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ABSTRACT. We study the dual linear code of points and generators on a non-
singular Hermitian variety #(2n + 1,¢?). We improve the earlier results for
n = 2, we solve the minimum distance problem for general n, we classify the n
smallest types of code words and we characterize the small weight code words
as being a linear combination of these n types.

1. PRELIMINARIES

Over the last decades, several types of linear codes arising from finite geometries
have been studied. The general concept is as follows: one considers the point set
P of a geometric space or variety S, together with a collection B of k-dimensional
subspaces on S.

Definition 1. The incidence matrix A € {0,1}%*% is the unique matrix such that
Hy, =1if p € band Hy, = 0 otherwise.

Since 0 and 1 are elements of every field, one can use this matrix to construct
subspaces of IFZ,), p prime. There are two common ways to do this:

o by considering the IF,,-row span of A, which is usually called the code generated
by the k-spaces of S and denoted by C(S), and

e by considering the F,-null space of A, which is usually called the dual code of
points and k-spaces of S and denoted by Cr(S)*.

Remark 1. A code word ¢ of Ci(S)* is an element of the F,-null space of A,
which is equivalent to a mapping from P to F, with the additional property that
Zpéﬂ' cp =0, for all m € B. Hence, code words can be studied as multisets of points
such that each k-space on S contains 0 (mod p) of the points in the multiset.

These codes have primarily been studied for affine and projective spaces (see
[1, 3, 7] for an overview of relevant results), and more recently these codes have
been investigated for quadrics, Hermitian varieties and generalized quadrangles [2,
8, 10, 9]. In [8], the dual code of points and n-spaces of the Hermitian variety
H(2n + 1,¢?) is studied. We will first introduce the basic definitions of Hermitian
varieties, then we state the known results on the Hermitian variety code at hand,
and finally we will state our main result.
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From now on, let PG(m,¢?) be the m-dimensional projective space over the
finite field Fp2. A non-singular Hermitian variety is the set of absolute points of
a Hermitian polarity, which is defined by a non-singular Hermitian matrix and the
non-trivial involution x — 2% of Aut(F,2). All non-singular Hermitian varieties are
projectively equivalent to the one given by the equation

DEARED CALN IR C AR )

The projective index of a non-singular Hermitian variety in PG(m, ¢%) equals | 252 |.
The maximal subspaces of a Hermitian variety are called generators. From now
on, we will denote the standard non-singular Hermitian variety in PG(m,¢?) by
H(m, q?). A singular Hermitian variety in PG(m, ¢*) is a cone with an i-dimensional
subspace as vertex and a non-singular Hermitian variety in an (m—i—1)-dimensional
subspace, disjoint from the vertex, as base, —1 < i < m. All singular Hermitian
varieties in PG(m, ¢?) with an i-dimensional vertex are projectively equivalent to
the one given by the equation

D CAREED C AR TR ¢

m—i—1 =
Note that a non-singular Hermitian variety is a singular Hermitian variety with
vertex dimension equal to —1.

Lemma 1. The number of generators on H(2n + 1,¢?) is [](¢* T +1).

Proof. This, and many other results on Hermitian varieties, can be found in [4,
Chapter 23]. O

Notation. Throughout this article, we will denote the number of points in PG(m, q)
m—+41
by 0,,(q) = 4 (;_ —1 and the number of points on H(m, ¢%) by

(@™ = (=)™ (@™ = (=1)™)
¢ —1 '

Definition 2. The support of a code word c is the set of positions with nonzero
entry, i.e. supp(c) = {p: ¢, # 0} C P. Note that we identify the set of positions
supp(c) with a set of points of P using the correspondence between those. The
Hamming weight wt(c) of a code word ¢ is the number of nonzero symbols in it, i.e.
it is | supp(c)|. The minimum distance d of Cj(S)* is min.cc, (s)2\ (0} Wt(c)-

fm (q%) =

The following theorems on C,,(H(2n + 1,4¢?%))* are known.

Theorem 1 ([5, Proposition 3.7]). The supports of all code words ¢ € C1(H(3,¢%))*
with 0 < wt(c) < 3¢ are projectively equivalent, and their Hamming weights are

2(g+1). If wt(e) < M, then ¢ is a linear combination of these code words.

Theorem 2 ([8, Theorem 43]). If ¢ is a code word of Ca(H(5,q?%))* with wt(c) <
2(¢® + ¢%) and if ¢ > 893, then there are only two possible projective equivalence
classes for supp(c), and the Hamming weights of the corresponding code words are
2(¢® + 1) and 2(¢® + ¢*). These two types of code words are examples of the code
words constructed in Theorem 5.

In this article, we will discuss the dual code arising from the points and generators
of a Hermitian variety. This improves upon earlier work of [8, Section 5]. We
determine the minimum Hamming weight for general n, and we show that if ¢ is
sufficiently large, a similar statement to the second part of Theorem 1 holds for
general n. Our main result is as follows.
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Theorem 3. Let n be any positive integer and let 6 > 0 be any constant. If ¢
is a code word with wt(c) < 4¢*"~2(q — 1) and q is sufficiently large, then there
are only m possible projective equivalence classes for supp(c); call S this set of
projective equivalence classes. If ¢ is a code word with wt(c) < §¢*"~1, then c is a
linear combination of code words which are an incidence vector of a set in S. The
minimum distance of Cp,(H(2n + 1,¢%))* is 2¢>"~*(¢> + 1) for n > 2.

2. THE CODE WORDS

In this section we introduce a set of code words of the code C,,(H(2n + 1,4¢))*.
From now on, we consider the projective space PG(2n + 1,¢%), n > 1, and the
non-singular Hermitian variety H(2n + 1,¢?) in it.

Lemma 2. Consider a non-singular Hermitian variety H(2n + 1,q¢?) in PG(2n +
1,¢%) and let o be the corresponding polarity. Let m be a k-dimensional subspace
in PG(2n + 1,4¢?%) such that 7 N H(2n + 1,¢%) is a cone m;Hy_;_1 with Hy_;_1 =
H(k —i—1,¢%) and m; an i-space, —1 < i < min{k,n}. Then m N 7° = m,.
Conversely, if T N\ 7° is an i-space m;, then 7 N H(2n + 1,¢%) is a cone miHy_;_1
with Hy_;—1 = H(k —i—1,4¢°).

