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Populirvetenskaplig sammanfattning pa svenska

Manga modeller inom naturvetenskap kan utryckas som nagon form av partiell dif-
ferentialekvation. En partiell differentialekvation dr en ekvation vars 18sning ar en
funktion i en eller flera rumsdimensioner och méjligen en tidsdimension. De kan be-
skriva, till exempel, virmef6rdelning i ett rum vid jimvikeslige eller en vitska som
flyter genom ett ror. Dessa ekvationer dr svéra att 16sa och dirfor har mycket forsk-
ning dgnats at detta, och mer specifike, att gora detta pa ett effektivt sitt. Komplexa
modeller ger vanligtvis differentialekvationer som inte kan losas analytiske, det gér
alltsé inte att skriva ner [6sningen exakt. Vi vinder oss dérfor till numeriska metoder,
d.v.s., vi approximerar losningarna med berikningar utférda pd datorer.

Numeriska metoder for partiella differentialekvationer kriver en enorm méngd minne
bara for att lagra problemen och snabba processorer for att 16sa dem. Utvecklingen
av processorhastighet och minne per processor har saktats ned de senaste aren och vi
har i stillet sett en 6kning av distribuerade system. Dessa ir stora kluster bestaende
av flera datorer som arbetar tillsammans. For att utnyttja denna teknologi behover vi
konstruera metoder som kan anvindas parallellt: Problemet maste kunna delas upp i
flera mindre bestindsdelar sd att varje del kan 16sas oberoende av de andra. Ett sitt att
gora detta pa ir med omridesuppdelande metoder.

Omradesuppdelande metoder fungerar genom att dela upp rumsomradet, d.v.s. rum-
met och roret i exemplen ovan, i flera mindre omraden, eller delar. Varje del ger upp-
hov till ett mindre problem, men problemen ir inte oberoende: Temperaturen lingst
in i rummet beror pa temperaturen lings ut, och samma princip giller roret. Det-
ta beroende 16ses genom att introducera en iterativ process som overfor information
mellan delarna.

For numeriska metoder ir det inte bara viktigt att de ir effektiva, men de maste ocksd
vara palitliga. Helst vill vi veta pa férhand hur bra approximation vi kommer att fa.
En stor del av omradet numerisk analys ir darfor ate studera konvergens av numeris-
ka metoder. Med konvergens av en metod menar vi att ju mer arbete vi utfér, desto
nirmre kommer approximationen den verkliga lsningen. Trots att omradesuppde-
lande metoder har anvints linge sa saknas det fortfarande konergensbevis i ménga

fall.

Malet med denna avhandling dr dérfor att forst konstruera ett nytt ramverk for att
analysera konvergens av omridesuppdelande metoder i tva fall som inte har studerats
ordentligt tidigare. Mer specifikt studerar vi fallet d& ekvationen 4r ickelinjir och det
tidsberoende fallet. Det andra mélet med avhandlingen ir att bevisa konvergens av en
specifik metod, Robin-Robin metoden, som &verfor en kombination av randvirden
och derivata mellan delarna.



All analys utférs genom att endast underséka vad som hiander pi randen mellan de-
larna. P4 randen kan omradesuppdelande metoder uttryckas genom Steklov-Poincaré
operatorn, som beskriver relationen mellan randvirdena och derivatan. Dirfor dr det
nodvindigt att studera egenskaperna hos denna operator. I bada det ickelinjira och
det tidsberoende fallet visar vi att operatorn har de egenskaper som krivs for att bevisa
konvergens f6r Robin-Robin metoden.

vi



Chapter 1

Introduction

Approximating solutions to partial differential equations requires a significant amount
of computational power, which is typically found on distributed hardware. In order to
take advantage of these hardware structures, one requires methods that can be used in
parallel. Domain decomposition methods are methods for approximating solutions
to partial differential equations that allow such parallel computations.

Despite their long history and the vast amount of methods available, there is no gen-
eral convergence theory for nonlinear elliptic equations, or for parabolic equations.
The purpose of this thesis is therefore to generalize the theory of nonoverlapping
domain decomposition methods to nonlinear elliptic equations and linear parabolic
equations. In the linear elliptic case, the existing convergence proofs typically exploit
symmetry of the partial differential operator, which is not possible for these cases.
We will discuss three basic domain decomposition methods, but keep the main fo-
cus on the Robin—Robin method since this convergence proof does not require any
symmetry assumptions on the differential operator.

The goal of this thesis is thus: First, to construct a general framework for analyzing
nonoverlapping domain decomposition methods, for both nonlinear elliptic equa-
tions and linear parabolic equations. Second, to prove convergence of the Robin—
Robin method in both of these contexts using these new frameworks.

All analysis is performed in the continuous setting, that is, not considering any space
or time discretizations of the partial differential equation. This is done in order to
study the convergence of the domain decomposition method without the effect of
the discretization. Since the continuous case is, in the sense of the Banach spaces
involved, more complex than the discrete case, it is also likely that this captures the
essential parts of the analysis for the discrete equations. In fact, for the nonlinear



elliptic case it is straightforward to apply the analysis to a finite element discretization,
although no convergence order is available. For the parabolic case, the effect of the
discretization is not as straightforward and needs to be studied further.

The thesis is structured as follows: In Chapter 2 we introduce the geometrical and
analytical tools as well as the notation used in the rest of the thesis. In Chapter 3
we give a review of the theory of domain decomposition methods applied to linear
elliptic equations, starting with the theory of Steklov—Poincaré operators and then
showing how these operators can be used to prove convergence of some common
domain decomposition methods. In Chapter 4 we show how to generalize this theory
to nonlinear elliptic equations, which is the subject matter of Paper I. In Chapter 5 we
first show how the analysis of Paper I can be applied to a discretized equation and then
give some new unpublished numerical results, which verifies our convergence results.
In Chapter 6 we generalize the analysis of domain decomposition methods for linear
elliptic equations to linear parabolic equations, which is the topic of Paper I1. We then
provide new numerical results for parabolic equations in Chapter 7. Finally, we give
some ideas on future work in Chapter 8.



Chapter 2

Preliminaries

2.1  Geometry

In all applications we consider a nonoverlapping domain decomposition of the spatial
domain Q C RY, for some d = 2,3,.... For simplicity we only cover the case of
two subdomains €21, {29 with the interface I, i.e.,

§:§1U§2, QN =0 and F:(anﬂaﬁg)\aQ,

see Figures 2.1a and 2.1b. This setting also includes decompositions as in Figure 2.1¢
since we can write

N;
Q=) NeN i=1.2
/=1

Decompositions of this form allow our methods to be used in parallel, since the dif-
ferential equation on the domain €2; can be divided into N; independent problems
on Qy, £ = 1,..., N;. Although important for parallelization, we do not consider
decompositions of the form Figure 2.1d since they contain crosspoints. That is, points
where two parts of the interface intersect. These typically lead to variational formula-
tions with different trial and test spaces, see, e.g., [Paper I, Remark 6.5].

We assume no further regularity of our domains other than that they are Lipschitz,
see [38, Section 6.2] for a definition. See also [58] for the definition of a Lipschitz
manifold.

Assumption 1. 7he domains 2, $2;, © = 1,2, are bounded and Lipschitz. Furthermore
the sets I, 00, i = 1,2, are (d — 1)-dimensional Lipschitz manifolds.



(b)

(d)

Figure 2.1: Examples of decompositions of 2: (a) two subdomains with two intersec-
tion points; (b) two subdomains without intersection points; (c) multiple subdomains
without crosspoints; (d) multiple subdomains with crosspoints.

For some equations we need a further assumption, which is related to whether the
equation is naturally coercive only in seminorm or in the full norm. In the former
case, we must apply Poincaré’s inequality, which requires the following assumption.

Assumption 2. 7The sets 02\ 0%, i@ = 1,2, are (non-empty) (d — 1)-dimensional
Lipschitz manifolds.

Note that this excludes decompositions of the form Figure 2.1b, since in this case,

I\ 0€2; is not d — 1-dimensional.

Assumption 1 implies that we can define the integrals over I', 9€;, 0Q \ T', and
O\ 09; respectively, and thus also the corresponding L spaces, see [58]. See
also [38] for a comprehensive overview of integrals and functions spaces on Lipschitz
boundaries.

Remark 1. Note the abuse of notation O \ T, which is not necessarily an open subset
of OSY;, for example in Figure 2.1a. Therefore when writing 00 \ I we always mean the
interior of this set in 0S);.



