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A B S T R A C T   

Controlling underactuated open-loop unstable systems is challenging. In this study, first, both nonlinear and 
linear models of a dual-axis reaction wheel pendulum (DA-RWP) are extracted by employing Lagrangian equa-
tions which are based on energy methods. Then to control the system and stabilize the pendulum’s angle in the 
upright position, fuzzy logic based controllers for both x − y directions are developed. To show the efficiency of 
the designed intelligent controller, comparisons are made with its classical optimal control counterparts. In our 
simulations, as proof of the reliability and robustness of the fuzzy controller, two scenarios including noise- 
disturbance-free and noisy-disturbed situations are considered. The comparisons made between the classical 
and fuzzy-based controllers reveal the superiority of the proposed fuzzy logic controller, in terms of time 
response. The simulation results of our experiments in terms of both mathematical modeling and control can be 
deployed as a baseline for robotics and aerospace studies as developing walking humanoid robots and satellite 
attitude systems, respectively.   

1. Introduction 

Control systems on variants of inverted pendulum models have 
drawn the attention of many researchers because of their applicability in 
spacecrafts, marine vessels and robotics [18,20,26,48]. Among the 
different types of the inverted pendulum models, the so called ”reaction 
wheel” pendulums, which inherit nonlinear and unstable structure, are 
good examples as benchmarks for examining their behavior in terms of 
applying different linear and nonlinear control methods [40]. 

There are numerous approaches to designing a control rule capable 
of stabilizing the reaction wheel pendulum utilizing all sensory feedback 
information. Due to its single-input single-output nature, a basic 
proportional-integral-derivative (PID) controller is clearly insufficient 
for this purpose. In this regard, for a successful control all state variables 
required to be stabilized at the same time [34]. Due to the nonlinear 

structure of the plant, a properly designed control mechanism is inevi-
table. There are advanced strategies built specifically for nonlinear 
systems. Fuzzy control [47], has recently emerged as an alternative 
approach to classical control methods for handling complicated pro-
cesses which incorporates the benefits of the expert knowledge into the 
classical control algorithms. The primary advantages of fuzzy controllers 
can be highlighted as their applicability to nonlinear systems with 
complicated mathematical models as well as their flexibility to be pro-
grammed to exploit heuristic principles based on experts’ experiences. 

As the application areas for reaction wheel systems, some research 
has concentrated on using them to stabilize walking humanoid robots by 
providing efficiency in their biped walking [9,10,45], in addition to 
using them as modeling tools. Such devices have been proposed as 
balancing aids for people [24]. They are less confined by joint re-
strictions than upper-body link motion, and as a result, they represent 
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the upper flexibility limit with angular-momentum based inertial actu-
ation. By using reaction wheel, underwater vehicles can be controlled 
without propellants in roll, pitch and yaw [1,23]. This can result in a 
significant reduction in propellant requirements for the vehicle. As with 
underwater applications, reaction wheels can also be used in spacecraft 
and satellites to stabilize satellites in earth orbit [37]. With this system, 
it is possible to achieve efficient satellite stabilization. 

Many works have focused on modeling and control of reaction 
wheels due to their nonlinear yet simple structure [14,28–30,33]. 
Among the control approaches [17], used fuzzy logic controllers, sliding 
mode control is applied on the works done by Refs. [19,21] and full state 
feedback as well as PID controllers have been performed in Refs. [7,32, 
41]. For an enhanced stabilizing action in one axis [43], proposed using 
two reaction wheels instead of the usual one reaction wheel and 
controlled the system by using a nonlinear Proportional Integral (PI) and 
sliding mode control. As a different idea [8], hire an adaptive control 
algorithm to tackle the problem of stabilization of the reaction wheel 
pendulum on the upright position when mounted on a moving platform. 
All the mentioned studies have been focused on the single-axis reaction 
wheel pendulum. In the current paper, our concentration will be on the 
model derivation and control of DA-RWP. Similar to ours, there are 
other studies based on DA-RWPs, as an instance [44], developed a 
physical system and conducted experimental evaluations in real-life 
where pole placement technique was applied as the stabilizing 
controller. In another study done by Ref. [5], a learning based control 
algorithm was developed using deep neural networks where a perfor-
mance comparison was made with a nonlinear model predictive 
controller. 

