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Abstract

Stratified cubature rules are proposed to approximate double integrals defined on
the real positive semiaxis. In particular, anti-Gauss cubature formulae are introduced
and averaged cubature schemes are developed. Some of their appropriate modifica-
tions are also studied. Several numerical experiments are given to testify the perfor-
mance of all the formulae.
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1 Introduction

This paper deals with the numerical approximation of double integrals in which the
integrand function may increase as x,y — oo and/or x,y — 0. Then, we consider

I(f) = / / S, y)w(x, y)dxdy, (D
0 0
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where f is a known function defined on the domain [0, ) X [0, ) and
w(x,y) = x*yPe= ) o f > —1is a weight function which includes eventual alge-
braic singularities. Let us note that w turns out to be the product of two Laguerre
weights w, (x) = x*e™ and wy(y) = xPe™.

The numerical treatment of (1) can be approached in two ways [1, 2]. The first
procedure consists of approximating each integral by using well-known quad-
rature rules. This is an “indirect” technique that takes the advantage of the fact
that the univariate rules have been more treated and explored than the multivari-
ate ones. The second approach consists of constructing cubature schemes from
scratch. In the bivariate case, an example is given in [3] where the nodes are zeros
of suitable bivariate orthogonal polynomials (see also [4]).

In this paper, we focus on the “indirect” procedure. The optimal cubature for-
mula is the following Gauss-Laguerre cubature rule [5] based on m X n nodes

m n
1) =Y L A oo 9) + Ry (1) = G () + Ry (F), @
k=1 j=1
where {x.};" | and {y; ;’:1 are the zeros of the Laguerre polynomials which are

orthogonal with respect to the weights w, and wy, respectively, {47 }}" | and {/ljﬂ ;‘21
are the corresponding coefficients of the Gauss-Laguerre formula, and the term
R, () denotes the related cubature error of G, ,. The rule is obtained as the tensor
product of two univariate Gauss-Laguerre quadrature formulae. Hence, it can be
easily constructed [5] and R, ,(f) =0if f € Py,_;,, |, where P,,,_,,, | denotes the
set of all algebraic bivariate polynomials of degree at most 2m —1 in the variable x
and 2n — 1 in the variable y.

One can associate to the cubature rule (2), the truncated version introduced in

[6]:

1) = D0 ) A G y) + Ry () =2 G () + Ry (). 3)

k=1 j=1
Here, the upper limit of summations x and 1 are the indeces determined by
x, = min{x;|x; > 4m0,}, y, = min{y;|y; = 4nb,},

with 6,0, € (0,1) fixed, and Ioem,n(f) identifies the error. As shown in [6] (see also
[7, 8]), the cubature error of (3) has the same magnitude as the error of (2) and is
convenient especially when the function f'in (1) is bounded or does not increase too
fast, so that the last terms of the sums in (2) can be neglected. Of course, in order to
construct formula (3) all the m + n weights and nodes of (2) have to be computed
but the number of function evaluations is reduced. Moreover, an application of the
truncated formula (3) to integral equations implies a considerable computational
saving (see [6-9]).

The aim of this paper is to give estimates of the magnitude of the errors
R, ,(f) and f(’m’n(f). We remark that in [6, Proposition 3.1] the authors provide

m,n o
asymptotic estimates for R, (f), for large values of m = n, according to the

m,n
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nature of the integrand. Specifically, they state the order of convergence depend-
ing on the smoothness properties of the function f, providing a lower bound
which include an unknown constant independent of m, n, and f. In this paper, we
provide numerical estimates of the error for each fixed m and n so that one can
determine the number of points m and n needed to approximate the integral with
a prescribed accuracy. The estimate does not depend on unknown constants and it
is not asymptotic. So, it does not provide a decay law depending on the smooth-
ness of f. Neverthless, it allows us to develop new cubature rules, which turns out
to have several advantages in terms of accuracy and computational cost.

In the univariate case, an interesting approach to estimate the error of the m-point
Gauss formula G,, consists of using another quadrature rule Q, with [ > m nodes and
degree of exactness higher than 2m — 1. A popular choice of Q, is the Gauss-Kron-
rod rule [10] which has 2m + 1 nodes, including the m nodes of G,,, and has degree
of exactness at least 3m + 1. However, in some cases, among which the Laguerre
one, the formula fails to exist: the nodes are not real and distinct and the weights
are not positive [10-13]. Another possible choice is given by “stratified” quadra-
ture formulae (see, e.g., [14—18]). They are linear combinations of two rules, usually
the m-point Gauss rule G,, and a new rule U, which involves a number of points ¢
greater than m and has degree of exactness greater than 2m — 1. A first example of a
“stratified” rule was given by Laurie [17] in 1996 who proposed the so-called aver-

aged Gaussian quadrature formula Gém o
r o _ 1 A
G2m+l - E(Gm + Gm+l)' 4)

Basically, it is the average between the m-point Gauss rule G,, and the m + 1-point
anti-Gauss formula G;*1 +1 Which is such that

Ip) - GA () = ~AP) = G, (). VpEP,,,,. ®)

where Z denotes the corresponding univariate integral of the form (1). Formula
Gém ol has degree of exactness at least 2m + 1, involves 2m + 1 real and distinct zeros
and has positive weights. All these properties hold true also in the Laguerre case for
each a > — 1, a being the parameter of the Laguerre weight w, appearing in the inte-

gral Z [17]. In 2002, Ehrich [16] proposed the optimal stratified extension

L _ 1 A
G2m+1 - 1+ y (me + Gm+l)’ r> 0

for the Gauss-Laguerre and the Gauss-Hermite formulae. Specifically, he proved
that, if we handle with the Laguerre weight w,, the formula G’z‘j‘n 4+ Of the highest
possible degree of exactness 2m +2 is unique and is obtained for

