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Eccentric-orbit extreme-mass-ratio-inspiral radiation. II. 1PN correction
to leading-logarithm and subleading-logarithm flux sequences
and the entire perturbative 4PN flux
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In a recent paper we showed that for eccentric-orbit extreme-mass-ratio inspirals the analytic forms of
the leading-logarithm energy and angular momentum post-Newtonian (PN) flux terms (radiated to infinity)
can, to arbitrary PN order, be determined by sums over the Fourier spectrum of the Newtonian quadrupole
moment. We further showed that an essential part of the eccentricity dependence of the related subleading-
logarithm PN sequences, at lowest order in the symmetric mass ratio v, stems as well from the Newtonian
quadrupole moment. Once that part is factored out, the remaining eccentricity dependence is more easily
determined by black hole perturbation theory. In this paper we show how the sequences that are the 1PN
corrections to the entire leading-logarithm series, namely terms that appear at PN orders x**! logk(x) and
x34+5/2 Jogk (x) (for PN compactness parameter x and integers k > 0), at lowest order in v, are determined
by the Fourier spectra of the Newtonian mass octupole, Newtonian current quadrupole, and 1PN part of the
mass quadrupole moments. We also develop a conjectured (but plausible) form for 1PN correction to the
leading logs at second order in v. Further, in analogy to the first paper, we show that these same source
multipole moments also yield nontrivial parts of the 1PN correction to the subleading-logarithm series, and
that the remaining eccentricity dependence (at lowest order in v) can then more easily be determined using
black hole perturbation theory. We use this method to determine the entire analytic eccentricity dependence
of the perturbative (i.e., lowest order in v) 4PN nonlog terms, R4 (e,) and Z,(e,), for energy and angular

momentum respectively.

DOI: 10.1103/PhysRevD.102.104006

I. INTRODUCTION

With development proceeding on the Laser Interferometer
Space Antenna (LISA) gravitational wave mission [1,2], the
need for accurate theoretical models of eccentric extreme-
mass-ratio inspirals (EMRIs) has continued to grow [3—6]. In
previous work [7-9] complementary approaches from post-
Newtonian (PN) theory and black hole perturbation theory
(BHPT) were combined to generate new information on the
orbit-averaged energy and angular momentum fluxes radi-
ated to infinity in (nonspinning) eccentric-orbit systems. In a
recent one of these papers [8] (hereafter Paper I), we showed
that the Fourier amplitudes of the Newtonian mass quadru-
pole moment, and the function g(n, e;) [10,11] proportional
to their complex square, determine the functional depend-
ence in the quasi-Keplerian (time) eccentricity e, [12] of the
entire leading-logarithm sequence (i.e., to arbitrary PN order)
of these fluxes. The functional dependence in eccentricity of
each such flux term, relative to the circular orbit limit, is
commonly referred to as an enhancement function. It is
apparent that the quadrupole moment, as embodied by
g(n, e,), enters into each new type of radiative process in
the PN expansion: it provides the leading (quadrupole) order

2470-0010/2020/102(10)/104006(35)

104006-1

emission; it determines the leading tail emission at 1.5PN
order [13]; and it provides the first appearance of a log term at
3PN order [14]. Paper I showed the continuation of this
pattern for arbitrarily higher PN order terms in the fluxes.
A similar conclusion holds for terms in the conservative
sector, such as the orbital energy of the system [15].

We then went further in Paper I to show that additional
sums over the quadrupole spectrum determine essential
parts of the eccentricity dependence of the subleading-
logarithm series, which are terms associated with leading
logs at the same PN order but with one less power of log(x),
where x is a PN compactness parameter. Specifically, we
define x = ((m; + m,)Q,)*?* [11], where m, and m, are
the primary and secondary masses and €, is the mean
frequency of azimuthal motion. A subleading-logarithm
term can be thought of alternatively as the 3PN correction
to the leading-logarithm term of the same power of log(x)
(or henceforth referred to as the corresponding term in the
3PN log series).

At lowest order in v, these quadrupole-dependent parts
can be reexpressed in terms of the Darwin [16,17] defi-
nition of eccentricity e. Each entire subleading-log term is

© 2020 American Physical Society
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then taken to have an assumed form for its expansion in
powers of ¢?, with the quadrupole-dependent part being
built in. This quadrupole portion subsumes all of the
transcendental number coefficients. The remaining
unknown structure in each flux term is found to be either
a closed form expression (at integer PN orders) or an
infinite series (at half-integer PN orders) with rational
number coefficients that can then in principle be deter-
mined more easily by BHPT calculations.

Explicitly, as mentioned in Paper I, the established
methods of computing PN expansions within BHPT,
whether numeric analytic [9] or all analytic [18], yield
eccentricity functions as simple Taylor series to finite
orders in e. In the former case involving numeric fits to
highly accurate flux data then converted to analytic form,
the integer-relation algorithm is much more likely to
succeed if the dimensionality of the search vector is held
to a minimum. The reduction of dimensionality is made
possible by understanding and removing the quadrupole-
dependent, transcendental-number-dependent part of the
subleading log terms. Additionally, the BHPT approach
does not easily present separable pieces involving functions
of e like log(1 — e?). Instead, the knowledge from PN
theory allows us to resum the finite eccentricity expansions
into those compact forms. Most importantly, for integer-
order subleading logs, the separable quadrupole portion
contains the only part of the analytic eccentricity depend-
ence that is not closed in form. It is multiple orders of
magnitude faster to obtain the expansion of this piece
through the Fourier methods of Paper I than through
BHPT alone. This process is described in detail in Paper
I, and a variant is used in this paper to find new sequences
in the PN structure of the fluxes. In either event, once the
terms are determined as functions of e, then (at least at
lowest order in v) the fluxes can be transformed back to e,.
We showed this procedure in action by extracting the
entire analytic dependence of the 6PN log energy and
angular momentum terms, Rg; (¢;) and Zg; (e,), to arbi-
trary powers of e?.

Thus, one conclusion of Paper L is that two diagonal strips
in the high-order PN structure of the fluxes [i.e., the leading
logarithms at PN orders x** logk(x) and x***3/2 log*(x) for
integers k > 0] are determined by the Fourier spectrum of
the Newtonian quadrupole moment. See Fig. 1 for a
graphical depiction of these leading log strips in the
PN structure. The second main conclusion is that two
additional diagonal strips, the subleading logs at PN orders
x**logh=!(x) and x3*+3/2logk=!(x) for integers k > 1, are
also partly determined at lowest order in v by the quadrupole
spectrum, with the remaining eccentricity dependence hav-
ing a closed form (integer order) or infinite series (half-
integer order) and being more easily determined by BHPT.
The leading log and 3PN log sequences are represented in
the figure as (solid and dashed) red and green lines,
respectively. The question then arises is it possible to
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FIG. 1. Schematic depiction of the presence of terms (as black

filled circles) in the high PN order relative fluxes for successively
higher powers of compactness x (horizontal axis) and higher
powers of log(x) (vertical axis). The Peters-Mathews [10] flux is
symbolized by the left-most point at the origin of the plot. This
representation of the PN structure of the fluxes allows a graphical
explanation of the various “log” sequences that are the focus of
this paper and Paper I. The red lines show the leading-log
sequences, both integer order (solid) and half-integer order
(dashed) detailed previously in Paper I. The 3PN log sequences
(previously called subleading logs), also the subject of Paper I,
are shown as green lines, both integer order and half-integer
order. The blue lines represent the 1PN log sequences and the
orange lines denote the 4PN log sequences, all of which are the
focus of this paper.

determine additional entire diagonal strips in the PN
structure of the fluxes with only limited additional
knowledge of low-order source multipole moments? As
we show in this paper, the answer is yes if we focus on the
1PN corrections to the leading- and subleading-logarithm
sequences.

The first term in the leading-log series is the Newtonian
quadrupole flux, i.e., the Peters-Mathews [10,19] term
Ro(e,) itself. The enhancement function in this case arises
from simply summing the Newtonian quadrupole moment
spectrum g(n, e,) over all harmonics n in the eccentric
motion. The next order term R (e,) is the 1PN correction to
the gravitational wave flux, which has been known since
Wagoner and Will [20] (see also [11,21]). In this case
determining the enhancement function requires the Fourier
spectra of the Newtonian mass octupole, the Newtonian
current quadrupole, and the 1PN-corrected mass quadru-
pole moments (hereafter called the 1PN multipoles). The
R (e,) flux is the first term in one of the two new diagonal
sequences of 1PN-corrected leading logarithms, which we
will refer to as a /PN log series (Fig. 1, solid blue line).
This sequence has PN orders x***!logk(x) for k > 0. The
other (half-integer) 1PN log series (dashed blue line in the
figure) begins with the 2.5PN tail at x>/ and has PN orders
x3k+5/2 1ogk (x) for k > 0. A principal result of this paper is
to show that it is merely the spectra of the three 1PN
multipoles that are required to determine these two 1PN log
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series in their entirety to arbitrary PN order (at lowest order
in v).

Calculation of the Newtonian mass octupole and current
quadrupole for eccentric bound motion is fairly straightfor-
ward and can be found in the original, earlier papers
[12,20], the review by Blanchet [11], or extrapolated from
techniques reviewed in Paper I. Calculation of the 1PN
correction to the mass quadrupole is more involved. At 1PN
order, the determination of the mass quadrupole must
account for relativistic orbital precession, which means
that the spectrum cannot be represented as a single Fourier
series but instead requires a double Fourier sum over
harmonics of the two different frequencies, €, (radial
libration) and €, [12,14,22-24]. Once these spectra are
computed for given orbital parameters, their sums weighted
by powers of n over all harmonics combine to give terms in
the 1PN log series. One key difference though between the
1PN log series and the leading logs themselves is that
the former now have contributions beyond lowest order in
the mass ratio v. Because the multipole moment analysis in
this paper makes no a priori assumptions on the mass ratio,
we are able to extract the likely forms for these O(v)
corrections, though without (presently) second-order
BHPT to assist in verification. At lowest order in v, the
analysis found in this paper provided a theoretical under-
pinning for several previously known closed-form flux
terms [7-9].

With the 1PN log series thus understood, we then find
that the same set of 1PN multipoles again appear in the 1PN
correction to the subleading logarithms. These sequences
will be referred to as 4PN log series, since for a given
power of log(x) each term in this series occurs at order x*
relative to the corresponding leading log term. In other
words, the 4PN log sequences are two diagonal strips in the
high PN order flux structure that appear at orders
¥+ logh=1 (x) and x**+3/21ogk1(x) for k > 1 (solid and
dashed orange lines in the figure). The first sequence begins
with the 4PN nonlog flux and the second with the 5.5PN
nonlog term. In direct analogy to our findings in Paper I, the
set of 1PN multipoles provides essential separable portions
of the terms in the 4PN log series, which include all
transcendental coefficients, leaving only rational series
which at lowest order in v can then be calculated (more)
easily with BHPT. For the first (integer-order) sequence
(solid orange line), the remaining parts can be factored
into closed forms with rational coefficients, and it is
possible to determine their entire analytic eccentricity
dependence in this manner. For the second (half-integer-
order) sequence (dashed orange line), the remaining
eccentricity dependence is an infinite power series with
rational coefficients, and BHPT can be used to determine
coefficients to some depth in the e expansion. We illustrate
this procedure in detail by obtaining the 4PN nonlog
energy and angular momentum fluxes at lowest order in
the mass ratio.

The layout of this paper is as follows. In Sec. I we
review the PN expansion for radiated energy and angular
momentum, with an illustration of the terms that will be
computed in this analysis. There we also derive the Fourier
expansion for each of the 1PN multipole moments, and in
Sec. III we detail their previously known contributions to
the energy and angular momentum flux expansions.
Section IV shows how these source multipole spectra
contribute to the 1PN log series, with explicit general
formulas which generate all members of those sequences.
We proceed in Sec. V to derive the 4PN tail flux using these
same Fourier spectra in order to check various results and to
aid our extraction of the full 4PN log series fluxes at lowest
order in v. Then, in Sec. VI we illustrate how the various
1PN Fourier summations manifest specifically in the 4PN
flux (and more generally in higher-order terms in the 4PN
log series) and combine these observations with BHPT flux
calculations from [9] to compute R4(e,) and Z4(e;) in
compact form. This result is quite timely, as it will provide a
valuable check for the PN community as they close in on a
full description of the orbital mechanics and radiative losses
at 4PN. That section also gives our analysis of the 5.5PN
nonlog energy flux, showing the procedure carries over to
half-integer order 4PN log terms. We conclude in Sec. VII
with discussion of potentially extending his process to the
2PN-corrected logarithm series (i.e., the 2PN log sequence
and 5PN log sequence).

In this paper we use units such that c = G = 1. As in
Paper I, for any pair of functions with names distinguished
by a tilde [e.g., g(n, ¢,) and §(n, e,)], the “plain” quantity
will relate to the energy flux while the “tilde” version will
correspond to its angular momentum counterpart (see
e.g., [25] also).

II. ECCENTRIC-ORBIT PN FLUX EXPANSION
AND FOURIER DECOMPOSITION
OF 1PN MULTIPOLES

In this section we lay out the parts of the PN expansion of
the orbit-averaged fluxes that are of interest in this paper
and review the calculation of the Fourier spectra of the 1PN
multipoles. The focus is on eccentric EMRIs with the
binary consisting of two nonspinning bodies of mass
(primary) and mass m, (secondary). We are primarily
concerned with m, << m; but keep the symmetric mass
ratio v = m;m,/(m; + m,)?* as a variable.

A. PN flux expansions

In the modified harmonic gauge [11,14,21,25], the
flux expansions are parametrized by the aforementioned
v and compactness parameter x, as well as the quasi-
Keplerian time eccentricity e, (also reviewed below). The
expansion of the energy flux at infinity has the following
form [7-9,11,26-28]:
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dr/ 5

dE 32
< > = —1/2)C5 |:R0 —|—)CR| +X3/2R3/2 —I—x2R2 +X5/2R5/2 —|—.X3 (R'; + lOg(X)R3L) +X7/2R7/2

+ xRy +10g(x)Rar ) +x2(Roj2 +10g(x)Rojor) + 17 (Rs +10g(x)Rsy ) +x'/2(Ryy 2 +10g(x)Ri1/01)

+x0(Re +10g(x) Rer, +10g?(x)Rep2) +x'3/2(Ry3/2 +10g(x) Rizjor) + } .

In this expression the Newtonian circular-orbit energy flux
has been factored out. Each quantity R; = R;(e,,v) is a
function of eccentricity and mass ratio that helps determine
the flux radiated at PN order i. The scripts denoting
PN order track both the power of x and the presence of
powers of log(x). The dependence of each term on
e, and v differs notationally from Paper I, where the flux
terms were considered only at lowest order in v and thus
taken to be functions of e, alone. In this paper, while
we retain both parameters, we will be interested occasion-
ally in just the lowest order in v limit. In those circum-
stances we revert to writing explicitly R;(e,) or R;(e,,0).
With x as the compactness parameter, each flux function is
known to diverge as e, — 1 (see however [9] for an
alternative).

dr 5

+x7log? (X)Ryp2 + x'72log? (x) Ry 012 + x'%log? (x) Ry + -+ |-

(2.1)

In both Paper I and this paper we are concerned with
diagonal strips in the high order PN structure where for
each unit increase in power of log(x) there is an increase of
three powers of x. As mentioned, the first example of such
strips were the two leading-logarithm series, with (integer)
orders x* log"(x) and (half-integer) orders x***3/2 logk(x)
(for k > 0), which were given by Eq. (2.2) in Paper 1. That
work also dealt with what were there called the subleading-
logarithm sequences, which here we refer to as the 3PN log
sequences, with (integer) orders x** log"~!(x) and (half-
integer) orders x**3/21og"~!(x) (for k > 1).

