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Abstract

In this paper, we shall assume that the ambient manifold is a pseudo-Riemannian space
form N"*!(c) of dimension m + 1and index 7 (m > 2 and 1 < t < m). We shall study hyper-
surfaces M} which are polyharmonic of order r (briefly, r-harmonic), where r > 3 and
either ¥ =t or#' =t~ 1. Let A denote the shape operator of M. Under the assumptions
that M;’f is CMC and TrAZ is a constant, we shall obtain the general condition which deter-
mines that M} is r-harmonic. As a first application, we shall deduce the existence of sev-
eral new families of proper r-harmonic hypersurfaces with diagonalizable shape operator,
and we shall also obtain some results in the direction that our examples are the only possi-
ble ones provided that certain assumptions on the principal curvatures hold. Next, we focus
on the study of isoparametric hypersurfaces whose shape operator is non-diagonalizable
and also in this context we shall prove the existence of some new examples of proper r-har-
monic hypersurfaces (r > 3). Finally, we shall obtain the complete classification of proper
r-harmonic isoparametric pseudo-Riemannian surfaces into a three-dimensional Lorentz
space form.
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1 Introduction

We recall that, in the Riemannian case, harmonic maps are the critical points of the energy
functional

a@=%/nwwaa (w1)
M

where @ : M — N is a smooth map between two Riemannian manifolds (M™,g) and
(N™, h). In particular, ¢ is harmonic if and only if it is a solution of the Euler-Lagrange
system of equations associated with (1.1), i.e.,

—d*dep =TrVde =0. (1.2)

The left member of (1.2) is a vector field along the map @ or, equivalently, a section of the
pullback bundle @~ !TN: it is called tension field and denoted 7(¢). In addition, we recall
that, if @ is an isometric immersion, then @ is a harmonic map if and only if the immersion
@ defines a minimal submanifold of N (see [12, 13] for background).

Next, in order to define the notion of an r-harmonic map, we consider the following
family of functionals which represent a version of order r of the classical energy (1.1). If
r=2s,s>1

Er(9) =% / (@d)... D) g, @ d) ... (d"d) @)V
M . ~ J . ~ v

s times stimes (1.3)

=% / (37 2(@), B 2(g), dV.
M

In the case that r = 2s + 1:

Ezm((p)=%/M<d£d*d)...(d*dz(p, ddd)...d"d)g), 4V

g a"'g

s times stimes ( 1 4)

m
-1 / S(veR e, VIR e(@)), av.
M S i i

Here, A = d*d represents the Laplacian on the pullback bundle ¢~'TN. Then a map
@ . (M",g) — (N", h)is r-harmonic if, for all variations ¢,,

d
TE(@)| =0.

t=0

In the case that r = 2, the functional (1.3) is called bienergy and its critical points are
the so-called biharmonic maps. A very ample literature on biharmonic maps is available
and we refer to [9, 16, 31, 32] for an introduction to this topic. More generally, the r-energy
functionals E,(@) defined in (1.3), (1.4) have been intensively studied (see [4-6, 20-22,
26-28, 37, 38], for instance).

We say that an r-harmonic map is proper if it is not harmonic (similarly, an r-har-
monic submanifold, i.e., an r-harmonic isometric immersion, is proper if it is not mini-
mal). We point out that, as observed by Maeta in his series of papers [20-22], in general
r-harmonic does not imply r/-harmonic for ¥ > r unless the target manifold is flat.
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In our recent work [26], we proved some general results for r-harmonic hypersur-
faces into space forms and deduced that the value of the integer r plays a crucial role
to generate geometric phenomena which differ substantially from the classical situation
corresponding to the biharmonic and triharmonic cases. For instance, if £ > 3, there
exists no isoparametric hypersurface of §”*! of degree # which is proper biharmonic
or triharmonic. By contrast, when r > 5, there are several examples of such hypersur-
faces which are proper r-harmonic (see [26]). From the point of view of the differential
geometry of submanifolds, the difficulties which one encounters in studying the equa-
tions which define a general r-harmonic submanifold are huge. Therefore, a reasonable
starting point is to focus on the case that the ambient is a space form N"*!(c) (here and
below, ¢ denotes the sectional curvature) and study CMC hypersurfaces with constant
squared norm ||A||? of the shape operator. In this order of ideas, in the Riemannian case
we obtained the following general result:

Theorem 1.1 [26] Let M™ be a non-minimal CMC hypersurface in a Riemannian space
form N™'(c) and assume that ||A||* is constant. Then M™ is proper r-harmonic (r > 3) if
and only if

IAII* = me A = (r = 2)m* ca® = 0,

where the constant a denotes the mean curvature of M™.

Remark 1.2 In the biharmonic case, a similar result is available under a less restrictive
hypothesis. Indeed,

Theorem 1.3 (See [7, 8, 16]) Let M™ be a non-minimal CMC hypersurface in N™1(c).
Then M™ is proper biharmonic if and only if |A||*> = cm. In particular, if ¢ <0, then no
such M™ can exist.

The first goal of this paper is to establish a version of Theorem 1.1 when the ambient
is a pseudo-Riemannian space form. Indeed, we shall prove:

Theorem 3.5 Assume that m > 2 and 1 <t < m. Let M} be a non-minimal CMC pseudo-
Riemannian hypersurface in a pseudo-Riemannian space form N[’"“(c) and assume that
Tr A2 is constant. Then M} is proper biharmonic if and only if

eTrA> —mc=0. (1.5)
Ifr > 3, then My} is proper r-harmonic if and only if either
TrA? =0 (1.6)
or
e(TrA?)’ —me (TrA?) = (r = 2P ca® =0, (1.7)

where a denotes the mean curvature of M;} and € = (n,n). Here n is the unit normal of the
hypersurface.

We note that, if {e;}]Z denotes a local orthonormal frame field as defined in Sect. 2, we
have:
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m m

TrA? = ) e(AAle) e)) = Y, £(Ae)), Aley). (1.8)

i=1 i=1

where in the last equality of (1.8) we used the fact that the shape operator A is self-adjoint.

