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Abstract

We consider weighted Bergman spaces AL on the unit disc as well as the corresponding spaces of entire
functions, defined using non-atomic Borel measures with radial symmetry. By extending the techniques
from the case of reflexive Bergman spaces, we characterize the solid core of Ah. Also, as a consequence of a
characterization of solid AL—spaces, we show that, in the case of entire functions, there indeed exist solid AL
-spaces. The second part of the article is restricted to the case of the unit disc and it contains a characteriza-
tion of the solid hull of AL, when u equals the weighted Lebesgue measure with the weight v. The results are
based on the duality relation of the weighted A'- and H*®-spaces, the validity of which requires the assump-
tion that —log v belongs to the class W, studied in a number of publications; moreover, v has to satisfy
the condition (b), introduced by the authors. The exponentially decreasing weight v(z) = exp(—1/(1 — |z|)
provides an example satisfying both assumptions.

Keywords Bergman space - Weighted L!-norm - Unit disc - Solid hull - Solid core

Introduction and preliminaries

The solid hulls and cores of spaces of analytic functions on the unit disc D = {z € C : |z] < 1} or the entire plane C
have been investigated by many authors. We refer the reader to the recent books [12] and [16] and the many references
therein. In the series of articles [2—5], the authors have presented the solid hulls and cores of the weighted H*-spaces
H® onD or C for a large class of radial weights v as well as their Bergman space analogues A’; forl < p < 0. Earlier, the
cases of standard weights and du(r) = (1 — r)*dr, @ > 0, were considered in [1] and [12].

In this part, we want to extend the results of [5] to weighted Bergman spaces Af; for p = 1. The spaces are defined on the
unit disc D or on the entire plane. (Fock spaces are usually considered the Bergman space analogues of spaces of entire
functions, but these are defined with Gaussian weight functions, which is not required here. Thus, here we keep the term
Bergman space also for the entire functions.) Consider R = 1 or R = o0. We study holomorphic functions f : R-D - C
where R-D=Dif R=1and R-D = Cif R = . Let f(k) be the Taylor coefficients of f, i.e., f(z) = Z,tiof(k)zk. We
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take a non-atomic positive bounded Borel measure u on [0, R[ such that u([r, R[) > O for every r > 0 and /OR rdu(r) < oo
for all n > 0. Put, for1 < p < oo,

1 R ,2r ‘ 1/p
|lf||,,=< /0 V(re"”)lpd(pdu(r))

2z Jo Jo
and let

AIZ ={f : R-D - C : f holomorphic with ||f||, < co}.

We will also consider the weighted spaces

H? = {f : D — C holomorphic : [[f]|, = sggv(z)[f(zﬂ < oo},
z

where the weight v : D — (0, 00) is a continuous and radial (v(z) = v(|z])) function which is decreasing with respect to
r = |z|, and lim,_,- v(r) = 0.
Let A be a vector space of holomorphic functions on R - D containing the polynomials. The solid core is defined as

s(A) = {f € A : g € A for all holomorphic g with |g(k)| < [f(k)l for all k}
and the solid hull as
S(A) = {g : D — C holomorphic : there is f € A with |g(k)| < [f”(k)| for all k}.

The space A is called solid if A = S(A). The concept of a solid hull will also be discussed at the beginning of Section “On
solid hulls.”

Here, in Theorem 2.4, we will transfer Theorem 4.1 of [5] to the case p = 1. This result concerns the characterization
of solid Bergman spaces AL, and it is motivated by the fact that such spaces indeed exist in the case R = oo only (see
Example 2.7 and Corollary 2.6). In Theorem 2.8, we determine the solid cores for all Bergman spaces AL.

In Section “On solid hulls,” we also present how the duality theory can be used for new results on certain solid hulls
(see the beginning of Section “On solid hulls” for detailed definitions). In particular, we construct the solid hull
SBK(AL) of AL for R = 1by using the known solid core of the space H® in [4]. This result is more special than the previ-
ous one for solid cores since we need to restrict to the case y is the weighted Lebesgue measure du = vdA = va~'rdrd,
where the weight v needs to satisfy some special assumptions in addition to those mentioned above. Examples of such
weights include important cases like exponentially decreasing weights.