2.2 Function spaces

All analysis is performed in Banach and Hilbert spaces. For a proper introduction we
refer to [41]. For a real Banach space X we will denote the dual of X by X* and
the dual pairing by (-, -) x+x x or by (-, -) if the spaces are obvious from the context.
Moreover, for two Banach spaces X and Y we define the intersection space X N'Y
with the natural norm

2 2 2
2%y = llzl% + llzlly
which induces a Banach space structure on X N'Y. We introduce the parameter 1 <

p < 00, which depends on the context. In particular for the linear cases in Chapters 3,
6 and 7 we are only interested in p = 2. We define the Banach spaces

V=W,"(Q), V°=W,"(), and
Vi ={v e WHP(Q) : (Toa,v)|a0nr = 0},

where WP and WOI P denotes the standard Sobolev spaces, see [38, Chapter 5]. More-
over we introduce the Lions—Magenes space

A={peLP): Ejue WYPP(9Q,)},  with

il = 1 Eipllwa-1/0.0(50,)-

Here, E; : LP(T') — LP(052;) denotes the extension by 0 and Tho, : WLP(Q;) —
W1=1/P2(9€);) denotes the trace operator with the bounded linear right inverse
Ryq,, see [38, Theorems 6.8.13 and 6.9.2]. Note that Ryq, is not unique, i.e., there
exists many linear extensions from W1 =1/PP(9€);) to WP(Q;). For a proper defini-
tion of the fractional Sobolev space W' =1/PP(99);) and its properties we refer to [38,
Chapter 6.8]. For our purposes it is important to note that this is a reflexive Banach
space and a Hilbert space for p = 2.

Remark 2. 7The Lions—Magenes space satisfies N C W=V/PP(T). At least forp = 2, the
inclusion is strict and the norm of . is stronger than the norm of W'=1/PP(T), see [60,
Chapter 1.2].

Remark 3. Note that it is not obvious from the definition that A is independent of i =
1,2. Forp = 2 we can use [68, Lemma A.8] to identify N\ with the interpolation space

[Hé/2 (I'), L3(1)] 1/2- Note that this reference is without proof; but there is a proof for the
case of a smooth domain, see [45, Theorem 11.7]. We conjecture that a similar identification
can be made for any 1 < p < 0o and for the remainder of the thesis we will assume that
A is independent of i = 1,2 for p # 2 as well. This is done for the sake of presentation,
but it is not a necessary assumption for any of the convergence results stated here, see Paper [

for the analysis with i-dependent A.



The standard seminorm and norm on V' is denoted by

olv = IVulle@ye,  llvllv = [lvllze@) + [olv,
respectively, and similarly for V. It follows from the above definitions that the inter-
face trace operator
Ti:Vi= A:v— (Tho,v)|p
is bounded with the bounded linear right inverse R; = Raq, Ei.
To analyze parabolic equations, we require Sobolev—Bochner spaces, see [37, Chapter
2.5.d]. We note that these are equivalent to Hilbert tensor spaces and refer to [69,

Chapter 3.4] for a general introduction. Since we are only interested in linear equa-
tions, we restrict ourselves to the case p = 2 and define the Sobolev—Bochner spaces

W= HY2(R,L*(Q)) N L*(R,V),
W = HY2(R, L3 () N L*(R, V),
W; = HY?(R, L3 () N L* (R, V3),
Z = HY*(R,L*(1)) N L*(R, A).
The trace operator has an extension to the Sobolev—Bochner space of the form
Toq, : HY? (R, L*(:)) N L2 (R, H' (%)) —
HYA(R, L*(09)) N L* (R, HY?(9Y)),

which we refer to as the spatial trace operator. We also formally introduce the temporal
Hilbert transform as

Ho(t) = lim 1/ lv(tf s)ds

e—0t+ T s|>e S

and note that it extends to an isomorphism on the Sobolev—Bochner spaces in the
following ways

H; W; = W; and Hr:7Z — Z.
Moreover, the spatial interface trace operator of the form
T W, — Z
is bounded, see Paper II for more details.

Remark 4. 7he loss of time regularity when applying the spatial trace operator is somewhat
surprising. Note that the trace operator is also bounded as an operator

Too, : L*(R, H' (%)) — L*(R, H'/?(0)),
but it is not well defined on the space H'/? (R, L*(€%)) alone.

Finally, we will denote by ¢, ¢;, C' and C}; generic positive constants.



Chapter 3

Domain decomposition for linear
elliptic equations

3.1 Introduction to the analysis of domain decomposition meth-

ods

For an introduction to linear elliptic equations see [20, 32, 45]. For a general in-
troduction to domain decomposition methods for linear elliptic equations we refer
to [60, 68]. See also [17] for a more implementation oriented introduction and the re-
view article [70] for an introduction to the theory of nonoverlapping domain decom-
position methods. The first domain decomposition method was introduced in [62]
to prove existence of solutions to the Poisson problem for nonrectangular and non-
circular domains. This became known as the alternating Schwarz method and was
later proposed as a numerical method in [57]. It was analyzed and generalized in the
context of numerical methods in [47, 48, 49]. Since then, a large amount of different
methods have been introduced and analyzed, see [60, 68] for examples.

Domain decomposition methods are typically divided into overlapping and nonover-
lapping methods. The overlapping methods, which are based on overlapping de-
compositions, transfer information on the interior of one domain to the boundary
of another. In contrast, nonoverlapping methods use an information transfer that
only considers the boundary information, thus requiring minimal knowledge of the
transmitting domain. In this thesis, we only consider nonoverlapping methods, also
known as iterative substructuring methods. Furthermore, we limit ourselves to three
basic methods which are often used as building blocks for more complex methods:
The Dirichlet—Neumann method, the Neumann—Neumann method, and the Robin—



Robin method. The remainder of this chapter is heavily inspired by [60].

We first explain the idea of the analysis in more detail, but formally, using the strong
formulations. To keep the notation simple we only consider the Poisson equation
with homogeneous Dirichlet boundary conditions. The strong formulation of the
Poisson problem is

{—Au =f inQ, 6

w=0 ondf.

Given a decomposition €21, {23 of €2, the problem can then be rewritten as a trans-
mission problem

—Au; = f; in €,
u; =0 on 0Q; \ T, fori =1,2,
(.2)
UL = Uy onl’,
Vu1 sV = —VUQ V9 oOn F,

where f; = f ]91 and v; is the unit outward normal vector of 2;. Note, in particular,
that ¥; = —uvy on I'. The last two equations here are referred to as the first and
second transmission condition, respectively. For some function 7 on the interface I
we denote the solution to the nonhomogeneous boundary value problem

—Au; = f; in €,
u; =0 ondQ\T, (3.3)
u; =mn onl|

by u; = Fin + G, f; fori = 1,2. Here F;n and G, f; are the solutions to (3.3)
with f; = 0 and n = 0, respectively. With this notation we can rewrite the entire
transmission problem as a problem only on the interface I, i.e.,

V(Fin+ Gif1)-v1 = =V (Fan + Gafa) - o onl"
This is known as the Steklov—Poincaré equation and the operator
Si:nHVFin-Vi

is called the Steklov—Poincaré operator or the Dirichlet-to-Neumann operator. Sim-
ilarly, we introduce the notation

xi = —VGifi-vi.

Finally, introducing S = S1 + S2 and x = x1 + X2, the Steklov—Poincaré equation
can be written as

Sn=x  onl. (3.4)



Q Q; T
DE <«—= TP <«—= SP

approx. | 4 approx.
DD +— 1I

Figure 3.1: The basic idea for the analysis of a nonoverlapping domain decomposition
method. The graph shows the connection between the differential equation (DE),
the transmission problem (TP), the Steklov—Poincaré equation (SP), the domain de-
composition method (DD), and the interface iteration (II).

The basic idea is summarized in the first row in Figure 3.1: We reduce the differential
equation to a problem on the interface I" by showing equivalence of the differential
equation, the transmission problem, and the Steklov—Poincaré equation.

The aim is now to approximate the solution to the transmission problem using a do-
main decomposition method. The Dirichlet—-Neumann method is one of the simplest
domain decomposition method for nonoverlapping decompositions and has been
studied extensively for linear elliptic equations [7, 9, 22, 54, 55]. The idea is to approx-
imate (u1,u2), the solution to the transmission problem (3.2), by iterating between
a Dirichlet problem and a Neumann problem. The method is to find (u}, uy) for
n=1,2,..., such that

n+1 = f1 in Ql,

u?‘H =0 on 0 \ T,
u’f“ =n" onl,

(3.5)

n+1 f2 in QQ)

n+1 =0 on 0 \ T,
Vun+1 Vu"'H vo onl,

with n" 1 = s u2+1 }F (1 — s0)n™. Here sg > 0 is a method parameter and 7,°

an initial guess.

A similar method is the the Neumann—Neumann method, which was first introduced
and analyzed in [8]. It consists of finding (uf', uf, w}, w§) forn = 1,2,..., such



that

n+1 fl in Qia
U?Jrl =0 on 9\ T,
unJrl n" onl') fori=1,2,
) (3.6)
*A’LU?JF =0 in Qi,
wﬂJrl =0 on 0 \ T,
Vw?“ VunH VunH vy onl, fori=1,2,
with "t = " — (s w?H ’F 59 w2+ |F Here 51, s2 > 0 are method param-

eters and 7" an initial guess.