In this paper our attention is initially on a pair of diagonal
sequences that can be considered the 1PN correction to the
two leading-log series and which form the following subset
of the flux terms in (2.1):

dE\'L 32
= VxR + X2 Rs s + x*log(x) Ry + x1/2 log(x) Ry ar

(2.2)

These 1PN log series, with integer PN order x***! log¥(x) and half-integer PN order x3**+>/21og¥(x) (for k > 0), are evident.
Later in this paper we focus on yet another pair of diagonal sequences, the 4PN log series, which make up another subset of

the flux terms in (2.1)

dr 5

+ x1%%0g? (x)R g2 + x2/210g? (x) Rz pp2 + x'*log? (x)Ryps + - .

dEN* 32 5 5 4 12 7 172
= VX Ry + xR ) 4 X7 Tog(x) Ry, + X7 2 log(x)Ry7/01

(2.3)

The average loss of angular momentum is an expansion similar to (2.1) but with a different Newtonian circular-orbit
factor and with new flux (enhancement) functions that are referred to by Z;(e,, v) instead of R;(e;, v). The analogous 1PN

and 4PN log series in angular momentum are

dt 5

+ x"log?(x) 27,2 + x'72log? (x) 217512 4 x'0log® (x) Z 1015 + -+ .

and

dt 5

+ x0og?(x) Z1.2 + x23/210g2(x)223/2Lz +xBlog®(x) 2155 + -]

dL\'- 32
< > = =V (my + my)x"P[xZ, 4+ X2 Z5 )5 4+ x* log(x) Zy4p, + M2 1og(x) 21101

(2.4)

dL\* 32
< > = =V (my + my)x" P Zy + X225 4 5T Tog(x) 2, + X172 1og(x) 21701
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B. The 1PN equations of motion

The 1PN source multipoles include the 1PN correction to
the mass quadrupole moment. Its computation requires the
1PN correction to the equations of motion, i.e., treatment of
the two-body motion as a precessing ellipse. The other two
1PN multipoles, the mass octupole and current quadrupole,
need only be computed to Newtonian order.

We take the total mass to be M = m; + m, and assume
the motion occurs in the x, y plane. Coordinates r = r(¢)
and ¢ = @(t) represent the separation distance and the
azimuthal angle, respectively. We introduce then the well-
known quasi-Keplerian parametrization of the motion
[12,29-31] involving three anomalies, u(t), I(t), V(u),
three eccentricities, ¢, e, ¢,, the two frequencies, Q,, Q,,
and the semimajor axis, a. In this description, u(7) is the
eccentric anomaly, [(7) is the mean anomaly, V(u) is
the true anomaly, ¢, is the azimuthal eccentricity, e, is
the radial eccentricity, and e, is the aforementioned time
eccentricity. At the 1PN level these quantities can be related
by the following equations:

Q
r=a(l —e,cosu), 0= <—{"> V(u),
Q,
2
[=Q,(t—tp) :T—”(t—tp) =u—e,sinu,
du  Q, - (1-e2)?
dt 1—e,cosu’ bo= e, ’

V(u) = u + 2arctan (M) (2.6)

1 —p,cosu
where 75 is the time of last periastron crossing and V(u) is
written in a form that preserves continuity across u = 2.
A more detailed description of these equations is given
in [11,12,31].

Our goal is to obtain all quantities in terms of u, e;, and
x = (MQ,)*? prior to transformation to the frequency
domain. As part of this process, e, and e, must be
expressed in terms of ¢, to 1PN order. We find

er—e,{l%— <4—%v>X+--},

e,=ell +(4—-v)x+--].

(2.7)

(2.8)
The semimajor axis can be expressed simply in terms of the

(dimensionless) energy ¢ [11] and & can itself be PN
expanded. Through 1PN order these are found to be

a:%<1+2(—7+v)>,

B 4(=14¢e) 12)7°

(2.9)

(2.10)

from which we obtain the 1PN expansion of a,

a2

2.11
x 1—e? 3 2.11)

Similarly, the radial frequency €2, can be PN expanded in
straightforward fashion, simultaneously providing the
expansion for the frequency ratio K = ©,,/Q,. We obtain

3/2
Q=" (1o
M 1 —e;

3x
1—e?’

), K=1+ (2.12)

The motion in the coordinate ¢ combines a mean
advance at the rate €, and a periodic motion at the
frequency Q,. In the Fourier expansion of gravitational
wave source terms this produces a biperiodic expansion.
Defining the 1PN difference in the mean angular advance
as kIl = (K — 1)/ and starting with ¢ = KV, we separate
the advance of ¢(7) into parts as follows:

o(t) = kI + 1+ K(V(u) = 1). (2.13)

With this done, all of the previous relations can be
combined to give the coordinate positions and velocities
in terms of x, u, and e, to the desired order. Because of the
particular manifestation of velocity in the 1PN mass
quadrupole, only the lowest order in x is required for
the coordinate velocity components. We obtain

r  l—ecosu 1—3e?+3e,cosu—e;cosu

= 2
I —e;

M x

+—(2+47e,cosu)v, (2.14)

AN =

gozkl—l—u—l—Zarctan( ¢ omu )
14+ /1 —e?—e,cosu

N [ de,sinu 3e,sinu

+
VI=Z(1-ecosu) 1-ef

6 e;sinu
+ | —— ) arctan x
1 —e; 1++/1—e?>—e,cosu

e;sinu

VG —e?(1 —e,cosu)

xv, (2.15)

2
Md_(p_ 1 —e; Y

dt (1 —e,cosu)?

dr
dt 1—e,cosu

5 1+ e,cosu
vio=|——"7-"77)x.
1—e,cosu

e;sinu
¥1/2

’

(2.16)
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C. Review of calculating the Newtonian mass
octupole and current quadrupole moments

1. Fourier decomposition

We review here the calculation of the Fourier series of
the mass octupole and current quadrupole. For more details
see [14,21,25] and the review [11]. The calculation is also a
straightforward extension of our review of the mass
quadrupole Fourier calculation presented in Paper I.

The symmetric tracefree (STF) Newtonian mass octu-
pole tensor is defined as

Uk Qljk 5ianak/5 -

Ql]k Zmax

The nonzero components are given by

5ijibb/5 - 6ichjc/5’
(2.17)

I, = ;_O V1 —4ur(3cos g + 5cos 3¢),
U
Ixxy = Ixyx = Iyxx :2_0

= 2”—0\/1 —4ur3(cos @ — 5cos 3¢),

U . .
Ly = 20 1 —4ur(3sing — 5sin3¢),

1 — 4ur3(sin g + 5sin 3¢),

Liyy = Loy = Iy

I, =1, =1,;= —/1 V1 —4ur cos @,
/4 o
Iyzz = Izyz = zzy 1 —4ur’ sin @, (2.18)

where p is the reduced mass.
Similarly, the STF form of the current quadrupole is
given by

Jij 22’"

;dy

Jo=J,= Eﬂ\/l —4vcos(g)r o
1 d

Jye = Joy = uVT=dusin(p)r d—(f.

(XX U); +x;(X x V)],

(2.19)

The transformation is now made from (r, ¢) to variables
(x,v, e, u) using the relations of the previous section.
Without listing every component, we find for example

M3u/1 -4
Ixxx :Iu—3y |:(€I—COSM)3
X

- e =cosu)1 - epcosap | (220)

Joo = —

M?u/1 -4 \/l—e2
2 < 5 [>(e,—cosu), (2.21)

with obvious extension to the other tensor components.
There is no difference between the time eccentricity and the
Keplerian eccentricity at Newtonian order, but we use the
notation ¢, uniformly to prepare for more general expan-
sions. This also allows us to reserve the symbol e for the
relativistic Darwin eccentricity.

In each multipole component, the scale and dimension
are carried by the initial prefactor. Since we are concerned
with the dimensionless eccentricity enhancement functions
that will appear in the fluxes, we remove these factors now
and define

3 3/2

~ ~ X
l., = . ,
ijk M3,Lt /—1_41/ ijk

Y PES R — 2.22
DM T=40 Y (222)

It is then these scaled multipole moment tensors that we
represent with Fourier series

R 1 o,
L= ZIUkeml 1(]),;ﬂ / e ™al, (2.23)

n=-—oo
with a similar expression for J;;. As mentioned in Paper I,

the Fourier components are most easily evaluated as
integrals over u. For instance,

~ 1 27 ) )
lije = / Iijke_m(u_e’ sinu) (1 — e, cos u)du.
w 2o

Then, a closed-form expression can be obtained through
multiple applications of the Bessel integral formula

1 [2= . .
—— e—zpu+xsm Udu.
271' 0

We find the following expressions for the mass octupole
moment components:

7,(x) (2.24)

. 3(3—4de? + e}
L= _(3;24_@)‘]11(”@)
(,,) ern

3(10 — 67 + 5(1 — €?)*n?)

56? 3 J/n(net)

X 3iy/1—e;(2(5 - 5(1 = e?)’n?
Ixxy — _ et( ( e3t)3+ ( ) )Jn(nez)
(n) Sein

i/ 1—e2(9—5¢2

+l e;(z et)J;z(net>7
ern

. 9 — 13e? + 4e}
l,,. =—————J
();v)y 6?7’12 n(net)

3(10 = 8e7 + (1 — e7)*n?

)
5€t2n3 ]:l(nel)’
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N 3iv/1 —e7(10 -4 5(1 = e2)2p2
Ly = ei( ‘i + (= ei)'n )J,,(nez)
5e3n
(n) n
3iy/1 —e?(3 —2¢é?)

_ 2 J)(ne,),
A 1- e,2 6
I, =—- —J
(};z)z e,n n(net) 5n = 3 (ne )
A 6i\/1 — e? i1 —e?
Iyzz = 5 t t) - —2t‘];l( (2'25)
n) en’ n

and the following for the current quadrupole moment
components:

n 1/
xz — _ﬂ 1- 612‘111(net)’

A i
= - 1 —e3)J .
(5)2 Zetn( et) n(net)

(2.26)

We successively applied the well-known Bessel function
identities

ni,(ne,) J,(ne,)
7 - ,
n+l1 (l’l@,) n + e,
2J,(ne
Jor(ne)) = —ds1(ney) + 2nne0). (2.27)

in order to simplify the above expressions for the compo-
nents of the multipoles (see also [8,32]).

2. Partial flux functions

To derive the 1PN log series, the Fourier amplitudes of
the two multipoles given above are not used directly but
rather go into forming a pair of (flux) spectral functions.
This is similar to the derivation of the Newtonian (Peters-
Mathews [10,19]) energy flux term f(e,), which was called
Ro(e;) in Paper 1. In that case a quadrupole Fourier
spectrum g(n,e;) = (1/16)n6|(n)?,»j|2 is derived from the
complex square of the Newtonian quadrupole Fourier
amplitudes. The function g(n,e,) was derived by Peters
and Mathews [10] (with a correction to their printed
expression pointed out by [13]). The power spectrum then
produces R(e,) as the direct sum over the harmonics
|

5 n*(1 —e?)
h , — 8 2 t
(n.e) =355 1 o "= Soaer
2
2[12(10 — 15¢7 + 6¢f) + 5(78 — 183¢} + 142¢}
5046,
5n3

14e,

[(2 36, + et)(z - ez + (1= e,)znz)]Jn(ne,)J;(ne,),

,)—Zg(n e

1 73 37
(i—eyn (1 Tt %e?)
(2.28)

In Paper 1 we showed that g(n,e,) [and its angular
momentum counterpart j(n, e¢,)] could generate the entire
leading log series through sums of g(n, e,) over different
powers of n. Here we show that spectral functions similar to
g(n,e,) are formed from complex squares of the mass
octupole (MO) and current quadrupole (CQ) Fourier
amplitudes. Then, later in the paper, these spectral func-
tions are shown to generate part of, but not all of, the
various 1PN log series terms.

The Fourier amplitudes of 1, jx and J; ; each contribute to
both the energy flux and the angular momentum flux.
Calculation of all four pieces follows in close analogy to
that of the mass quadrupole as reviewed in Paper 1. The
corresponding lowest-order energy and angular momentum
fluxes are written as [11,33-35]

dE>MO 1
dr = <o ikl ijic)» (2.29)
<dt | 189 \ UkTij
dL\MO 1 . .. 0
<dt>1 - @eiﬂLi< L jap L 1ap) (2.30)
dE\Q 16 .. -
) “asulu) (2.31)
<dt>1 45\
dL\Q 32
<E>1 T 45 €’JIL <Jja-]la> (2.32)

where angled brackets denote the time average over an
orbital period, the subscript 1 indicates these are contri-
butions to the 1PN fluxes, and L, is the unit vector in the
direction of the angular momentum vector (which we take
to be in the z direction). To compute these 1PN fluxes the
mass octupole and current quadrupole moments need only
be calculated at Newtonian order.

Inserting the Fourier expansions, integrating, and pulling
out the Newtonian circular orbit limit and added power of x
for a 1PN term [see (2.1)], we obtain the following
functions as analogs of g(n, e,) and §(n, e,):

[12(10 — 5¢? + e}) + 5n(78 — 153¢? + 91ef — 16¢€9) + 30n*(1 — €2)*]J,(ne,)?

—37e8)n? +30(1 — e2)*n*J), (ne,)?

(2.33)
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7 Si 5(1-e7)*n? 6,2 2 4 2 2 2 2
h(n,e;) = ~T00s" €1]lLII]uhI(la)b W[lSetn —36(2+n*)—2¢;(4+33n°) + ¢; (48 +87n°)|J,,(ne,)
(m) (n '
5+/1— 2,2
B3 262 4 3(1 - (=124 T} (ne, )
1
/1 2
+HIT[36(5 5¢2+ef) +5(1 —e?) (=3 +2e2) (=39 +19¢2)n* +45(1 — e2)*n*|J ,(ne,)Jy (ne,),  (2.34)
t
! 261712 1 2\2,4 2, 1 4 2
k(n,e,) = " 7] —m(l —e;)n*J,(ne,)” + 18(1 —eX)n*J) (ne,)?, (2.35)
) é
" 2 A 1=¢2 3/2
kmm»=—§f%¢gwm=5—£i—fummmm@» (2.36)
t

(n) (n)

Contributions can then be found to the full 1PN energy
and angular momentum fluxes, for example, by summing
each of these expressions over n. To focus on one particular
example, the mass octupole contribution to the energy flux
is found by calculating

(1-4v i h(n
n=0

1367 +
1008

1697e?>

5376

Additional explicit expansions for component sums like
this one are given in Appendix A. We note that this term in
the flux became a simple closed form expression once the
specific eccentricity singular factor was pulled out. This
particular eccentricity singular factor bears an extra power
of (1 —e?)~! over that found in R. Clearly, this mass
octupole contribution to the energy flux is not the entirety
of the 1PN flux, as can be seen by examining equation
(356b) of [11].

RYO(e)

N k2
(1 - et)9/2
23956,
384

18509¢2
2016

(2.37)

D. The 1PN mass quadrupole

The next step is to find the 1PN correction to the mass
quadrupole. Fourier decomposition at 1PN order presents a
considerable increase in difficulty. The motion no longer
closes, which implies that the simple Fourier series, as
found in the expansion of the mass octupole and current
quadrupole, must be replaced by a double Fourier sum over
harmonics of the two frequencies, 2, and Q. This Fourier
structure, first identified by [22-24], was laid out for use
with hereditary contributions to the flux by Arun et al
in [14].

We follow some of the procedure and notation found in
Loutrel and Yunes [32], who provided a detailed derivation
of the 1PN expansion as part of their work. The expression
for the components of the mass quadrupole tensor at 1PN

order is
29 29v 5 8v
=l (102 (5-5) -5 (5-3) Jrom

11 1lv 4 12v
(a7 )= (55 s @3

where bracketed indices denote STF projection [14].
Given the 1PN equations of motion, this tensor is converted
from polar coordinates to the parameters x, v, e,, u, and k
through 1PN order. At the same time a factor uM?/x? is
pulled out of [;; to provide a dimensionless quadrupole
moment tensor

x2

Iij:mlij,

(2.39)
similar to what we did with [ and J;;. .