2m+a+ 1

=1+ .
4 m(m + a)

However, this formula has positive nodes only for @ > 1, whereas it has one nega-
tive node for — 1 < a < 1. In 2007, Spalevi¢ [18] developed the generalized averaged
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formula Ggm 4+ Which is the unique stratified formula with the highest possible
degree of exactness and, in the Laguerre and the Hermite cases, coincides with
Gé;"n +1- In 2016, Djuki¢, Reichel, and Spalevi¢, in an attempt to ensure that all nodes
be internal, proposed in [15] the truncated generalized averaged Gauss quadrature
rule obtained by removing the last r < m rows and columns from the Jacobi matrix
of Ggm +1- In particular, taking r = m —1 one gets the truncated rule G; 4 that in the
Laguerre case has positive zeros for each @ > — 1. Let us mention that here the term
“truncated” does not have the same meaning as in formula (3). In fact, in (3) the
truncation refers to the sequence of nodes whereas in Gf;l . the truncation refers to
the Jacobi matrix. Consequently, in this last case, all the computed nodes are only
the necessary ones. To avoid confusion, from now on, we will name G; 2 “reduced”
generalized averaged Gauss rule.

In the multidimensional case, in [19] the authors consider integrals defined on
bounded intervals [a,b] and estimate the error of the corresponding Gauss cubature
rule by using the generalized averaged formula Ggm T

In order to estimate the error R, ,, in this paper, we develop a “stratified” cubature
formula which is obtained as an average of the cubature formula (2) and the anti-
Gauss cubature formula. According to our knowledge, this last formula has never
been proposed to approximate double integrals and, even if we get it as tensor prod-
uct of the univariate anti-Gauss rule, some new useful properties are proved. Moreo-
ver, its stability and convergence is studied in suitable weighted spaces equipped
with the uniform norm. In addition, we write the “reduced” generalized averaged
Gauss cubature rule which is the bivariate version of the formula proposed in [15].

Then, we give two truncated rules aiming at estimating the error I"?m!n(f). Here,
what we develop are the truncated anti-Gauss cubature rule and the “reduced” trun-
cated generalized averaged Gauss cubature rule. Basically, we consider the two
developed cubature schemes, truncate the sequences of nodes and prove that these
rules provide an error which is of the same magnitude of the original cubature for-
mula by only using a fraction of nodes.

The paper is structured in five main sections. Section 2 focuses on the estima-
tion of the error R, ,, Section 3 pays attention to I‘émﬂ, and Section 4 gathers sev-
eral numerical examples to show and compare the performance of the four consid-
ered cubature formulae. Section 5 collects the proofs of the theoretical results and,
finally, Section 6 draws some conclusions and briefly sketches possible research
developments.

2 On the error of the Gauss-Laguerre cubature formula

The aim of this section is to estimate the error R, , by introducing “stratified” cuba-
ture formulae or averaged schemes of the form

H2m+1,2n+1(f) =n- Gm,n(f) + Um+1,n+l(f)’ (6)

where 7 is a given real parameter, G, () is asin (2), and U, | ., | is a new cubature
formula.
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2.1 The averaged Gauss-Laguerre cubature rule

A possible approach for constructing the new rule U, |, is to use the well-known
1D anti-Gauss formula [17] to approximate each integral of (1). In this way, we get a
cubature scheme which we will refer to as anti-Gauss cubature formula Gf; Ll It can
be written as

m+1 n+1

Gfr‘1+l,n+1(f) = 2 2 szjﬂf(ik,j’j), 1)
k=1 j=1
where {12}7*! and {Zf };.’:11 are the weights and {¥,}7"* and {, };‘:11 are the cubature

nodes. In particular, let { p]‘.” }]i‘io be the sequence of monic orthogonal Laguerre poly-
nomial of degree j such that

® 0, i #],
/ pipiw,(dx =4 T(i+a+1) . . (8)
0 T? 1= Ja
where I'(z) is the Gamma function. Such polynomials satisfy the three term recur-
rence relation
PLE =0,  piw =1, o
p;.’H(x) =(x- aZ)p]’?‘(x) — bf’np;?‘_l(x), j=0,1,2,...,
where a]‘?‘ =2j+a+1,j 20,05 =01+ a), b;” =j(i+ a), j > 1. Similarly for pjﬂ.
B

Then, the nodes {, }"! and {5 };’:11 are the zeros of the polynomials p»  and p, |,

k=1
respectively, defined as

P () = Pl () = bEps_ (0, Pl ) =ph ) =Pl ), (10)

and, consequently, are the eigenvalues of the following two matrices:

@ @ B
Fa Je 2bmem] - JP y[2bge,

m+l = a ol a ’ n+1 ’
meem (Zm 2b£e: ag
where
_ 5 5 .
a b
0 1
ay +/b} 0,
« bY a” 5 b] a
Jm . . b* ’ Jn= 7 : (11)
. . m—1 i *. 1
@ a -
bm—l am—l bﬂ B
| n—1 an—l i
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The coefficients ZZ and Zjﬂ are also related to the matrices .7;”‘1 " and jf e Indeed,

they are determined by the first component of the associated normalized real
eigenvectors.
.. . . . A
Next Proposition contains the main properties of G/, tln a0

Proposition 1 The following properties hold true.

