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Abstract — We introduce a novel combined field
integral equation that does not suffer from inter-
nal resonances and solves several drawbacks of ex-
isting resonance-free formulations. The new equa-
tion is obtained by combining a regularized electric
type operator with a new magnetic type operator
that exhibits uniform frequency scaling when acting
on, or being tested within, the harmonic Helmholtz
subspace for surface currents. With an appropriate
use of quasi-Helmholtz projectors, the equation is
stable for arbitrarily low-frequencies. Numerical re-
sults confirm the theoretical developments and show
the effectiveness of the scheme.

1 INTRODUCTION

All known integral equation techniques for sim-
ulating scattering and radiation from arbitrarily
shaped, perfect electrically conducting objects suf-
fer from one or more of the following shortcomings:
(i) they give rise to ill-conditioned systems when the
frequency is low (ii) and/or when the discretization
density is high; (iii) their applicability is limited to
the quasi-static regime; (iv) they require a search
for global topological loops; (v) they suffer from nu-
merical cancelations in the solution when the fre-
quency is very low. A recent paper [1] presented a
new integral operator of the electric type that does
not suffer from any of the above drawbacks.

When the scatterer under consideration is closed,
integral operators of the electric and magnetic type
suffer from interior resonances, i.e. null-spaces for
wavenumbers that correspond to a resonance of an
interior problem. The presence of these resonances
often negatively impacts the accuracy and solution
time of solvers leveraging these operators. When
standard electric and magnetic field operators are
used, this problem can be remedied by using a
combined field operator, viz. a linear combination
of the electric and magnetic field operator that is
provably resonance-free. Unfortunately, standard
combined field operators inherit all the drawbacks
(i)-(v).

This contribution extends the recently developed
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electric type operator immune from (i)-(v) by de-
veloping a new magnetic type operator that can be
used to construct a combined field operator that
does not suffer from (i)-(v) and is immune from in-
terior resonances, i.e. that is uniquely solvable for
all frequencies. The new formulation is obtained
starting from a Helmholtz decomposition of two
discretizations of the electric field integral operator
and from a suitably symmetrized mixed discretiza-
tion of the magnetic field integral operator obtained
by using RWGs and dual bases functions, respec-
tively. The new decomposition does not leverage
Loop and Star/Tree basis functions; rather, it em-
ploys projectors that derive from them and does
not require the explicit detection of global topo-
logical loops. The theoretical developments will be
corroborated by numerical results, confirming the
effectiveness of the newly developed method.

2 BACKGROUND AND FORMULA-
TION

Consider the surface Γ of an orientable PEC object
residing in a space of permittivity ε and permeabil-
ity μ. Denote with n̂r its outward pointing unit
normal at r. Denote with Ω+ and Ω− the exterior
and interior regions of Γ, respectively. An incident
electromagnetic field

(
Ei(r),Hi(r)

)
impinges on

Γ, inducing a surface current density J(r). The
current density J(r) can be retrieved by solving
the Electric Field Integral Equation (EFIE)

Tk (J) = −n̂r ×Ei (1)

where Tk(J) = ik Ts(J) + 1
ik Th(J) with

Ts(J) = n̂r ×
∫
Γ

eik|r−r′|
4π |r − r′|J(r

′) dr′, (2)

Th(J) = −n̂r ×∇
∫
Γ

eik|r−r′|
4π |r − r′|∇s · J(r′) dr′,

(3)

and k = 2π/λ = ω
√
εμ. Alternatively, if Γ is closed,

J(r) can be retrieved by solving the Magnetic Field
Integral Equation (MFIE)(

I
2
+Kk

)
(J) = η

(
n̂r ×Hi

)
(4)
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where

Kk(J) = −n̂r ×
∫
Γ

∇ eik|r−r′|
4π |r − r′| × J(r′) dr′ (5)

and η =
√
μ/ε. Note that with these definitions

the current J(r) represents the jump over Γ of the
total magnetic field multiplied by the medium char-
acteristic impedance.
When the surface Γ is closed and when k corre-

sponds to an interior resonance, i.e. to an eigen-
value of the Laplacian in Ω−, both the EFIE and
MFIE are not solvable [2]. When k approaches
such a resonant value, the linear systems arizing
from the discretization of the EFIE and MFIE be-
come almost singular and difficult to solve. A sim-
ilar problem plagues the Calderón preconditioned
EFIE. A classical solution to this problem lever-
ages the Combined Field Integral Equation (CFIE)
[3], viz. a linear combination of EFIE and MFIE