To obtain the Fourier expansion, the u dependence of /;;
is expressed in terms of complex exponentials and the result
is collected over powers of e, The coefficient of each
power of e’¥! is singly periodic in 7, meaning that each can
themselves be expressed as a simple Fourier series. The
entire tensor can then be written as

o]

jij(t) = Z Z jij ei(n—‘rpk)l’

n=-c0 p=-2,02 (n.p)

(2.40)

where the k dependence has introduced a magnetic-type
separation of components due to 1PN differences in Q, and
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Q,. The goal is then to determine the Fourier coeffi-

cients (n.p)iij'

Proceeding further, we find that the (magnetic) term for
each p can be written as the product of a single function
(e.g., one of the components) with a constant matrix.

Explicitly,

jij:ixxMij’ (241)
(P
where
(1 —-i 0 1 0 O
M” = - -1 0 s Ml] = 0 1 0 s
@ 0 0 0 © 00 -2
(1 i 0
=2 1o 0 o0

It is most convenient to separate each ( 1;; on powers of

. . n)" 1y .
x and v before making the Fourier transformation. To
facilitate the process, we introduce a superscript notation,

?j?jb , where a represents the order in x (0 or 1) and b the
|

(n.£2)
= (+(67 = 25¢?
* 42¢,(1 — etz)nz( ( er)
i 17J,(ne,) _ eJu(ne,)

(n,0) 12612 21n

order in v (also O or 1). Then each Fourier coefficient will
formally separate into

~

I =10 +x(1}Y +vIi}).
(n.p)  (n.p) (n.p) (n.p)

(2.43)

Since we will just need to compute the 7¢° functions, as the
full tensors will be determined from these functions via
multiplication by (p)M ij» we can drop the lower ij indices,
leaving 1, to simplify the notation.

Starting at lowest order, the Fourier components are

found to be

A 1
0 _ ;
(nI.iZ) - 26,«2}’[2 (etz -2+ 2}7,(1 - etz)'%/2)‘]n<net)
1-é?
+% (15 /1 - e2) ine),
A J,(ne,)
D=~ "3 2.44
(n.0) 3n? (2.44)

which are precisely the terms needed to generate g(n, ¢,)
and reproduce the Peters-Mathews flux. Then we jump to
next order in both x and v, and find that these coefficients
can also be expressed cleanly in terms of Bessel functions

) 1
i :—W<134+17e% F 146n1/1 — &2 F 22ne2y/1 — & + 12(1—6,2)2n2)Jn(net)
ern

1 —e? +6n*(1 —e?)°? = n(73 — 65¢2 — 8¢}))J,(ne,),

(2.45)

Finally, we arrive at the portion that is first order in x and zeroth order in v. Here some difficulty arises, as the integrals for
(n ﬁ)j 10 have terms that apparently cannot be expressed in closed form. We find

o I
I -
(nt2)  84e?(1—e)n?

+2n2(1 - é2) <378 —\/1=e2(113 -22¢2) — 378e,2)}1n(ne,)

[:F 756(=2 + €2) + 4n’(1 — e2)? —3n (—74 11964 4 1/1— €2(756 — 420¢2) + 11 1e$)

1
e |-756y/1— ¢
42e,(1 = 2)n’ [ ¢

F3n(=378 +37(1 — )% +273e?) — n?(1 — €?) (=113 4+ 23e? + 3784/ 1 — €?) F 2n*(1 — e%)S/Z} Jh(ne,)

3 2 X .
- 71)/ e~inlu=esinu) (1 _ ¢ cosu) {i3e,2 Fde,cosu F (=2 + e?)cos2u —4iy/1—e?(e, — cosu) sin u]
T.Jo

16(1 — ¢?
X arctan < ¢;sinu > d
M’
1++/1—e?—e,cosu
a0 _ (75— 19¢%)J,,(ne;,)  26e,nJ),(ne,) (2.46)
(n.0) 42(1 —e?)n? 21n? '
Note that these results directly reveal the crossing relations, (np) I = <7n,7p)1 .
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When computing eccentricity enhancement functions,
these unevaluated integrals must be expanded in e, before
proceeding. One might presume that this precludes the
possibility of eventually finding closed form expressions in
the fluxes, but surprisingly this is not the case. Instead, in
the case of certain flux terms, once the appropriate
eccentricity singular factor is pulled out, we find that parts
of the expansion of (n, p)j 1and of (n, p)j % conspire perfectly

to cancel all coefficients beyond certain orders in e? in the
remaining power series.

E. Discussion

The mass octupole and current quadrupole power spectra
h(n,et),iz(n, ), k(n,e,),fc(n, e,), along with the Fourier
decomposition of the 1PN-corrected mass quadrupole
(MQ), will be shown to generate the entire 1PN log series.
In order to more clearly explain the calculation of each flux
term, we introduce the notation R; = RM? + RMO 4 RQ
(with a similar form for Z) to represent the contributions
from the (1PN) mass quadrupole, mass octupole, and current
quadrupole, respectively. For the latter two (Newtonian)
multipole moments, this categorization will be sufficient, as
the spectral functions presented in Sec. II C2 compactly
express the entirety of those contributions to the 1PN

logarithms. Note also that in RMO and RSQ the O(v)
contributions will be immediately accessible through the
v-dependent prefactors in (2.22).

Unfortunately, the 1PN mass quadrupole contribution is
not encoded in a single spectral function and so instead we
work directly with the Fourier components introduced in
the last section. The dependence on the two orders in v is
more subtle also. In what follows we are led to separate the

relative flux RII-VIQ into five terms

RYQ =RV + R
= RYO 4 R L RYQP o y(RYIQN 4 RO,
(2.47)

distinguished by the a, b superscripts in R]iv[Q“b. The a
represents the relative order in v and b € {1,2,3} repre-
sents a particular “type” of summation over different parts
in the decomposition of 7 ij (see the next section for explicit
examples). This notation for separating the relative flux
functions carries over to the corresponding absolute

flux, e.g.,
dE\ MQ03
(%),

represents the mass quadrupole contribution of the “3-type”
summation to the full 1PN (subscript) flux at lowest order
in v (0 superscript).

(2.48)

III. RECOVERING THE 1PN AND 2.5PN
RELATIVE FLUXES: FIRST ELEMENTS
IN THE 1PN LOG SEQUENCES

Using the frequency-domain tools developed above,
this section demonstrates the recovery of the previously
known first elements in the 1PN log sequences—namely
the instantaneous 1PN fluxes R (e;) and Z(e,) and the
hereditary 2.5PN tail fluxes Rs,,(e;) and Zs),(e;).

A. The full mass octupole and current quadrupole
relative flux contributions

The contributions from the spectra of the two
Newtonian-order moments are intuitive in form and mirror
the way g(n, e,) contributed to the leading logarithms (see
the discussion in Paper I). We examine first the 1PN fluxes.
These enhancement functions have been known from PN
analysis for some time and, since they are entirely instanta-
neous in nature, are easily calculated through time domain
methods [20,36]. Here we give for the first time (as far as
we know) their calculation via frequency domain analysis.
The mass octupole and current quadrupole contributions to
energy flux are trivial in this approach, and are simply
given by sums over h(n,e,) and k(n, e,)

0

RYO = (1-40) ) "h(n.e,).

n=1

REC = (1 —4v)ik(n, e,). (3.1)
n=1

Similarly the angular momentum terms are found by
substituting the use of /(n,e,) and k(n, e,)

E(n, ),

NgE

ZMO — (1 —4y)

Il
-

n

k(n,e,).

[]s

Z9 = (1-4) (3.2)

3
I
—

I

The 2.5PN tail functions require a bit more work [14,32]
as these hereditary terms do not lend themselves to a time
domain approach. The results, though, follow exactly what
one would expect from Newtonian-order moments based
on the analysis found in Paper I [see that paper for a review
of the construction of the 1.5PN tail flux from an analogous
sum over g(n, e,)]. We find

[]s

RS =2x(1—4v) } nh(n,e,),

3
I

gk

R5C/Q2 =2z(1—-4v) Y nk(n,e,), (3.3)

1

3
Il
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niz(n, e,

[M]s

2ZN9 = 27(1 - 4v)

n=1

nk(n,e,). (3.4)

[M]s

258 =2n(1 - 4)

Il
—

n

B. Relative flux contributions from the mass
quadrupole at lowest order in v

As discussed in Sec. II D, the contribution to the fluxes
from the mass quadrupole, calculated through 1PN order, is
more involved and is best split into parts. A significant part
of the split involves considering the two orders in v
separately. This subsection focuses only on the flux terms
at lowest order in v, which in the previously defined
notation means

MQO _ 5MQOI MQO2 MQO3
R =TR; + R, +R 7,

1

ZMQO = ZVQOt | ZMQO2 | ZMQ03, (3.5)

(The next subsection will handle the next order in v terms.)
These expressions add up the three summation types and i
refers to 1 or 5/2 order. Subject to this split, we show in this
subsection the contributions from the 1PN-corrected mass
quadrupole to all of the 1PN and 2.5PN relative flux terms.

1. Contributions to the 1PN relative energy flux
from the mass quadrupole at lowest order in v

The 1PN mass quadrupole energy flux follows from
retaining 1PN corrections to the well-known quadrupole
formula

<%>MQ :%<T,»j.iij>1 _ é< Z Z (Qr)6(i(n +pk))3(i(m + sk))3 Iij Iij ei(n+m+(p+s)k)l>1’ (3.6)

which is here converted in the second equality from the
time domain to the frequency domain. All of the terms on
the right-hand side must be expanded and retained through
IPN order including the quadrupole moment /;;, the
frequency, the polynomial terms, and the exponential
factor. We recall the 1PN expansions for €, and k,
given by

3x
k= 2
e + O(x*)
X2 3x ;
Q, i <1 1—e,2>+0(x )
—a,(1-125) rown. @)
- &y

Expanding some of the terms and retaining factors linear in
k and x, we can write this summation as

dE\MQ 1 & ¢ .
(&) =52 @)
n,m=—co p,s=—
x (m3n3 + 3m?n®(ns + mp)k)
% Iij Iij <ei(n+m+(p+s)k)l>_
(n.p) (m.s)

(3.8)

Next we expand the time average. The deficit in the
frequency ratio, k, is a small quantity, so the integrand in
the integral for the time average can be expanded about
k=0

(n.p) (m.s)

[
21 pli(ntm+(p+s)k)l

(i (PRI / T

0 2

o e'(n+m)l
z/ (1 +i(p+9)kD)dl. (3.9)
0

2

This leads to two cases. If m # —n, the lowest order term
(k = 0) vanishes, leaving

o ei(n+tn)l p+s
] kl)dl = k. (3.10
[+ oma =22k o
On the other hand, when m = —n we find
2t + kl
/ Wdl: 1+ in(p + s)k. (3.11)
0 T

However, it turns out that when these averages are
inserted in the full sums in (3.8) the linear in k parts
vanish in both cases. To see this, consider the matrices
(p)M ij- Direct calculation shows that the sum (p)M ; j(s)M ij

vanishes whenever p + s # 0. Therefore,

(p+s) 1 1;; =0,
(n,p) (m.s)

(3.12)

which is precisely the form of the terms produced when the
two linear-in-k terms above are inserted in (3.8). This
identity turns out to have strong consequences on the
calculation of 1PN log series fluxes (see Appendix B for
details). Here the result is that the 1PN time average
reduces to the simple Kronecker delta, 6, _,, leaving
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< > Z 22: )0 (n®+3n°(p—s)k) I I; .

n*—oop s==2 (n,p)(—n.s)

(3.13)

The other consequence of (3.12) is that only elements in the
double sum with s = —p will survive, so that

(n®+6n°pk) I;; I
(n.p) (=n,—p)
(3.14)

() =5 2 e

n=-00 p=-2

We then make a PN expansion of (3.14), combining
expansions for the moments, the frequency, and the
polynomial factor. Once the Newtonian order flux is
discarded, the remainder is the 1PN mass quadrupole flux,
which we split into three sums

JE\MQUI = 2
B 6,6] 700 710 10 700
i Sy 1 )
1 n=—co p——2 (n.p)(=n,—p)  (n.p)(=n,—p)
dE\ MQo2 1 & 2 18x 6/.6\ 700 700
(&), =52 Z(l—e2>(g¢) MR
1 He—eo p—2 1 (n.p)(—n.—p)
MQD3 ] &2, 2
00 700
<dt> 3,2, 2, Y 1]
n=—oco p=-—2 (}’l P) (—n.—p)
(3.15)

In each case, negative n terms duplicate positive n terms (see
Appendix B). Applying the crossing relations and pulling out
the Newtonian circular-orbit factor of (32/5)2x, we arrive
at the following relative flux contributions:

61700 710« | 710 300%
n [lij Lij~ +1j I }
n=1 (n) (n)  (n) (n)

9
MQO3
R]Q _ —

where we define i?}) = 7(,-)](-) + 7?](-) + 1%,
(n)  (n=2)  (n0) (n2)

2. Contributions to the 1PN relative angular momentum
flux from the mass quadrupole at lowest order in v

Similarly, the angular momentum flux is given by the
1PN correction to the formula

dL\MQ 2 . . ..
dr 1 :geilei<Ijalla>’

e X Y@

x (i(n + pk))*(i(m + sk))?

ei(n+m+(p+s)k)l> 3,
1

X Ija Ila
(n.p) (m,s)

(3.17)

where as mentioned earlier L; = % for Kepler motion in the
x, y plane. This sum simplifies in almost the same manner
as the energy flux. There is a key identity involving (p + s)
in the angular momentum summations that is analogous to
the one in the energy flux. We find

Z(P+S>€3j1 I}, Ila) =0. (3.18)

p.s (n.p) (m.s

The angular momentum also has the identity e3;, 1, 1;, =0,
(n,0) (m.0)
so thatonly e3;;M ;, M;, = +4i survives. Inserting 5, _,, for
(£2) (F2)
the time average and taking s — —s as above, the expression
reduces to

dL\MQ
(), =5 3 B oo et
n=—00 p=-—
x 1, I, %. (3.19)
(n.p) (=n.=p)

As expected, we are left with three sums, all similar in
form to their energy counterparts. We apply the crossing
relation and simplify to obtain the following flux contri-
butions:

ZMQOI _ __63 | Z Ioo 110* +110 Ioo*]
] 7
n=-—oo0 ) (") (n) (n)
2 ey an 70,
(n) (n)
ZMQv3 =i 63112 S ontpI® Iz (3.20)
n=1 p=-22 (n ) (n P)

As stated previously, the biperiodicity of the 1PN mass
quadrupole introduces three separate sums in the calcu-
lation of the 1PN flux. It turns out that these three sums
characterize the entirety of both 1PN logarithm series at
lowest order in v. As we will see next, transition to the next
highest 1PN logarithm flux (at 2.5PN order) will involve an
increase in the power of n in the sums, along with
multiplication by a different leading coefficient.
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3. Contributions to the 2.5PN relative energy flux from
the mass quadrupole at lowest order in v

In the time domain, the mass quadrupole part of the
energy tail flux [14,32] is given by

S AM - =) T 11
MQtail (5)
s =—1; 17 (t — I d
5 J(t)/o i T){Og(%o) 12} "

(3.21)

where M is the Arnowitt-Deser-Misner (ADM) mass
M = M(1 —vx/2+ O(x*)). This expression gives the
time-dependent flux, which will subsequently be time
averaged over an orbital libration. It represents a nonlinear
interaction between the mass quadrupole and ADM mass
monopole of the system. However, because we are currently
working at lowest order in v, M can be replaced with M.