Finally, we have the Robin—Robin method, which was first introduced in [49]. The

method is to find (uf, u%), forn =1,2,..., such that

*AU?JA f1 in Ql,

utt =0 on 0\ T,
Vv + SU"H Vuy - vy + suy onl,

) (3.7)

—AUSJF = f2 in QQ,

upt™ =0 on 0\ T,
VU”H Vo + sunH Vu"Jrl vy + su”+1 onI.

Here s > 0 is a method parameter and u$ an initial guess. Various modifications,
accelerations and generalizations of the Robin—Robin method have been studied in,
e.g., [5, 10, 33]. Note, in particular, that the Robin—Robin method is the zeroth order
optimized Schwarz method [23, 26]. See also [s2, 53, 72] for a modified optimized
Schwarz method on arbitrary domains. Although not discussed further here, the
Robin—Robin method has independently been introduced to solve the Helmholtz
equation [14, 29].

Analogous to the equivalence between the transmission problem and the Steklov—
Poincaré equation, the Dirichlet-Neumann and Neumann—Neumann methods are
equivalent to the interface iterations

" =" 4 5085 (x — Sn™)

and
="+ (51057 + 5295 ) (x — Sn™),

respectively. These iterations, in turn, approximate the solution to the Steklov—Poincaré
equation (3.4). This idea is summarized in Figure 3.1. The Robin—Robin method can

I0



also be interpreted as an interface iteration, but this is nonstandard for the linear
elliptic theory and we therefore introduce it in Chapter 4.

3.2 Steklov—Poincaré theory for the Poisson equation

The main ingredient for the analysis of nonoverlapping domain decomposition meth-
ods for linear elliptic equations is the corresponding Steklov—Poincaré theory. Here
we present the core ideas of the analysis applied to the Poisson equation, which can
be found in [60, Chapter 4]. Note that the theory applies more generally to equa-
tions with symmetric elliptic operators and, with some conditions on the size of the
skew-symmetric part, to equations with non-symmetric linear elliptic operators [60,
Chapter s.1]. The key idea is to consider the weak formulations of (3.1), (3.2) and (3.4)
and show that these are equivalent. Then we derive the fundamental properties of
the Steklov—Poincaré operators, which are required to study domain decomposition
methods.

For the remainder of this chapter we consider the spaces from Section 2.2 with p = 2,
in which case we have the Hilbert spaces

V=Hy(Q), V=Hj(%), Vi={veH"(): (Too,)lan\r =0},
and A= {peL*T): Epe H/?(00)}).

Leta:V xV — Randa; : V; X V; = R be the bilinear forms given by
a(u,v) = / Vu-Vuvdr and a;(u,v) = / Vu-Vude,
Q Q;

respectively. It is easy to veri e bounds
pectively. It y t the bound

a(u,v) < C|lullv|v|v forall w,v € V and
a(u,u) > c|lull? forallu € V,

with similar estimates for a;, 7 = 1, 2. Note that the second estimate, known as the
coercivity estimate, requires an application of Poincaré’s inequality, which holds for
any decomposition such that Assumption 2 is satisfied. Note also that this assumption
is redundant if one replaces the Laplace operator A by A + AI for some A > 0, since
then the bilinear forms can be proven to be coercive without having to apply Poincaré’s
inequality.

We assume that the source term f € L?(£2), which implies that the decomposed
sources f; = f] o, satisty fi € L?(9;). Now we can introduce the weak formulation
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of the Poisson problem (3.1), which is to find u € V such that
a(u,v) = (f,v)r2(q) forallv € V. (3.8)

The bounds above imply that the weak problem (3.8) is uniquely solvable by the Lax—
Milgram lemma [41, Chapter 6, Theorem 6].

Recall the operator R; : A — Vj, defined in Section 2.2. The weak formulation of
the transmission problem (3.2) is to find (u1, u2) € V1 x Vi such that
ai(ui,vi) = (fia'Ui)LQ(Qi) forallv; € Vio,’i =1,2,
Tiuy = Toug, (3-9)
E?:l ai(ui, Riﬂ) — (fl, Riﬂ)[ﬁ(Qi) =0 forallpyeA.

The first two equations are straightforward to derive from the strong formulation of
the transmission problem (3.2). The third equation can be derived by multiplying the
second transmission condition with ¢ € A, integrating, and applying Green’s formula
as follows

2 2
0_Z/émAVui.uiudS_Za(ui,Riu)—i—/Q.AuiRmdx
=1 ? =1 i
2

_Za Uq, l/'L f27 ’L,M)L2 )

The weak problem (3.8) and the weak transmission problem are equivalent, see [60,
Lemma 1.2.1]. As in Section 3.1, let F; : A — V; denote the harmonic extension
operator, i.e., mapping 7 to u; = Fjn solving

ai(u;,v) =0 forallv € V2,
Tiu; = n
and G : (V%)* — V0 be the operator mapping f; to u; = G; f; solving
ai(ui,v) = (fi,v)r2(0,) forallv € V. (3.10)

Note that T;F;n = 1 and therefore F; is another right inverse to 7;. Moreover, F;
and G; are bounded operators. With these operators, the weak forms of the Steklov—
Poincaré operators S; : A — A* and the functionals x; € A* can be defined as

(Sin, 1) = ai(Fym, Rip) and - (xi, ) = (fi, Ript) p2(q;) — @i(Gifi, Ri),

12



respectively. Introducing also S = S1 + S2 and x = X1 + X2 we have the weak
Steklov—Poincaré equation, which is to find ) € A such that S = x;, or equivalently,

2 2

Z(Sm,u) = Z<Xi"u> forall 4 € A. (3.11)

i=1 i=1

The weak Steklov—Poincaré equation is equivalent to the weak transmission problem,
see [60, Remark 1.2.2].

Remark 5. Some authors define the Steklov—Poincaré operators as
(Sin, ) = ai(Fin, Fip).

We note that this definition is equivalent since T;(Fipu — Rip) = 0 implies that Fij —
Rip € VZ»O. By definition of F; this gives that

a;(Fsn, Fip) = a;(Fin, Fip — Rip) + a;i(Fin, Rip) = a;(Fin, Rip).
This also applies to the weak formulation of the transmission problem, which means that

we can replace R; by F; in (3.9).

For the Poisson equation, we have the following properties of the Steklov—Poincaré
operators.

Theorem 1. Suppose that Assumptions 1 and 2 hold. The Steklov—Poincaré operators
Siy St N — A* are well defined and bounded, i.c.,

(Sim, ) < Clnllallplla (Sm, ) < Clinllallulla  foralln,pe Ai=1,2.
Moreover, tbe)/ are coercive, i.e.,
(Simom) = clnllz,  (Smom) >cllnll}  foralln € Ayi=1,2.

Finally, they are symmetric, i.e.,

(Sin, ) = (Sip,m), (Sn, ) = (Sp,n)  foralln,p € Ai=1,2.

For a proof of Theorem 1, see [60, Chapter 1.2]. Note that Theorem 1 together with
the Lax—Milgram lemma implies that the Steklov—Poincaré equation (3.11) is uniquely
solvable, although this can also be seen as a consequence of the equivalence to the weak
problem (3.8).

13



3.3 Convergence of the Dirichlet—-Neumann and
Neumann—Neumann methods

The goal of this section is to show that the Dirichlee—Neumann and Neumann—
Neumann methods converge. For reference, we introduce the weak formulations of
the Dirichlet—-Neumann and Neumann—Neumann methods. The weak form of the
Dirichlet-Neumann method is to find (uf, u3) € Vi x Va forn = 1,2,..., such
that

ar(uitt vy) = (f1,v1) 2 (0y) forall vy € V7,

n+l _ n
Tlul =n,

az(ugﬂ,vz) = (f2,v2)2(02) forall vy € V3, (3.12)
ag(us™, Rop) — (f2, Rap) r2(y) + a1 (uf™', Rips)
.~ (f1, Rip) 20,y =0 forall u € A,

with "1 = soToul ™ + (1 — s0)n™. Similarly the weak form of the Neumann—
Neumann method is to find (u}, uf, wi, wh) € VixVox Vi xVaforn=1,2,...,
such that

ai(u?Jrl, UZ') = (fu 'Ui)LQ(Qi) forall v; € V;-O,
Tt =" fori=1,2,
al(w’fﬂ,vl) =0 forall v; € Vlo,
ar (Wi, Rip) = ar(ui ™, Rip) = (fi, Rip) 2oy

+ az(uy™h, Ropr) — (f2, Ropt) £2(0y) foralpe A (3.13)
ag(w;"ﬂ,vg) =0 for all vy € VQO,
ag(wy™, Ropr) = —ar (uft, Rupe)

+ (f1, Rip) 20y

— ag(uy™, Rop) + (fa, Rap) 12(0,) forall 4 € A,

with n" 1 = 9" — (slle?H — szTngH). It can be shown that the weak form

of the Dirichlet—-Neumann method is equivalent to the interface iteration given by
finding " € A, forn =1,2,..., such that

(Son™, 1) = (Sam™, p) + so(—Sn" + x, ) forall u € A. (3.14)
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Similarly, the weak form of the Neumann—Neumann method is equivalent to the

iteration given by finding (A7, A5, n") € A X A x A, forn =1,2,..., such that

(3.15)

(SN ) = (=S + x, ) forallpe A, i=1,2,
77n+1 = 77” + 81/\711+1 + 82)\§+1

see [60, Chapter 1.3]. It follows immediately from Theorem 1 and the Lax—Milgram
lemma that both of these iterations are well defined, i.e., that each step in the iteration
is uniquely solvable. Moreover, we have the following geometric convergence result
for the Dirichlet-Neumann method, which is a consequence of the abstract result [60,
Theorem 4.2.2] together with the properties in Theorem 1. We include a proof for
comparison with the techniques used in Section 3.4, Paper I and Paper II.