Proof. The first statement is [4, Lemma 23.2.8]; the second statement is a corollary
of the first. O

We will use this theorem mostly in the case £ = n. Using the above lemma, we
can prove an easy counting result.

Theorem 4. The number of generators on H(2n + 1,¢*) through a fived k-space
on H(2n+1,¢%), 0 < k <n, equals I_IT-L:_()’C_l((]%‘"1 +1).

X2

Proof. Let 7y be a k-space on H(2n+ 1, ¢?) and let o be the polarity corresponding
to H(2n + 1,4¢%). Then ©{ is a (2n — k)-space intersecting H(2n + 1,¢?) in a cone
7 H with H = H(2n — 2k — 1,¢%). Every generator on H(2n + 1,¢?) through 7y,
corresponds uniquely to a generator on H. Hence, there are ]_[?Z_Ok_l(q%+1 +1)
generators on H(2n + 1,¢?) through . O

In the construction of the code words we need the following lemma.

Lemma 3. Let m be an n-space in PG(2n + 1,¢2) and let p be a generator of
H(2n +1,¢%). Then N p and ©° N p are subspaces of the same dimension.

Proof. We denote N = m;, a j-space, possibly empty (j = —1). It follows that
2n—j =dim((pNm)?) = dim({(u”, 7%)). Using the Grassmann identity and p = p
(u is a generator), we find dim(pN77) = dim(p) +dim(77) —dim({(p°, 77)) = 5. O

Now, we can give the construction of small weight code words in the code
Cn(H(2n +1,¢?))*. This construction is based on [8, Theorem 58].

Theorem 5. Consider H(2n+ 1,q?) and its corresponding polarity o. Let 7 be an
n-space in PG(2n + 1,¢?). Denote the incidence vector of 7 N H(2n + 1,¢%) by vx
and the incidence vector of 7 NH(2n + 1,¢%) by vzo. Then a(vy — vgo), o € Fp,
is a code word of Cp,(H(2n + 1,¢%))*.

Proof. Let p be a generator of H(2n + 1,¢?) and denote its incidence vector by v,,.
Using Lemma 3, we find p intersects both 7 and 77, or neither. In the first case
[mNpl =7 Np| =1 (mod ¢q) and in the second case |[r Np| = |7 Nu| = 0. In
both cases vx - v, = vro - v,. The theorem follows. O
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Example 1. We list the different possibilities for 7 N 77. Hereby, we use Lemma
2 for k = n and Theorem 5. We write H = H(2n + 1,¢?).

o mN7° = (). We write 1NH = H and 7°NH = H'. We know, H, H' = H(n, ¢?).
The corresponding code words have weight 24, (¢?).

e TN7’ = m, an i-space, 0 < ¢ < n — 2. We write tNH = mH and
77 N‘H = m;H', which are both cones, with H, H' = H(n —i — 1,¢*). The
corresponding code words have weight 2¢% 2, _;_1(¢?).

e TN7° =7, 1, an (n—1)-space. Then TNH = 7" N'H = 7,_; since H(0, ¢%)
is empty. The construction gives rise to the zero code word.

e TNn? = m,, an n-space. Then m = 7% = 7, C H. Also in this case, the
construction gives rise to the zero code word.

It can easily be checked that among these four cases, the code words with smallest
weight are the ones corresponding to i = n — 3.

Remark 2. Consider the construction from Theorem 5, with n "H = m; Hp,_;_1
and 7 NH = m;H/,_, ;. Let P be a point of m;H,,_;—1 and let P’ be a point of
miH]_, . We know that P’ € 77 C P? and P’ € H. Hence, the line (P, P’) is a

line of H.

3. SOME COUNTING RESULTS

Lemma 4. Consider the non-singular Hermitian variety H(2n+1,¢*) C PG(2n +
1,¢%) and let o be the corresponding polarity. Let T be a j-space such that TNH(2n+
1,¢*) = H; 2 H(j,¢*), —1 < j < n. The number of generators on H(2n + 1,¢%)
skew to T equals

- n—j—1 2n—j5+1
ey =a"2) T @+ ] (@ (1.
k=0 1=2(n—j)+1

Proof. By [4, Theorem 23.4.2 (i)] we know that the number of generators skew to
7 only depends on the parameters n and j and not on the choice of 7 itself.

We will prove this theorem using induction on j. If j = —1, 7 is the empty
space and hence ¢, 1 equals the total number of generators. Using Lemma 1 we
find ¢, _1 = [[1_o(¢***! +1). Now, we prove a recursive relation between ¢, ; and
Cp—1,5—1-

By Lemma 2 we know 7N7° = (). Hence, every point P € PG(2n+1,¢%)\ (7UT%)
belongs to only one line (P, P;o), with P, € 7 and P, € 7°. For every point
P e PG(2n+1,¢%) \ (1 UT9), we define ¢,(P) = P,. This is the projection of P
from 77 on 7. We define a correlation @ : 7 — 7 that maps the subspace U C 7 to
U? Nr7. It is straightforward to check that & defines a polarity on 7. Moreover, it
can be seen easily that the points of H; are the absolute points of . Hence, 7 is
the polarity of 7 corresponding to Hj.

Now, we consider the set S = {(P,u) | P € p\77,¢-(P) ¢ H;, ;v a generator, 1N
7 = 0}. We count the number of elements of S in two ways. On the one hand,
there are ¢, ; generators skew to 7. Let p be such a generator. The intersection
N7 is an (n — j — 1)-space since dim(u N 77) 4+ dim({u, 7)) = 2n. We also know
that ¢,-(P) = R for every point P € (R,pN7°)\ (uN77), R € 7. Hence, for
each generator there are 0,(¢%) — On—j-1(q%) — 1;(¢*) (On—5(¢*) = On—j1(¢%) =
*™=9(0;(¢?) — p;(¢?)) points fulfilling the requirements. On the other hand, we
count the points P € H(2n + 1,¢?) \ (r U7?) fulfilling the requirements. There are
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pon+1(q%) — 1 (q%) — pran—;(¢?) points in this set. We must assure that ¢, (P) ¢ H;.
Let R be a point of H;. Since 7 C R?, a line RQ, @ € 77, is a tangent line
(in R) to H(2n + 1,¢?) or a line which is completely contained in H(2n + 1, ¢?).
Hence, ¢,(P) is a point of H; iff P lies on a line through ¢,(P) and a point of
79 NH(2n + 1, ¢%). Consequently there are

p2n+1(6%) = 115(6*) = pan—j(6*) = 11;(¢*) pan—3(¢*)(¢* = 1)
_ q2n—j(9j(q2> _ ,U/j(q2))(q2n_j+1 _ (_1)2n—j+1)

points P € H(2n +1,¢%) \ (7 U77) fulfilling the requirement ¢, (P) ¢ H;. Now, we
fix such a point P and we count the number of generators skew to 7, through it.
All these generators are contained in P°. We know P° N H(2n + 1,¢?) is a cone
PHy, 1, with Hy, 1 = H(2n — 1,¢%). There is a 1-1 correspondence between the
generators of H(2n + 1,¢?) through P and the generators of Ho,_1.We also find