We insert the biperiodic Fourier expansion (2.40) for the
quadrupole moment, replace time derivatives, and take the
time average to find

<dE>MQ 4aM Z Z

(=n8+n’(55—3p)k)

5/2 n=-—co p.s
o 11
X Il] Il] / el(n_Sk)Q’T |:10g <2T ) 12:| dr.
(n.p) (=n.5) 70 70
(3.22)

The only significant difference between this summation
and that at 1PN order is the last integral term, which can be
rewritten slightly to aid subsequent evaluation

o 11
i(n—sk)Q,t 1 —_|d
/0 ¢ {Og(zr())ﬂz] ‘

— « i(n—sk)Q,t v
A e 10g<2roe_(11/12)>d1. (3.23)

This expression is regularized by rotating the mean motion
into the complex plane. We refer the reader to [14,32,37] as
well as Paper I (Sec. IV C and Appendix A) for details. The
result is

i

7, 11
—m [551gn( )—I—log(ZQ |n—sk|r0)—|—yE :|

12
(3.24)

)
o)

(3.25)

~
~

T
35t 4 (1029, o)+ 7 -

r

k
—nj—QrBsign( )—I—l(log(ZQ |n|r0)——+}/E

where the second line is an expansion to first order in k.

Appendix B shows that the imaginary portion will
identically vanish in sums over positive and negative n,
thus allowing those terms to be eliminated. Using the
remaining factor, taking s — —s, and then setting s = p, as
in our earlier derivation, leads to

<dE>S/2 _ Z Z

n=—co p

n +8n Pk) It/
(n, 17)( n,.—p)

x [g sign(n) — <’;"> gsign(n)].

As in the 1PN case, this result splits into three well-defined
sums, which can be written as

(3.26)

15\/;801 Z n Ioo 110* +110 Ioo*]
(n) (n) (n) (n)
MQO02 2171' -
R =" 717992
5/2 8(1—6%);’1 |(;j)
2l & N
Ry =53 > n°p|IPP. (327)
8(1-er) =5 (n.p)

Summed together and normalized, these terms will recover the
enhancement function a(e,) defined by Arun er al. [14,32].

4. Contributions to the 2.5PN relative angular momentum
flux from the mass quadrupole at lowest order in v

Similarly, the (time-dependent) angular momentum tail
flux [32] is given by

. 4AM . &) T 11
MQuail i 5)
o = €3jl{lja(t)A 1) (1— )[Iog(zr()) —l——lz} dr

+114(1) Awlﬁ"l)( )[10g<210> E]dr}

(3.28)

By inserting the Fourier series and performing the same
simplifications as in the energy case, we arrive at

ZISV;SOI_ €3][Zn IOO]]O*+IIOIOO*]
) () (n) (n)
Zg/;goz— €3ﬂZI’l IOOIOO*A
(")
MQO3 % A
2o = 63],Z Z p) 1% 1%z, (3.29)

n=1 p=—22 (n ») (n p)

Despite the factor of i that is pulled out of each sum, the
complex conjugation and presence of the Levi Civita tensor
ensure that all of these terms are real.
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C. Relative flux contributions from the mass
quadrupole at next order in v

We next need to consider the linear-order-in-v contribu-

tions to (2.47), i.e., the R?/IQI and Z?/IQI terms. Fortunately,
much of the procedure is identical to that in the previous
subsection, with only minor modifications to generate the
corresponding reductions. One difference lies in the fact
that there can be no appearance of v at OPN order. Thus,
contributions from the radial frequency and magnetic factor
p (that is, of type RIIVIQOZ and RI;AQ%, respectively) will not
recur here. This eliminates two potential types of terms
that involve the Newtonian portion of the mass
quadrupole. However, a sum involving the Newtonian
mass quadrupole (termed R?/IQU) will still manifest at
O(v) in all 1PN logarithms except R, first appearing in
the 2.5PN tail through a factor of the ADM mass M =
M(1 —vx/2 + O(x?)).

As a result, the 1PN order v flux terms are straightfor-
ward, containing only the O(v) correction induced by the
corresponding portion of the quadrupole moment. All
aspects of their derivations are functionally identical to
those of RM®' and 2! at 10
stitution 7'® — I, We find

, with the simple sub-

RMQ]I Zn IOO Ill* +111100*]

) (ﬂ) (n) (n)

2 = —763,, Z 1001“*+1}; Iz, (3.30)

n=—co  (n) () (n) (n)

with RIIVIQIZ = lele12 = 0. The square bracket in the second
sum has the same anti-Hermetian behavior as before.

The 2.5PN terms are only slightly more involved. The
first contribution emerges from the same substitution in
Ry, with 10— 'L,
term that comes from the 1PN correction to the ADM mass.
We find

However, now there is a second

RMOIl _ L v
o o o
MQl2 _ T 700
Rsp = = 1_62"7|IU' R
n=1 (n)
i = 700 711% | 711 700%725
Z53 = ‘Z€3j12”6[1?31}3 o T2
n=1 (n) (n) (n) (n)
2 e S e o3

(n)

These 2.5PN contributions to the flux can be summed
together and normalized to generate the enhancement
functions 6(e,) and O(e,) defined in [14,25,32].

D. Eccentricity singular factors
and full flux functions

The various sums over Fourier amplitude products
derived above will produce, when added together, the power
series in eccentricity for the full flux contributions at 1PN
and 2.5PN. As with the leading logarithms [8], each such
sum will have an associated eccentricity singular factor
governing its divergent behavior as e, — 1. For each of the
separated parts (except one) its own singular behavior is
easily determined using the asymptotic analysis developed
in [7] (specific examples are given in Appendix A). The
exception is the term labeled MQO1, which involves the
quadrupole components with unevaluated integrals (2.46).
Because this part does not have a clean representation in
terms of Bessel functions, it is not amenable to the exact
same asymptotic analysis technique. Nevertheless, its diver-
gent behavior appears to adhere to the same patterns, and we
have demonstrated apparent convergence through 22PN
(see Appendix A for more details) and verified the behavior
with a new all-analytic perturbation code [18]. The con-
clusion is that the terms in the various 1PN log sequences
have the following singular behavior:

1 1
Rewenem ~ g Rk ~ gz e
1 1
Z(3k+1)L(K) ™~ (1= e2)kt3’ Z(Ek1)L(0) ~ (1— etz)k+9/2‘
(3.32)

With the divergent behavior understood, the remaining
eccentricity dependence is found to be closed-form (poly-
nomial) expressions for the integer-order 1PN logarithms
and convergent power series at the half-integer orders.

Putting all of these elements together involves summing
the results of the previous sections and extracting the
appropriate overall eccentricity singular factor. Focusing on
low PN order, we can rederive the known energy and
angular momentum flux functions. This frequency domain
approach leads to the well-known closed-form expressions
at 1PN

1 1247  10475¢2
Rl(enl/) — (1 _etz)g/z <_ 336 + 672
N 10043¢? N 2179¢°
384 1792
v §+1081e%+311e;‘+851e?
(1—-¢2)%2\12 36 12 576 )’
1 1247 3019¢2 8399¢4
z ) _ _ t t
1(erv) (1—e%)3< 336 336 2688)

v 35 335¢7 275¢)
- = , 3.33
(1=a2p (12+ 4 96> (3:33)
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which (being purely instantaneous) were previously
derived through time domain analysis [20,36].

The 2.5PN flux functions on the other hand do not have
closed-form representations. The original work in [14,25]
showed numerical results and presented expansions in
eccentricity only through e?. Forseth et al. [7] used a
frequency-domain procedure similar to the present one to
generate Rs, to e]? and developed the asymptotic analysis

|

to investigate the behavior as ¢, — 1 at lowest order in v.
Later, Loutrel and Yunes [32] also derived asymptotics of
these functions as ¢, — 1 and for both orders in v. We have
now calculated the terms in the power series to e!?° using
the methods described above, with the ability to push to
much higher order should it prove necessary. These two
series have leading behavior

Replenv) 1 8191 36067¢? 19817891ef  62900483¢8  26368199¢%  1052581e)°
e s vV) = — — oo
32 (1—e2)8 672 336 43008 387072 7077888 34406400
L ¥ 583 717733¢?  21216061ef  78753305¢% 208563695¢8  46886227¢}0
(1—e2)° 24 2016 32256 387072 37158912 3715891200 '
Ze (e, ) = 1 8191 108551e¢?  5055125¢}  4125385¢0 3 11065099¢% ~ 68397463¢°
s = (1 —e2)%? 672 1344 43008 774144 49545216 2477260800
n v 583 32821e? 3 1566125¢} 3 712219¢8 4575078 3 792569¢1° (3.34)
(1—e2)% 24 168 10752 96768 12386304 309657600 '
I
As e, — 1, these series approach approxima- MO -
tely (722.1524014 — 1247.11179560) / (1= €2)6 and ~ Riernee = (1 ‘4”)( 21> (kv) Z” hin. e;)
(191.2520614 — 372.6399916v)/(1 — €2)°/?, respectively
(see discussion in Sec. III C of [9] regarding prior tabulated (4.1)
numerical values [25] of these series in the vicinity of
e, = 1). 00
v R,y = (=) (=37 () o
IV. HIGHER-ORDER ELEMENTS (4.2)

OF THE 1PN LOG SEQUENCES

With the derivations in the previous sections, plus the
leading logarithm series [8] and numerical input from
BHPT, we now have enough information to generalize
to the form of the 1PN logarithm series for all PN orders.
As in Paper I, this process will involve incrementing
powers of n within sums over products of the Fourier
amplitudes and determining the correct rational-number
prefactor at each order.

A. Mass octupole and current quadrupole
contributions to higher-order 1PN log terms

We begin with the two 1PN source multipole moments
(mass octupole and current quadrupole) that can be
calculated (for present purposes) using Newtonian dynam-
ics. These moments give rise to the spectra h(n, e,) and
k(n,e,). Sums over these multipole spectra with higher
powers of n lead to their contributions to the higher-order
1PN log fluxes, much as sums over the Newtonian mass
quadrupole spectra did in contributing to the higher-order
leading logs as shown in Paper 1. For integers k > 0, the
mass octupole contributions to the 1PN log (energy) fluxes
are given by

The current quadrupole series are even closer in appearance
to the leading logarithms of Paper I, taking the following

forms:
214)"(1) - "
- — n“*k(n,e,),
105 k! ;

(4.3)
214 AR
Q _ 2k+1
Rkssyom = (1 4”)( 105) (k!) ;n k(n,e,).
(4.4)

In each case, the angular momentum analog Z; is obtained
by simply substituting & — h or k — k, as appropriate.

B. Mass quadrupole (at lowest order in v)
contributions to higher-order 1PN log terms

1. The energy flux

At lowest order in the mass ratio, three separate sums
over Fourier amplitudes must be handled. The simplest of
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the three t0 derive (though the hardest to compute explic-
itly), RMQ (3 +l) (k)> comes from the correction to the mass
quadnlpole itself. Careful inspection reveals that this term
must be identical in form to the leading logarithm series,
except with the Newtonian part of the mass quadrupole
supplanted by its 1PN counterpart. Thus, the prefactor must
be the same, and we can simply adjust the result of Paper I
to get the following energy flux contributions:

1 [ 214\F& U
moor 1 [ 214 26§00 710+ 710 00+
sl Sy
(4.5)
214\ ¢

RMQo1 T (=" 2kt 100110* 710300+
GO T8 (kY \ 105 Z; [<n> F <’i>]
(4.6)

(We note again that in these and all sums in this section, k
refers to any non-negative integer, rather than the ratio of
frequencies k = Q,,/Q, —

The next sum type, RMQoz, which in our scheme
involves the 1PN correction to Q,, can be found in a
similar manner. The portion of the quadrupole moment
involved is just the Newtonian part and the k-dependent
coefficient follows from a binomial expansion of powers of
Q, =Q,(1 -3x/(1—¢7)) to 1PN order. We find

3k+9 214\ k & )
MQO2 _ _ 2k+6] 57002
7z(3k-§—1)L(k) - 8(’(')(1 _ 8%) < 105> ;I’l |I(;]>| ’
(4.7)
32k +7) [ 214\k & )
MQO2 _ _ 2k+7|300 2
Reakrs/anm = 8(k!)(1—e,2)< 105) ;" |{;f)|'
(4.8)

Finally, the third sum type is R%Q%, whose definition
involves the magnetic factor p with 7?;). We find (and
illustrate in the discussion below) that the k-dependent
coefficient prefacing this summation is equal and opposite
to that of RMQ02 or

Mooy 3k+9 214\
GREDLO) " 8(k1)(1 —e?) \| 105
XZ Z n (4.9)
n=1 p=-22 (n,p)

RMQ03 o 3ﬂ(2k+7) 2]4 k
GkS/2L0) — g(k1)(1 — €2) \| 105

XZ Z 2k+6 100 |2

n=1 p=-22 (n p)

(4.10)

2. The angular momentum flux

As seen throughout Sec. III, the contributions to the
angular momentum flux are nearly identical in form, only
requiring minor adjustments in the moments and prefactors.
The first sum mirrors that of the leading logarithm series,
giving

MQO1 _ i 214\ %
ZaEnLm = T30 (‘ 105) 7
X S 2k+5[[00 110* —l—IlO IOO*]
n=1 (n) (") (n) (n)

MQO1 _ mi % g
Z(3k+5/2) L(k) — _4(]{') <_ 105 €3ji
y 00 n2k+5[i?2211,?* +110100*] )
n=1 (n) (n) (n) (n)

(4.11)

The second sum type, ZMQ02 has one lower power of Q,
than the corresponding energy flux term, RMQOZ, and is
found to be
MQO2 32k +5)i 214 k
(3k+1)L(k) — ( )(1 s ) 105
« n2k+s 292 j?g* 5.
n=1 (n) (n)
ZMQoz 37'[( + )l 214
(e+5/2L(0) 3 (k1) (1= e2) \ 105
Xy ko0 00 2 (4.12)

n=1 (n) (n)

with the antisymmetry and factor of i guaranteeing the flux is
real. Finally, terms of the third sum type emerge with
identical k-dependent factors (up to sign), and are found to be

ZMQO3 32k +5)i 214\ %
GEEDLK) ™ g(kN)(1—e?) \ 105

x f: Z 2k+4 p Ioo Ioo* 2

n=1 p=-22 (n p) (n.p)
ZMQ03 . 37[(1( + 3)1 214 k
GEES/ILH) 2 (k1)(1 — €2) \| 105

o0
2k+5 ) F00 F00% 4
X g E npli, Ly 2.

n=1 p=-22 (n,p) (n.p)

(4.13)
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C. Mass quadrupole (next order in v) contributions
to higher-order 1PN log terms

There is an expected contribution at next order in v to the
flux in each higher-order 1PN log term, just as there was
with the base terms of these sequences: Ry, Z, Rs,,, and
Zs5/,. These contributions emerge from two summations—
one involving the 1PN part of the quadrupole moment,
1", and one containing its Newtonian counterpart,
1. From the earlier discussion of the 1PN and 2.5PN
relative order fluxes, we can see that the coefficients
for RMQ! in the 1PN log sequence must exactly
match those of their RM! counterparts in the previous
subsection.

The k-dependent factor preceding the sum for RMQ!? is
less straightforward. This sum involves the Newtonian-
order mass quadrupole and is of a form that did not make an
appearance in R;. Instead, it first shows up with the ADM
mass in the 2.5PN tail. The appearance of the ADM mass in
the known hereditary flux terms is fairly regular: Each
higher-order tail merely sees an increment in the power of
M [see, for example, Eq. (4.8) of [37] ], making the tail
portion of RMQ!2 calculable to high PN order. Moreover, in
Paper I we used a combination of BHPT and PN results to
show that for leading logarithms (starting with R5;), all
instantaneous contributions uniformly equal a factor of
—2/3 of their hereditary counterparts. A similar line of
reasoning might be applied to 1PN log terms at O(1V).
However, because that argument relied upon information
from BHPT, which is presently limited to first order in the
mass ratio, it cannot be extended as written for next order in
v [i.e., O(')] results.

