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1 Introduction

The diversity performance of the multi-antenna system depends heavily on the sig-
nal correlations between the different antenna elements. Strongly correlated an-
tenna signals substantially reduce the diversity gain of the receiver. In absence of
mutual coupling, the spatial correlation can be easily evaluated. In the presence of
mutual coupling, however, the treatment becomes more involved and the complex
pattern correlation differs substantially from the theoretical estimate of the enve-
lope correlation [1], mainly because of the deformation of the antenna pattern due
to mutual coupling. In new communication systems, based on adaptive and MIMO
antennas, antenna correlation also has a major influence on the performance and
mutual coupling is playing an important role. In [2, 3], a rigorous model describ-
ing mutual coupling in uniform circular arrays (UCAs) was presented based on a
spherical-mode expansion. This model is extended here for the analysis of the signal
correlation between the antenna elements in UCAs. The performance of UCAs in
diversity systems was already analyzed in [4], where the monopoles were assumed to
be minimum scattering antennas, having a sinusoidal current distribution. Here, we
will follow a more general approach. In Section 2 the spherical-modes technique in-
troduced in [2] is extended to UCAs with arbitrary oriented antenna elements (in [2]
the antennas were assumed to carry only vertical currents). This framework is then
applied to calculate the spatial correlation for an UCA given a Laplacian energy
distribution in the azimuth plane in Section 3. Our analysis includes all mutual
coupling effects of the UCA. In [3] the effect of antenna tilt on signal correlation
was investigated. Here, we analyze the signal correlation as a function of frequency,
given a nine-element UCA of dipoles.

2 Spherical-modes based circuit model

Consider a general uniform circular array (UCA), for which the parameters of
the circuit model in transmit and receive mode are known. In a first step, the
circular symmetry is exploited by expanding the radiation patterns Fi(φ, θ) =
(Fi,φ(φ, θ), Fi,θ(φ, θ)) into a Fourier series of phase modes in the azimuth variable:
Fi(φ, θ) =

∑+∞
m=−∞ Fφ

i,m(θ)ejmφ. Then, once we know the series expansion for a
certain port i, we construct the radiation pattern at an arbitrary port j by relying
on symmetry Fj(θ, φ) = Fi(θ, φ − φj + φi) =

∑+M
m=−M Fφ

i,m(θ)ejm(φ−φj+φi). The

same procedure applied to the impedance matrix reduces Z to the phase-sequence
impedance Zφ

m for each phase mode m, given by Zφ
m =

∑N
n=1 Zi,ne−j

2π(i−n)
N , with
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Zi,n a matrix element of Z and N the number of array elements. Given the symme-
try in the phase modes Fφ

i,m(θ) we focus on one particular antenna port of the array
and also drop the subscript there, so we continue the discussion with Fφ

m(θ). The
summation can be restricted to m running from −M to M , provided that M � k0d,
with d the largest dimension of the array [2]. For the dependence of the radiation
pattern on the continuous parameter θ, we propose an expansion into vector spher-
ical modes for the radiation vector Fφ

m(θ). In this expansion, the θ-dependence of
Fφ

φ,m(θ) and Fφ
θ,m(θ) is expressed as

Fφ
φ,m(θ) = j

+∞∑
n=1

[
Aφ,θ

n,m

mP
|m|
n (cos θ)
sin θ

+ Bφ,θ
n,m

dP
|m|
n (cos θ)

dθ

]

Fφ
θ,m(θ) =

+∞∑
n=1

[
Aφ,θ

n,m

dP
|m|
n (cos θ)

dθ
+ Bφ,θ

n,m

mP
|m|
n (cos θ)
sin θ

]
. (1)

The open-circuit voltages at the different antenna-elements due to a horizontally
polarized and a vertically polarized plane wave impinging on the array are related
to Fφ

φ,m(θ) and Fφ
θ,m(θ), respectively. Details are given in [3].