L. Settlng ](f) +l n+1(f) + Rm+1 n+1(f)’ then

A f) = R, n (), Y €Popyrgp-r and Nf € Py oy
m+1,n+1 0’ Vf c sz_l,zn_l-

2. Foreach a,f > —1 the nodes {X, }erl and {y }”Jrl are all real and positive. Moreo-
ver, they interlace the Gauss-Laguerre zeros:

0<X <x <..<X,<x, <X,

0<5]1 <y1 <.. <)~)n <yn <)~)n+1’

3. The coefficients {/1"‘ }’"+1 and {Zf };’:11 are positive and are given by
- lIp%II* . P2 1%
zg:z—ij; —  and zf:z—ﬂ p”; —

PGPt () PnGPpr G

4. For a fixed quadrature node X, and for each differentiable function g such that
g¥ > 0forj=0,...,2m +1 one has

k=1 % Y k

DIHIED! </0 ' gw, (X)dx, /0 g, (N)dx < z g(®).
i=1

Similarly, for each fixed j,

i1 5’j+1 5’,‘4 J ~
Z PGy < / gw()dy, / gwy(ndy < 2 V().
i=1 0 0 i=1

Let us mention that the first property implies
an+1,,,+1(f) =2I(f) - G,.,(), Vf € Pomgi20-1 Y Poci 20t (12)

This suggests that a “stratified” cubature rule of the form (6) can be obtained with
n=1/2andU, ., = m+ln+1/2 that is

2m+1 2n+l(f) [Gm n(f) + GA_H n+1(f)] (13)

From now on, we will refer to the above formula as the averaged Gauss-Laguerre
cubature rule.
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Let us also note that G2 12041 requires the computation of 2(m + n + 1) nodes and
weights and if we use the algorithm devised by Golub and Welsch in [20] their compu-
tation has a cost equal to 2c(m? + n?) + 20(m) + 20O(n), that is one half of the cost of
the cubature Gauss rule G,,, ,, which is 4c(m? + n*) + 20(m) + 20(n).

Moreover, the first property of Proposition 1 suggests that the cubature error for

ém 12041 (f) is smaller then the cubature error R, , since sz t12n ) = I(f) for each
f € Pyi120-1 U Py 10,41 This allows us to reach a certain accuracy with a number
of evaluation of the integrand function which is smaller than that required by G,,,,,.
Furthermore, we can use Gém 12 1) to provide an accurate approximation of the
cubature error (2), that is

R,..(f) =1() = G,,,(f) ~ L+12,,+1(f) Guan(f)

. 14
m+1 n+1(f) M,n(f)] =- Ri['rlt]n(f) ( )

Let us mention that Ryl]n(f ) provides an accurate numerical estimates for R, ,(f); for
each fixed m and n, see Table 8 for a numerical evidence.

Finally, we underline that the inequalities proved in Property 4 are Possé-Cheby-
shev-Markov-Stieltjes type inequalities [21, p. 33] and they allow us to state the follow-
ing corollary.

Corollary 1 For a fixed quadrature node X and §, and for each differentiable func-
tion g such that g’ >0 for j =0,...,2m + 1 one has

Tig(®) < / T eow,dr, A6y < / T gm0y,

k-2 Yi—2

The Corollary is essential to prove the stability of the formula G* L 1 in suitable
weighted spaces. In spaces of continuous functions C = C([0, ]), the stability is
trivial.

Let us now investigate on the stability and convergence properties of the anti-Gauss
cubature formula in suitable weighted spaces C,. This setting is useful when we want
to consider functions f{x,y) that may tend to infinity with algebraic growth as x,y — 0"

and with an exponential growth as x, y — oo. Fix the weight functions
w(x) = (1 +x)"ix'ie™2, n.,7, >0, i=1,2,
and, setting
u(x,y) = u (0uy (), (15)

we define the weighted space C, as the set of all continuous functions on
(0, 00) X (0, o0) such that

lim(fu)(x,y) =0,  Vy € [0, o),
x=0t

lim (fu)(x,y) = 0, Vx € [0, o).
y—=00

y=0t
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We endow the space C, with the norm

lle, = il = sup |(). ).

x,yeR*

For smoother functions, we introduce the Sobolev-type space of index1 < r € N
W, = {f € C, i Wl = Willo + max {1l s I 5l ) < 00},

where ¢, (x) = \/)_c, @, = \/§ and f, means that the function fis considered as a
function of the only variable x. Similarly for f,.
In C,, we define the error of best polynomial approximation by means of bivari-
ate polynomials in P, , as
Em,n(f)u = Pé%’f ”(f - P)I/t”oo

mn

(see, e.g., [6, Theorem 2.1]). It is well known that [6, Theorem 2.1 and estimate

(3.1]
1

mr/?

1
Epfu €| =5 + = [l o (16)
where C is a positive constant independent of m, n and f.

Theorem 1 For any f € C,if a > y; —1 and § > y, — 1, the anti-Gauss cubature
formula is stable and

IR::H_]JH.] (f)l < CE2m—1,2n—l (f)u’

where C is a positive constant independent of m, n, and f.

By the previous theorem, we can deduce the following estimate for the error of
the averaged rule (13)

Rlitn+1,2n+1(f) =1(f) - Glim+1,2n+1(f)'

Corollary 2 Forany f € C,,ifa >y, —1 and >y, — 1, then

L C
|R2m+ 1,2n+1 (f) | < §E2m— 1,2n-1 (f)u'

2.2 The reduced generalized averaged Gauss cubature rule

In this subsection, we want to extend to the bivariate case the one-dimensional
quadrature rule Ggm 41 having the highest possible degree of exactness 2m +2. Such
rule has several formulations [16, 18, 22] and has been applied to matrix functions
approximation with applications to complex networks analysis [23, 24].
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For our aims, we will consider the formulation presented in [18] and we will refer
to it as the generallzed averaged Gauss cubature rule G5 It is obtained as ten-
sor product of G2 4 and GS . and reads as