Nevertheless, the PN regularization parameter ry [11],
which exists in all hereditary integrals but which must
cancel in the overall flux and thus implies corresponding
factors in the instantaneous flux, lends strong credence to
the notion that the simple relationship also exists at
O(v'). For the time being we conjecture that this is the
case and present the results that follow from this
assumption. If the conjecture is correct, then the coeffi-
Ri_\/IQ12

cients on the terms become nearly identical to those

of R?/IQH, except the binomial expansion of M7 =
M9(1 —vx/2)9 introduces a factor of —g/2 for the
(g + Dth element of the 1PN log series. We are led to
the following expected forms of the next order in v
eccentricity-dependent flux functions:

MQUI MQU2
Rartnew = Ragw + Raeenww
(0] CQ
RI(VSIkH) (k) R(3k+1 )L(k)"

MQO03

MQI2
+ R new YR + Rarenww)

2k+67700 F11% 4 711500+

ij Lij
(n) (n)

1 214\ F &
mort b [ <%
R(3k+1)L(k)16(k!)< 105) Z; (n) (n)

MQl1 _ T 21ANETN 0k 71500311, 3115008
R(3k+5/2)L(k)_8(ky) <_105 Z” +7[{:’;) I(ij) +1(i;; I(ij) ],
: n=1 n) (n n) (n

1 214\ k&
MQI2 .
Reatsnew =~ 16(k—1)! ( 105) Z

)

Risess/ L =" (126]213 1)< ?(1):> Z k+7\ln) ’
(4.14)
and
ZMQll __L(_ﬁ)ke
GkHDLK) — T g(k1) \ 105) 7

SR
n=1 (n) (n) (n) (n)

MQI1 o i 214 k
2 3k+5/2)L(k )T T4k (_ﬁ €3j1

X i 2k+6[[00111* +Ill[00*]
n=1 (n) (n) (n) (n)

moiz i 214\F N k5900 00
260 ~ - 1)1 (‘ﬁ car g 1 o

kA D)z [ 214\¢ ™ siv6700 700+
=g \Tios) 2T

(4.15)

MQI2
Z(3k+5/2) L(k)

Unfortunately, if the above conjecture were to break
down for some k, the representations for RMQ!2 and ZMQ12
would cease to hold. However, we would expect that the
MQ11 summations, as well as all components of RM and
ZMQ0 would continue to remain valid.

D. Assembling the complete 1PN log sequences

We now draw together all of the preceding computations
into compact expressions for the terms in each 1PN
logarithm sequence. To make this assembly for, say, the
integer-order energy flux terms involve the following sum
of terms:

MQI1

(4.16)

The full expressions for the integer-order and half-integer-order energy fluxes are given by
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- 1 214 6k + 18
BRDLR ~ T6(k1) \ 105 n:l 1-¢?

18)( 2k+6|100| )

1 ()

(1—4y)< 21) <k'>Zn2kh n,e,)

and

Z n2k+5p| 100 |2> + n2k+6(100 110* +110 IOJQ*)
p=—2.2 (., p)

(n) (n) (n) (n)

<n2k+6 (k)’j(l)]0|2) 4 pyp2kto (i(i)]() jiljl* _|_ji1j1 j(l)j()*)

(n) () (n)  (n) (n) ]

z 214\ F S [ /6k + 21 . )
RGits/2)Li) = S(k1) ( 105) ZK - ) ( z 2k+6 |100 2) +n2k+7<[00 110 +110 10() )
t

n=1

6k + 21 N
_ ( - 82 )(”2k+7|1(i)10|2)
! (n)

(20 (Z) S + 0

In these expressions (and in the angular momentum analogs
that will follow), we emphasize once again that the validity
of the portion from MQ12, which determines in part the
linear-in-v piece of the flux, depends on the conjecture
made in the previous subsection. If that supposition were to
fail at some PN order, these expressions would not be
accurate at first order in v but would, of course, continue to
be valid for the O(:°) portion.

The last essential consideration when using these expres-
sions to generate high-order eccentricity functions or power
series is that of their eccentricity singular behavior. As
mentioned in Sec. III D, past work [7-9,18,32] shows that
each 1PN logarithm will be characterized by a divergence
as e, — | in the form of an eccentricity singular factor. For

|

MQO1
z, =2y

which for the integer-order sequence can be shown to be

Z(3ke1)L(k)

<6k + 15> (n245 100 700+ _
jatla
- el (n) (n)

+(1—4y)< 21) (k'> ankh(n e

and for the half-integer-order sequence becomes

s (a5,

214 1 -
2k
41/)( 105> (ﬁ);n k(n,e,), (4.17)
p=—2.2 (n.p) (n) (") (n) (")
v T 500 511% | 311 500%
=Lk DI + oI 4T T )]
(n) n ) ) o
204\ * 27\ S L,
4y)<—ﬁ> <H>;n Hk(n,e,).  (4.18)

|
PN order r, that singular factor will have the form
(1 — €2)~+7/2) In fact, once we account for the presence
of a singular factor (1 — e?)~(¥*%/2) we find closed-form
expressions for the integer-order terms R(3y1).(k)- The
half-integer sequence R (3;15/2)1 () almost surely admits no
closed representations. However, here too the removal of
the singular factor (1 — e2)~3*+9) is beneficial, and leads to
a remaining power series that is convergent as e; — 1. We
have demonstrated convergence in these terms to 22PN
through direct eccentricity expansion to high order.
Returning to the assembly of the entire flux terms, the
terms in the angular momentum 1PN log sequences are
given by

4+ ZMQ2 | ZMQOS | (ZMQITy ZMQI2y | ZMOo | ZCQ (4.19)
Z p2k+4 p j%) i%”) +n 2k+5 ( 100 110* + 110 100*>
(n.p) (n.p) (n) (n> (n) (n)
WS ()10 190%) 4 125 (190 1 471 100*)]
(n) (n) (n) (n) (n) (n)
214 I\ S -
— 2k

(1-4uy )( 105) (k!> ;n k(n.e,), (4.20)
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Z(3k45/2)L(K)

6k + 18 200 000
- (S eeere
é () ()

+(1—4y)< 21)( )an"“h(ne +(1-

To reduce further, the relevant singular factors, which are
respectively (1 —e?)"C(k3) and (1 — 2)~CGk+9/2) would
be pulled out. While it is difficult to see until after that step
and after the source multipoles are inserted and expanded,
the integer-order flux terms all produce residual polyno-
mials in e? while the half-integer-order terms have residual
convergent power series.

E. Some explicit results from the 1PN log sequences

These formulas can now be utilized to generate explicit
eccentricity functions or power series for higher-order
members of the 1PN log sequences. In fact, each term
from 4PN to 8.5PN at lowest order in v has already been
calculated to high order in Darwin e in a companion paper
|

—7i 214 6k 118 2%+5 - 500 500 2% 410 5
__ 7 =" I I 5« +6 IOO 110* 110 IOO*
4(k!)< 105> 3”ZK 1—e )(,,Z_;zn e hala®)

(n p) (” P) (n) (”) (n) (n)

_E(n2k+6(2k + 1)792 7?3*) T mzk+6(100 111* +111 Ioo*)]

(n) (n) (n) (”) (n) (n)

o) ()i

[9] to this one and Paper 1. Those results were obtained by
combining BHPT numerical calculations with the partial
sum of least squares integer-relation algorithm on an Imn
mode basis to extract the coefficients in analytic form. The
eccentricity functions in that paper (upon conversion from e
to e,) provide a valuable check on our results. Unfor-
tunately, the portions at next order in v cannot be similarly
validated by BHPT yet and thus remain a conjecture as
discussed in the previous two subsections.

We consider first the pair of fluxes at 4PN log order, Ry,
and Z,; , which are the second elements in the integer-order
IPN log sequences. With the appropriate eccentricity
singular function removed, we find that each provides a
closed-form expression

(4.21)

Rus (e, 0) = 1 <232597 3 10205532 3 85136197¢} 3 194295169¢¢ 3 570319469¢% 3 1677429e}0>
' (1 —e?)13/2 \ 8820 5880 35280 70560 1128960 250880
v 34889  7327462¢  1218464ef  10895825¢8  89571401e8  284187e)°
* (1—e2)15/2 < 735 + 6615 * 315 3528 169344 31360 > (422)
Z (o) = 1 (232597 3 1761619¢? 3 6412241¢} 3 228004878 B 8039616,8)
' (1—¢2)5\ 8820 8820 7056 70560 125440
v 34889 2961167¢? 4210447ef 12389779¢8  413339¢%
i (1—e?)8 ( 735 * 4410 3528 35280 47040 ) (423)

The order 1° part of R4, (e,) was previously discovered and described in [7] [actually as a closed-form function L4, (e) in e
which is easily converted from e to e, to compare to Ry, (e,)]. The order 1° part of Z,; (e,) was also effectively previously
found [38] [again as a closed-form function J4; (e) in e, convertible to Z4; (e,)].

Turning next to the 5.5PN log fluxes, which are the second elements in the half-integer-order 1PN log sequences, we find
a pair of convergent infinite series that begin with

Ruvae(ent) = 1 <177293 | 33467083¢}  55188741467¢f  41837812001¢f  90806230499893}
’ (1—¢2)° \ 2352 35280 2257920 677376 2601123840
52599122781397¢!0  743899262983¢!2 1035559450883 ¢4
© 13005619200 18874368000  32774160384000 >
L (2880637 168033239¢2  107321219093¢*  132390912895¢6  86038451049547¢%
(1—¢2)° | 8820 15120 1693440 1354752 1950842880
956641092501793¢!0  223041145823171e!2  493441625881693¢!4
195084288000 3745618329600 3670705963008000 )
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Zy1(en) = 1 (177293 _ 3101 1679¢? 3 8782000063 ¢} 3 11351372383¢° 3 6613735244173
' (1 —e2)15/2 \ 2352 23520 752640 903168 289013760
3 102517313999¢}° B 8739859767749¢!2  70533378963781e}* Y. )
3715891200 8323596288000 349591044096000
v 2880637 349633¢?  127083053¢f 9184388503¢¢ 6471301132436
- (1 —e2)13/2 ( 8820 + 49 5376 508032 216760320
199406895011e/0  214645510549¢,> 3 3051343498747¢}* L ) (4.24)
4064256000 2080899072000  152946081792000 ’ '

The third elements in the integer-order 1PN log sequences are the 7PN log?(x) fluxes. These flux contributions also have

closed-form expressions, as anticipated

Ropale,.) = 1 (_52525903_32785762916,2 74771270471e}  6205145514833¢%  1870078245281¢%
YT =222\ 617400 3704400 2116800 29635200 6773760
6721297402199¢10  728355846523¢!2  976909819¢ !4
67737600 90316800 16859136 >
R (146507731 11066346794¢?  32900565808¢%  8296487145703¢f 401207614757 ¢}
(1—e2)21/2 | 463050 694575 231525 22226400 1209600
164075647087¢10  30213176177¢!%  812183599¢4
1693440 4064256 12644352 )

2 (ent) = 1 (_52525903 1285805299¢2  346615894427¢  449325541709¢8  327681660679¢8
P M=)\ 617400 1852200 14817600 7408800 9483264
189470991041¢!° 16021708132 v 146507731  9851216819¢2
47416320 42147840 ) (1—e?)° <_ 463050 926100

3 220777622729} B 3321586965078 3 463335196631¢% 3 97794785317¢}° _ 16191 1009¢/?

3704400 3704400

At order 1° these functions and power series show
complete agreement with those found using BHPT fitting.
The convergent power series for Ry, and Z,;,,;, were
verified to ¢;° in the power series expansion and those for
Ry7212 and Z17/51, were checked and verified to order ¢7°.
Additionally, we extended the validation to 22PN at the
level ¢/° by combining BHPT results with Johnson-
McDaniel’s §,,,, factorization [39] (see Sec. IVD of
Paper I), again at O(°). As we will explain in the next
subsection, we now have the means to compute these and
all other members of the 1PN log series to at least e}2° with
manageable computational cost.

F. Discussion

To summarize, despite an increase in calculational
complexity, the pair of 1PN log sequences (shown in blue
in Fig. 1) are determined in their entirety by a few low-order
source multipoles—namely, the Newtonian mass octupole
and current quadrupole moments and the 1PN-order mass

11854080

). (4.25)

23708160 3512320

quadrupole moment. This behavior is exactly analogous to,
if more complicated than, the way the Newtonian quadru-
pole moment provided all the information necessary to
derive all elements of the leading-log sequences (as shown
in Paper I). The Fourier amplitudes of these moments
appear in sums as complex products weighted by succes-
sively higher powers of n, the harmonics of orbital
frequency that are present in eccentric motion. As such,
these terms represent in the time domain higher and higher
order time derivatives of the low-order source multipole
moments.

The greater complexity is due in part to the fact that the
1PN quadrupole moment gives rise to five different sums
over squares of Fourier amplitudes. In compensation,
however, simplifying patterns emerge amongst these sums.
For example, we found an exact correspondence between
the higher-order quadrupole sums MQOI1 and MQI11 and
the sums over the Newtonian-order quadrupole moment
in the leading-logarithm sequence. Specifically, the sub-
stitution 7% — 1'% or 1% — J'! in terms where the former

104006-20



ECCENTRIC-ORBIT EXTREME-MASS-RATIO-INSPIRAL ...

PHYS. REV. D 102, 104006 (2020)

appears, along with changes in the normalization, leads to
parts of the flux at 1PN order higher. Secondly, a relation-
ship exists between the sums we denoted by MQO2 and
MQO3, which are related to the 1PN correction in the
frequency Q, and the “magnetic” harmonics, p, respec-
tively. The k-dependent prefactors on these sums turn out to
be the additive inverse of each other. The reason for this
symmetry is that the harmonics (as defined and manipu-
lated in Sec. III B) ultimately satisfy m = —n and s = —p,
given orthogonality, and so €, and p only appear in the
combination +Q,.(n + pk). Through 1PN order this can be
rewritten as £Q,[n + (p — n)k], which means that a 1PN
contribution will emerge with p — n times the rest of the
quadrupole factors. We had simply split this into two
separate sums originally, with otherwise identical forms.

The open question concerns the sum that we labeled
MQI12, which involves the appearance of the I%
(Newtonian quadrupole) at next order in the mass ratio
and which first arises with the ADM mass at 2.5PN order.
As we mentioned in Sec. IV C, in PN theory it is expected
that progressively higher powers of the ADM mass will
appear in progressively higher corrections to the tail. Thus,
we expect that this will lead to a simple factor from the
relevant binomial expansion of (1 — vx/2)7. However, it is
not clear how else the Newtonian quadrupole might
manifest at this order in v. If, for instance, the ADM mass
in the tail were the sole appearance of this type of sum, then
the partial cancellation between instantaneous and heredi-
tary contributions discussed in [8] would not occur,
enhancing any orders with both types of flux by a factor
of 3. According to [21], this would include all orders 3PN
and above. However, this would leave an unphysical
normalization constant r( in the full flux (see, for example,
Sec. VE), which cannot exist. Therefore, the likeliest
possibility is that a corresponding summation exists on
the instantaneous side and the cancellation seen at O(1)
does continue here, leading to the result above. Regardless,
further developments in full PN theory or second-order
BHPT should soon be able to resolve this question
definitively. At that point, even if our conjecture of
Sec. IV C fails to hold, the Fourier infrastructure presented
here should be able to provide accurate O(v) expansions in
eccentricity for all elements of the 1PN log sequences once
the correct prefactor is supplied by other means.

Equally important to the generation of high-order
expansions is the question of computational implementa-
tion and cost. The procedures we describe in this paper turn
out to be quite manageable computationally, though the
calculation of complete flux terms tends to be more than an
order of magnitude more time consuming than the leading
logarithm calculations of Paper I. Of the seven required
sums, three (MQO02, MQI12, CQ) are roughly equal in
expense to the corresponding leading logarithms. Three
(MQO03, MQ11, MO) are 1.5-4 times more expensive to
compute, owing to their lengthier Bessel function

representations. In any event, calculation of all of these
terms only amounts to a matter of at most minutes for
computation to hundreds of orders in e, on an average
laptop in Mathematica.