For a holomorphic g and r > 0, we define

1 2r ] 1/p
M,(g,r) = (2— / |g(re’¢)|f’d(p>
T Jo

and denote the Dirichlet projections by P,g(z) = ZZ:O 2(k)z*, n € N. Tt is well known that, for 1 < p < oo, there are con-
stants ¢, > 0, not depending on g, n or r, such that M,,(P,g, r) < ¢,M,(g, r). Moreover, we have lim,_, , M,,(¢ — P,g,r) = 0.
Hence, we obtain

1P f1l, < c,lIfll, forallf € Aﬁ and all n and }Lrglo f = P.fll, =0.

In particular, we see that the monomials z = z*, n € N; = {0,1,2,...} =NU {0}, form a (Schauder) basis of AZ if
1 < p < co. On the other hand, denoting by H' the Hardy space of all holomorphic functions on D which are bounded
under supq.,.; M, (-, r), it is well known that the operator norm of P, : H! — H'tends to infinity as n — oo. (See details
in [9] and [17].) For the terminology and definitions on bases in Banach spaces, see also [13].

In the remaining part of the article, [r] denotes the largest integer smaller or equal to » > 0. By ¢, ¢, ¢,, C, C’, etc., we
denote generic positive constants, the actual value of which may vary depending on the place.
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Solid core and examples of solid Al‘l-spaces

In this section, we extend Theorem 4.1 of [5] concerning the characterization of solid Bergman spaces to the case
p = l and also determine the solid cores for all spaces AL . We consider both cases R = 1 and R = oo unless otherwise
specified. First, we recall a fundamental result from [10], which concerns equivalent representations of the norm of
the space AL.

Theorem 2.1 There are sequences 0 < s; < s, < ... < Rand0=my <m; <m, < ..., non-negative numbers d,, t, ; (with
n € Nand[m,_]1 < k < [m, 1) and constants c,, ¢, > 0 such that for all g(z) = Z;‘;O akzk we have

(o]
cliglly < Y, M (T,8.5,)d, < cligll,. @.1)
n=0
where
[mn+l]
Tg= Dty 2.2)
[m,_i1+1

We will need the following consequence of this result.

[m, 411
Corollary 2.2 Let (nj)]i‘:l be an increasing sequence of indices such thatn;, — n; > 2 for all j and let h,(z) = Zk:f;nl 141 a7k
be a polynomial. We have
ally < D il < ClAll, forall k=) by € AL 2.3)
=0 j=1
Proof Applying (2.1) to h; yields that||A;]|, and
Ml(Tnjhj’ sn,»)dnj + Ml (Tnj+1hj’ snf+1)dnf+1

are proportional quantities. Moreover, 7, h = 0, if n is not equal to n; or n; + 1 for any j, and

Tn/_h = Tnjhj, Tnj+lh = Tnj+1hi for all ;. (2.4)
Hence, by another application of (2.1),
llAll, < Z Al < Cz (Ml(Tnjhj’ S )y, + My(T, 41 By, Snj+1)dnj+1)
j=0 j=0

=C ) M\(T,h,5,)d, < C'|lhll,.
=0

Let us make a remark concerning the numbers and constants in the above results.

Remark 2.3 1°. Theorem 2.1 is a reformulation of Theorem 1.3 of [10], where the sequences (s,)* | and (m,)>  were
chosen, by using induction, such that, for alln € N,

S, R S, R
/ rMdu = b/ r"du  and / Fiidy = / rMdy.
0 S, 0 S,

where b > 5 is some constant. Then, the numbers d, were set to be
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Sy m, R My
e ([ (2o [ ().
0 Sn K Sn

n

As proven in Section 5 of [10], it is always possible to find these sequences, although calculating them exactly for given
concrete weights seems to be difficult in general.