To the purpose of a first quick comparison between Theorems 1.1 and 3.5, we observe
that, if the induced metric on the hypersurface is Riemannian, then TrA? = ||A||%. The
quantity TrA? already appeared in [35] in the context of the study of proper biharmonic
surfaces in a pseudo-Riemannian three-dimensional space. We also point out that in [11,
191, with a slight abuse of notation, the right-hand side of (1.8) is denoted by ||A||? instead
of TrA.

In general, A is not diagonalizable. Indeed, since (, ) is not positive definite, it is well-
known that complex eigenvalues may appear or, in some cases, A may not even be diago-
nalizable over C (see [15]). We shall study these situations in detail in Sect. 3. In order to
have a better understanding of the results presented in Sect. 3, it is important to observe
that, differently from the Riemannian case, in the pseudo-Riemannian context it may hap-
pen that Tr A? < 0 and, in particular, Tr A> = 0 does not imply that A = 0, a fact which will
lead us to show that the family of proper r-harmonic hypersurfaces (r > 3) of Theorem 3.5
with TrA? < 0is not empty (see Theorem 3.18).

Next, we shall describe several new examples and some geometric applications. In order
to state in detail our results, it is convenient to introduce first some basic notions concern-
ing pseudo-Riemannian manifolds and geometry. Therefore, our paper is organized as
follows.

In Sect. 2, we shall review some basic aspects of the theory of pseudo-Riemannian
space forms and pseudo-Riemannian geometry. Moreover, we shall describe how to gener-
alize the notion of r-harmonicity in this context.

In Sect. 3, we shall state our main results and their geometric applications.

Finally, in Sect. 4, we shall provide all the proofs.

For the sake of completeness, we mention in this introduction that another possible,
interesting definition of an r-order version of the energy functional, which was proposed by
Eells—Sampson and Eells-Lemaire (see [12, 14]), is

EN(p) = %/ l(d+d*) el dv. (1.9)
M

As for a detailed discussion and comparison between definitions (1.3), (1.4) and (1.9),
we refer to [6]. We believe that most of the techniques used in [6] could also be applied in
the pseudo-Riemannian context, but we shall not pursue this option in this paper.

2 Pseudo-Riemannian geometry, pseudo-Riemannian space forms
and r-harmonicity

A basic reference for pseudo-Riemannian geometry is the classical book of O’Neill (see
[30]), but for the specific topics treated in this section we also refer to [1, 3, 11, 19, 35, 39].

Let (M}, g) be a pseudo-Riemannian manifold of dimension m with a non-degenerate
metric of index t (0 <t < m). In order to clarify the notion of index ¢, let us first recall
that non-degeneracy means that the only vector X € T,M satisfying g,(X,Y) =0 for all
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YeT,Mis X=0, for any p € M. A local orthonormal frame field of (M, g) is a set of

local vector fields {¢;}!” | such that g(e;, ¢;) = €;6;, withe; = ...e, ==L gy, =...¢, = L
Next, let us fix terminology and notations concerning pseudo-Riemannian space

forms. The m-dimensional pseudo-Euclidean space with index ¢ is denoted by

R = (R™,{,)), where

(y)=- Z Xy + ny,~

i=t+1

The m-dimensional pseudo-Riemannian sphere denoted by S7"(c) is defined as follows:
1
§i'(c) = {x S [R;”“ Dy = ;} (c>0). 2.1

S"(c), with the induced metric from R”*!, is a complete pseudo-Riemannian manifold
with index 7 and constant positive sectional curvature c.

The m-dimensional pseudo-Riemannian hyperbolic space denoted by H/"(c) is defined
as follows:

t+1

H" (c) = {x € R™! : (x,x) = %} (€ <0). 2.2)

I]-I];”(c), with the induced metric from IR{:T]], is a complete pseudo-Riemannian manifold
with index ¢ and constant negative sectional curvature c.

A pseudo-Riemannian space form refers to one of the three spaces R}, S7'(c), HY"(¢).
We shall write S)" and H" for S$7'(1) and H}"(=1), respectively. Sometimes, to provide a
unified treatment, we also use N'(c) to denote a pseudo-Riemannian space form of sec-
tional curvature c.

The flat (¢ = 0) pseudo-Riemannian space R is called Minkowski space, while S}"(c)
and H"(c) are known as de Sitter space and anti-de Sitter space, respectively. When the
index is t = 1, these spaces are also referred to as Lorentz space forms. We also point
out that §"(c) is diffeomorphic to R" x $™~, while H"(c) is diffeomorphic to $' x R™~".
In particular, S7'_, (¢) and H{'(c) are not simply connected.

Finally, we point out that in this paper we restrict our study to connected manifolds.
Therefore, even if in some definitions formally one has two connected components (for
instance, according to (2.1), (2.2), this happens to S(c) and H{'(c)), we shall implicitly
assume that we just work with one connected component.

Next, we recall for future use that the sectional curvature tensor field of N(c) is
described by the following simple expression:

RYOXNZ =c ((Y,Z)X — (X,Z)Y) VX,Y,Z e C(TN(c)). (2.3)

Pseudo-Riemannian space forms have important applications in the theory of general
relativity and R?, $3(c) and HY(c) are model spaces for Minkowski, de Sitter and anti-de
Sitter space-time, respectively.

Now, in order to make this paper as self-contained as possible, we follow [11] and
recall here how the basic operators of Riemannian geometry extend to the pseudo-
Riemannian context. In a chart of (M}",g), for a local orthonormal frame field {e;}}’,
we have the following basic identities, which hold for any X € C(TM), f € C*(M) and
bilinear form b € C(O*TM):

@ Springer



882 V. Branding et al.

X = 2 £,8X,e)e;;
i=1
gradf = ) eidf(e)e;;
i=1

divk =) e.g(V, X, ¢); @24
i=1

Af ==Y elefef) = (Ve )]s

i=1

Trb = )" €,b(e; ).
i=1

In this paper, we shall focus on the study of pseudo-Riemannian (or, non-degenerate)
hypersurfaces of a pseudo-Riemannian space form. We can describe such hypersurfaces
by means of a smooth ¢ : M} — N;”“ and the hypothesis that M} is pseudo-Riemannian
simply means that the metric induced by ¢ is non-degenerate. Therefore, we can assume
that, locally, there always exists an orthonormal frame field {e;}”, on M. Moreover,
denoting # a unit normal vector field, {e;, n} is a local orthonormal frame field on Nterl and
we have two possibilities: either (n,n) =& = land¢ =t,ore = —land¢ =1 — 1.