However, the remaining summation MQO1, with the 1PN
amplitudes !9, is the ultimate bottleneck. As noted in
Sec. II D, these Fourier coefficients cannot be expressed
cleanly in terms of Bessel functions, and the unevaluated
integral in (2.46) is cumbersome to handle. We had partial
success in handling it by expanding the integrand in e,
directly before integrating. However, the arctangent function
with its complicated argument remained a prime source of
difficulty, leading to a series of integrals that can require
hours to expand, as well as require large quantities of
memory, on cluster computers that support Mathematica.
We found that a convenient way to proceed was to
precompute the expansion of this arctangent function on
the University of North Carolina cluster KillDevil to e!?°, a
task which required about 1.5 hours and 20 GB of RAM.
Once this expansion was calculated, the rest of the process
became much more manageable. Indeed, with the arctangent
series in hand, we are now able to expand any element in the
1PN log sequences to e}?° via laptop in only a few minutes.
This process was used in particular to expand y(e,) and
i (e,) to e}, enhancement functions which are discussed in
[9]. Another difficult function, Rﬁ (described below), can

also be obtained to ¢!?° in this manner.

V. DERIVING AN ESSENTIAL PART
OF THE 4PN TAIL

Up to now we have focused on the 1PN log sequences of
gravitational wave fluxes (depicted by the blue lines in
Fig. 1). Drawing upon the frequency domain multipole
analysis in Sec. II, we rederived the known 1PN and 2.5PN
relative fluxes in Sec. III. We then used that frequency
domain approach in Sec. IV to detail the analytic depend-
ence of elements in those sequences to all higher PN orders.
What remains, for this section and Sec. VI, is to apply a
similar approach to the 4PN log sequences (i.e., the orange
lines in Fig. 1).

Like the subleading log sequences of Paper I (what we
call here the 3PN logs), the derivation of the form of the
4PN logs requires an assist from BHPT. As Paper [ showed,
it is possible to find a theoretical explanation for part of
each subleading log term (even absent a full PN calcu-
lation) that is based merely on knowledge of the Newtonian
quadrupole moment. The remaining part of each sublead-
ing log term can then in principle be determined, at lowest
order in v, by BHPT. A similar useful split carries over to
the elements in the 4PN log sequences, though it requires
the 1PN source multipoles.

Because the process is somewhat involved, we focus
primarily on illustrating how it is applied to the 4PN
nonlog fluxes, R4(e,) and Z,(e,), the first elements in the
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integer-order 4PN log sequences. (Section VI also briefly
touches on the 5.5PN nonlog term, which is the first
element in the half-integer-order 4PN log sequence.) We
find that an essential tail portion of these 4PN terms is
theoretically determined by the same IPN source multi-
poles that were discussed in Sec. II. Deriving that tail
portion is the subject of this section. Once this essential
4PN tail portion is known, we combine it with knowledge
of the 4PN log flux from Sec. IV and results [9] from BHPT
to determine the entire analytic form of the 4PN nonlog
fluxes R4 (e;) and Z4(e,) to high order in an expansion in
eccentricity. This result is timely, as it will provide a

valuable check for those working to extend PN theory to a
full description of the orbital mechanics and radiative losses
at 4PN.

The portion of the 4PN tail to be addressed provides the
IPN correction to the 3PN enhancement function y(e;)
[14]. This portion of the full tail is provided by the sum of
the tail®> and tail-of-tails corrections to the flux, and is
determined by the 1PN source multipoles. The mass
octupole and current quadrupole orbital computations will
remain at Newtonian order, mirroring the derivation of
x(e,) itself in [14]. However, as usual, the mass quadrupole
part requires extension to 1PN, as discussed in Sec. IL

A. Mass octupole

For the mass octupole the quadratic in M portions of the energy flux tail have the following time domain expressions:

,PMO(tail)z

MO (tail-of -tails
pYol )

B 4 M? © (6) T 97
A o) el

4 M? () © (7 7 \2 183 T
59 [k A ! T>[Og<2ro> 70 <2r0> "

(5.1)

13283} d (5.2)

8820

where the tail-of-tail coefficients were taken from Eq. (4.9a) in [37] with constant b set to r. Note that a factor of 2 is pulled
from their equation, with another factor of 2 coming from the polynomial product U, U, .

The MO part of the tail® term can be evaluated using the integral identity (3.24). Then, because k = Q,/Q, —1=0and
M = M for a Newtonian orbit, the time average of the MO tail® term can be simplified to

SM? &

MO (tail)?
(P = 189 £

(Q )10 10|100 2

2
%+ (tog2aulnlr) + 7 -
(n)

(5.3)

% )

The tail-of-tails term requires a bit more work. First, the log” piece must be handled using the following integral identity

[8,14,32]:

o i n*  (mi 2
/0 !5k 7 oo <2r0> dr = BT {E + <E sign(—n) + log(2Q,|n — sk|ry) + }/E) ]

i n? .
~— [— — + (log(2L,|n|rg) + ve)? + misign(—n)(log(2L,|n|ry) + 7’E):| )

nQ, | 12

(5.4)

(5.5)

where in the second line we set k = 0 and made a lowest-order PN expansion. When the various factors of i and n are
considered, it becomes clear that the last term in (5.5) cancels in a sum over positive and negative n. Once combined with
the rest of the integral, the total tail-of-tails contribution has the following time average:

MO(tail-of -tails 8M? & n? 3 13283
<'P°o (tail-of -ta >> = —189 - <Q¢>10n10|1(?j?{|2 |:E — (10g(2£2¢|n|r0) + }/E)z + % (10g(2§2¢|n|r0) + VE) - W} . (56)
Then, (5.3) and (5.6) are summed to yield the complete mass octupole flux contribution
2
MO (tail )2+ (tail-of-tails), __ )10 10 13 21709
(Peo )= @ Z” |1ka [ i(log(29¢|n|r0) +7E) +Toe00|" (5.7)
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Likewise, the angular momentum expressions have the following time-dependent forms:

MO(wil)  4M? © (5) T 9 6) T 97 R
Goo =3 ¢l ; I,(t—7) log 3 60 dr ; Ilab(t—r) log 3 +@ drpz,  (5.8)

MO(tail-of tails)  2M* (3) / ® (7) 7\? 183 T 13283
o = s I (1 —7)[log(—) +—==log(=— | + ———|d
g 63 63”{ g [ Dot =) log\ 50+ gloe 5,0 ) ggag |4
@ [* 6, T \2 183 T 13283
+ Lap A Ligp(t—7) {log<2 0) + =5 log 5 ) T 8830 dr (5.9)

These merge together in the same way to generate the complete mass octupole flux contribution

ai ail-of -tails 8M 13 21709 N
<g¥0(t 1)+ (tail-of -t 1)> } (5.10)

2
=- Q,) %3 Z ”9’?2h ?313‘ {_ 57 (1022 lnlro) +7£) + 7565512

B. Current quadrupole

The next component of the quadratic-in-M 4PN tail stems from the Newtonian current quadrupole. The energy and
angular momentum time domain representations are

cofily _ G4M? / e v 7 ?
. 7 Ol — ) [log [ —— ) + = ,
25 | Jij'(t—17) |log o —|—6 dr

CO(uilof-uils) _ O4M? ) / ® (6) 7 \2 46 T 26254
= - I [T 190 = og (=) + Dog( ) = 2222 4, 511
25 T 0 Sy e=o)fleg( 3 )+ Ssloe( 5 ) = 55050| 4 (5-11)

and

cQUait 128 M2 © 4 T 7 © (5 T 7 )
) =5 Gl | Jja (t—7) |log T +6 dr p x | J (t—1) |log 3 +8 dr ¢ 2, (5.12)

CQ(tail-of-ails) _ O4M? @) / ® (6) T \2 46 7 26254
- = A TD [T — g () Dog () — 2220 g
a5 e f, Jult= e 7)) Fasloel 5,0 )~ 2080)
3) [ 5 7 \2 46 T 26254
J 19— |1log( =) + 210 d 5.13
* ’”A ja 1){0g<2r0> 35 8\ 2r,) T 22050]“* (5.13)

respectively. Again, the particular forms the two tails-of-tails were adapted from [37]. The time averaged fluxes are then
found to be

CQ(tail)-+(tail-of -tails) 128M? & 8,8 002 x> 107 7517
o = Q, L (log(29, SaiLay 5.14

CQUuail) + (ail-of-ails),  256M* . & 7 2700 00« |72 107 7517

C. Mass quadrupole, lowest order in v

The remaining order M? part of the 1PN correction to the tail® and the tail-of-tails terms comes from the 1PN correction
to the mass quadrupole moment.

104006-23



CHRISTOPHER MUNNA and CHARLES R. EVANS PHYS. REV. D 102, 104006 (2020)

1. The energy flux tail®
In the time domain, the mass quadrupole part of the tail® is given by [14]

MQ(uil)  4M? /°° ), T 2
o0 =—5 {0 1 (t=1) log 12 dr . (5.16)

When the quadrupole moment is taken to leading (Newtonian) order, this term contributes to the 3PN hereditary flux. By
taking the calculation to one PN order higher approximation, we can obtain its contribution to the 4PN flux. To do so, we
plug in the biperiodic Fourier expansion for the quadrupole moment along with the expansion for the ADM mass, replace
the time derivatives with powers of the frequency, and take the time average. An intermediate step in the calculation is

) 4M Vel =
MQt in? Z Z 10 nlO +10n° pk) Iij {/ pi(n+rk)Q,z |:10g< 7 ) +§:| dr}
) 0

n=-o00 p=-2 (n, P) (=n.—p 21”()

o 11
x{ A e-l<ﬂ+ﬁk>9rf[1og<2i) lz}dr} (5.17)

The product of integrals can be simplified through a double application of (3.24). Collecting the results of an expansion
through first order reduces the product of integrals to

T

1 2 1 p
202 <4 + ﬁ%) pEToY {‘Wo + (72 + 4f5 = 4Po) | k. (5.18)

where we define ) =1og(2Q,|n|ry) + yg — 11/12. The final result reduces to three compact sums:

ap. 2M?(Q,)3 &
MQO1 (tail 2 : % %
n=1 (n) (n) (n) (n)
" 48M2 Q,
( ¥Q02(tdl)2> ,, Z"SV 7 + 482 + Bo). (5.20)
: 48M x(Q,)F &
03 (tail
(PYQU3Ey §:§ 0T p| 19 P(x2 + 483 + o). (5.21)
n=1 p (n.p)

2. The energy flux tail-of-tails
The mass quadrupole part of the tail-of-tails time-dependent flux is given by [14]

MQ(iail-of-ails)  4M? (3 / ® (6) 7?2 5 T 124627
M = [T (=) fog (<) + 2ilog dx. 5.22
5l ), L t=e)jloe| o) +3gloe( 5 )+ 00 | 4 (5-22)

When the quadrupole moment is calculated to Newtonian order, this gives a hereditary contribution to the 3PN flux. The
4PN contribution we seek comes from considering 1PN orbital dynamics and the mass quadrupole through 1PN order. The
usual Fourier simplifications lead to

4M2 0 2 57 T 124627
0 9./ Q 9 8 .. I.. / i(n+pk)Q,r 1 | - dr. 5.23
5 ( r) l(n I p)(n,lllﬁ (—n.lip) 0 ¢ o8 * 70 o8 27’0 * 44100 : ( )

n,p

To handle the log? term, we expand the integral identity (5.4) to first order in k, giving
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) 2 ] 2 )
i(n+pk)S2,Tl L — ; ”— E i - I 2Q 2 24
[ et rniog (55 ) ar = L [Tk (5 sienton) +log(2n + phi) -+ i) (5.24)
i 2 7 isign(n)atg | + i n? — a2 + 20y — (1 — ag)isign(n) 2nay + nrisign(n) | k
~ -—— -7 —S — Qo) - z )
n@, | %07 1a T A e [ \1g T 0T A T T SRR ) A ¢
(5.25)

where o = log(2Q,,|n|ry) 4 7. The rest of the integral can be found using (3.24). In all cases the terms with sign(£n) will
vanish in sums over positive and negative n, so those are dropped in what follows. We combine what is left with the other
terms in the integrand of (5.23) to get the total contribution from that integral

i [, 57 71'2 124627 i ST p(, 197 a2 160537
- gy + - L - k. 2
nQ, (“0 0% 12 w100 Tae |0 70 \ T 70 T 12 T ad100 (5.26)

With this factor reinserted in the expression for the flux, the tail-of-tails can be separated at 1PN order into the now-familiar
three sums

Lo 8M2 ° 57 124627
MQO1 (tail-of talls) 8/ 710 700* 00 710+ 2
i 1215+ T —ay — , 5.27
< Z”<n> u <>)[12 %+ g% 44100] (5.27)
MQO2(tail-of tails) 24M*x & o8 158 480553
M - _ ] — ) ———|, 5.28
< =50 ey ; g 35 % 722050 5-28)
Lo 24M2 © o 158 480553
MQO3(tail-of -tails) OO 2
M |02 |2 g - . 5.29
) S S, M{ BB e

3. Summing the tail> and tail-of-tails

We can now combine the sums of corresponding type from the tail-of-tail and tail’> parts into one set of 1PN mass
quadrupole contributions. We find that upon fusing the tail pieces all of the log? terms (i.e., & terms) vanish. The result is

MQOl(tai1)2+(tail—of-tallq )8 SN 10 100 < 100 110ss |75 856 116761
M B3 a0 199 1190 119 |22 - 222 (log 22, _ 2D (530
< =S e >[15 25 EEA ) e = S5 | (930

2 § oo

MQO2(tail)?-+ (tail-of -tails) Mx(Q,) AS110012 647> 6848 497004
Y = E I log(2€2 - 5.31
| VST ey & T TS s el +re) =g (3:31)

2 8 o

MQU3(tail)2-+ (ail-of-tails), M- X(€2,) Tp 64717 6848 log (2 497004
0 = g E - 5.32
| =) 22" W 75 (1082 lnlro) 7)==y (5:32)

4. The angular momentum tail flux

On the angular momentum side, the time-dependent tail> and tail-of-tails fluxes take the following forms:

T S B B S R M
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. 2 2
MQ(tail-of tails) _ 4M @ [ 6 T 57 T 124627
% — A1 [T 190 — o) llog (=) + 2olog =) + =20
5 €3f’{ Ja A ! T){Og(zr()) 70"\ ar,) T aa100 |
3) [ 65 T \* 57 T 124627 .
I =2 og( =) +2010g( =) + 22 g Ls, 5.34
" l“[) g ( T)[°g<2ro> 70°8\25, ) T aa100 | 7S¢ (5-34)

The simplification procedure is nearly identical to that in the energy case, so we jump straight to the three sums that give
this essential part of the tail flux

MQOl(tail)2+(tail—of—tails) 10 700% 00 710% 16772 1712 116761
o (L Iy +15,1 log(2€ ——. (535
( =@ sy S 1) | T~ G og204 ) 7). (539
02(tail)? + (tail-of tails M?x(Q (11277 1712 17903
( MQO2(tail)? +(tail-of ¢ >> 63,12117100100 [ < (log(Z.Q |nlro) +vE) — 125 ] (5.36)
MQU3(1ail)?+ (tail-of-tails), __ MPX [11272% 1712 17903
(Goo X kT ea,zZZn6 102)10(’)[ o= s (10229, lnlry) + ) =~ ] (5.37)
(n.p

D. Mass quadrupole, next order in v

As noted in an earlier section of the paper, only minor adjustments to the above results are required to obtain these parts of
the 4PN tail at O(v). The v correction to the quadrupole moment itself can again be found by simple substitution, and the v
correction to the ADM mass simply provides a factor of (—1). Thus, these essential parts of the 4PN tail at order v become

MQ1 1 (tail) >+ (tail-of -tails) ) 8O 117005 1 700 r11ey |87 856 116761
™ = 1xM*(Q, 110 190 1) | = log(2Q . (538
( )= o) S0 18 18 14 [T 3w 700~ g - (53
MQ12(tail)?+ (tail-of-tails) 2(Q,)F > 856 116761
) = —uvxM?*( log(2€2 5.39
( )= (@, 0 S - S tost20ylalre) + o) - 5] (539
for the energy flux and
MQI 1 (tail)+(tail-of tails . = . . 167r2 1712 116761
( MQ (tail)?+ (tail-of -t )> _ —VXMZ(Q¢)7Z€3,'ZZ(”7)(I}CII I?O +100111 )[ 3 s (log(2Q,,|n|ry) + ) _W}
(n) (n) <n> <>
(5.40)

MQI2(tail)? +(tail-of -tails) 1oz~ 1712 116761
(G — (@ Z i ?3[15 S35 (10829 |nlro) +75) = Jezoe | (5:41)

for the angular momentum flux.