2°. If R = 1and du = rv(r)drd® with v(r) = exp ( —a(l - rf)‘ﬁ) for some constants @, f, £ > 0, then the numbers m,,
and s,, n € N, (m;, = 0), were calculated by a different method than in 1° in Propositions 3.1 and 3.3.(ii) of [6]:

1/ 1/ 1/¢
m, = fﬂ2<£> n?*20 _¢p2n? and s, = (l - <%) n_z/ﬂ> . (2.6)
a

3°. In the citations mentioned in 1° and 2°, the numbers ¢, , were chosen as the coefficients of certain de la Valle€ Poussin
operators, more precisely,

k—[m,] .
—_n <
gt if m,_; < k| £m,,
bnge = _— 2.7
My 1= H
o if m, < k| <m,,,.

Next let us state our result on the characterization of solid AL—spaces.

Theorem 2.4 The following are equivalent:

(i) A}ll is solid,

i) s(A!) =4,

(iii) The monomials (")}, are an unconditional basis of AL,

(iv) The normalized monomials (" /||z"||,):%., are equivalent to the unit vector basis oft!,

(v) sup(m,, , —m,) < oo for the numbers m, in Theorem 2.1.
neN

In the following, we retain the numbers m,, s, of Theorem 2.1 and consider the Dirichlet projections P,.

Lemma 2.5 Assume that limsup,,_, . (m,, , —m,) = co. Then, for every N > 0, there exists an arbitrarily largen € N, an
index M < m,,, and a polynomial f(z) = Yy a2k with||fll, < 1but||Pyflly = Py — Py M1l 2 N.

k=[m, ]+1

Proof Due to the unboundedness of the operator norms of P, on H! (see Section “Introduction and preliminaries™), we
find an index K and a polynomial g(z) = Z,‘L=o ﬁjzf with M,(g, 1) = 1but M,(Pgg, 1) > N. By assumption, we find n € N,
as large as we wish, such that m,,; —m, > L+ 1. Then put

[m, 1+L+1

Q=Y Bomayd

k=[m,]+1
‘We obtain
M(f,s,)=M;(@g,1)=1 and Ml(PanrKf, s,) = M;(Pxg,1) > N.

Put M = K + [m,] + 1 and use Theorem 2.1 to complete the proof of the lemma. We have Pyf = (Py, — P, |)f just by
the choice of f.

Proof of Theorem 2.4.
(i) © (ii): follows from the definition.
(iv) = (iii) = (ii): these are obvious.
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(if) = (v): Assume that limsup,_, . (m,,; —m,) = co. For every j € N we find, by Lemma 2.5, a polynomial f; €
span{z[m“/]+l s z[m"/m } for some m, with

IIf;ll, =27 and [P fill, = 1 for some k; € (m, ,m,, ). 2.8)

We may assume thatn;,; —n; > 2.Put f = 3 fiand g = 3, Pyfi = Zj(ij =Py, f;- Then, f € AL but in view of (2.8),
(2.3) we have g ¢ AL. Hence f ¢ s(A‘ld).

)= (@v) :Letg(z) = 21[:[;1] 141 a,7*. By (v) we obtain a constant independent of n, r, and g with
- n—1

[mn+l]

Mi@gn < ) Il <eM(g,n.
k=[m,_,1+1

Then, (2.1) yields numbers 6, = t, ,s*d, such that for all functions
o
= k 1
f@ =) g eal
k=0
we have, with the universal constants ¢, ¢,,

D ICAARSA
k=0
This proves (iv).
Corollary 2.6 If R < oo then AL is never solid.
Proof 1t follows from Proposition 2.1. of [10] that in this case we always have lim sup,_,  (m,,,; — m,) = oco.

Example 2.7 There are indeed examples where AL is solid. Let R = oo and du(r) = exp(— logz(r))dr. It was illustrated in
[10], Example 2a that here sup,,(m,, —m,) < co.