2m+1.2n+1"
2n+1
2m+1 2n+1

G§m+l,2n+l(f) = 2 Z Zijﬂf()_Ck, }_)j), (17)

k=1 j=1

where {2}/ and {ﬂﬂ }"+1 are the weights, and {¥ )7 and {yj}”Jrl1 are the nodes.

m+1

Spemﬁcally, the nodes {xk} il

matrix

are the eigenvalues of the symmetric tridiagonal

Jo bre, 0

- a ol a o

ng+1 bmem am V bm+1 1], (18)
0 \/ bZH_le] ZmeZm

where e, = [o,...,0,1,0,...,0]", Z, is the m X m reversal matrix [25, Sec-

tion 0.9.5], J¢ is given by (11) and &, and b% are the recursion coefficients of the

Laguerre polynomlal p.. The welghts {ﬂ"’ ’”“ are the squares of the first compo-

nents of normalized real eigenvectors of (18) multlphed by bg. The zeros {; }”“ and
the coefficients {Aﬁ }"Jrl can be computed in the same way by replacing a w1th p and

m with n.

Formula (18) retains nice properties that can be automatically deducted by the
corresponding univariate rule [16, 18, 22]. We summarize them in the following
proposition.

Proposition 2 The generalized averaged Gauss cubature rule (18) has the follow-
ing properties.

® I(f) = G§m+1,2n+1(f) for each f € Ip2m+2,2n+2'
e The nodes are all real. Specifically, when they are ordered in increasing order,

they are such that

_ X, if kis even

X = s s

Xy, if k is odd

where x; are the Gauss nodes and x; are the zeros of the following polynomial
Pt (@) =P () = by Py (),

i.e., the eigenvalues of the following matrix

o e /b + b e,
m+l [1a o o :
b + bm+1 m am
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The same holds for the nodes y; with 5 and n in place of a and m, respectively.
e The weights are all positive. In details, assuming that they are ordered in
increasing order, one has

(4

m+1 . .
——4;, ifkiseven,
-k _ b + ber1
—/l* if k is odd
b bZHl if k is o

where A7 can be computed from the first components of the associated normal-
ized real eigenvectors of the matrix J |

e If a,f >1 all the nodes X,y are positive. On the other hand, if a,f € (—1,1)
then there exist negative zeros for any m,n > 1.

According to the last property, the introduced cubature rule (18) has nodes
outside the domain (0, o). Therefore, in order to overcome this problem, we fol-
low what has been proposed in [15] for the univariate case, that is, we consider
the Jacobi matrix 7" , given in (18) (and the analogous 7’ ) and remove the
last m — 1 (resp. n — 1) rows and columns.

Then, we define the reduced generalized averaged Gauss cubature rule as

2n+1

m+2 n+2
manin (D) = Z Z A Af G 3)), (19)
where the nodes {X, }"‘Jr2 and {J; }”Jr2 are the zeros of the polynomials p7  and p pn e
respectively, defined by
Py @) = x—ay_)py () = by 0y, (0),
(20)

PhaO =0 —d_)ph, o) =b, P,

i.e., the eigenvalues of the matrices

I bremn 0 J? \/ ble, 0
5 a T a [ A
‘]31+2 bmem am bm+1 1 and J5+2= ‘/bge”f ag 1 /bf+l 1 .
a o
0 \/bm+1 A 0 \/bﬁﬂ ag_l
The weights {/1" }er2 and {2? };’:12 are the first component of the eigenvector associ-
ated to the eigenvalue % and J;, respectively.

Proposition 3 The reduced formula G 2 () is still exact for polynomi-

als belonging to P,,,,5,,.,. Moreover, all the nodes are positive for any m,n >2
ifa, f > 0 and for any m,n >3 if a, f, € (-1, 1).
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The above Proposition suggests that we can use G (f) to estimate the
i N . m+2,n+2
cubature error R, .(f) by computing the following difference:

m,n

R, =1 =G, () =G, (=G, =: R (. 1)

3 On the error of the truncated Gauss-Laguerre cubature rule

In this section, we develop truncated versions of both the rules previously intro-
duced, preserving the same accuracy of the original cubature error. We aim at reduc-
ing the number of function evaluations, producing at the same time an estimate for
the error of the truncated Gauss-Laguerre rule (3).

Generally, truncated rules are very useful in the numerical solution of integral
equations [6, 8, 9]. In fact, collocation methods lead to square linear systems whose
order depends on the number of cubature points. If we approximate the integral
operator by using a cubature scheme with m X n nodes, then the system will be of
order mn. Moreover, if the kernel and the right-hand side of the equation are not
smooth, to obtain a good accuracy, we need to take m,n >> 1, so that the system
becomes very large. Truncated rules use only a fraction of the nodes in the cubature
scheme, reaching the same precision by solving a smaller linear system, with a sig-
nificant saving in computing time.

3.1 The truncated averaged Gauss-Laguerre cubature rule

Let us consider the rule (7). Among all the computed nodes {ick}Z’:ll and {y }}”11 let

us select the node X, and the node , such that
X, = min{X|%, > 4m0,}, §, =min{y;|y; > 4no,},

where 6,0, € (0, 1) are two fixed parameters.
Then, we define the truncated anti-Gauss Laguerre cubature formula as

GRIROEDI I BN 22)

k=1 j=1

Denoting

ki+1,n+l(f) =1 - é?n+1,n+l(f)’

next proposition shows that, for a certain class of polynomials, formula (22) gives an
error opposite in sign of the error of formula (3).