αTk (J) +
(
I
2
+Kk

)
(J) =

= −αn̂r ×Ei + η
(
n̂r ×Hi

)
(6)

where α �= 0 and real. The CFIE can be proven to
be uniquely solvable for all values of k. On the other
hand, the presence of the EFIE operator T results
in ill-conditioning that, although milder than the
ill-conditioning of the EFIE, still renders the equa-
tion difficult to solve in many real case scenarios.
One could attempt to obtain a resonance-free and
well-conditioned equation by linearly combining the
MFIE and the Calderón preconditioned EFIE as

αT 2
k (J) +

(
I
2
+Kk

)
(J) =

= −αTk
(
n̂r ×Ei

)
+ η

(
n̂r ×Hi

)
. (7)

Unfortunately this choice does not lead to a
resonance-free equation since

T 2
k = −I

2
+K2

k = −
(
I
2
−Kk

)(
I
2
+Kk

)
(8)

i.e. the null space of T 2
k contains that of

(I
2 +Kk

)
and so does (7). A way to solve this problem is
to precondition the EFIE operator T not with the
operator T itself, but with its localized counter-
part. This localization can be obtained either by a
space windowing the Green’s function [4] or by us-
ing, in the leftmost operator T , a purely complex
wavenumber, as was proposed in [5], obtaining

C (J) = −αTik
(
n̂r ×Ei

)
+ η

(
n̂r ×Hi

)
(9)

where

C (J) = αTikTk (J) +
(
I
2
+Kk

)
(J) . (10)

Although (9) is immune from both low-frequency
and dense discretization breakdown, it can be
shown to suffer from very low-frequency solution
cancelations and to have a static null-space when-
ever the geometry under consideration contains
handles or holes (i.e. for non-simply connected ge-
ometries). The reader is referred to [1] for a detailed
discussion of these phenomena. Recently, an elec-
tric operator that is immune from the above men-
tioned problems has been proposed [1]. This opera-
tor is obtained by using Helmholtz projectors that
properly alter the low frequency behavior of the
standard Calderon EFIE. The resulting equation
has been shown to be stable till very low frequency
even for non-simply connected geometries. Being
of electric type, the operator defined in [1] still suf-
fers from internal resonances and hence needs to be
included in a suitable combined field formulation.
This is the objective of this contribution.
The reader should note that a key property of

the EFIE operator, fundamental for realizing the
properties obtained in [1] is that, if we consider the
harmonic subspace of the Helmholtz decomposition
of the surface current, the EFIE operator has the
same frequency scaling when being applied to or
being tested with any element of the harmonic sub-
space. This key property, unfortunately, does not
hold for MFIE operator. This is the reason why
it is not possible to obtain an effective combined
field formulations by simply using the electric type
operator in [1] in an equation like (9). Instead, a
new magnetic type operator should be defined that
scales in a uniform way when acting on or tested
with the harmonic Helmholtz subspaces. This will
be the subject of next session where a new com-
bined field formulation will be proposed together
with the proof of its resonance-free behavior.

3 A NEW COMBINED FIELD EQUA-
TION

The new combined field equation we propose reads

(
η2
(
I
2
−Kik

)(
I
2
+Kk

)
(k) + TikTk

)
(J) =(

I
2
−Kik

)
(n̂r ×H) + Tik (n̂r ×E) (11)

We now prove that then the operator((
I
2
−Kik

)(
I
2
+Kk

)
(k) + TikTk

)



is always invertible ∀k. Given that
(I
2 −K

)
(ik) is

always invertible, we will study the operator(
I
2
+Kk

)
+

((
I
2
−Kik

))−1

TikTk.