Theorem 2.8 Let m,, s, and d, be the numbers of Theorem 2.1. The solid core ofAL equals

s(AL): {g :R-D->C:gkx)= Zg(k)zk

k=0
oo (411 12 2.9)
with Y dn< ) |g(k)|2s§k> <o }
n=1 k=[m,]+1
Proof For a holomorphic function g(z) = Z;":O 8(k)7* we write
[m,41] 0 0
g@= Y sk and g@) = 8,0, g1@ =Y 8.
k=[m, ]+1 n=0 n=0

Let us denote by V the function space on the right-hand side of (2.9). Moreover, for all n, let A, = {41, —1}[™11=Im1 and
for®, = (0}, 1115 O, ) € A, put

[m,4,]

8o, = D 82z

k=[m, ]+1

First, assume that g € V. Then g;, g;; € V. Let f be holomorphic with IF k)| < | g, (k)| for all k. By (2.3) and Theorem 2.1
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(S o] [So]
Il < D) Woally < € Y oMy (Frys5,)
n=0 n=0

0 ©
<c Z d2nM2(on’ SZn) <c Z dZnMZ(an’ s2n) <o
n=0 n=0

where ¢ > 0 is a universal constant. We also used the definition of the space V in the last step. Hence f € A1 in particular
8 € A1 We conclude g; € s(A ). The same proof shows that g;; and hence g € s(A ).
Conversely, letg € s(A ). Then 8.8 € s(A ). Let ® € A, be such that

[m,41] 172 1
N 2 N
al(k [2]1 HG] > < S 2 M, < Mi(ga,.5,).

n n

Here we used the Khintchine inequality (see [18], Ch. V, Thm. 8.4) with the Khintchine constant a;. Put i, = Y™ | 86,
Then we obtain |ﬁ,(k)| = |g;(k)| for all k. Hence h; € AL. The choice of ®, and Theorem 2.1 applied to &, yield

o [mapi1] 12 00 [map1] 1/2
Tu 2 b0PS) " = (Y 1hors)
n=0 k=[my,]+1 n=0 k=[m,,]+1

<— 2 dy, M\ (e, - 52,) < —||h,||1 < co.
1 n=0

Here, c, is the constant of Theorem 2.1. We conclude g; € V, and similarly we see that g, € V. Hence g € V, which
implies V = s(Alll).

On solid hulls

In this section, we assume R = 1. We start off with the remark that in addition to the definition of a solid hull (see
Section “Introduction and preliminaries”), there exist two other priori different definitions in the literature: in [1],
the solid hull S, (X) of a space X of analytic functions on D is defined as the intersection of all solid vector spaces
of analytic functions on D. Obviously, S(X) is a vector space if and only if for every f, g € X there is & € X such that
the Taylor coefficients satisfy [f(k)| + |g(k)| < |A(k)| for all k.

Another variant appears in the theory of the so-called BK-spaces. By definition, a BK-space is a vector space of com-
plex sequences f = (f;),2, endowed with a norm which makes it into a Banach space, such that the coordinate function-
als become bounded operators. In the theory of BK-spaces (see [8]), the solid hull Sp4(X) of a BK-space X is defined
as the intersection of all solid BK-spaces containing X. By using the Taylor coefficients, we consider Banach spaces
of analytic functions on D as BK-spaces, and, in particular, we will characterize in the sequel the solid hull S BK(AL)

although we will avoid using the terminology of BK-spaces, except for the proof of Proposition 3.1. It is obvious that
S(X) C Syeet(X) C Spg(X) (3.1

for a BK-space X as above. All results on solid hulls S(X) in the literature known to the authors are vector spaces which can
be endowed with norms making them into solid BK-spaces. Thus, in all of these cases, one actually has S(X) = Sz (X).
Our aim is to use the known duality relations between the weighted A' and H®-spaces and existing results of the solid
core of H* in order to find the solid hull SBK(A,l, ). We focus on the case where the measure p is the weighted Lebesgue
measure vdA with a radial weight v making the Bergman space into a “large” one: the admissible weights include the
exponentially decreasing weights (see Example 3.3 below).

We start with some general considerations.



Journal of Mathematical Sciences (2022) 266:239-250 245

Given a sequence 6 = ()%, with |6 | < 1for all k, we denote by M, the operator My Y72 f(k)z* = 3.2 0, f (k). We
will need to consider analytic function spaces on D such that the norm of the space satisfies

IMaf Il < 1I£ Il (3.2)

forall f = Z;":O f()Z* € X and all sequences 6 = (6,)72, with [0, | < 1for all k.
The following result is essentially known.