Proposition 4 For each polynomial p € Py, 1,1 U Py,,_j 5,41, One has

oA o7
Rm+1,n+1(p) ~ _Rm-n(p)'
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Remark 1 Let P be the set of all bivariate polynomlals vanishing at the points
(X, §;) with X; 4m€1 and y; > 4n0,. Then, since Rmn(f) 0 for all p € P}
it follows

2m—1,2n-1"

/./p@wmww@—ZEH P 5)-
0 0

According to Proposition 4, one has

é%l,wl(f) =21(f) = G, ,(f). Vf € Popsron-1 Y P o0t

This identity suggest us to define the truncated averaged Gauss-Laguerre cubature
rule as

GL m+1, 2n+1(f) [G (f) + GA+1 n+1(f)]
Such formulae can be used to estimate the cubature error of (3)

R, () =1(H) = G, () = G5 o (D) = G

1 o . a1 (23)
= E[Gm+1,n+l(f) - Gm,n(f)] = Rm,n(f)'
Let us note that Iq(’wn(f ) provides an accurate numerical estimate for 103,”,”()’ ); for each

fixed m and n, see Table 9 for a numerical evidence, which also confirms the lower
bound given in [6].

3.2 The truncated reduced generalized averaged Gauss cubature rule

Similarly to what has been done for the anti-Gauss rule, let us consider now the for-
mula (19) and introduce the nodes

X, = min{X|%, > 4m0,}, §, = min{J;|y; > 4nb,},

where 0,,0, € (0, 1) are two fixed parameters. Then, we define truncated reduced
generalized averaged Gauss cubature rule as

Gz = Z Z AgA f(ffk,f’j)-

Next proposition shows that the error given by the above formula

m+2 n+2(f) - I(f) +2 n+2(f)

is of the same order as the one given by the original formula (19). Then, in order to
use fewer points, we can use this formula to estimate the cubature error R, ,(f), i.€.,
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R, (D =100 =6, (=G, (=G, () =: RZ (). 24)

Proposition 5 Let f € C, where u is given by (15) withy; <a+1andy, < f+1.
Then,

IR 52D S IRL 2D+ CE, (), + e full )

where C and c are positive constants independent of m and n.

4 Numerical examples

The aim of this section is to show and compare the performance of the four cubature
rules applied to several integrals of the form (1).

In each example, for increasing value of m and n, we compute the relative errors
of the Gauss and anti-Gauss cubature rule ¢, ,, eﬁl +1a41 together with the corre-
sponding relative error eém 12041 furnished by the averaged formula (13). Then we
show the relative errors of the associated truncated rules é,, ,, 62 +1np1 and em il
to highlight the advantage of such formulae in terms of accuracy and evaluation of
functions. In addition, we test the performance of the reduced generalized averaged

Gauss rule and its truncated version, by showing the relative errors 63’; +2msn and
oT i

€m+2, +2°
Inneach example, we also compute the Estimated Order of Convergence (EOC),

i.e.,
errmn
log ( : )
€rTomon
—’

log?2

EOC

where here err,, , is the absolute error of the cubature rule we are dealing with.
All the computatlons were performed on an Intel Xeon E-2244G system with

16Gb RAM, running MATLAB 9.10. The software developed is only prototypal,
but it is available from the authors upon request.

Example 1 Let us test the convergence of the considered cubature rules to the fol-

lowing integral
[s9) [e) . 3 - 3
sin(x + y)x’ye ™ Ydxdy = —=,
o Jo 4

with f(x,y) = sin(x + y)x*y and w(x,y) = e™*. The integrand function is very
smooth and then we expect a fast convergence. The numerical tests are performed
with high-precision arithmetic. Specifically, to make the round-off errors introduced
during the computations negligible, the computations are achieved with 110 signifi-
cant decimal digits. By choosing m = n, Table 1 contains the relative errors of the
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Table 1 Numerical results for Example 1

m=n e’"m(f) EOC"”" er}:x+lﬁrn+l (f) Eocjl,m €2Lm+1,2m+1 (f) EOCfn,m
8 —5.13e = 03 13.06 6.51e — 03 13.38 6.95¢ — 04 17.25
16 —6.00e — 07 29.60 6.09¢ — 07 28.87 4.44e - 09 24.08
32 —7.40e — 16 1.48 1.24e - 15 1.79 2.50e — 16 2.43

64 2.66e-16 —3.59% - 16 —4.63e — 17

classical Gauss-Laguerre formula G,, ,(f), the anti-Gauss rule G:Z,m(f) and the cor-
responding averaged rule Gém 1om 1 (), together with the corresponding EOC,, ,,.
By comparing the second and fourth column, we can see that the anti-Gauss formula
furnishes an error opposite in sign and with the same magnitude of the Gauss rule.
Consequently, if we approximate the integral by using the averaged rule, then we get
a better approximation as highlighted by the sixth column.

In Table 2, we collect the results we get by approximating the integral with the
truncated version of the Gauss, anti-Gauss rule, and the corresponding averaged for-
mula, by fixing 8, = 6, =0.4. The truncated anti-Gauss rule still retains the same
properties of its complete formulation, that is gives an error opposite in sign and
with the same magnitude of the truncated Gauss-rule. This implies that if we use
the truncated averaged rule we get the same accuracy of the complete rule but with
fewer points. For instance, we get an error of the order 10~° with 27 x 2 = 54 nodes
(instead of 33 X 2 = 66 nodes) and 365 evaluations of functions (instead of 545
evaluations).

Table 3 contains the relative errors we get with the reduced generalized aver-
aged formula G; 12me2 and its truncated version éz’; 2mi2 They are smaller than the
errors given by the single rules G, ,, and an Ll but the averaged rule Gém 12me]
is more precise. By the last column, we can see that, also in this case, the truncated

form gives the same accuracy of the complete rule with fewer points.