In particular, when the ambient space is Lorentzian and € = —1, then the hypersurface is
Riemannian and the standard terminology is to say that it is space-like. Let us denote B the
second fundamental form and A, = A the associated shape operator. The classical Gauss
and Weingarten formulas hold as in the Riemannian case, i.e.,

Ny _yM .
VNY = VMY + B(X, Y);

Vo = - AD) (2.5)

for all tangent vector fields to M. We observe that it is easy to deduce from (2.5) that
BX,Y)=e<AX),Y >n. (2.6)

The mean curvature vector field of M;’f, denoted H, is defined by
1
H=—-TtB=fn
m

where, using (2.6), we deduce that the mean curvature function f'is given by

m

1
=€ Y edAe)e). @7

i=1

In this paper, we shall always say that a hypersurface of a pseudo-Riemannian space is min-
imal if f vanishes identically. However, we mention that, when the ambient space is Lorentzian
and the hypersurface is space-like, the term maximal instead of minimal is also used in the
literature, because in this case small regions are local maximizers of the volume functional.

Next, we introduce an important family of pseudo-Riemannian hypersurfaces of
N = S;"“ (m >2,1 <t <m)and give, in Table 1, the expression for A and € (see [1]). The
definition of the hypersurfaces in Table 1 are given in Tables 2 and 3.
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The importance of the families of hypersurfaces described in Table 1 lays in the fact that
essentially any pseudo-Riemannian hypersurface of S;”“ with diagonalizable shape opera-
tor having at most two distinct constant principal curvatures is locally congruent to one of
these (see Theorem 5.1 of [1], and also Theorem 3.13, for more details).

Remark 2.1 A similar family of hypersurfaces of pseudo-hyperbolic spaces is available,
but we omit its description because all the properties of r-harmonic submanifolds in I]-[I:’ZJrl
can be deduced from those of r-harmonic submanifolds in S;"“, witht = m + 1 — ¢*. This
is a consequence of the fact that, up to a multiplicative constant factor -1 in the metric
(that determines a non-isometric transformation), irrelevant for the r-harmonic equation,
we can identify S;"“ with I]-I]mﬁ _,- For this reason, without loss of generality, in this paper
all the existence and classification results for -harmonic submanifolds that do not depend
on a given signature of the metric will be stated only for the cases that the curvature of the

ambient space is either c = 1 or ¢ = 0.

Next, to prepare the ground for the study of r-harmonicity, we consider a general smooth
map ¢ : (M}, g) — (N}, h) between two pseudo-Riemannian manifolds. Let us denote V?

Table 1 Pseudo-Riemannian

-Ri i m+l m+2
hypersurfaces of the pseudo- Pseudo-Riemannian hypersurfaces of S} NcCR?

Riemannian sphere Hypersurface Shape operator A 3
SP(e) +Ve—11 1
SN +V1—-cI -1
Ry, e -1
H (0 +\V1-cI -1
ssoxsri(L) =V 1he—VI/e=Dl, !
ssoxwrt (&) =Wi-cLeVi/i-ol, 7!

Table 2 Definition of

hypersurfaces in Table 1 SP'(c) ={x = (s X)) EN 1 X, =1 = (1/0)} I<e
S" (o={xeN :x, = y/1/o) -1} 0<c<l
R ={xe€N :x, = x,,+a} a>0

H™ (©={x €N : x,,, = VI-(1/0)} <0

Table 3 Definition of hypersurfaces in Table 1

t+k=£+1 1 t m+2 1 c>1
SI‘ {XEN 2x+ Z x —,—Zx‘.2+ Z xf:c } 1<k<m-—1
i=r+1 R Sord i=tHk—C+2 ¢ 0<t<k
0<¢<t
t—¢<m-—k
t+k—£+1 1 m+2 1>¢c>0
m 1 -1
S(C)XH-D fl( {xEN Zx + Z x - - ZX?-{- 2 x,.2=c } 1<k<m-—1
frary] R | ithot+2 ¢ 0<¢ <k
0<r<t—-1

t—¢—-1<m-—k
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the induced connection on the pullback bundle ! TN. In the pseudo-Riemannian context,
the operator corresponding to the classical Riemannian rough Laplacian on sections of
@~ 'TN, which will still be denoted A, becomes

m

A=dd=-) ¢ <ngg - V‘@q) : (2.8)

i=1

where again {e;}" | is a local orthonormal frame field tangent to M.

We are now in the right position to summarize the key points which enable us to
describe the generalization of the notions of harmonicity and, more generally, r-harmonic-
ity to the pseudo-Riemannian context.

A smooth map ¢ : (M}',8) — (N}, h) between two pseudo-Riemannian manifolds is
harmonic if its tension field vanishes identically, i.e.,

() =Trvdp= Y e, [Vedgte) - do(v¥e,)] =0, 29)
i=1

where {¢;}7., is a local orthonormal frame field on M}’ as above. As for papers and exam-
ples in this context, we cite [18, 34].

Similarly, taking into account (2.8), we can define the r-energy for a map between two
pseudo-Riemannian manifolds precisely as in (1.3), (1.4). In the Riemannian case, the
explicit expression for the r-tension field associated with E,(¢) was obtained by Maeta and
Wang (see [20, 37]). Essentially, in the pseudo-Riemannian context, the only relevant dif-
ference appears when one has to take a trace (for instance, see the last equation in (2.4)).
More specifically, we have the following expression for the r-tension field, where Aand T
are given in (2.8) and (2.9), respectively:

—25—1 N —25=2
0@ =8 (@) - &R (B w(e). da(e) )dote,)
s—1
- R (VR @ B v @))dote)  @10)
=1

- R (B @), Ve R ) )dote) |

—1
where A = 0and {¢;}!, is a local orthonormal frame field tangent to M, (the sum over i
is not written but understood). Similarly,

—12s N[ 251
Tani(@) =B w(@) — e RV (B w(g).dple,) )dale)

s—1
=Y R (VR w0 BT @) ) dote)
¢=1 (2.11)

— &RV <K§+bﬂ_l (@), Vz Zs_f_l T((p))d(p(ei) }
e RN (VIR w(0). B v (@) )date,)

From the analytic point of view, one of the major differences with respect to the Riemann-
ian case is the fact the PDE’s system 7,(@) = 0 is not elliptic when1 <¢ <m — 1.
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3 Statement of the results

In the Riemannian case, when the ambient space form has nonpositive sectional cur-
vature there are several results which assert that, under suitable conditions, an r-har-
monic submanifold is minimal (see [9, 20, 23] and [28], for instance). Things drasti-
cally change when the ambient is the Euclidean sphere $*!. Indeed, in this case several
examples of proper r-harmonic hypersurfaces have been constructed and studied (see [6,
22,26, 27] and references therein).