Theorem 2. Suppose that Assumptions 1 and 2 hold. Let ' be the iterates of the Dirichler—
Neumann method (3.12) with initial guess 1° € A and some parameter so > 0 small
enough. Moreover, let (u1,us) denote the solution to (3.9) and 1 the solution to (3.11).
Then there exists constants L < 1 and C' > 0 such that

uft = willy; < CL™n° —nlla, i=1,2.

Proof: We can write the error iteration on A as

"t —m=n"—n+s05; " (x — Sn")

=" —n+505; " (x —Sn—Sn"—n))
=n" —n— 505" S(n" —n).

By Theorem 1 we have that

(:U’? /\)52 = <52M7 )‘>

defines an inner product, which induces a norm || - ||g, that is equivalent to || - || -
The properties of Theorem 1 now yield

= (Sa(n" ' —n),n"tt =)
<S2(77”—77—805 LSt —m) ™t —n—s0Sy S —n))

= (So(n™ = m),n" = n) + s5(S(n" —n), S5 S(" = n))
—so((S"™ = m),n™ —n) + (Sa(n" — ), S5 S(n"™ —n)))

= (Sa(n" = m),n" —n) +s5(S(n" =), Sy 'S —n))
—2s0(S(" —m),n" —m)

< (14 Csg = cso)lln™ — nll3,-

n+1

I = nll3,
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If sp > 0 is small enough then 1+ C's3 — ¢sg < 1. By using the norm equivalence
again we have the convergence

0™ = nlla < CL™n" = na.

with L =1+ C’sg — ¢sg. The result for 7 = 1 now follows from the fact that

lui™ —willvs = (B + Gifi) = (Fan + Gufy)llv = [IF1 (" =)l
< Ollg™ = nlla < CL™n° —n]la.

A similar computation together with the observation

1
uptt = %(Fzﬁwrl — (1 —s0)Fon™)

gives the convergence result for 7 = 2. O

Remark 6. For convenience the convergence result of the Dirichlet—Neumann method, as
well as all other methods in this thesis, is stated in the norms of Vi, i = 1,2. This can
be reformulated as convergence in the norm of Vi x Va. This norm is in general weaker
than the norm of V', but is equivalent for functions v € V. If we introduce the element
v = (Fin™, Fan™) € V, we have convergence of v" in the norm of V. Note however,
that the function Fon'™ is not present as an iterate in the Dirichlet—Neumann method.

The constant L can be completely characterized by the boundedness and coercivity
constants in Theorem 1, see [60, Remark 4.2.3]. In fact, we have that Theorem 2 holds
with
(c1 + c2)? C1+ Co
2 — 280 5
02 (&)

L=1+s3

where Cj, ¢; denote the boundedness and coercivity constants of \S;, respectively. The
proof also holds for some elliptic equations with non-symmetric operators, if the non-
symmetric part is small enough, see [60, Chapter 5.1]. Moreover, a similar proof shows
that the same result holds for the Neumann—Neumann method, see [60, Theorem

4.2.5].

Theorem 3. Suppose that Assumptions 1 and 2 hold. Letw] be the iterates of the Neumann—
Neumann method (3.13) with initial guessn® € A and some parameters s1, s3> 0 small
enough. Moreover, let (uy1,us2) denote the solution to (3.9) and 1 the solution to (3.11).
Then there exists constants L < 1 and C > 0 such that

luff = willv; < CL™ln® = nlla, i=1,2.

16



3.4 Convergence of the Robin—Robin method

The Robin—Robin method was first introduced and analyzed in [49] with a conver-
gence proof showing weak convergence. Furthermore, the method has been shown to
converge (strongly) in V; x V3 as well [60], although this proof is missing a regularity
requirement which is not obvious for Lipschitz domains. Geometric convergence rate
has since been derived in various contexts for the discretized version in [s51, 71]. We
then get a geometric convergence rate with an error reduction constant of the form
L = 1—O(v/h) where h denotes the mesh width, showing that the convergence rate
deteriorates to one as h tends to zero. In the continuous case, geometric convergence
rate is typically not achieved, note that [71] even gives a counterexample showing that
geometric convergence is impossible for the continuous Robin—Robin method.

However, there are several advantages of the Robin—Robin method over the Dirichlet—
Neumann and Neumann—Neumann methods. First, it will converge regardless of the
choice of parameter. Second, the method can be implemented without calculating
a derivative, see [17, Chapter 2.3.1]. Third, as shown in Paper I and Paper II, it is
possible to prove convergence of the Robin—Robin method without relying on the
symmetry of the differential operator, which is a necessary assumption to prove con-
vergence for both the Dirichlet—-Neumann and Neumann—Neumann methods using
the standard analysis presented in Section 3.3.

The analysis of [49] differs from that of the Dirichlee—Neumann and Neumann—
Neumann methods since no Steklov—Poincaré theory is employed. For reference, we
include a result showing strong convergence in V7 x V. This proof closely follows [60,
Chapter 4.5], but it is unclear if this is the original reference. Since the proof does not
use the weak formulation of the Robin—Robin method we leave this for Chapter 4.

Theorem 4. Suppose that Assumptions 1 and 2 hold. Let ul} be the iterates of the Robin—
Robin method. (3.7) for some s > 0 and let (w1, uz) denote the solution to (3.2). Moreover,
assume that

V(ul —u;)-v; € L*T) forn=1,2,.... (3.16)

Then
HU?—UZHVl —>0, i:1,2,

asn tends to infinity.

Proof. Note first that by (3.16) we have

% 7 7 7

(V(unJrl — ) - vi,uttt — UYA* x A = /(u’-I+1 — ui)V(unH — ;) - v;dS.
I
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Thus using the H (div, §2;)-version of Green’s formula [31, Chapter 1, Corollary 2.1]
yields

Jup ™t —wilf, = / V(™ —w) [P da = (V@™ = ) v uf ™ = wi)pea
= /(u?Jrl —u))V(ul — ;) - v dS.
r

We write €' = u' — u; and use the identity

1
e tiventt IS((V(B?H v + sel T2 — (Ve — selth)?)

CY =

to get

1 1
1 = 4o [V v s 2as o [ (Tt - septRas,
s$Jr sJr

From the transmission conditions

Ve”Jrl V9 +se"+1 Ve"+1 V1 —i—se”Jrl and

Vet v + st = — Vel -1y + sel

on L?(T") we have

1
R+ 15 = 5 (75 v = sep)as

1

- /F (Verrth . vy — se )2 dS
1

+4—8 F(Ve?“-yl seth)2ds
1

— — (Ve"+1 — seft™)?ds

Summing up yields

N

1
S (1 + 1657 ) = 45 [ (Ve8-ma — se?as
n=0

1
— — [ (Ve vy — sel T2 ds,
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which shows that the sum is bounded. Therefore
n+1,2 n+12
[ |V1 + lej ‘VQ — 0,

as n tends to infinity. O]

It is still possible to formulate the Robin—Robin method as an interface iteration and
prove convergence this way, but we leave this for Chapter 4.

3.5 Domain decomposition for discretized linear elliptic equa-
tions

Since our results are based on the variational formulation of the equation we re-
strict ourselves to finite element methods. For the theory of finite element meth-
ods applied to linear elliptic equations we refer to [12, 65]. One can formulate the
Dirichlet—Neumann, Neumann—Neumann, and Robin—Robin methods on finite el-
ement spaces and show that these also converges. For the Dirichlet—-Neumann and
Neumann—Neumann methods the convergence results hold with the same constant
L when considering a finite element approximation, see [60, Chapters 4.3-4.4]. For
the Robin—Robin method, see Section s.1.
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Chapter 4

Domain decomposition for
nonlinear elliptic equations

(Paper I)

In this chapter we study domain decomposition applied to nonlinear elliptic equa-
tions. For the theory of nonlinear elliptic equations that is employed here we refer
to [61, 73]. While the theory of domain decomposition methods for linear elliptic
equations is well understood, the corresponding theory for nonlinear equations is by
no means fully developed. For overlapping domain decomposition methods there are
convergence results, see for example [18, 48, 66, 67], but for nonoverlapping methods
the results are very few. Some such results for a specific equation in one dimension can
be found in [s, 6], but this approach does not fit the equations considered here. The
aim of Paper I is therefore to generalize parts of the theory from Chapter 3 to non-
linear elliptic equations. In particular, we introduce new nonlinear Steklov—Poincaré
operators and prove convergence of the Robin—Robin method for a large class of non-
linear equations. Note that we do not attempt to prove convergence of the Dirichlet—
Neumann and Neumann—Neumann methods, since the theories for both of these
methods require the partial differential operator to be linear and symmetric.