TNP7 =70 (¢-(P))7 = (¢-(P))7
since P? is a hyperplane through the intersection (¢, (P))?N(¢p-- (P))? and through
7 C (¢r+(P))°. Hence, the (j — 1)-space 7N P? intersects H(2n + 1,¢?) in H;_ &
H(j —1,4°), since ¢.(P) ¢ Hj. We can choose the base of the cone PHa,_1 such
that it contains 7 N P?. The generators through P and skew to 7 correspond to

the generators of Hay,_1, skew to 7N P?. There are c,_; ;—1 such generators. We
conclude

eng @ 05(0%) — 15(@)] = enm1 10> [0;(0%) — 15 (d?)] -
(q2n—j+1 _ (_1)2n—j+1)

= Cng = a1y (@ (212
An induction calculation now finishes the proof. O

From now on in this section, we use the following notation: H = H(2n+ 1, ¢?) is
a non-singular Hermitian variety and o is the polarity corresponding to it; 7 is an
n-space in PG(2n+1, ¢?), such that 7N H is a cone 7; H,, _; 1 with H,,_; 1 = H(n—
i—1,¢?) and 7; an i-space, —1 < i < n. By Lemma 2, for k = n, we know mN7? = m;
and consequently 7% N H is a cone m;H/,_,_; with H, . | 2 H(n—i—1,¢%).

Definition 3. The number of generators on H intersecting 7 in a fixed point P €
miH,—;—1 \ m; and no other point of m; H,,_;_1, and intersecting 7 in a fixed point
P e mH, _,_; \ m and no other point of m;H) _,_; is denoted by N(m, P, P', H).
The number of generators on H skew to 7 is denoted by N'(w, H).

By Lemma 3 we know that the generators skew to 7 are also skew to 7% and that
the generators intersecting 7 in precisely one point also intersect 77 in precisely one
point.

Lemma 5. The number N'(mw, H) only depends on the intersection parameters (n, i)
of m.

Proof. This follows immediately from [4, Theorem 23.4.2 (i)]. O
Notation. Consequently, we can denote N'(m, H) by Ny, ;(q).

Lemma 6. Forn>2, -1<i<n-—2, N(m,P,P',H) = N),_,,(q). Consequently,

N(mw,P,P', H) only depends on the intersection parameters (n,i) of .
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Proof. Consider the points P € (m;Hy—;—1\m;) C7and P’ € (mH] _,_{\m) C7°.
Denote ¢ = (P, P’). Then £° is a (2n — 1)-space intersecting H in a cone with £ as
vertex and a non-singular (2n — 3)-dimensional Hermitian variety Ha,_3 as base.
Since dim(¢N7) = dim({N7?) =0, £°N7 =V is an (n— 1)-space and £ N7w? =V’
is an (n — 1)-space. Also, ¢ C (m,7n%) = 77, hence m; C 1?. Let W, resp. W',
be an (n — 2)-space in V, resp. V', containing m; and not through P, resp. P’.
Denote the (2n — i — 4)-space (W, W) by 7/. It can be seen that on the one hand
7/ C £° and on the other hand /N7’ = (), so the (2n—3)-space 7 containing the base
Hs,,_3 can be chosen such that 7/ C 7. Let ¢’ be the polarity of 7 corresponding
to Hop—3. Analogously to the proof of Lemma 4 we can define this polarity as
follows: U°" = 7N U°. It now immediately follows that W = W' because both
are (n — 2)-spaces contained in W7 and in 7.

Arguing as in the proof of Lemma 4, we see there is a 1-1 correspondence be-
tween the generators of Hs,_3 and the generators of H through ¢ (the generators
containing P and P’). If a generator of H through ¢ contains no points of 7Un but
P and P/, then its corresponding generator of Ha,_3 is skew to W and W'. Vice
versa, every generator u of Ha, 3 skew to W and W', is contained in precisely one
generator of H intersecting m U 77 in only the points P and P’, namely (u, P, P’).
Since W' = W', the generators of Hs,,_3 skew to W and W' are the ones skew to
W, by Lemma 3. Hence, N(x, P, P',H) = N],_,(q).

The second statement of the lemma follows immediately from the first one. [

Notation. Since N(m, P, P, H) only depends on the intersection parameters (n, 1)
of m, we can denote it by Ny ;(q).

The previous theorem now states Ny, ;(q) = N),_5;(q) forn >2, -1 <i<n—2.

Lemma 7. Forn > 1 and —1 < i < n — 2, the following equality is valid:
) i n—i—2
Noi(g) =" %) T (¢ = (-1)9).
j=1

Proof. We prove this theorem using induction. Using Lemma 6, we know that
Np,—1(q) equals Ny;,_5 _;(q), the number of generators of a Hermitian variety H' =
H(2n — 3, ¢?) skew to an (n — 2)-space intersecting H' in a Hermitian variety H(n —
2,¢%), if n > 2. This number equals ¢,_2 2. Hence, by Lemma 4,

n—1 n—(—1)—2
Noale) =) T = (1)) =0 T @ - (-,
=1 j=1
which proves the induction base for n > 2. If n = 1, it is easy to prove that
N _1(¢q) = 1. Hence, the formula holds also in this case.