In the pseudo-Riemannian setting, there are in the literature several interesting
results, but most of them are limited to the biharmonic case. One of the instances which
have attracted more attention is the study of space-like biharmonic hypersurfaces in a
Lorentzian space form. In this case, it seems that the sign of the curvature of the ambi-
ent produces phenomena which are, in some sense, dual with respect to the Riemannian
case. In other words, positive curvature increases the rigidity of space-like biharmonic
hypersurfaces. For example, the following interesting result was proved by Ouyang:

Theorem 3.1 [33] Let M™ be a CMC space-like biharmonic hypersurface in either R or
S’l"“. Then M™ is minimal.

In this order of ideas, we also have:

Theorem 3.2 [39] Let M be a complete, space-like biharmonic surface in R? or S?. Then M
must be totally geodesic, i.e., R? or S2.

This trend is confirmed in the r-harmonic case (r > 3), as we shall show in
Corollary 3.8.

By contrast, when the index of the hypersurface is positive, some results in the bihar-
monic case are available, but their interpretation is less evident. For the purpose of com-
parison with the results of this paper, we report here, using our notations, the following
interesting result of Liu and Du (see Theorem 1.2 of [19], where the cases ¢ # 0, 1 are also
dealt with explicitly):

Theorem 3.3 [19] Let M}’ be a pseudo-Riemannian proper biharmonic hypersurface in
Nt’"“(c). If M} has diagonalizable shape operator with at most two distinct principal cur-
vatures, then ¢ # 0. Furthermore, when ¢ = 1, then t' =t and Mt’f’ is congruent to either
Sr@)or S (2) x S5 @) with my # m —m,,

Remark 3.4 When ¢ = 1, our statement of Theorem 3.3 is equivalent to Theorem 1.2 of
[19], but our formulation makes it easier the comparison with the classical results for
biharmonic hypersurfaces in the Riemannian case.

The results of [19] in the biharmonic case were recently refined in [11]. Finally, for the
sake of completeness, we also have to cite the interesting paper [35] by Sasahara, where
the author classifies proper biharmonic curves and surfaces in de Sitter 3-space and anti-de
Sitter 3-space. In Theorem 3.20, we shall extend this classification for surfaces in N13 (c) to
the case r > 3.

Our investigation of this type of problems in the pseudo-Riemannian context starts with
the following general result, which is a pseudo-Riemannian version of Theorem 1.1.
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Theorem 3.5 Assume that m > 2 and 1 <t < m. Let M} be a non-minimal CMC pseudo-
Riemannian hypersurface in a pseudo-Riemannian space form Nt’"“(c) and assume that
Tr A2 is constant. Then M is proper biharmonic if and only if

eTrA? —mc=0. 3.1
Ifr > 3, then M} is proper r-harmonic if and only if either
TrA?=0 (3.2)
or
s(TrAZ)Z—mc(TrAz) —(r=-2m*ca® =0, 3.3)

where a denotes the mean curvature of M) and € = (n,n).

Remark 3.6 The special case r =2 in Theorem 3.5 is part of the result proved in [19],
where the condition of biharmonicity for a general hypersurface My < Nt"’“ (c) was com-
puted. In the case of surfaces, (1.5) was first obtained in [35].

Remark 3.7 1t is important to point out that in Theorem 3.5 we do not require that the shape
operator A be diagonalizable. By way of example, in Theorem 3.18 we shall exhibit a new
family of r-harmonic surfaces in I]-I]? whose shape operator is not diagonalizable.

A first, immediate consequence of Theorem 3.5 is the following

Corollary 3.8 Assume r > 3 and m > 2. Let M™ be a space-like, r-harmonic CMC hyper-
surface in a Lorentzian space form N’l"“(c). If TrA? is constant and ¢ > 0, then M™ is
minimal.

In the same spirit:
Corollary 3.9 Assume that r >3, m>2 and 1 <t < m. Let M be a pseudo-Riemannian
r-harmonic CMC hypersurface in Nt'"“(c). If Tr A? is a positive constant and ec < 0, then

My is minimal.

Next, we shall use Theorem 3.5 to construct new examples of r-harmonic hypersur-
faces. Indeed,

Corollary 3.10 Assume that r >3, m > 2 and 1 <t <m. Let S)'(c) be a small pseudo-
hypersphere in S:”“. Then S (c) is proper r -harmonic if and only if c = r.

With the notation of Tables 1, 2 and 3:

Theorem 3.11 Assume that r >3, m>2 and 1 <t <m. Let My = S’;(c) X S;’:j‘(ﬁ)

(¢ > 1) be a generalized pseudo-Clifford torus in S;"“. Then M" is proper r-harmonic if
and only if ¢ # % and

P5(c) = ke = k(r +2)c? + [m(r — 1) + k(r + 2)]c —mr = 0. (3.4)
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Remark 3.12 The third-order polynomial P;(c) in (3.4) is equivalent to the one which
appears in the Riemannian case. To see this, it is enough to set

k=p; m—k=gq; c=l.
X

Then, up to a constant factor —1/x°, P;(c) becomes the third-order polynomial obtained
in Theorem 1.2 of [27]. We point out that, in the special case that k = m — k, we have

Py(c) = (=24 )k(c* +r—cr).

1

Therefore, when k = m — k, the pseudo-Clifford torus S¥(c) XSZZ"( ¢ ) is proper

r-harmonic in S"*!if and only if

\r2—
CZLE_%_;E r>5). (3.5)
For a more detailed discussion on the existence and qualitative behaviour of admissible

roots of P;(c) in the general case, we refer to [27].