Eaxl:;llflel\iuvt]iilrllzlzre;: l;s(;?lr =n 1=x &) t=K ém+1,n+l " é2m+],2n+l *
8 7 —-5.12e-03 8 6.5le—03 697e —04
16 13 —6.00e — 07 14 6.09¢ — 07  4.53e —09
32 25 —7.40e — 16 26 1.24e — 15  2.50e — 16
64 49 2.66e — 16 50 —35% —16 —4.63e—17

Brample 1 with 0.~ 0ym04 "7 Chawe  BOCL 1=K &
8 —1.6le — 03 14.59 9 —1.61le — 03
16 —2.27e—-08 24.20 14 —2.25e¢ - 08
32 —8.77e — 16 1.87 26 —8.77e — 16
64 -93le—16 50 —-93le—16
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s S ERT 0

p=1 8 2.36e — 04 5.37¢ — 04
16 2.23¢ - 09 ~2.10e — 09
3 —742% — 16 ~1.15¢ - 16

In Table 4, we want to compare the performance of the reduced generalized aver-
aged formula GZ; 2ma2 with the complete generalized averaged formula from which
it derives Ggm +12me1 O show that the first formula reaches the same accuracy of
the second one even if the number of points is reduced. To this end, to make inter-
nal the complete formula, we set the parameters of the weight function as a =2

and =1 and f(x,y) = sin(x +y).

Example 2 The aim of this test is to show that in the two-dimensional case (and even
more in the multidimensional one) the averaged rules are more competitive with
respect to the simple Gauss formula. Let us consider the following integral

o Jo 1+y+2x(x=22+1

which is of the form (1) with

1 e/
l+y+2x(x—-22+1

wix,y) =e " fx,y) =

The function f'is smooth and, for each fixed y, is bounded and does not increase too
fast, so we need to use a large value of m and n to get a good accuracy [7]. The exact
value of the integral is not known. Since the use of a high precision considerably
increases the computation times when m is large, we have computed the exact value
numerically with Wolfram Mathematica. We perform the computation with 32 sig-
nificant decimal digits.

By inspecting Table 5 we can deduce, for instance, that to get an error of the order

10~® we have two options: using the averaged rule Gém +1.2n41 With m = n =64 which

Table 5 Numerical results for Example 2

m=n Epm EOoC,, e () EOC? eémHYZmH(f) EOCE
16 —2.57¢ — 03 291 2.06e — 03 274 —2.55¢ — 04 3.92
32 3.42¢ — 04 3.82 —3.08¢ — 04 3.68 1.68e — 05 7.43
64 242 — 05 6.73 —2.40e — 05 6.70 9.74e — 08 6.91
128 2.29¢ — 07 9.37 —2.30e — 07 9.41 —8.09 — 10 8.05
256 —3.46e — 10 12.97 3.39¢ — 10 13.01 -3.05¢ - 12 11.52
512 —43le— 14 4.10e — 14 —1.04e — 15
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Table 6 Numerical results for _ _ . — . . oL

Example 2 with 0, = 6,=02 =" ‘=K ‘nnlD =R D G )
16 10 —2.57¢e-03 10 2.06e — 03 —2.54¢ — 04
32 18 342e — 04 19 —3.08c — 04 1.68e — 05
64 36 2.42¢ — 05 37 —2.40e — 05 9.74e — 08
128 71 2.29e — 07 72 —2.30e — 07 —8.09¢e — 10

256 142 —3.46e—-10 142 339 -10 —3.05e - 12
512 282 —43le—14 283 4.10e—14 —1.04e — 15

requires the computation of 2(2m + 1) =258 nodes and 64 + 652 =8321 evaluation
of functions, or using the simple Gauss-Laguerre formula G,, ,, with m = n =128.
However, in the latter case, we have to compute 256 nodes and 16384 evaluation of
functions.

If we move to the truncated averaged rules, the number of function evaluations is
further reduced. As showed in Table 6, to reach an error of order 108, by using the
truncated averaged rule Glim +1.2ms+1 We only need to compute the integrand function
in 367 +37% =2665 points. On the contrary, the computational cost of the truncated

Gauss ém,m rule is 717 =5041 evaluations.

Table 7 contains the results concerning the reduced generalized averaged rule

: T : L
from which we can see that Gm tome2 18 less accurate than the rule sz Lomal

Example 3 Let us consider an integral in which the integrand function is not smooth
as in the previous examples, that is

o oo —113/2  —G+y)
/ / N 3| 3 ¢ dx dy,
0 0 25 + Xx° + y \5/; %

1

where we can fix w,(x) = x~ 10=% and wy(y) =y~ /5=, Here, we compute the tests
with double arithmetic precision and since the exact value is not known, we consider
as exact the approximated value obtained by the Gauss cubature formula with

X . 152 . .
m =1024. The integrand function f(x,y) = % is smooth with respect to the

variable x but belongs to the Sobolev space W, with respect to the variable y. Then,

bomplos o~ ois03 MM Chaws  EOCL 1=K e
16 —3.61e — 03 2.95 11 —3.61le — 03
32 4.68¢ — 04 5.04 20 4.68¢ — 04
64 1.42e — 05 6.82 37 1.42e — 05
128 1.26e — 07 8.42 72 1.26e — 07
256 —3.67e — 10 13.25 143 —3.67e — 10
512 —-3.77e - 14 284 —3.77e — 14
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Table 8 Numerical results for Example 3

m=n_ () EoC,, efn+1,m+1(f) EOC, €, 5,n()  EOC, el

16 —-329 -03 154 2.75e - 03 1.57 —2.70e — 04 1.38 —-3.02e — 03
32 —1.13e - 03 2.06 9.26e — 04 1.60 —1.04e — 04 2.65 —1.03e — 03
64 2.72e — 04 1.78 —-3.05¢e-04 1.70 —1.65¢ — 05 1.20 2.8% — 04
128 7.93¢ — 05 1.75 —9.36e - 05 1.67 —7.18e — 06 1.34 8.65e — 05
256 2.36e — 05 6.74 —-293e-05 7.07 —2.84e — 06 10.81 2.65e — 05
512 —2.22e — 07 2.18¢ — 07 —1.58¢ — 09 —2.20e — 07