Proposition 3.1 If (X, || - ||x) is a Banach space of analytic functions on the unit disc D such that all coordinate functionals
f = f(k) are bounded operators, then its solid hull Spx(X) can be endowed with a norm|| - ||g such that

(1) the embedding X < Spi(X) is continuous,

(ii) the norm|| - ||g satisfies (3.2),

(i) if p @ SprX) = Rg is any norm with (3.2) such that p(f) < ||f |lx for all f € X, then p(f) < C||f||s for a constant
C>0andall f € Sgr(X),

(iv) the normed space (SBK(X), I - ||s) is complete, and

(v) if the subspace of polynomials P is dense in X, then it is dense in (SBK(X), [ - ||S), t00.

Proof Let us explain the way the claims follow from the theory of BK-spaces; see [7, 8]. For the sake of the simplicity of
the notation, let us consider X as a BK-sequence space in the following, that we can do by assumption. We denote by y - f
the coordinatewise product of two complex sequences y and f. The space £ ©®X is defined in [7] to consist of sequences
g = (8);2, having a coordinatewise convergent representation

g= 200 S0 withy0 = ()2, € 27,10 = (1), € XV (3.3)
Jj=1
such that
D=1l < oo (3.4)
j=1

The norm|| - |[gof g €7 ©®X is defined by taking the infimum of the quantity (3.4) over all possible representations (3.3)
of g. Theorem 3 of [7] yields that the resulting space is complete, and Theorem 8 of [8] says that # ©®X equals the solid
hull S, (X). The completeness of the space is included in the same reference; hence, property (iv) holds.

If fe X, thenwehavee-f =f,wheree =(1,1,1,...) € £%, and in view of the previous definition of the norm || - ||,
this implies that||f||¢ < ||f]|yx for all f € X so that the embedding of X into (SBK(X), [ - ||S) is continuous.

Also, if g € Sr(X) has a representation (3.3) and 6 is given as in (3.2), then M,g has a coordinatewise convergent
representation

Mog = )" (Mpy?) - 9, 3.5)
=1

and property (ii) follows from the definition of || - || gx-
In the proof of Theorem 3 of [7], it is shown that if p is the norm of any BK-space containing Sy (X), then there exists
C > O such that

Py -f) < Cliylle IfIlx
forally € %, f € X. This implies
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p( X0 f0) < C Y Il WPl forall g = Y3919 € £2@X,
j=1 j=1 j=1

and property (iii) follows from the definition of || - ||. Finally, as for property (v), it follows from Theorem 2 of [7] that
finite linear combinations of functions y - f, y € %, f € X, form a dense subspace of £2°QRX = S(X). If y,f,ande >0
are given, we use the assumption in (v) to find a polynomial 4 such that ||f — &||y < /(1 + ||y|l,)- Then, y - & is a poly-
nomial, which satisfies

pO-f=y-h)=py-F—=m) <Iylollf —hlx <&

Property (v) follows from these arguments.

Lemma 3.2 Let X be a Banach space of analytic functions on the unit disc D such that the subspace P of polynomials is
dense in X, and let w be a radial weight function on D. Let Y be the space of all analytic functions g on the disc such that

feBy

sup |{f,g)| < o0, where (f,g)= /wadA (3.6)
D

and By denotes the unit ball of X. If X is solid and there exists a constant C > 0 such that
IMof llx < ClIfllx 3.7

Jor all numerical sequences 6 = (0,)72, with|6,| < 1, then Y is solid, too.

We point out that given the Banach space X as in the assumption, it is not in general known whether its dual space has a rep-
resentation as a space of analytic functions with dual norm coming from (3.6).

Proof 1f g = Z;:;o 2(k)zZF € Y and @ is as above, then for M,g we have by (3.7)

1
sup |(f, M,g)| = sup Y 8,7 (k)g(k) / P w(r)dr
feBy fe€Bx (=0

0 3.8)

= sup [(Mgf,g)| < sup [{f,g)| < 0.
feBy rex
Fllx<C

Thus, Myg €Y.