With the advent of fuzzy logic theory, the capacity to handle un-
predictable problems is improved. Fuzzy reasoning’s fundamental 
properties such as being less model dependent, robust, and easily 
adaptable to modeling language rules, as well as being simple to 
incorporate expert information into the control law enables it to handle 
a variety of uncertainties and noises involved [16]. Thanks to these 
properties, researches have applied fuzzy logic to different control 
problems incorporating stabilization of the Inverted Pendulum [2,13], 
controlling n-link robot manipulators [35], autonomous vehicle control 
[4], navigation of unmanned aerial vehicles and GPS systems [15,31, 
42], control of hydraulic servo systems [22] power distribution and 
photovoltaic systems [12,39], state feedback of fractional ordered sys-
tems [38], and ship engine vibration control [36]. 

Recently [25], used s fuzzy controller for the attitude control of a 
reaction wheel system. However, the structure of the fuzzy control dif-
fers in the number of inputs for the fuzzy control in which they have only 
used error to obtain the control signal. Another difference is that, their 
mathematical structure is simplified, whereas we have used a nonlinear 
model of the reaction wheel system, making the control problem a 
challenging one. Finally, they did not compare their results with optimal 
control methods, while our proposed fuzzy controller was compared 
with classical methods as PID, LQR and state feedback. 

In the current study first, we contribute to the derivation of the 
nonlinear equations of motion of a DA-RWP system with the aid of the 
Euler − Lagrange method accompanied by the mechanical design of the 
system, then in order to better recognize system’s linear behavior, the 
equations of motion are transformed into a state-space model. To sta-
bilize the system, some well-known modern control strategies like PID 
state-feedback, and linear quadratic regulator (LQR) are designed. As 
another contribution, a fuzzy PID controller is designed to control the 
angle deviations of the DA-RWP in which fuzzy controller’s scaling gains 
are learned using GA. One of the main advantages of our fuzzy controller 
is its simple structure which can be theoretically explored and verified. 
Unlike [11,17] where a single axis reaction wheel is used, in the current 
work a different and simple structure for the fuzzy controller design is 
developed where our design can reduce the complexity of the controller. 
Simulations of the motion equations are done in the Matlab’s Simulink 
environment in two scenarios. First, system is being simulated and 

controlled under an ideal noise-free and disturbance-free environment. 
Then, to increase the validity of the methods in real-time, noise and a 
pulse disturbance is injected to the system dynamics. The simulations 
reveal that the designed fuzzy based controller outperforms the classical 
ones in terms of the stabilization performance of the system. One of the 
main advantages and contributions of the current comparative study 
based on the results, is to provide a tutorial-based comparison between 
the available commonly used classical control algorithms with an 
intelligent fuzzy based method for the engineering students. 

According to the provided discussions, the contributions of the cur-
rent paper can be summarized as following:  

● A fuzzy logic-based control is proposed to control a nonlinear model 
of a dual-axis reaction wheel system across both x and y axes.  

● The proposed fuzzy controller is robust in terms of noise and external 
disturbance applied to the system.  

● The performance of the proposed fuzzy controller has been analyzed 
and compared with the existing results of its optimal classical 
counterparts i.e. PID, LQR and state feedback, which exhibited su-
periority over them.  

● The simulation results of our experiments can be used as a baseline 
for designing satellite systems [6] based on reaction wheel in terms 
of both mathematical modeling and intelligent control.  

● A mechanical CAD design of the system is developed for our future 
work to establish a physical prototyping purposes. 

The reminder of the paper is arranged as follow: After having a brief 
literature review in 1, the paper proceeds with the mechanical design 
and derivation of the dynamical equations of the system in 2.3 briefly 
discusses the classical control methodologies as well as a fuzzy type 
control algorithm applied to the system. The related simulation results 
for the control performance of the system will be given in 4. Paper will 
be concluded by final observations and future directions regarding the 
current work in 5. 

2. Nonlinear model extraction and 3D design of dual-axis 
reaction wheel pendulum 

To analyze the behavior of the dual-axis reaction wheel pendulum in 
the simulation environment, deriving accurate mathematical formula-
tions is inevitable. Furthermore, for future studies related to the con-
struction of the physical model of the system under investigation, a 
mechanical design based on computer aided programs taking into ac-
count all the details of the design procedure, can be perceived. 