E. Putting the essential part of the 4PN tail together

We are now in a position to assemble the entire order-M? part of the 4PN tail. We will focus on the energy flux case first.
This net tail flux comes from summing together (5.30), (5.31), (5.32), (5.38), and (5.39). Since this is a 4PN energy flux, we
pull out the circular-orbit limit and an extra factor of x* to define a tail enhancement function R{!(e,, v):

dE tail 32 .
<E> :?uzngﬁfm(et,u). (5.42)
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With R!(e,, v) defined, we then make a new separation of
this function by grouping on common factors like 72,
rational numbers, a variant of the eulerlog function [8,9],
and log(4), all of which appear in (5.30), (5.31), (5.32),
(5.38), and (5.39). Then these separate groupings are each
expanded in power series in e,

We draw attention first to the grouping on the log(%) term
within the sums, which defines a new function that we call
R%(e,,v). This function is reminiscent of the 3PN function

107 n 24
s (DS 2
n=1 t (n)

x(e,) [7,8,14] that leads to the related relative flux function

R)’g(et)’
Ri(e) =~ ) = = e > og (5 )atn.c).
(5.43)

105 105 4
In turn, y(e,) is related to an infinite sequence of functions
Ay(e,) that we defined in Sec. IV of Paper 1. With these
connections in mind, the definition for R%(e,,v), along
with its power series expansion, is found to be

71300 |2 8500 710+ |, 410 500+
E n'p| I | > —n® (L 17" +1;5 135)
p=-272

(n.p) (n) () () (n)

+unb I —un¥ (10 111 +11] 1) } (1-4) Zn log< > [(52>h( e;) + <4 8> k(n, e )]
(n) Wm0 m 21 105
1 13377110g(2)  4738510g(3 232597 19405829 log(2
= ~3Ra log(l _efz)+(1—e,2)15/2[ 4410 = 1568( : <_ 2040 8820 =
15792327 log(3))ez (1414531 365627093 log(2) | 459923913 log(3) 15869140625 log(S)) y
15680 ! 2940 17640 71680 903168 !
(13183159 30959613721 10g(2)  276844091571log(3) | 2189439453125 10g(5)> o }

1764 317520 1003520 16257024 '

v 26754210g(2) ~ 473851og(3) 34889 7321852l0g(2) 1142415910g(3)\ ,
TEEEE [(‘ 2205 392 ) v <_ 245 945 - 3920 )e’
N (_ 2993785 241129100log(2) | 31967473771og(3) | 15869140625 10g(5)> 4

882 1323 125440 225792 '
20356142  5245917032910g(2) 3605227461 log(3) 479672851562510g(5)\
(_ 2205 26460 7168 B 4064256 >e’ L ] (5.44)

While this function has no overall closed form, it does have
an isolated closed-form part that involves the 1PN-log-
sequence function Ry; (e,,v) (4.22). The reappearance of
this 1PN log function within a 4PN log function is exactly
analogous to the way a leading log function, F(e,), reappears
in the 3PN function y(e,) [7] (see also Paper I, Sec. IVA). Its
appearance aids in isolating the singular behavior (as e, — 1)
|

of R into two parts—one with algebraic divergence and one
with a dual logarithmic/algebraic divergence.

The remaining groupings on the other factors (z2,
rational numbers, and a variant of the eulerlog function)
lead to the remarkable behavior that all of the rest of R
has a closed-form appearance. We find

Rouil _ 1 5887504939 N 105800809423 ¢7 B 12538208629¢7 B 778013619983 ¢¢ B 2645724108523¢%
L (1—e2)13/2 22226400 44452800 29635200 177811200 2844979200
B 1498169789¢1° 1488040411 2854515929¢7 B 1030726283¢} B 103160580401 ¢° B 289778969059¢%
210739200 5556600 555660 66150 8890560 142248960
1066256753¢1° L (1712, 24503¢} | 34989¢}  T33eP\ 1369 62107}
26342400 (1—e2)®\ 35 70 140 560 (1—e2)15/2 126 252
1011881¢*  715759¢8 69359368  19389¢10 3566 237442¢7 38219¢} 280195¢
+ + + +u - -
504 336 1792 3584 63 189 9 84
6922325¢8  141el0 3
~~T3006 12 +2 ;/E+210g2—|—§10gx Ry (e, v) +Ri(e;v). (5.45)
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Note that the eulerlog function becomes a coefficient on another appearance of Ry (e,, v), with a form that exactly matches
the predictions laid out in Sec. IV E of Paper L. (This is only part of the appearance of log x at 4PN order; the remainder
arises in the instantaneous 4PN term, which is not calculated here.) All the other terms involve polynomials once the
relevant eccentricity singular factors are removed.

In turning to the case of the angular momentum flux, all of the steps made for energy flux carry over almost identically. At
the end of the process we find that the order-M? part of the 4PN tail in angular momentum flux is

22226400 * 7408800 29635200 177811200 21073920
(_ 1488040411 2260694969¢?  71048901401¢} 1254772056838 367916176?)]

il _ 1 5887504939 73251166437 27567910067¢f 98001030431¢S 12521314168
il — - -
(1-er)

5556600 740880 14817600 88905600 878080
1 1712 10379¢2  749¢* P 1369 26519¢2  366503¢* 84109¢0 9417¢8
- + + -—— ¢ + +
(1-¢2)%2 \ 35 70 40 (1—e2)° 126 126 504 336 1792
< 3566 47785¢2 330481¢*  194269¢0 335965
y —

3
_ _ _ ~ 3 . o
63 63 252 504 336 )} + 2<7E +2log2 + 21ogx) s (e v) + Zi(e,v)

(5.46)

Here, Z4; (e,,v) is the second element in the integer-order 1PN log sequence defined in (4.23). The remaining part of the
above expression is a new function defined by

107i -21
Zi(e.) = (570 ) 10w (5 )| (72 ) (i - X2 w0 i) i 0
1

(n) () p==22  (n.p)(n.p) (n) () (n) (n)
400 3004 200 $11s | 11 300% % n 52\ - 428\ ~
—u(n" 10N T) +un (190 1} +13, 1900 )} —(1-4v) Z n?log <§> [<ﬁ>h(n, )+ (ﬁ) k(n, e,)]
(n) (n) (n) (n) (n) (n) n=1
1 [133771 log(2) 473851og(3) ) (_ 232597 626742110g(2)

=32y log(1 - i) + (1—c2)F| 4410 1568 “\T72040 T 2410
N 426465 log(3)> (3290641 N 54495991 log(2) 3298439961 1log(3) 3173828125 log(5)> .
784 5880 5880 501760 301056 !
(15117563 N 19854591727 log(2) _ 782600155111og(3) 88952734375 log(S)) 6. ]
5040 317520 501760 1161216 !
LY K_ 267542 10g(2) N 47385 log(3)> N <_ 34889 N 194435910g(2) 249633910g(3)> 2
(1—e2)° 2205 392 245 315 980 !
N (_ 1532917 10104547 log(2) N 2481686343 log(3) 3173828125 log(5)> .
735 84 125440 75264 !
N (_ 3893383 N 180364779509 log(2) 57209939551og(3) 1302119140625 log(S)) o5 ] (5.47)
840 158760 25088 2032128

|

where the second equality provides its power series (ii) theoretical understanding of the role of the Ay(e;)
expansion. The full order-M? tail functions, R§!(e,,v)  sequence of functions [analogs of the function y(e,)], and
and Z%!(e,, v), can now be used with an assist from BHPT (i) use of BHPT and fitting to finite-order expansions in
to determine the flux terms R4 and Z,, at lowest orderin .~ eccentricity was sufficient to determine completely the
integer-order 3PN log sequence at lowest order in the mass

VI. THE COMPLETE 4PN FLUXES AT LOWEST ratio. This procedure involved, first, converting a given
ORDER IN v leading-log term and its associated A;(e,) function from

expressions and expansions in e, into expansions in Darwin
e, the natural eccentricity for BHPT calculations. Then,
Ly(e) and T 4(e) these known functions were incorporated into a model for

We demonstrated in Paper I how the threefold combi-  the eccentricity power series dependence at the given PN
nation of (i) knowledge of the leading logarithm sequence, order. Thirdly, high accuracy BHPT numerical results, or a

A. 1PN correction to y(e;) and compact expressions for
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fully analytic BHPT calculation, were used to determine
the remaining, most-often rational, coefficients in the
model. Finally, the result was then transformed back from
e to e,. In this way, the leading-log (OPN log) sequence was
used to assist in finding terms in the 3PN log sequence at
corresponding PN order. This is a connection between the
red and the green lines in Fig. 1. We used this process to
determine the R, (e,) and Zg; (e;) terms in their entirety,
aided by knowledge of the leading logs Re;,(e,) and
Zera(ey)-

A similar process appears to hold in being able to use
terms in the 1PN log sequence to aid in determining the
form of the corresponding term in the 4PN log sequence
(i.e., a connection between the blue and orange lines in the
figure), which we demonstrate with the first element in
the 4PN log sequence—the 4PN nonlog flux itself. The
derivations in Sec. IV provided one key component of this
process—the closed-form expressions for the second ele-
ments in the integer-order 1PN log sequences, Ry4; (e,) and
Z,1(e;). Then the analysis in Sec. V provided a second key
component—the analytic form (including one infinite
series) for the energy and angular momentum y-like tail
fluxes, R%(e,) and Z%(e,), the analogs at 4PN of the 3PN
tail functions, y(e,) and 7(e,). Knowing how these func-
tions make an appearance in the full 4PN nonlog fluxes was
sufficient to allow BHPT fitting to determine closed-form
dependence for the rest of the 4PN nonlog fluxes at lowest
order in v.

Beginning with the energy flux, we require first a high-
order eccentricity expansion for £%(e), which like R%(e;)
will be an infinite series. The process to obtain £%(e) is
straightforward. We start with R%(e,, v = 0), which can be
isolated from (5.44). This function is expanded in e, to ¢;°.
Then, R%(e,) must be converted to £%(e), that is, from a
function of time eccentricity ¢, to one of Darwin eccen-
tricity e. This is achieved by expressing e, in terms of e, to
sufficient approximation, as e, = e(1 — 3x + O(x?)), sub-
stituting into the full energy flux expansion, and letting
the post-Newtonian difference between e and e, ripple
through the flux expressions. Then we collect all relevant
results at 4PN order. The post-Newtonian corrections not
only come from switching from ¢, to e in R but also from

|

a correction to R% (5.43). The result is that L%(e) is
calculated by taking

appiy— (1712 4 sz )Y
x*Lh(e) = ~ 105~ y(e—3xe)+x"Rj(e) . (6.1)

where the superscript “4PN” on the right side means
expand out and then collect and retain the O(x*) terms.

We could perform a similar procedure to generate Ly4; (e)
from Rs; (e;) and Ry (e,), but there is no need since we
can simply use the expression already found in [7,9,38] via
fitting. The closed-form expression is

£4L(€) =

1 232597 4923511¢
(1 —e?)13/2 < 8820 5880
142278179¢* 318425291
35280 70560
1256401651¢% 72206910
1128960 250880 )

(6.2)

With those two functions, £y, () and £%(e), determined,
the procedure now closely follows that of Paper I. The tail
part £/ (e) is expected to appear directly as a term in £y(e),
while the function Ly4; (e) appears also but only after having
been multiplied by a particular function containing yx and a
log term. The sum of these two terms is expanded in a power
series to €*°. The model for the entire behavior of £4(e),
similar to one assumed in Paper I for £(e), includes these
two parts as well as a power series in e”> with rational
coefficients and a second power series in e with rational
coefficients that is multiplied by z2. The starting point for
these two power series is actually three closed-form expres-
sions with relevant eccentricity singular factors. We subtract
the known part in this model due to £4; (¢) and £%(e) from
the numerical 4PN nonlog flux data provided by BHPT. The
modified numerical data should be represented by the
remaining two rational-coefficient power series in this
model. We then progressively solve for the remaining
unknown (rational) coefficients. This process is successful,
meaning the model was a correct ansatz, and yields

Lale) = 1 18510752431 _4093407570973162 3 131458534402891¢* _321569887585080166
(1—¢%)15/2| 44144100 6356750400 2542700160 50854003200
3 586522182193681¢8 3 3028139270269¢'°  670101511e!? n m (_ 1654225499 2426725501¢?
31294771200 45203558400 14057472 3175200 3175200
186636561079¢*  72788261801¢° : 16274063783¢" _4982855610)] 3 136972 < 104549¢2
12700800 8467200 7526400 18432 126(1 —¢?)13/2 2738
1113487¢*  2644503¢®  10829823¢%  573939¢!0 8(1—e?)

5476 10952 175232

* 350464

>+2{yE+log <1+\/—m>:|£41‘(6)+££(6). (6.3)
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The result matches the expansion for £4(e) found to €*° in [9,40].
The 4PN nonlog angular momentum flux follows precisely the same procedure, and yields

Jale) =

1 139774944409  35619868663789¢>  284430057678037¢*  353931345220951¢°
(1—¢%)% | 1059458400 12713500800 25427001600 50854003200

66321815297809¢%  3159752887¢!° \/1—2< 370844347 2259332951¢>  2594164919¢*

67805337600 147603456 1587600 * 3175200 + 846720
9216356518 572575e8>] 136972 < 22495¢>  259969¢*  268179¢° 193455e8)

2822400 8064 B 126(1 — e?)® 1369 * 5476 * 10952 * 175232
1 —e?
—G—Z[ + 3log(2) + lo (—)]j e) + J%(e), 6.4

where the second element in the angular momentum (integer-order) 1PN log sequence is

Jar(e) =

1 (232597 3482879¢%  34971299¢*  6578731¢° 2503623€8> (6.5)

(1—¢%)5\ 8820 * 8820 * 35280 + 14112 * 125440

The result in (6.4) also matches the expansion found by fitting given in [9,40] but provides a deeper, though partial,
theoretical explanation.

B. Transforming from £,(e) and J4(e) to Ry(e,) and Z4(e;)

In order to convert these flux terms to functions in terms of e, [i.e., R4(e;) and Z4(e,)] in the modified harmonic gauge,
we require the relationship between e and e, to 4PN order at lowest order in the mass ratio. With that restriction, the
expansions relating e and e, can be calculated to any PN order by analyzing geodesic motion on a Schwarzschild
background [18]. We quote the result through the necessary order

(17 = 21e? + 15¢/1 — €?)x? N (26 4 54e} 4 1504/1 — €7 — €2(107 +904/1 — €?))x°
2

l-¢ (1—ef)?

(880¢f — 106} (367 + 240\/1 = ¢?) = 2(865 + 3167y/1— ) + €3(6120 + 62651 —eP))x*
8(1 —e?)3

[’S}

=1+4+6x+

LYK
38

(v,x%). (6.6)

We then construct the net flux by combining Ly (e), L;(e), L£,(e), L3(e), and L4(e) and replacing e with its relationship
to e, given in (6.6) along the lines done in (6.1). The result is expanded, allowing the PN corrections to ripple through to the
4PN term, giving at last

Rale)) 1 [20670029551 90592819680523612 4-53746529581096;t 2157737931180896‘,5
4\€r) =

(1 —e2)13/2 | 44144100 * 6356750400 * 1589187600 * 50854003200
139754682191e%  4853373238601e/0 127768676,

~ - (_ 1809538139
2844979200 45203558400 14057472 3175200
| 30429943463¢7  103455982193¢f  67397848199¢¢ | 863341943¢f 308515e,‘0>}
3175200 12700800 8467200 501760 64512
. 136977 < _62107¢  1011881ef  2147277¢§  6242337¢f 174501e}0>
126(1 — €2)15/2 2738 5476 10952 175232 350464
(1-e?)