Now, we will prove that N, ,(q) = ¢*" 3N, _1,-1(q). By Lemma 6, this is
equivalent to proving that N;, ;(¢) = ¢*""'N}_,; 1(¢q). Consider the set S =
{(R,pt) | R € p,u a generator skew to m, R ¢ (m,n%) = ©}. This subspace n7
intersects H in a cone m; Hy(,_j—1. We will count |S| in two ways.

On the one hand, there are N, ;(q) generators skew to 7. Fix such a generator
p. Then dim(pN7f) = n —i— 1 since dim(p N 77) + dim({u, 7)) = 2n. So, u
contains precisely 0,,(¢?) — 0, _i_1(¢%) = ¢*™~96,(¢?) points of PG(2n+1,¢%)\ 7.
Consequently, |S| = ¢*"=96;(¢*)N}, ;(q).
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On the other hand, there are
p204+1(6%) = 0:(a%) = nagn—i—1(a%) = (6 = DO:(¢* ) pan—)-1(a*) = 4" >*10:(¢?)

points in H \ 7¢. Fix such a point P. The hyperplane P? intersects 7 in an (n—1)-
space V and intersects m; in an (i — 1)-space m;—1 C V. Hence, the intersection
V' N H has intersection parameters (n — 1,7 — 1). The intersection P? N H is a
cone PHy, 1, with Ha, 1 = H(2n —1,4?). Let 7 be the (2n — 1)-space containing
Hs,,_1. We can choose 7 such that it contains V. Then, there is a 1-1 correspondence
between the generators of H(2n + 1,¢?) through P, skew to 7 and the generators
of Hap—1 skew to V. Consequently, there are Ny, _, ; ;(q) such generators. Thus,
S| = ¢ *10,(¢*)N), 1 -1 (a)-

Comparing both expressions for | S|, we find the desired relation between N, ;(q)
and N),_;,; 1(g). An easy calculation now finishes the proof. O

Lemma 8. Assumen > 2 and —1 < i <n—2. Let P be a point of H\ (rUn?). Let
np(n,i) be the number of generators through P intersecting both w \ 7; and w° \ m;
in precisely one point. Then,

e np(n,i) = Np_1,-1(q)q" (Un—i—l(qz))Q if P ¢ (m,m7) =n7;

e np(n,i) = N,y_1.(q)g" ™ (ﬂn,i,g(qz))2 if P € (m,n%) =77 but P does not
lie on a line of H through a point of w\ m; and a point of ©° \ 7;;

e np(n,i) = No—1,i+1(@) ¢ " ™ pn—i—3(¢?) [*pn—i—3(¢®) + ¢* = 1] if P € 77 =
(m,7°) and P lies on a line of H through a point of 7w \ m; and a point of
w7\, and i <n—4.

o np(n,i) = ¢**2N,.(q) if P € 77 = (m,7°) and P lies on a line of H through
a point of ™\ m; and a point of 77 \ m;, and i =n —3,n — 2.

The first case can only occur if i > 0. The second case can only occur if i <n — 3.

Proof. Since P ¢ mUn°, PP N7 =V is an (n — 1)-space and P? Nw° = V' is an
(n — 1)-space. Furthermore P° N H is a cone PHy,, 1 with Ha, 1 = H(2n —1,4?).
Let 7 be the (2n — 1)-space containing Ho,,_1.

First we consider the case P ¢ (m,7%) = n7. In this case P intersects m; in
an (¢ — 1)-space m;—1 = V N V’. Also, 7 can be chosen so that it contains V' and
V’. Hence, the number of generators through P fulfilling the requirements equals
the number of generators of Hs,_; intersecting V and V' in a point. Let o’ be the
polarity of T corresponding to Hs,—1. Analogously to the argument in the proof
of Lemma 6, it can be seen that V/ = V7 . Consequently there are N,,_1,-1(q)
generators of this type through a fixed point of V'\m;_1 and a fixed point of V'\7;_1.
There are ¢*'j1,,_;_1(q?) possible choices for each of these points. The first part of
the lemma follows. Note that (7, 7°) = PG(2n + 1,¢?) if i = —1. Hence, this case
cannot occur if ¢ = —1.

We fix some notation for the remaining cases. Let W C m and W’ C 7 be
the (n — ¢ — 1)-spaces containing H,,—;—; and H/ _, ,, respectively. Furthermore,
let & and @’ be the polarities of W and W’ corresponding to H,,—;—1 and H],_; 4,
respectively. In all three remaining cases, m; C P, hence P° N W = W; and
P?NW' =W are (n — i — 2)-spaces. Now, the point P is contained in a unique
plane (Py,, Pw, Pw/), with Py, € W, Py € W/ and P, € ;. The points Py,
Py and Py, are the projections of P from 7% on W, from = on W’ and from
(W, W') on m;, respectively. Arguing as in the proof of Lemma 4 we can see that
Wy = P°NW = Pg and that W] = P° N W’ = PgF,,. Moreover, since P and Py,
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are contained in P?, neither or both of Py and Py are contained in P?. Hence,
we need to distinguish two cases.

e Py € Wy and Py € W] are both contained in P?; consequently, Py €
Pg,, thus Py € H,_;—1 C H and P§, N H,_;_ is a cone Py H,_;_3, with
Hy, i3 2 H(n—1i—3,q%). Let Wo C Wy be the (n — i — 3)-space containing
H,,_;_3. Then, the intersection of V' = (m;, W7) and H is the cone with vertex
(7, Pw) and base H,_;_3. Analogously we introduce H),_, 5 C W3 C W7.
Then V'NH is the cone with vertex (m;, Py) and base H],_, 5. Furthermore,
since Py € V, Py € V', and P, € V,V', P is contained in (V,V’). Also,
the line (P, Py) is contained in P? and is not a l-secant since P, Py € H,
hence it is a line of H. This line intersects 77 in a point of (P, m;) \ m;.

e Py ¢ Wy and Py~ ¢ W/ are both not contained in P?; consequently,
Pw ¢ PG, thus Py ¢ H,_;—1, Pw ¢ H and P3, N H,_;_1 is a non-singular
Hermitian variety H, ;o = H(n —i — 2,¢?) in Wi. Then, the intersection
of V.= (m;,W1) and H is the cone m;H,_2_;. Analogously we introduce
H] ., C W{. The intersection V' N H is the cone m;H, _,_,. Furthermore,
P ¢ (V,V') since Py ¢ Wy and Py ¢ W{. Also, all lines in 77" through
P intersecting 7 \ m; and 7% \ m;, are contained in (Py , Py, m;), but not in
(P, ;). Since Py, Py ¢ P?, none of the lines through P can be contained
in H.