2.1. Equations of motion 

The mathematical model of the system is important for under-
standing the dynamic characteristics of the wheel and pendulum. 
Modeling was simplified and assumed that the pendulum rotates on a 
single axis. Since the second reaction wheel is perpendicular to the 
rotation axis, it does not affect the system and that is why a reduced 
model can be assumed. The computer aided design (CAD) of the system 
along with a free body diagram representation of the system which has 
been sketched by using SolidWorks is given in Fig. 1. 

Dynamics of the system are obtained by assuming the parameters 
specified below:  

• O1: pendulum’s mass-center 
•O2: wheel’s mass-center 
•mp: pendulum’s mass 
•mw: wheel’s mass 
•L1: length from O1 to the coordinate’s origin (O) 
•L2: length from O2 to the coordinate’s origin (O) 
•θ: pendulum’s angle from y − axis 
•φ: wheel’s angle from y − axis 
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•τ: motor torque applied on wheel 
•Ip: pendulum’s rotational inertia about O1 
•Iw: wheel’s rotational inertia about O2 

The Lagrangian mechanics can be used to find the motion equations of 
the system based on some known general coordinates qi. This method 
makes use of the energy change of an object moving in a state space with 
a general representation given in Eq. (1) 

d
dt

(
∂ℒ
∂q̇i

)

−
∂ℒ
∂qi

= 0, (1) 

Here ℒ identified as Lagrangian, is calculated as the difference be-
tween the total kinetic and potential energies of a system: 

ℒ = KE − PE, (2) 

where KE and PE stand for system’s total kinetic and potential en-
ergies, respectively. The pendulum’s kinetic energy KEp and wheel’s KEw 
can be defined as: 

KEp =
1
2
(
mpL2

1 + Ip
)
θ̇

2
, (3)  

KEw =
1
2

mwL2
2θ̇

2
+

1
2
, Iw(θ̇ + φ̇)2

, (4) 

The total potential energy for the DA-RWP is obtained as: 

PE =
(
mpL1 + mwL2

)
gcos θ, (5) 

According to the given kinetic and potential energies, now 
Lagrangian can be formulated as: 

ℒ =
1
2
(
mpL2

1 + mwL2
2 + Ip + Iw

)
θ̇

2
+

Iwθ̇φ̇ +
1
2

Iwφ̇2 −
(
mpL1 + mwL2

)
gcos θ,

(6) 

For the ease of calculations in Eq. (6), let us assume the following 
parameters: 

m0 = mpL2
1 + mwL2

2 + Ip + Iw, (7a)  

m̃ = mpL1 + mwL2, (7b) 

The obtained Lagrangian function in Eq. (6) is substituted in Eq. (1) 
and the resulting differential equations are calculated in terms of θ and φ 
as: 

m0θ̈ + Iwφ̈ − m̃gsin θ = 0, (8)  

Iwθ̈ + Iwφ̈ = τ, (9) 

Luckily, the only nonlinear component in the resulting differential 
equations is sin θ and by assuming that θ ≈ 0 it can be simplified as sin θ 
≈ θ and the linearized dynamical equations can be obtained without the 
need for Jacobian linearization method. 

m0θ̈ + Iwφ̈ − m̃gθ = 0, (10)  

Iwθ̈ + Iwφ̈ = τ, (11) 

By the help of Cramer’s rule, θ̈ and φ̈ are left alone and the equations 
of motion are obtained as below: 

θ̈ =
Iwm̃gθ

m0Iw − I2
w
−

Iwτ
m0Iw − I2

w
, (12)  

φ̈ =
− Iwm̃gθ

m0Iw − I2
w
+

m0τ
m0Iw − I2

w
, (13)  

2.2. Mechanical CAD design 

The 3D design of the system shown in Fig. 1 has been done using the 
Solidworks software. The perceived design consists of a pendulum, two 
motors, two reactional wheels to generate the required momentum, two 
motor shaft hubs for connecting the wheels to the motor, a mounting 
bracket to connect motors to the pendulum’s stick, and an inertial 
measurement unit sensor (IMU) fixed on the pendulum’s top part to get 
accurate sensory data. The wheel part consists of two different parts to 
change the weight of the wheel and to try different scenarios in the 
system. The wheels have a radius of 42.5 mm and its depth increases by 
3 mm in each added part, so the weight of the system increases by 15 gr. 
The material of the pendulum’s stick is thought to be built from 
aluminum with a length of 30 cm in a cylindrical shape having a radius 
of 5 mm. The fixing part can be stuck to the desired point on the stick to 
adjust system’s mass-center. The total weight of the system is 540 gr. 
The numerical quantities for the mechanical design of the system are 
provided in Table 1. This configuration will be considered as a base 

Fig. 1. CAD design of the dual-axis reaction wheel pendulum.  