The equations under consideration are of the form

{—v ca(Vu) +g(u) = f inQ,
(4.1)

u=0 on0f),

for some functions o : R — R% and ¢ : R — R. As in the linear case we consider
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the transmission problem of (4.1), which is

=V - a(Vu;) + g(w;) = fi in €;,
u; =0 on O\ T, fori=1,2,
(4.2)
Ul = u2 on F,

a(Vuy) -vy = —a(Vug) -va onT.

Note that the second transmission condition is a nonlinear generalization of the Neu-
mann condition from (3.2). It is the natural condition in the sense that it appears
when deriving the weak formulation from the strong formulation. The transmission
problem can then be approximated by the nonlinear Robin—Robin method, which is

to find (uf,uf) forn =1,2,..., such that

~V-a(Vuith) +g(ui™h) = £ in Q1
™ =0 on 0\ T,

a(Vu?'H) cvp + squ'H = a(Vug) - v1 + suy onT,

n+1 n+1 . 43)

=V-a(Vug™) +g(uy™) = fo in o,
ury™ =0 on 0\ T,

a(Vuhy ™y vy + suf ™ = a(Vu ) -y + suf ™ onT.

The idea is to mimic the analysis of Chapter 3, but with added complexities. The first
obvious issue is that we need an interface interpretation of the Robin—Robin method.
This turns out to be the Peaceman—Rachford iteration,

it = (sI + So) " N(sI — S1)(sI + S1) (T — Sy)ny,

first introduced in [59] to approximate solutions to elliptic and parabolic differential
equations. In the linear case the connection between the Robin—Robin method and
Peaceman—Rachford iteration has been studied in, for example [1, 16], and has been
utilized to prove convergence of the Robin—Robin method applied to a discretized
equation in [s1, 71]. The second problem is that the equation, and in extension the
Steklov—Poincaré operators, are nonlinear. This means that it is not possible to ap-
ply the Lax—Milgram lemma. Instead, we will use the nonlinear generalization, the
Browder—Minty theorem, see [73, Theorem 26.A]. After establishing the proper defi-
nitions, which differ slightly from the linear elliptic case, the difficulty lies in proving
the properties required to apply the Browder—Minty theorem. The third issue is that
we are not aware of a variational proof of the convergence of the Peaceman—Rachford
iteration. To remedy this, we will restrict our operators to unbounded operators
on L?(T") and then apply the abstract result on the convergence of the Peaceman—
Rachford iteration given in [50].

We first make the following assumptions on the structure of the equation.

22



Assumption 3. The functions o : RT — R% g : R — R and the parameters (p, )

satisfy

o The parameters p and r satisfy p € [2,00) and r € (1,00). If p < d then
r<dp/(2(d—p)) + 1L

o The functions o and g are continuous and satisfy the growth conditions

la(2)| < ClzP~Y and |g(z)| < Clz|"™" forallz € R,z € R.

o The function « is strictly monotone, i.e.,

((z) —a(2)) - (2 —2) > |z — Z|P forallz,Z € RY.

* The function o is coercive, i.e.,

a(2)-z>clzlP forallz € RY.
o The function g is strictly monotone and coercive, i.e.,
(9(x)—g9(@))(x—2) > clz—Z|" and g(x)x > clz]" forallz, & € R.

Recall the spaces V, V;, V¥, A defined in Section 2.2. Welet p € [2, 00) and introduce
the nonlinear formsa : V' x V — Rand a; : V; x V; = R by

a(u,v) = /Qa(Vu) -Vv+g(u)vdzr and
a;(u,v) = /Q a(Vu) - Vo + g(u)vde,

respectively. Note that the forms are nonlinear in the first argument, but linear in the
second argument, which is fundamental for the analysis. Consider the weak formu-
lation of (4.1), given by finding v € V' such that

a(u,0) = (f,v) 20y forallv € V. (4.4)

Moreover, as in the linear case, we consider the weak formulation of the transmission
problem, which is to find (u1,ug) € Vi X V3 such that

ai(ui,vi) = (fiavi)L2(Qi) forall v; € ‘/Z-O,Z' =1,2,
Tyuy = Tyus, (4)
Z?:]_ ai(uza Y ) (fz, z,Ul)L2 ) =0 fOI‘ all 12 S A
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The weak formulations of the equation (4.4) and the transmission problem (4.5) are
equivalent, see [Paper I, Theorem 5.2]. We also introduce the weak formulation of
the Robin—Robin method, which is to find (u},u}) € Vi x Vo forn = 1,2,...,
such that

al (U?Jrl 1}1) = (fl’vl)L2(Ql)v forall v; € ‘/10’

ar(uf™, Rip) — (f1, Rip) 2a,) + a2(uf, Rop)
— (fo, Rop) r2(0y) = s(Touly — Tyuf ™ i) oy, forall € A, o
4.6

CLQ(US-H 'UQ) = (fQ,UQ)L2(Q2), for all Vo € V20,

ag(us™, Rop) — (f2, Rap) 12(y) + a1 (uf™, Ripe)
— (f1, Rup) 12y = s(Tru™ = Toub ™ ) po(ry, forall pu € A

We introduce the nonlinear solution operators F; : A — V; as the solution to

ai(ui,v) = (fi,v)r2(0,) forallv € V2,
Tiu; = 1.

Note that F; is now a nonlinear right inverse to the linear operator 7;. The nonlinear
Steklov—Poincaré operators can then be defined as

<SZT,7 /’L> = ai(En7 ) (f'“ z,Uz)L2(Qi) and

(Sn,u)=i<z(Fma w) = (fis Rip) 20 ))

=1

Note that the definitions differ slightly from the standard definitions of the Steklov—
Poincaré operators in Chapter 3. In particular, we include the influence of f;, both
by the term (f;, Rift)2(q,) and by using the full extension F; instead of the solution
operator corresponding to the homogeneous problem. This makes the notation sim-
pler, but introduces nonlinearity to the Steklov—Poincaré operators. However, this is
not an issue since the operators are already nonlinear.

We now wish to apply the nonlinear generalization of the Lax—Milgram lemma, namely
the Browder—Minty theorem, see [73, Theorem 26.A]. For reference we include the
statement here. We say that an operator A : X — X* on a Banach space X is
monotone if

(Az — Ay,x —y) >0
forall x,y € X and coercive if
(Az, x)

im
Izl x oo |lz]x

= OQ.
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Finally, the operator A is said to be demicontinuous if
(AzF — Az,y) =0
asz® — zin X forally € X.

Theorem s. Let X be a reflexive Banach space and let A : X — X™ be an operator that
is monotone, coercive and demicontinuous. Then for any y € X* there exists a unique
solution x € X to the equation

Ax =y.

Demicontinuity is actually a stronger assumption than the standard Browder—Minty
theorem, but it is sufficient for our purposes. It is clear that a coercive and bounded
linear operator A : X — X* satisfies the assumptions of Theorem § and there-
fore, the Browder—Minty theorem is a generalization of the Lax—Milgram lemma.
We summarize the main results on the Steklov—Poincaré operators from Paper I that
are necessary to apply the Browder—Minty theorem. In fact, we even have a slightly
stronger monotonicity condition.

Theorem 6. Suppose that Assumptions 1 and 3 hold. Then S;, S : A — A* are well
defined and satisfy the monotonicity condition

(Sin = Sip,n — p) > (| V(Fin — Fi) (e + I1Fim = Fiplltr )

2
(51 = Spyn —p) = ¢y (IV(EFEm = Fa)l] 0 + I = Fopll e,
=1

Joralln, i € A andi = 1,2. Moreover, S;, S are coercive and demicontinuous.

For the proof, see [Paper I, Chapter 7].

Using the Steklov—Poincaré operators we can express the Robin—Robin method as the

interface iteration to find " € A forn = 1,2,..., such that
((sJ + SO)nit p) = ((sJ — Sa)ns, ) forall y € A, )
(5T + St ) = (5] — SOl ) forall p € AL +7

As already observed, this iteration is known as the Peaceman—Rachford iteration.
Here,
J: LX) = L*(D)* :n e (0, ) 12n)

denotes the Riesz isomorphism. A more detailed explanation with a proof can be
found in [Paper I, Lemma 6.3]. As observed before, the remaining issue is that even
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with the properties of Theorem 6 there is no variational convergence proof of the
Peaceman—Rachford iteration. We must therefore restrict the Steklov—Poincaré oper-
ators to unbounded operators on L?(I") before we can apply the abstract result [5o]
on the convergence of the Peaceman—Rachford iteration. A detailed proof can be
found in [Paper I, Theorem 8.9]. Note that we require the same type of regularity
assumption as in the linear case, see Theorem 4.