These two cases clearly correspond to the three remaining cases of the lemma. We
will treat them separately.

First of all, we look at the latter, which is the second case in the statement
of the lemma. Since P ¢ (V. V'), we can choose 7 such that it contains (V,V’).
Hence, every generator through P, intersecting both 7\ 7; and 7% \ 7; in a point,
corresponds to a generator of Ha, 1 intersecting both V' \ w; and V' \ 7; in a point,
and vice versa. For a fixed point in V' \ 7; and a fixed point in V' \ m;, there are
N,,—1,i(q) such generators. We also know that [V \7;| = |[V/\ 7| = ¢* 2 u,—i—2(q?).
The second part of the lemma follows. Note that V' \ w; and V' \ m; are empty if
i = n — 2. Hence, this case only occurs if : <n — 3.

Finally, we look at the former case, the third and the fourth case in the statement
of the lemma. Let ¢ be a line on H through P, a point of 7\ 7; and a point of 77 \ ;.
By changing, if necessary, the choices for W and W', we can assume ¢ = (Py, Py /).
We distinguish between two types of generators: the ones that contain ¢ and the
ones that do not contain ¢. First we look at the ones that contain ¢. We know
(° N H is a cone with vertex ¢ and base Ha,_3 = H(2n — 3,¢%). Let 7/ be the
(2n — 3)-space containing Hs,_3. We can choose 7/ so that it contains m;, Wy and
Wj. As before, one can see that (m;, W2)? = (m;, W3), with &’ the polarity of 7/
corresponding to Hs,_3. The number of generators of the requested type through ¢
then equals the number of generators of Hy,,_3 skew to {m;, Ws). This number equals

h—2.i(q) = Nni(q). Furthermore, since ¢ is a line on H through P intersecting
7w\ m; and 77 \ 7;, every line through P and a point of (Py, ;) \ m; lies on H and
intersects (P, m;)\m; C 77 \m;. Thus, there are 0;1(¢%)—0;(¢*) = ¢**2 such lines.
Hence, there are ¢*72N,, ;(¢) generators of the first type. Now, we assume no line
through P, intersecting m and 77, is contained in the generator. Let Qw and Qw-
be the points of the generator in W and W, respectively. By the previous remarks
on this case, we know there are p, ;_3(q*)q?*** possible choices for Qu and for
Qw. Now, we consider the plane (P, Qw,Qw). Using arguments, similar to the
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ones in the previous case, we find N}, _3,;.,(¢) = Nn—1,+1(q) generators fulfilling
the requirements for every choice of Qw and Qw-. Hence, the total number of
generators in this third case equals

i i+4)2
P =" Nni(Q) + (n—i=3(a*)* )" Nu—1,i+1(q)
i i i+4\2
2P = Dpn—i—3(0%) + (pn—i—3(¢*)g* ™) } Np—1,i+1(q)

= ¢ " pnio5(6®) [¢® — 1+ ¢ pn—i—3(¢*)] Na—1,i41(q) -

Hereby we used the relation between N, ;(¢) and N,_1;+1(¢) which can immedi-
ately be derived from Lemma 7.

Note that V' \ (m;, Pw) and V' \ (m;, Pw) are empty if n —3 < i <n-—2. In
this case, we cannot consider the points Quw and Qw-. So, there are no generators
of the second type. Consequently, all generators are of the first type and there are
precisely ¢?**2N,, ;(q) such generators. O

4. CLASSIFYING THE SMALL WEIGHT CODE WORDS

Before giving the new classification theorem, we state the results about the codes
C1(H(3,¢%)* and Cy(H(5,¢?))* to which we referred earlier.

Theorem 6 ([5, Proposition 3.7]). Let C be the code C1(H(3,¢%))*. There is only
one non-trivial type of code words among the ones described in Example 1, namely
1 = —1. These are the code words of minimal weight. Let ¢ be a code word of C' with

wt(c) < @. Then c is a linear combination of code words of minimal weight.

Theorem 7 ([8, Theorem 43]). Let c be a code word of Co(H(5,4¢2))*, ¢ > 893, with
wt(c) < 2(¢® +q), then c is a code word of one of the types described in Theorem 5.
Regarding Example 1, we know that there are precisely two possibilities since n = 2,
namely : = —1 and i = 0.

It is our aim to generalise this result. We start our arguments with two lemmas
about n-spaces: the second lemma shows the existence of an n-space containing a
non-trivial amount of points of the support of a code word, while the first lemma
shows that a generator cannot contain many points of the support of a code word.
In the proof of the second lemma we use the following result.

Theorem 8. Let c € C,,(H(2n +1,¢%))* be a code word and denote supp(c) = S.
Let P be a point in S. Then |[P° N S| > 2+ ¢*" L.

Proof. This is a special case of [8, Proposition 9(d)]. O

Throughout the three following lemmas the functions ¥, ;(q) is used, —1 < i <
n — 2. They are defined by

. ) 2V n—i—1_ .

Soilg) = 4 0 hmei (@) A= n—iodd
L - . 4 ) 2 2

n,t 2q21+2 Mn—i—l(q2) + 2q Mn—l—q%(:ll)+q 1 n — i even.

Note that in both cases ¥,,:(¢) = 2¢*" ' + f,..:(¢), with f,,:(q) € O(¢*"2) and
fn,l(q) >0 if q> 0.

Lemma 9. Letc € C,(H(2n+1,¢%))* be a code word with wt(c) < w = 6¢*" 1, and
denote supp(c) = S. Let ju be a generator of H(2n+1,q2). Then |uNS| < §0,,_1(¢?).
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Proof. The proof is a generalisation of the proof of [8, Lemma 41].

Denote # = [N S| and let P be a point in pNS. Then P° N H(2n + 1,¢%) is
a cone with vertex P. Let H' = H(2n — 1,4¢?) be a base of this cone and consider
the projection from P onto H’'. Denote the projection of (S N P%)\ {P} by 5.
The projection of y is a generator p’ of H'. Note that S’ is a blocking set of the
generators on H', i.e. every generator of H' contains at least one point of S’.