Next we recall an elementary fact concerning Banach sequence spaces. Assume that the sequences (f,),2, and (y,);2,, of
positive numbers are given and a;, = ykﬂk‘l for all k. Let also (u,):2 , be an increasing, unbounded sequence of non-negative
numbers; denote ¢, = —1and let

A ={a = (@), * lally = ’%:Nunﬁe}ém alay| < oo}, (3.9)
B={b= by, : lbllz=sup Belbel < oo}
ne m_;ﬁﬂn (3.10)

Then, B is the dual of A with respect to the dual pairing

(a.b) =) yba, wherea=(a), €A, b=({b)2, €B. (3.11)

k=0

From now on, we consider radial weights v : D — R* satisfying two following assumptions.
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(I) We have
w(z) = exp(—9(2)), (3.12)

where @ belongs to the class W, of [11].
We will not need a detailed definition of W,, but recall that ¢ € W,, if it is a twice continuously differentiable real valued
function with Ag > 0 on D and there exists a function p : D — R and a constant C > 0 such that

%p(z) < < Cp(z) Vz €Dy (3.13)

VAp()
the function p must also satisfy the Holder-property

p2) — p(w)
—I | <o (3.14)
zweD,z#w |z —wl
as well as the Lipschitz property
Ve>03 compact ECD : |p(z) — pw)| <elz—w|Vz,weD\E. (3.15)

For more details, see [11]. Note that the considerations in [11] are not restricted to radial weights, contrary to our situation.
According to [11], Theorem 4.3, if the weight v satisfies the condition (/), then the space H}* is the dual of Ai with
respect to the dual pairing

(f.6)= /fgvsz (3.16)
D

The second requirement is the following:
(IT) The weight v satisfies the condition (b) of [3, 4].
Recall that the weight v satisfies the condition (b) if there exist numbers » > 2, K > b and 0 < y; < p, < ... with

lim = oo such that
H Hnt1
r "v(r,) r "y(r, )
b< <L> 4 < s ) Pl <K, (3.17)
rlln+l v(rﬂnﬂ ) rﬂn V(l"”n)
where r,, €]0, 1[ denotes the global maximum point of the function r"v(r) for any m > 0. Theorem 2.4 of [4] states that
the solid core of the space H'* equals

n— oo Mn

s(H§°)={(bk);;go bl = sup(r,,) Y |bk|0k<oo}, 3.18)
ne

Hy <Ky

where we denote o, = rﬁ . Let us define for every k € N, the number

n

1
f 2+ y(r)2dr
0

5, = (3.19)

v(r, )o

where n is the unique number such that y, < k < ;.

Example 3.3 According to [4], all weights v(r) = exp ( —a/(1=r?)F ) with a, f > 0, satisfy the condition (b), and it is
easy to see that they also satisfy the assumption (/).

Theorem 3.4 Let the weight v satisfy the assumptions (I) and (II). Then, we have
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o9

S = {b= oy : 1bll,s= Y, sup IS, <o, (3.20)

n=0 Hu<kSHyyi

and the norm || - ||g given by Proposition 3.1 is equivalent with|| - || , 5.

Proof Let the solid hull S BK(A}‘) be endowed with the norm || - || of Proposition 3.1, and let us denote the Banach space
on the right-hand side of (3.20) by Z.
We note that by the duality relations explained above (see (3.18) for the definition of || - ||, ;), we have for all f € A,l4

Fll; = sup [{f.8)l and |Ifll,s= sup [{f.8)l
geH® SESH) 3.21)
llgll e <1 llgll, <1
It is proved in [4], Eq. (2.4) and at the very end of the proof of Theorem 2.4, that || g|| e < Cligll, , for g € s(H°). Therefore
A Il = ClIfll, s forall f € A1 This implies in particular that AL C Z.Clearly, Zis a sohd Banach space and the coordinate
functionals are continuous; thus it contains the space S BK(A )- Moreover, we obtain ||f|s > C||f||,, s for f € S BK(A ) from
Proposition 3.1.(iif).
We show that the norms || - ||, and || - ||5 are equivalent in SBK(A”) For this purpose, we - prove that C|If|l,.s = IIflls-
Note that the space (3.18) is the dual space of Z in the dual pairing (3.16). Indeed, if f = Y, FflozFand g = >, 8(k)k are
polynomials, then, by a direct calculation,