Assumption 4. Letu € 'V denote the solution to (4.4). Then the functionals
MHal(u‘leRlﬂ)v 1= 1727

are elements in L*(T')*.

For examples that satisfy both Assumptions 3 and 4, see [Paper I, Example 2.7].

Theorem 7. Suppose that Assumptions 1, 3 and 4 hold. Let u be the iterates of the
nonlinear Robin—Robin method (4.6) for some s > 0 and let (u1,uz) € Vi X Va denote
the solution to the weak transmission problem (4.4). Then

||u?—ul|]vl —>0, i:1,2,

asn tends to infinity.
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Chapter s

Numerical results for nonlinear
elliptic equations

s.1 Discretization of nonlinear elliptic domain decomposition
methods

For convergence of finite element methods for nonlinear equations, see for example [3,
4, 11, 15, 19]. In this section we consider some Galerkin approximation of (4.4). That
is, a finite dimensional subspace V}, C V and the weak discrete equation to find
ul € V}, such that

a(ul, o) = (f, 0" forall v® € V. (5.1)

Notice that we do not assume that V}, arises from a finite element approximation,
although the notation suggests it, with h denoting the mesh width. We introduce
the decomposed finite dimensional spaces V;!, V;? and assume that V}, C V! x V;2,
Furthermore, we assume that there is a common finite dimensional trace space, which
we denote by

An=Ti(Vy) = Ta(V3).

Note that all of these assumptions hold for a finite element discretization where the
interface is contained in the edges of the mesh, see for example Figure 5.1. Moreover,
let Fih Ay — Vih be the discrete solution operator. Then we can introduce the
discrete Steklov—Poincaré operators ST : A, — A} as

(St 1"y = a;(FM", RPu") — (fi, RI™) 120
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Figure 5.1: The natural extension u? = R1u" on Q; of the discrete function ;" on
I'. The function " is shown in red and the extension uf in red and blue.

and S" = SP' + SI. Here, R : Aj, — V* can be taken to be any linear extension
operator, but in an implementation it is convenient to use the extension such that
RI'u" = 0 on the interior degrees of freedom, see Figure 5.1.

The operators S? have similar properties to the continuous Steklov—Poincaré opera-
tors.

Theorem 8. Suppose that Assumptions 1 and 3 hold. Then the operators Sih, St Ay —
A} are well defined and satisfy the same monotonicity condition, coercivity condition and
continuity condition as S;, S in Theorem 6.

Although not specified here, the discrete nonlinear Robin—Robin method can be de-
fined by replacing the test and trial spaces in (4.6) with the discrete variants. The same
argument as in Paper I now gives the following convergence result.

Theorem 9. Suppose that Assumptions 1 and 3 hold and that Assumption 4 holds with
u replaced by ul € V", the solution to the discrete weak equation (5.1). Moreover, let
h

. h . . . .
u = uh}Q‘ eVl i=1,2 and u;"" be the iterates of the discrete nonlinear Robin—

Robin method. Then (u}fn, ug’n) converges to (ult, ult) in VI* x VI, i.e.,
h,n h .
lu;"" —uillv, =0, i=1,2,
asn tends to infinity.

Remark 7. It is evident that if one chooses a piecewise linear finite element discretiza-
tion and the function § in (4.1) is continuous, then the generalized normal derivative is
piecewise continuous and therefore Assumption 4 is satisfied.
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Figure 5.2: Domain decomposition applied to a uniform spatial finite element grid.

—~
by

5.2 Numerical results

In order to illustrate the convergence results of Chapter 4 and Section 5.1, we test the

Robin—Robin method applied to the problem

—V - (|VuP™2Vu) +u=f inQ,
(5.2)

u=0 ondf,
where f is chosen such that
u(@,y) = (z —2)(y — y°)
solves (5.2). We use the domain € = (0, 1)2 and the decomposition
01 = (0,1/2) x (0,1), Qo= (1/2,1) x (0,1), and T = {1/2} x (0,1).

We discretize using piecewise linear finite elements using a uniform mesh of the form
in Figure 5.2, with mesh size h; = hy = 1/512. We use three different values of p =
2,3, 6 with the parameters s = 4.84,1.12,0.006, respectively. The parameters have
been chosen by trial and error to achieve near optimal convergence rates. In Figure 5.3
we plot the first two iterations of the Robin—Robin method for p = 3. We also plot
the relative error

[ul — ullwrn,) + [luy — ullwre,)
lullwrio@) + lullwreg,)

€rel =
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at each iteration in Figure 5.4. In Figure 5.4a we plot the relative error with u being the
solution to the discrete problem (5.1) and in Figure 5.4b we plot the relative error with
u being the exact solution interpolated to a finer mesh with h, = hy = 1/2048. For
reference we also plot three horizontal lines corresponding to the errors of the finite
element solutions on the whole of €2.

From Figure 5.4a we see that the discrete Robin—Robin method seems to converge to
the solution to (5.1). From Figure 5.4b we see that after a certain amount of iterations
the error is dominated by the error of the spatial discretization and therefore we do
not see any error reduction after that point. Moreover, we find from both Figures 5.4a
and s5.4b that the speed of convergence degrades as the nonlinearity becomes stronger,
i.e., as the parameter p increases.
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(b)

Figure 5.3: The first (a) and second (b) iterations of the nonlinear Robin—Robin

method with p = 3.
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Figure 5.4: The relative errors of the nonlinear Robin—Robin method compared to:
(a) the finite element solution; (b) the exact solution. The dotted lines in (b) indicates
the spatial discretization errors.
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Chapter 6

Domain decomposition for linear
parabolic equations (Paper II)

Domain decomposition methods have a long history of being applied to parabolic
equation. These space-time decomposition methods have been studied both in the
context of parallel time integrators, see [24, Chapter 3] for an overview, and for
domains with different material properties in the different subdomains, see [2, 35].
However, there has hardly been any general convergence results. Instead, the stan-
dard proofs rely on the Fourier transform, but this method has only been applied
in rectangular domains [25, 27, 28, 30, 43, 44]. One exception is [34], which uses a
method-specific analysis similar to [49], see also Section 3.4. Notice that if an im-
plicit Euler time-stepping scheme is used for the parabolic equation then one attains
an elliptic equation at each time-step and the convergence results of Chapter 3 apply.
However, this only gives pointwise convergence in time. The aim of this chapter,
which is a summary of Paper II is therefore to provide a Steklov—Poincaré theory for
the heat equation and prove convergence of the Robin—Robin method in this context.

Remark 8. 7he space-time decomposition methods are related to the waveform relaxation
methods originating in circuit simulations, see [24, 42]. These are methods to solve ordi-
nary differential equations, but when applied to a spatially discretized partial differential
equation they can be interpreted as space-time decomposition methods. Note that many
authors still use the term waveform relaxation synonymously to space-time decomposition.

We consider a decomposition of the spatial domain €2 as in Section 2.1. This induces
a space-time decomposition of the form

QxR=( xR)U(Q x R).
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teR

(b)

Figure 6.1: Examples of space-time decompositions of {2 x R with: (a) two subdo-
mains; (b) multiple subdomains without crosspoints.

In Figure 6.1 we see two examples of such space-time decompositions. For notational
purposes, we focus on decompositions of the form in Figure 6.1a, but as for the elliptic
case, the analysis applies to decompositions of the form in Figure 6.1b as well, com-
pare with Section 2.1. In the same way as for elliptic equations, this enables parallel
implementations of the space-time domain decomposition methods.

For a general introduction to analysis of parabolic equations, see [20, 40]. In this
thesis we consider variational space-time methods for parabolic equations, see [46]
for an overview. The theory developed in [13] is also applied heavily in Paper I1I.

We restrict our analysis to the heat equation with homogeneous Dirichlet boundary
conditions

(6.1)

(8t—A)u:f inQXR,
u=0 ondxR.

