multivalued maps on a convex metric space. Demonstr. Math. 2006, 39,
149-160. [CrossRef]

5. Chaipunya, P.; Mongkolkeha, C.; Sintunavarat, W.; Kumam, P. Fixed-point theorems for multivalued mappings in modular metric
spaces. Abstract Appl. Anal. 2012, 2012, 503504.

6. Khan, A.R.; Abbas, M.; Nazir, T.; Ionescu, C. Fixed points of multivalued contractive mappings in partial metric spaces. Abstract
Appl. Anal. 2014, 2014, 230708. [CrossRef]

7. Mutly, A; Ozkan, K.; Giirdal, U. Fixed point theorems for multivalued mappings on bipolar metric spaces. Fixed Point Theory
2020, 21, 271-280. [CrossRef]

8.  Mustafa, Z.; Arshad, M.; Khan, S.U.; Ahmad, J.; Jaradat, M.M.M. Common fixed points for multivalued mappings in G-metric
spaces with applications. J. Nonlinear Sci. Appl 2017, 10, 2550-2564. [CrossRef]

9.  Mehmood, N.; Azam, A.; Kocinac, L.D. Multivalued fixed point results in cone metric spaces. Topol. Appl. 2015, 179, 156-170.
[CrossRef]

10. Arshad, M.; Shoaib, A. Fixed points of multivalued mappings in fuzzy metric spaces. In Proceedings of the World Congress on
Engineering, London, UK, 4-6 July 2012.

11.  Rodriguez-Lopez, J.; Romaguera, S. The Haussdorff fuzzy metric on compact sets. Fuzzy Sets Syst. 2004, 147, 273-283. [CrossRef]

12.  Shoaib, A.; Azam, A.; Shahzad, A. Common fixed point results for the family of multivalued mappings satisfying contractions on
a sequence in Hausdorff fuzzy metric spaces. |. Comput. Anal. Appl. 2018, 24, 692—-699.

13.  Azam, A.; Kanwal, S. Common fixed point results for multivalued mappings in Hausdorff intuitionistic fuzzy metric spaces.
Commun. Math. Appl. 2018, 9, 63-75.

14. Schweizer, B.; Sklar, A. Statistical metric spaces. Pac. |. Math. 1960, 10, 313-334. [CrossRef]

15. Smarandache, F. Neutrosophic set, a generalisation of the intuitionistic fuzzy sets. Int. |. Pure Appl. Math. 2005, 24, 287-297.

16. Jeyaraman, M.; Jeyanthi, V.; Mangayarkkarasi, A.N.; Smarandache, F. Some New Structures in Neutrosophic Metric Spaces.
Neutrosophic Sets Syst. 2021, 42, 49-64.

17. Jeyaraman, M.; Sowndrarajan, S. Common Fixed Point Results in Neutrosophic Metric Spaces. Neutrosophic Sets Syst. 2021, 42,
208-220.

18. Sowndrarajan, S.; Jeyaraman, M.; Smarandache, F. Fixed point Results for contraction Theorems in Neutrosophic Metric Spaces.
Neutrosophic Sets Syst. 2020, 36, 308-318.

19. Suganthi, M.; Jeyaraman, M. A Generalized Neutrosophic Metric Space and Coupled Coincidence point Results. Neutrosophic Sets

Syst. 2021, 42, 253-269.


http://doi.org/10.1215/S0012-7094-41-00838-4
http://dx.doi.org/10.1090/S0002-9939-1953-0060226-7
http://dx.doi.org/10.2140/pjm.1969.30.475
http://dx.doi.org/10.1515/dema-2006-0119
http://dx.doi.org/10.1155/2014/230708
http://dx.doi.org/10.24193/fpt-ro.2020.1.19
http://dx.doi.org/10.22436/jnsa.010.05.23
http://dx.doi.org/10.1016/j.topol.2014.07.011
http://dx.doi.org/10.1016/j.fss.2003.09.007
http://dx.doi.org/10.2140/pjm.1960.10.313

	Introduction
	Preliminaries
	The Main Result
	Conclusions
	References