The following commutation

T −1K +KT −1 = 0 (12)

is a straightforward consequence of the sec-
ond Calderón identity T −1K = T −1KT T −1 =
−T −1T KT −1 = −KT −1. Thus, defining

A =

((
I
2
−Kik

))−1

Tik

we obtain

(n̂r ×A)
T
=

(
n̂r ×

((
I
2
−Kik

))−1

Tik)
)T

=

(
n̂r ×

(
T −1
ik

(
I
2
−Kik

))−1
)T

=

(
n̂r ×

((
I
2
+Kik

)
)T −1

ik

)−1
)T

=

(
n̂r × Tik

((
I
2
+Kik

))−1
)T

=

(((
I
2
+Kik

))−1
)T

n̂r × Tik

= −n̂r ×
((

I
2
−Kik

))−1

n̂r × n̂r × Tik

= n̂r ×
((

I
2
−Kik

))−1

Tik

= n̂r ×A.

Finally, given that n̂r × A = n̂r ×((I
2 −Kik

))−1 Tik is a real operator, the
symmetry implies it being hermitian, so that

x†
(
n̂r ×

((I
2 −Kik

)
(ik)

)−1 Tik
)
x is real and

nonzero. By leveraging a straightforward extension
of Theorem 3.1 in [6], it follows that((

I
2
−Kik

)(
I
2
+Kk

)
+ TikTk

)

is always invertible.

4 DISCRETIZATION STRATEGY

The new operator will be discretized by adopting a
mixed-discretization strategy [7, 8] where the mag-
netic operators are tested with Buffa-Christiansen

(BC) basis functions. For the sake of brevity we
consider a discretization for the case of simply con-
nected structures; minor modifications are required
for the non-simply connected case. The discretiza-
tion reads:(

η2M
( ¯̄GT

mix

2 − ¯̄Kik
mix

)(
¯̄GT
mix

)−1

·

·
( ¯̄GT

mix

2 + ¯̄Kk
mix

)
¯̄M

+M
¯̄Tik
BCM

¯̄G−1
mix

¯̄M ¯̄Tk
RWG

¯̄M
)
Ī = (13)

η2M
( ¯̄GT

mix

2 − ¯̄Kik
mix

)(
¯̄GT

mix

)−1

V̄H

+M
¯̄Tik
BCM

¯̄G−1
mix

¯̄MV̄

where ( ¯̄Tk
RWG)i,j =

〈
n̂r × f i, Tk(f j)

〉
and

( ¯̄Tk
BC)i,j =

〈
n̂r × fBC

i , Tk(fBC
j )

〉
are the EFIE

operators discretized with standard RWG f
[9] and BC basis functions fBC [10] respec-

tively,
(
¯̄Kk

mix

)
i,j

=
〈
n̂r × fBC

i ,Kk(f j)
〉

is the

mixed discretized MFIE operator, ( ¯̄Gmix)i,j =〈
n̂r × f i,f

BC
j

〉
is the mixed Gram matrix,

(V̄)i = −
〈
n̂r × f i, n̂r ×Ei

〉
and (V̄H)i =

−
〈
n̂r × fBC

i , η
(
n̂r ×H i

)〉
are the electric and

magnetic right hand sides respectively, and (Ī)j =
Ij is the unknown current vector such that J(r) ≈∑N

n=1 Infn(r). Finally, the definition of the projec-

tors M and ¯̄M is omitted here for space limitations,
but it can be found in [1] for low frequency simu-
lations. They are set equal to the identity, instead,
for high frequency ones.

5 NUMERICAL RESULTS

The numerical tests involve a sphere of unit ra-
dius that is excited by a plane wave. The fact that
the new equation is immune from the very low fre-
quency current cancelation is confirmed by Fig. 1(a)
which show the far field calculated using (13) at
10−40Hz. From Fig. 1(a) it is clear that although a
standard Calderón equation can provide a stable so-
lution till relatively low frequencies, the new equa-
tion is immune from the very low frequency cur-
rent cancelation and provides stable solutions even
when the frequency is arbitrarily low. The reso-
nance free behavior of the new equation is tested in
Fig. 1(b) where the new formulation clearly shows
to be resonance-free.
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(b) Sphere: condition number as a function of frequency.

Figure 1: Numerical results
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