Note that we consider the equation on the entire space-time cylinder {2 X R. However,
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if one chooses a source term f that is zero for times ¢t < 0, then this corresponds to a
homogeneous initial condition at £ = 0. As for elliptic equations we can rewrite this
as a transmission problem

(8t—A)uZ:f, inQi x R fori:1,2,
u; =0 on (0 \T') xR fori=1,2,
(6.2)
Up = u2 onI' x R,
Vuip-v1 = —Vug-vo onl X R,

and use this as a basis for constructing domain decomposition methods. In order to
approximate the solution to (6.2) we consider the same three domain decomposition
methods as for the elliptic equations in Chapter 3. Since the space-time methods
differ in the equation being solved they are described here. The space-time Dirichlet—

Neumann method is to find (uf, uf) forn = 1,2, ..., such that
(6t ) ntl — f1 in Ql X R,
utt =0 on (0Q;\T) x R
uptt =" onI' xR,
. (6.3)
(Bt ) ntl — f2 in Qg X R,
uy™ =0 on (90 \T) x R,
Vu”+1 Vu"Jr1 v1 onl xR,
with "1 = 5o uj ™ ‘FxR (1 — s0)n™. Here sop > 0 is a method parameter and
n° an initial guess. Similarly, the space-time Neumann—Neumann method is to find
(ul, uy,w},wy) forn =1,2, ..., such that
( (815 - A) n+1 fz in Q,L X R,
ultt =0 on (0Q; \T) x R,
uptt =" onT xR, fori=1,2,
(6.4)
(at — A) ntl — fz in Q,L X R,
w;L“ =0 on (0Q; \T) x R
Vit v = Vit u - Vit oy onT x R,
with n" 1t = pn — (51 wl+ }FX]R — 89 w2+ ‘FX]R Here s1, s9 > 0 are method

parameters and 71° an initial guess. Finally we have the space-time Robin—Robin
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method, which is to find (u}, u}) forn = 1,2, ..., such that such that

(@ — Ayt = fy in 4 xR,
u711+1 —0 on (021 \T') x R,
Vuitt v 4 sul Tt = Vg - vy + sul onI'x R,
(6.5)
y — U = 2 in 2 X )
8 A ’g"rl Q R
Wt =0 on (092 \T) x R,
(Vugth vy + sup ™t = Vui™h e+ sup™h onT xR,

In Paper II we show that these three methods are well defined, i.e., that each step
in the iteration is uniquely solvable. We also show that the Robin—Robin method
converges to the solution to the transmission problem (6.2) and therefore also to the
solution to the heat equation (6.1). Here we state the main results and give a brief
overview of the analysis. The basic idea is the same as in the linear elliptic case, but
there are a few difficulties. First, we must have a variational formulation of the heat
equation (6.1). The standard approach for variational methods is to use the solution
space

HYR,H Q)N LR, HY(Q)),

but this space is problematic since it is not possible to “glue” such functions together,
see [13, Example 2.14]. This is solved by instead employing the framework with solu-
tions in

HY2(R, L2() N LA(R, H'(2)),

which is weaker than the standard framework, see [13, Equation (2.3)]. This set-
ting was, e.g., introduced in [46] and has been applied for both boundary element
methods [13] and space-time finite elements [21, 39, 64]. The second problem that
arises is that the bilinear forms are not coercive in the full norm, but only in the
L*(R, H'(Q))-norm. By extension, the Steklov—Poincaré operators are only coer-
cive in L2 (R, A). To solve this, we use an idea that originates from [21], which is to
apply a transformation on the test space that turns the bilinear forms coercive. We
apply this idea not only on the bilinear form, but also on the Steklov—Poincaré op-
erators, which has not been done before. Note that the space-time Steklov—Poincaré
operators have been introduced without analysis in [34] and for more general parabolic
problems in [36]. The third problem is that the Steklov—Poincaré operators are not
symmetric due to the skew-symmetry of 0;. Therefore, we put the emphasis on the
Robin—Robin method, since we have seen that this convergence theory does not re-
quire any symmetry assumptions. However, note that even without symmetry we
can show that the Dirichlet—Neumann and the Neumann—Neumann methods are

well defined.
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Recall the spaces W, W;, W and Z defined in Section 2.2. For the analysis we intro-
duce the bilinear forms a : W x W — Rand a; : W; x W; — R as

a(u,v) //8tuv+Vu Vodxdt and

a;(ui, v;) —// Oyu;v; + Vuy; - Vu; de dt,

respectively. Note that the above definition for a is only valid for
ue H'(R,L*(Q)) N L*(R, H' ()

and similarly for a;, but these bilinear forms can be extended to u € W and u; € W;
respectively [13, Lemma 2.6]. Alternatively, they can be defined equivalently using
fractional derivatives as in [Paper II, Section 4]. The bilinear forms a; satisfy the
following bounds

ai(ui, Ui) < CHU7/HW7, HUZHWz for all Ui, V; € Wi, and

alug,u;) > CH“Z‘H%%R,Hl(Qi)) for all u; € W,
see [Paper II, Lemma 8] for the proof. Notice that the coercivity bound is in a weaker
norm and therefore it is not possible to apply the Lax-Milgram lemma as in Chapter 3.

This can be resolved by applying a Hilbert transform, see [21]. We leave out this step
here since we will demonstrate this technique for the Steklov—Poincaré operator later.

Let f € L?(2 x R) and define f; = fla,xr € L?(; x R), i = 1,2. The weak
formulation of the heat equation (6.1) is to find u € W such that

a(u,v) = (f,v)r2@xr) forallv e W (6.6)

and the weak formulation of the transmission problem is to find (uy, u2) € Wi x Wa
such that

ai(ui, Uz‘) = (fiavi)L2(Qi><R) for all V; € Wio, = 1, 2,
Tiuy = Toug, (6.7)
S2 ai(ui, Fip) — (fiy Fipt) 20,5y = 0 forall p € Z.

Here F; : Z — W; is the solution operator of the homogeneous equation, i.e.,
u; = Fjn solves

{ai(ui,v) =0 forallv € W,

Tiu; = .
Similarly, let G; : (W?)* — WY be the operator mapping f; to u; = G, f; solving
ai(ui,v) = (fi,0) 12(0, xR) forallv € WP, (6.8)

As in the linear case the weak formulations of the heat equation (6.6) and the trans-
mission problem (6.7) are equivalent, see [Paper II, Lemma 11].
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Remark 9. [n the weak formulation of the transmission problem, and the following weak
Jformulations, we use the extension Fj in the second argument of the bilinear form a;
instead of the extension R;, which was used in Chapters 3 and 4. We remark that the def-
initions do not depend on the extension, see [Paper II, Remark 3]. Also, compare with Re-
mark s.

The weak form of the space-time Dirichlet—Neumann method is to find (u}, u}) €
Wi x Wy form =1,2,..., such that

ai (u?“, ’Ul) = (fl, vl)L2(Ql xR) forall v; € Wlo,

T1U711+1 = nna

as (uZH, v9) = (fg, ’Ug)L2(92 xR) for all vy € WQO, (6.9)

ag(ugH, Fou) = (f2, Fapt) 12(0, xR)

+ar(ui™h, Fip) — (fi, Fip) 2, xr) = 0 forall p € Z,

with "1 = soToub ™ 4 (1 — s9)n". Similarly, the weak form of the space-time
Neumann—Neumann method is to find (u}, uf, wi, wh) € Wi x Wy x Wy x Wa
forn =1,2,...,such that

ai(u;Hl, vi) = (fu Ui)LQ(QiXR) for all v; € WZ'O,
Tttt = fori=1,2,
al(w?ﬂ, v1) =0 forall v; € W{),

ay (U)?+1, Fl/") = al(uqf+1v Flu)

— (f1, Fip) 120, xw)

il (6.10)
+az(uy™ ", Fap) — (f2, Fapr) 2, xr) forallp € Z
ag(w;LH,vg) =0 for all vy € WQO,
QQ(’LU;H_I, FQM) = _al(u?—i_l? Fl:u)

+ (f1, FLp) 20, xi)
— ag(uh ™ Fop) + (fa, Fap) r2(0,xw) forall p € Z,

with n" 1 = pn — (slleiH'l — SQTQwSH). Finally, the weak form of the space-
time Robin—Robin method is to find (u?,uy) € Wi x Wa forn =1,2,..., such

38



that

al (U?Jrl, Ul) = (fl, Ul)LQ(leR) forall vy € Wlo,

ar(uith, Fip) — (fi, Fim) 2o, x®)
+ GQ(U’; Fop) — <f27 FQM)L2(§22><]R)

= s(Toul — Tyut, ) L2(I xR) forall p € Z,
(6.11)
as (US—H, 1}2) = (fQ, ’UQ)LQ(QQXR) forall vy € WQO,
ag(us™, Fap) — (fa, Fapt) 120, xR)
+ar (ufth, Fip) — (f1, Fip) 20, <)

= S(T1U7f+1 — T2U721+17 N)LQ(FXR) for all 1% € Z.

We now define the space-time Steklov—Poincaré operators S; : Z — Z* and the
functionals y; € Z* as

(Sim, 1) = a;(Fym, Fip) and - (xi, 1) = (fi, Fitt) 12, xr) — @i(Gifi, Fip).

Moreover we introduce S = S1 + S2 and x = X1 + x2. The space-time Steklov—
Poincaré equations is then to find n € Z such that

(Sm,p) = (x, ) forallpu € Z, (6.12)

compare with (3.11). As in the elliptic case, the weak formulation of the transmission
problem (6.7) and the Steklov—Poincaré equation (6.12) are equivalent, see [Paper II,
Lemma 13]. Moreover, the space-time domain decomposition methods can also be
reformulated entirely on the space-time interface I' X R. The Dirichlet~Neumann
method becomes the preconditioned iteration to find n* € Z, forn = 1,2,...,
such that

(San™ ™ ) = (San, ) + so{=Sn" + x, 1) forallpe Z.  (613)

Similarly, the Neumann—Neumann method is equivalent to the iteration given by
finding (AT, N5, n") € Z X Z x Z,forn =1,2,..., such that
(S i) = (=Sn™ + X, ) forall p € Z,i=1,2, 10
14
77n+1 = ,,,,n + 51)\?+1 + 52)\g+1.