Table 9 Numerical results for Example 3 with 8, = 6, =0.2

m=n_ =k ) 1=K Rt O &t amn ) &)

16 10 —3.29¢e - 03 11 2.75e — 03 —2.70e — 04 —3.02e — 03
32 19 —1.13e - 03 19 9.26e — 04 —1.04e — 04 —1.03e — 03
64 36 2.72e — 04 37 —3.05e — 04 —1.65¢ — 05 2.8% — 04
128 71 7.93e — 05 72 —9.36e — 05 —7.18¢ — 06 8.65¢ — 05
256 142 2.36e — 05 142 —293e -05 —2.84e — 06 2.65e — 05
512 282 —2.22e - 07 283 2.18¢ — 07 —1.58¢ - 09 —2.20e - 07

Table 10 Numerical results for Example 3 with §, =6, =0.2

MEL EOC,  1=x &, e )

16 —2.63e — 03 1.58 11 —2.63e — 03 —6.6le — 04 —6.6le — 04
32 —8.77e — 04 1.72 20 —8.77e — 04 —2.56e — 04 —2.56e — 04
64 2.67e — 04 2.04 37 2.67e — 04 5.50e — 06 5.50e — 06
128 6.48¢ — 05 1.59 72 6.48¢ — 05 1.45e — 05 1.45e — 05
256 2.15¢ — 05 3.76 143 2.15e — 05 2.14e — 06 2.14e — 06
512 —1.59 — 06 284 —1.5% — 06 1.37e — 06 1.37e — 06

we expect a theoretical convergence of the order O(m~!); according to Theorem 1
combined with (16) (see also [6, Proposition 3.1]). The performance of the rules are
displayed in Tables 8, 9, and 10. Once again, the computational saving of the trun-
cated averaged rule is confirmed.

In this example, we have also add a column in each table to show that the pro-
posed formulae can be used to estimate the relative error given by the classical
Gauss cubature formulae G, ,, and (o?m,m as emphasized in (14), (21), (23), and (24).
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5 Proofs

Proof of Proposition 1. Property 1 Assume without loss of generality that
deg,f < 2m+ land deg,f < 2n — 1. Then

glx;) 1= /0 f(xi,y)wﬂ(y)dy = Z iff(xi’yj)

J=1
is a polynomial in x; of degree at most 2m + 1, and we similarly have

n+1

DA 5) = 8.
J=1

Thus,

m m+1

— z a A _ 2 Ta -~
Gm,n - ’1,‘ g(xi)9 Gm+1,n+] - )',‘ g(xi)
i=1 i=1

are the Gauss and anti-Gauss rule applied on the polynomial g. Using the fact that
these two rules give the opposite errors on all polynomials of degree at most 2m + 1,
we conclude that

(G w ¥ Ghas) = /0 8w, ()dx = / J e, y)wix, y)dxdy.
R+

Property 2 1t is inherited by the one-variable anti-Gauss rule [17, 26].

Property 3 The positivity follows by the fact that the j th weight is the squared of
the first component of the eigenvector associated to the j th eigenvalue. Let us now
give the proof of the expression of the weights A%, by following essentially the one
given in [26] for bounded intervals. The identity related to the weights /1]’.’ can be

proved in the same way. For each fixed k, let us consider the polynomial of degree
2m

)
Fe) = p, 0 — P10
X

k

Since G,,(f;) =0, the univariate averaged rule (4) gives the identity

G0 = 5T = S AP GOR, ). 25)

On the other hand, for each k, there exist a polynomial g,,_;, of degree m —1 such
that

£ (w, (x)dx = / PEOOL + g O = 1512 (26)
0 0
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where II-Il denotes the usual norm in the Hilbert space L?(R*). Then, by combining
(25) with (26), we get the assertion.
Property 4

Let P and Q be two polynomials of degree 2m —2 (or 2m —1 if k =1 or k = m)
such that

%), i<k—1 &), i<k-1,
P& = g(x), i< ©and Q(Xi)z §'x) i<
0, i>k+1, dx 0, i>k+2,

and

~ &), i<k-2, d &), i<k-2,
o) = { 8% ! and Pgy=q 80
0, 1>k, 0, i>k+1.

These polynomials are uniquely determined (see, for instance, [21, Lemma 1.3]).

The polynomial P(x) < g(x) for x < X, hits the x-axis at X, ; and is negative
thereafter, so

Peo) < {g(x), X< T

0, x> Xy
Thus,

k— n+1

Z A9g(x) = Z AP < Z P

= / " Pxw, (x)dx < / - 8w, (x)dx.
0 0

Similarly,

0, x> X,

0w > {g(x), X<F_,

and consequently, we can claim that

n+1

k k
2 sl > Y A0 = Zwm

X1
= / 0w, (x)dx > / 8w, (x)dx.
0 0
The last inequalities can be proved similarly.