Table 1 
Numerical values of the designed system.  

Parameter Value Unit 

mp 0.04 kg 
mw 0.25 kg 
L1 0.15 m 
L2 0.267 m 
Ip 3 × 10− 4 kg.m2 

Iw 9.03 × 10− 5 kg.m2 

G 9.81 m/s2 

Km 5.5 × 10− 3 (N.m)/
̅̅̅̅
w

√

τmax 0.4 kg.cm  
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study for our future work in the prototyping of the physical system. 

3. Classical and intelligent control 

3.1. PID control design 

A common control algorithm employed in most of the industrial 
applications, is the PID controller. The working principle of the PID is to 
decline the error e(t) between the given reference input to the system 
and its measured output by regulating the control signal u(t) where the 
control signal is given as: 

u(t) = kpe(t) + ki

∫

e(t)dt + kdė(t), (14) 

The control signal can be adjusted using tunable gains defined in Eq. 
(14) as proportional kp, integral ki and derivative kd gains. For the DA- 
RWP, the given reference trajectory is the upright position. 

3.2. Mechanism of the state-feedback controller 

A strategy employed in control theory to set system’s closed-loop 
poles at predetermined positions, is known as full state-feedback. To 
apply state-feedback the so called state-space representation is used. 
With the state-space method, an n − th order differential equation is 
transformed into n first order ones, making it easier to represent it in a 
matrix form. The general form of a state-space model of a dynamical 
system is defined as: 

ẋ = Ax + Bu, (15) 

where for a single input system xn×1 is the state vector, An×n is a 
matrix, Bn×1 is a vector, and u is the input to the system. For the DA- 
RWP, we define the state variables as 

x = [θ θ̇ φ̇]𝒯 ,

The state-space model is then created by using equations (12) and 
(13) considering state variables. For this, the equations of motion should 
be transferred into the form given in equation (15) as a matrix repre-
sentation. Using the state vector, its derivative can be obtained as: 

ẋ1 = θ̇ = x2, (16a)  

ẋ2 = θ̈ =
Iwm̃gθ

m0Iw − I2
w
−

Iwτ
m0Iw − I2

w
, (16b)  

ẋ3 = φ̈ =
− Iwm̃gθ

m0Iw − I2
w
+

m0τ
m0Iw − I2

w
, (16c) 

Now rearranging equation (16) in the matrix form and taking torque 
τ as the multiplication of the motor torque constant and the control 
signal (τ = Kmu), will result in the following representation: 

⎡

⎣
ẋ1
ẋ2
ẋ3

⎤

⎦ =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 1 0
Iwm̃g

m0Iw − I2
w

0 0

− Iwm̃g
m0Iw − I2

w
0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡

⎣
x1
x2
x3

⎤

⎦+

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

−
IwKm

m0Iw − I2
w

m0Km

m0Iw − I2
w

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

u, (17) 

Consequently, in the body of the state space model A and B matrices 
are defined as: 

A =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 1 0
Iwm̃g

m0Iw − I2
w

0 0

− Iwm̃g
m0Iw − I2

w
0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (18)  

B =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

−
IwKm

m0Iw − I2
w

m0Km

m0Iw − I2
w

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (19) 

The applicability of a state-feedback control is possible if the system 
is controllable (full rank), so first this condition should be satisfied. For 
our case, the controllability matrix is constructed as 

𝒞 = [B AB A2B], (20) 

Calculating the rank of the matrix in (20) reveals that it is a full rank 
of 3 matrix.The control signal for the state-feedback is calculated as: 

u = − kx, (21) 

Here k1×n is the feedback gain. We can determine the stabilizing gain 
vector either by pole placement (putting the closed loop poles in desired 
pole locations) or the Ackermann’s formula given in Eq. (22). 

k = [0 0 1]𝒞− 1ψ(A), (22) 

where the feedback closed-loop has its desired characteristic equa-
tion as ψ(.). By substituting equation (21) in 15 system’s new sate-space 
description can be rewritten as: 

ẋ = (A − Bk)x, (23) 

where the eigenvalues of this closed loop state feedback should be 
equal to the desired closed loop pole locations. By simply using coeffi-
cient matching between two equations, the state feedback control gain 
can be found. Four our case, we have adopted the pole-placement 
method. 