The Dirichlet~Neumann and Neumann—-Neumann methods should be compared
with the linear elliptic case in Section 3.3. Finally, the Robin—Robin method becomes
the Peaceman—Rachford iteration, compare with (4.7). That is, to find (9}, n%) €
Z x Z,forn =1,2,..., such that

{<<sJ + SN = X1, p) = ((sJ — Sa)nh + xo, 1) forallp € Z,

(6.15)
((sJ + St — xa, 1) = (s — SN + x1,p)  forallp € Z,
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with J : L?(I' x R) — L?*( x R)* denoting the Riesz isomorphism. We now
state the main result on the properties of the space-time Steklov—Poincaré operators.
Note that they are coercive only in the norm L?(IR, A), which does not allow the
usage of the Lax—Milgram lemma. Recall, however, that the Hilbert transform defined
in Section 2.2 is an isomorphism Hr : Z — Z. By defining

HY = cos (¢)I — sin (¢)Hr,
we get a new bilinear form

(1, ) = (Sim, Hiw)

that is coercive in Z. This is one of the key ideas of Paper II, as it allows the usage of
the Lax-Milgram lemma.

Theorem 10. Suppose that Assumptions 1 and 2 hold. The Steklov—Poincaré operators
Si, S+ Z — Z* are well defined and bounded, i.e.,

(Sin, ) < Clinlizllpllz,  (Snm < Clinllzllullz - foralln,p ez, i=1,2.

Moreover, they are coercive in the norm L*(R, A), i.e.,
(Sin,n) > cllnlza@ay.  (Smm) = clnllz@ay foralne z, i=1,2.
Finally, they are coercive-equivalent in Z, i.e.,
(Sim. Hin) = clnllz,  (Sn.Hin) > clnlly forallne Z, i=1,2

Jor @ > 0 small enough.

The proof can be found in [Paper II, Lemma 12]. The next result follows directly
from Theorem 10, see [Paper 11, Corollary 2].

Theorem 11. 7he Dirichlet—Neumann, Neumann—Neumann, and Robin—Robin meth-
ods are well defined, in the sense that for eachn = 1,2, ..., the iterations (6.9) to (6.11)
have unique solutions.

To prove convergence of the Robin—Robin method we restrict the Steklov—Poincaré
operators to unbounded operators on L2(I" x R). Then we can apply the abstract
theorem of [50] on the convergence of the Peaceman—Rachford iteration to get the
following result, see [Paper II, Theorem 2] for the full proof. As in the linear and
nonlinear elliptic cases we require the following assumption to be able to perform the

analysis in L2(T' x R).
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Assumption s. Leru € W denote the solution to (6.6). Then the functionals

ﬂHai(ulﬂivaFiu)_(fivFi:u)LQ(QiXR)? 1= 1727
are elements in L*(T' x R)*.

Theorem 12. Suppose that Assumptions 1, 2 and s hold. Let w]' be the iterates of the
Robin—Robin method (6.11) for some s > 0 and let u; denote the solution to (6.7). Then

i = will o, )y — 0, 1= 1,2,

asn tends to infinity.
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Chapter 7

Numerical results for linear
parabolic equations

There is a vast amount of methods for discretizing (6.1). One standard approach is
to use a finite element method in space and a time-stepping scheme, for an overview
see [40]. We illustrate Theorem 12 by considering the space-time Robin—Robin method
applied to the heat equation (6.1) with d = 2 and f chosen such that

u(t,x,y) =0 fort <0,
u(t, z,y) = sin(nt/2) sin(mzx) sin(my) for0 <t <1, (7.1)
u(t,x,y) = 2= sin(7zx) sin(7y) forl <t

is the solution. Since u is smooth in space and exponentially decreasing in time, it is
clear that u satisfies Assumption 5. We use the spatial domain © = (0,1)? and the
decomposition

Q= (0,1/2) x (0,1), Qo= (1/2,1) % (0,1), and T ={1/2} x (0,1).

We discretize using a piecewise linear finite elements in space and the implicit Eu-
ler method in time with final time 7" = 1. The spatial mesh is of the form given
in Figure 5.2 with mesh size h; = hy, = 1/128 and the time step size is hy = 1/128.
We compare the Robin—Robin method with the Dirichlet—Neumann and Neumann—
Neumann methods. The parameters are chosen as s9 = 0.5, 51 = 0.25, s9 = 0.25.
For the Robin—Robin method we use s = 0.25 and s = 0.03 depending on the test
case explained below. All parameters have been found to be near optimal. For all
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three methods we compute the relative errors

lul —ullz2¢0,1), 51 @1)) + 1us — ullp2(0,1), 51 (02))

((
1wl L2 0,0), 11 (01)) + 1wl 22 ((0,1), 51 (02))
((
((

€gl =
lul = ullz2(0,1),22(00)) + 15 — ullL2((0,1),22(022))

1wl 22 0,0),220)) + Nl 22¢(0,1),22(022))

€12 =

at each iteration. In Figure 7.1a we plot the relative error e1 with u being the exact
solution interpolated to a finer mesh with h,, = h,, = 1/512 together with a reference
line corresponding to the error of the space-time discretization on the whole of (2 x R.
In Figure 7.1b we plot the same for the relative error ey2. Finally, we plot the relative
error €1 with u being the solution to the discrete problem on the whole of {2 x R
in Figure 7.2

Remark 10. Note that the theoretical result gives convergence in L* (R, H*($%;)), but we
are measuring in the weaker norms L*((0,1), H*(€%)) and L*((0,1), L*($;)) since

we are only interested in the solution on a finite time interval.

From Figure 7.1 we see that the three methods all perform similarly. Note that after
a certain amount of iterations the error is dominated by the error of the space-time
discretization, which is why we see that the methods stall. After reaching this barrier
there is really no practical reason to continue the iteration, but it is still interesting
when studying convergence. From Figure 7.2 we see that the discrete Robin—Robin
method converges to the solution to the discrete problem, but not nearly as fast as
the Dirichlet—Neumann and Neumann—Neumann methods. Still, the convergence
of the Robin—Robin method appears to be geometric, which would agree with the
discrete linear elliptic case [71].
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Figure 7.1: The relative errors of the space-time domain decomposition methods com-
pared to the solution to the discrete problem measured in the space-time norm with
spatial H 1_norm (a) and L2-norm (b). Note that the Dirichlet—Neumann behaves
very similar to the Neumann—Neumann method and is therefore difficult to see.
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Figure 7.2: The relative errors of the space-time domain decomposition methods com-
pared to the exact solution interpolated to a fine grid.
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Chapter 8

Outlook

8.1 Domain decomposition methods for nonlinear parabolic
equations

The most obvious next step is to combine the theories of Papers I and II. The difficulty
here is not with the Steklov—Poincaré theory, but rather that there is a lack of theoret-
ical results for nonlinear parabolic equations on Lipschitz domains and with tempo-
ral H'/?-regularity. Such a variational framework for analyzing nonlinear parabolic
equations has been developed in [21], but to our knowledge, there is no correspond-
ing trace theory for Lipschitz domains. Another difficulty is that it is not possible to
perform the analysis in Hilbert spaces and therefore we cannot rely on the identifi-
cation between Sobolev—Bochner spaces and Hilbert tensor spaces, which was used

in Paper II.

8.2 Convergence of the space-time Dirichlet—-Neumann method

Waveform relaxation methods are known to converge for systems of ordinary differ-
ential equations [24, 56]. However, to our knowledge there is no convergence result
for the space-time Dirichlet—Neumann method applied to partial differential equa-
tions without discretization. Although the framework developed in Paper II results
in Steklov—Poincaré operators that are not symmetric, there is still cause to study
the convergence of Dirichlee—Neumann in the parabolic context. Either by adapt-
ing the analytical methods used for ordinary differential equations, or modifying the
Dirichlet—Neumann method to get a symmetric preconditioner, i.e., study methods
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of the form
nn+1 _ nn + SOBil(X . Snn)

with B chosen to be a coercive and symmetric operator.

8.3 Domain decomposition for discretized parabolic equations

While the nonlinear elliptic result can be applied directly to the discretized equation,
it is unclear how to do this for the space-time decomposition methods since standard
Galerkin methods require different test and trial spaces, see [63]. This is due to the
fact that in order to get a well posed initial value problem we must replace H'/?(R)
in the trial space by the Lions—Magenes space

HYP®RT) = {ue HARY): Bue H/2(R)},

where E'u denotes the extension by 0 to R. A promising alternative discretization
that fits our framework better can be found in [64].
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