Next, we show that the examples given in Corollary 3.10 and Theorem 3.11 are the only
possible ones within a certain class of hypersurfaces. More precisely, we prove the follow-
ing result:

Theorem 3.13 Assume that r >3, m> 2 and 1 <t < m. Let M} be a pseudo-Riemannian
hypersurface with diagonalizable shape operator in a pseudo-Riemannian space form
Nt'”“(c), ¢ =0 or c = 1. Assume that there exist at most two distinct principal curvatures
and that they are constant on My If M} is proper r-harmonic, then M} is one of the exam-
ples given in Corollary 3.10 or Theorem 3.11.

Remark 3.14 Of course, it is straightforward to state explicitly the version of Corol-
lary 3.10, Theorems 3.11 and 3.13 in the case that ¢ = —1. However, for the reasons
explained in Remark 2.1, we omit the details.

Next, we obtain some geometric results for triharmonic surfaces which provide a ver-
sion in the pseudo-Riemannian case of some facts which we proved in [26] in the Rie-
mannian case.

Theorem 3.15 Assume r > 3. Let Mﬁ be a pseudo-Riemannian triharmonic CMC surface
in Nf(c) and assume that its shape operator A is diagonalizable. If ec < 0, then Mtz, is
minimal.

Next, we focus on the case that the ambient space is §f. Our result is:
Theorem 3.16 Let Mtz, be a CMC proper triharmonic surface in §f and assume that its
shape operator A is diagonalizable. Then Mtz, is an open part of the small pseudo-hyper-

sphere Stz(3).

A widely studied family of hypersurfaces in the pseudo-Riemannian setting is that
of isoparametric Lorentzian hypersurfaces of a Lorentzian space form. For this specific
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topic, we refer to [25, 36] and, for further background, to [15, 29]. We recall that a Lor-
entzian hypersurface M{" in a Lorentzian space form N;"“(c) is said to be isoparamet-
ric if the minimal polynomial of the shape operator A is constant on M{". We know by
[15, Proposition 2.1] that M" has constant principal curvatures with constant algebraic
multiplicities.

Moreover, according to [30, Chapter 9] there exist bases where the shape operator A
assumes one of the following Jordan canonical forms:

ag 0
a, -0 1 a
I : H I a;
0 a,
()
a 0 0
0 a 1 “ ZO
-1 0 aq 0 0
11 v a
4
a,_; Ay

Here b is assumed to be non-zero. In cases I, II and III, the eigenvalues are real,
while a, + ib, are complex eigenvalues in case IV. A Lorentzian isoparametric hyper-
surface in N;"“(c) is called of type I, II, III or IV according to the form of its shape
operator A.

We observe that a Lorentzian isoparametric hypersurface in Nf"“(c) is a CMC
hypersurface with TrA? constant. Therefore, Theorem 3.5 applies to this type of
hypersurfaces.

Now, a direct computation shows that for a Lorentzian isoparametric hypersurface of
type I, II and III, with TrA # 0, we have Tr A% > 0. Differently, for hypersurfaces of type
IV it is possible to have TrA # 0 and Tr A% < 0. If the curvature of the ambient space is
¢ =0, we easily deduce from Theorem 3.5 that a non-minimal Lorentzian isoparametric
hypersurface is r-harmonic (r > 2) if and only if TrA? = 0. These observations prove
our first result in this context, that is

Proposition 3.17 Assume r > 2 and m > 2. Let M be an isoparametric Lorentzian r-har-
monic hypersurface in the flat Lorentzian space form [R’I"“. Then either M{" is minimal or
its shape operator is of type IV.

In [25, Theorem 4.10], Magid gave a proof that there exist no isoparametric Lorentz-
ian hypersurfaces of type IV in the flat Lorentzian space form IR’]"“. However, it was
pointed out in [10] that there could be some gaps in the arguments of [25].

By contrast, in the case that the curvature of the ambient space is ¢ = —1, we shall
construct some new examples of proper r-harmonic Lorentzian isoparametric surfaces
in l]-[I? with non-diagonalizable shape operator of type IV. More precisely, first, as above,
we observe that Theorem 3.5 implies that a Lorentzian isoparametric hypersurface in
l]-[I’I”Jr1 can be r-harmonic only if its shape operator is non-diagonalizable and of type IV.

The following result proves that complex circles (see [24]) provide a geometrically sig-
nificant example of such hypersurfaces:
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Theorem 3.18 Let M ]2 be a complex circle in I]-I]? C Rg parametrized by

x(s, 1) ={b cos(s) cosh(r) — a sin(s) sinh(?),
a cos(s) sinh(z) + b sin(s) cosh(z),
a cos(s) cosh(?) + b sin(s) sinh(?),
b cos(s) sinh(z) — a sin(s) cosh(t)} ,

where a and b are real numbers such that b* —a®> = 1 and ab # 0. Then M]2 is proper
r-harmonic provided that either

(1) r>2and
2 \/5 1 2 \/5 1
a = — - —, b=—+—
2 2 2 2

or

) r=3and
2 \/g 1 2 \/3 1
a=——-=, b=—+—-.
3 2 3 2

Remark 3.19 The shape operator A of the r-harmonic complex circles obtained in The-
orem 3.18 is non-diagonalizable and of type IV. As we shall see in the proof of Theo-
rem 3.18, the instances of Case (1) have TrA? = 0, while those of Case (2) have TrA? < 0.
In accordance with the result of Sasahara (see [35, Theorem 5.4]), the family of isoparamet-
ric surfaces studied in Theorem 3.18 does not contain any proper biharmonic immersion.

Next, we recall that a null curve y(s) in N13(c) C IR;‘ is a smooth curve such that
{(y'(s),7'(s)) = 0. A B-scroll over a null curve y(s) is a surface of index 1 in N13(c) para-
metrized by

x(s,u) = y(s) +uB(s), (3.6)
where {A, B, C} is a pseudo-orthonormal frame field, or a Cartan frame field, along y(s),
ie.,
(A,A) =(B,B) =0, (A,B) = -1,
(A,C)=(B,C)=0, (C,C)y=1
and (3.7
r'(s) = A(s),
C'(s) = —AA(s) = k(s) B(s) ,
where A is a real constant and k(s) # O (see [2, 15, 35] for details).