3.3. LQR control design 

The Linear Quadratic Regulator (LQR) is a control method which 
provides a set of optimal feedback gains for the system by minimizing a 
given cost function [3]: 

J =

∫ ∞

0
(xT Qx+ uT Ru) dt, (24) 

where weight matrices Q ≥ 0 and R > 0 inject information related to 
the importance and effect of each state and control signal in J. By using 
LQR the need for choosing specific set of desired closed loop poles are 
eliminated. The optimal control gains for the state-feedback control 
defined in equation (21) can be obtained as: 

k = R− 1BT P, (25) 

where the solution of the algebraic Riccati equation is equal to P: 

0 = AT P + PA + Q − PBR− 1BT P, (26)  

3.4. Fuzzy PID controller design 

A fuzzy logic controller (FLC), can typically contain a set of expert 
knowledge in terms of logical rules in which the control effort can be 
obtained based on a fuzzy decision making process [27]. Generally, 
these rules can be represented in the form of ”If-Then” rules as given in 
Eq. (27). 

If 𝒳1 is 𝒜1… and 𝒳 n is 𝒜n, Then ℴ is ℬ, (27) 

where 𝒳 j is the input, 𝒜j is the fuzzy set and ℴ is the output for the 
corresponding output fuzzy set ℬ. The form of the fuzzy controller that is 
used in this work, is analogous to the conventional PID controller with 
the difference that for the fuzzy-based PID control, a PD is hired in the 
input of the FLC and an integrator in the output. In Fig. 2 a schematic 
representation of the typical fuzzy-based PID type control is shown, 
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where g0, g1, α, and β compose the tuning gains for the input-output 
relations of the FLC. 

The inputs to the FLC are taken as the error and change of the error 
for the pendulum’s angle θ. For each input and output variables 5 
triangular equidistant membership functions (MF) are used. The refer-
ence input and actual output in Fig. 2 are r = 0 and θ, respectively. 
Therefore, the angle’s error and its derivative (error change with time) 
are: 

e = − θ and ė = − θ̇, (28)  

In order to embed the expert knowledge in controlling the angle of the 
two-axis reaction wheel pendulum considering equation (28), some 
linguistic variables are defined as Z, PS, PL, NS and NL. To digest the 
working principle of the designed FLC mechanism let us describe some 
possible scenarios: 

• When the error is Z (zero), angle is very close to the upright 
position. 
• When the error is PS (positive small), the angle is a bit to the left of 
the upright position. 
• When the error is NL (negative large), the angle is far away from 
the upright position towards the right. 
• When the change in error is NS (negative small), the angle is slowly 
moving away from the vertical position in a clockwise direction. 

By considering these linguistic explanations a rule-base can be 

constructed for the control of the two-axis reaction wheel pendulum by 
combining various situations for both the error and its derivative. For 
our problem, this rule-base combination have been summarized in 2. 

In order to calculate a crisp control output the center of gravity 
method is used. This method returns a precise crisp value depending on 
the fuzzy set’s center of gravity [46].: 

u =
Σjcj

∫
μj

Σj
∫

μj
, (29) 

where j = 1, 2, …, M represents the total number of rules, cj is the 
center of the output membership functions and μj is the truth value for 
each rule. The truth value for each rule considering inputs as error and 
error derivative is obtained as: 

μ = μ𝒜1
(e) × μ𝒜2

(ė), (30)  

4. Simulated scenarios 

In the following section, DA-RWP’s behavior will be investigated 
under the control algorithms mentioned in 3 based on simulation studies 
in Matlab for two cases as. 

• noise-free and disturbance-free 
• affected by noise and disturbance 

For both conditions, pendulum’s angle in x − y axis will be 

Fig. 2. Schematic of formation of a PID-type FLC.  