3 The spatial correlation given a Laplacian distribution

Consider the UCA being illuminated by a vertically polarized incoming signal with
a Laplacian DOA distribution f(φ) in the azimuth plane (θ = 90◦):

f(φ) =
a

2(1 − e−aπ)
e−a|ξ−φ|, −π + ξ < φ < π + ξ, (2)

with ξ the main direction of the scattering cluster and a a measure for the angle
spread. For all antenna ports terminated by a load Z0, the spatial variance between
ports i and j is given by:

σ2
s(i, j) =

+M∑
m,n=−M

a2|Z0|2V V,φ
0,m ejm(ξ−φi)V ∗V,φ

0,n e−jn(ξ−φj)

(1 − e−aπ)
(
Z0 + Zφ

m

) (
Z∗

0 + Z∗φ
n

) 1 − (−1)m−ne−aπ

a2 + (m − n)2
. (3)

where we used the shorthand notation

V V,φ
0,m = V V,φ

0,m (θ = 90◦) = −2jλ

Rc

+∞∑
l=0

(−1)|m|+l+1

2ll!
[2(|m| + l) − 1]!!

×
[
[2(|m| + l) + 1] Aφ,θ

|m|+2l+1,m − mBφ,θ
|m|+2l,m

]
, (4)

with n!! = 1.3.5 . . . (n − 2).n for n odd. The spatial correlation is then given by
Rs(i, j) = σ2

s(i,j)
σs(i,i)σs(j,j)

. In absence of mutual coupling, the spatial correlation for an
UCA given a Laplacian energy distribution reduces to the result given in [5]:

σ2
s(i, j) =

+∞∑
l=−∞

(−1)la2ejl(ξ−φi+φj
2

)

(1 − e−aπ)
1 − (−1)le−aπ

a2 + l2
Jl(2k0r sin θ| sin(

φi − φj

2
)|) (5)

For a → 0 the Laplacian distribution becomes a uniform distribution in the azimuth
plane. More details are found in [3], together with the expressions for the spatial
correlation given a uniform distribution over the complete unit sphere.
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4 Example: Nine-element array of dipoles

Consider a nine-element array of thin dipole antennas tuned to 900MHz (dipole
length l = 16.12cm. The elements are distributed uniformly on a circle with diameter
d = l (≈ λ

2 at 900MHz)). Figs. 1 shows the correlation between antenna elements
1 and 2, 1 and 3, 1 and 4, 1 and 5, respectively, for a cluster located at θ = 45◦

with a = 3 (see (2)). The analytical calculation based on the theory in Section 3
is validated by means of a Monte-Carlo simulation using an ensemble of 400000
pseudo-random DOAs, distributed following the same Laplacian distribution. When
the antenna elements are loaded (Z0 = 73Ω), one notices a substantial decrease in
the correlation at 900MHz, for all antenna element combinations considered. The
reason why can be seen in Fig 2, where we plotted the measured voltage at port
1 as a function of the azimuth angle of the incoming plane wave. The pattern
is near to omnidirectional when all ports are open-circuited. However, when the
ports are loaded with Z0 = 73Ω, the pattern becomes directional with a main
beam along 0◦. Now there are no significant contributions from side-lobes. When
increasing the frequency, the correlation curve tends to oscillate around the curve for
which mutual coupling was neglected. When the antenna ports are open circuited,
the correlation oscillates very rapidly in the region around 1800MHz, because at
1800MHz the antenna elements now form a lossless array structure that can be
seen as consisting of two vertically stacked arrays consisting of resonating short-
circuited λ

2 elements. Nearly all elements are good field receptors in this case and
high EM-field concentrations build up in the complete array structure. These fields
are damped by adding loads at the different antenna ports.
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Figure 1: Correlation between antenna elements 1 and 2 (top left), 1 and 3 (top
right), 1 and 4 (bottom left), and 1 and 5 (bottom right). Monte-Carlo simulation
results: (+): neglecting mutual coupling, (×): open-circuit voltages, (◦): Z0 = 73Ω
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Figure 2: Measured voltage at port 1 for f = 900 MHz.
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