We obtain a version of [35, Theorem 5.4] in the case that » > 3. More precisely, we shall
prove:
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Theorem 3.20 Assume that r > 3. Let Mtz, be an isoparametric pseudo-Riemannian surface
in a three-dimensional Lorentz space form N13 (c), where c € {—1,1}. Then Mlz, is proper
r-harmonic if and only if it is congruent to an open subset of one of the following:

() S S
2) H(-r) C H};
3) SHOXS]_, (=) c Sl where0 < ¢ < 1and

2 _
e="EVESE (2

) H_(~0)xHL (= 5 ) C M, where 0 < ¢ < Land c is as in Case (3);
(5) a B-scroll over a null curve in S? whose Gauss curvature K is constant and equal to r;

(6) an r-harmonic complex circle in I]-[I? of the type described in Theorem 3.18.

Remark 3.21 Comparison of [35, Theorem 5.4] with our Theorem 3.20 shows that the rel-
evant differences between the biharmonic case and the case r > 3 are the appearance in
Theorem 3.20 of the family of solutions of type (6) for all » > 3, and of type (3) and (4) for
r > 5. These facts, together with Theorem 3.18, support the following general idea: We can
find geometrically interesting situations where there is no biharmonic instance, but there
exist examples of r-harmonic immersions, r > 3. Moreover, comparing the result of the
present paper with those of [26], we see that the notion of r-harmonicity is more flex-
ible in the pseudo-Riemannian setup compared to the Riemannian case as it allows for a
larger class of solutions. In this order of ideas, we also cite the phenomenon illustrated in
Remark A.1.

Example 3.22 First, we point out that the family of r-harmonic surfaces in S? obtained in
Case (5) of Theorem 3.20 is very ample. This is a consequence of the fact that, given any
real constant A and smooth function k(s), it is always possible to determine (at least locally)
a null curve y such that its associated B-scroll (3.6) verifies (3.7). As proved in [17], the
existence of such a null curve y can be deduced by solving a suitable Cauchy problem for
a first-order linear system of ordinary differential equations. In the proof of Theorem 3.20
we shall show that K = A2 + 1 and any such surface is proper r-harmonic provided that
M=r—10>2).

As a special case, following the procedure described in the Appendix of [17], here we
give the explicit expression of the null curve y(s) and of its associated vector field B(s)
assuming that k(s) = 1. Note that when, as in our example, the function k(s) is bounded,
y(s) is defined on the whole R. To this end, let
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\/E(c + d — 2) sin( \/as) +2c¢ cos(\/as) + \/a(c + d + 2) sinh( \/Es) + 2d cosh( \/Es)
7(s) :{ 2c+d) ’
Ve(e + dysin(v/ds) + 2¢ cos(v/ds) + V/d(c + d) sinh(+/cs) + 2d cosh(y/cs)
2(c+d) ’
—4/csin( \/(—is) +c cos(\/as) + \/c_i sinh(\/Zs) + dCOSh(\/ZS)

c+d

cos(\/as) - cosh(\/Es) }

c+d

where

c=\VI1+A22+1, d=V1+12-1.

Then y(s) is a null curve in S? with associated vector field

B(s) =211 {2V/esin(Vds) + @ - ¢ = d) cos(V/ds) + 2V/dsinh(y/cs) + 2 + ¢ + d) cosh(y/cs),
24/csin(Vds) + 2v/d sinh(v/es) + (c + d)(cosh(\/Zs) - cos(\/ﬁs)>,
24/ sin(V/ds) + 2V/d sinh(v/cs) + 2 cosh(1/cs) + 2 cos(V/ds),
2Vdsin(V/ds) - 2+/c sinh(+/cs) }
and the parametrized surface
x(s,u) = y(s) + uB(s)

defines a B-scroll with Gauss curvature K = 1 4+ 12 and k(s) = 1. Choosing 4 = +V/r — 1,
we obtain the desired r-harmonic surface in S?.

For the sake of completeness, the method of computation used to determine the curve
y(s) and the vector field B(s) will be given at the end of this paper, in “Appendix A”.

4 Proofs

As a preliminary step, in the following lemma we state without proof some standard
facts which we shall use in this section.

Lemma 4.1 Let ¢ : M} — Nt’”“(c) be a pseudo-Riemannian hypersurface. Let A denote

the shape operator and f = (1/m)eTrA the mean curvature function. Then

(@) (VA)(,-)is symmetric;
) ((VA)(,), ") is totally symmetric;
() Tr(VA)(-,-) = me gradf.

Next, we perform our first computation:
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Lemma4.2 Let g : M} — Nt’"“(c) be a pseudo-Riemannian hypersurface and denote by n
the unit normal vector field. Then

AH = (Af + feTr A®)n + 2A( gradf) + mfe gradf . (4.1
Proof We work with a geodesic frame field {Xi}:i] around an arbitrarily fixed point
p € My Also, we simplify the notation writing V for VM. Since H = f7, around p we have:
VEH = Vi H—Ay(X) = (Xf)n - fA(X;) .
Then at p we have:
Vi Vi H =(XXf )n = (Xif)A(X;)
= (X)A(X) =f (Vi A(X) +B(X.A(X;)))
=(X,Xif )n = 2(Xf)A(X;) = F(VAYX;. X;)
—fe(AX), AX))n »

where, for the second equality, we also used (2.6). Now we take the sum over i as in (2.8)
and, using (2.4) and Lemma 4.1, we obtain (4.1). (Note that the sign convention for A and
A is given in (2.4), (2.8).) O

Next, we assume that the mean curvature function fis constant and we obtain

Lemma 4.3 Let ¢ : M)} — Nt’””(c) be a pseudo-Riemannian hypersurface and assume
that its mean curvature function f'is equal to a constant a. Then