By [6, Lemma 10], we know there are ¢" generators in H' that are skew to 1/,
of which ¢("=1” pass through a fixed point of H' \ u/. Hence, the blocking set S’
contains at least ¢?"~1 points not in y’. Counting the tuples (P,Q), P € un S,
Q € S\ u, with (P,Q) C H(2n + 1,¢?), in two ways we find

qun—l S 5q2n—19n_1(q2)’

where the upper bound follows from the fact that every point Q € S\ i is collinear
with the points of an (n — 1)-space in p and not with the other points in p. The
theorem follows immediately. O

Note that the size of a blocking set on a Hermitian variety H(2n + 1,¢?) is at
least the size of an ovoid, hence at least ¢?"*! + 1.

Recall that the symmetric difference AAB of two sets A and B is the set (AU
B)\ (AN B).

Lemma 10. Let p be a fived prime and denote ¢ = p", h € N. Let ¢ € C,,(H(2n +
1,¢®)* be a code word with wt(c) < w = 6¢*"~1, § > 0 a constant, and denote
supp(c) = S. Denote H(2n + 1,¢%) by H and let o be the polarity related to H.
Then a constant Cy, > 0, a value Q > 0 and an n-space ™ can be found such that
|(rAT°) N S| > Cpg® ! and such that pp%l (rATO) N H| < %,,.:(q) — Cpg® L, if
q > Q. Hereby, @ is such that m N H is a cone with an i-dimensional vertex and
1 <n—2.

Proof. We introduce the notion of a semi-arc. A semi-arc A is a set of k > n points
in PG(2n + 1, ¢?) such that no n + 1 points of A are contained in an (n — 1)-space.
We make two remarks about these semi-arcs. First, if |S| > (¥)6,_1(¢?), then S
contains a semi-arc with k + 1 points, since it is possible to construct the semi-arc
point by point: we start with a set of n linearly independent points in S and we
extend the semi-arc point by point until we have k + 1 points, which is possible

by the condition on S. Secondly, if we choose K points {P,..., Pk} in a semi-arc
AC S, then
1 > IPInSI— > [FFnPINS|+...
{i}€SK1 {1,j}€SK 2
- > |PIAPSN-NP NS >[(PfUPSU---UPE)NS|,

{i1,...,i2141 }ESK 2141

since every point of (Pf U Py U---U PZ) NS is counted at least once on the left
hand side. Also

2 > IP7nSI— > IFFnPINS|+...
{i}eSK,1 {i,7}€SK,2
- > P NPN---NP NS|<|(PfUPSU---UPE)NS|,

{i1,.. 0,021 }ESK 21
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since every point of (P U PJ U---UPZ) NS is counted at most once on the left
hand side. In both expressions we denoted the set of all subsets of {1,..., K} of
size ] by SKJ‘.

Now, we prove using induction on ¢, for every 0 < ¢ < n, that for any (¢+1)-tuple

(co,...,c) and for any constant ¢; > 0 (independent of g), we can find a constant
K; € N such that
VK > K;,¥{P,,...,Px} CACS: > |PZAPSA---NPINS| > cg® L

{io ..... it}GSK,H_l

We consider the case ¢t = 0, the induction base. Let {Py,..., Pk} be a set of points
in A C S (without restriction on K). By Theorem 8, we know

K
SIS > K¢t
i=1

Hence, it is sufficient to choose Ky = [co].

Next, we prove the induction step. We distinguish between two cases: t even
and ¢t odd. We look at the former, so we assume the inequality to be proven for
t < 2] — 1 and we prove it for t = 2[. Let K,, be the constant arising from the
(m+1)-tuple (co,...,cm), m < 21, and let {Py,..., Pk} be a set of points in A C S
with K > K9 1. By (1), we know that

SooprnSl— Y [P nPinS+...
{i}eSK 1 {,j}€SK 2
+ > PENPIN--- NP NS >|(PfUPfU---UPZ)NS|.

{i0,--1920 }ESK 2141

Using the induction hypothesis and Theorem 8, we find

> PENPN---NPL NS
{t0,..,i21 }ESK 2141
K K K
(ko) _ (Kar_s) B (i) _
> S R s e g
(K21_172l) (K21_372l+2) (K1—2)
K K
— K|S 2n—1 2n—1
{(211) + (213) ot } A
and thus
> PENPN---NPL NS
{t0,..,i21 }ESK 2141
(é(l> 2n—1 (252) 2n—1 (12() 2n—1
C21-14 + C21—3¢ +-- c1q

— (") (55) ()

_ K K 2n—1 2n—1
() + (55 ) e ]

= qgn_lf(K7 67 la Klu K37 e 7K21717 C1,C3,..., C2l*1)~
(K;i(—l) (;i)

Note that ( K—2¢ ) = (Kgi_l

Koj_1—2i 2i
independent of q. Considering f as a function of K and comparing the exponents,

ik We now study the function f, which is clearly
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(21)
")
Ko > Ko;_1 such that the right hand side is at least cy;¢?" ! for all K > Ko, with
co; as chosen above. Then the statement follows. Note that K5 depends on the
parameters [, ¢1, . . ., co; chosen before (the values K;, 0 < ¢ < 2, depend themselves
on i,¢1,...,6).

For the latter case, t odd, the argument is similar, in this case starting from (2).

We will now apply the previous result for ¢ = n. In order to do this, we need
a semi-arc containing at least K,, points. We argued in the beginning of the proof
that 6¢*"~1 = || > (Kjlfl)Hn,l(qg) is a sufficient condition for a semi-arc of size
K, to exist. Since K,, is a constant, independent of ¢, and 0, _1(q?) = ¢*" 2 +
"t 4+ +¢® + 1, we can find Q) > 0 such that this inequality is true for all
q > Q. Then we know

> |PZAPIN---NPLNS| > cug® !

{205+ +yin }ESK, nt1

we see that the term

c9;—1 dominates the others. Hence, we can find a value

for the points {Py, Ps, ..., Pk, } defining a semi-arc in S. Hence, we can find n + 1
points - without loss of generality the points {Py,..., P,41} - such that

Cn
()"
n+1
We can find a constant K > 0 and a value Q' > Q) such that (1‘?; ¢t >
n+1

K@ 140, _2(q?) for ¢ > Q'. We write C,, = K — ¢, max{0, K — %} <e< K, and
we denote the n-space PP NPy N---NP7,; by m. Note that 7 is an n-space since the
points Pp, Ps, ..., P,y1 belong to a semi-arc. Then |7 N S| > Cpg® 1 + 6,,_2(¢?).