1
(f.8) = ) Fogl) / (). (3.22)
k=0

The result follows from (3.9)—(3.10), in addition to the definitions (3.16)—(3.20).
Let us suppose that by antithesis || - ||, s and || - ||g are non-equivalent norms so that we can find a sequence
()32, C Spx(A}) such that

Wull,s < 27%fulls and |Ifylls =1VneN. (3.23)

By property (v) in Proposition 3.1, we can assume that f,’s are polynomials. We claim that it is possible to find polynomi-
als f,, n € N, with property (3.23) such that they have distinct degrees, more precisely
Kn+l_1
L@= Y o, nen, (3.24)

k=K,

for some unbounded sequence 0 = K,, < K, < ...and some f(n,k) € C. Assume that N € Nand that such polynomials ,
have been found for n < N, and let M € N be the highest degree of these polynomials. Since P,, (the M + 1-dimensional
space of polynomials of degree at most M) is finite dimensional, all norms are equivalent there and we thus find a constant
K = K(M) > 0 such that

Flls < KN Ils (3.25)

for all f € P,,. We pick up the polynomial fL as in (3.23) with L = M + K and write f, = Py,f;, /> =f. —f, where
Py is the Mth Dirichlet projection from SBK(A ) onto Py, (see Section Introduction and preliminaries). Then, we have
Walls = > |U‘L|| - since otherwise we get by (3. 25) and the triangle inequality

1
Wills = IWillys 2 ?”fl Illels 5 Wells

Is > 5z

which contradicts (3.23). Now we get

”fz”,l,s < ”fL”ﬂ,s < 2_L|lfL”s <27t Wlls- (3.26)
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Taking fz“fz”El for fy., the claim is proved.
Finally, for every n, we set

T, 1= (PO (Ss@)) Nl lls) with PO =Pg =Py (3.27)
and then, using the Hahn-Banach theorem, pick up a polynomial
Kn+l_l
g, = ) 8k
k=K,
which defines a bounded functional on (7, || - ||¢) with respect to the dual pairing (3.22), such that
f *On = 1’ nilnx :: su *On = 1
(o) =1, Mgl = sup 16781 a8
IFlls<t
Then, we observe that g, extends via (3.22) to a functional on SBK(AL) =: § such that
su R = su P(”),n = su el =1,
up 1< 81 p (P, 8,1 p (/.8 (3.29)

fes feTy
IFlls<1 Iflls<1 IIFlls<1

since the norm | - || of SBK(AL) satisfies (i) of Proposition 3.1 and thus ||[P™f||s < ||f]ls for all f € SBK(AL). Consequently,

1
g= & (3.30)
neN
is an analytic function which also is a bounded functional on (S BK(A}‘), -1l S) in the dual pairing (3.22). However, g is
not a bounded functional on Z, since
n 2" - 2"
(2", 8) = ;(fmgﬁ = (3.31)

and by (3.23), the Z-norm ||2"]~Cn||,4,s is still at most 1.

The space Y of all analytic functions on D, which also are bounded functionals on (S BK(AL), [ s) in the dual pairing
(3.22), equals the space Y in Lemma 3.2, when X := SBK(AL). Hence, Y is solid. Due to the characterization of H* as
the dual of A‘{, see (3.16), we also have Y C H§°. On the other hand, at the beginning of the proof, we observed that the
solid core s(H;°) (see (3.18)) equals the dual of Z in the pairing (3.22). The properties of the function g, (3.30), show
that s(H;°) & Y, which contradicts the definition of a solid core. We conclude that C||f|[,, s > ||f|ls for all f € S BK(AL).

We come to the conclusion that the norms || - ||g and || - ||, s are equivalent; hence, the spaces S BK(AL) and Z coincide,
since they both are complete.
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