A'H = a(eATrA? + (TrA%)?)y + 206A ( grad TrA?) 4.2)
Proof Since fis constant, according to Lemma 4.2 we have AH = aeTr A%y and so
A'H = aed(TrA%) .
Now, around p:
Ve (TrA’y) = (X,TrA?)n — TrA’A(X,) .
At p:
VY Ve (TrA%n) =(XX,TrA?)n — (X,TrA*)A(X;)
— (X TrA?)A(X;) — TrA>(Vx A(X) + B(X,A(X;))) -
Next, computing as in Lemma 4.2, we find
A(TrA%n) = (ATrA?)n + 2A( grad TrA%) + mTr A%e gradf + e(Tr A%y
and, since fis constant, the proof ends immediately. O

We are now in the right position to prove our first theorem.
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Proof of Theorem 3.5 As TrAZ is constant, it follows from Lemma 4.3 that

AH= a(TrA%)?y. 4.3)
Now, from the above computations, we observe that
Kﬂ = eTrAzrl. 4.4)
Next, putting together (4.1), (4.3) and (4.4), we easily deduce that
ANH=ae (TrA>)'n  VpeN*. 4.5)

Now we are in a good position to perform the explicit calculation of the r-tension field
7,(¢@) described in (2.10), (2.11). We begin with 7,,(¢), s > 2. Using (4.5), (2.3) and com-
puting we obtain (as in (2.10), we omit to write the sum over 7):

n%rk((p) —ae(TrA2)> ™'y —c{e (dp(X), dp(X,))a(TrA>)* 2y

— e (dp(X),a(TrA?) " “n)dg(x) }

s—1

s—£—1 s+£-2

- cme 2 {Ei(dq’(X,-),a(TrAz) '1)( _ a(TrAz) A(X,-))
£=1

— g{dp(X), —a(TrAZ)XM_QA(X,-))(x(TrAz)S_f_l,7}
s—1

+cme Z {gi(d(P(Xi), - (TrA2)S_f_lA(Xi»a(TrAz)SH’—er

=1

— (Ao (X)) a(TrA?)"™ ) (- a(Tra?)™"

A)) |

=ae (TrAz)zs_ln —cma (TrAz)zs_zn

s—1

s—1
—Ccem ema’ TrA2 - + ema TrA2
2l

/=1
:a(TrAz) . {e(TrAz) —chrA2—(2s—2)m2ca2}n.

This completes the proof in the case » = 2s. The case r = 25 + 1 is similar and so we
omit the details. O

Proof of Corollary 3.8 Since a space-like hypersurface is Riemannian, TrA? = ||A||?. Then,
either the hypersurface is totally geodesic, or it follows from (1.7) with € = —1 that M™
cannot be proper r-harmonic; thus, the only possibility is that M™ is minimal, that is @ = 0.

O

Proof of Corollary 3.9 Since, by assumption, TrA? is a positive constant, condition (1.6)

does not hold. Similarly, since € and ¢ have opposite sign, equation (1.7) cannot be verified.
Therefore, the only possibility is that the hypersurface is minimal. O
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Proof of Corollary 3.10 We use (2.7), (1.8) and Table 1 to compute TrA? = m(c — 1) and
a = y\/c — 1. Then the thesis follows by direct substitution in (1.7), where the curvature of
the ambient space is 1 and also € = 1. a

Proof of Theorem 3.11 The hypotheses of Theorem 3.5 are verified and so the condition for
r-harmonicity is equation (1.7) where, as in the proof of Corollary 3.10, the curvature of
the ambient space is 1 and € = 1. Then we compute using the explicit expression for the
shape operator given in Table 1:

(m—k)
(c=1"

2
o? =L2<k\/c— 1- M)
m

Vel

TrA? =k(c— 1) +

_ (ck —m)?
T mc—-1)"

Next, after direct substitution and simplification, we find that equation (1.7) is equiva-
lent to

(ck —m)P5(c) =0,

where P;(c) is the third-order polynomial defined in (3.4). Now, since ck —m = 0 corre-
sponds to a = 0, the conclusion of the theorem follows immediately. a

Proof of Theorem 3.13 When the curvature of the ambient is ¢ = 1, according to Theo-
rem 5.1 of [1] M} is one of the hypersurfaces listed in Table 1. Then a case-by-case direct
inspection of (1.7), using again (2.7), (1.8) and Table 1 to compute TrA? and «, shows
that the only r-harmonic hypersurfaces in this family are those given in Corollary 3.10 and
Theorem 3.11. In the case that ¢ = 0, Theorem 5.1 of [1] says that M is one of the hyper-
surfaces listed in (R-1)—-(R-6), p. 131 of [1]. Then, again, the thesis follows easily by direct
inspection. O

Proof of Theorem 3.15 The 3-tension field is described by (2.11) with s = 1. In the first part
of the proof, for future reference, we do not make any assumption on the dimension m and
the curvature c. We observe that 7(¢) = mH and use Lemma 4.2 with f constant and (2.3).
We have:

m

X &RV (Ke(@). do(X) )dg(X) =em Y e{ (dp(X). do(X))AH
i=1

i=1
~ (do(X). BH)do(X) | (4.6)
= cm{mae TrA?y — O}
=cmPaeTrAy.

Similarly, we compute
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X &R (VL (@), 7(@) Jdo(X,) = cem’an. @.7)
i=1

Using (4.2), (4.6) and (4.7) into (2.11) and Lemma 4.3, we obtain the explicit expression of
the 3-tension field:

73(p) =ma [eATrA2 + (TrAZ)2 —mceTrA> —m*ce (xz]n
+ 2maeA( grad TrAZ).

Therefore, we conclude that M} is a triharmonic hypersurface in N™(c) if and only if
either it is minimal or

()  ATrA 46 (TrA?)’ —meTrA2 —m2ca® =0
4.8)
(ii) A( grad TrA2) =0.

From now on, we assume that M" is not minimal and we use the hypothesis ec < 0.
First, we analyse the case ¢ = 0. If Tr A2 is constant, then it follows immediately from (4.8)
that (TrAZ)2 = 0 and so, since A is diagonalizable, the hypersurface is totally geodesic, a
contradiction. If Tr A% is not a constant, then there exists an open set U of the surface such
that grad TrA” # 0 on U. We deduce from (4.8)(ii) that 0 is an eigenvalue of A on U. Now
we use the assumption that m = 2. Since Mtz, is CMC, it is easy to conclude that necessarily
TrA?is again a constant on U, and this is a contradiction. Next, if ¢ # 0, by the assumption
ec < 0 we deduce that ¢ and € have opposite sign. Then, using this observation in (4.8) (i),
the proof follows essentially the same argument as in the case ¢ = 0. a

Proof of Theorem 3.16 First, from an argument similar to the proof of Theorem 3.15, we
deduce that TrA? must be a constant on Mlz, and also the two principal curvatures are
constant.