We know the intersection # N H can be written as m; H,_; 1, with H,,_; 1 =
H(n — i —1,¢%) and 7; an i-space, —1 < i < n. Let Q" > Q' be such that
Cn@® 1 4+ 0, _2(¢%?) > 60,_1(q?) for all ¢ > Q”. Such a value exists since the first
term on the left hand side dominates the right hand side. If i > n — 1, then 7 N H
is contained in a generator of H. Thus, using Lemma 9 and the assumption ¢ > Q"
we find a contradiction. Hence, i < n — 2. We find:

(A7) N S| > [(7\ ) N S| = Cng® ™+ 0n_2(q%) — 0:(¢%) > Cog®™ " .
We still need to check the second claim in the statement of the lemma:

—1
P AT N H| < hi(q) — Cog? !
p

PfNPSN---NPI,NS|> 2=t

Looking at the terms of highest degree in ¥, ;(q) — Cng*~* — %KWATFU) N H|,
we find 2 - C,, — 2’)?%1 =€— 2~ + % > 0. Hence, we can find Q > Q" such that

(n+1)

the inequality pTTl|(7rA7r") NH| < %,.(q) — Chg® ! holds for all ¢ > Q. O

In this proof (;—“n) depends also on the choice of cg,...,c,—1. So, investigating
n+1

the possible values for cg,...,c,, we can find many different values for C,,. With

each of these values, a value @) corresponds. We pick one of the possible values for
C,. By investigating different possibilities for C,,, we can see there is a trade-off
between the choice of C), and the corresponding value Q).

From now on, we consider (), and the corresponding value @ to be fixed.

Lemma 11. Let ¢ € C,(H(2n + 1,42))* be a code word with wt(c) < w = §¢*" 71,
§ > 0 a constant, and denote supp(c) = S. Consider H = H(2n + 1,¢?). Let 7 be

ADVANCES IN MATHEMATICS OF COMMUNICATIONS VOLUME 8, No. 3 (2014), 281-296



ON THE DUAL coDE C,, (H(2n + 1, ¢%)) 293

an n-space such that # N H is a cone m;H,_;—1 with H,_;—1 = H(n —1i — l,qz).
Assume that |S N (m\ m)| =« and |SN (77 \ m;)| = t. Then there exists a value
Qni >0 such that v+t < Cpg® L orz+t>3,,(q) — Cog® 1 if ¢> Qni-

Proof. f i = n — 1 or i = n, the sets 7 \ m; and 77 \ m; are empty and hence also
their intersections with S. The first inequality is clearly valid in this case. So from
now on, we assume i < n — 2.

Let P be a point of SN (7 \ m;) and let P’ be a point of (7% N H) \ m;)\S and
denote £ = PP’. By Lemma 7 we know the number N, ;(q) of generators through
¢ intersecting m and 7% in precisely one point, namely P and P’. Each of these
generators contains an additional point of S. Let R be a point of H\(7r Ux“). By
Lemma 8 we know the number ng(n,i) of generators through R intersecting both
7 and 77 in a point. Hence, S\ (7 U7?) contains at least

- Noi(a) _  oito 2 Nni(q)
((r7 0 H) \ ] = ) S = g4, () - )
points, whereby nmax(n,7) = maxgegs\ (rure) NR(N, 7). Switching the roles of 7 and
77, and adding these two inequalities, we find after dividing by two a lower bound
on |S\ (mUn?)|. Adding the points in SN (rAn?), we find

, No.i(q) ; Nn,i(q)
21+2 2 n,t 21+2 2 7,7
n—i— — ) —= +t n—i— - - t
z(q* " pp—i—1(q°) )2nmax(n,z) +t(¢* P pn—i-1(¢°) — ) D (1,7) +z+
<|S|<w.

Rewriting this inequality yields
(Z‘ + t) (q2i+2ﬂn—i—l(q2)Nn,i (Q) + 2nmax(n; 7/)) - thNn,i (Q) <2w nrnax(n7 Z) .

Using the inequality 2zt < (z +t)? and writing y = = + ¢, we find

1 ; . .
§y2Nn,z(q) - [q2l+2ﬂn7ifl(q2)Nn,i(q) + 2nmax(n7 Z)] Yy + 2w nmax(nu Z) 2 0.

We now distinguish between two cases: n — i odd and n — i even. First we look
at the former. By detailed analysis one can see that in this case

Naeri( @ ™ (pn-i-2(q?))”
> Np—1,i-1(q)g" (Mn—i—l(q2))2
> Np—1,i41 ()" pn—i=3(0%) [ pin-i—3(¢*) + ¢* — 1]
ifn—17>3and
Noo1ms(@)d*™ ™ (41 > Nyo1 - a(@)d™ 72 (¢ +1)° > Ny a()g® ™
These inequalities correspond to ¢ = n — 3. Hence,
M () = N 1,6(@)a ™ (n—i-2(¢%))

Using the formula for N, ;(¢) from Lemma 7, and simplifying, we can rewrite this
inequality as

qn—i—l -1
¢ —1

qn*iflfl
E o

1 a4 e
(3) §qn 352 " i 1(6®) + 2pn—i—2(d?)