+2 {yE +31log(2) + log (1 ﬂ Rur(e;) + Ri(e;). (6.7)

+/1-¢?

We follow precisely the same procedure in combining J(e), J(e), J2(e), J3(e), and J4(e) to obtain
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Z(e) = 1 [191597595289 99527954953927¢} | 191377070535107¢;  101432063662609¢¢
(1= €2)° | 1059458400 12713500800 25427001600 50854003200
1389022372017 1e} 9732011e}°+_\/Iij;g(__448500667__14027009779e%__1764770893e?
67805337600 21086208 "\ 1587600 3175200 846720
235209407¢8  81965¢8 13697 26519¢2  366503¢ 2523275 84753¢
352800 16128 )]’“126(1-egf < 1369 5476 10952 175232)
+2 [}/E +3log(2) + 10g< L-ef )] Zy(e,) + Z4(e,). (6.8)
1++/1-¢?

Note that the polynomial attached to z° in each of these
expressions now perfectly matches the corresponding result
obtained through analysis of the 4PN tail in Sec. V E.

C. General structure in the 4PN log sequences and a
simplified form for L, ,,(e)

The first part of this section has developed compact
expressions for the first elements in the two integer-order
4PN log sequences, namely the terms £4(e) and J4(e), by
combining 1PN source multipoles in formulas for tail
fluxes and using perturbation theory to find rational number
coefficients in the remaining (closed-form) functions of e.
This is simply an extrapolation to the 4PN log sequences
(solid orange line in Fig. 1) of the procedure used in Paper I
(Sec. IV) to find comparable expressions for the 3PN log
sequences (solid green line).

We went about this by deriving the form of R%(e,) and
Z%(e,) directly using the 4PN hereditary contributions.
However, strictly speaking this approach was not necessary.
At lowest order in the mass ratio, the analysis of Sec. IV E
in Paper I still holds, meaning that the form of the y-like
contribution to any 4PN logarithm can be ascertained
a priori. Using the results of that section in Paper I,

we see that the expressions for R)(%k 1y(e:) and
Z)({3k 1)L (€:) can be derived from the summations for

Rk () and Zii1yz1(e;), which appear in (4.17)
|

511/2(6):

and (4.20), respectively, by including in each a factor of
(2k)log(n/2). In this way we can not only reproduce the
results for the 4PN nonlog flux but also generalize to
arbitrarily higher order terms in the integer-order 4PN log
sequence. The more general y-like functions will have dual
logarithmic and algebraic divergent parts, with the former
attached to the corresponding 1PN log term. With these
higher PN order y-like functions determined, we might then
rely upon BHPT to determine the remaining functional
dependence in these higher (integer) order 4PN log terms.
The next of these, £7; (e), would have a model with a set of
closed-form functions with unknown rational coefficients.
Those functions would need to be expanded in a power
series to e** and then BHPT would be used to fit for the
rational coefficients to that order.

Unfortunately, the terms in the half-integer 4PN log
sequences cannot be manipulated into expressions that are
quite as compact, with closed-form parts. However, each
term in these sequences can still be reduced to a remaining
infinite series with rational coefficients, once the roles of
the mass quadrupole, mass octupole, and current quadru-
pole 1PN moments are understood. As an example, take the
first half-integer (energy) 4PN logarithm, R,;/,(e;). By
applying the procedure above, the counterpart function in e,
Ly1/2(e), can be given the following form:

(1—e7)% \ 101708006400 203416012800

b2 <8399309750401 6431125434321667¢*>  347369943176265227¢*  15186120717515117243¢°

813664051200 11716762337280

18230625005177349698411¢8  66989953560049801996499¢!'°  997758112480120369559¢'2

14997455791718400

249957596528640000

3856488632156160000

18489702206162114169107¢'*  58073989289629682554885336291¢!°

1476312054497280000

5418088860997889556480000

7460925685163379777975573791651¢'®  46468844430394780206366046707113¢%°

877730395481658108149760000

1—e¢?
+2|yg+3log2+log " .

ﬁ)}ﬁu/u(@ +£)1{1/2(€)-

6751772272935831601152000000 *'”)
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As mentioned, the initial part of this expression is an
infinite series with rational coefficients. We have calculated
the series to €39 [9,40] but omitted here the last few
coefficients for brevity. The remainder of the expression
involves two functions that together capture all of the
transcendental and logarithmic constants. The first of these
is the 1PN log function itself at 5.5PN order, Ly, (e),
which can be derived from the expression for Ry /o (e;)
given earlier in this paper or found by consulting [9]. The
second is the 5.5PN y-like function, £7, ,(e), which can be

found by the process described above.

VII. CONCLUSIONS AND OUTLOOK

This paper extended an approach found in Paper I for
determining the eccentricity dependence of the leading log
sequences of flux terms (depicted as solid and dashed red
lines in Fig. 1) and the 3PN log sequences (green lines) to
additional strips in the higher-order PN structure. The new

strips considered here are the 1PN log sequences (blue
lines) and 4PN log sequences (orange lines). In the earlier
paper we developed a complete understanding of the terms
in the leading log sequences in terms of the Newtonian
quadrupole moment Fourier spectrum g(n, e,). The integer-
order leading logs were found to have closed-form expres-
sions and the half-integer-order leading logs were shown to
be infinite series in e* with calculable rational coefficients.
The 3PN log terms, at lowest order in the mass ratio, were
shown to have part of their functional dependence given by
the quadrupole spectrum, with the rest involving series with
rational coefficients that could be determined with the
assistance of BHPT fitting.

In this paper we showed that a mirror image of those
procedures could be found which would allow us to
calculate the 1PN and 4PN log sequences, provided we
use PN theory to calculate additional, 1PN multipole
moment spectra (i.e., the mass octupole, current quadru-
pole, and 1PN mass quadrupole moments) along with

TABLE I.  State of knowledge of eccentricity dependence of high PN order flux terms. The second column indicates whether a closed

form exists or to what order in e the power series expansion is known. The closed-form result for £4; was previously found in Forseth
et al. [7]. All other results come from this paper and its companions, Paper I [8] and Munna ef al. [9]. Flux terms labeled as “all orders”
are infinite series in e¢* but with coefficients that can now be analytically calculated to arbitrary order. Other terms are only known in
analytic form up to order €3 (or in a few cases less). The fourth column gives the number of PN corrections to the leading-logs which
must be calculated to derive the term fully. The fifth column indicates the number of leading log [and A(e,)/ZE(e,)] corrections which
must be calculated to extract the term to all orders in e in the manner of Sec. VI. A superset of these terms allows for the separation of
transcendental contributions in the same way, as shown in column six. Above 5PN it is more difficult to apply these methods (labeled by
asterisk). The last two rows represent all further leading and 1PN logarithms.

Known order Original PN order Order for fitting Order to find
Term in e source beyond LL extraction transcendental part
Ly Fitted to e Munna et al. 2PN o o
Ly All orders This paper 4PN IPN IPN
Lyr. Closed form Forseth et al. 1PN e e
Lo Fitted to ° Munna et al. 3PN . OPN
Losor All orders Paper 1 e e e
Ls Fitted to ¢ Munna et al. 5PN 2PN 2PN
Ls; Closed form Munna et al. 2PN e e
Lii) Fitted to ° Munna et al. 4PN - 1PN
L1 All orders this paper IPN e e
Lg Fitted to ¢ Munna et al. 6PN 3PN* 3PN*
Ler All orders Paper 1 3PN 0PN OPN
Lero Closed form Paper | e e e
L3 Fitted to e Munna et al. 5PN . 2PN
Lz Fitted to e Munna et al. 2PN e e
L, Fitted to e!? Munna et al. 7PN 4PN* 4PN*
Ly Fitted to €%¢ Munna et al. 4PN 1PN 1PN
L1 Closed form This paper IPN e e
Lisp Fitted to e'? Munna et al. 6PN . 3PN*
Lisr Fitted to ¢2° Munna et al. 3PN . OPN
Lispro All orders Paper 1
L0)L k) Closed form Paper |
L (3k+3/2)L (k) All orders Paper 1 e
Lk+1)L(k) Closed form This paper 1PN
L (3k45/2)L.(k) All orders This paper IPN
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somewhat higher order in ¢> BHPT fitting. In the case of
the 1PN log sequences, the PN calculation provides as a
bonus next-order-in-v parts of the fluxes, with only some
remaining uncertainty whether the O(v) part of the MQ12
terms [see Eq. (4.14)] is complete. Without a full PN theory
calculation, the conjecture that the order v part is complete
can only be verified by an (as yet unavailable) second-order
BHPT comparison. We used the procedure to detail
explicitly the 4PN log, 5.5PN log, and 7PN log? terms.
However, our computational infrastructure allows us to
compute any integer 1PN logarithm as a closed-form
expression and permits the rapid expansion of all half-
integer (nonclosed) 1PN logs to at least e},

In addition to the 1PN logarithms, our approach allowed
for the computation of the 1PN correction to the A;(e,) and
Ei(e,) set of functions of Paper I. The specific 1PN
correction to A(e;) = y(e,) allowed for the extraction
of the full 4PN nonlog fluxes at lowest order in v, as well as
the isolation of all transcendental contributions in the
5.5PN nonlog term, Ry, (e;).

To extend the procedures of Paper I and this paper
further, we would need to calculate the Fourier spectra of
the 2PN source multipoles and use even higher-order
BHPT fitting. The algorithmic complexity and cost would
increase, and there may be additional hereditary-term
integrals that are more difficult to compute. This 2PN
|

extension, to the 2PN log sequences and the 5PN log
sequences, may be the subject of future work.

We conclude by presenting an update of a table found in
Paper 1 that summarizes the state of knowledge of the
eccentricity dependence of high PN order (lowest order
in v) flux terms. This is given in Table I.
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APPENDIX A: COMPONENT SUMS
FOR 1PN LOGARITHMS

We provide here some low-order examples of the
component sums that, once added together, produce the
corresponding 1PN log sequence term. These illustrate
(i) some of the steps in the procedure, (ii) the particular
eccentricity dependence of individual terms, (iii) how
different source multipoles contribute, and (iv) the presence
of next-order-in-v dependence. At 1PN order itself, we find

1 271  1705¢2  2555¢* 11896 1 63¢2
RMQOI _ = t t ry _ 18 t i
! (1—e2)92\ 21 T o6 13w (1-e?) L
1 219¢2  11le? 1 63¢2
MQO2 t t MQO3 t
i ‘(1—e%>9/2<'18' T )R ‘(1—e%>3(18+ 1 )
RMQIL _ 1 §+3907e,2_ei 307¢9\ _co _ 14 i+ 19e,2+23e;*+«i§6 (AD)
! (1—¢2)°2\21 " 504 96 2016) " (1-¢2)°2\36 72~ 96 ' 64)

The mass octupole portion is given in (2.37). The Newtonian moments match their expected forms, but the mass quadrupole
functions are more interesting, with the pieces displaying somewhat distinct singular behavior as e, — 1. We have
confirmed that a similar pattern exists in all integer-order 1PN log terms through 22PN, with

1 1
MQO1 _ (1
RGisnew = (1 et2)3k+9/2fk (er) — (1= e2)353
1
MQO3 B @) MQI1
R(3k+1)L(k) T =) [ (er), R(3k+1)L(k)

where f,(cl)(et),f,((z)(e,),f,(?)(e,),f,(f)(e,) are polynomials
in e,. It is not difficult to prove that the trends in singular
behavior continue to all orders for MQO02, MQO03, MQ11,
MO, and CQ using the methods of asymptotic analysis laid
outin [7,9,32]. Unfortunately, a similar proof for MQO1 has
remained elusive, though there are overlapping reasons to
believe that the same behavior arises in this term as well,

@) MQO2 1 (3)
file)s RESLw = G-apnls (1),
1

= Wﬂ(ﬁ)(ez)» (A2)

|
including the fact that all divergences as e; — 1 must
vanish in a PN expansion that uses 1/p (the semilatus
rectum) as the compactness parameter instead of x (see [9]).
Nearly identical trends exist in the integer-order 1PN
angular momentum log sequence terms.

At half-integer orders, the component terms are not
closed in form. For future reference, at 2.5PN we find
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ool _ | <1336 N 29083e? N 137933¢¢ N 3704005¢ 3902585¢f 54803587¢;° > _ RM0s

>/2 (1-e2)°\ 21 48 192 27648 1548288 619315200 2
uon _ 1 <_ on 9625¢7 27545¢} 70049¢) 16247¢f  1664999¢/° 1280041e> )

ST (1 —e2)° 16 64 3072 73728 29491200 353894400 ’
MO0 _ 1 ( " 2037¢7  1029¢f 343ef  763ef 17969¢/%  32543el* )

2T (1 = e2)%2 8 32 1536 12288 4915200 = 58982400 ’

MOl 1 220  9841e?  16891ef 216235¢0 2088109¢8  4380643e0  33875507¢)2
Ry = —— [T+ + - - + - +-
20T (1=e2)f \ 21 144 576 27648 4644864 371589120 22295347200 ’

auorz _ | _,_ 1183¢]  1565¢} 178873¢p 237847¢f  1166257¢} 3037147
)° ’

ST (1—e? 906 384 18432 | 442368 | 176947200 2123366400
Mo _ L4y (16403 N 34163¢? N 21836233} N 57821777¢¢ N 6759974568 N 241631e}°
327 (1—€2)0 \ 2016 336 129024 1161216 49545216 132710400 '
1-4 1 4e? 2041le} 79918  2989¢8  6307¢% 11669}
REQ = o (o el T T S Ty LR (A3)
(1—e2)°\18 3 576 5184 49152 16588800 212336640

In each infinite series, the coefficients drop off rapidly in magnitude with power of e,, indicating likely convergence as
e; — 1. As with integer orders, similar singular behavior can be proven to hold to all orders in each type of sum except for
that of MQO1. Nevertheless, we have used high-order expansions to demonstrate apparent convergence for the MQO1 sums
(and the rest) through 20.5PN order. There is nearly identical structure observed again in the angular momentum flux case.

APPENDIX B: FOURIER SUM IDENTITIES

In this section, we briefly provide a couple of the Fourier series identities used in the various 1PN mass quadrupole
derivations. We start with sums of the following form:

Z Z nzrp IU ij Z Z n2rp Ilj lj ’ (Bl)

n=—00 p,s=—2 .p) (—n,s) n=-00 p=-2 (n,p) (=n,—p)

where r is an integer, and where on the right-hand side we noted that only terms with s = —p will survive. Then,

[Se]

Z I’lzrp I,j lj Z I’l 211/ Ilj -2 Itj Ilj ]

n=-co p (n,p) (=n,—p) n=-—co (n,2) (=n,=2) (n,=2) (-n,2)
:anrp[[j IIJ lj +Zn2r21,j IU —2 Ilj Ilj ]
n=1 (n,2) (=n,=2) (n 2) (—=n n=-1 (n,2) (=n,=2) (n,=2) (-n,2)
:anrp[[j Ilj lj +Zn2r2 Ilj IU 2 IU IU]:O (BZ)
n=1 (n,2) (=n,=2) (n 2) (—=n n=1 (-n,2) (n,=2) (-n,=2) (n,2)

In the same way, we can prove that

) 2
Z Z nZ’HSign(n)p Iij i = el Z Z 2r+1p1 (Ila = €35 Z Z n2’51gn p]ja Ila)ZO,

n=—co p,s=—2 (n,p) (—n,s) n=—co p,s=—2 ,p) (=n.s) n=—c0 p,s=—2 (n.p) (=

all vanish and
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0 2
Z Z n2r+1p1
n=-o00 p,s=-2

(n,

ij

Iij .
p) (—n.s)

Z Z nzrsign(n)p Ilj Il] R
n=-00 p,s=-2

(n.p) (=n.s)

€31 z z nzrplja Ila)’

n=-00 p,s=—

p) (-n

€31 Z Z n?sign(n)p 1;, 1, ,

n=-—00 p,s=—

(n.p) (=n.s)

all gain a factor of 2 when expressed in terms of positive-n sums.
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