Then, according to Theorem 3.13, we deduce that the only possibility is that Mf, is an
open part of a small pseudo-hypersphere 8[2(3) because, according to Theorem 3.11, in
these dimensions there exists no generalized pseudo-Clifford torus which is proper trihar-
monic. Indeed, using k = 1,7 = 3 and m = 2, (3.4) becomes

Py(c)=c—5c2+9c—6.

Now, the only real root of P;(c) is ¢ =2 and it corresponds to the minimal pseudo-
Clifford torus. O

Proof of Theorem 3.18 We have to find under what conditions on a, b the complex circle
x(s, t) is r-harmonic. By using standard techniques of the theory of surfaces in [H]? C IR‘Z‘, we
can compute the shape operator of the complex circle x(s, ) and obtain
o 2ab 1
T2 2 )
G oap

The condition ab # 0 ensures that TrA # 0, that is M|2 is not minimal.
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The case r = 2. From Theorem 3.5, we deduce that M12 is biharmonic if and only if
TrA? 4+ 2 = 0. Now, a direct computation gives

16b2(b* — 1)

TrA?+2="1"""""
(@ + D2y

)

from which, since b* — 1 = a2, we deduce that M’ ]2 cannot be proper biharmonic.
The case r > 2. In this case, using Theorem 3.5, we have two possibilities, that is: (i)
either

212
0=TrA>2=2 M ;
(@ + b?)?
(i) or 4a%b* — 1 # 0 and, according to (1.7),
0= (TrA2)” +2 (TrA%) + (r — 2)(TrA)?

1652 (b? — 1)((a2 +b2)2r—4>

(a2 +192)4

Case (i), together with the hypothesis b*> — a = 1, gives exactly point (1) of the theorem.
As for Case (ii), we have a proper solution if and only if

l<az+bz=i

ﬁ

from which we deduce that the only possible value is » = 3. Taking into account that, by
assumption, b2 —a?=1,itis easy to conclude Case (2) of the theorem. O

Proof of Theorem 3.20 Case (i). Here we assume that the shape operator A is diagonaliz-
able. Since the hypersurface has dimension m = 2 and constant principal curvatures, we
can apply Theorem 3.13. Moreover, taking into account Remark 2.1, the proper r-harmonic
surfaces in Hf can be deduced from those of Sg. Putting these facts together and using
(3.5), we obtain Cases (1) — (4) in the statement of the theorem.

Case (ii). Now, we assume that the shape operator A is non-diagonalizable. In this case,
¥ = 1and so € = 1. If A has a double, real eigenvalue 4, then the argument of [2, Proposi-
tion 4.1] enables us to conclude that M]2 is a B-scroll in NI3 (c) over a null curve y, and its
shape operator A, with respect to the coordinate frame field {0/ds, d/du} associated with

(3.6), is given by
A 0
A= [k(s) /1]

with k(s) # 0. Therefore, TrA%2 = 242 and a = A. Next, we assume that the B-scroll is not
minimal, i.e., A # 0, and we apply (1.7): If c = —1, m = 2, € = 1, then there are no solu-
tions; if c = 1, m = 2, € = 1, then it is easy to deduce that the B-scroll is proper r-harmonic
if and only if

AP=r-1.
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Finally, observing that the Gauss curvature K of the B-scroll is given by K = det(A) + ¢,
with ¢ = 1, we conclude Case (5).

It remains to analyse the case that the shape operator A has two complex eigenvalues.
This will lead us to Case (6). Indeed, from [2, p. 453], we conclude that M12 is a flat Lorent-
zian surface in IH]? with parallel second fundamental form in R‘z‘. Then, according to [24],
Ml2 is locally congruent to a complex circle, and therefore, the conclusion follows from
Theorem 3.18. O

Appendix A

In this appendix, we describe how to construct the B-scrolls in S? c [R‘l1 described in Exam-
ple 3.22. We follow exactly the method given in Appendix of [17].
First, we introduce the following matrices:

-1 0 0 O 0o -1 0 O
E=l o 0 1 o] 5|0 0 1 o a1
0 0 0 1 0 0 0 1
Next, we introduce a 4 X 4 matrix X(s):
X(s) = [A(5), B(5), C(s), v (5)],
where the first 3 columns will be the Cartan frame field {A, B, C} along y. Let
0 0 -1 1
w0 0 9
0 1 0 0
and X(s) be the unique solution of the Cauchy problem associated with
X' (s) = X(s) M(s) (A2)
with initial condition X(0) = [A(0), B(0), C(0), y(0)] satisfying
X(O0)YEX©0) =T, (A.3)

where the matrices E, T were defined in (A.1). As shown in [17], we conclude that (3.7)
holds and {A(s), B(s), C(s)} is a Cartan frame field along the null curve y(s) in S? C [F&‘l‘ .
Finally, we set

X(0) =

SO = =
S = O =
-0 O O
S = ==

It is easy to check that (A.3) holds. Then, letting k(s) = 1 and solving (A.2) with the aid
of the software Mathematica®, we find the explicit r-harmonic B-scrolls in S? described at
the end of Example 3.22.
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Remark A.1 Finally, we point out that the method of this Appendix does not require
k(s) # 0. If we assume that the smooth function k(s) vanishes at an isolated point, say
k(sg) = 0, we have a very interesting phenomenon. The associated B-scroll is still a proper
r-harmonic surface in S? provided that A2 = r — 1. Indeed, on the whole surface we have
TrA = 24 and Tr A> = 24? and so equation (1.7) applies and r-harmonicity follows exactly
as in the proof of Theorem 3.20. But, in this case, the minimal polynomial of A is (x — 1)
at all points x(sy, u), while it is (x — 4)*> elsewhere. Therefore, these proper r-harmonic
surfaces in Sf are not isoparametric. By contrast, in the Riemannian case, all the known
proper r-harmonic CMC hypersurfaces with Tr A% constant are isoparametric (see [26]).
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