Proof of Corollary 1. By Property 4 of Proposition 1 we can state
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>~

3 et < / " g (dx

and

k—1 Fin
D Arg(x) > / 200w, (x)dx,
i=1 0

so that

k k—1 -
Tig(@) = Y Mg - Z Tog(x) < / gCw, ().
i=1

X2

Proof of Theorem 1. To prove the stability of the formula, we have to prove that

m+1 n+1 ﬂa Zﬂ
J
sup sup < o0
man |full =1 <Z Z uy (%) uy(3; )>

1 j=1

Now, by Corollary 1 with g(x) = ei, we get

m+1 Z: m+1 the}k/Z

;; (%) o A +X)mx, bk
m+1 Y /2y (%) 1+% g RS TER )
< — L dx+ Z k2 Tht2 / a dx
hS ]; [ %2 (1 4+ x)ymxn ( 1+, X %, (1 +x)mxn

o A=Y
< C/ d e dx.
o (1+x)m

where C is a positive constant independent of m. Similarly, we deduce that

n+1 Zﬂ ) ﬂ_}’
Z < C/ Le—yﬂdy.
= nG) o d+ym

Consequently, by the assumption on @ and f, we deduce the boundedness of the
integrals and then the stability of the formula. About the convergence, denoted by
P € Py, _1,, 1 We have

R 1yt O = 1Ry = P = |1 = P) = Gy = P)|

] m+1 /la n+1 ﬂ,ﬂ
< I¢f - P)“”w{l<;) * (kz ul(xk)><zl “2@,)>}

<CN( = Pull

Then, taking infimum on Py, _, ,,_;, by assumptions we get the thesis.
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Proof of Corollary 2 By definition, taking Theorem 1 into account and being
|Rmn(f)| S CEZm—l,Zn—l(f)u one get

C
|I(f) +1 2n+1(f)| [lR |+ |RA+1 n+1| = 2E2m 1,2n— l(f)

Proof of Proposition 3 Both assertions follow by the properties of the corresponding
univariate quadrature rule G:l 2 [14].

Proof of Proposition 4 By the first assertion of Proposition 1 we can write

I(p) =G,y i @)

m+1  n+l
=1(P) =G+ Y, Y, AP,
k=Kk+1 j=1+1
m+1  n+l
= ~U(P) = G101 () + Z Zm” @)+ Y, DA PG ).
k=k+1 j=1+1 k=k+1 j=1+1
Therefore, we have
m+1  n+l
R, @ =R, + Z Zmﬂp<xk,y,>+ > D)
k=k+1 j=1+1 k=k+1 j=1+1

=—R,,(p)+ 5 +S$,.

Let us now prove that S; and S, are negligible so that they cannot influence the
sign of the first term at the right-hand side.

Let u(x,y) = u(x)uy(y) with u;(x) = (1 + x)lixtie™ /2 where n; >0 for each i =1,2
and y, < a +1, y, < f +1. Then, setting & = min{6,,0,} and M = min{m,n}, we
have S| = sign(S))IS,l, where [9, formula 4.2]

n AIZ ﬂ

" A
k J —cM
1511 < Pl qamo.s —L < e (2 pull
B ’w))k;iuqﬂ 1y () 1 (Xp) ®

with C and ¢ two positive constants independent of M and p, and with ¢ depending
on 6. Hence, S, approaches zero and then whatever its sign, it does not change the
sign of iem,n(f). A similar result can be proven for the sum S, so that we have the
assertion.

Proof of Proposition 6 Let P,, the polynomial of best approximation for f, we can
write
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m+2  n+2

R OV SIRE O+ Y Y AR 9) = Py 9)
k=x+1j=1+1
m+2  n+2

+ D APy G -

k=k+1 j=1+1

By virtue of the exactness of formula G* for constants, we have

m+2,n+2

m+2  n+2 Ta ,’{ﬁ
k

k=k+1 j=1+1 ul(xk) Z(y)

m+2 n+2 "a ﬂﬂ

< EM(f) Z Z Ml(xk) uz(y/

scrso.

Moreover, by proceeding as done in Proposition 4 for the sums S; and S,, we get

—— (G, ) — Py (R, 9)u%, 5))

m+2  n+2 2a Aﬂ

k —c(m+n)
— 1Py G, )1 < Ce™ " futl -
k=x+1 j=1+1 M](Xk) uz(y) !

6 Conclusions and research perspectives

In this paper, we have proposed four cubature rules to approximate double inte-
grals defined on the interval [0, +00). The first one is the averaged Gauss cubature
formula which is an average of the Gauss cubature formula and the anti-Gauss
cubature rule, introduced here for the first time. Then, we have extended to the
bivariate case the formula proposed in [15] by writing the reduced generalized
averaged Gauss cubature rule. Finally, we have investigated on the corresponding
truncated versions obtained by removing “large” nodes.

Our numerical results confirm the theoretical properties of these schemes. In
the case of the averaged rule, the formula does not only provide a good estimate
for the remainder terms R, . (f) and i’em,m(f) but gives a good approximation of
the integral with a reduced number of evaluation of functions with respect to the
one given by the Gauss cubature formula G,,, ,,. To this advantage, the reduced
computational cost for computing nodes and weights is added, compared to the
related cost required for the construction of G,,, ,,. If we move on the truncated
versions, the number of evaluation of function is streactly reduced.

All the above formulae are constructed as tensor product of the corresponding
univariate formulae and then are based on the zeros of polynomials orthogonal
with respect to a weight function of the type u(x) = x%~".
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Regarding research perspectives, we want to construct these formulae by con-
sidering the more general weight u(x) = xe= [27-29]. In this case, the coeffi-
cients of the recurrence relation are not known in a closed form and then must be
evaluated numerically. The Mathematica package “Orthogonal Polynomial” [30,
31] computes such coefficients (and then evaluates nodes and weights) for the
Gauss and anti-Gauss rule but not for the reduced generalized averaged formula.
Then, we want to develop a software package, written in Matlab, which includes
the computation of the recurrence coefficients of all the cubature formulae inves-
tigated here.

Our package will also include solvers for the numerical solution of integral
equations defined on the set (0, o) X (0, o) based on the cubature schemes pre-
sented in this paper [32]. Their properties will imply a considerable computa-
tional saving in the numerical solution of the linear system that will have to be
solved.
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