Fig. 3. Stabilizing the pendulum angle in the x − y direction for both the nonlinear and linear system using PID.  
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controlled. 
In the first simulation demonstrated in Fig. 3, for angle to be kept in 

an upright position both the non-linear and linear models of the system 
are used by applying a PID controller. The angle has been controlled in 
both x and y directions where its initial condition set to start from 
opposite directions. In the first scenario, PID controller has been applied 
to a noise-free and disturbance free case and according to the simula-
tions, the angle reaches zero around 1.6 (sec). In the second scenario, a 
band limited noise as well as a pulse disturbance, which is applied on 1st 

and 4th seconds, affect the system and as depicted in the figure, PID 
becomes successful in stabilizing the pendulum angle in both directions. 
Another fact is that, in a noise-disturbance free environment, angle 
performance for both the linear and non-linear systems can track each 
other, however when the system is being subjected to noise and pulse 
disturbances the angle performances for linear and non-linear models 
are not exactly identical. Regardless of the successes of the PID 
controller in keeping the pendulum’s angle vertically, if the angular 
velocity of the wheel itself is being analyzed, it will be observed from 
Fig. 4 that the wheel is turning with a constant angular velocity resulting 
in drawing more power from the system moving the motor speed to-
wards its maximum value.The corresponding PID control parameters for 
these simulations are given as 3. 

In the second simulation, angle of the pendulum in x − y direction is 
stabilized using a state-feedback control over the DA-RWP’s linear 
model, where the corresponding stabilizing gain vector given in 31, has 
been designed by pole-placement method assuming that the resulting 
closed-loop pole locations are: s1,2 = − 5.2850 ± 5.5440i, and s3 =

− 26.425 − 27.72i. 

k = [ − 7.1428 − 1.4935 − 0.0037 ], (31) 

As it can be observed from Fig. 5 that the designed state feedback 
controller can successfully stabilize the pendulum’s angle in the upright 
position for both the noise-disturbance-free and affected by noise- 
disturbance scenarios. when it comes to the performance of wheel’s 
angular velocity, unlike the PID controller, state feedback control han-
dles it well and stabilizes it at zero for a noise-disturbance-free case and 
around zero when affected by noise-disturbance as can be seen from 

Fig. 6. 
Another optimal control method that is used for simulating the 

performance of the pendulum’s angle for both the linear and non-linear 
system is the LQR method. The gain parameters for this method are 
obtained by using the LQR function in MATLAB where matrices ob-
tained in equations (18) and (19) are used. Moreover, weight matrices in 
equation (24) are chosen as Q = diag([1 1 1]) and R = 1. The resulting 
gain vector is calculated as: 

k = [ − 2587.8134 − 423.4889 − 1 ], (32) 

Similar to our previous simulations, pendulum’s angle for both linear 
and non-linear systems is initialized from opposite directions. As can be 
seen from Fig. 7, the pendulum’s angle reaches equilibrium position for 
both linear and non-linear systems using the designed LQR controller for 
both the created scenarios. 

In Fig. 8 the behavior of the wheel’s velocity is illustrated where for 
the noise and disturbance free cases the LQR performs well, whereas, 
injecting noise and disturbance to the system makes the velocity control 
a challenging problem by encountering undesirable overshoots/un-
dershoots in the response. 

Finally, in contrast to classical control methodologies, to improve the 
performance of the stabilization problem of the reaction wheel 
pendulum system, simulation results of PID type FLCs are provided. A 
Matlab Simulink structure for the FLCs has been given in Fig. 10. The 
stabilization of the non-linear model of the reaction wheel’s angle can be 
seen in Fig. 9a where for the noise and disturbance free case, it manages 
to completely remove the overshoots in the angle response, as opposed 
to that of its classical counterparts shown in the previous results. On the 
other hand, when encountering with the noisy states accompanied by 
disturbance, its performance is superior to that of PID and LQR con-
trollers. When compared with the state-feedback control’s performance 
shown in Fig. 5, their trend is similar. However, it should be noted that 
the state feedback controller is applied on a linear model of the system 
whereas for the FLC, the non-linear system is considered. Shown in 
Fig. 9b, the related simulations for the wheel’s angular speed are given 
under the designed PID-type FLC. 