Yy
+26¢*" n—i—2(q?)
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Let ay i(¢®) and a;, ;(¢°) be the two solutions of the corresponding equation, with
om,i(q?) < o, 1(¢%). Then z +t < ayi(¢%) or x +t > a, ;(¢*). Moreover,

n,i

2 n—i—1
n—i— -1
4M 2(?? )5(q _ ) D
q" 8¢ — 1)

ani(¢*) + o, i (6°) = 2¢* P i1 (%) ni(q) -

For the given ¢ we calculate

)

B — B2 — 45 3n—3i—60/
On,; = lim an,i(qg) = lim \/ q

q—00 q—00 q”*3i*5

with

B' = qnfifg,unﬂ‘fl(QQ) + 2/147171'72((]2)

n—i—1 _ 1

/ 2,4
¢ = /J'n—z—Z(q ) q2 1
Since @,; € O(¢*"2), we can find Q,; > 0 such that a, ;(¢?) < C,¢*"~! for
q Z Qn,i-

In the latter case, n — ¢ even, similar arguments can be used. However, in this
case we need to distinguish between n — i > 2 and ¢ = n — 2. First, we discuss
n —1 > 2. We can deduce that

No1i(@)g"™ (pni—2(g%))
< Np-1,i-1(q)g" (/ffnfifl(q2))2
< anl,iJrl(q)q4i+4ﬂnfi73(q2) [q4,uln7i73(q2) +q¢* - 1] )
hence Mmax(n,1) = No—1,i41(0) ¢ ™ pn—i—3(¢?) [¢* tn—i-3(¢®) + ¢* — 1]. We find
the inequality

2

2
g —1 i
(4) 5= = ¢ [ (@)@ = 1) + 2 nis(a®) + ¢* = D]y
+ 25q2n—1q2i+2(q4un_i_3(q2) + q2 _ 1) 2 O .

Just as in the previous case ¥, ;(¢) equals the sum of the solutions of the corre-
sponding equation. Also for these values of n and i, we define @, ;:

*pn-i3(@®) +¢* -1
¢ —1 7
B// _ B//2 — 46 2n—1(,2 _ 1 "
Ay 4 — lim \/ ¢ (q )C 5
) q—00 q2 —1

(@) = 2¢°2 | pn—i—1(¢%) + 2

with
B" = ¢* (i 1(®) (¢ = 1)+ 2(¢ pn—i3(¢®) + ¢ = 1)]
C" = (¢ pn—is(@®) + = 1)
Since @, ; € O(q?"~2) also holds in this case, we again can find Qn,i > 0 such that
on,i(q?) < Crg® ! for ¢ > Qn .
Finally, we consider the case i = n — 2. The second possibility in Lemma 8 can
thus not occur. We note that

No—1,0-3(@)g* ™2 (g +1)? < ¢*" %Ny —2(q)
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if ¢ > 3 and
No-1n-3(0)g* "2 (¢ +1)% > ¢*" >Ny, n_2(q)
if ¢ = 2. The arguments in this case are analogous.
Hence, in all cases we can find @), ; > 0 such that z +¢ < Cog® torxz+t>
Yni(q) — Cng® 1 for ¢ > Qn.i. O

Using the three previous lemmas, we can now prove a classification theorem for
the small weight code words in C,,(H(2n + 1,¢%))*.

Theorem 9. Let p be a fixed prime, § > 0 be a fized constant and n be a fired
positive integer. Then there is a constant Q such that, for any ¢ = p"* > Q, h € N,
and any ¢ € Cy,(H(2n+1,4¢%))* with wt(c) < w = 6¢*"~1, ¢ is a linear combination
of code words described in Theorem 5.

Proof. For the given values p and § we have found a set of possible C,,-values, of
which we have chosen one, in Lemma 10, with @, a power of p, corresponding to
it. By the proof of this lemma, we know that C,,¢*"~! > 66,,_1(¢?) for all ¢ > Q.
Define @ = max({Q} U {Qn.i | =1 < i < n —2}), with Q,,; as in Lemma 11,
corresponding to the chosen value C,,. We assume ¢ > Q.

Denote supp(c) = S. By Lemma 10, we find an n-space 7 such that N :=
|(rA7)N S| > C,¢*>" L. The intersection 7 N H can be written as m; H,,_;_1, with
H, i 12Hn—-i—-1,¢°),-1<i<n-2.

Since N > C,,¢*"~! and ¢ > Q,;, we know by Lemma 11 that N > %, ;(q) —
Cng®"~!. For each element a € Fj, we denote by N, the sum of the number
of points P € m such that cp = « and the number of points Q € 77 such that
cg = —a. We can find g € IF; such that Ng > p%. We now consider the code
word ¢’ = ¢ — B(vy — Ve ), with v, and v;e as in Theorem 5. We know

-1

We also know that N > %, ;(q) — C,¢*" ! > p;fl|(7rA7T") N H| by Lemma 10. Tt
follows that

wt(c') = (N=Ng)+(|(rAn?)NH|-N) = |(rA7°)NH|-Njs < |(7rA7rg)ﬁH|—pi )

N
wt(c) < %N— o N <wt(c) .
Hence, the theorem follows using induction on w = wt(c). O

We now focus on the code words that we described in Section 2.

Remark 3. Let ¢ be a small weight code word and ¢ sufficiently large. Following
the arguments in the proof of Theorem 9, we know that ¢ = c¢; + - - - + ¢, With ¢,
1 <4 < m, a code word that we described in Theorem 5 and Example 1, such that
wit(c1 4+ +em) < wt(er+- -+ emrgr) for all 1 < m/ < m. From this observation,
it immediately follows that the code words that we described in Theorem 5 and
Example 1 are the code words of smallest weights.

Now we consider small weight code words different from the ones described in
Theorem 5. Let ¢ be a code word ¢ of weight smaller than 4¢>"~2(g—1), ¢ sufficiently
large. Since c is not of the type we described in Theorem 5, ¢ can be written as a
linear combination of at least two of these code words. By the above arguments,
we can find a code word ¢’ which is a linear combination of precisely two of these
code words, such that wt(c’) < wt(c). In particular, we can find a,a’ € F;; and
n-spaces w, 7', m ¢ {7’, 7’7}, such that ¢’ = a(vy —vze )+ (Vg — Ve ) and wt(c') <
4¢®"2(g—1). Let S be the support of ¢/. We know that S = ((7A7%) U (7’ An’?))N
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H(2n+1,¢%) ifa+a’ #0and S = ((rA77) A (7' A7) NH(2n+1, ¢%) if a+a’ = 0.
In both cases, S D ((rA7%) A (7’ An’?)) N H(2n + 1,¢?). However, it can be seen
that |(rA7%) N (7’ A7n'7)| < 4¢**2. Hence,

1S| > wt(a (v — Vo)) + Wt (Vs — Vo)) — |(TATT) N (7' A7) > 4% 2(q - 1),

a contradiction. It follows that all code words of weight smaller than 4¢>"~2(q — 1)
are of the type described in Theorem 5.

Note that Theorem 9 only proves the second half of Theorem 3. From Remark
3 now the first half also follows.
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