For the error and error derivative variables of the angle which are 

Fig. 4. Wheel’s angular velocity under PID controller.  
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assumed to be the inputs of the FLC, 5 membership functions (MF) have 
been used as shown in Fig. 12a, where the outer left and right ones are Z 
and S-shaped MFs, respectively. And the remaining MFs are triangular 

ones. For the output MFs, 5 equidistant triangular MFs have been used as 
depicted in Fig. 12b. The scaling gains of the FLC (g0, g1, α and β) are 
obtained using the genetic algorithm toolbox of the Matlab where the 

Fig. 5. Stabilizing the pendulum’s angle in x − y direction using a state-feedback control for the linear system.  

Fig. 6. Behavior of the wheel’s angular velocity under the designed state-feedback control for the linear model.  
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Fig. 7. Pendulum’ angle under the designed LQR controller for both linear and non-linear system.  

Fig. 8. Wheel’s angular velocity under an LQR control.  
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cost function tor be optimized is given as the Integral Time Square Error 
(ITSE) function: 

ℐ𝒯 𝒮ℰ =

∫ T

0
γe2(γ)dγ, (33) 

For the x − y axes these gains are summarized in Table 4. 
By applying the rule-base outlined in Table 2 to the FLC, the resulting 

nonlinear control surface is obtained and shown in Fig. 11 (see Table 3). 
The ultimate purpose of tuning is to create the nonlinear structure 

that the fuzzy controller implements. All of the key fuzzy controller 
parameters affect this nonlinear surface. Consider Fig. 11 which is 
plotted versus error and derivative of the error as its corresponding inputs. 

The surface provides a compact representation of the information, 
though it is constrained by the fact that visualizing the surface in case 
there are more than two inputs is hard. The surface slope can be changed 
by modifying the values of g0 and g1. Increasing the values of g0 and g1 
corresponds to the rise in the proportional and derivative gains of the 
used PID controller, respectively. Moreover, changes in the α and β 

Fig. 9. Response of the designed PID-type FLC for (a) pendulum’s angle, and (b) wheel’s angular speed.  

Fig. 10. Closed loop structure of the FLC for the dual axis reaction wheel pendulum.  

Table 2 
Expert fuzzy rules for controlling the DA-RWP.  

Change in error 

Error NL NS Z PS PL 

NL PL PL PL PS Z 
NS PL PL PS Z NS 
Z PL PS Z NS NL 
PS PS Z NS NL NL 
PL Z NS NL NL NL  

Table 3 
Stabilizing gains for the PID controller.  

PID gains Values 

kp 2669.032 
ki 8020.288 
kd 218.107  

Table 4 
Scaling gains of the designed FLC learned using GA.  

Scaling gains x − axis y − axis 

g0 14 10 
g1 9 5.5 
α 200 100 
β 8 15  
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values can rescale the vertical axis of the control surface, sometimes 
increasing them in a way that results in the saturation of the generated 
control signal, as needed to limit the control effort. It should be noted 
that the so-called Mamdani-based fuzzy inference mechanism is used to 
design the decision making part of the FLC. 

5. Conclusions and future observations 

In this study, first mathematical and mechanical designs for a dual- 
axis reaction wheel pendulum are obtained and then some classical 
and intelligent control methods are applied to stabilize the pendulum’s 
angle in an upright position. For the classical control algorithms, PID, 
state-feedback, and LQR controllers are used. On the other side, as an 
intelligent method, a fuzzy logic controller has been designed for this 
purpose. To compare the dynamical response of the pendulum’s angle 
and also wheel’s angular speed, corresponding simulations have been 
performed. Simulations are done in two scenarios where in the first 
concept an ideal noise-and disturbance-free environment is considered 
whereas in the second case the mathematical model of the system has 
been affected by external disturbances and noise. When comparing the 

obtained results, it is observed that the designed intelligent fuzzy logic 
controller outperforms its classical counterparts in terms of the stabili-
zation performance and is more robust when encountered with unex-
pected noise and disturbances, which is considered to be the main 
contribution of the paper. The results of our experiments can then be 
used as baseline for the robotics and aerospace engineering domains, 
specifically in controlling the walking humanoid robots and satellite 
attitude control systems, in terms of mathematical modeling and control 
design methods. 

As a future concern, authors will concentrate on building a physical 
system based on the mechanical designs of the current study and 
accordingly validating the simulations on the experimental setup. 
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